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KMS STATES FOR THE GENERALIZED GAUGE
AcTION ON GRAPH ALGEBRAS

GILLES G. DE CASTRO AND FERNANDO DE L. MORTARI

Presented by Kenneth R. Davidson, FRSC

ABSTRACT. Given a positive function on the set of edges of an ar-
bitrary directed graph E = (E%, E'), we define a one-parameter group of
automorphisms on the C*-algebra of the graph C*(E), and study the prob-
lem of finding KMS states for this action. We prove that there are bijective
correspondences between KMS states on C*(FE), a certain class of states on
its core, and a certain class of tracial states on CO(EO). ‘We also find the
ground states for this action and give some examples.

RESUME.  Etant donné une fonction positive sur ’ensemble des arcs
d’un graphe orienté arbitraire E = (E°, E1), nous définissons un groupe
a un parameétre d’automorphismes de la C*-algébre du graphe C*(E), et
nous étudions le probleme de trouver les états KMS pour cette action.
Nous prouvons qu’il existe des bijections entre les états KMS sur C*(E),
une certaine classe d’états sur le core, et une certaine classe détats traciaux
sur Co(E). Nous trouvons également les états fondamentaux pour cette
action et nous donnons quelques exemples.

1. Introduction Given a directed graph E = (E°, E'), we can associate to
it a C*-algebra C*(E), and an interesting problem that arises is to find relations
between the algebraic properties of the algebra and the combinatorial properties
of the graph [14]. One such problem is to determine the set of KMS states for a
certain action on the algebra.

Graph algebras are a generalization of Cuntz algebras and Cuntz-Krieger al-
gebras. For the Cuntz algebra, there is a very natural action of the circle, the
gauge action, which can be extended to an action of the real line. The KMS
states for this action are studied in [13] and later generalized to a more general
action of the line, that can be thought of as a generalized gauge action [5]. The
same is done for the Cuntz-Krieger algebras [4], [6] and for Exel-Laca algebras
7).

Recently there were similar results proven for the C*-algebra associated to
a finite graph. This is done in [10] for an arbitrary finite graph, in [9] for a
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certain class of finite graphs via groupoid C*-algebras and in [1] for the Toeplitz
C*-algebra of the graph.

Our goal is to generalize these results to the case of an arbitrary graph. First
we analyze which conditions the restrictions of a KMS state to the core of C*(FE)
and to Co(E®) must satisfy. By using a description of the core as an inductive
limit, we can build a KMS state on C*(E) from a tracial state on Co(E°) satisfy-
ing the conditions found. We point out that in this paper it is not assumed that
the graph has no sources and/or sinks, and therefore the graph C*-algebras con-
sidered may not be isomorphic to Exel-Laca algebras (as in [8]) - in particular,
the results in [7] for Exel-Laca algebras may not apply.

In Section [2| we review some of the basic definitions and results about graph
algebras as well as the description of the core as an inductive limit. In Section
[3] we establish the results concerning KMS states, followed by a discussion on
ground states in Section [4] In Section |5} some examples are given.

In our examples we show that, depending on the choice of the action on the
algebra, there may be no KMS states or there may exist infinitely many KMS
states.

2. Graph algebras

DEFINITION 2.1. A (directed) graph E = (E°, E',r, s) consists of nonempty
sets E9, E' and functions 7, s : E' — E°; an element of E° is called a vertez of
the graph, and an element of E' is called an edge. For an edge e, we say that
r(e) is the range of e and s(e) is the source of e.

Remark 2.2. Whenever needed we assume that E° and E' have the discrete
topology.

DEFINITION 2.3. A vertex v in a graph E is called a source if r~1(v) = @, and
is said to be singular if it is either a source, or r~1(v) is infinite.

DEFINITION 2.4. A path of length n in a graph E is a sequence p = g2 . . . fin,
such that r(u; +1) = s(p;) for all 4 = 1,...,n — 1. We write |u| = n for the
length of p and regard vertices as paths of length 0. We denote by E™ the set of
all paths of length n and E* = U,,>oE"™. We extend the range and source maps
to E* by defining s(u) = s(uy,) and r(p) = r(uy) if n > 2 and s(v) = v = r(v)
for n = 0.

