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A Modification of the Effros-Handelman-Shen
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Abstract. We show that a Z2 action on a lattice-ordered dimension

group will arise as an inductive limit of Z2 actions on simplicial groups.
The motivation for this study is the range of invariant problem in Elliott

and Su’s classification of AF type Z2 actions. We modify the proof of the

Effros-Handelman-Shen theorem to include Z2 actions.

Résumé. Nous montrons qu’une action de Z2 sur un groupe de di-
mension ordonné par treillis apparâıt comme une limite inductive d’actions

de Z2 sur des groupes simpliciaux. La motivation de cette étude est le

problème de la gamme de l’invariant dans la classification d’Elliott et de
Su des actions de Z2 de type AF. Nous modifions la preuve du théorème

d’Effros-Handelman-Shen pour inclure les actions de Z2.

1. Introduction The purpose of this study is to extend the Effros-
Handelman-Shen theorem. We strengthen the condition on the dimension group
to being a lattice-ordered group, but with Z2 actions added.

In [7], Handelman and Rossmann started to generalize the classification of
AF algebras to the classification of algebras with actions on them by assum-
ing that the algebra was a UHF algebra and the action was of product type.
In [8], they generalized the study [7] to locally representable actions on an AF
algebra. Blackadar showed that there are Z2 actions that are not locally repre-
sentable even on UHF algebras in [1]. Elliott and Su generalized the K-theoretic
classification that Handelman and Rossmann used in [8] by removing the re-
quirement of local representability, but restricting the action to the group Z2 [5].
The range of the invariant problem for the classification of Elliott and Su has
still not been completely solved. In this study, we prove a modification of the
Effros-Handelman-Shen theorem which is a step toward an answer to this range
of invariant problem.
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2. Main Theorem We prove the following modification of Effros, Handel-
man, and Shen’s original theorem:

Theorem 2.1. If a Z2 action on a countable lattice-ordered dimension group is
given, then it can be expressed as an inductive limit of Z2 actions on simplicial
groups.

Before proving Theorem 2.1, we shall need some technical results. The first
is a modification of Proposition 3.15 of [6].

Proposition 2.2. Let G be a lattice-ordered dimension group, and α be an
action of Z2 on G. Suppose x1, · · · , xn are elements of G+ such that α acts
on {x1, · · · , xn} by a permutation σ. Suppose p1, · · · , pn are integers such that
p1x1 + p2x2 + · · ·+ pnxn = 0. Then there exist elements y1, · · · , yt in G+ such
that α acts on {y1, · · · , yt} by a permutation σ′ and nonnegative integers qij (for
i = 1, · · ·n, and j = 1, · · · , t) such that

xi = qi1y1 + · · ·+ qityt and p1q1j + · · ·+ pnqnj = 0

for all i = 1, · · · , n and j = 1, · · · , t, and MQ = QM ′, where M,M ′ are the
permutation matrices giving σ, σ′ respectively, and Q is the matrix of the qijs.

Proof. The proof closely follows Goodearl’s presentation [6, pp. 51–53]. From
the hypotheses of the proposition, we get a positive homomorphism ϕ sending
the simplicial basis for Zn to the elements xi and an action αn on Zn given by
the permutation σ. The map ϕ sends the element p = p1e1 + · · · + pnen ∈ Zn
to p1x1 + · · · + pnxn, which is 0. From the conclusion of the proposition, we
construct a commuting diagram:

Zn Zm

G

ϕ

ψ

αn αm

ϕ2

α

,


(∗)

where the map ψ is given by the transpose, Q>, of the matrix Q in the statement
of the proposition. We get two new maps ψ and ϕ2, and a new action αm such
that ψ(p) = 0 and ψ ◦ αn = αm ◦ ψ. The two new maps also intertwine the
actions ϕ2 ◦ αm = α ◦ ϕ2.

