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Nonnegatively Curved Geodesic Spheres in a
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Abstract. We characterize geodesic spheres with sufficiently small

radii in a complex hyperbolic space by using their geometric properties.

These geodesic spheres are the only examples of hypersurfaces of type (A)
having nonnegative sectional curvature in this ambient space.

Résumé. Nous caractérisons les sphères géodésiques de rayon

suffisamment petit dans un espace hyperbolique complexe en utilisant leurs
propriétés géométriques. Ces sphères géodésiques sont les seuls exemples

d’hypersurfaces de type (A) qui ont courbure non-negative dans cet espace

ambiant.

1. Introduction We denote by M̃n(c) a complex n-dimensional complete
and simply connected Kähler manifold of constant holomorphic sectional curva-
ture c(6= 0), namely it is holomorphically isometric to either an n-dimensional
complex projective space CPn(c) of constant holomorphic sectional curvature
c or an n-dimensional complex hyperbolic space CHn(c) of constant holomor-
phic sectional curvature c according as c is positive or negative, which is called
an n-dimensional nonflat complex space form of constant holomorphic sectional
curvature c.

In the theory of real hypersurfaces M2n−1 isometrically immersed into M̃n(c),
hypersurfaces of type (A) are the most important examples (for details, see
Preliminaries). When c > 0, every hypersurface of type (A) has nonnegative
sectional curvature (see Proposition A). On the contrary, the horosphere, which
is a typical example of hypersurfaces of type (A) in CHn(c), has the sectional
curvature K with 3c/4 5 K 5 −c/4. Motivated by this fact, we are interested
in nonnegatively curved hypersurfaces of type (A) in CHn(c).

We shall classify nonnegatively curved hypersurfaces M2n−1 of type (A) in
CHn(c) and characterize them in terms of the exterior differentiation dη of the
contact form η on M and the extrinsic shape of some geodesics of M . Our
motivation is based on the following two facts on real hypersurfaces M of M̃n(c):
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(1) There exist no real hypersurfaces M with closed contact form η, namely
dη 6= 0 on each real hypersurface M ;

(2) There exist no real hypersurfaces M all of whose geodesics are mapped to

circles in the ambient space M̃n(c).

The purpose of this paper is to prove the following:

Theorem. For a connected orientable real hypersurface M2n−1 in CHn(c), n =
2, the following three conditions are mutually equivalent:

(1) M is locally congruent to a geodesic sphere G(r) of radius r all of whose
sectional curvatures are nonnegative. In this case, the radius r satisfies
0 < r 5 log 3/

√
|c| .

(2) There exist a positive constant k such that M satisfies dη(X,Y ) = kg(X,φY )
for all X,Y ∈ TM or dη(X,Y ) = −kg(X,φY ) for all X,Y ∈ TM , and a
point x of M satisfying that every sectional curvature of M at x is nonneg-
ative.

(3) There exists a positive constant k with k =
√
|c| such that at every point p of

M all geodesics γi = γi(s) on M with γi(0) = p, γ̇i(0) = vi (1 5 i 5 2n− 2)
are mapped to circles of the same positive curvature k in the ambient space
CHn(c) for some orthonormal vectors v1, . . . , v2n−2(∈ TpM) orthogonal to
the characteristic vector ξp.

In Conditions (2), (3), k is expressed as: k = (
√
|c| /2) coth(

√
|c| r/2), so that

the radius r of G(r) is given by r = (1/
√
|c| ){log(2k+

√
|c| )− log(2k−

√
|c| )}.

The author would like to express his hearty thanks to the referee for improving
this paper.

2. Preliminaries Let M2n−1 be a real hypersurface with a unit normal local
vector field N of M̃n(c) through an isometric immersion. The ambient space

M̃n(c) is furnished with the standard Riemannian metric g and the canonical

Kähler structure J . The Riemannian connections ∇̃ of M̃n(c) and ∇ of M are
related by the following formulas of Gauss and Weingarten:

(1) ∇̃XY = ∇XY + g(AX,Y )N ,

(2) ∇̃XN = −AX

for arbitrary vector fields X and Y on M , where A is the shape operator of M in
M̃n(c). We denote by Vλ the eigenspace associated with the principal curvature
λ, namely we set Vλ = {v ∈ TM |Av = λv}. On M it is well-known that
an almost contact metric structure (φ, ξ, η, g) associated with N is canonically

induced from the structure (J, g) of the ambient space M̃n(c), which is defined
by g(φX, Y ) = g(JX, Y ), ξ = −JN and η(X) = g(ξ,X) = g(JX,N ).
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It follows from (1), (2) and ∇̃J = 0 that

(3) (∇Xφ)Y = η(Y )AX − g(AX,Y )ξ,

(4) ∇Xξ = φAX.