DEFINITION 2.5. Given a graph E, we define the C*-algebra of E as the uni-
versal C*-algebra C*(F) generated by mutually orthogonal projections {py },e go
and partial isometries {s,}ecpr with mutually orthogonal ranges such that:

(1) ste = Ps(e);
(2) sest < pr(e) for every e € B
(3) Po =2 cecr—1(v) Sese for every v € E° such that 0 < |[r~1(v)| < cc.
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For a path pt = p1 ... iy, we denote the composition s, ...s,, by s,, and for
v € EY we define s, to be the projection p,.

Propositions and below are found in [14] (as Corollary 1.15,

Proposition 2.1, Proposition 3.2 and Corollary 3.3, respectively) in the context
of row-finite graphs, but their proofs hold just the same for general graphs as
above.

PROPOSITION 2.6. For «, 8, u,v € E* we have

Sparsp  if = va'

* k) * 3 — /
(susy)(sa85) = susp, ifv=av
0 otherwise

and C*(E) =span{s,s; : p,v € E*, s(u) = s(v)}.

PROPOSITION 2.7. Let E be a graph. Then there is an action v of T on C*(E),
called a gauge action, such that v.(s.) = zs. for every e € E' and v.(p,) = pv
for every v € E°.

DEFINITION 2.8. The core of the algebra C*(F) is the fixed-point subalgebra
for the gauge action, denoted by C*(E)7.

PROPOSITION 2.9. C*(E)Y =span{s,s; : u,v € E*, s(u) = s(v), |u| = |v|}.

PROPOSITION 2.10. There is a conditional expectation ® : C*(E) — C*(E)Y
such that ®(s,s}) = [|u| = [v|]sus}.

It is useful to describe the core as an inductive limit of subalgebras, as was
done in an appendix in [2]. The idea is as follows. For k > 0 define the sets

Py = spam{s,s) : v € BX, s(u) = s(0)},
&, = span{s,s; : u,v € E¥ and s(u) = s(v) is singular},
Cr=Fo+---+ Fy.
Also, for a given vertex v we define
Filo) = 5am{s,s v € B, s(30) = 5(0) = v)

so that

(2.1) F= D Fv)

vEEC

as a direct sum of C*-algebras.
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LEMMA 2.11. Let A be the set of all finite subsets of E* and for A € A define

_ *
uy = E SuS),

HEA

Then {ux}xea is an approximate unit of Fy, consisting of projections.

Proor. This is a direct consequence of Proposition [2.6 (]

The following result is a combination of Proposition A.1 and Lemma A.2 in
[2)-

ProrosiTION 2.12.  With the notation as above for a graph E, the following
hold for k > 0:

(a) Cy is a C*-subalgebra of C*(E)", Fyy1 is an ideal in Cy, Cy C Cra1 and
C*(E)? = iy Cy.

(b) F, N Fri1 = @P{Fr(v) : 0 < |r~(v)| < oo}. (C*-algebraic direct sum)
(c) C =EBEL D+ D Ek_1 ® Fy. (vector space direct sum)

With the above, we can now prove the following.
PROPOSITION 2.13.  For each k >0, Cy, N Fyy1 = Fi, N Flyq.

ProOOF. Obviously one has Fj, N Fiy1 € Cx N Fry1. On the other hand, given
x € Cx N Fyy1, one can decompose z as sums in Cy and Cgy1 with Proposition
c)7 use the fact that Fj, = & @ (Fx N Fi+1) and the uniqueness of the direct
sum decompositions of z to conclude that = € F},. O

3. KMS states for the generalized gauge action In this section we
define an action on C*(E) from a function ¢ : E' — R similar to what is done
in [5] for the Cuntz algebras and in [6] for the Cuntz-Krieger algebras. We will
always suppose that there is a constant k > 0 such that c(e) > k for all e € E*
and that 8 > 0. Observe that in this case ¢=# € Cy(E").

