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Abstract. In [1], we introduced the Dedekind–Zagier sum in finite
fields. It is defined by a lattice Λ. The objective of this paper is to present a
criterion for the rationality of our Dedekind–Zagier sum. For this purpose,

we establish a connection between the field of definition of the exponential
function for Λ and the field of definition of the Dedekind–Zagier sum for Λ.

Résumé. Dans [1], nous avons introduit la somme de Dedekind–Zagier
dans des corps finis. La somme est définie à partir d’un réseau Λ. L’objectif
de ce travail est de présenter un critère de la rationalité de notre somme de
Dedekind–Zagier. Pour le but, nous éstablissons la connexion entre le corps

de définition de la fonction exponentielle pour Λ et le corps de définition
de notre somme de Dedekind–Zagier pour Λ.

1. Introduction. For relatively prime integers c > 0 and a, the classical
Dedekind sum is defined as

s(a, c) =
1

4c

c−1∑

k=1

cot
(πk

c

)

cot
(πka

c

)

.

It satisfies a well-known relation called the reciprocity law

s(a, c) + s(c, a) =
a2 + c2 + 1− 3ac

12ac

when a, c are coprime positive integers. For details, refer to the book by
Rademacher and Grosswald [7]. A generalization of Dedekind sums to higher
dimensions was presented by Zagier [8]. Let a0 be a positive integer, and
let a1, . . . , ad be integers relatively prime to a0. Zagier defined the higher-
dimensional Dedekind sum:

d(a0; a1, . . . , ad) :=
(−1)d/2

a0

a0−1∑

k=1

cot
(πka1

a0

)

· · · cot
(πkad

a0

)

.
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For pairwise coprime positive integers a0, a1, . . . , ad, this sum satisfies the reci-
procity law

d∑

j=0

d(aj ; a0, . . . , aj−1, aj+1, . . . , ad) = 1−
ld(a0, a1, . . . , ad)

a0a1 · · · ad
,

where each ld(a0, a1, . . . , ad) is a polynomial in a0, a1, . . . , ad. These classical
Dedekind sums are rational numbers, and they can be applied to number theory
(quadratic reciprocity, Farey fractions) and combinatorial theory (the enumera-
tion of lattice points in certain triangles, tetrahedrons and parallelepipeds). See
[2, 7] for their results.

In our previous paper [1], we introduced higher-dimensional Dedekind sums in
finite fields, defined by a lattice Λ. In this paper, we introduce a concept of “ratio-
nal” for our Dedekind sums, as an analog of rational Dedekind sums. In contrast
with the classical case, our Dedekind sums are not necessarily “rational”. By
considering their applications to function field arithmetic, the rationality of our
Dedekind sums requires investigation. The objective of this paper is to present a
criterion for the rationality of our Dedekind sums. For this purpose, we establish
a connection between the field of definition of the exponential function for Λ and
the field of definition of the higher-dimensional Dedekind sum associated with Λ.

2. Lattices and exponential functions. We recall some facts about lat-
tices and their exponential functions. We refer to Gekeler’s paper [4] for details.

For K = Fq, the finite field with q elements, K denotes a fixed algebraic
closure of K. Let Λ be a subset of K. We call Λ a lattice if it is a linear
K-subspace of K, with finite dimension. For such a lattice Λ, define the product

eΛ(z) = z
∏

λ∈Λ\{0}

(

1−
z

λ

)

.

The map eΛ : K → K satisfies the following properties:

• eΛ is K-linear and Λ-periodic.
• If dimK Λ = r, then eΛ(z) has the form

(2.1) eΛ(z) =
r∑

i=0

αi(Λ)z
qi ,

where α0(Λ) = 1, αr(Λ) 6= 0.
• eΛ(z) has simple zeros at the points of Λ, and no other zeros.
• deΛ(z)/dz = e′Λ(z) = 1. Hence, we have

1

eΛ(z)
=

e′Λ(z)

eΛ(z)
=

∑

λ∈Λ

1

z − λ
.
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For a positive integer k,

Ek(Λ) =
∑

λ∈Λ\{0}

λ−k

is called the Eisenstein series of weight k for Λ. We use the convention E0(Λ) =
−1. The function z/eΛ(z) is expressed as a formal series by

(2.2)
z

eΛ(z)
= −

∞∑

k=0

Ek(Λ)z
k.

