C. R. Math. Rep. Acad. Sci. Canada Vol. 42 (3) 2020, pp. 63450

A CLASSIFICATION OF FINITE SIMPLE AMENABLE
Z-STABLE C*-ALGEBRAS, I: C"-ALGEBRAS WITH
GENERALIZED TRACIAL RANK ONE
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ABSTRACT. A class of C*-algebras, to be called those of generalized
tracial rank one, is introduced. A second class of unital simple separable
amenable C*-algebras, those whose tensor products with UHF-algebras of
infinite type are in the first class, to be referred to as those of rational
generalized tracial rank one, is proved to exhaust all possible values of the
Elliott invariant for unital finite simple separable amenable Z-stable C*-
algebras. A number of results toward the classification of the second class
are presented including an isomorphism theorem for a special sub-class of
the first class, leading to the general classification of all unital simple C*-
algebras with rational generalized tracial rank one in Part II.

RESUME. Dans cet article et le prochain, on donne une classification
complete, au moyen de I'invariant d’Elliott, d’une sous-classe de la classe
des C*-algebres simples, moyennables, séparables, & élément unité, absor-
bant 'algebre de Jiang-Su, et satisfaisant au UCT, qui épuise ’ensemble
des valeurs possibles de I'invariant pour cette class. La partie I réalise une
grande partie de ce projet, et la partie II ’acheve.

1. Introduction The concept of a C*-algebra exists harmoniously in many
areas of mathematics. The abstract definition of a C*-algebra axiomatized the
norm closed self-adjoint subalgebras of B(H), the algebra of all bounded linear
operators on a Hilbert space H. Thus, C*-algebras are operator algebras. The
study of C*-algebras may also be viewed as the study of a non-commutative
analogue of topology. This is because every unital commutative C*-algebra is
isomorphic to C'(X), the algebra of continuous functions on a compact Hausdorff
space X (by means of the Gelfand transform). If we take our space X and equip
it with a group action via homeomorphisms, we enter the realm of topological
dynamical systems, where remarkable progress has been made by considering
the transformation C*-algebra C(X) x G arising via the crossed product con-
struction. Analogously, we can consider the study of general crossed products as
the study of non-commutative topological dynamical systems. The most special
case is the group C*-algebra of G, which is fundamental in the study of abstract
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harmonic analysis. C*-algebra theory is also basic to the non-commutative ge-
ometry of Connes. There are deep and extremely important interactions between
the theory of C*-algebras and the theory of the very special concrete C'*-algebras
(weak operator closed) called von Neumann algebras. One might continue in this
vein. Therefore, naturally, it would be of great interest to classify C*-algebras.
There has already been noteworthy progress in this direction.

Early classification theorems start with the work of Glimm in the late 1950s
who classified infinite tensor products of matrix algebras, which he called uni-
formly hyperfinite algebras (UHF-algebras) by supernatural numbers. Dixmier,
a few years later, classified non-unital inductive limits of UHF-algebras, not-
ing that these were more complex. Bratteli, in 1972, generalized the results
of Glimm and Dixmier to arbitrary inductive limits of finite-dimensional C*-
algebras (AF-algebras), using an analogue of the combinatorial data of Glimm
which is now called a Bratteli diagram. (For instance, Pascal’s triangle is a
Bratteli diagram.) Bratteli’s classification of AF-algebras was reformulated in a
striking way by Elliott in 1976. He showed in effect that Bratteli’s equivalence
relation on Bratteli diagrams, which corresponded to isomorphism of the AF-
algebras they described, was in fact the same as isomorphism of certain ordered
groups arising in a natural way from these diagrams: in a sense, just their in-
ductive limits. These ordered groups turned out to be just the K-groups of the
algebras (generated by their Murray-von Neumann semigroups).

By 1989, Elliott had begun his classification program by classifying AT-
algebras of real rank zero by scaled ordered K-theory. Notably, this used an
approximate version of an (exact) intertwining argument used by both Bratteli
and Elliott in the AF case. Since then there has been rapid progress in the
program to classify separable amenable C*-algebras now known as the Elliott
program. Elliott and Gong (|32]) and Elliott, Gong, and Li ([33]) (together with
a deep reduction theorem by Gong (|43])) classified simple AH-algebras with no
dimension growth by means of the Elliott invariant (see Definition below).

The Elliott intertwining argument provided a framework for further classifi-
cation proofs and focused attention on the invariants of and the maps between
certain building block algebras (for AF-algebras these building blocks would be
finite dimensional algebras and for AH-algebras these building blocks would be
certain homogeneous C*-algebras). In particular, one wants to know when maps
between invariants are induced by maps between building blocks (sometimes re-
ferred to as an existence theorem) and to know when maps between the building
blocks are approximately unitarily equivalent (often called an uniqueness theo-
rem). To classify C*-algebras without assuming some particular inductive limit
structure, one would like to establish abstract existence theorems and unique-
ness theorems. These efforts became the engine for these rapid developments
(164], [60], [69] and [21] for example). Both existence theorems and uniqueness
theorems used K L-theory ([105]) and the total K-theory (K(A)) developed by
Dadarlat and Loring ([20]). These existence and uniqueness theorems provide
not only the technical tools for the classification program but also the foundation
for understanding the morphisms in the category of C*-algebras.
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The rapid developments mentioned above include the Kirchberg-Phillips clas-
sification (|54], [55], and [97]) of purely infinite simple separable amenable C*-
algebras which satisfy the UCT, by means of their K-theory. There is also the
classification of unital simple amenable C*-algebras in the UCT class which have
tracial rank zero or one (60|, [67], and [71]).

On the other hand, it had been suggested in [22] and [4] that unital simple AH-
algebras without a dimension growth condition might behave differently. It was
Villadsen ([116] and |117]) who showed that unital simple AH-algebras may have
perforated Ky-groups and may have stable rank equal to any non-zero natural
number. Rgrdam exhibited an amenable separable simple C*-algebra which is
finite but not stably finite ([106]). It was shown by Toms ([115]) that there are
unital simple AH-algebras of stable rank one with the same Elliott invariant that
are not isomorphic. Before that, Jiang and Su ([53]) constructed a unital simple
ASH-algebra Z of stable rank one which has the same Elliott invariant as that
of C. In particular, Z has no non-trivial projections.

If A is a simple separable amenable C*-algebra with weakly unperforated
Ky (A) which belongs to a (reasonable) classifiable class, then one would expect
that A must be isomorphic to A ® Z, since these two algebras have the same
Elliott invariant (Theorem 1 of [44]). If A is isomorphic to A®Z, then A is called
Z-stable. The existence of non-elementary simple C*-algebras which are not Z-
stable was first proved by Gong, Jiang and Su (see [44]). Toms’s counterexample
is in particular not Z-stable. Thus, Z-stability should be added to the hypotheses
if one uses the conventional Elliott invariant. (The class of simple AH-algebras
of [33] are known to be Z-stable. In fact, all unital separable simple amenable
C*-algebras with finite tracial rank are Z-stable; see Corollary 8.4 of [81].)

The next development in this direction came from a new approach due to
Winter, who made use of the assumption of Z-stability in a remarkably innovative
way ([119]). His idea was to view A® Z as an inductive limit of algebras of paths
in A®Q) with endpoints in AQ M}, and AQ My (where @Q is the UHF-algebra with
Ky(Q) = Q, p and q are coprime supernatural numbers, and My and My their
associated UHF algebras). Suppose that the endpoint algebras are classifiable.
Winter showed that if somehow there is a continuous path of isomorphisms from
one endpoint to the other, then the algebra A itself is also classifiable.