We extend a function as above to a function ¢ : E* — R by defining ¢(v) =1
if v e E® and c(p) = c(u1) - .. c(pn) if p=py - p, € E™

PROPOSITION 3.1.  Given a functionc: E' — R? , there is a strongly continuous
action o : R — Aut(C*(E)) given by of(p,) = py for allv € E° and o§(s.) =
c(e)is, for alle € E.

PROOF. Let T, = c(e)®s, and note that T, is a partial isometry with T*T, =
stse and T T = sesk. It follows that the sets {p,}oepo and {Tc}ecp satisfy
the same relations as {py }yepo and {se¢}cecpr. By the universal property, there
is a homomorphism of : C*(E) — C*(E) such that o¢(p,) = p, for all v € E°

and o(s.) = T, = c(e)?s, for all e € E*L.
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It is easy to see that of ooy, = of 44, and of = Id. Hence of is an automor-
phism with inverse o¢,.

To prove continuity, let a € C*(F), t € R and € > 0. Take x to be a finite
sSum @ =), ,cpe AuwpSus;, such that |la —zf| <e/3. For each pair of paths u, v
with A, # 0, there is d,,, such that

3

le(u)™e(v) ™" = c(w)™e(v) ™| <

3 Z,u,VEE*

for all u € R with |t —u| < d,,,. If we take ¢ to be the minimum of all such ¢, ,,
then for all v € R with [t — u| < § we have

AuwSusill

lof(z) —og(@)l = || D (c(w)e)™ = e(w)™c(v) ") Auwsus;
pveE*
€ €
< " [Auwwsuspll = 5
3Zu,u€E* A Susy|| m;E* e 3
and hence
o7 (a) — on(a)|| = llo7(a) — o (z) + of(x) — oy (z) + oy (2) — oy (a)]|

< llof(a = 2)| + [lof (2) — on(@)]| + llog(z —a)| <e/3+¢/3+¢/3 =e.
O

From now on, we will write simply o instead of o¢. The next result shows that
KMS states on C*(FE) are determined by their values at the core of the algebra
defined in 2.8

PROPOSITION 3.2.  Suppose ¢ : E* — R% is such that c(u) # 1 for all p €
E*\E". If two (o, 3)-KMS states ¢1,p2 on C*(E) coincide at the core algebra
C*(E)7, then p1 = pa.

ProoF. Taking an arbitrary s,s; such that s(u) = s(v), if || = |v| then
susy, € C*(E)Y and thus ¢1(sus;) = wa(susy).

Suppose then that |p| # |v|, and denote the functional o — 1 by ¢. Using
the KMS condition, one obtains

o(m)"Pe(sy) it v =/
sp) =19 () Pelsy) if p=wvp
0 otherwise

o(susy) = o(spe(p) ™’

It is therefore sufficient to show that o(s,) = ¢(s};) = 0 if [u] > 1. To see this,
notice that if C*(F) has a unit, then

o(su) = p(sul) = o(le(u) Ps,) = c(p) P o(sy),

whence ¢(s,,) = 0 since ¢(u) # 1 by hypothesis; the non-unital case is established
analogously with the use of an approximate unit. U
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THEOREM 3.3.  Suppose ¢ : E' — R is such that c¢(u) # 1 for all p € E*\E°.
If v is a (0, B)-KMS state on C*(E) then its restriction w = p|c+gyy to C*(E)?
satisfies

(3.1) w(susy) = (1= vle(u) Pw(ps);

conversely, if w is a state on C*(E)7 satisfying (3.1)) then ¢ = wo ® is a (o, 5)-
KMS state on C*(FE), where ® is the conditional expectation from proposition
2.10l The correspondence thus obtained is bijective and preserves convex combi-
nations.

