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THE (GOURSAT PROBLEM FOR THE EINSTEIN-VLASOV
SYSTEM: (I) THE INITIAL DATA CONSTRAINTS
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ABSTRACT. We show how to assign, on two intersecting null hyper-
surfaces, initial data for the Einstein-Vlasov system in harmonic coordi-
nates. As all the components of the metric appear in each component of
the stress-energy tensor, the hierarchical method of Rendall cannot apply
strictly speaking. To overcome this difficulty, additional assumptions have
been imposed to the metric on the initial hypersurfaces. Consequently, the
distribution function is constrained to satisfy some integral equations on
the initial hypersurfaces.

RESUME. Nous montrons comment construire, sur deux hypersurfaces
caractéristiques sécantes, les données initiales pour le probléme de Cauchy
associé aux équations d’Einstein-Vlasov en jauge harmonique. Comme
toutes les composantes de la métrique apparaissent dans chaque compo-
sante du tenseur d’impulsion-énergie, la méthode de construction hierar-
chisée de Rendall ne peut pas s’appliquer stricto sensu. Pour surmonter
cette difficulté, une condition supplémentaire est imposée a la métrique sur
les hypersurfaces initiales. Par conséquent la fonction de distribution des
particules est contrainte a vérifier des équations intégrales sur les hypersur-
faces initiales.

1. The Einstein-Vlasov (EV) system

1.1.  The complete form of the EV system The EV system governs the evolution
of a collisionless gas (of particles) in General Relativity. The geometric frame-
work is a four dimensional differentiable manifold M, endowed with a hyperbolic
metric g of signature — 4+ ++. The manifold (M, g) is called a space-time. M
is assumed to be orientable and of class C*°. A particle of rest-mass m is de-
scribed by a trajectory s — (y(s),¢(s)) in the tangent bundle T M such that
dzé(:) = ¢ (s) and at each point y (s), the 4—momentum ¢ (s) of the particle is
future oriented and satisfies

(H) 9i (v (5)) ¢ ()¢ (s) = —m?.

So at each point y(s), q(s) belongs to the future sheet F(,) of the hyperboloid
and its Lorentzian norm is the rest-mass of the particle. Throughout the

Received by the editors on December 21, 2011; revised August 6, 2012.
AMS Subject Classification: Primary: 82D05, 83C05; secondaries: 34A12, 35L70.
©) Royal Society of Canada 2014.

20



THE CONSTRAINTS PROBLEM FOR THE EV SYSTEM 21

work, commas will be used to denote partial derivatives, e.g., Gij.x = aagl,j , (yz)
being local coordinates on M. Roman indices 1, j, ... run from 1 to 4 Whlle Greek
ones «, 3, ... run from 3 to 4. The upper-case Roman indices A, B, ... range from

2 to 4. Einstein convention on repeated indices is used i.e., A;B" = >~ A;B’. The
EV system reads as follows (see [1}2,/5}/7,9])

s g s O e 0
(1) Sij = Rij _7ng: s q@—l“jkqjq’“aqi

:07

where g;; are the covariant components of the metric g. They constitute the
unknowns for the Einstein equations. Eij are the covariant components of the
Ricci tensor and R is the scalar curvature of the metric §. ffj are the Christoffel
symbols of the metric g. f is the distribution function (or the particle number
density function) which constitutes the unknown for the Vlasov equation. f,j
are the covariant components of the stress-energy (or energy-momentum) tensor
which is the source of the gravitational field created by the particles. In con-
travariant components the stress-energy is defined by the following relation (see
[1,2,5,7,9])

(2) ng / f v, q |g| d3

where F, = {q = (qi) €T,M:3i; (y)¢'¢? = —m?, 0< ql}, d®q = dg® N dg® N
dq*, |g| is the modulus of the determinant of (g;;).