Winter’s procedure provided a new framework to carry out classification.
However, to actually execute the continuation from endpoint to endpoint alluded
to above, one needs new types of uniqueness and existence theorems. In other
words, just like before, in Elliott’s intertwining argument, the new procedure
ultimately, but not surprisingly, depends on certain existence and uniqueness
theorems. However, this time we need the uniqueness and existence theorems
with respect to (one-parameter) asymptotic unitary equivalence of the maps
involved rather than just (sequential) approximate unitary equivalence. This is
significantly more demanding. For example, in the case of the existence theorem,
we need to construct a map which lifts a prescribed K K-element rather than
just a K L-element. This was once thought to be out of reach for general stably
finite algebras since the K K-functor does not preserve inductive limits (as the
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K L-functor does; see [20]). It was an unexpected usage of the Basic Homotopy
Lemma that made this possible. Moreover, the existence theorem also needs
to respect a prescribed rotation related map. The existence theorems are very
different from those developed in the early study of the subject. Inevitably, the
uniqueness theorem also becomes more complicated (again the Basic Homotopy
Lemma plays the key role).

Once we overcame these new hurdles arising in following the Winter approach,
we were able to classify the class of all unital separable simple Z-stable C*-
algebras A which satisfy the UCT and whose tensor products with all UHF-
algebras of infinite type are of tracial rank zero, by means of the Elliott invariant,
in [83]. We were then able in [77] to extend this result to the class A of all
unital simple separable amenable Z-stable C*-algebras which satisfy the UCT
and have tracial rank one (not just zero) after tensoring with (just) some infinite
dimensional UHF-algebra. The class A, and already for that matter just the
subclass mentioned above, the C*-algebras rationally of tracial rank zero, carry
classification substantially beyond earlier results. For instance, the Jiang-Su
algebra Z is unital projectionless, but Z ® U = U for any infinite dimensional
UHF-algebra U. In fact, the class A exhausts all Elliott invariants with simple
weakly unperforated rationally Riesz groups as ordered Ky-group and pairing
with the trace simplex taking extreme traces to extreme Ko-states (|84]).

The class A not only contains all unital simple separable amenable C*-algebras
with tracial rank one in the UCT class, and the Jiang-Su algebra, but also con-
tains many other simple C*-algebras. In fact it unifies the previously classified
classes such as the simple limits of dimension drop interval algebras and dimen-
sion drop circle algebras which, like the Jiang-Su algebra, are not AH-algebras
([76]). However, the restriction on the pairing between traces and K, prevents
the class A from including inductive limits of “point—line” algebras, which we
called Elliott-Thomsen building blocks. This brings us to the main goal of our
work.

The goal of the present article, and its sequel (Part IT), is to give a classification
of a new class of unital simple separable amenable C*-algebras satisfying the
UCT, by means of the Elliott invariant. This class is significant because it
exhausts all possible values of the Elliott invariant for all unital, simple, finite,
Z-stable, separable amenable C*-algebras. (It strictly contains the class A
mentioned above.)

First, we shall introduce a class of unital simple separable C*-algebras which
we shall refer to as the C*-algebras of generalized tracial rank one. The def-
inition is in the same spirit as that of tracial rank one, but, instead of using
only matrix algebras of continuous functions on a one-dimensional finite CW
complex, it uses the point—line algebras. These were first introduced into the
Elliott program by Elliott and Thomsen ([38]), in connection with determining
the range of the Elliott invariant. Some time later, these C*-algebras were also
called one dimensional non-commutative CW complexes (NCCW). This class
of unital simple separable C*-algebras (of generalized tracial rank one) will be
denoted by B;. If we insist that the point-line algebras used in the definition
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have trivial K7, then the resulted sub-class will be denoted by By. Amenable
C*-algebras in the class By are proved here to be Jiang-Su stable.

Denote by Nj the family of unital simple separable amenable C*-algebras
A which satisfy the UCT such that A ® Q € By, and by Ny the subclass of
those C*-algebras A such that A ® Q € By, where @ is the UHF-algebra with
Ko(Q)=Q.

As earlier for C*-algebras of tracial rank one, we shall expand the new class of
unital simple separable C*-algebras of generalized tracial rank one (the class B1)
to include those Z-stable C*-algebras such that the tensor product with some
infinite-dimensional UHF algebra belongs to this class (B;). We shall show,
in the present Part I of this work, that this expanded new class, the class of
Z-stable unital simple separable amenable C*-algebras rationally of generalized
tracial rank one, exhausts the Elliott invariant for finite Z-stable unital simple
separable C*-algebras. We shall also prove, in the present Part I of this work,
that, if A and B are amenable C*-algebras in B satisfying the UCT, then
A®U = B® U for some UHF-algebra U of infinite type if, and only if, A ® U
and B ® U have isomorphic Elliott invariants.

In other words, we classify a certain sub-class of C*-algebras of generalized
tracial rank one. In Part II, we shall classify the class of all C'*-algebras rationally
of generalized tracial rank one.

The present part of the paper, Part I, is organized as follows. Section 2
serves as preliminaries and establishes some conventions. In Section 3, we study
the class of unital Elliott-Thomsen building blocks, denoted by € (see [26] and
[31]). Elliott-Thomsen building blocks are also called point-line algebras, or
one dimensional non-commutative CW complexes (NCCW complexes, studied
in [27] and [28]). Sections 4 and 5 discuss the uniqueness theorem for maps
from C*-algebras in € to finite dimensional C*-algebras. Section 8 presents a
uniqueness theorem for maps from a C*-algebra in C to another C*-algebra in C.
This is done by using a homotopy lemma established in Section 6 and existence
theorems established in Section 7 to bridge the uniqueness theorems of Sections 4
and 5 with those of Section 8. In Section 9, the classes By (as above) and By (as
above) are introduced. Properties of C*-algebras in the class B; are discussed in
Sections 9, 10, and 11. These C'*-algebras, unital separable simple C*-algebras of
generalized tracial rank (at most) one, can also be characterized as being tracially
approximable by (arbitrary) subhomogeneous C*-algebras with one-dimensional
spectrum. For example, we show, in Section 9, that B and By are not the same
(unlike the previous case, in which unital simple separable C*-algebras of tracial
rank one are TAI), and in Section 10, that amenable C*-algebras in B, are
Z-stable. Section 12 is dedicated to the main uniqueness theorem used in the
isomorphism theorem of Section 21.

Sections 13 and 14 are devoted to the range theorem, one of the main results:
given any possible Elliott invariant sextuple for a Z-stable unital simple sepa-
rable amenable C*-algebra, namely, any countable weakly unperforated simple
order-unit abelian group, paired with an arbitrary metrizable Choquet simplex
mapping onto the state space of the order-unit group, together with an arbitrary
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countable abelian group, there is a C*-algebra in the class N realizing this
sextuple as its Elliott invariant. (The construction of this model, an inductive
limit of subhomogeneous C*-algebras, is similar to that in [31], but additional
work is needed to show that the inductive limits in question belong to the class
N7.) This is shown in Section 13; Section 14 gives a similar construction, for a
restricted class of invariants, and yielding a correspondingly restricted class of
(inductive limit) algebras. For reasons that will become clear later, this second,
restricted, model construction is very important.

Sections 15 to 19 could all be described as different stages in the development
of the existence theorem, to be used in the later sections as well as final iso-
morphism theorem (in Part IT). These deal with the issue of existence for maps
from C*-algebras in € to finite dimensional C*-algebras and then to C*-algebras
in € that match prescribed Kgo-maps and tracial information. The ordered Kj-
structure and combined simplex information of these C*-algebras become com-
plicated. We also need to consider maps from homogeneous C*-algebras to
C*-algebras in €. The mixture with higher dimensional noncommutative CW
complexes does not ease the difficulties. However, in Section 18, we show that,
at least under certain restrictions, any given compatible triple which consists
of a strictly positive K L-element, a map on the tracial state space, and a ho-
momorphism on a quotient of the unitary group, it is possible to construct a
homomorphism from a separable amenable C*-algebra A satisfying the UCT of
the form B ® U for some B € B and some UHF-algebra U of infinite type to
another separable C*-algebra C' of the form D ® V, where D € By and V is a
UHF-algebra of infinite type, which matches the triple. Variations of this are
also discussed. In Section 19, we show that Ny = Ny, even though By # By, as
indicated in Section 9. In Section 20, we continue to study the existence theo-
rem. In Section 21, we show that any unital simple C*-algebra, which satisfies
the UCT, in the class N absorbing tensorially a UHF algebra of infinite type
is isomorphic to an inductive limit C*-algebra as constructed in Section 14, and
any two such C*-algebras are isomorphic if they have the same Elliott invari-
ant. This isomorphism theorem is special but is also the foundation of our main
isomorphism theorem in Part II of the paper.
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2. Notation and Preliminaries This section includes a list of notations
and definitions most of which are standard. We list them here for the reader’s
convenience. However, we also recommend skipping this section until some of
these notions appear.