PROOF. Let ¢ be a (o, 5)-KMS state on C*(F) and w its restriction to C*(E)7.
If p, v are paths such that |u| = |v| and s(u) = s(v) then
)7ﬁ

w(susy) = p(sus,) = @(s;0ip(su)) = (sye(n) ™ sp)

= [ = v]e(p) Po(psiu) = [ = v]e(p) Pw(py()-

Conversely, let w be a state on C*(E)” satisfying and ¢ = wo®; we have
to show that ¢ satisfies the KMS condition. By continuity and linearity, it is
sufficient to verify this for elements x = s,,s}, and y = s¢s;, where p,v,(,n € E*
are paths such that s(u) = s(v) and s(¢) = s(n).

We need to check that p(zy) = ¢(yo;s(x)). First note that

sucrsy i ¢=v¢ (1)
xy = (susy)(s¢csy) =S susy,, fv=0" (2)
0 otherwise (3)

and

seusy, i p=mnu' (a)
yoig(x) = c(u) Pe@)? (s¢sy)(susy) = c(u) Pe(w)? ¢ scspyy i n=pm' (b) .
0 otherwise (c)

There are nine cases to consider. In each case it must be checked whether the
resulting paths have the same size, for they will be otherwise sent to 0 by .

Case 1-a. In this case ( = v(’ and u = nu' so that |(| = |v| + |¢/| and
lul = Inl + [1']. We claim that [uC'[ = [u] + |¢'] = [n] if and only if |(u'| =
IC| + || = |v|, and in this case p = n and v = (. In fact,

lul +1¢"| = Inl < Inl+ ||+ =Inl & W]+ 1" =0

& I+ + W] = vl KT+ 11| = v].

Observe that, in this case, we have |u/| + |¢'| = 0 so that |¢/| = |¢’| = 0, and
hence p=n, v=_.
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It follows that, if |u¢’| # |n|, then

p(ey) = wo B(zy) = w(0) = w o O(yois(r)) = ¢(yois(z))

and, if |u¢’| = [n, we get

o(zy) = o(sush) = w(sush) = () Pw(psu))

and on the other hand

plyoip(z)) = clp)Pe(w)o(sus)) = elp) Pe(v)’wis,sy)
= () Pe)’e(v) Pwps) = c(i) Pwps)-

Case 1-b. Now, we have that ¢ = v{’ and n = un’ so that |¢| = |v{'| =
[v]+1¢"| and [g] = || = |s|+ i |; as before, we can check that [ +|¢'| = |n] if
and only if |¢| = |v| + |/|. If that is not the case then ¢(zy) = 0 = ¢(yoz(z)).
If the equivalent conditions are true then

o(zy) = @(sucrsy) = wlsuersy) = [u¢ = nle(n) Pw(psm))

and

yoin(@)) = c() P ev) plscsi) = c(n)Pe)?[¢ = v/ 1e(¢) Pw(py(c))-

Since ¢ = v¢’ and n = un’, we have that u¢’ = n if and only if ¢ = vy’ and if
both are true, then ¢/ = n’ and

c(n)?e(v) ()™ = en)Pew) e(v)Pe() ™ = e(u)Pe(n’) P

From our original hypothesis, we have that s(n) = s(¢) so we conclude that
p(xy) = ¢(yois(x)).

Case 1-c. In this case ¢(yo;s(z)) = 0, so we need to check that ¢(zy) = 0. As
with the previous case, we have that ¢(zy) = [u¢’ = nlc(n) ~Pw(ps(,)); however,
in case (c) u¢’ # n for all ¢’ and therefore p(xy) = 0.

The other cases are analogous to these three, except for case 3-c, where
p(zy) = 0 = p(yois(x)) since vy = 0 = yoig(x).