1.2.  The reduced EV system The Einstein equations as they stand are not
hyperbolic but in harmonic coordinates they read (see [2,/4])

~

Dh
RZ’L])

where

~ 1/ -~ = 1.4,
RZ = Ryj -3 (gikrf‘} + gjkrfci) = *igkmgij,mk + Qij.

Here @;; is a rational function depending on the metric components and their
first order derivatives (see [4]),

Sk i Tk
(3) " =g"ry;.
So the reduced EV system in the local coordinates (y, ¢) reads as follows

f f

1 rn
(4) §gk 9ij,mk + ng = z

where Q = —f;kqjqk
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1.8.  Appropriate unknowns and variables As a relativistic speed is bounded,
we think that it is convenient to choose on the mass shell, coordinates with
bounded domain. Let y € U, U is the domain of a local chart in M. Set

w““ = ‘é—?, A =2,3,4 and denote by M, the image in R3? of F, by the mapping
(ql) — (wA). Assume the following hyperbolicity conditions on (g;;) .

Assumption h: The metric (Gij) is uniformly hyperbolic and the hypersur-
faces y' = C'st are uniformly spacelike, i.e.,

(5) Ja,b € (0,00) : a®|€° < Gaperel <v?|ef
4
where [¢[* = 30 (64)°, —gn > a® and — g > a?.
A=2

PROPOSITION 1. (i) Under assumption (9)), the Viasov equation reads

(i¢) Under assumption (), My is a bounded domain in R® such that M, C M,
where M is a fized compact domain in R>. The stress-energy tensor 18 given
as follows

7 0= [ e (@) B

=0.

where d3w = dw? A dw?® A dw?, f (y,w) is the expression of f (y,q) in the local
coordinates (y,w).

PROOF.  See [2]. O

REMARK 1. (i) In the expression of the stress-energy tensor, we would
like to write f (y,w)q'q’ (q1)4 as ¢ (y,w)w", where w* does not depend on
(Gij)- To do so, we proceed to the following change of the unknown distribution

function by setting f (y,w) = ¢ (y, w) (ql)_G, so we must have w" = (‘gff)é.

(ii) The reduction from ¢ to w corresponds to imposing that the timelike
component of the 4—momentum be equal to 1, i.e., to using y' as time parameter
for the particles. This is possible since the trajectories of the particles are timelike
and future oriented.

PROPOSITION 2.  Under the change f (y,w) = ¢ (y,w) (q1)76, the stress-energy
tensor 18 given as follows

b g _ 4
® T =g [ et G P, where v’ = LT
m? Ju, (q")?
The Vlasov equation @ becomes
; 0p 1 A A1 ¢ 1
9 25 L (A - 2
(9) 055+ o (@ —w'QY) 5 - Qe
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PROOF.  See [2]. O

REMARK 2. The expression of the stress-energy tensor is mot appropriate
since the domain M, depends on y and makes it difficult to differentiate Tii
even in the distributional sense. It appears therefore judicious to transform this
domain in order to make it independent of .

Assume the following decomposition of g.

Assumption h': The spatial part of (gap) is decomposed as follows

1
(10) gapY'Y? = Z ()‘EYA)z’

B=2

where A5 are functions that depends smoothly (C* for instance) on the com-
ponents gap of the metric. Set

(11) o = (=) 2 AG [ + 3], with g4 = fgiAlA.

ProrosiTioN 3. The image of M, by the mapping (wA) — (’UA) is the unit
open ball B in R3. In the parameters (UA) defined in , the energy-momentum
tensor becomes

_3 P
F gl

(12) 79 (4) = oz [ o oo? i (-3")

where d*v = dv? A dv A dvt, v = (qqifq;g, [g] is the modulus of the determinant
of (Gas), ¢ (y,v) is the expression of ¢ (y,w) in the local coordinates (y,v). The
Viasov equation @ becomes

” %91 [(Ag)flvB (_ﬁu)*% _§1A} 88792
) (R Q8 - wPQ) 5 - 6(e) P Qe =0
PROOF.  See [2]. O

REMARK 3. Y. Choquet-Bruhat [2] used assumption and a variant of
assumption to treat the ordinary Cauchy problem for the EV system. But in
the characteristic case, those assumptions need to be recast through a judicious
change of local events variables (y’) .