DEFINITION 2.1. Let A be a unital C*-algebra. Denote by A ,. the self-adjoint
part of A and A the set of all positive elements of A. Denote by U(A) the unitary
group of A, and denote by Uy(A) the normal subgroup of U(A) consisting of those
unitaries which are in the connected component of U(A) containing 14. Denote
by DU(A) the commutator subgroup of Uy(A) and CU(A) the closure of DU (A)
in U(A).

DEFINITION 2.2. Let A be a unital C*-algebra and let T'(A) denote the simplex
of tracial states of A, a compact subset of A*, the dual of A, with the weak*
topology (see also [109] and I1.4.4 of [5]). Let 7 € T(A). We say that 7 is faithful
if 7(a) > 0 for all @ € Ay \ {0}. Denote by Ty(A) the set of all faithful tracial
states.

For each integer n > 1 and a € M,,(A), write 7(a) = (7 ® Tr)(a), where Tr is
the (non-normalized) standard trace on M,,.

Let S be a compact convex set. Denote by Aff(S) the space of all real con-
tinuous affine functions on S and denote by LAff;(S)) the set of all bounded
lower semi-continuous real affine functions on S. Denote by Aff(S)y the set of
those non-negative valued functions in Aff(S) and Aff(S)" = Aff(S)\{0}. Also
define Aff(S)™* = {f € Aff(A)* : f(s) >0, s € S}. Define LAff,(S) to be the
set of those non-negative valued functions in LAff,(S), and LAff,(S)™" to be
the set {f € LAff,(S)" : f(s) >0, s € S}.

Suppose that T(A) # @. There is a linear map rag @ Ao — Aff(T(A))
defined by

rag(a)(t) = a(r) = 7(a) for all 7€ T(A)

and for alla € A, ..

Let Ag denote the closure of the set of all self-adjoint elements of A of the form
S xaf —>  xfx;. Then by Theorem 2.9 of [17] (also see the proof of Lemma 3.1
of [112] for further explanation), we know that Ay = ker(r,g). Asin [17], denote
by A9 the quotient space Ay q4./Ap. It is a real Banach space. Denote by A% the
image of A in A/Ag. Denote by ¢ : As.a. — AZ the quotient map. It follows
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from Proposition 2.7 of [17] that T'(A) is precisely the set of those real bounded
linear functionals f on A9 such that f(z) > 0 for all z € A% and f(q(14)) = 1.
Moreover, the topology on T'(A) is the weak™ topology of T'(A) as a subset of the
dual space of A?. For a given element g € Aff(T(A)), by Proposition 2.8 of |17],
g can be uniquely extended to a bounded linear functional on (A?)*, the dual
space of A?. Since g is continuous on T'(A), g is weak*-continuous. Therefore this
gives an element I'(g) in A? (this also shows that the map r,g is surjective). Let
7 € T(A). Then we view 7 as an element in (A?)* as above. Then 7(I'(g)) = g(7)
for all 7 € T'(A). It follows that I is a linear map from Aff(T'(A4)) to A?. It is
clear that I' is injective. To see it is surjective, let x € A9. Then, viewing T'(A)
as a subset of the dual of A%, Z(7) = () (for all 7 € T'(A)) defines an element of
Aff(T(A)). It is clear that I'(#) = . That the map I is an isometry now follows
from the equation (3.1) of the proof of Lemma 3.1 of [112] (see also Theorem 2.9
of |17]). (Hence I is also positive.)

Suppose that A and B are two unital separable C*-algebras such that
Aff(T(A)) = Aff(T(B)), i.e., there is an isometric order isomorphism v from
the real Banach space Aff(T(A)) onto the real Banach space Aff(T(B)) which
preserves the constant function 1. Then there is an isometric isomorphism from
A? onto BY which maps A% into Bf and ¢(14) to ¢(15), and the inverse maps BY
into A% and maps ¢(1p) to g(14). Since we have identified T'(A) and T'(B) with
the subset of (A%)* which preserves the order and has value 1 on g(14) and the
subset of (B?)* which preserves the order and has value 1 on ¢(1g), respectively,
the map ~ induces an affine homeomorphism from T'(B) onto T(A).

DEFINITION 2.3. Let A be a unital stably finite C*-algebra with T(A) #
&. Denote by pa : Ko(A) — Aff(T'(A)) the order preserving homomorphism
defined by pa([p])(7) = 7(p) for any projection p € M,,(4), n = 1,2, ... (see the
convention above).

A map s : Ko(A) — R is said to be a state if s is an order preserving
homomorphism such that s([14]) = 1. The set of states on Ky(A) is denoted by
5[14}(K0(A))'

Denote by r4 : T(A) — Sp,1(Ko(A)) the map defined by 74(7)([p]) = 7(p)
for all projections p € M,,(A) (for all integers n) and for all 7 € T'(A).

DEFINITION 2.4. Let A be a unital simple C*-algebra. The Elliott invariant
of A, denoted by Ell(A), is the sextuple

EH(A) = (KO(A)a KO(A)+7 [lA]7 K, (A)7 T(A)v TA)'
Suppose that B is another unital simple C*-algebra. We say that I' : Ell(A) —
Ell(B) is a homomorphism if there are an order preserving homomorphism &g :
Ko(A) = Ky(B) such that xo([14]) = [15], @ homomorphism k; : Kj(A) —
K1 (B), and a continuous affine map kr : T(B) — T(A) such that

(e2.1) ra(kr(t))(x) = rp(t)(ko(z)) for all x € Ky(A) and
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for all t € T(B), and we write I' = (ko, k1, KT)-

We write Ell(A) = El(B) if there is T' as above such that ko is an order
isomorphism such that xo([14]) = [lg], x1 is an isomorphism, and kr is an
affine homeomorphism. If, in addition, A is separable and satisfies the UCT,
then there exists an element a € KL(A, B) such that a|g, 4y = K4, @ = 0,1
(recall that, by [105], in this case, KL(A, B) = KK (A, B)/Pext, where Pext is
the subgroup corresponding to the pure extensions of K.(A) by K.(B)). If B
is also separable and satisfies the UCT, then there also exists a=! € KL(B, A)
with a™! x a = [id4] and a x a™! = [idp] (see 23.10.1 of [2]).

Any continuous affine map sk : T(B) — T(A) induces a map liﬁT CAfF(T(A)) —
Aff(T(B)) defined by /QuT(l)(T) = l(k(7)) for all 7 € T(B) and | € Aff(T(A)).
Furthermore, k1 is compatible with kg in the sense of if and only if liﬁT
and kg are compatible in the following sense:

pe(ko(x)) = /fﬁT(pA(x)) for all z € Ko(A).

Note that any unital homomorphism ¢ : A — B induces maps ¢, o : Ko(A) —
Ko(B) and ¢# : Aff(T(A)) — Aff(T(B)), which are compatible.

DEFINITION 2.5. Let X be a compact metric space, let z € X be a point, and
let 7 > 0. Denote by B(z,r) the open unit ball {y € X : dist(z,y) < r}.

Let ¢ > 0. Define f. € Cy((0,00)) to be the function with f.(t) = 0if ¢t €
[0,6/2], fe(t) = 1if t € [g,00), and f-(t) = (2—¢)/e if t € [¢/2,¢]. Note that
0<f<landffs=f.

Denote by ¢4 the continuous function g(t) := (1/2)(¢t+|¢|) for all ¢ € R. Then,
if Ais a C*-algebra and a € Ay, the element ay := g(a) = (1/2)(a + |a|) is the
positive part of a.

