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A MODIFICATION OF THE EFFROS-HANDELMAN-SHEN
THEOREM WITH Zsy ACTIONS
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ABSTRACT. We show that a Zs action on a lattice-ordered dimension
group will arise as an inductive limit of Zg actions on simplicial groups.
The motivation for this study is the range of invariant problem in Elliott
and Su’s classification of AF type Zs actions. We modify the proof of the
Effros-Handelman-Shen theorem to include Zs actions.

RESUME. Nous montrons qu'une action de Zs sur un groupe de di-
mension ordonné par treillis apparait comme une limite inductive d’actions
de Zs sur des groupes simpliciaux. La motivation de cette étude est le
probleme de la gamme de 'invariant dans la classification d’Elliott et de
Su des actions de Zs de type AF. Nous modifions la preuve du théoréme
d’Effros-Handelman-Shen pour inclure les actions de Zs.

1. Introduction The purpose of this study is to extend the FEffros-
Handelman-Shen theorem. We strengthen the condition on the dimension group
to being a lattice-ordered group, but with Z, actions added.

In [7], Handelman and Rossmann started to generalize the classification of
AF algebras to the classification of algebras with actions on them by assum-
ing that the algebra was a UHF algebra and the action was of product type.
In [8], they generalized the study [7] to locally representable actions on an AF
algebra. Blackadar showed that there are Zs actions that are not locally repre-
sentable even on UHF algebras in [1]. Elliott and Su generalized the K-theoretic
classification that Handelman and Rossmann used in [8] by removing the re-
quirement of local representability, but restricting the action to the group Zs [5].
The range of the invariant problem for the classification of Elliott and Su has
still not been completely solved. In this study, we prove a modification of the
Effros-Handelman-Shen theorem which is a step toward an answer to this range
of invariant problem.
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2. Main Theorem We prove the following modification of Effros, Handel-
man, and Shen’s original theorem:

THEOREM 2.1. If a Zy action on a countable lattice-ordered dimension group is
given, then it can be expressed as an inductive limit of Zs actions on simplicial
groups.

Before proving Theorem 2.1, we shall need some technical results. The first
is a modification of Proposition 3.15 of [6].

PROPOSITION 2.2. Let G be a lattice-ordered dimension group, and a be an
action of Zy on G. Suppose x1,--- ,x, are elements of GT such that a acts
on {x1, -+ ,x,} by a permutation o. Suppose p1,--- ,p, are integers such that
P1T1 + poxa + -+ + ppxn = 0. Then there exist elements y1,--- ,y; in G such
that o acts on {y1,- - ,y:} by a permutation o’ and nonnegative integers Qij (for
i=1,--n,and j=1,---,t) such that

T; = qiiy1 + -+ @y and p1qij + -+ PrGnj =0

foralli=1,--- nand j=1,---,t, and MQ = QM’, where M, M’ are the
permutation matrices giving o, 0’ respectively, and Q is the matriz of the g;;s.

PROOF. The proof closely follows Goodearl’s presentation [6, pp. 51-53]. From
the hypotheses of the proposition, we get a positive homomorphism ¢ sending
the simplicial basis for Z™ to the elements x; and an action «, on Z" given by
the permutation ¢. The map ¢ sends the element p = p1e; + -+ + ppe, € Z"
to p1x1 + - + pnxy, which is 0. From the conclusion of the proposition, we
construct a commuting diagram:

where the map 1) is given by the transpose, @, of the matrix @ in the statement
of the proposition. We get two new maps 1) and @2, and a new action «,, such
that ¥(p) = 0 and ¥ o a,, = uy, 0. The two new maps also intertwine the
actions @9 0 y, = 1 0 (Po.