We will show that we may assume that for each i, either α(xi) = xi or
α(xi) ∧ xi = 0. Since G is a lattice-ordered group, we may introduce new
variables ri, si, and ti defined by: ri = xi ∧ α(xi), si = xi − (xi ∧ α(xi)), and
ti = α(xi)−(xi∧α(xi)). These new variables satisfy α(ri) = ri, α(si) = ti, α(ti) =
si, si ∧ ti = 0, xi = si + ri, and α(xi) = ti + ri. Notice that if xi = α(xi) then we
have ri = xi and si = ti = 0. We replace our original list with the ris, and the
non-zero sis and tis.
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Now, we will show that the proposition for the original variables xi follows
from the statement for the new variables with the extra condition. First of all, we
will show that there is a commutative diagram like (*) above with Zn, Zm, where
m is the number of variables in our new list, and G. We get the relationship
between Zn and G from the hypotheses of the proposition. For each i, we have
two cases. Either ei is fixed by αn, or it is interchanged with another ej . Suppose
e1, · · · , el are fixed and el+1, · · · , en are flipped in pairs by the action αn. Then,
we label the simplicial basis of Zm as {a1, · · · , an, bl+1, · · · , bn, cl+1, · · · , cn}. We
define a map ϕ1 from Zm to G that on the generators is given by ai 7→ ri, bi 7→ si,
and ci 7→ ti. We define an automorphism αm of Zm given on the generators by
αm(ai) = ai, αm(bi) = ci, and αm(ci) = bi for each i.

We construct a map ψ : Zn → Zm as follows. Consider the element ei ∈ Zn.
We have that ei is mapped to xi ∈ G by ϕ for each i. Since xi = ri when
i = 1, · · · , l and xi = ri + si when i = l + 1, · · · , n, we set ψ(ei) = ai when
i = 1, · · · , l and ψ(ei) = ai + bi when i = l + 1, · · · , n. If we can solve the
problem with our new assumption, applied to our new variables and the image
of p under ψ, we get maps ψ1 : Zm → Zm′

and ϕ2 : Zm′ → G giving us the
commutative diagram

Zn Zm Zm′

G

ϕ

ψ

αn αm

ϕ1

ψ1

αm′

ϕ2

α

,

where p ∈ Zn and ϕ : ei → xi. In this diagram, the maps ψ1 ◦ ψ and ϕ2 solve
the problem with the original variables. From now on, we may assume either
α(xi) = xi or α(xi) ∧ xi = 0 for each i.

First of all, we need to consider the case in which pi ≥ 0 for all i. If pi > 0
for some i, then

0 ≤ xi ≤ pixi ≤ p1x1 + · · ·+ pnxn = 0,

and hence xi = 0. In particular, if pi > 0 for all i, then xi = 0 for all i. In
case pi ≤ 0 for all i, we apply the same process to the relation (−p1)x1 + · · · +
(−pn)xn = 0.

For the general case, we assign a degree to the coefficient list p1, · · · , pn, and
proceed by induction on the degree. The degree of a list p1, · · · , pn will mean
the ordered pair (p, λ) where p is the maximum of the values |pi|, and λ is how
many times p appears in the list |p1|, · · · |pn|.

Next, we will show that we can divide the problem into the special cases
αn(p) = −p and αn(p) = p. If the problem can be solved in these two special
cases, then we can solve the problem in the general case. If ϕ(p) = 0, then
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ϕ(αn(p)) = 0, and so ϕ(p + αn(p)) = 0 and ϕ(p − αn(p)) = 0. Conversely, if
ϕ(p+ αn(p)) = 0 and ϕ(p− αn(p)) = 0, then ϕ(2p) = 0. Since G is torsion free,
ϕ(p) = 0. We look at q1 = p+αn(p) and q2 = p−αn(p). Then, αn(q1) = q1 and
αn(q2) = −q2. If we can solve the first special case, then we get a new group
Zm1 and two maps ϕ2 : Zm1 → G and ψ1 : Zn → Zm1 , both equivariant, such
that ϕ2 ◦ ψ1 = ϕ and ψ1(q2) = 0. If we can solve the second special case, then
applying this to ϕ2 and ψ1(q1), we get a new group Zm2 and two new maps
ψ2 : Zm1 → Zm2 and ϕ3 : Zm2 → G such that ϕ3 ◦ ψ2 = ϕ2 and ψ2(ψ1(q1)) = 0.
If we combine both cases, we get the commutative diagram

Zn Zm1 Zm2

G

ϕ

ψ1

αn αm1

ϕ2

ψ2

αm2

ϕ3

α

.

Let ψ = ψ2◦ψ1. Then, ψ(2p) = ψ(q1+q2) = ψ2(ψ1(q1)+ψ1(q2)) = ψ2(ψ1(q1)) =
0. Since Zm2 is torsion free, ψ(p) = 0. Thus ψ, Zm2 , αm2

, and ϕ3 solve the original
problem. This completes the reduction to the two special cases.