PROPOSITION 4. Let (yz) be a local coordinates system on M in which the
components (gi;) of the metric satisfy assumption , Set

14) =i +), =

2 (yl_y2)7 xa:y’ 0[23,4.

N =
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In the coordinates system (x,p), the EV system reads

_ iOf | i Of
(15) Sij = R Rgzg = 2]7 p Oz + P 8pi =0,
where
B ayk 6yl,\ B 3yk ayl N
Y9ij (I) - 6(1)2 @gkl (y) ) Rl] (‘T) - 8$i @Rkl (y) 5
i Ay* 9y ~
R(z) = ¢ (2)Rij(z), Ti(z)= D 57 LH (Y),
i i _ _]_-w
p 8ykq ’ 6ka kpjp )
7 1 ic
ik = 59 (Gek + geik = Gike) -
PROOF. A direct calculation leads to the desired equations. O

PRrROPOSITION 5. The stress-energy tensor s given in the local coordinates
(m’) and the local parameters (vA) as follows

i 1 i B g 1
1) T =g [ el () E e

. i g .
where vY = (’:111’)2 pt =

%qk, lg| is the modulus of the determinant of (g:;), |g|

is the modulus of the determinant of (Gag), ¢ (z,v) is the expression of ¢ (y,v)
in the local coordinates (z,v). The Vlasov equation reads

Oy + 10 %% dp

(17) H or? v

+ Fo =0,

where the explicit expressions of H', LC and F are given in [10].

Proor. It is straightforward though lengthy. O
REMARK 4. The EV system in the local coordinates (x,v) reads as follows

R Rg’Lj = z]a H oxt v a9..C

+ Fo=0.
The reduced EV system in the local coordinates (x,v) reads as follows

Oy c Op

(18) %:%,F%ﬁLaCH%J
where

D 1 k 1 km
(18a) R;; = Ry; -5 (gkzF + gr; %) = =59 Jijmk + Qij.
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2. The constraints problem for the EV system The task here is the
construction of initial data for the reduced EV such that the constraints I'* =
g"T}; = 0, together with other constraints coming from the EV system, are
satisfied on G' U G?, where G'! and G? are the hypersurfaces in R* defined by
2! = 0 and 22 = 0 respectively. It is worth mentioning that the constraints
I'* = 0 is the condition that the coordinates be harmonic with respect to the
metric. We will need G% = {x eGY:0<at +22< T}, T>0,w=1,2. Here
the problem is much more difficult than in [4])8]. This difficulty stems from
the appearance of all the components of the metric in any component of the
stress-energy tensor. To overcome this toughness, we choose additional free data
along the initial hypersurfaces. All the same we try to mimic, as far as possible,
the hierarchical method of Rendall [8]. We will see that the supplementary free
data force the distribution function to satisfy specific integral equations on the
initial hypersurfaces. The treatment of these integral equations is provided in
the appendix. The construction will be made in a standard harmonic coordinates
system. The existence of such standard harmonic coordinates system has been
established by Rendall [8]. For sake of simplicity, only the case of C*° data will be
discussed. Data of finite differentiability order may be constructed in Sobolev
type spaces using energy inequalities and other classical tools as described in
[3,4]. Let us now adapt the method of Rendall [§] to construct C'* initial data
for the EV system. The assumptions under which the work is achieved are
such that only the data g, and gi» have to be constructed on G' U G?, the
relations T'* = 0 have to be arranged on G' U G2, the relations g22.1 = 2¢12.2
and g¢11,2 = 2¢12,1 have to be established on G' and G? respectively. The main
result of the work is stated as follows.