We will show that we may assume that for each 4, either a(z;) = x; or
a(z;) Nz; = 0. Since G is a lattice-ordered group, we may introduce new
variables r;, s;, and t; defined by: r; = z; A a(x;),s; = x; — (x; A az;)), and
t; = a(z;)—(x;Aa(z;)). These new variables satisfy a(r;) = r;, a(s;) = €, at;) =
Si,8i Nty = 0,2, = s; +1;, and a(x;) = t; + ;. Notice that if z; = a(x;) then we
have r; = z; and s; = t; = 0. We replace our original list with the r;s, and the
non-zero s;s and ¢;s.
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Now, we will show that the proposition for the original variables x; follows
from the statement for the new variables with the extra condition. First of all, we
will show that there is a commutative diagram like (*) above with Z", Z™, where
m is the number of variables in our new list, and G. We get the relationship
between Z" and G from the hypotheses of the proposition. For each i, we have
two cases. Either e; is fixed by a,, or it is interchanged with another e;. Suppose
e1,- - e are fixed and e;41,- - , e, are flipped in pairs by the action «,,. Then,
we label the simplicial basis of Z™ as {a1, - ,an, bi+1, " s bn, Clp1, -+ ,Cn . We
define a map ¢1 from Z™ to G that on the generators is given by a; — 7;,b; — s;,
and ¢; — t;. We define an automorphism «,,, of Z™ given on the generators by
am(a;) = ai, am(b;) = ¢;, and au,(c;) = b; for each i.

We construct a map v : Z™ — Z™ as follows. Consider the element e; € Z".
We have that e; is mapped to x; € G by ¢ for each i¢. Since x; = r; when
i = 1 Jand ; = r; +s; when i =1+ 1,--- ,n, we set ¢(e;) = a; when
i = ,0and ¥(e;) = a; + b; when i =1+ 1,--- ,n. If we can solve the
problem Wlth our new assumption, applied to our new variables and the image
of p under v, we get maps ¥, : Z™ — Z™" and g " = G giving us the
commutative diagram

[eed

A ()
gm P1 Zm

ﬂ

z"

l % ’
G

7

where p € Z" and ¢ : e; = x;. In this diagram, the maps ¥; o ¢ and 2 solve
the problem with the original variables. From now on, we may assume either
afz;) = z; or a(x;) A z; =0 for each i.

First of all, we need to consider the case in which p; > 0 for all 7. If p; > 0
for some %, then

0< o <piw; <prxy+ -+ ppxy, =0,

and hence x; = 0. In particular, if p; > 0 for all ¢, then x; = 0 for all . In
case p; < 0 for all 4, we apply the same process to the relation (—py)zy + -+ +

(—=pn)xsn = 0.

For the general case, we assign a degree to the coefficient list p1,--- ,p,, and
proceed by induction on the degree. The degree of a list py,--- ,p, will mean
the ordered pair (p, \) where p is the maximum of the values |p;|, and A is how
many times p appears in the list [p1|,- - |pn].

Next, we will show that we can divide the problem into the special cases
an(p) = —p and a,(p) = p. If the problem can be solved in these two special
cases, then we can solve the problem in the general case. If ¢(p) = 0, then
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o(an(p)) = 0, and so p(p + an(p)) = 0 and ¢(p — a,(p)) = 0. Conversely, if
o(p+ an(p)) =0 and p(p — a,(p)) = 0, then ¢(2p) = 0. Since G is torsion free,
¢(p) = 0. We look at 1 = p+ an(p) and g2 = p— ay(p). Then, ay(q1) = ¢1 and
an(g2) = —qo. If we can solve the first special case, then we get a new group
Z™' and two maps g : Z™ — G and v : Z" — Z™*, both equivariant, such
that w2 01 = ¢ and 11(g2) = 0. If we can solve the second special case, then
applying this to w2 and 11(q1), we get a new group Z™2 and two new maps
Yo 1 L™ — Z™2 and @3 : 2™ — G such that @3 01y = w2 and w2 (11(q1)) = 0.
If we combine both cases, we get the commutative diagram

Qo Qmy Qg
@ . @) . @
Tn L, gm 2y gma

[

Let 1) = ¢20¢1. Then, ¥(2p) = ¢(q1+4q2) = Y2(¢1(q1) +¥1(g2)) = V2(¢1(q1)) =
0. Since Z™?2 is torsion free, 1(p) = 0. Thus ¥, Z™2, a,,,, and ¢3 solve the original
problem. This completes the reduction to the two special cases.

Now, we look at the first special case, a,(p) = —p. Suppose e, ea,- -,
e; are fixed and €11, an(€j41), €512, an(€jt2), - , ek, an(ex) are flipped by a,.
Then

P =pie1 +p2ea+---+pje;+pjri€iq1 +p}+1an(6j+1) + -+ preg + Pan(e).