Now, we look at the first special case, αn(p) = −p. Suppose e1, e2, · · · ,
ej are fixed and ej+1, αn(ej+1), ej+2, αn(ej+2), · · · , ek, αn(ek) are flipped by αn.
Then

p = p1e1 + p2e2 + · · ·+ pjej + pj+1ej+1 + p′j+1αn(ej+1) + · · ·+ pkek + p′kαn(ek).

Since αn(p) = −p, we have p1 = p2 = · · · = pj = 0 and pl = −p′l, where
l = j + 1, · · · , k. One has the relation

pj+1xj+1 + · · ·+ pkxk = pj+1α(xj+1) + · · ·+ pkα(xk),

where pl ≥ 0 for all l, and we may assume pj+1 is the largest coefficient. We
have pj+1xj+1 ≤ pj+1α(xj+1) + · · · + pkα(xk). We may assume xl ∧ α(xl) = 0
for all l = j + 1, · · · , k. Taking wedges with pj+1xj+1 on both sides gives

pj+1xj+1 ≤ (pj+1α(xj+1) + · · ·+ pkα(xk)) ∧ pj+1xj+1.

Since xj+1 ∧ αn(xj+1) = 0, we have

pj+1xj+1 ≤ pj+2α(xj+2) + · · ·+ pkα(xk)

≤ pj+1α(xj+2) + · · ·+ pj+1α(xk)

= pj+1(α(xj+2) + · · ·+ α(xk)),
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and so

xj+1 ≤ α(xj+2) + · · ·+ α(xk).

By Riesz decomposition, which by [2] holds in a lattice-ordered group, xj+1 =
zj+2 + · · · + zk for some elements zi ∈ G+ such that zi ≤ α(xi) for each i =
j+2, · · · , k. Also, α(xj+1) = α(zj+2)+ · · ·+α(zk), α(zi) ≤ xi, and α(zi)∧zi = 0,
for each i = j + 2, · · · , k.

Observe that

pj+1xj+1 + · · ·+ pkxk = pj+1α(xj+1) + · · ·+ pkα(xk).

Since xj+1 = zj+2 + · · ·+ zk and α(xj+1) = α(zj+2) + · · ·+ α(zk),

pj+1(zj+2 + · · ·+ zk) + pj+2xj+2 + · · ·+ pkxk

= pj+1(α(zj+2) + · · ·+ α(zn)) + pj+2α(xj+2) + · · ·+ pkα(xk).

This implies

pj+1(zj+2 + · · ·+ zk) + pj+2xj+2 + pj+2zj+2 − pj+2zj+2

+ · · ·+ pkxk + pkzk − pkzk
= pj+1(α(zj+2) + · · ·+ α(zk)) + pj+2α(xj+2) + pj+2α(zj+2)− pj+2α(zj+2)

+ · · ·+ pkα(xk) + pkα(zk)− pkα(zk).

So, ∑k
i=j+2(pj+1 − pi)zi +

∑k
i=j+2 pi(xi − α(zi))

=
∑k
i=j+2(pj+1 − pi)α(zi) +

∑k
i=j+2 pi(α(xi)− zi).

 (†)

We label the collection of the new variables as follows:

zj+2, · · · , zk︸ ︷︷ ︸
~z

,

xj+2 − α(zj+2), · · · , xk − α(zk)︸ ︷︷ ︸
~x−α(~z)

,

α(zj+2), · · · , α(zk)︸ ︷︷ ︸
α(~z)

,

and

α(xj+2)− zj+2, · · · , α(xk)− zk︸ ︷︷ ︸
α(~x)−~z

.
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The relation (†) has lower degree and satisfies condition 1. If p1 still occurs, it
occurs one time less. By the induction hypothesis, there exist elements y1, · · · , yt
inG+ such that α permutes these with a permutation σ′ and nonnegative integers
ril, sil, r

′
il, and s′il for i = j + 2, · · · , k and l = 1, · · · t such that

zi = ri1y1 + · · ·+ rityt,

xi − α(zi) = s(i)1y1 + · · ·+ sityt,

α(zi) = α(ri1y1 + · · ·+ rityt) = r′i1y1 + · · ·+ r′ityt,

and

α(xi)− zi = α(xi − α(zi)) = s′i1y1 + · · ·+ s′ityt,

for i = j + 2, · · · , k.