Let K(Λ) be the field generated by Λ over K. For a ∈ K \K(Λ), define

Λ〈a〉 = eΛ(aΛ),

which has dimension dimK Λ〈a〉 = dimK Λ.

Example 2.1. Let eΛ(z) be given by (2.1). Write αi = αi(Λ) (i = 1, . . . , r) for
simplicity.
Case r = 1: eΛ〈a〉(z) = z + α1

(a−aq)q−1 z
q.

Case r = 2: eΛ〈a〉(z) = z + β1z
q + β2z

q2 , where

β1 =
α1

(a− aq2)q−1
− α1

(a− aq)q

(a− aq2)q
+

αq2

1

αq
2

·
(a− aq)q

3

(a− aq2)q
,

β2 =
α2

(a− aq2)q2−1
− αq

1

(a− aq)q
2

(a− aq2)q2
+

αq2+q
1

αq
2

·
(a− aq)q

3

(a− aq2)q2
.

3. Higher-dimensional Dedekind sums in finite fields. In our previous
paper [1], we introduced a finite field analog of the higher-dimensional Dedekind
sum of Zagier. We recall its definition and properties. We consider a lattice Λ.
Select a0, a1, . . . , ad ∈ K \ {0} such that

(3.1) ai/a0 /∈ K(Λ) (i = 1, . . . , d).

We define the higher-dimensional Dedekind sum by

sΛ(a0; a1, . . . , ad) =
(−1)d

a0

∑

λ∈Λ\{0}

eΛ(a1λ/a0)
−1 · · · eΛ(adλ/a0)

−1.

Theorem 3.1 ([1]). The Dedekind sum sΛ(a0; a1, . . . , ad) has properties similar

to those of Zagier’s Dedekind sum:

(i) sΛ(a0; a1, . . . , ad) depends only on ai + a0Λ.
(ii) sΛ(a0; a1, . . . , ad) is symmetric in a1, . . . , ad.
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(iii) sΛ(a0; ζa1, . . . , ad) = ζ−1sΛ(a0; a1, . . . , ad) for any ζ ∈ K \ {0}.
(iv) sΛ(a0; ζa1, . . . , ζad) = sΛ(a0; a1, . . . , ad) for any ζ ∈ K \ {0}.
(v) sΛ(a0; a1, . . . , ad) satisfies the reciprocity law. Thus, for a0, a1, . . . , ad ∈

K \ {0} such that

ai/aj /∈ K(Λ) (i 6= j),

we have

d∑

i=0

sΛ(ai; a0, . . . , ai−1, ai+1, . . . , ad) =
∑

i0+···+id=d
i0,...,id≥0

ai00 · · · aidd
a0 · · · ad

Ei0(Λ) · · ·Eid(Λ).

4. Rationality for sΛ(a0; a1, . . . , ad). From the definition of our Dedekind
sum, it is easy to see that sΛ(a0; a1, . . . , ad) ∈ K(Λ)(a0, a1, . . . , ad).

Definition 4.1. The Dedekind sum sΛ(a0; a1, . . . , ad) is called rational if it
is contained in K(a0, a1, . . . , ad).

Remark 4.2. As is well known, π cotπz is expressed by

π cotπz =
1

z
+

∞∑

n=1

( 1

z − n
+

1

z + n

)

.

This implies that the classical Dedekind sums are related to Z, and they are
rational in the sense of Definition 4.1 because Q(Z)(a0, a1, . . . , ad) = Q.

Example 4.3. (1) Let d be odd. By Theorem 3.1 (iii) and (iv), we have

(−1)dsΛ(a0; a1, . . . , ad) = sΛ(a0; a1, . . . , ad).