That the correspondence obtained is bijective follows from Proposition (3.2
and that it preserves convex combinations is immediate. O

Next, we want to show that there is also a bijective correspondence between
(o, B)-KMS states on C*(E) and a certain class of tracial states on Co(E®). We
build this correspondence by first describing a correspondence between this class
of tracial states on Co(E°) and states w on C*(E)” satisfying (3.1).
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The conditions found for the states on Co(E°) are similar to those in |12],
although as discussed in [10], their results cannot be used directly for an arbitrary
graph; nevertheless, the results of Theorem 1.1 of [12] still apply in the general
setting, and we use them to build a certain kind of transfer operator on the dual
of C()(EO)

Let us first recall how to construct C*(FE) as C*-algebra associated to a C*-
correspondence [11]. If we let A = Co(E®), then C.(E') has a pre-Hilbert
A-module structure given by

Em @)= > &emle) for wvekE,

e€s—(v)

(€a)(e) = E(e)a(s(e)) for ee€ B,

where £, € C.(E') and a € A; it follows that the completion X of C.(E?!)
with respect to the norm given by [|€]| = || (£,€) ||*/? is a Hilbert A-module. A
representation ix : A — £(X) is then defined by

ix(a)(€)(e) = a(r(e))é(e) for we EY,

where £(X) is the C*-algebra of adjointable operators on X.

Let K£(X) be the C*-subalgebra of £L(X') generated by the operators 0 ,, given
by ¢, (¢) = £(n,¢). For each e € E', let x. € C.(E') be the characteristic
function of {e} and observe that

{tx :zexe,xe} ,
eeX AEA

where A is the set of all finite subsets of E', is an approximate unit of K(X). It
is essentially the same approximate unit given by Lemma [2.11
If 7 is a tracial state on Co(E”), the expression

Te (T) = lim > 7 ({Xe, T'Xe))

o A—00
ec

where T' € £(X), defines a trace Tr, on £(X) according to Theorem 1.1 of [12].
For a function ¢ : E' — R% as in the beginning of the section and 8 > 0,
we have that ¢# € Cy(E') and so it defines a positive operator on £(X) by

pointwise multiplication which commutes with ix (a) for all a € A. We can thus
define a trace on Cp(E°) as follows.

DEFINITION 3.4. Given ¢ and 8 as above and 7 a tracial state on Cy(E°), we
define a trace F. 5(7) on Co(E°) by

Fep(1)(a) = Trr(ix (a)C_B)-
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Now, observe that Co(E°) 22 span{p, },cgo; regarding this as an equality, for
a given tracial state 7 on Co(E°) we will write 7(p,) = 7,. For v € E°, it can
be verified that

Fep(T)(pp) =  lim : Z c(e) P 1y(e)s

D—r—1
r=1(v eD

where the limit is taken on finite subsets D of r—!(v), and F. 5(7)(p,) = 0 if
r~l(v) = 2.

Remark 3.5. By Theorem 1.1 of [12], if F. 5(7)(a) < oo for all a € Cy(E®), then
Fe5(7) is actually a positive linear functional; also, if V' C E? and F, 5(7)(p,) <
oo for all v € V then F, g(7) is a positive linear functional on span{p, : v € V}.

DEFINITION 3.6. For a vertex v € EY and a positive integer n, we define
r "(v) ={pu € E" :r(u) =v}.

LEMMA 3.7. If Fo5(7)(py) < 7y for allv € E° then

li - <7y
D*}TI‘I_I}‘('U) Z )Ty = 7
neD

for all v € E° and for all n € N*.

Proor. This is proven by induction. The case n = 1 is the hypothesis. Now
suppose it is true for n, then

lim Z () 1y

D—r—(n+1)(y)

neD
= lim Z c(v)™"? c(e) P ry(e)lve € D]
D—r—n(v) ver<n cer—1(s(v))
< lim W) Py < 1o
D—r—m(v) I;D ( ) )

where the first inequality is true due to the fact that since c is a positive function
then the net > ., c(e) P74 for finite subsets D of r~!(s(v)) is nondecreasing
and less than or equal to 7,4,y by hypothesis. The last inequality is the induction
hypothesis. O

The next lemma is found in [7] for unital algebras, but their proof carries out
the same in the non-unital case by using an approximate unit instead of a unit.

