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DIFFERENTIAL RELATIONS ON WEAK MARKOV SETS

ALEXANDER BRUDNYI

Presented by Pierre Millman, FRSC

ABSTRACT. The concept of a weak Markov set takes its origin from
Whitney problems for differentiable functions on R™. These are the only
sets for which differential calculus similar to that for open subsets of R™ can
be developed to some extent. This paper surveys some recent results in this
direction obtained by the author. In particular, we show that some classical
results for smooth functions and differential forms (such as the Poincaré
Lemma, the de Rham and Hartogs theorems, the Kiinneth formulas, etc.)
are valid also on certain weak Markov sets and more generally on certain
topological spaces with weak Markov structures. The class of such spaces
includes C'*° manifolds with boundaries and some Lipschitz and fractal
topological manifolds.

RESUME. Le concept d’un ensemble faible de Markov provient des
problemes de Whitney pour des fonctions différentiables sur R™. Ce sont
les seuls ensembles pour lesquels le calcul différentiel semblable & celui pour
les sous-ensembles ouverts de R™ peut étre développé dans une certaine
mesure. Cet article examine quelques résultats récents dans cette direction
obtenus par l'auteur. En particulier, on prouve que quelques résultats
classiques pour les fonctions lisses et les formes différentielles (comme le
lemme de Poincaré, les théoréemes de de Rham et de Hartogs, les formules
de Kiinneth, etc.) sont également valides sur quelques ensembles faibles de
Markov et plus généralement sur quelques espaces topologiques munis de
structures faibles de Markov. La classe de tels espaces inclut les variétés
lisses & bord et quelques variétés topologiques lipschitziennes et fractales.

1. Imtroduction Motivated by boundary value problems for partial differ-
ential equations, classical trace and extension theorems characterize traces of
spaces of generalized smoothness (e.g., Sobolev, Besov, etc.) to smooth sub-
manifolds of a Euclidean space. But in many cases one needs similar results for
subsets of a more complicated geometric structure (for instance, after the change
of variables initial data may be situated on a Lipschitz surface). The subject is
originated from the seminal 1934 Hassler Whitney papers [W1|, [W2] the first of
which deals with the following problem: characterize collections of m-jets on a
closed subset of R™ that are traces of C™ jets, i.e., sets of Taylor polynomials of
degree m on R™ generated by C™ functions.
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Whitney developed important analytic and geometric techniques which al-
lowed him to solve this problem; moreover, he constructed a linear bounded
extension operator acting from the trace space to C™(R"™). In the second pa-
per, marked by number I, he used his extension method to solve for univariate
functions an essentially more difficult (known as the first Whitney) problem of
characterizing continuous functions on an arbitrary closed subset of R™ that are
traces of C™(R™) functions.

In accordance with the one-dimensional case it was natural to formulate the
second (Whitney) problem: Does there exists a linear bounded extension operator
from the trace of C™(R™) to a closed subset of R™ to C™(R™)?

Although in the second half of the 20th century some important partial results
were obtained, the problems remained unsolved. In the last decade a significant
breakthrough in the area has been made by Charles Fefferman (see, in particular,
his survey [F'2] and references therein) who solved the second Whitney problem
and made an important contribution towards the solution of the first Whitney
problem justifying the, so-called, Yu.Brudnyi-Shvartsman finiteness principle for
traces of C™ functions to closed subsets of R™. Fefferman’s results are based on
multileveled, voluminous constructions that can be turned into algorithms for
finite sets.

Inspired by these results, the author and Yuri Brudnyi introduced in [BB2]
the class of weak Markov sets for which solutions of Whitney problems are much
simpler and invoke the basic ideas from the original Whitney papers. By Py »
we denote the space of real polynomials on R™ of degree k and by Q,(z) C R”
the closed cube centered at x of sidelength 2r.

DEFINITION 1.1. A point x of a subset S C R"™ is said to be weak k-Markov if

su
(1) lim sup 1P (@) P i < 00.
r—0 | p€Pk,»\{0} SupS’ﬁQr(z) |p‘

A closed set S C R™ is said to be weak k-Markov if it contains a dense subset
of weak k-Markov points.

The term weak Markov set is derived from that of Markov set introduced
by Alf Jonsson and Hans Wallin in [JW] by means of local Markov polynomial
inequalities in connection with extension and trace problems for functions in
Besov spaces, see Section 2 below for an equivalent definition. The class of weak
k-Markov sets denoted by Marj, (R™), contains, in particular, the closure of any
open set, the Ahlfors p-regular compact subsets of R” with p > n — 1, a wide
class of fractals of arbitrary positive Hausdorff measure and closures of unions of
any combination of such sets. The class Marj(R™) (consisting of all nonempty
closed subsets of R™) admits a filtration

Marj(R™) D Marj(R™) D Mary(R™) D --- D Marj,(R") D --- .