We get a matrix R> =
(
r s r′ s′

)
where r, s, r′, and s′ are as in the

equations above. Then, there exists a matrix Mσ which gives the permutation
of the generators ~z, ~x− α(~z), α(~z), and α(~x)− ~z such that

Mσ

(
~z ~x− α(~z) α(~z) α(~x)− ~z

)>
=
(
α(~z) α(~x)− ~z ~z ~x− α(~z)

)>
.

Also, the action of α on the yts is given by a permutation σ′, expressed by a
matrix Mσ′ . That MσR = RMσ′ follows from the induction hypothesis.

By using the matrix

(
0 Ek Ek 0
Ek 0 0 Ek

)
, where Ek is a k × k identity ma-

trix, we get

(
~x

α(~x)

)
from

(
~z ~x− α(~z) α(~z) α(~x)− ~z

)>
. The matrix Mσ′′ =(

0 Ek
Ek 0

)
gives a permutation such that Mσ′′

(
~x α(~x)

)>
=
(
α(~x) ~x

)>
. We

have

Mσ′′

(
0 Ek Ek 0
Ek 0 0 Ek

)
=

(
0 Ek Ek 0
Ek 0 0 Ek

)
Mσ.

Now we can check that Mσ′′Q = QMσ′ , where Q =

(
0 Ek Ek 0
Ek 0 0 Ek

)
R, and

Q~y =

(
0 Ek Ek 0
Ek 0 0 Ek

)
~z

~x− α(~z)
α(~z)

α(~x)− ~z

 =

(
~x

α(~x)

)
.

Next, we look at the second special case αn(p) = p. In this case, the
coefficient of ei is equal to the coefficient of αn(ei). Suppose e1, · · · , eh, and also
em+1, · · · , es, are fixed, and eh+1, αn(eh+1), · · · , em, αn(em) and es+1, αn(es+1),
· · · , el, αn(el) are flipped by αn. Then,

p = p1e1 + · · ·+ pheh + ph+1eh+1 + ph+1αn(ph+1) + · · ·+ pmem + pmαn(em)
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−pm+1em+1 − · · · − pses − ps+1es+1 − ps+1αn(es+1)− · · · − plel − plαn(el)

with all pi ≥ 0. Then our relation becomes

p1x1 + · · ·+ phxh + ph+1xh+1 + ph+1α(xh+1) + · · ·+ pmxm + pmα(xm)

= pm+1xm+1 + · · ·+ psxs + ps+1xs+1 + ps+1α(xs+1) + · · ·+ plxl + plα(xl)

in G. We label the collection of variables in the original relation as follows:

x1, · · · , xh︸ ︷︷ ︸
X1

,

xh+1, · · · , xm︸ ︷︷ ︸
X2

,

α(xh+1), · · · , α(xm)︸ ︷︷ ︸
α(X2)

,

xm+1, · · · , xs︸ ︷︷ ︸
X3

,

xs+1, · · · , xl︸ ︷︷ ︸
X4

,

and
α(xs+1), · · · , α(xl)︸ ︷︷ ︸

α(X4)

.

We put these together in one vector,

~x =
(
X1 X2 α(X2) X3 X4 α(X4)

)>
,

and we get a permutation matrix Mσ′′ such that

Mσ′′~x =
(
X1 α(X2) X2 X3 α(X4) X4

)>
.

In the case αn(p) = p, we have two situations to consider: whether the biggest
coefficient is one of the fixed ones, or one of the flipped ones.

Suppose it is one of the fixed ones, p1. We have p1x1 ≤ q with q = pm+1xm+1+
· · ·+psxs+ps+1(xs+1 +α(xs+1))+ · · ·+pl(xl+α(xl)). Suppose xi+α(xi) = wi.
We have x1, xm+1, · · · , xs, ws+1, · · · , wl are all in Gα, the fixed point subgroup.
Since Gα is a lattice-ordered dimension group, we can write x1 = zm+1 + · · · +
zs + ys+1 + · · · + yl with 0 ≤ zi ≤ xi and 0 ≤ yj ≤ wj , where zi, yj ∈ Gα. We
have wj = xj + α(xj) with xj ∧ α(xj) = 0, yj ≤ wj , and write yj = zj + z′j with
zj ≤ xj and z′j ≤ α(xj). Since xi∧α(xi) = 0, we get zj = yj∧xj , z′j = yj∧α(xj).
Also, since α(yj) = yj , we get α(zj) = z′j . Then, we get x1 = zm+1 + · · ·+ zs +
zs+1 + α(zs+1) + · · ·+ zl + α(zl).
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Observe that

p1x1 + · · ·+ phxh + ph+1xh+1 + ph+1α(xh+1) + · · ·+ pmxm + pmα(xm)