THEOREM 1. Under suitable integral assumptions on the distribution function,
there exists initial data for the reduced EV system such that the constraints T'F =
0 are satisfied on GYUG? for the corresponding solution of the evolution problem
associated to the EV system.

PROOF. The construction of the data is done fully on G' and it will be clear
that data on G? are constructed in quite a similar way.

First step: Construction of g,5 and g2 on Gi. Let T € (0,00), (hag) =
( haz  haza

h3a  haa
Qhap, where © > 0 is an unknown function called the conformal factor. Assume,
for the first free data, as in [4,8] that

) a matrix function with determinant 1 at each point. Set g.5 =

(19) 922 = g23 = g24 = 0 on Gr.
Our additional free data assumption is the following
(20) g11 = g13 = g14 = 0 on G.

Assumptions and mean that the vector fields 8%1 and 8‘22 are null on
G' and orthogonal to % and %.
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On G4, it holds that (see [4,/10])

A
Ros = 1929 gap2 (20122 — g22,1) + igé 92— 3 (gaﬁgaﬁﬂ)g ,

(21)
To = (912)4 Koo,

where Ko () = 150z [ (z,v) (1 Jrvz)zd?’v. Assume ga21 = 2¢12,2 on Gi.
Then, from , I' = 0 is equivalent to

1 Qs
22 I 2
(22) g122 = 591270
The equation
1, 1,
(23) 19,269045,2 — 3 (9 Bgaﬁ,2)72 = Tho,

provides the following non linear second order ODE with the conformal factor €2
as unknown

0.\* 1 B Qo 4
(24) — <’ ) + *haﬂgh — 2 —= = 2K22 (glg) .
0 2 2 Q),

)

Setting = €V, then the following system of ODE is derived from and
in order to determine the conformal factor together with g

(25) 2V99 = — (V,2)2 — 2Ky (g12)* + %ha6,2h7agﬁ7 g12,2 = 3912‘/,2-

Let T € (0,00). Assume hqog, Koz € C™ (G}) Take Vy, V1, Wy € C= (),
where I' = GL N G%. Then there exists 71 € (0,7) such that has a unique
solution (V, g12) € C* (G%«l) x O (G%«l) satisfying V =V, Vo = V1, g12 = Wo
on I'. This follows from known local existence and uniqueness results concerning
non-linear ODE with C*° data in Banach spaces.

Second step: The condition g2 — 2g122 = 0 on G%pl. It follows from

(184)), , and that, on GlT17 the reduced equation Ros =Ty is equivalent
to the following homogenous ODE with unknown go21 — 2¢12,2 (see [4,8])

2
(26) (9")" g12,2 (9221 — 2912,2) — 9" (g22,1 — 2912,2) 5 = 0.

Assume g221 — 2g12,2 = 0 on I'. Then gives g22,1 — 2g12,2 = 0 on GlT1 and
soT'=0on Gy, .

Third step: Relations I'* = 0 on G},. We seek a combination between
Ry, and T'® that will provide an homogenous ODE on G' with unknown I'®.
On G4 it holds that (see [41[10])

1 1
(27) Roo + igaﬁfg + <912912,29aﬁ + 29&&,2> I =g,
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where the functions v, are known on G'. The relation I'} =T'* = 0 on G'is to

be arranged under a suitable choice of the distribution function on Gl = G x B.
It is at this level that the Rendall ([8]) method needs to be modified. Assume
that the distribution function ¢ is such that

(28) Too = tho on G, .

From (|18al), and , the reduced system Ega = T5, is equivalent to the
following homogenous system of ODE on GJ, with unknown (I'},T*)

(29) g3ﬁr,ﬁ2 + (912912,293g + %93@2) =0,
91575 + (9"2912.294p + $94p,2) TP = 0.