We set
Mar’ (R") := ﬂ Mary, (R™)
E>0
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and refer to elements of this class as weak co-Markov sets.

In the present paper we survey some results obtained by the author in [B]
related to a version of the first Whitney problem of characterizing families of
continuous functions satisfying certain differential relations on weak Markov sets.
To this end we develop differential calculus on weak Markov sets first introduc-
ing (intrinsically) the notion of a derivative of a function on such a set and then
establishing its basic properties similar to those for derivatives of functions in
R™. Next, we consider examples of problems for functions satisfying some differ-
ential relations and show, in particular, that many classical results for smooth
functions and differential forms (such as the Poincaré Lemma, the de Rham and
Hartogs theorems, the Kiinneth formulas, etc.) are valid also on certain weak
Markov sets and more generally on certain topological spaces with weak Markov
structures. The class of such spaces include, in particular, C*° manifolds with
boundaries and some Lipschitz and fractal topological manifolds. Thus the paper
offers yet another approach to analysis on fractals, a developing area of modern
mathematics that focuses on geometric and dynamical aspects of fractals. (For
known approaches and major developments in the area, see, e.g., survey [S] and
references therein.)

In a forthcoming paper following ideas of H. Whitney [W4] we introduce
integration of differential forms over special “fractal” chains in Mar’_ spaces and
establish an analog of the Stokes formula for them.

2. Properties of weak Markov sets All properties except for (6), (10)
and (11) proved in |B| Sect. 6] either follow directly from Definition [1.1 or have
been established in [BB2] (see also [BB1, Vol. II, Ch. 10]).

1. Marj(R™) consists of all nonempty closed sets in R™.

. Marj(R) consists of all infinite closed subsets of R without isolated points.

3. If S € Marg(R") and U C S is relatively open, then the closure U €
Marj (R™).

4. If {Si}ie] C MarZ(R"), then U;e1S; € MarZ(R”).

5. For closed sets S; C R™, i = 1,2, their product S; x S € Mary (R™"172) 4f
and only if S; € Marj,(R™), i = 1,2.

6. Let x be a weak k-Markov point of S C R™. Suppose a map ¢ : R” — R™,
m < n, is such that the derivative Do(x) of ¢ at x exists and has rank m.
Then ¢(z) is a weak k-Markov point of p(S) C R™. In particular, if the set
of such points x is dense in S, then ¢(S) € Mary,(R™).

7. A closed set SCIR™ belongs to the class of Markov sets, denoted by Mar(IR™),
if for some constant ¢ > 0 and every x € S, 0 <r < diam S and p € P1 ,

sup |p| <ec- sup |p|
Qr(z) SNQr(x)

If S € Mar(R™), then the above condition holds for polynomials of every
degree, see [JW, Ch.2]. Hence, Mar(R"™) C Mar} (R").
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A closed set S C R™ is called (Ahlfors) d-regular (0 < d < n) if for every cube
Qr(z) with z € S and 0 < r < diam S

cor® <Ha(SNQ.(2)) < err?,

where ¢p,c; > 0 are constants independent of x and r and Hy stands for the
Hausdorff d-measure on R".

For instance, the classical von Koch snowflake curve is d-regular with d :=
In4/1n 3, see, e.g., [Fa] for its construction.

Every d-regular compact subset of R with d > n—1 is Markov, see [JW| Ch.2].
So the closure of unions of d;-regular compact sets S; C R™ withd; >n—1,i € 1,
is weak oo-Markov.

8. Fizx k € Ny U{oco}. Every closed subset S C R™ is disjoint union of a
(possibly empty) weak k-Markov subset and a set of Hausdorff dimension at
most n — 1.

In particular, let a closed set S C R™ have a base (in the relative topology)
consisting of sets of Hausdorff dimension greater than n — 1. Then S is weak
oo-Markov. (For otherwise, the nonempty open set S \ Smax, Where Spax is
the maximal weak co-Markov subset of S, contains an element of the base with
Hausdorff dimension greater than n — 1.)

Using this fact one can prove, e.g., that the graph of the Weierstrass nowhere
differentiable function

Za” cos(b"x), where 0<a<1, b>1, ab>1,
n=0
is weak oco-Markov. (It follows from [PU, Th. 4] and estimates in [Hal.)

More generally, it was proved in |[PU, Th. 5] that for a fixed 0 < a < 1
the graph of p(z) = Y77, 37*"q(8"x + 6,,) with sufficiently large § > 1 and
arbitrary 6p, 01, ..., where ¢ is a Lipschitz function on R of period one, mono-
tone and nonconstant on a compact interval, satisfies the above base topology
assumption (for n = 2). Hence, this graph belongs to Mar’_ (IR?).