Since a,(p) = —p, we have p1 = ps = --- = p; = 0 and p; = —p], where
l=j+1,---,k. One has the relation

Pj+1Ti41 + o+ PRt = pjp1a(Tin) + o+ pee(ay),
where p; > 0 for all [, and we may assume p;1 is the largest coefficient. We

have pj112j41 < pjp1e(xjq1) + -+ + pra(zr). We may assume 2; A ax;) =0
forall { =j+1,---,k. Taking wedges with pj;12;41 on both sides gives

Pj+1Zj+1 < (Pjr10(Tj41) + -+ pra(r)) Apjy1T541-
Since 241 A an(xj41) = 0, we have

Pit1%j4+1 < Pjro(Tjye) + - + pra(Tr)
<pjr1a(@jv2) + -+ pirra(Tk)

=pjr1(a(zjt2) + - + alzy)),
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and so
Tit1 < afzjr) + 0+ alw).

By Riesz decomposition, which by [2] holds in a lattice-ordered group, =1 =
Zjta + -+ + 2 for some elements z; € GT such that z; < a(z;) for each i =
J+2,--- k. Also, a(zj11) = azjp2)+- - -+alzr), a(z) < z;, and a(z) Az =0,
foreachi=j5+2,--- k.

Observe that

Pj+1%Tj41 +  + prTk = piy1a(Tiq1) + -+ pro(Ty).
Since 41 = zj42 + - + 2z, and a(z41) = a(zj42) + - - + alzk),
pj+1(zj2 + -+ 2k) +DjpaTipe + o+ PRy
=pj+1(a(zje2) + -+ alzn)) + pjrea(jpe) + - + pea(ay).
This implies
Piv1(Z42 + -+ 2k) + Pjyative + PivaZive — Pitazite
+ o+ PeTk + PRZk — PkZk

= pjr1(a(zjre) + -+ alzr)) + pirec(wje) + pjre2a(zir2) — pjr2a(zjie)

+ -+ prafxg) + pralzr) — pra(zi).
So,

k k
Ei:j+2(pj+1 —pi)zi + Zi:j+2 pi(zi — a(z))

o o . o (1)
= Ei:j+2(p]+1 pi)a(z:) + Zi:j—i—Z pi(a(z;) — 2).

We label the collection of the new variables as follows:

24257 5 Rk
4
Tjt42 — Oé(Zj-‘,—Z)a Tk — Oé(Z]g),
F—a(Z)
OC(ZJ+2)7 ,Oé(Zk),
a(Z)
and
a(Tjr2) = zj42, 0, (Tk) — 2 -
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The relation (1) has lower degree and satisfies condition 1. If p; still occurs, it
occurs one time less. By the induction hypothesis, there exist elements y1, - - - , y:
in G such that o permutes these with a permutation o’ and nonnegative integers
Tit, Sit, Ty, and s}, for i = j+2,--- Jkand [ = 1,---¢ such that

Zi =1ty + o iy,

i —a(z) = sanyr + -+ Sl
a(z) = alriyr + -+ Tay) =Ty + -+ Ty,

and
o) — zi = a(z; — a2)) = siyyn + - + Syt

fori=75+2,--- k.

We get a matrix RT = (r s 1/ &) where r,s,7/, and s are as in the
equations above. Then, there exists a matrix M, which gives the permutation
of the generators Z,Z — a(%), a(%), and «(&) — Z such that

M, (7 T—a(®) a) @ -2 =(a(®) a@ -7 7 FT-a) .

Also, the action of o on the ;s is given by a permutation ¢’, expressed by a
matrix M,. That M, R = RM,: follows from the induction hypothesis.