DEFINITION 2.6. Let A be a C*-algebra. Let a,b € M,(A);. Following
Cuntz (|16]), we write a < b if there exists a sequence {z,,} in M,,(A) such that
lim, oo zibz, =a. If a < b and b < a, then we write a ~ b. The relation “~”
is an equlvalence relatlon Denote by W(A) the Cuntz semigroup, consisting
of the equivalence classes of positive elements in (J -_, M,,(A) with orthogonal
addition (i.e., [a + b] = [a ® V]).

If p,g € M,(A) are projections, then p < ¢ if and only if p is Murray-von
Neumann equivalent to a subprojection of ¢. In particular, when A is stably
finite, p ~ ¢ if and only if p and ¢ are Murray-von Neumann equivalent.

Recall (see II. 1.1 of [5]) that a (normalized) 2-quasi-trace of a C*-algebra A
is a function 7 : A — C satisfying

(1) 7(1) =

(2) 0< T(x:c ) =7(z*z), x € A,

(3) T(a+ib) = 7(a) +ir(b), a,b € Ag.q.,

(4) 7 is linear on abelian C*-subalgebra of A, and

(5) T extends to a function from Ms(A) to C satisfying the conditions above.
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Denote by QT (A) the set of normalized 2-quasi-traces on A. It follows from
IT 4.1 of [5] that every 2-quasi-trace 7 extends to a quasi-trace on M, (A) (for all
n>1). For a € A and 7 € QT(A), define

d-(a) = lim 7(f.(a)).

e—0

Suppose that QT(A) # @. We say A has strict comparison for positive el-
ements if, for any a,b € M,(A) (for all integers n > 1), d;(a) < d.(b) for
T € QT(M,,(A)) implies a < b.

DEFINITION 2.7. Let A be a C*-algebra. Denote by A the unit ball of A,
and by A%" the image of the intersection of Ay N A' in A%. (Recall that A} =

raff(Ay); see Definition 2.2])

DEFINITION 2.8. Let A be a unital C*-algebra and let u € U(A). We write
Adu for the automorphism a +— u*au for all a € A. Suppose B C A is a
unital C*-subalgebra. Denote by Inn(B, A) the set of all those monomorphisms
¢ : B — A such that there exists a sequence of unitaries {u, } C A with ¢(b) =
limy, 00 u)buy, for all b € B.

DEFINITION 2.9. Denote by N the class of separable amenable C*-algebras
which satisfy the Universal Coefficient Theorem (UCT).

Denote by Z the Jiang-Su algebra ([53]). Note that Z has a unique trace
state and K;(Z) = K;(C) (i = 0,1). A C*-algebra A is said to be Z-stable if
A2 AR Z.

DEFINITION 2.10. Let A be a unital C*-algebra. Recall that, following Dadarlat
and Loring ([20]), one defines

(€2.2) K(A) = P Ki(A) e P P Ki(A,Z/kZ).

i=0,1 i=0,1 k>2

There is a commutative C*-algebra C} such that one may identify K;(A ® C)
with K;(A,Z/kZ). Let A be a unital separable amenable C*-algebra, and let
B be a o-unital C*-algebra. Following Rerdam ([105]), K L(A, B) is the quo-
tient of KK (A, B) by those elements represented by limits of trivial extensions
(see [69]). In the case that A satisfies the UCT, Rgrdam defines KL(A, B) =
KK(A, B)/Pext, where Pext is the subgroup corresponding to the pure exten-
sions of K, (A) by K,.(B). In [20], Dadarlat and Loring proved that (if A satisfies
the UCT)

(e2.3) KL(A, B) = Hom(K(A), K(B))

(see page 362 of [20] for the definition of the group of module homomorphisms
Homp (—, —)).
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Now suppose that A is stably finite. Denote by KK (A, B)*t the set of
those elements v € KK (A, B) such that x(Ko(A)+) \ {0}) € Ko(B)+ \ {0}.
(Warning: the notation here may be different from other papers.) In the absence
of the UCT, we denote by Homy (K (A),K(B))*t the set of those elements
k € Homy (K(A), K(B)) such that x(Ko(A) \ {0}) € Ko(B)+ \ {0}. Suppose
further that both A and B are unital. Denote by KK.(A, B)™" the subset of
those K € KK (A, B)** such that x([14]) = [15]. Denote by KL.(A, B)** the
image of KK (A, B)™ in KL(A, B).

DEFINITION 2.11. Let A and B be C*-algebras and ¢ : A — B be a linear
map. We will sometimes, without notice, continue to use ¢ for the induced map
p®idpy, : A® M, - B® M,. Also, p ® 15, : A - B ® M,, is used for
the amplification which maps a to ¢(a) ® 1u,, the diagonal element with ¢(a)
repeated n times. Throughout the paper, if ¢ is a homomorphism, we will use
s+ Ki(A) = K;(B), i = 0,1, for the induced homomorphism. We will use
[¢] for the element of KL(A, B) (or KK (A, B) if there is no confusion) which is
induced by ¢. Suppose that A and B are unital and ¢(14) = 15. Then ¢ induces
an affine map o : T(B) — T(A) defined by o7 (7)(a) = 7(¢(a)) for all 7 € T(B)
and a € A, .. Denote by ¢ : Aff(T(A)) — Aff(T(B)) the affine continuous map
defined by ¢(f)(7) = f(pr(7)) for all f € Aff(T(A)) and T € T(B).

DEFINITION 2.12. Let A be a unital separable amenable C*-algebra and let
x € A. Suppose that ||zz* —1|| < 1 and ||z*z — 1|| < 1. Then z|z|~! is a unitary.
Let us use () to denote z|z|~ .

Let F C A be a finite subset and € > 0 be a positive number. We may assume
that 14 € F. We say a map L : A — B is F-e-multiplicative if

|IL(zy) — L(x)L(y)|| < € for all z, y € F.

Let P C K(A) be a finite subset. Let us first assume that P C K¢(A4)® K;(A)
Assume also that {p;,p} : 1 <i <mg} C My(A) is a finite subset of projections
and {u; : 1 < j < my} C Mn(A) is a finite subset of unitaries such that
{lps] = ), [u;] : 1 < i <mp,1 <j<mq}=7P. Then there is ¢ > 0 and a finite
subset F of A satisfying the following condition: for any unital C*-algebra B and
any unital F-e-multiplicative completely positive linear map L : A — B, the map
L induces a homomorphism [L] defined on G(P), where G(P) is the subgroup
generated by P, to K(B) such that there are projections ¢;,q; € My (B) with
(¢;] = [L]([ps), [¢}] = [L)([p}]) in Ko(B) (1 <4 < myg) and unitaries u; € My (B)
(1 <j <mq) with [v;] = [L]([u;]) such that

(e2.4) IL(pi) = aill < 1/2, IL(p) — qill <1/2 (1 < i <'my) and
(e2.5) 1{L(u;)) = ojll <1/2 (1 <G <ma).

In general, PNK; (A, Z/kZ) # &. Then the above also applies to PNK; (A, Z/k7Z)
with a necessary modification, by replacing L, by L ® id¢,, where Cy is the
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commutative C*-algebra referred to in Suppose that the triple (e, F,P)
also has the following property: if L’ is another such map with the property
that ||L(a) — L'(a)|| < 2¢ for all a € F, then [L]|p = [L']|». Then such a triple
(e,F,P) may be called a K L-triple for A (see, for example, 1.2 of [58] and 3.3 of
[21]). Note that these considerations, in particular, imply that, if u; € Uy(A),
then [L]([U]]) S Uo(B)

Suppose that A is unital and L is a contractive completely positive linear map
which is not unital. We may always assume that 14 € F. When ¢ < 1/4, let
p = x(L(14)), where 0 < x(t) < 1 is a function in C([0,1]) which is zero on
[0,1/3] and 1 on [1/2,1]. For small €, pL(14)p is close to p and so invertible in
pBp. Let b € pBp be the inverse of pL(14)p in B. Then ||b'/? — p|| < 4e. Define
L' : A — pBp by L'(a) = b"/?>pL(a)pb'/? for a € A. Note that, for any > 0,
IL — L'|| < n if € is sufficiently small. The convention of this article, as usual,
will be that we may always assume that L(14) is a projection when we mention
an J-e-multiplicative map L.