9. A point x of a subset S C R" is weak k-Markov if and only if there exist
a convergent to 0 sequence of positive numbers {r;};cn and a sequence of
finite subsets F; C SN Q,,(x) with card F; = dim Py, ., i € N, such that

supg, (x) [Pl
(2) sup sup — 9@ 7 < 00.
ieN | pePra\f0} \ SUPF, [P

The proof is a consequence of the following fact (cf. [BB2, Prop. 3.5]):

Let V' be an n-dimensional vector space of bounded real functions on a set X
(in particular, card X > n). There exist a finite subset F C X of card F = n
and a constant ¢ = c(n) > 0 such that for everyv € V,

sup |v| < ¢ max|v|.
X F
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10. Unlike Markov sets, Mary_  (R™) \ Mary (R") # & for all k € Z.

In view of (5) it suffices to establish this property for n = 1 only. It is done
in [B} sect. 6.2] by constructing, for each k € Z,, a Cantor-type subset of R of
Hausdorff dimension zero belonging to Marj,(R) \ Marj,_ ; (R).

11. Classes Marj(R), k € Zy U {cc}, are invariant under bi-Lipschitz maps
(i.e., if S € Marj(R) and ¢ : S — S’ C R is a bi-Lipschitz map, then
S" € Marj,(R) ), while Marj,(R"), n > 2, k € NU {00}, are not.

To prove the second part of the statement for k € N we construct a Lipschitz
function ¢ : R — R whose graph I',, belongs to Marj (R?) \ Marj_; (R?) (see
[B, sect. 6.3]).

3. Traces of differentiable functions to weak Markov sets Results of
this section are proved in [B] Sect. 7].

DEFINITION 3.1. A function f : S — R is said to have derivatives of order
< m (< k) at a weak k-Markov point x € S C R™ if there exists a polynomial
T (f) € Pm,n such that

o @) =T ()W)

o ly -2l

=0.

IFI()(2) = X jajem (2 —2)%, a € 71, |af = |alli, then cq is called
the partial derivative of order v at x and is denoted as D3 f(x).

(Here || - ||oo and || - ||1 stand for €*°-norm on R™ and ¢*-norm on Z", respec-
tively.)

PROPOSITION 3.2. A function f : S — R has derivatives of order < m (< k)
at a weak k-Markov point x € S C R™ if and only if there exists a function
[ R" = R having derivatives of order < m at x such that f|s = f. Moreover,

the Taylor polynomial T (f) of order m at x of any such extension f coincides
with T (f).

Next, we express derivatives of f : S — R in intrinsic terms using some
analogs of divided differences.

PROPOSITION 3.3. For a weak k-Markov point x € S C R™, and a nonnegative
integer number m < k there exist a convergent to 0 sequence of positive numbers
{ri}ien, @ sequence of finite subsets F;" C SN Qp (x)\ {z} with card F; =
dim Py, , a sequence of signed measures pu, o € 27, |a| < m, on F, i € N,
such that if a function f: S — R has derivatives of order m at x, then

(3) Of() = lim [ fdug.
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Recall that the space C™%“(R™) is defined by the norm

[D*f(z) = D*f(y)] .

)

lfllcm.w@ny == sup | f| + max sup
R lal=mazy  w(llz = ylle)

here w : (0,00) — (0,00) is a monotone nondecreasing concave function with
w(0+) = 0. For a subset S C R™, by C"™%(S) we denote the trace space of
continuous functions on S equipped with the trace norm

I fllgme(s) = inf{llgllcmwmn); gls = f}

The following result characterizing functions in C"™%(S) is an analog of the
classical Whitney-Glaeser theorem (see, e.g., [BB1, Vol. I, Sec. 2.2]).

THEOREM 3.4. Let S C R"™ be weak k-Markov, k € N. A function f € C(95)
belongs to C™%(S), m < k, if and only if it has derivatives of order < m (< k)
at each weak k-Markov point x € S and there exists a constant A > 0 such that
for all weak k-Markov points x,y € S, z € {x,y}

max |IDGf(z)| <A and

]

W ) 1) e)
el eyl

LR < hw(llr - yllo).
Moreover,
[ fllgme(s) ~ inf A

with constants of equivalence depending only on m and n.

Finally, we formulate a result proved in [BB2] related to the Whitney problems
for the trace of space C™*“(R™) to weak k-Markov sets (k > m).

THEOREM 3.5. Let S C R" be weak k-Markov, k € N, and m < k.

(a) Finiteness Principle. Suppose that for f € C(S) its restriction to each
subset S” of S of cardinality at most 2(”";7”) satisfies || f|s/||cmw sy < 1.
Then feC™“(S) and there exists c = c(m,n) > 0 such that || f||cm.«(s) <c.