By using the matrix ( 0 By Ex 0

E, 0 O Ek) , where Fy is a k X k identity ma-

—

trix, we get < ) from (Z Z—a(?) a(z) of@) - Z)T . The matrix My =

a(Z)

( 0 Ek) gives a permutation such that M, (& a(i"))T = (a(@) f)T. We

E, 0
have
0 Ex E, 0\ (0 E, E, 0
Mo (Ek 0 0 Ek>_<Ek 0 0 Ek)M"'

0 E, E, 0

Now we can check that M,»Q = QM,, where QQ = (E A
K k

Z
- 0 By, By 0 z— Oé(Z?) _ z
Q= (Ek 0 0 Ek> a®) |7 <a(f)) :
a(f) -2
Next, we look at the second special case a,(p) = p. In this case, the
coefficient of e; is equal to the coefficient of a,(e;). Suppose e1, - - , ep, and also
Em+tls " ,Es, are fixed, and ep 1, an(€ns1), 5 €m, n(em) and esi1, an(esy1),

- er,ap(e) are flipped by «,,. Then,

p=pieir + -+ pren + Phrihti + Php10n(Pht1) + -+ Pm€m + Dmn(€m)
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—Dm41€m41 — =+ — Ds€s — Dst1€s41 — Ps10n(€s41) — -+ — D&y — prom(€r)

with all p; > 0. Then our relation becomes
P121 + -+ PrTh + Phi1Zhg1 T Phpr1@(Thg1) o A D@+ P (X))

= Pimt1Tmt1 + - F PsTs + Por1Zsp1 + Ds10(Tsq1) + -+ - + pixy + pra(ay)

in G. We label the collection of variables in the original relation as follows:

Th41," " s Tm,
—_———

Oé(l?h+1), te ,Ot(l’m),

a(Xz)

Tmg1s > Ts,
X3
Ls1y " 5Ll
Xy
and
a(Tsq1), e a(xg).

a(Xa)

We put these together in one vector,
S T
= X2 aX) Xz Xa X)) ,
and we get a permutation matrix M, such that
- T
Mgul‘ = (DCl Oé(:X:Q) :X:Q :X:3 OA(IX:4) :X:4) .

In the case a,,(p) = p, we have two situations to consider: whether the biggest
coefficient is one of the fixed ones, or one of the flipped ones.

Suppose it is one of the fixed ones, p;. We have p1x1 < ¢ with ¢ = prp12me1+
P +Pst1 (Toqr Ha(wepn)) + -+ pr(+ax)). Suppose z; +a(x;) = w;.
We have x1,Zp41, -+, Ts, Wsy1,- - ,wy are all in G, the fixed point subgroup.
Since G is a lattice-ordered dimension group, we can write 1 = 2,41 + -+ +
Zs + Ys41 + -+ 1y with 0 < z; < z; and 0 < y; < wj, where z;,y; € G¢. We
have w; = z; + a(x;) with z; A a(z;) = 0,y; < wj, and write y; = z; + zj with
zj < xjand z; < a(z;). Since z; Aa(z;) = 0, we get 2; = y; Axj, 2; = y; Aa(x;).
Also, since a(y;) = y;, we get a(z;) = zj. Then, we get 21 = 21+ + 25 +
Zst1 T a(zs41) + -+ 21 + a(z).
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Observe that
p1®1+ -+ Prh + Pha1Thtr + Php1(Thgr) + 0+ Pnlm + Pr(Tm)
= Pt 1Tmg1 + - DsTs + Psi1Tsp1 + Psr1(Taqr) + - - + prag + pra(a).
Since 1 = Zm+1 + -+ 25 + 2s41 + @(2zs41) + - + 21 + a(z), we get
P1(Zmy1 + -+ 2s + zsp1 Fa(zerr) + oo+ 2+ alz)) +para + -

+PhTh + Pha1Thg1 + Prhe1(Thg1) + - A DT + P (Zom)
= Pmt1Tm41 + -+ DsTs + Dsp1Ts41 + Psp1a(Tsq1) + - - + prag + pra(ay).
This gives

s l
Ei:erl(pl —Dpi)zi + Zi:s+1(p1 — Di)%;
l h m
+ Zi:erl(pl —pi)ezi) + Do piti + Zi:h+1 DiT;
+ iy Picd(w;) (1)

!
= Yicm Pilwi — zi) + 2 pi(Ti — 2i)

+ 30 pilalz;) — a(z).