Then, if u is a unitary, with sufficiently large § and small €, as above, then
(L(w)) is a unitary in pBp. By [L]([u]), in K1 (B), we then mean [{L(u))+(1—p)].

Suppose that K;(A) is finitely generated. Then, by Proposition 2.4 of [74],
for some large P, if (¢,F,P) (with sufficiently small e, and sufficiently large F)
is a K L-triple for A, then [L] defines an element in KL(A, B) = KK (A, B). In
this case, we say (g,F) is a K K-pair.

LEMMA 2.13 (Lemma 2.8 of [74]). Let A be a unital separable amenable C*-
algebra. Let € > 0, let Fo C A be a finite subset and let F C A ® C(T) be
a finite subset. There exist a finite subset § C A and § > 0 satisfying the
following condition: For any unital G-0-multiplicative completely positive linear
map ¢ : A — B (for some unital C*-algebra B) and any unitary uw € B such
that

(€2.6) le(g)u —up(g)|| < d for all g €8,

there exists a unital F-e-multiplicative completely positive linear map L : A ®
C(T) — B such that

(e2.7) le(f) = L(f@1)|| <e and ||L(1®z2) —ul| <e

for all f € Fy, where z € C(T) is the identity function on the unit circle.

PrROOF. This is well known. The proof follows the same lines as that of 2.1
of [85]. We sketch the proof here. Claim: Suppose that there exists a se-
quence of unital completely positive linear maps ¢, : A — B, for some se-
quence of unital C*-algebras {B,} and a sequence of unitaries w, € B, such
that lim,,_, o ||on(ab) —pn(a)p,(b)|| = 0 for all a,b € A and lim,,—, o ||on (a)u, —
Unpn(a) = 0forall a € A. Then there exists a sequence of unital completely posi-
tive linear maps L, : AQC(T) — B,, such that lim,, . || Ln(a®1c(m)) —@n(a)|| =
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0 and lim, o0 || Ln(1 ® g) — g(uy,)|| = 0 for all g € C(T). As in the proof of 2.1
of [85], the lemma follows from the claim.

Now we prove the claim with exactly the same argument as that of 2.1 of [85].
Consider the C*-algebras C =[], B,, and Co = @, By,. Let 7 : C = C/C)
be the quotient map. Define @4 : A — C by ®4(a) = {¢(a)} for all a € A and
Or: C(T) = C by &r(9) = {g(un)} for all g € C(T). Then mo®P 4 and wo D are
unital homomorphisms such that 7o® 4(a) and To®r(g) commute for each a € A
and g € C(T). Thus, there is a unital homomorphism ¥ : A ® C(T) — C/Cy
such that U(a ® g) = ®a(a)Pr(g) for all a € A and g € C(T). Since A ® C(T)
is amenable, by a result of Choi and Effros, just as in the proof of 2.1 of [85],
we obtain a unital completely positive linear map L : A ® C(T) — C such that
moL = U. Write L(a) = {L,(a)}, where each L,, : A — B,, is a unital completely
positive linear map. Then

(e2.8) lim ||L,(a® lor)) — @nl(a)]| =0 for all a € A and
n—oQ
(e2.9) li_>m IL,(1®g)— g(uy)|]| =0 for all g € C(T),
as desired. O

DEFINITION 2.14. Let A be a unital C*-algebra. Consider the tensor product
A® C(T). By the Kiinneth Formula (note that K,(C(T)) is finitely generated),
the tensor product induces two canonical injective homomorphisms

(€2.10) 8O Ky(A) = K1 (A C(T)) and AW : K (4) - Ko(A® C(T)).
In this way (with further application of the Kiinneth Formula), one may write
(e2.11) Ki{(A®C(T)) = K;(A) ® B Y(K;_1(A)), i=0,1.

For each ¢ > 2, one also obtains the following injective homomorphisms

(€2.12) ) Ki(A,Z/KZ) — K 1 (A® C(T), Z/kZ), i=0,1.
Moreover, one may write

(€2.13) Ki(A®C(T), Z/kZ) = K;(A, Z/kZ)®B D (K;_1 (A, Z/kZ)), i=0,1.

If € K(A), let us write 3(x) for 8 (z) if + € K;(A) and for ,(f) (x) if
x € K;(A,Z/kZ). So we have an injective homomorphism

(e2.14) B:K(A) - K(A® C(T)),
and

(e2.15) K(A®C(T)) = K(A) & B(K(A)).
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Let h : A® C(T) — B be a unital homomorphism. Then h induces a ho-
momorphism h,, x : K;(A® C(T),Z/kZ) — K;(B,Z/kZ), k = 0,2,3,... and
i =0,1. Suppose that ¢ : A — B is a unital homomorphism and v € U(B) is a
unitary such that ¢(a)v = vp(a) for all @ € A. Then ¢ and v determine a unital
homomorphism h : A ® C(T) — B by h(a ® z) = ¢(a)v for all a € A, where
z € C(T) is the identity function on the unit circle T, and every unital homomor-
phism A ® C(T) — B arises in this way. We use Bott(y, v) : K(A) — K(B) to
denote the collection of all homomorphisms h.;—1 k 06,(;), where h : AQC(T) — B
is the homomorphism determined by (¢, v), and we write

(e2.16) Bott(p, v) =0

if huio1 0/3’,(;) = 0 for all k£ and 4. In particular, since A is unital, implies
that [v] = 0 in K;(B). We also use bott; (¢, v) for hy;_108®, i =0,1.

Suppose that A is a unital separable amenable C*-algebra. Let Q C K(A®
C(T)) be a finite subset, let F5 C A be a finite subset, and let F; C A ® C(T)
also be a finite subset. Suppose that (g, %o, Q) is a K L-triple. Then, by
there exist a finite subset § C A and ¢ > 0 satisfying the following condition: For
any unital G-6-multiplicative completely positive linear map ¢ : A — B (where
B is a unital C*-algebra) and any unitary v € B such that

(e2.17) le(g), v]|| < ¢ for all g € G,

there exists a unital F;-e-multiplicative completely positive linear map L: A ®
C(T) — B such that

(€2.18) IL(f®1)— ()l <e for all feTFy and [|[L(1®2) —v| <e,

where z € C(T) is the standard unitary generator of C'(T). In particular, [L]|q is
well defined (see [2.12). Let P C K(A) be a finite subset. There are dp > 0 and
a finite subset Fp satisfying the following condition: if ¢ : A — B is a unital
Fp-dp-multiplicative completely positive linear map and holds for d¢ (in
place of ¢) and Fp (in place of G), then there exists a unital completely positive
linear map L : A® C(T) — B which satisfies (e2.18) such that [L]|g(p) is well
defined, and [L']|g(p) = [L]|g(p) if L’ also satisfies (e2.18)) (for the same ¢ and
v) (see[2.12)). In this case, we will write

(e2.19) Bott(p, v)|o(z) = [L]|g) (z)
for all 2 € P. In particular, when [L]|gp) = 0, we will write
(€2.20) Bott(p, v)|p = 0.

When K, (A) is finitely generated, Homp (K (A), K(B)) is determined by a finitely
generated subgroup of K (A) (see [20]). Let P be a finite subset which generates
this subgroup. Then, in this case, instead of (e 2.20|), we may write

(e2.21) Bott (¢, v) = 0.
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In general, if P C K((A), we will write

(e2.22) botto (¢, v)|p = Bott(p, v)|p,
and if P C K;(A), we will write
(€2.23) botty (¢, v)|p = Bott(p, v)|p.

DEFINITION 2.15. Let A be a unital C*-algebra. Each element u € Uy(A) can
be written as u = et1eth2 ... etk for hy ho, ..., hi, € Ag.,.. We write cer(u) < k
if u = ethietz ... et for selfadjoint elements hy, ho, ..., hy. We write cer(u) = k
if cer(u) < k and u is not a norm limit of unitaries {u,} with cer(u,) < k — 1.
We write cer(u) = k + ¢ if cer(u) £ k and there exists a sequence of unitaries
{un} C A such that u,, € Up(A) with cer(u,) < k.