(b) Finite Depth Simultaneous Extension. There exists a linear bounded
extension operator E : C"™(S) — C™“(R"),

Ai(x)f(x;) if zeR™\S
IR DYCYES \

flx) if z €5,
here all \; are in C*°(R™) and have compact supports in R"\ S, all x; € S
and for each x € R™\ S the number of nonzero terms in the above sum is
at most (”flm) -w, where w is the order of the Whitney cover of R™\ S.
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REMARK 3.6. If S C R™ is an arbitrary closed set, then, as it was discovered by
Ch. Fefferman [F1], a statement similar to (a) is valid with the finiteness constant
bounded by (1+dim Py, )34 Pmn . Later this bound was replaced by 24im Pm.n
due to Bierstone-Milman |[BM| and, independently and by a different method,
Shvartsman [Shv]. A linear bounded extension operator C"“(S) — C"™*(R™)
in this case was constructed by Ch. Fefferman [F2]. Using a modification of his
method Luli [Lu] constructed an extension operator C™%(S) — C™<“(R™) of
finite depth, cf. (b).

4. Examples of extension problems

DEFINITION 4.1. A function f on an open subset U of a weak k-Markov set
S C R™ is said to belong to the space C™(U), m < k, if each x € U has an open
neighbourhood O, C U such that flo, satisfies the conditions of Theorem
with a modulus of continuity w,. Here C*°(U) :=NX,C*(U).

We define C™(U,RP) to be the space of maps U — RP with coordinates in
c™(U).

Using Theorem and a smooth partition of unity subordinate to a suitable
cover of U by open subsets of R™, one easily shows that f € C™(U) if and only
if it is restriction to U of a C"™ function defined in an open neighbourhood of U
in R™. In the case m = oo this follows from a result of Hestens [Hes].

Let S € Marj,(R™) and Sy C S be a dense subset of weak k-Markov points of
S. For each f € C™(S), m < k, the function DgGf € C(5), |a| < m, is defined
as the extension by continuity to S of the function Dg(f|s,) (which is locally
uniformly continuous on Sy due to Theorem. Next, for a differential operator
Pp = Zlalgm aaD®, a, € C(W), where W C R" is an open neighbourhood of
S, we define

(5) Ppsf =Y (aals)D§/f.

la|<m

If f is the restriction to S of a C™ function f defined in an open neighbourhood
of S in W, then (see Proposition

(6) Pp,f = (Ppf)ls.

For a subset O of a Hausdorff topological space X, 00 := O\ O° and O° :=
X \ O stand for its boundary and complement in X.
In the formulated examples we deal with Cantor-type sets of the form

(7) S :=Q\ (Uj>1D;),

where Q is a bounded open subset of R" or C» and {D;};>1 is a family of
mutually disjoint domains in § such that 0D; = 9(D;)° for all j.
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For instance, the Sierpinski gasket is a d-regular set, d := In3/1n 2, of the form
@) obtained by repeatedly removing open equilateral triangles from an initial
equilateral triangle, see, e.g., [Fa].

Our first example describes traces of polynomials to a class of Cantor-type
weak Markov sets.

THEOREM 4.2. Let S C R™, n > 2, be a weak k-Markov set, k > 2, of the
form such that Q € R"™ and all (D;)¢ are domains. Suppose f € C™F1(S),
m < k — 1, satisfies DGf = 0 for all |a| = m. Then there exists a unique
polynomial py € Ppo_1,n such that pylg = f. In particular, S is connected.

Next we present a Hartogs-type theorem describing traces of holomorphic
functions to a class of Cantor-type weak Markov sets.

THEOREM 4.3. Let S ¢ C", n > 2, be a weak k-Markov set, k > 2, of the
form such that Q@ € C" and all (Dy)° are domains. Let f € CZ(S) :=
C?(S) ® C satisfy dsf = 0. Then there exists a unique holomorphic function
F e O(Q) N CH(Q) such that F|s = f and supg |F| = supg | f|.

Our third example describes solutions of Laplace-type equations on a class
of Cantor-type weak Markov sets. In its formulation C%*(R") stands for the
space of bounded C? functions on R™ whose second-order derivatives satisfy the
Hoélder condition with exponent a.

THEOREM 4.4. Let S C R", n > 3, be a weak k-Markov set, k > 2, of the form
(M. Let f € C**(S), 0 < a < 1, satisfy Agf = 0. Then there exist functions
Fy, Fy, € C**(R") harmonic in U;>1D; and (szle)c, respectively, such that
lim, o0 Fi(z) =0, i = 1,2, and (F1+F)|s = f. Moreover, if F{, F} € C**(R")
is any other pair of such functions, then F{ = Fy on U;j>1D; and Fy = F5 on

(Uj=1D;)°.

5. Spaces with weak Markov structure

5.1.  Basic definitions and properties Most definitions of this subsection are
similar to those of the theory of standard C* manifolds, see, e.g., [Mul.