= pm+1xm+1 + · · ·+ psxs + ps+1xs+1 + ps+1α(xs+1) + · · ·+ plxl + plα(xl).

Since x1 = zm+1 + · · ·+ zs + zs+1 + α(zs+1) + · · ·+ zl + α(zl), we get

p1(zm+1 + · · ·+ zs + zs+1 + α(zs+1) + · · ·+ zl + α(zl)) + p2x2 + · · ·

+phxh + ph+1xh+1 + ph+1α(xh+1) + · · ·+ pmxm + pmα(xm)

= pm+1xm+1 + · · ·+ psxs + ps+1xs+1 + ps+1α(xs+1) + · · ·+ plxl + plα(xl).

This gives ∑s
i=m+1(p1 − pi)zi +

∑l
i=s+1(p1 − pi)zi

+
∑l
i=s+1(p1 − pi)α(zi) +

∑h
i=2 pixi +

∑m
i=h+1 pixi

+
∑m
i=h+1 piα(xi)

=
∑s
i=m+1 pi(xi − zi) +

∑l
i=s+1 pi(xi − zi)

+
∑l
i=s+1 pi(α(xi)− α(zi)).


(††)

We label the new variables as follows:

zm+1, · · · , zs︸ ︷︷ ︸
Z1

,

zs+1, · · · , zl︸ ︷︷ ︸
Z2

,

α(zs+1), · · · , α(zl)︸ ︷︷ ︸
α(Z2)

,

x2, · · · , xh︸ ︷︷ ︸
X′

1

,

xh+1, · · · , xm︸ ︷︷ ︸
X2

,

α(xh+1), · · · , α(xm)︸ ︷︷ ︸
α(X2)

,

xm+1 − zm+1, · · · , xs − zs︸ ︷︷ ︸
X3−Z1

,

xs+1 − zs+1, · · · , xl − zl︸ ︷︷ ︸
X4−Z2

,
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and

α(xs+1 − zs+1), · · · , α(xl − zl)︸ ︷︷ ︸
α(X4)−α(Z2)

.

We have that α acts on these new variables by a permutation, which we call σ.
Let Mσ denote the matrix implementing this permutation.

This relation (††) has lower degree and satisfies condition 2, i.e., the relation
is invariant under the automorphism. If p1 still occurs, it occurs one time less.
By the induction hypothesis, there exists ~y =

(
y1 · · · yt

)
for yi ∈ G+ such that

α permutes these with a permutation σ′, implemented by a matrix Mσ′ , and
matrices r, s, t, r′, s′, t′, r′′, s′′ and t′′ whose entries are nonnegative integers such
that

Z1 = a~y>,

Z2 = a′~y>,

α(Z2) = α(a′~y>) = a′′~y>,

X′1 = b~y>,

X2 = b′~y>,

α(X2) = α(b′~y>) = b′′~y>,

X3 − Z1 = c~y>,

X4 − Z2 = c′~y>,

and

α(X4)− α(Z2) = α(c′~y>) = c′′~y>,

and such that MσR = RMσ′ , where R> =
(
a a′ a′′ b b′ b′′ c c′ c′′

)
.