We label the new variables as follows:

Em41s" " 5 Rs)
—_———
Z1
Zs4+1y " 5 2l
—_———

Z2
a(zs-‘rl)v"' ,Oé(Zl),

a(Z2)

L2, Lh,
—_——
x4
Thtly "y Tm;
N— ———

X2

a(@pe1) o o(@m),

a(Xs2)

xm+1 — Zm41, 0, LTs T Zs,

X3—21

IS+1 - ZS+17 L, T T R

X4—2Z2
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and
(g1 — 2011+ alw — 7).

a(Xa)—(Z2)

We have that « acts on these new variables by a permutation, which we call o.
Let M, denote the matrix implementing this permutation.

This relation (1) has lower degree and satisfies condition 2, i.e., the relation
is invariant under the automorphism. If p; still occurs, it occurs one time less.
By the induction hypothesis, there exists ¢ = (y1 e yt) for y; € GT such that
« permutes these with a permutation ¢’, implemented by a matrix M., and

matrices r, s,t,7’, s, t',r" s and " whose entries are nonnegative integers such
that

21 =aj’,
2y =dy",
a(Zy) = a(d'y") = a"§",
=07,
Xy =077,

a(Xo) = a(V'g") = 0"y,
Xy — 2y =cy’,
Xy — 22 = C/gT7
and
a(Xs) = a(22) = a(dF") =",

and such that M,R = RM,/, where RT = (a a a" b v VvV c c”).
So, we get a commutative diagram,

M1
G
L> Zt

where 7 is the number of variables in ({1) above.
Write
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where Ejy, is the (h —1) x (h— 1) identity matrix. From the block matrix above,
we can define the new matrices

Pki:<1’”0.’1 ) andEZ:(O’é"O)
hx(h—1) k1 hx(h—1)

for i = 3,4. By using the matrix

Py Poy Poy Eyf 0O 0 0 0 0
0O 0 0 0 E, 0 0 0 0
R0 0 0 0 0 E 0 0 0
E, 0 0 0 0 0 E, 0 0|
0 By, 0O 0 0 0 0 E 0
0 0 E, 0O 0 0 0 0 E,

we get the old variables (f)Cl Xy a(Xy) X3 XAy oz(3C4))T from the new ones
(21 2o a(Za) X Xy a(Xa) Xz—21 Xy—2o a(Xy)—a(Z)) .

Let o’ denote the permutation of the original variables given by «, and let
M, denote the corresponding permutation matrix. One can check that R’ M, =
M,»R'. So, we get a commuting diagram:

MU// M,
.y
YA L
G

e

If we put together the two diagrams above, then we get the result that M,»Q =
QM,:, where Q = R'R.

Now suppose the largest coefficient is one of the flipped ones, ppy1. We
have ppy1(2hi1+a(rnyr)) < q, where ¢ = ppp1Tmy1 + -+ PsZs +Psp12s41 +
Ps10(Tsq1)+- - -+pixi+prox;). Suppose zj+a(x;) = vj. Thenv; € G* for each
j. Since G is a lattice-ordered dimension group, we can write 41+ a(xp41) =
Zm41F A2+ rep1 o+ with 0 < z; <y and 0 < v < wj, where z;,7; € G
We have v; = x; + a(z;) with z; A a(z;) = 0, r; < vj, and write r; = z; + 2z}
with z; < z; and 2} < a(x;). Since z; A a(z;) = 0, we get z; = v; A x; and
2 = vj A a(z;). Also, since a(v;) = vj, we get a(z;) = 2j. Then we get

That + U(Thi1) = Zma1 + 0+ 2s + (Zer1 T z541)) + - + (2 + lz)).

Observe that

P1z1+ + PhTh + Php1The1 + Php1c(Thir) o+ DT+ Pma(Tm)

= Dt 1Tmt1 + -+ DsTs + Dst1Tsp1 + Psr10(Tsq1) + - -+ + prag + proay).
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Since zp41 + @(Tpt1) = Zma1 + -+ 25 + (2541 + @(zs41)) + - + (21 + a(z1)),
we get

P12t + -+ Drh 4+ Dhp1 (Zma1r + -+ 2 + (2s41 + a2541))
+o+ (z+ a(2)) + prae(@hee + (Thg2)) + oo P (T + ()
= Pmt1Tmt1 + - F DsTs + Pst1Tsy1 + Ds10(Tsp1) + - - + g + profay).