Denoting the curvature tensor of M by R, we have the equation of Gauss given
by

g((R(X,Y )Z,W ) = (c/4){g(Y,Z)g(X,W )− g(X,Z)g(Y,W )(5)

+ g(φY,Z)g(φX,W )− g(φX,Z)g(φY,W )− 2g(φX, Y )g(φZ,W )}

+ g(AY,Z)g(AX,W )− g(AX,Z)g(AY,W ).

Hence, the sectional curvature K(X,Y ) of the real plane spanned by a pair
(X,Y ) of orthonormal vectors is given by

(6) K(X,Y ) = (c/4)
(
1 + 3g(φX, Y )2

)
+ g(AX,X)g(AY, Y )− g(AX,Y )2.

We usually call M a Hopf hypersurface if the characteristic vector ξ is a prin-
cipal curvature vector at each point of M . Note that every tube of a sufficiently
small constant radius around each Kähler submanifold of M̃n(c) is a Hopf hy-
persurface.

Lemma A ([3,4]). Let M be a Hopf hypsurface of a nonflat complex space form

M̃n(c), n = 2. Then the following hold.

(1) If a nonzero vector v ∈ TM orthogonal to ξ satisfies Av = λv, then (2λ −
δ)Aφv = (δλ + (c/2))φv, where δ is the principal curvature associated with
ξ. In particular, when c > 0, we have Aφv =

(
(δλ+ (c/2))/(2λ− δ)

)
φv.

(2) The principal curvature δ associated with ξ is constant locally.

We recall the following real hypersurfaces which are the simplest examples of
Hopf hypersurfaces.
When c > 0,

(A1) a geodesic sphere G(r) of radius r (0 < r < π/
√
c ) in CPn(c),

(A2) a tube of radius r (0 < r < π/
√
c ) around a totally geodesic complex

submanifold CP `(c) with 1 5 ` 5 n−2 in CPn(c).

When c < 0,

(A0) a horosphere HS in CHn(c),
(A1,0) a geodesic sphere G(r) of radius r (0 < r <∞) in CHn(c),
(A1,1) a tube of of radius r (0 < r < ∞) around a totally geodesic complex

hypersurface CHn−1(c) in CHn(c),
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(A2) a tube of radius r (0 < r < ∞) around a totally geodesic complex sub-
manifold CH`(c) with 1 5 ` 5 n−2.

Unifying these real hypersurfaces in M̃n(c), n = 2, we call them hypersurfaces of
type (A). The following is a well-known characterization of hypersurfaces of type

(A) in M̃n(c) (cf. [5]).

Lemma B. Let M be a connected real hypersurface in a nonflat complex space
form M̃n(c), n = 2. Then M is locally congruent to a hypersurface of type (A)
if and only if φA = Aφ holds on M , where A is the shape operator of M in this
ambient space.

It is well-known that every hypersurface of type (A) is a homogeneous real

hypersurface in M̃n(c), namely it is an orbit of some subgroup of the isometry

group I(M̃n(c)) of the ambient space M̃n(c). For the later use we recall the
classification theorem of homogeneous Hopf hypersurfaces in CHn(c).

Theorem A ([1]). Let M2n−1 be a connected real hypersurface of CHn(c), n =
2. Then M is a Hopf hypersurface all of whose principal curvatures are constant
if and only if M is locally congruent to one of the following homogeneous real
hypersurfaces:

(A0) A horosphere in CHn(c);
(A1,0) A geodesic sphere of radius r (0 < r <∞);
(A1,1) A tube of radius r around a totally geodesic CHn−1(c), where 0 < r <∞;
(A2) A tube of radius r around a totally geodesic CH`(c) (1 5 ` 5 n − 2),

where 0 < r <∞;
(B) A tube of radius r around a totally real totally geodesic RHn(c/4), where

0 < r <∞.

The following gives information on sectional curvatures of all hypersurfaces
of type (A) in CPn(c) (for details, see [2]).

Proposition A. The sectional curvature K of hypersurfaces of type (A) with
radius r (0 < r < π/

√
c ) in CPn(c) satisfies the following inequalities:

(A1) (c/4) cot2(
√
c r/2) 5 K 5 c+ (c/4) cot2(

√
c r/2);

(A2) 0 5 K 5 c+ (c/4)max{cot2(
√
c r/2), tan2(

√
c r/2)}.