Assume I'* = 0 on I'. Then yields I' = 0 on G1T1~

Fourth step: Relation I = 0 on G},. We seek for a combination of
9°?Rap, T'? and I'? that will provide an homogenous ODE on G7, with unknown

F2 On G}, the following combination holds (see [41[10])
1
(30) 9% Rag — 2I% — 29215 5T% = Zgaﬁ (Nap + Mag) ,

where the functions N,z and M,g are known on G%«l. In addition to assumption

on G, , assume
(0% 1 (0%
(31) 9" Tap = 79 (Nag + Mag) on Gr,.

From and (BI), the reduced system Rus = Tap provides the following
homogenous ODE on G7, with unknown I'?

(32) — 2% — 29" g12,T% = 0.
Assume I'? = 0 on I'. Then it follows from that I'? = 0 on G7, . O

REMARK 5. (i) It is easy to see that assumption is a constraint integral
system for the distribution function ¢, that is written explicitly as follows

(1S) [ @ (@,0) (1+02) ¥dPo = (ﬁ;’;g (4Bs — sBy), € Gl
Jp ez, ) (1+0?) v = 00 (s Ay — 44 45), € G,

Similarly, assumption is a supplementary integral equation for the distribu-
tion function ¢, which is written explicitly as follows
(IE)

( 85,'11122) [ e (@,v) (v 3)2 d3v + 7(_912)3}’34 (1 - (thsg)%) [ @ (@, 0) vPvidPo
+4 Sirlfi) {(h34) (Qhs3)? ((Qh33) - 2) + h44h33} [5 e (x,v) (U4)2 d*v
= igaﬁ (Nag + Mag) , T E GT1
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(#7) The treatment of the constraints integral equations (1.5) and (IE) is done
in the appendix.

(7i7) It would be interesting to see whether the constraints integral equations
can be avoided. One way of doing this is to work in temporal gauge and null
moving frame (see [6]). But in the harmonic gauge case the issue may not be
evident. Nevertheless we think that one could use an orthonormal frame in order
to avoid the metric appearing (in an involved way) in the energy-momentum
tensor (see [7]).

Appendix: Treatment of the integral constraints equations
A.1. The integral system (IS) The integral system (I.5) is written as follows

(A.1) (s f) =ha(2),  (#u;9) = ha(2).

where (,) denotes the scalar product in L? (B) and

F0) = (1402) 0, g0) = (1+0%) 0!
M= B By - By he = (2R (g — i)

g12)

(A.2)

As the distribution function must be non-negative, let us seek ¢ of the form

(A.3) o (V) = @ (@,0) = [a () f (v) +b(x) g (v) + ¢ ()],

where a (x), b(x) and c(x) are unknown functions defined on G'. Expanding
(A.3), we have

(A.4) 0 =a’f?+b%g> 4+ 2abfg + 2acf + 2bcg + 2,

where variables have been dropped for simplicity. Let ¢ be like in (A.4). It holds
that
(A.5)
(s [) = a®(f, f) + 0*(g%, [) + 2ab(fg. [) + 2ac(f, f) + 2bc(g. f) + (1, f),
(pzr9) = a*(f?, 9) +b*(g%, g) + 2ab(fg, g) + 2ac(f, g) + 2bc(g, g) + *(1, ).

Spherical coordinates will be used to calculate each of the following quantities
that are needed.

(A.6)
0 =Ly [0 e G = [0 )
AT A T S
(9:) = [ (1+02) " v*otdo, . 1) = [ (14 0%) o,
(Lg)=[p (1+0°)vid%, (g% 9) = [5[(1+2?) 1)4]3 d®v,
(9,9) = [5 [(1+0?) v"]* dBo.