DEFINITION 5.1. A weak k-Markov structure on a second countable Hausdorff
space S is a collection of pairs D := {(Un, pa) taca, called charts, such that

1. (Us)aen is an open cover of S;

2. Each ¢, is a homeomorphism of U, onto a relatively open subset of a set in
Marj (R™) such that for all o, 3 € A the maps pg o o3t 1 pa(Us NUg) —
Uy NUg) (C R™) are of class C*;

3. D is mazimal with respect to property (2).

A function f on an open subset U C S is of class OF if fop, € CF (0o (UNU,))
for all (Uy, ¢a) € D.
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The definition implies that S is paracompact and of covering dimension at
most n. Moreover, it has a base of topology consisting of relatively compact
open subsets.

The class of spaces with weak k-Markov structure will be denoted Marj. If
M is a C* manifold, then by Marj (M) C Mar}, we denote the family of all weak
k-Markov closed subsets S C M, i.e., such that in Definition each (Uy, ¢¥a)
has the form U, := V, NS and ¢, = ¥a|v,, where (V,,1,) is a C* chart on
M. In particular, every C* manifold and weak k-Markov subset of R™ belong to
Mary,.

PROPOSITION 5.2. Let S € Mary. For any open cover of S there exists a C*
partition of unity subordinate to it.

For S, S5 € Marj, a continuous map f : S; — Ss is said to be of class Ck if it
is of class C* in all suitable charts (Uy1,¢a1) € D1 and (Uaz, @a2) € Do on Sy
and Sy, respectively (i.e., a0 f o @511 IS Ck((gom o [T (Us2), Pa2(Ua )))

Every C* map f : S; — S determines an injective morphism of algebras
f*:CHU) — C*(f~1(U)), U C Sy is open (here f* is the pullback by f).

For S C Mar;(R™), k > 1, the tangent bundle TS — S on S is defined as
the restriction to S of the tangent bundle TR™ — R™ on R”. Clearly, T'S €
Marg (TR™). Now, for a C*¥ map f : S — RP the differential Df : TS — TRP
is defined as the restriction of the differential Df : TU — TRP, where f is
a C* extension of f to an open neighbourhood U C R™ of S. According to
Propositions [3.2] and [3.3] the definition of Df does not depend on the choice
of the C* extension f and, in intrinsic terms, Df = (f, (D% fi)1<i<n, 1<]<p)
where f:=(f1,..., fp).

Similarly, if S € Mary, then the tangent bundle TS — S is defined as the
quotient space of the disjoint union | |, TUs, where TU, — U, is the pullback

by ¢ of the bundle Ty, (U, ) by means of the following equivalence relation

TUs 3 v ~w € TUs <= ()« (w) = D(ps 0 0 ") ((¢a):(v));

here (Uy, 00) € D and (pa)s : TUsy = Toa(Us) )l pa (U, 18 the isomorphism of
bundles generated by .. The weak k-Markov structure on 7'S is given by the
collection of charts {(TUsy, (¢a)s) tacA-

Next, if f : S; — Sy is a C* map between S;, So € Marj, then the differential
is a morphism of bundles Df : T'S; — T'Ss defined in charts (Un1, ¢a1) € D1
and (Upa, @a2) € D2 (such that f(Ua1) C Ugs) by the formula

Df(v) = (¢2):" (D(wp20 f 0 0a1) ((0a1)s(v))) -

We say that f : Sy — So is a C* embedding if f is an injection and D f is injective
on each fibre of T'Sy. If, in addition, f is a homeomorphism, then it is called a
C* diffeomorphism.

PROPOSITION 5.3.  Suppose S1,S2 € Mary, k > 1, and f : Sy — S, is a C*
diffeomorphism. Then f=' : Sy — Sy is a C* diffeomorphism as well.
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Let S C RP? be a closed subset and S € Mary. We say that the weak k-Markov
structure D on S is induced from RP if each ¢, in Definition for S is the
restriction of a C* map into R™ defined in an open neighbourhood of U, in RP.

Our next result is an analog of the Whitney embedding theorem [W3].

PROPOSITION 5.4. Suppose S € Mary, k > 1, and the rank of T'S is n. There
exists a proper C* embedding f : S — RN, where N := 2n+1 if k > 2, such that
f(S) € Mar; and has the weak k-Markov structure induced from RY. Moreover,
f:8— f(S) is a C* diffeomorphism.

(In case S € Marj (M), k > 2, where dim M = n, one can replace 2n + 1 by
2n by applying the strong Whitney embedding theorem to M.)