LEMMA 3.8 (Exel-Laca). Let B be a C*-algebra, A be a C*-subalgebra such that
an approzimate unit of A is also an approximate unit of B and I a closed bilateral
ideal of B such that B = A+ 1. Let ¢ be a state on A and ¥ a linear positive
functional on I such that ¢(x) = (z) Vo € ANT and ¥(x) < ¢(x) Vo € AT,
where 1 (z) = limy ¥(buy) for an approzimate unit {uy}ren of I. Then there is
a unique state ® on B such that ®|4 = ¢ and |y = .
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We want to use this lemma for A = C,,, I = F,,4; and B = C, 41, defined
in Section @ For that, we first note that Fj,y; is indeed an ideal of C), 41 by
Proposition [2.12] and that the approximate unit for Fy given by Lemma [2.17]
is also an approximate unit of C,, for all n. We also need to know what the
intersection A N[ is, and for that we need a preliminary result.

LEMMA 3.9. Suppose ¢, B and T are such that F.p(7)(a) < 7(a) for all a €
Co(E®)*t, then for each k > 1 there is a unique positive linear functional 1y on
Fy. defined by

(3.2) Yi(susy) = [ = vie(n) P 1y.

PROOF.  Since {s,s} : u,v € E*, s(u) = s(v)} is linearly independent, Equa-
tion |3.2) E 2| defines a unique linear functlonal on span{s,s} : p,v € EF, s(u) =
s(v)}. To extend to the closure, it is sufficient to prove that ¥y, is continuous.

If x € span{s,s} : p,v € B, s(u) = s(v)} then

r=>, )

veEV (u,v)EG,

where V is a finite subset of E® and G, is a finite subset of {(u,v) € E™ x E™ :
s(u) = s(v) = v}. Using the decomposition given by Equation [2.1] and observing
that {s,s} : (4, v) € Gy} can be completed to generators of a matrix algebra,
we have that

el =mas || 57 af,sust|| = mas e,
(ﬂv”)EGv

where the last norm is the matrix norm.
If Tr is the usual matrix trace we have

[n (@ (Y. D a

veV (u,v)EG,

= Z Z az,y[p,:l/]c(/ﬁ)_ﬁTs(u)

veV (u,v)eG,

= |3 Tel(ag)pwding(en)Prag)

veV
< ZITr((aZ,u)u,udiag(c(u)’[’Tsm))|
veV
< S @b el Y )Py <lomme BT
vEV p: () EG
< ZH W)u,ullnsmax (ap, )y ZTU—IIxIIZTv<IIxII

veV veV veV
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where the last inequality comes from the fact that 7 comes from a probability
measure on a discrete space. O

THEOREM 3.10. If w is a state on C*(E)" satisfying then its restriction
7 to Co(EY) satisfies:

(K1) Fep(1)(a) =7(a) for all a € span{p, : 0 < |[r~!(v)| < co};
(K2) Fep(1)(a) < 7(a) for all a € Co(E®)T.

Conversely, if T is a tracial state on Co(E°) satisfying (K1) and (K2) then there
is a unique state w on C*(E)Y satisfying . This correspondence preserves
convex combinations.

PROOF. Let w be a state on C*(E)Y satisfying (3.1) and 7 its restriction to
Co(E®). By Remark to establish (K1) it is sufficient to consider a = p,
where v € E? is such that 0 < |r~1(v)| < 0o, and in this case

T(pv):w(pv) = w Z 565: = Z C(e)iﬂw(ps(e))

ecr—1(v) ecr—1(v)
= Z C(e)iﬁ’rs(e) = fc,ﬁ(T)(pU)'
ecr—1(v)

For (K2), let a € Co(E®)™ and write a = Y, . po aypo; again, by Remark
it is sufficient to show the result for a = p, where v € E°. If 0 < |r~1(v)| < oo,
then we have an equality as shown above. If [r=1(v)| = 0, then F. 5(7)(py) =
0 < 7(py). If [r~1(v)| = oo, then

Fep(Mpy) = lim Y cle) Prye = lim )Zw(ses:)

D—r—1
rH©) eeD

D—}vinrfll(u) eezf;w(pvsese) < w(py) = 7(po)-

To see the inequality above, we observe that s.s} are mutually orthogonal
projections that commute with p, so that

