C. R. Math. Rep. Acad. Sci. Canada Vol. 34 (4) 2012, pp. 101-104

ON A PROBLEM OF GROMOV ABOUT GENERALIZING
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ABSTRACT. In this note we give an answer to a question about mixed
volumes asked by Gromov in “Convex Sets and Kahler Manifolds”. For the
reader’s convenience we recall the definitions and some of the properties of
mixed volumes and mixed discriminants.

RESUME. Dans cette note, nous donnions une réponse a une question
sur les volumes mixtes posées par M. Gromov dans “Convex Sets and Kahler
Manifolds”. Pour la commodité du lecteur, nous rappelons les définitions
et certaines des propriétés de volumes mixtes et discriminants mixte.

1. Mixed volumes and mixed discriminants. By a theorem of Minkow-
ski the volume of a positive linear combination \; A7 + - -+ + Ay A of k convex
bodies in R™ is a homogeneous polynomial of degree n in \’s:

V(/\1A1 + -4 )\kAk) = Z (n) VI/\I.

I
1czh
| I|=n
The coefficient V; for I = {iy,...,i} is called the mixed volume

V(Ar,. o Ar, e Agy e Ap)

i1 ik

of the bodies Ay,..., Ay, ..., Ak, ..., Ag.

For example the mixed volume of n copies of a convex body in R" is the
usual volume of the body. The mixed volume of n — 1 copies of a convex body A
and one copy of the unit ball is the n — 1-dimensional volume V;,_1(9A) of the
boundary of A divided by n. See for example [BZ88] for introduction and further
examples.

For a set Aq,..., Ag of n x n real symmetric matrices the mixed discriminant

det(Al,...,Al,...,Ak,...,Ak)

il ik
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is the coefficient Dy;, | ;. in the expansion

det(M Ay + -+ Apdg) = > (?)DI/\I.
1czk
| I|=n

1.1. FEzample. If each A; is a box A; = [0,a;1] X -+ X [0, a;,,] then the mixed
volume of the bodies Ay, ..., A, is the permanent of the matrix (a;;)};_; divided
by nl.

Similarly if A; is the diagonal matrix with diagonal entries a;1, ..., a;, then
the mixed discriminant of the matrices A1, ..., A, is the permanent of the matrix
(aij)f j=y divided by nl.

2.  Alexandrov—Fenchel inequality and its analogue in linear context.
The Alexandrov—Fenchel inequality states that for a set of n bodies Ay,..., A,
in R™

V(A Ag, Az, .. A2 > V(AL AL Asy . ALV (Ag, Ay, Agy .. Ay).

This inequality generalizes many known inequalities for convex bodies, such
as the isoperimetric inequality,

V(A V(B
Vo1 (0A)Y (=1 =y, (9Bn)l/(n-1)’

the Brunn—Minkowski inequality,
V(A+ B)l/n Z V(A)l/n + Vv(B)l/n7

and many others.

The Alexandrov—Fenchel inequality was first announced by Fenchel [Fen36]
and proved by Alexandrov in [Ale37] and [Ale38]. A simpler proof has been
recently found in [McM93] and [Tim99].

This inequality is important not only because it is one of the most general
inequalities known about convex bodies, but also because of its relations with
algebraic geometry. Khovanskii and Tessier have found (see [Kho], [Tei79] and
the discussion in [Gro90]) that Alexandrov inequality can be derived from its
algebro-geometric analogue

[D17D27D37"'7Dn]2 Z [DlaDlaD?n"'7DnMD2aD27D3a--~7Dn]

where D; are ample divisors in a smooth irreducible algebraic variety and
[—,...,—] is the intersection index of divisors. This algebro-geometric analogue
can be derived as a consequence of Hodge index theorem on a smooth irreducible
algebraic surface.
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The Alexandrov—Fenchel inequality has an analogue for real positive-definite
symmetric matrices Ay, ..., Ay:

det(Ah AQ, A3, ey An)2 2 det(Ah Ah A3, ey An) det(A% A27 A3, ey An)

This inequality was first proved in [Ale38] and subsequently given a simpler
proof in [Kho84].

Even the most simple cases of these inequalities are extremely useful. For
instance when the bodies are boxes with parallel sides (or when the symmetric
matrices are diagonal), the inequality on permanents implied by Alexandrov-
Fenchel inequality has been used by Falikman [Fal81] in 1979 and by Egorychev
in 1980 [Ego81] to prove a conjecture of van der Waerden that has been open
since 1926. Namely they proved that the minimal value of permanent of a doubly
stochastic n X m matrix is attained on the matrix all of whose values are equal
to 1/n.

3. A negative answer to Gromov’s question. Alexandrov—Fenchel in-
equalities can be equivalently formulated in terms of the function f(I) = log(Vr)
(or f(I) =log(Dy)) on the discrete simplex {I C Z%,|I| = n}, where V; (or Dy)
are the mixed volumes (or mixed discriminants) appearing in the definition of
the mixed volume (or discriminant) above. Namely, assuming in addition that
log 0 = —o0, Alexandrov—Fenchel inequality says that the function f is concave
on any segment in the discrete simplex that is parallel to one of the sides.

In [Gro90] Gromov asked whether it was true that the function f is concave
on the discrete simplex.

In case n = 3 this generalization amounts to the inequality

V (A1, Az, A3)® > V (A1, A1, A2)V (Aa, As, A3)V (A3, As, Ar).

We claim that this inequality fails even when the bodies are boxes with sides
parallel to the axes.

Namely we can take A; = [0,1] x [0,1] x {0}, A2 = [0,1] x {0} x [0,5] and
Az = {0} x [0,1/3] x [0, 1].

Then V(Al,AQ,Ag) = 4/9, V(Al,A17A2) = 5/3, V(AQ,A27A3) = 5/9,
V(As, A3, A1) =1/9 and (4/9)% <5/3-5/9-1/9.
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