5.2.  Calculus of differential forms In what follows K" := (0,1)™ C R" stands
for the open unit cube.

Let fi; : K" = R, 1 <14 < ¥, j =1,2, be continuous functions such that
fir < fiz and the closures of sets I'y’ = {(z,tfi(z) + (1 — t)fia(2)); 2 €
K", t € [0,1]} are weak k-Markov subsets of R™*1 for all 1 <i < m. A set of
the form I, - XTI, € R xR (R, o= 30 (1))
will be called a ' set. Each component I'}’ . C R™*! will be called a simple
T set.

By Mary,  C Marj, we denote the subclass of sets S such that for each z € S
there exists a chart (U,, po) with € U, and ¢, (Uy) C R™ a T set.

If M is a C* manifold, then by Marj (M) C Mary  we denote the family
of closed subsets S C M such that in the above definition each (U,, ¢, ) has the
form U, := Vo, NS and ¢, := Va|v., where (V,,1,) is a C* chart on M.

In particular, every C* manifold with a boundary, & > 1, belongs to Mar};,r.
However, one can show that the von Koch snowflake curve with the weak oo-
Markov structure induced from R? does not belong to Mar?, . The next result
shows that this class contains sufficiently many fractal topological manifolds.

THEOREM 5.5. Let M be a C* submanifold, k > 1, of an n-dimensional C™
Riemannian manifold X of dimension m > LgJ > 1 andlet U C X be an open
neighbourhood of M. There is an open neighbourhood N C U of M such that

A. For each d € [m,n] there exist a topological submanifold My C Mary, (N)
having a base of topology of sets of Hausdorff dimension d and an isotopy
hat + Mg — N, t € [0,1], such that hgo = id, hg1(Mg) = M, each
hd,t(Md) S MarZo7F(N)7 0<t<1l, and hgs : Mg — hd,t(Md) is a CF
diffeomorphism for all such t. Moreover, My, is a Lipschitz manifold and
ho,1 + My, — M is locally bi-Lipschitz.

B. For each mnatural number [ there exist a Lipschitz submanifold
M; € Mar;(N) \ Mar;,; »(N) and an isotopy hiy : M; — N, t € [0,1],
such that hyo = id, hy1 (M) = M, each hy+(M;) € Mar; n(U) \ Mar}; p(N),
0<t<1andhy:M — h(M),is a CP diffeomorphism, p := min{l, k},
for all such t. Moreover, hy 1 : M; — M is locally bi-Lipschitz.
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For 51,52 € Marj, k > 1, a continuous map f : S; — Ss is said to be lo-
cally Lipschitz if it is locally Lipschitz in all suitable charts (Ua1, pa1) € D1 and
(Uaz, paz) € Dy on S7 and Sa, respectively (i.e., wa2 0 f o 90/;11 € Lipjo. ((¢p1 ©
f_l)(Uag),goag(Uag)), where the metric structures of sets in the brackets are
induced from those of the corresponding Euclidean spaces). Clearly, the defi-
nition does not depend on the choice of charts and each C* map S; — S5 is
locally Lipschitz as well. We say that f : S1 — Sy is locally bi-Lipschitz if f
is a homeomorphism and f, f~! are locally Lipschitz maps. Since the class of
locally bi-Lipschitz homeomorphisms preserves Hausdorff dimension and each
m-dimensional C* manifold M, m > 1, k > 1, admits a proper C* embedding
into R?™, Theorem shows that there is a family of the cardinality of the
continuum of locally bi-Lipschitz nonequivalent weak co-Markov structures on
M.

For S € Mary, k > 1, the cotangent bundle T*S — S is a bundle dual to the
tangent bundle T'S — S and equipped with a weak k-Markov structure induced
by that on T'S. A differential form w of class C* on S of degree degw = p is a
C* section of the bundle AP T*S. If the rank of TS is n and = = (1, ...,2,) are
coordinates in a chart on S, then w can be written locally in these coordinates
as

w = Z cr(z)dxy,

[I|=p
where ¢y are of class C* and for I = (iy,...,is), 1 <ip <n, 1 < /(< s, we define
|I| := s and dxy := dx;, Adxi, A-- - Adz;; here day, . . ., dxy, are local coordinates
on T*S in the chart, dual to the coordinates 8%17 ceey 3% on T'S there (pulled

back from TR™ by the map defining this chart).

In what follows we assume that S € Mary . By QP(U) we denote the vector
space of C'* differential forms of degree p on an open set U C S. The differential
d: QP(U) — QPTL(U) is defined exactly as in the case of differential forms on
C* manifolds (e.g., if § € Mary (R") and w = 37,;_, crdz; € QP(S), where
Z1,...,T, are coordinates on R™, then dw := E|I|:p(2?:1 Dicrdz;) Adxy).

The following result generalizes the classical Poincaré d-lemma for differential
forms on C*° manifolds.

THEOREM 5.6. If S € Mary, 1 and w € QP(S) is d-closed, i.e., dw = 0, then for
each x € S there exists an open neighbourhood U, of x and, for p > 1, a form
ne € WP~YU,) such that dn, = w. If p= 0, then w is locally constant.