Let u = u(t) € C([0,1],U(A)) be a unitary. Let Q ={0=1tg <1 < -ty =
b} be a partition of [0, 1]. Define Lo ((u(t))o<t<1) = D iey Ju(t;) — u(ti—1)|, and

(e 2.24) length(u<t))()§t§1 = sup{Lga((u(t))ogtgl : T},
where the supremum is taken among all possible partitions Q. Define
cel(u) = inf {length of (u(t))o<i<1 | u(t) € C([0,1],Un(A)), u(0)) = u, u(l) = 1}.

Obviously, if u = etttz ... et then cel(u) < ||hy|| + ||h2| + - + ||| - In
fact (see [101]),

cel(u 1nf{z Rl :w = 1_[‘3”17 hj € Asa}

j=1

DEFINITION 2.16. Suppose that A is a unital C*-algebra with T'(A) # @.
Recall that CU(A) is the closure of the commutator subgroup of Uy(A). Let
u € U(A). We shall use @ to denote the image in U(A)/CU(A). It was proved
in [112] that there is a splitting short exact sequence

(e2.25)

0 — AfF(T(A))/pa(Ko(A)) U A))/ U CU(M, ))”—fiKl(A) — 0.
In what follows, we will use U(Ms(A)) for U LU (M, (A4)), UO( A)) for

oo
Uo—, Up(M,,(A)), and CU(Mx(A)) for U,—, C ( M, (A)). Let J. (or JA) be a
fixed splitting map. Then one may write

(€2.26)  U(Mxo(A))/CU(Moo(A)) = AfE(T(A))/pa(Ko(A)) & Je(K1(A)).

As in |46], denote by P, (A) the subgroup of Ky(A) generated by the projec-
tions in M,,(A). Denote by p’ (Ko(A)) the subgroup pa(P,(A)) of pa(Ko(A)).
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In particular, pY (Ko(A)) is the subgroup of p(Ko(A)) generated by the images
of the projections in A under the map pa. Let 8 : m (U(Mx(A))) — Ko(A)
denote the inverse of the Bott periodicity isomorphism. Then it is well known
that the image of m1(U(M,(A))), under 3, contains P,(A). (Namely, for any
[p] € Ko(A) represented by a projection p € M,(A), we have B([u]) = [p],
for u € C(T,U,(A)) defined by u(z) = z-p+ (1,, — p), for all z € T.) By
Theorem 3.2 of [112] (see pertinent notation at the beginning of §3 of [112]), if
P (Fo(A)) = pa(Ko(A)), then

Un (M (A4))/CU (M, (A)) = A T(A) [pa(Ko(A)) 2 Up( Mo (A))/CU (Moo (A))

(cf. 146]).

In general, let 7% : Ag . — Ug(Mg(A))/CU(Mg(A)) be defined by the com-
position of r.g : As,. — Aff(T(A)) and the quotient map qx : Aff(T(A)) —
AR(T(A)/pa(m1(Uo(Mp(A)))) = Ug(Mp(A))/CU(Mi(A)), where the last iso-
morphism is given by Theorem 3.2 of [112]. Denote by

Taff + As.a. = Ug(Moo(A))/CU (M (A))
the composition of r,¢ and the quotient map
q: Aff(T'(A)) — AfE(T(A))/pa(Ko(A)).
Suppose that Aff(T(A))/pa(Ko(A)) = Uy(Mp(A))/CU(Mg(A)). Then the
map Tag = 7y defined above can be defined concretely as
(€2.27) Tar (h) = [diag(exp(2mih), 1x—1)] € Up(M(A))/CU(My(A))
for any h € Ag.,, (see Cor 2.12 of [46]). The map 7.g is surjective, since r,g is
surjective.
If A has stable rank k, then K;(A) = U(My(A))/Uy(My(A)). Note that
csr(C(T,A)) < tsr(A)+1=Fk+1.
It follows from Theorem 3.10 of [46] that
(e2.28) Un(Mao(4))/CU (Moo (4)) = Up(My(4))/CU (My(A)),

whence it follows that this holds with U in place of Uy. Then, combining these
facts, one has the split short exact sequence

0= AfE(T(A))/pa(Eo(4)) — U(My(A))/CU(Mg(A))

A

(€2:29) 2 U(Mk(A))/Us(Mi(A)) = 0,
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and one may write
(e2.30)  U(My(A)/CU(M(A)) = Af(T(A)) [pa(Ko(A)) & Jo(K1(A)
(€231) = AR(T(A))/pa(Ko(A)) © J.(U(My(A))/Uo(My(A))).

Note that n‘f‘ o Je. = idg, (a). For each continuous and piecewise smooth path
and {u(t) : t € [0,1]} C U(My(A)), define

1
DO = 5 [ (" nar, + e Ta)

T 2mi

For each {u(t)}, the map D ({u}) is a real continuous affine function on T'(A).
Let
Dia - Uo(Mi(A4))/CU(My(A)) > A(T(A))/pa(Fo(A))

denote the de la Harpe and Skandalis determinant ([18]) given by
Da(w) = Da({u}) + pa(Ko(4)), u € Un(My(A)),

where {u(t) : t € [0,1]} C Mj(A) is a continuous and piecewise smooth path
of unitaries with u(0) = 1 and u(1) = u. It is known that the de la Harpe and
Skandalis determinant is independent of the choice of representative for @ and
the choice of path {u(t)}. Define

(e232)  [Da@)] = mf{[Da{o})ll: v(0) = 1, v(1) =v and v = @},

where [|Da({v})[| = sup, ez [[Da({v}) (7).
Suppose that u,v € U(My(A)). Define

(€2.33) dist(@, ) = inf{||juv* —¢|| : ¢ € CU(M(A))}.

It is a metric. Note that dist(uv=1,1) = dist(w,v) < dist(a, 1) + dist(7,1) =
dist(@, 1) + dist(v—1,1). Define
(e2.34)

. * - — >
d(a,7) = { 2, if uv* & Ug(My(A)), or ||Da(uv®)|| > 1/2,

2mil Da(wod)l _ q,

|le otherwise.

This is also a metric (see the lines preceding Theorem 6.4 of [113]).

Note that, if u,v € Uy(My(A)), then d(uv*, 1) = dist(u, v). Now suppose that
A has the property that p%(Ko(A)) D pa(Ko(A)). This means pY(Py(A)) D
pa(Pi(A)), where Py(A) is the subgroup of Ky(A) which is generated by the
elements in Ky(A) represented by projections in My (A). By 3.6 of |46/,

Uo(M}(A))/CU(M(A)) = Uo(Mm(A))/CU(Mm(A))

for all m > k. It follows from the proof of Theorem 3.1 of [89] that for any uni-
taries u,v € Up(My(A)), d(w,v) = dist(z, ) = inf{||uv*—w| : w € CU(M(A))|l}.
On the other hand, if || D 4(uv*)|| = § < 1/2, then

(€2.35) inf{|luv* —w| : w e CU(Mg(A))||} < 2m0.
See Proposition below for further discussion.
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DEFINITION 2.17. Let A be a unital separable amenable C*-algebra and
B be another unital C*-algebra. If ¢ : A — B is a unital homomorphism,
then ¢ induces a continuous homomorphism ¥ : U(M,,(A))/CU(M,,(A)) —
U(My(B))/CU(Mn(B))  which maps  Up(My(A))/CU(Mp(4))  to
Uo(M,(B))/CU (M, (B))) for each m. Moreover, s o ot = ¢, o kf.

For any finite subset U C U(A), there exists 1 > § > 0 and a finite subset
9§ C A with the following property: If L : A — B is a §-0-multiplicative con-
tractive completely positive linear map, then (L(u)) is a well-defined element in
U(B)/CU(B) for all v € U. Recall that we have assumed that L(14) = p is a
projection in B. Here (L(u)) is originally defined as a unitary in pBp. But we
will also use (L(u)) for (L(u)) + (1 — p), whenever it is convenient, and (L(u)) is
defined to be (L(u)) + (1 —p).