So, we get a commutative diagram,

Zγ Zt

G

R>

Mσ Mσ′

α

,

where γ is the number of variables in (††) above.
Write

X1 =

(
x1
X′1

)
=

(
(1, · · · , 1) 0

0 Ek′1

)
Z1

Z2

α(Z2)
X′1

 ,
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where Ek′1 is the (h−1)× (h−1) identity matrix. From the block matrix above,
we can define the new matrices

Pki =

(
1, · · · , 1

0

)
h×(h−1)

and Ẽk′1 =

(
0, · · · , 0
Ek′1

)
h×(h−1)

for i = 3, 4. By using the matrix

R′ =


Pk3 Pk4 Pk4 Ẽk′1 0 0 0 0 0
0 0 0 0 Ek2 0 0 0 0
0 0 0 0 0 Ek2 0 0 0
Ek3 0 0 0 0 0 Ek3 0 0
0 Ek4 0 0 0 0 0 Ek4 0
0 0 Ek4 0 0 0 0 0 Ek4

 ,

we get the old variables
(
X1 X2 α(X2) X3 X4 α(X4)

)>
from the new ones(

Z1 Z2 α(Z2) X′1 X2 α(X2) X3 − Z1 X4 − Z2 α(X4)− α(Z2)
)>
.

Let σ′′ denote the permutation of the original variables given by α, and let
Mσ′′ denote the corresponding permutation matrix. One can check that R′Mσ =
Mσ′′R′. So, we get a commuting diagram:

Zn Zγ

G

R′>

Mσ′′ Mσ

α

.

If we put together the two diagrams above, then we get the result that Mσ′′Q =
QMσ′ , where Q = R′R.

Now suppose the largest coefficient is one of the flipped ones, ph+1. We
have ph+1(xh+1 +α(xh+1)) ≤ q, where q = pm+1xm+1 + · · ·+ psxs + ps+1xs+1 +
ps+1α(xs+1)+· · ·+plxl+plα(xl). Suppose xj+α(xj) = vj . Then vj ∈ Gα for each
j. Since Gα is a lattice-ordered dimension group, we can write xh+1 +α(xh+1) =
zm+1+· · ·+zs+rs+1+· · ·+rl with 0 ≤ zi ≤ xi and 0 ≤ rj ≤ vj , where zi, rj ∈ Gα.
We have vj = xj + α(xj) with xj ∧ α(xj) = 0, rj ≤ vj , and write rj = zj + z′j
with zj ≤ xj and z′j ≤ α(xj). Since xi ∧ α(xi) = 0, we get zj = vj ∧ xj and
z′j = vj ∧ α(zj). Also, since α(vj) = vj , we get α(zj) = z′j . Then we get

xh+1 + α(xh+1) = zm+1 + · · ·+ zs + (zs+1 + α(zs+1)) + · · ·+ (zl + α(zl)).

Observe that

p1x1 + · · ·+ phxh + ph+1xh+1 + ph+1α(xh+1) + · · ·+ pmxm + pmα(xm)

= pm+1xm+1 + · · ·+ psxs + ps+1xs+1 + ps+1α(xs+1) + · · ·+ plxl + plα(xl).
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Since xh+1 + α(xh+1) = zm+1 + · · ·+ zs + (zs+1 + α(zs+1)) + · · ·+ (zl + α(zl)),
we get

p1x1 + · · ·+ phxh + ph+1(zm+1 + · · ·+ zs + (zs+1 + α(zs+1))

+ · · ·+ (zl + α(zl))) + ph+2(xh+2 + α(xh+2)) + · · ·+ pm(xm + α(xm))

= pm+1xm+1 + · · ·+ psxs + ps+1xs+1 + ps+1α(xs+1) + · · ·+ plxl + plα(xl).

Thus, we have∑h
i=1 pixi +

∑s
i=m+1(ph+1 − pi)zi +

∑l
i=s+1(ph+1 − pi)zi

+
∑l
i=s+1(ph+1 − pi)α(zi) +

∑m
i=h+2 pi(xi + α(xi))

=
∑s
i=m+1 pi(xi − zi) +

∑l
i=s+1 pi(xi − zi)

+
∑l
i=s+1 pi(α(xi)− α(zi)).


(† † †)

We need to split the sum xh+1+α(xh+1) into the two terms xh+1 and α(xh+1).
Define new variables as follows:

tm+1, · · · , ts where ti = zi ∧ xh+1,

rm+1, · · · , rs where ri = zi ∧ α(xh+1),

vs+1, · · · , vl where vj = zj ∧ xh+1,

and
ws+1, · · · , wl where wj = zj ∧ α(xh+1).

To make our new collection of variables invariant under α, we also include
α(vs+1), · · · , α(vl), and α(ws+1), · · · , α(wl). Notice that α(ti) = ri.