By Q% we denote the sheaf of germs of C* differential forms of degree p on
S € Mary,. Then from Proposition [5.2] we get (see, e.g., [Hi] for basic definitions
and results of algebraic topology used below):

PROPOSITION 5.7. Q% is a fine sheaf.

Combining Theorem with Proposition we obtain straightforwardly



12 ALEXANDER BRUDNYI

THEOREM 5.8. Let S € Mary, r and rank T'S = n. Then we have the following
resolution of the constant sheaf R on S by the sheaves of differential forms:

0—R-4L0 -4l -4 ... Lor L
In particular, H'(S,R) = H},(S,R), where H(S,R) is the Cech cohomology of
sheaf R on S and
Ker(€2(5) -4 Qit1(S))
A(Q1(8))

HtiiR(Sv R) =

Since Hi(S, R) = 0 for i > dim, S, where dim, stands for the covering dimen-
sion, Theorem [5.8] yields

COROLLARY 5.9.  Fori > dim. S each d-closed form in Q(S) is d-ezact.

The statement of Theorem is not valid if S ¢ Mary, 1 as the following
simple example shows.

EXAMPLE 5.10. Let S C Mark (R) be the standard Cantor set in [0,1]. Then
HO(S,R) consists of continuous locally constant functions on S. In particular,
each such function assigns finitely many values. Let [0, 1]\ S := U532, (a;, b;) and
¢ be a positive C* function on (0,1) having zeros of infinite order at 0 and 1.
For a uniformly bounded sequence {¢;} C Ry consider a sequence of positive
functions ¢; € C*((a;,b;)), ¢;(z) = cje’(bj’“ﬂ')ap(li:'fjj), j € N. Then the
function @ equals ¢; on (a;,b;), j € N, and 0 on SU(R\ [0,1]) is C> on R. We
set (x) = [*__@(t)dt, x € R. By the definition ¢y € C*°(R) and d(¢|s) = 0.
However, the range of 9|g is not finite. This shows that H°(S,R) is a proper
subset of HY,(S,R).

In general, for S € Mar._ as in the case of C* manifolds (using Proposition
we obtain canonical homomorphisms of groups h : H(S,R) — Hi,(S,R)
such that if f : S; — S is a C° map of spaces in Mar}_, then for all i the
following diagrams are commutative:

h, )
H’L(SQ,R) — H;R(SQ,R)
(3) L |

hsy ,
}VP(Sl,R) — H}iR(SlvR)

Here f& and fjr are homomorphisms induced by f.

As another consequence of Theorem [5.§ we obtain the following interpolation
result.

Let S € Mary, 1 be a closed subset of a space X € Mary, and the weak oo-
Markov structure on S is induced by that on X, i.e., the embedding S — X
induces a surjective morphism Q% — Q2 of sheaves of germs of C* functions.
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COROLLARY 5.11.  There exists an open neighbourhood N C X of S such that
for each d-closed form w € QP(S) there exists a d-closed form w € QP(N) such
that @|s = w.

By H*(S,R) we denote the ring of singular cohomology of S € Mar’_ endowed
with « product (see, e.g., [MS, Appendix A] for definitions). Also we consider
the ring H},(S,R) endowed with A product. If S is a C° manifold, then the
classical de Rham theorem states that these two rings are isomorphic. This result
can be extended:

THEOREM 5.12. For S € Mar’go’r there exists an isomorphism of rings
Ps: (HjR(S,R),A) = (H*(S,R), ) such that if f:S1 — Sy is a C> map of
spaces in Marzo’F, then the following diagram is commutative

Hin(S2,R) 23 He(S, R)
(9) fir| 7
Hin(5L,R) 2% me(5,R).

Here f* is the ring homomorphism induced by f.

Moreover, if S is a C°° manifold, then ®g coincides with the classical de
Rham isomorphism defined by the pairing of differential forms and chains via
integration.

Let S; be elements of Mar r, @ = 1,2. Then S; X Sy € Mars, 1 as well. By
m; : S1 X So — S;, 1 =1,2, we denote the natural projections. The map

(w1’w2)’_>ﬂ-r(w1)/\ﬁ§(w2)v Wi EQ*(S’L)a i:1727

determines a bilinear map A : Hjz(51,R) ® H;p(S2,R) — Hip(S1 x Sa, R)
sending each ®,4,—xH 5 (S1,R) ® HI,(S2,R) into HY,(S1 x So, R).

As a corollary of Theorem we have the following generalization of the
classical Kiinnneth formula.

THEOREM 5.13. Suppose Sy is homotopy equivalent to a CW complex having
only finitely many cells in each dimension. Then the map A : H;5(S1,R) ®
H} 5 (S92, R) — HL(S1 x S2,R) is an isomorphism.