Let G(U) denote the subgroup generated by U and let 1/4m > € > 0. De-
note by G(U) the image of G(U) in U(A)/CU(A). Let V C G(U) be another
finite subset. By the Appendix of [81], there is a homomorphism L* : G(U) —
U(B)/CU(B) such that dist(L*(u), (L(u))) < ¢ for all u € V, if G is suffi-
ciently large and ¢ is sufficiently small. In particular, dist((L(w)), CU(B))) <
e if u € CU(A) N'V. Suppose that u,v € U(A) and dist(@,7) < e. Then
dist(uv*, CU(A)) < e. With sufficiently large § and small §, we may assume that
dist({L(uv*)), 1) < e. It follows that we may also assume that dist(L# (@), L*(7))
= dist(L*(uv=1),15) < 2e.

Note also that we may assume L*((G(U)NUy(A))/CU(A)) C Uy(B)/CU(B).
To see this, let Uy be a finite subset of Up(A) N G(U) which generates Uy(A) N
G(U). (With sufficiently small § and large G—see2.12)), we may assume (L(u)) €
Uop(B) for each u € Up, and [L] is well defined on the subgroup generated by the
image of U in K;(A). Let z € U(B) be such that Z = L#(%). Then there exists
¢ € CU(B) such that [|z((L(u))) "' —(|| < & < 1/2.1t follows that there exists y €
Uo(B) such that z((L(u)))~! = y¢. Since (L(u)) € Uy(B), z € Uy(B)/CU(B).
This proves the assertion above. It follows that s o L*(@) = [L] o x{*([u]) for
all u € G(U), where k¢ : |22, U(M,(C))/ Us—, CU(M,(C)) = K1(C) is the
quotient map for a unital C*-algebra C (see .

In what follows, whenever we write L (associated with U and ¢), U is specified,
and 1/2 > ¢ > 0 is given, we mean that ¢ is small enough and § is large
enough that we may choose LHW as above to be a homomorphism such that,
if u,v € U, then

(€2.36) dist(L*(@), (L(u))) < £/2 and
(€2.37) dist(L* (@), L} (0)) < ¢, if dist(q,7) < /2,
and kP o L¥(w) = [(L (ul)ﬂ [L] o kP (@) for all u € G(U). The latter equa-

tion implies that L¥(w)~*((L(u))) € Uy(B)/CU(B). Note that such a choice is
not unique. However, if LT is another choice which satisfies the requirements
above, then dist(L (@), L*(@)) < ¢ and kP o LT(@) = P o L*(w) for all u € W.
Moreover, for an integer k > 1, we will also use L* for the map on a subgroup of
U(My(A))/CU(My(A)) induced by L®idyy, . Recall also, if e € B is a projection,
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and w € eBe is a unitary, then, we also write w for w + (1 — e) in U(B)/CU(B).
Finally, if eg, e; € A are two mutually orthogonal projections and ¢; : C — e; Ae;
(i =0,1) are two G-6-multiplicative contractive completely positive linear maps,
then we shall write (¢o ® 1) (7) := @ (@)l (@) for u € G(W).

LEMMA 2.18. Let A be a unital C*-algebra and let U € Uy(My(A)) be a finite

subset. There ezists a finite subset H € Ay with rk(H) D U = {u: u €
ULC Up(My(A))/CU(My(A)) with the following property: for any e > 0, there
are a finite subset G C A, § > 0, and n > 0 such that, for any two unital G-6-
multiplicative completely positive linear maps ¢, : A — B (for any unital C*-
algebra B) with the property |T(p(h) —¢¥(h))| <n for all h € H and 7 € T(B),
we have, in Uy(My(B))/CU(My(B)), dist(p*(a),y* () < e for allu € U.

PrROOF. Assume that e < 1/4. For the finite set U, since r,{jﬂ is surjective,

there is a finite set 3 C Ay, such that r5.(H) D U. We may assume that
h € A, for all h € H; otherwise replace h by h+2mml4, for a large enough pos-
itive integer m, which has the same image in Aff(T'(A4))/pa(m1(Up(My(A)))) =
Uo(My(A))/CU(My(A)). For each u € U, there are an h € H and finitely many
unitaries u;, v; € Uo(My(A)) such that [|u*diag(exp(2mih), 1k—1)—][; wjvjujoi| <
£/8. Choose a finite set § C A which contains all the elements h, 14, and all
entries of u, u*, u;, u},v;, v} (as matrices in My(A)) for u € U. Let n = ¢/4n. If
0 > 0 is small enough, then for any unital §--multiplicative completely positive
map ¢ : A — B, gaﬂﬁ can be defined so that

dist (" (7). (p())) < /32,
o ding(exp(2mih), 1—1)) — (p(w))* diag(exp(2mip(h), Li_1)] < /32, and
([T wrvgies) = TLotu)olenolun) (o(o,)*l| < </32.

J
Consequently, in Up(My(B))/CU (M (B)),

dist (¢t (), diag(exp(2mip(h)), 1x_1)) < 3-(¢/32)+¢/8 < /4.

If ¢ : A — B is another unital §-J-multiplicative completely positive map such
that

[7(¢(h) —¥(h))| < nfor all h € H and T € T(B), then by (e2.35),

dist(diag(exp(2mip(h)), 1x_1), diag(exp(2mitp(h)), 1x—1)) < 27n = /2.

Hence dist(p# (@), ¢* (1)) < e for all u € U.
O

The following lemma is known and has appeared implicitly in some of the
proofs earlier. We present it here for convenience.
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LEMMA 2.19. For any 0 < & < 1/2%, any pair of projections p and q, and any
element x in a C*-algebra C, if |p—x*z| < § and ||g—zx*|| < J, then there exists
w € C such that w*w = p, ww* = q, and |jw—=z|| < (4/3)(1 + 6)(5)"/* + 4(5)/2.

For any positive number ¢ < 1/4, and positive integer K € N, there is a
positive number § < € such that the following statements are true:

(a) For any unital C*-algebra C and any C*-algebra Cy C C with 1o, = p,
if e € C is a projection with ||ep — pe|| < § and pep €5 C1, then there exist
projections ¢ € Cy C pCp and qo € (1 —p)C(1 — p) such that

lg—pepll <e and g0 — (1 —ple(l—p)| <e.

(b) Under the assumptions of (a), if unitaries v € C, u € eCe, and w =
u®(1—e) are such that ||lvp—pv|| < 9, |lup—pul|| <9, |lwp—pw| < 6, and pvp €
Cy, pup €s Cy, then there exist unitaries v' € C1 C C, v" € (1 —p)C(1 — p),
and z € qC1q (q as in (a)) such that

[o'=pupl| <, [v"=(A=p)o(1-p)|| <&, llz—quq|l <&, and ||z&(p—q)—pwp|| <e.

(c¢) Under the assumptions of (a), if mutually orthogonal projections ey, ea, ..., €x
€ C and partial isometries sy, S2,...,5x € C satisfy sis; = e and s;s] = e; for
alli=1,2,...,. K, where 1 —e = Zfil ei, and also satisfy

lpe; — eipll <6, peip €5 C1, ||psi —sipll <0, and psip €5 Cy,

foralli =1,2,..., K, then there are mutually orthogonal projections g, €}, €5, ..., €%
/

€ Cy C pCp, qo, €Y, €l ....eY% € (1—p)C(1—p), and partial isometries sy, sh, ..., s
€ C, C pCp, s{,s5,....,s0 € (1 —p)C(1 —p), such that ||g — pep|| < e,

K
||(p—q)—Ze;|| <e, |(s))*si—q| <e,  si(s)*=e€i, forali=1,2,., K,
i=1
and
K
1((1=p)—gqo) =D e/l <&, (s))"s)—aoll <&, s7(s"); =] forall i=1,2,.., K.
i=1

Consequently, [p — q] = K[q] € Ko(C1) and [(1 —p) — qo] = Klqo] € Ko(C).