Thus, we have

h s l
Doica Piti + Y i (Pt — Pi)zi + Y i (Phr — Pi) i
l m
+ D imep1 (Prt1 — pi)azi) + D20 o pi(Ti + afz:))
s l
= Zi:m+1 pi(w; — Zz) + Zi:SJrl pz‘(l'i — Zl>

+ 3 pilalz;) — a(z).

(F11)

We need to split the sum zp, 1+ a(zp41) into the two terms 2,1 and a(xp41).
Define new variables as follows:

tm41,- - ,ts where t; = z; A xpi1,
P41, - ,Ts where r; = z; A a(Tpe1),
Vst1, -+ ,U where v; = z; A Tpq1,
and
Wsy1, -+, w; where w; = z; A a(zh41).

To make our new collection of variables invariant under «, we also include
a(Vs41), -, a(vr), and a(wsq1), - -+, a(w;). Notice that a(t;) = r;.
Then,

Thytl = tmg1 + - Fts F Vs + - o+ a(wepr) + -+ a(wy),
a(Thi1) = Tma1 + -+ 7s + (V1) + -+ av) + wse1 + - 4wy,

zi=t;+r; fori=m+1,--- s,

and
zj=vi+w; for j=s+1,---,1L

We label the collection of the new variables as follows:

tm+17 T 7t87
—_——
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Tm+1,"" 5 Ts,
—_——
R
Vs4+1," ", UL,
—_——
v
a(vs+1)7 T aa(vl)v
a(V)
Ws41," ", W,
—_———
%%
a(ws+1)7 e aa(wl)a
a(W)
xh+27 oy Tmy,
X,
a($h+2)7 T ,Oé(.’IJm),
a(X3)
Tm+1 = Zm+1, """ s LTs — Zs,
X3—21
Z'S—‘rl T Zs41y Tl T 2,
X4—2Zo
and
A(Tst1) — alzr), - al@) — alz).

a(Xa)—a(Z2)

This relation that we get from (f t 1) has lower degree and satisfies con-
dition 2. If pp4q still occurs, it occurs one time less. By the induction hy-
pothesis, there exists § = (y1 e yt) with y; € Gt such that o permutes these
with a permutation o', implemented by a matrix M, and there exist matrices
a,a’,a”’,b,c,d,d e, e, f,f', and f” whose entries are nonnegative integers such
that

Xy =ay',
Xy =ay’,
a(Xy) = a"g’,
T=by',
R=cj',
V=dj",
a(V)=dy’,

W=eg' a(W)=¢7y",
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X3 — 21 = fij',
Xy—22=f3",
and
a(Xy) — a(Zs) = f'§7,
and such that M,R = RM,/, where
RT:(a a a b ocdd e ff ).

So, one can check that we get the following commutative diagram:

We write
T
- () - () o0
and 2:R
o = () - () |
a(X)

99

where Ej, is the (m — h — 2) x (m — h — 2) identity matrix. From the block

matrix above, we can define the new matrices

1,1
(m—h—1)x(m—h—2)

o ( 0,---,0 )
k/ = —_—
? Ly, (m—h—1)x (m—h—2)

for ¢+ = 3,4. By using the matrix

and

E, 0 0O 0O 0O O 0O 0 0 0 0
0O Ey 0 P, 0 P, 0 0 P, 0 0
p_|0 0 E, 0 P, 0O Py, P, 0 0 0
0 0 0O Ey E, 0 0 0 0 E, 0
0 0 0 0 0 Ey, 0 E, 0 0 E
0O 0 0 0 0 0 E, 0 E, 0 0
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we get the old variables
xl; an a(:X:Q)v :X:Bv x47 and a(xél)
from the new ones

X1, X5, a(X5), T, R, V, a(V), W, a(W),
3C3 - Zl, :X4 — ZQ, and a(.')C4) — OJ(ZQ).