Then,

xh+1 = tm+1 + · · ·+ ts + vs+1 + · · ·+ vl + α(ws+1) + · · ·+ α(wl),

α(xh+1) = rm+1 + · · ·+ rs + α(vs+1) + · · ·+ α(vl) + ws+1 + · · ·+ wl,

zi = ti + ri for i = m+ 1, · · · , s,

and
zj = vi + wi for j = s+ 1, · · · , l.

We label the collection of the new variables as follows:

x1, · · · , xh︸ ︷︷ ︸
X1

,

tm+1, · · · , ts︸ ︷︷ ︸
T

,
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rm+1, · · · , rs︸ ︷︷ ︸
R

,

vs+1, · · · , vl︸ ︷︷ ︸
V

,

α(vs+1), · · · , α(vl)︸ ︷︷ ︸
α(V)

,

ws+1, · · · , wl︸ ︷︷ ︸
W

,

α(ws+1), · · · , α(wl)︸ ︷︷ ︸
α(W)

,

xh+2, · · · , xm︸ ︷︷ ︸
X′

2

,

α(xh+2), · · · , α(xm)︸ ︷︷ ︸
α(X′

2)

,

xm+1 − zm+1, · · · , xs − zs︸ ︷︷ ︸
X3−Z1

,

xs+1 − zs+1, · · · , xl − zl︸ ︷︷ ︸
X4−Z2

,

and
α(xs+1)− α(xl), · · · , α(xl)− α(zl)︸ ︷︷ ︸

α(X4)−α(Z2)

.

This relation that we get from († † †) has lower degree and satisfies con-
dition 2. If ph+1 still occurs, it occurs one time less. By the induction hy-
pothesis, there exists ~y =

(
y1 · · · yt

)
with yi ∈ G+ such that α permutes these

with a permutation σ′, implemented by a matrix Mσ′ , and there exist matrices
a, a′, a′′, b, c, d, d′, e, e′, f, f ′, and f ′′ whose entries are nonnegative integers such
that

X1 = a~y>,

X′2 = a′~y>,

α(X′2) = a′′~y>,

T = b~y>,

R = c~y>,

V = d~y>,

α(V) = d′~y>,

W = e~y>, α(W) = e′~y>,
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X3 − Z1 = f~y>,

X4 − Z2 = f ′~y>,

and
α(X4)− α(Z2) = f ′′~y>,

and such that MσR = RMσ′ , where

R> =
(
a a′ a′′ b c d d′ e e′ f f ′ f ′′

)
.

So, one can check that we get the following commutative diagram:

Zm Zm′

G

R>

Mσ

Mσ′

α

.

We write

X2 =

(
xh+1

X′2

)
=

(
(1, · · · , 1) 0

0 Ek′2

)
T

V

α(W)
X′2


and

α(X2) =

(
α(xh+1)
α(X′2)

)
=

(
(1, · · · , 1) 0

0 Ek′2

)
R

α(V)
W

α(X′2)

 ,

where Ek′2 is the (m − h − 2) × (m − h − 2) identity matrix. From the block
matrix above, we can define the new matrices

Pki =

(
1, · · · , 1

0

)
(m−h−1)×(m−h−2)

and

Ẽk′2 =

(
0, · · · , 0
Ek′2

)
(m−h−1)×(m−h−2)

for i = 3, 4. By using the matrix

R′ =



Ek1 0 0 0 0 0 0 0 0 0 0 0

0 Ẽk′2 0 Pk3 0 Pk4 0 0 Pk4 0 0 0

0 0 Ẽk′2 0 Pk3 0 Pk4 Pk4 0 0 0 0
0 0 0 Ek3 Ek3 0 0 0 0 Ek3 0 0
0 0 0 0 0 Ek4 0 Ek4 0 0 Ek4 0
0 0 0 0 0 0 Ek4 0 Ek4 0 0 Ek4

 ,
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we get the old variables

X1,X2, α(X2),X3,X4, and α(X4)

from the new ones

X1,X
′
2, α(X′2),T,R,V, α(V),W, α(W),

X3 − Z1,X4 − Z2, and α(X4)− α(Z2).

Let Mσ′′ denote the matrix that gives the permutation of the original vari-
ables. So, we get a commuting diagram:

Zn Zγ

G

R′>

Mσ′′ Mσ

α

.