Thus, if CharFq 6= 2, then the sum is zero, and hence, rational. In this case, the
field K

(
sΛ(a0; a1, . . . , ad)

)
is K.

(2) Let Λ = K = F2, d = 1. Suppose a1/a0 ∈ Fq2 \ Fq. Then a1/a0 is a
primitive element of Fq2 and a1/a0 − aq1/a

q
0 = a1/a0 + aq1/a

q
0 ∈ Fq \ {0}. Hence,

sK(a0; a1) =
1

a0
(a1

a0

−
aq
1

aq
0

)
∈ K(a0, a1),

which implies that sΛ(a0; a1) is rational. We take a primitive element a0 of Fq4

and a1 = ta0, where t is a primitive element of Fq2 . Then, the field K
(
sΛ(a0; a1)

)

is given by K(a0) = K(a0, a1).

We have a rationality criterion for sΛ(a0; a1, . . . , ad) as follows.

Theorem 4.4. Assume that the dimension of Λ over K is r. Then the following

properties are equivalent:
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(i) eΛ〈a〉(z) ∈ K(a)[z] for all a ∈ K \K(Λ).
(ii) eΛ(z) ∈ K[z].
(iii) sΛ(a0; a1, . . . , aqi−1), i = 1, . . . , r, are rational.

This theorem is our main result.

Remark 4.5. Let the notations be identical to those in Theorem 4.4. By (2.2) and
Theorem 4.4, if eΛ(z) ∈ K[z], then the reciprocity law for sΛ(a0; a1, . . . , aqi−1)
holds in K(a0, a1, . . . , aqi−1) (i = 1, . . . , r).

Remark 4.6. (1) Hickerson [6] proved that the values of the classical Dedekind
sum s(a, c) stated in the Introduction are dense in R. Let Λ be a lattice such that
eΛ(z) is contained inK[z]. Fix a finite field Fqn . It is interesting to investigate the
distribution of the values of sΛ(a0; a1, . . . , ad) for a0 ∈ K\{0} and a1, . . . , ad ∈ K
satisfying (3.1).

(2) As seen in Example 4.3 (2), K
(
sΛ(a0; a1, . . . , ad)

)
, the field generated

by the rational Dedekind sum sΛ(a0; a1, . . . , ad) over K, depends on the value
of the Dedekind sum above. It is also interesting to study the property of
K
(
sΛ(a0; a1, . . . , ad)

)
.

5. Proof of Theorem 4.4.

(i) ⇒ (ii). Put eΛ(z) = α0z + α1z
q + · · · + αrz

qr (α0 = 1), which belongs to
K(Λ)[z]. Take a ∈ K \K(Λ) satisfying

[K(Λ)(a) :K(Λ)] > qr,(5.1)

[K(a) :K] is a prime number.(5.2)

Take any σ ∈ Gal
(
K(a)(Λ)/K(a)

)
and λ ∈ Λ \ {0}. Since eΛ〈a〉(z) ∈ K(a)[z],

σ
(
eΛ(aλ)

)
is a root of eΛ〈a〉(z). Hence, we have σ

(
eΛ(aλ)

)
= eΛ(aλ

′) for a
certain λ′ ∈ Λ. It follows that

(5.3)

r∑

i=0

aq
i(
σ(αiλ

qi)− αiλ
′q

i)
= 0.

Since σ is given by x 7→ xqn for a positive integer n, all σ(αiλ
qi) − αiλ

′q
i

are
elements of K(Λ). From (5.1) and (5.3), we get σ(λ) = λ′ and σ(αi) = αi for
i = 1, . . . , r. This implies that α1, . . . , αr ∈ K(a). From (5.1), K(a) is not
contained in K(Λ). Thus, we have K(a) ∩ K(Λ) 6= K(a). Using (5.2), we see
that K(a) ∩K(Λ) = K, which gives α1, . . . , αr ∈ K.