Let M, denote the matrix that gives the permutation of the original vari-
ables. So, we get a commuting diagram:

M _1 M,

o

Yy

n R/T y
7" —— 7

e

|
G
e

If we put together the two diagrams above, then we get the result that M, Q =
QM,:, where Q = R'R. O

PROPOSITION 2.3. Let G be a simplicial group with simplicial basis

{e1, -+ ,en}t and Zs action ay given by the permutation o. Let G be a lattice-
ordered dimension group with Zs action «, and let g1 : G1 — G be a positive
equivariant homomorphism. Then there exist a simplicial group Go with Zo
action ag, and positive equivariant homomorphisms h : G — G2 and g2 : Go —
G such that g1 = g2 o h and ker(g1) = ker(h). In other words, we have a
commuting diagram:

PROOF.  The proof proceeds as in [6, Proposition 3.16] with our Proposition 2.2
in place of [6, Proposition 3.15]. We want to show that a finite set of generators
a1, ,a for ker(gy) also lie in ker(h). The proof is by induction. In this
proof, we add Zy actions a; and « for G; and G, respectively. Since ¢; is an
equivariant homomorphism, it follows that a(z;) = a(g1(e;)) = g1(ai(e;)) for
each i = 1,--- ,n. First, we need to check when k = 1. If GG; is the zero group,
we may take G to also be the zero group and h, go the zero maps. According to
Proposition 2.2 above, there exist elements 41, -- ,y; in G such that « acts on



MODIFICATION OF THE EFFROS-HANDELMAN-SHEN THEOREM 101

{y1,--- ,y¢} by a permutation ¢’ and nonnegative integers ¢;; (for i = 1,---n,
and j =1,--- ,t) such that z; = ¢s1y1 +- - +quy: and p1gi; +- - - +Dngn; = 0 for
all 7 and j, and MQ = QM’, where M, M’ are the permutation matrices giving
0,0’ respectively, and @ is the matrix of the ¢;;’s. Define a Z, action o on Go
by the permutation matrix M’. Then, it follows that h(as(e;)) = ginaa(f1) +
o+ giraa(fe) = az(h(e;)) for i = 1,-- n and a(g2(f;)) = aly;) = g2(e2(f;))
for j=1,--- ,t. So, the maps intertwine the actions.

We apply these to the induction hypothesis in the original proof [6, pp. 53-54].

The rest of the proof is similar to that of [6, Proposition 3.16] with our Propo-
sition 2.2 in place of [6, Proposition 3.15]. O

Now, we shall prove Theorem 2.1, which is the modified Effros-Handelman-
Shen theorem, with the aid of Propositions 2.2 and 2.3.

PROOF OF THEOREM 2.1. Let G be a countable lattice-ordered dimension
group with an action a of Zy. Write Gt = {z1, 22, -+ }. We shall construct
a sequence of simplicial groups G1,Gs, - with the actions aj, as,--- and pos-
itive equivariant homomorphisms g¢,, : G,, — G and h,, : G,, = G,41 for all
n € N such that x, € g,(G}), gnt1 © hn = gn, and ker(gn) = ker(hy) for all
n € N. Also, we shall consider the limit of the sequence that we construct, G,
with a positive equivariant homomorphism ¢, : Goo — G, and a Zy action on
Gooy Qoo

We set G = Z2 with the Z, action «; that flips the elements, i.e., a1(e1) = es
and aq(ez) = e;. We define a positive homomorphism ¢g; : G; — G by the
rule gi(e1) = =1 and g1(e2) = g1(ai(er)) = a(xy). Suppose that we have
constructed g1,G1, a1, , gn, Gn, @, which meet the requirements. We would
like to construct the next one: g,+1,Gr41, and o, 1. The direct product H =
G, ®7Z2 is a simplicial group and we define a positive homomorphism g : H — G
by the rule g(a, k,1) = gn(a) + kxpi1 +la(zn41), and a Zs action o on H such
that o/(a, (0,0)) = (an(a), (0,0)) for a € G,, and o' (0, (k,1)) = (0, (I, k)). Then,
alg(a, k1)) = g(d/(a, k,1)). We get a commutative diagram:

o a2 as Qoo
X X ! X
h h h hoo
Gy —— Gy —2 G3 — Goo
g1 g2 g3
goo

G
o
[e3%

The rest of the proof is similar to that of [6, Proposition 3.17] with our Propo-
sition 2.3 in place of [6, Proposition 3.16].
U
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