If we put together the two diagrams above, then we get the result that Mσ′′Q =
QMσ′ , where Q = R′R. �

Proposition 2.3. Let G1 be a simplicial group with simplicial basis
{e1, · · · , en} and Z2 action α1 given by the permutation σ. Let G be a lattice-
ordered dimension group with Z2 action α, and let g1 : G1 → G be a positive
equivariant homomorphism. Then there exist a simplicial group G2 with Z2

action α2, and positive equivariant homomorphisms h : G1 → G2 and g2 : G2 →
G such that g1 = g2 ◦ h and ker(g1) = ker(h). In other words, we have a
commuting diagram:

G1 G2

G

h

α1

g1
g2

α2

α

.

Proof. The proof proceeds as in [6, Proposition 3.16] with our Proposition 2.2
in place of [6, Proposition 3.15]. We want to show that a finite set of generators
a1, · · · , ak for ker(g1) also lie in ker(h). The proof is by induction. In this
proof, we add Z2 actions α1 and α for G1 and G, respectively. Since g1 is an
equivariant homomorphism, it follows that α(xi) = α(g1(ei)) = g1(α1(ei)) for
each i = 1, · · · , n. First, we need to check when k = 1. If G1 is the zero group,
we may take G2 to also be the zero group and h, g2 the zero maps. According to
Proposition 2.2 above, there exist elements y1, · · · , yt in G+ such that α acts on
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{y1, · · · , yt} by a permutation σ′ and nonnegative integers qij (for i = 1, · · ·n,
and j = 1, · · · , t) such that xi = qi1y1 + · · ·+qityt and p1q1j + · · ·+pnqnj = 0 for
all i and j, and MQ = QM ′, where M,M ′ are the permutation matrices giving
σ, σ′ respectively, and Q is the matrix of the qij ’s. Define a Z2 action α2 on G2

by the permutation matrix M ′. Then, it follows that h(α1(ei)) = qi1α2(f1) +
· · · + qitα2(ft) = α2(h(ei)) for i = 1, · · · , n and α(g2(fj)) = α(yj) = g2(α2(fj))
for j = 1, · · · , t. So, the maps intertwine the actions.

We apply these to the induction hypothesis in the original proof [6, pp. 53–54].
The rest of the proof is similar to that of [6, Proposition 3.16] with our Propo-

sition 2.2 in place of [6, Proposition 3.15]. �

Now, we shall prove Theorem 2.1, which is the modified Effros-Handelman-
Shen theorem, with the aid of Propositions 2.2 and 2.3.

Proof of Theorem 2.1. Let G be a countable lattice-ordered dimension
group with an action α of Z2. Write G+ = {x1, x2, · · · }. We shall construct
a sequence of simplicial groups G1, G2, · · · with the actions α1, α2, · · · and pos-
itive equivariant homomorphisms gn : Gn → G and hn : Gn → Gn+1 for all
n ∈ N such that xn ∈ gn(G+

n ), gn+1 ◦ hn = gn, and ker(gn) = ker(hn) for all
n ∈ N. Also, we shall consider the limit of the sequence that we construct, G∞,
with a positive equivariant homomorphism g∞ : G∞ → G, and a Z2 action on
G∞, α∞.

We set G1 = Z2 with the Z2 action α1 that flips the elements, i.e., α1(e1) = e2
and α1(e2) = e1. We define a positive homomorphism g1 : G1 → G by the
rule g1(e1) = x1 and g1(e2) = g1(α1(e1)) = α(x1). Suppose that we have
constructed g1, G1, α1, · · · , gn, Gn, αn which meet the requirements. We would
like to construct the next one: gn+1, Gn+1, and αn+1. The direct product H =
Gn⊕Z2 is a simplicial group and we define a positive homomorphism g : H → G
by the rule g(a, k, l) = gn(a) + kxn+1 + lα(xn+1), and a Z2 action α′ on H such
that α′(a, (0, 0)) = (αn(a), (0, 0)) for a ∈ Gn and α′(0, (k, l)) = (0, (l, k)). Then,
α(g(a, k, l)) = g(α′(a, k, l)). We get a commutative diagram:

G1 G2 G3 · · · G∞

G

h1

α1

g1

h2

g2

α2

h3

g3

α3

h∞

α∞

g∞

α

.

The rest of the proof is similar to that of [6, Proposition 3.17] with our Propo-
sition 2.3 in place of [6, Proposition 3.16].

�
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