In the case where both S; admit locally finite acyclic open covers, the result
was first established by Vladimir Goldshtein by the method analogous to the one
described in [BT} §5] (by means of the Mayer-Vietoris sequences which clearly
exist in the category of spaces in Mar_, cf. [BT} §2] for similar arguments). The
question whether a general space in Mars, r has such a cover is open.

Theorem can be applied, e.g., if Sy € Marioyp is a compact topological
manifold (in this case it has homotopy type of a finite CW complex, see [KS]).

In a forthcoming paper we present some results, different from those formu-
lated above, on the de Rham cohomology of certain topological manifolds in
Mar?, \ Mar’,  (including von Koch snowflake-type curves) and of Cantor-type
sets in R™ (having similar to the Sierpiniski gasket structures).



14

[BB1]
[BB2]

[B]

[PU]

[S]
[Shv]

(W1
(W2]

(W3]
(W4

Departm
e-mail:

ALEXANDER BRUDNYI

REFERENCES

A. Brudnyi and Yu. Brudnyi, Methods of Geometric Analysis in extension and
trace problems, Mathematical Monographs, Springer, Basel, 2011.

A. Brudnyi and Yu. Brudnyi, Traces of C* functions to weak Markov subsets of
R"™, St. Petersburg Math. J. 23 (2011), 1-19.

A. Brudnyi, Differential calculus on topological spaces with weak Markov structure
I, to appear, Preprint 2011, 42 pps.

E. Bierstone and P. Milman, C'"™ norms of finite sets and C"" extension criteria,
Duke Math. J. 137 (2007), 118-134.

R. Bott and L. W. Tu, Differential forms in algebraic topology, Springer, New
York, 1982.

K. Falconer, Fractal geometry: mathematical foundations and applications, John
Wiley, New York, 1990.

Ch. Fefferman, Whitney’s extension problem in certain function spaces, preprint,
2003, 1-78.

Ch. Fefferman, Interpolation and extrapolation of smooth functions by linear
operators, Revista Mat. Iberoamericana 21 (2005), 313-348.

Ch. Fefferman, Whitney’s extension problems and interpolation of data, Bull.
AMS 46 (2009), 207-220.

G. H. Hardy, Weierstrass’s nondifferentiable function, Trans. Amer. Math. Soc. 17
(1916), 301-325.

M. Hestens, Extension of the range of a differentiable function, Duke Math. J. 8
(1941), 183-192.

F. Hirzebruch, Topological methods in algebraic geometry, Springer, Berlin, 1966.
B. R. Hunt, The Hausdorff dimensions of graphs of Weierstrass functions, Proc.
Amer. Math. Soc. 126 (1998), 791-800.

A. Jonsson and H. Wallin, Function Spaces on Subsets of R"™, Harwood Academic
Publishers, 1984.

J. L. Kaplan, J. Mallet—Paret, and J. A. Yorke, The Lyapunov dimension of a
nowhere differentiable attracting torus, Ergod. Th. Dynam. Sys. 4 (1984), 261-281.
R. C. Kirby and L. C. Siebenmann, On the triangulation of manifolds and the
Hauptvermutung, Bull. Amer. Math. Soc. 75, Number 4 (1969), 742-749.

G. K. Luli, C™% extension by bounded-depth linear operators, Adv. Math. 224
(2010), 1927-2021.

J. W. Milnor and J. D. Stasheff, Characteristic classes, Princeton, New Jersey,
1974.

J. R. Munkres, Elementary differential topology, Princeton Univ. Press, 1973.

R. D. Maudlin and S. C. Williams, On the Hausdorff dimension of some graphs,
Trans. Amer. Math. Soc. 298 (2) (1986), 793-803.

F. Przytycki and M. Urbanski, On the Hausdorff dimension of some fractal sets,
Studia Math. XCIII (1989), 155-186.

R. S. Strichartz, Analysis on fractals, Notices of the AMS 46 (1999), 1199-1208.
P. Shvartsman, The Whitney extension problem and Lipschitz selections of
set-valued mappings in jet-spaces, Trans. Amer. Math. Soc. 360 (2008), 5529-5550.
H. Whitney, Analytic extension of differentiable functions defined in closed sets,
Trans. Amer. Math. Soc. 36 (1934), 63-89.

H. Whitney, Differentiable functions defined in closed sets, I, Trans. Amer. Math.
Soc. 36 (1934), 369-387.

H. Whitney, Differentiable manifolds, Ann. Math. 37 (1935), 645-680.

H. Whitney, Geometric integration theory, Princeton University Press, 1957.

ent of Mathematics and Statistics, University of Calgary, Calgary, Canada
albru®@math.ucalgary.ca


albru@math.ucalgary.ca