(ii) ⇒ (iii). Since eΛ(z) is in K[z], sΛ(a0; a1, . . . , aqi−1) is invariant un-
der the action of Gal

(
K(a0, a1, . . . , aqi−1)(Λ)/K(a0, a1, . . . , aqi−1)

)
. Hence,

sΛ(a0; a1, . . . , aqi−1) belongs to K(a0, a1, . . . , aqi−1).
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(iii) ⇒ (i). By assumption, for any a ∈ K \K(Λ),

sΛ(1;

qi−1
︷ ︸︸ ︷
a, . . . , a) = (−1)q

i−1
∑

λ∈Λ\{0}

1

eΛ(aλ)q
i−1

= (−1)q
i−1Eqi−1(Λ〈a〉) ∈ K(a)

(5.4)

for i = 1, . . . , r. Since (Eqi−1(Λ〈a〉))
qj = Eqi+j−qj (Λ〈a〉), we have Eqk−ql(Λ〈a〉) ∈

K(a) for 1 ≤ l < k ≤ r. We recall Newton’s formula for the power sums of the
zeros of a given polynomial.

Lemma 5.1 (Newton’s formula cf. [3], [5]). Let

f(X) = Xn + c1X
n−1 + · · ·+ cn−1X + cn

be a polynomial over a field L, and let α1, . . . , αn be the roots of f(X). For each

non-negative integer k, put Tk = αk
1 + · · ·+ αk

n. Then it holds that

Tk + c1Tk−1 + · · ·+ ck−1T1 + kck = 0 (k ≤ n),

Tk + c1Tk−1 + · · ·+ cn−1Tk−n+1 + cnTk−n = 0 (k ≥ n).

We now return to the proof of the theorem. If eΛ〈a〉(z) = β0z + β1z
q + · · ·+

βrz
qr (β0 = 1), then we have

eΛ〈a〉(z
−1)zq

r

= zq
r−1 + β1z

qr−q + · · ·+ βr−1z
qr−qr−1

+ βr.

Since
{
1/x | x ∈ Λ〈a〉\{0}

}
is the set of roots of this polynomial, using Newton’s

formula, it follows that

(5.5) Eqi−1(Λ〈a〉) + β1Eqi−q(Λ〈a〉) + · · ·+ βi−1Eqi−qi−1(Λ〈a〉) = βi

for i = 1, . . . , r. Using this identity repeatedly, we deduce that β1, . . . , βr ∈ K(a).
Therefore, we conclude that eΛ〈a〉(z) is included in K(a)[z].

6. Concluding remarks. We fix d and take an r-dimensional lattice Λ.
Even if sΛ(a0; a1, . . . , ad) is rational, eΛ(z) is not necessarily contained in K[z].
Indeed, let us consider the case d = q − 1, r ≥ 2. Let a ∈ K \ K(Λ). The
Dedekind sum sΛ(1; a, . . . , a) is, up to an element of Fq, Eq−1(Λ〈a〉) in the same
way as (5.4). From (5.5), we have Eq−1(Λ〈a〉) = β1, where β1 is the coefficient
of zq in eΛ〈a〉(z) = z+β1z

q + · · ·+βrz
qr . By assumption, β1 ∈ K(a). If β2 does

not belong to K(a), then eΛ〈a〉(z) is not in K(a)[z]. From Theorem 4.4, eΛ(z) is
not in K[z].

Next, we define an analog of the classical Dedekind sum s(a, c) stated in the
introduction.
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Definition 6.1. For a, c ∈ K \ {0} such that a/c /∈ K(Λ), the inhomogeneous

Dedekind sum sΛ(a, c) is defined as

sΛ(a, c) = sΛ(c; a, 1)

=
1

c

∑

λ∈Λ\{0}

eΛ(aλ/c)
−1eΛ(λ/c)

−1.

From the above discussion, even if sΛ(a, c) is rational, eΛ(z) is not necessarily
contained in K[z].
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