At the end of this section we explain the fundamental two facts (1) and (2)
in Introduction. To do this, we first recall the definition dη, which is given by

(7) dη(X,Y ) = (1/2){X(η(Y ))− Y (η(X))− η([X,Y ])} for all X,Y ∈ X(M).

It follows from (4) and (7) that dη = 0 if and only if φA+Aφ = 0. This, together
with the fact that there exist no real hypersurfaces M with φA + Aφ = 0 on
M (see Corollary 2.12 in [5]), implies Fact (1). We next review the definition of
circles in Riemannian geometry. A smooth real curve γ = γ(s) parametrized by
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its arclength s on a Riemannian manifold (M, g,∇) is called a circle if it satisfies
the following differential equation:

(8) ∇γ̇∇γ̇ γ̇ + g(∇γ̇ γ̇,∇γ̇ γ̇)γ̇ = 0.

Here, k2 := g(∇γ̇ γ̇,∇γ̇ γ̇) is automatically constant. A circle of null curvature,
namely k = 0, is nothing but a geodesic. By easy computation, for a connected
hypersurface Mn in a Riemannian manifold M̃n+1 through an isometric immer-
sion, we can see that every geodesic γ on Mn is mapped to a circle in M̃n+1 if and
only if Mn is totally umbilical in M̃n+1 and Trace A is constant locally on Mn,
where A is the shape operator of Mn in M̃n+1. This, combined with the fact
that there exist no totally umbilical real hypersurfaces M2n−1 in M̃n(c), c 6= 0,
yields Fact 2.

3. Proof of Theorem We first suppose Condition (2). It follows from
dη(X,Y ) = ±kg(X,φY ) for all X,Y ∈ TM , (7) and (4) that

0 = g(φAX, Y )− g(φAY,X)∓ 2kg(X,φY ) = g((φA+Aφ± 2kφ)X,Y )

for each X,Y ∈ TM . So our real hypersurface M satisfies

(9) φA+Aφ = ∓2kφ.

We then have φAξ = 0, which shows that M is a Hopf hypersurface. We next
take a principal curvature vector X orthogonal to ξ associated to a principal
curvature λ. Hence, from Lemma A and Equation (9) we find that the principal
curvature λ satisfies one of the following quadratic equations:

(10) 4λ2 + 8kλ+ c− 4kδ = 0 or 4λ2 − 8kλ+ c+ 4kδ = 0.

Since k and δ are constant, this implies that λ is also constant on the connected
real hypersurface M . Thus we can see that our real hypersurface M is locally
congruent to a homogeneous Hopf hypersurface in CHn(c) (see Theorem B).

We shall check (9) one by one for each homogeneous Hopf hypersurface M
by standard computation (for examples see [5–7]). Let M be of type (A0).
Then we know that Aφ + φA =

√
|c| φ. Let M be of type (A1,0). So, in this

case we see that Aφ + φA =
√
|c| coth(

√
|c| r/2)φ. Let M be of type (A1,1).

We find similarly that Aφ + φA =
√
|c| tanh(

√
|c| r/2)φ. Let M be of type

(A2). Note that φVλ1
= Vλ1

and φVλ2
= Vλ2

(see Lemma A). These imply
that our real hypersurface M does not satisfy (9). Let M be of type (B). For
each radius r ∈ (0,∞) we remark that φV 0

λ1
= V 0

λ2
and φV 0

λ2
= V 0

λ1
, where

V 0
λi

= {v ∈ TM |Av = λiv, v ⊥ ξ} for i = 1, 2 (see Lemma A). Hence our real
hypersurface M satisfies (9). Therefore by virtue of the above discussion we can
see that a real hypersurface M satisfies (9) if and only if M is of either type
(A0), type (A1,0), type (A1,1) or type (B).
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We next investigate the sectional curvatures of these homogeneous real hy-
persurfaces. Let M be of type (A1,0). We take a pair of (X,Y ) of orthonormal
vectors that are orthogonal to ξ. In order to estimate the sectional curvature K
of M , we calculate K(sin θ ·X + cos θ · ξ, Y ). It follows from (6) that

K(sin θ ·X + cos θ · ξ, Y ) = (c/4){sin2 θ
(
1 + 3g(φX, Y )2

)
− coth2(

√
|c| r/2)}.

This gives the following inequalities:

(11) c− (c/4) coth2(
√
|c| r/2) 5 K 5 (−c/4) coth2(

√
|c| r/2).