As B is the open unit ball in R?, we set

(A.7) v? =rcosfcos\, v3=rcosfsin), v*=rsind,
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with

(A.8) 0<r<l, g<9<g, 0<A<orn

Define a domain P in R? as follows

(A.9) P:{(r,@,/\)eR3:OST<1, —%g@g%,OgAgQw}

Using the change of variables (A.7), we gain

20 = [p fPricos8dP, (g2, f) = [, g? fr? cos0dP
f9. 1) = [p [Pgr?cos8dP, (f,f)= [p f?r®cosfdP,
g, f) = ngfr cos@dP, (1,f) = [p fr?cos0dP,
1,9) = [pgr?cos0dP, (g
g,9) = f G212 cos 0dP,

<

Il
,,?
S
w

&
[\v}

o
8
wm
>
Y
e

{
{
(A.10) (
(1,
{

where
dP = drdfd.

After expansion and reduction we integrate the above quantities over P to obtain

(A1) <§2f{> =<é;q2§J2 %gm = (9, f)=(1,f)=(1,9) = (¢*,9) =0,

—~

From (A.5) and (A.11) it holds that

(A.12) (¢, ) = W’ (Pz,9) = %
Thus, ¢ solves (A.1) if and only if
(A13) 64#@1((9)(;5)0(95) (@), 647rb1(g; (x) ho ()

In summary ¢ is given by

() =@ (z,0) = [a(@) (1+02)0® +b(2) (1+02) vt +c(2)],
(A14) ¥ o) “ Lo (UQ(U U))EB (1+0?) ]

where

(A.15) a(z)c(z) =
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A.2. The integral equation (IE) The integral equation (I F) is written as follows
(A.16) E{pz,e) + Iz, i) + S{pz, 5) = C,

where

B(r)= G5, e(v) = ( )’

8m?2

I(z) = ot (1— (Qhgs) ),

: 3yt = (vY)
R
S (z) = 25~ {(h34 Q/133 2 ((Qh33 )z — 2) + h44h33} ;

C (2) = 39°° (Nap + Mag) -
Using the expression of ¢ given in (A.4) we gain

(A18) (pa,e) = a®(f% e)+b*(g?, e) +2ab(fg, e) +2ac(f,e)+2bclg, e)+c*(1,e).

As in the preceding paragraph, the above quantities are found to be
(A.19)

<f276>:%, (92,e>=1%, <176>=%, <fg,e>=<f,e>=<g7e>=0.
(A.18) and (A.19) imply

871'2 8ﬂb2+4l2

A2 €
(A-20) (pare) =537+ a9 15

Similarly it holds that

(A21) (poi) = a(f%,i) + b2 (g%, i) + 2ab(fg,1) + 2ac(f, i) + 2belg, i) + (L, ).
Straightforward calculations as above give

8w

(A22) ()= () = =l = (L) =0, (fg.)= 1.
(A.21) and (A.22) give

16wab
189 °

(A.23) (pz, 1) =
We are then left with calculating

(A.24) (pg,s) = a®(f%, 5)+b%(g?, s)+2ab(fg, s) +2ac(f,s)+2bc(g, s)+c*(1,s).

By proceeding as above we get
(A.25)

(fg.8) = (f,s)={(g,9) =0, (f%s)= 8 2 8 dnr

= = (l,s)=—.
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(A.24) and (A.25) yield

8 4
A.26 os) = g2 My OT 2
(A.-26) (Pars) = 156% T 537 T 15

From (A.16), (A.20), (A.23) and (A.26), we see that the integral equation (IE)
is equivalent to

(A27)  10(BE+S)a®>+10(3S + E)b* +20Iab+ 63 (E + S) * = 9450

In view of (A.15), multiplying (A.27) by ¢? and rearranging , we gain

110250 (3E (z) + S (z)) (h1 (z))? + 110250 (35 (= )+E(x))( ()
(A.28) 4220500k () ho () I (z) + 25804872 (E (z) 4+ S (z)) [c ()]
= 9676807C (z) [c (z)]?.

(A.28) is an algebraic equation that can be solved under suitable assumptions
to find ¢ (z). Doing so we deduce a (z) and b (x) thanks to (A.15). Finally the

distribution function ¢ is obtained on G! and has the form (A.14) .
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