Pv — vasesz = Do (1 - Z Ses:)

ecD eeD
= <1 — Z sesz> Do (1 — Z sesz> >0.
ecD eeD

Now, let 7 be a tracial state on Cy(E®) satisfying (K1) and (K2). We will
use Lemma and the discussion after it. Observe that Fy = Co(E°) and let
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o = 1. For n > 1, by Lemma there exists a positive linear functional v,, on
F,, defined by

Yn(susy) = (1= vle(n) 7y

Let us show by induction that there is a unique state ¢,, on C;, such that the
restriction to F, is v,,. For n = 1, we use Lemmawith A=Cy(E%), I=F,
B =C4, p =7 and ¢ = ¢1. By Proposition in this case AN T = span{p, :
veEY 0<|r~t(v)| < oo} and if p, € ANT then

w(pv) = ¢1(pv) = ¢1(5v52) =Ty = T(pv)~

Using the approximate unit given by Lemma [2.11} for any v € E° we have

Ylpo) =¥nlpe) = Jlim a(pows) = | lim > ilsesy)
eeD

pdm 3 e(e) i = Fep(n)pe) < (o)
ecD

where the last inequality is exactly (K2).

Now suppose that there is a unique state ¢,, on C), such that the restriction to
F,, is 1, and let us show that this is also true for n+1. Weset A = C,,, I = F,, 41,
B = Chi1, ¢ = ¢p and ¥ = 1,11 on Lemma 3.8 By Proposition we have
that ANI =span{s,s} : p,v € E", s(u) = s(v),|u| = |v],0 < |[r~(s(n))| < oo}.
Let s,s5, € ANI. Since 0 < |r~!(s(u))| < oo we have that

w(sﬂs,ﬁ) = Pnt1 (Susi)

Z ¢n+1(3ﬂes;e)

eer—1(s(n))

= > [ue=vele(pe) Ty
eer=1(s(n))

= S w=ve(w) Pe(e) Py

e€r=*(s(p))

= [p=vlew)™" Z c(e) P oo

eer—1(s(u))
= [u=vlc(w) " Fop(r)(psu))

= [ =vIe() P T(ps) = Un(sus) = nlsusy).
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Again, using the approximate unit given by Lemma if s,,s;, € Cp, then
V(susy) = Unir(susy) = lim nia(sus5un)
A—00

= lim Z Ynt1(Sucsye)

DosrSni=l(s(w) &5,

— lim Z[uc = v(]e(v) P Tywe)

D—rsntl=lvi(s(v)) ceD

_ lim >l =ve(w) e e

D—rsntl=lvi(s(v)) )

= [p=vlew)? lim > )P

D—rsntl=lvi(s(v)) leD

< [p=vle@) P Tow) = enlsusy),

where the inequality is given by Lemma which is a consequence of (K2).
By the description of the core C*(E)” as an inductive limit of the C,,, we can
define a state w as the inductive limit of ,,. By construction, w satisfies
and, since each ¢, is uniquely defined by (3.1]), so is w.
Finally, it is easily seen that the correspondence built preserves convex com-
binations by construction. O

4. Ground states In this section, we let a function ¢ : B! — R% be given
and define a one-parameter group of automorphisms ¢ as in the last section.
The following definition of a ground state will be used [3].

DEFINITION 4.1. We say that ¢ is a o-ground state if for all a,b € C*(E)?,
the entire analytic function ¢ — ¢(ao(b)) is uniformly bounded in the region
{¢ € C:Im(¢) > 0}, where C*(E)“ is the set of analytic elements for o.

PROPOSITION 4.2. If 7 is a tracial state on Co(E®) such that supp(r) C {v €
E? : v is singular} then there is a unique state ¢ on C*(E) such that

(i) ¢(py) = T(py) for allv € E°;
(ii) ¢(spsy) =0 if |u| >0 or [v| > 0.