We remark that K(X,φX) = c− (c/4) coth2(
√
|c| r/2) and K(X, ξ) = (−c/4)·

coth2(
√
|c| r/2) for each unit vector X orthogonal to ξ. By easy computation we

see that c− (c/4) coth2(
√
|c| r/2) = 0 if and only if 0 < r 5 log 3/

√
|c| . Hence a

geodesic sphere G(r) has nonnegative sectional curvature at some point x ∈ M
if and only if the radius r satisfies 0 < r 5 log 3/

√
|c| . Let M be of type (A0).

Taking r → ∞ in (11), we have 3c/4 5 K 5 −c/4 at each point x ∈ M . Let
M be of type (A1,1). For a unit vector with AX = (

√
|c| /2) tanh(

√
|c| r/2)X,

from (6) we see

(12) K(X,φX) = c+
|c|
4

tanh2
(√|c| r

2

)
< c+

|c|
4

=
3c

4
< 0.

Let M be of type (B). We take a unit vector X orthogonal to ξ with AX =
(
√
|c| /2) coth(

√
|c| r/2)X. Then it follows from (6) that K(X,φX) = 3c/4 < 0.

Therefore we can see that Conditions (1) and (2) are mutually equivalent.
We next verify Condition (1) implies Condition (3). Let γ = γ(s) be an

arbitrary geodesic on our real hypersurface M whose initial vector γ̇(0) is per-
pendicular to the characteristic vector ξp. It follows from (4), Lemma B, the
symmetry of A and the skew-symmetry of φ that

γ̇(g(γ̇, ξ)) = g(γ̇,∇γ̇ξ) = g(γ̇, φAγ̇) = g(γ̇, Aφγ̇)

= g(Aγ̇, φγ̇) = −g(φAγ̇, γ̇) = 0,

which, combined with g(γ̇(0), ξγ(0)) = 0, shows that γ̇(s) is orthogonal to ξγ(s) for

every s. Thus we have Aγ̇(s) = (
√
|c| /2) coth(

√
|c| r/2)γ̇(s) for −∞ < s < ∞.

This, together with (1) and (2), implies that the geodesic γ is mapped to a circle
of the same positive curvature (

√
|c| /2) coth(

√
|c| r/2) in CHn(c). Here, by the

assumption 0 < r 5 log 3/
√
|c| we see (

√
|c| /2) coth(

√
|c| r/2) =

√
|c| . Thus

we obtain Condition (3).
Conversely, we suppose Condition (3). Let γi = γi(s) (1 5 i 5 2n − 2) be

geodesics on M satisfying Condition (3). Then it follows from (8) that

(13) ∇̃γ̇i(∇̃γ̇i γ̇i) = −k2γ̇i.
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On the other hand, from (1) and (2) we obtain

(14) ∇̃γ̇i(∇̃γ̇i γ̇i) = g((∇γ̇iA)γ̇i, γ̇i)N − g(Aγ̇i, γ̇i)Aγ̇i.

Comparing the tangential components of (13) and (14), we have

g(Aγ̇i(s), γ̇i(s))Aγ̇i(s) = k2γ̇i(s) for 1 5 i 5 2n− 2,

which, combined with k 6= 0, yields that Avi = kvi or Avi = −kvi for 1 5 i 5
2n − 2 at the point p = γ(0). Note that ξ is principal. Indeed, g(Aξ, vi) =
g(ξ, Avi) = 0 for 1 5 i 5 2n− 2. Thus we know that our real hypersurface M is
a Hopf hypersurface having at most three constant principal curvatures δ, k and
−k. Therefore by the principal curvatures of homogeneous Hopf hypersurfaces
in CHn(c) we find that our Hopf hypersurface M has two distinct constant
principal curvatures either δ, k or δ,−k. Then without loss of generality M
has two distinct constant principal curvatures δ and k(=

√
|c| ). Therefore our

discussion guarantees that our real hypersurface M is locally congruent to a
geodesic sphere G(r) with 0 < r 5 log 3/

√
|c| . Thus we have Condition (1). �

As an immediate consequence of the discussion in the proof of our Theorem
we get the following:

Proposition 1. In the class of all totally η-umbilical hypersurfaces M2n−1 in
CHn(c), n = 2, the geodesic spheres G(r) of radius r with 0 < r 5 log 3/

√
|c|

are the only real hypersurfaces having nonnegative sectional curvature.

For the definition of totally η-umbilical hypersurfaces, refer to [5].
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