PROOF. First, observe that a state ¢ satisfying (ii) is uniquely determined by
its values on C*(E)" because (ii) implies that ¢ = ¢|c«(g)» © ®, where ® is the
conditional expectation given by Proposition [2.10

Given 7 as in the statement of the proposition, a state w on C*(E)" can be
built in the same way as in the proof of Theorem [3.10] For each n, use Lemma
B with A= C,, B=Cpy1, I = Fny1, ¥, =0 and ¢, is given by the previous
step, where for the first step we have oy = 7. For w = h_n)upn, we have that

¢ = w o ¥ satisfies (i) and (ii) and is unique by construction. O
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PROPOSITION 4.3. If ¢ is such that c(e) > 1 for all e € E', then a state ¢ on
C*(E) is a o-ground state for o if and only if ¢(s,s;,) = 0 whenever |u| > 0 or
lv] > 0.

ProOF. If ¢ is a ground state then for each pair pu,v € E* the function ¢ —
|¢(spoc(sy))| is bounded on the upper half of the complex plane. If { = z + iy
then

|6(su0¢(sp))] = |0(s,c(v) " si)| = (@)™ ¢ (su57)| = c(v)?|d(su5,)]-

If |v| > 0, we have that ¢(v) > 1 and so the only possibility for the above function
to be bounded is if ¢(s,s;) = 0. It is shown analogously that if |g| > 0 then
¢(susy,) = 0.

For the converse, observe that if || = |v| = 0 then |¢(s 00 (s5))| = |d(sush)| <
1. It can be now readily verified that if ¢(s,s},) = 0 whenever |u| > 0 or [v| > 0
then ¢ is a ground state. O

THEOREM 4.4. If ¢ is such that c(e) > 1 for all e € E* then there is a bijective
correspondence, given by restriction, between o-ground states ¢ and tracial states
7 on Co(EP) such that supp(r) C {v € EY : v is singular}.

PROOF. This is an immediate consequence of Propositions and Just
note that if ¢ is a o-ground state and v € E° is not singular then

dpo) =0 | Y. sesi| =0

eer—1(v)

O

5. Examples In this section we give two examples with infinite graphs and
study the KMS states on the C*-algebras associated to these graphs.

EXAMPLE 5.1 (The Cuntz algebra O4,). Let E° = {v} be any unitary set and
E' = {e,}nen any countably infinite set with 7(e,) = s(e,) = v Vn € N, then
C*(E) 2 O.

If ¢(e,,) = e (Euler’s number) then we have the usual gauge action. In this
case, F. g(7)(py) = 0o so that condition (K2) from Theoremis not satisfied
and we have no KMS states for finite 3. Since we have only one state on Co(EY)
and v is a singular vertex, by Theorem [4.4] there exists a unique ground state.

Now if ¢(e,) = a, where a,, € (1,00) is such that there is 5 > 0 for which
> yan? converges, then there exists Sy > 0 such that Y oo ja,? = 1. Ob-
serving that F. 5(7)(ps) = Y oeya,” and using again the fact that there exists
only one state on Cy(E®), we conclude from Theorems and that there is
no KMS state for 8 < By, there exists a unique KMS state for each 8 > 5 and,
as with the gauge action, there is a unique ground state.
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EXAMPLE 5.2 (A graph with infinitely many sources). Let E = {v, },en and
E' = {en}nem o} be countably infinite sets and define r(e,,) = vg and s(e,) = vy

for all n € N\ {0}.
Again, let a, € (1 n € N\ {0}, be such that > >°  a,? converges for
n

,00),
some § > 0. For n # 0 we have that F.g(7)(py,) = 0 and for n = 0 we
have F. 5(7)(pv,) = Yoy a5 P 7y, . Condition (K1) of Theorem is trivially

n=1"n
satisfied, and for condition (K2) we need Y 07 | a,, 77, < Typ.
If 7,, > 0, since 0 < 7,, < 1 for all n there exists 8y > 0 such that
S Lay 0T, = T, so that (K2) is verified for all 3 > B, and so there are

n=1
infinitely many KMS states. And for 5 < By (K2) is not satisfied so there are no
KMS states.

For ground states, since all vertices are singular, we have no restriction on
Too; €very state 7 on Cp(EY) gives a ground state on C*(E).
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