(d) Let 1/2 > ¢ > 0. Under the assumptions of (a), if {e1,e2,....,em} and
{el,€h,....el } are two sets of projections in C and {vy1,va,...,vm} is a set of
partial isometries such that viv; = e; and v;v; = e;-, and if ui, U, ..., U,
uy, Uy, s up, € C are unitaries such that uj = zju’;, with z; = [Te2, exp(ihg ;)
where hy;j € Csq, j = 1,2,...,m, then there exist & > 0 and a finite subset
F' C C with the following properties:

If |lpx — zp|| < €' and dist(pxp,C1) < 2¢’ for all x € F', then there are

projections e;jo,¢€; 4 € (1 —p)C(1 —p) and vjo € (1 —p)A(1 — p), and there are
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projections ej1, €}, € C1 and vj1 € C, such that |lejo — (1 —p)e;(1 —p)|| <e,
lejr — (1 =ples(1 = p)ll <e, llej1 —pe;pll <e, [l€]1 —pejpl| < e, v]gvjo0 = €0
and Uj,ov;-:o = 63’07 and U;,ﬂ)j,l =ej1 and Uj,l’();:l = 6;}1, and there are unitaries
ujo,ufg € (1 —p)C(1 —p), and hyjo € (1 — p)A(L — p)s.a., and unitaries
uj,l,u;,l € Cy, and hyj1 € (Ch)sa, k=1,2,...,nj + 1, such that ||ujo — (1 —
p)u;(1=p)lll <&, ||[u}o—(=p)uj(1-p) <&, [luj1—pu;p| <e, [[uj,—puipll <e,

= 2ol = ) Tt (il
and ujo = zjoujo and uj1 = zj1u,, where zj0 = [[1) exp(ihkjo) € (1 -

+1 . .
P)A(L —p) and z;1 = [[}24" exp(ihe 1) € C1, with || A1 k0l a1l <€
and [[hjkoll, [[hr g1l < lhejll, 1<k <nj, j=1,2,....,m.

PROOF.  Variations of the first part of the statement are known. In fact, |||z —
pll < V4 (see Lemma 2.3 of [14]). Write = ulz| as the polar decomposition
of z in C**. Then = = ulz| ~ ;5 up = up? ~ /5 u|z|p = wp. Consider the polar
decomposition z* = v(zz*)'/? in C**. Then, similarly, ||z — 2| < 2V/3. Put
y = qzp and 7 := (1 + )V + 8 < 1/16. Then |ly — z| < 4v/5 and ||p — y*y|| <
llz*z|| Vo 4+ 6 < (1 +0)V6 + 6 = n. Also, ||g — yy*|| < 1. Thus, y*y is invertible

in pCp and yy* is invertible in ¢Cq. One computes that ||p — |y| 7| < 1;(% <

(4/3)y/n. Set w = yly|~*. Then [[w —yl| < |lyllllp — |y~ < (1+)(4/3)/n. Tt
follows that ||w — || < (1 + 8)(4/3)/n + 4Vd. As in Lemma 2.5.3 of [63], one
checks that w*w = p and ww* = q.

For the second part of the statement, one notes that it is straightforward to
prove part (a) and part (b) by standard perturbation arguments (see 2.5 of [63]).

For part (c), let e = eg. Let {e;; : 1 < 4,5 < K + 1} be a system of matrix
units for Mg 1. There is a unital homomorphism ¢ : Mg,1 — C defined by
pleii) = ei—1, i =1,2,., K+ 1, and p(e1;) = sj-1, j = 2,3,..., K. Define
¢1: M1 — pCp by ¢1(a) = pp(a)p, and define 3 : Mg41 — (1—p)C(1 —p)
by @a(a) = (1 — p)p(a)(1 — p) for all a € Mgy1, respectively. Fix n > 0.
Then, by semiprojectivity of M1, if ¢ is sufficiently small, there is a unital
homomorphism % : Mg1 — pCp and a unital homomorphism g : M1 —
(1 —p)C(1 — p) such that (note that the unital ball of My is compact)

(e2.38) max{]|p1(a) — ¢1(a)]| : fla] <1} <
and max{]|ps(a) — va(a)] : flall = 1} < n.

Since pep, pe;p, ps;p €5 C1, 1 = 1,2, ..., K, for sufficiently small § we may assume
that there are a; ; € C; such that

(€2.39) [(eiy) —aizll <2n, 1<id,j < K+1.
Then, by semiprojectivity of M1 again (see, for example, 2.5.9 of [63]), with

sufficiently small 1 (in other words, with sufficiently small 0), there is a unital
homomorphism 3 : Mg 1 — C1 such that

(€2.40) sup{|lvs(a) — ¢u(a)] « [lal] <1} <e.



84 GuiHUA GONG, HUAXIN LIN AND ZHUANG NIU

Now let g = v3(e1,1), €] = ¥3(eir1,i+1), s; = ¥3(erir1), @ = p2(e11), € =
wa(eit1,€i41), and s = pa(e1,i+1), ¢ = 1,2, ..., K. One then verifies that part
(c) of the lemma follows.

For part (d), the statement for projections follows a standard perturbation
argument as above. In fact, it is a direct consequence of (a) and the first part of
the statement of the lemma.

To see the second part of (d), let 1/2 > € > 0 be fixed, and let u;,u}, and
hi ; be given. With sufficiently small ¢’ > 0 and sufficiently large finite subset
F', we have

(e2.41) (1 = p)u;(1 —p) = 2} o(1 = p)uj(1 —p)|| <&/16
and ||pu;p — 2 1 pujpll < £/16,

with the qnitaries 2o = [To2, exp(i(1 — p)hy,;(1 —p)) € (1 — p)C(1 — p) and
z}l = HZJ:l exp(ihg, j.1) € C1, where hg i1 € (C1)s.q. With ||hy ;1 — phi p|| < €’
and [|hg g1l < ||hrjll, 7 = 1,2,...,m. Moreover, there are unitaries u;o,u} o €
(1 =p)C(1 - p) and uj,1,u; € Cy such that

(02.42) (1~ p)us (1 — p) — wyoll < /16, (1~ pyis(1 —p) — o]l < /16,
(€2.43) [lpujp — ujal < /16, and |jpujp —uj | < /16,

ji=1,2,...,m. It follows that

(e2.44) lujo — 2j0usoll < e/4 and [luj1 — 27 u) || < /4.

Then, there are hy,; 4150 € (1 — p)A(l — p)s.a. and Ay, 4151 € (C1)s.a. such
that [|h,, 41,54l < 2arcsin(e/4), i = 0,1, and ujo = 2zj0u) o and uj1 = zj1u} 4,
where zj0 = exp(ihn,+1,5,0)2j,0 and 21 = exp(ihn;41,51)251, J = 1,2,...,m.

This proves the second part of (d). O

DEFINITION 2.20. Let C' and B be unital C*-algebras and let p,% : C — B
be two monomorphisms. Consider the mapping torus

(245) M,y ={(f.0): C(10,1], B) & C: £(0) = p(c) and f(1) = (c)}.

Denote by m, : M, — B the point evaluation at ¢ € [0, 1]. One has the short
exact sequence
0—SB % M, ™5 C—0,

where 1 : SB — M, ,, is the embedding and 7. is the quotient map from M,, ,, to
C. Denote by mg,m : M,y — C the point evaluations at 0 and 1, respectively.
Since both ¢ and 1 are injective, one may identify 7, with the point evaluation
at 0 for convenience.

Suppose that [p] = [¢] in KL(C,B). Then M, corresponds to the zero
element of KL(C, B). In particular, the corresponding extensions

0= Ki(B) = K;(Mgy) ™ Ki(C) =0 (i=0,1)

are pure (see Lemma 4.3 of [69]).
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DEFINITION  2.21. Suppose that T(B) # @. Let v € M;(M,,) (for some
integer I > 1) be a unitary which is a piecewise smooth continuous function on

[0,1]. Recall from
1 du(t)

Da({u®)})(r) = /0 (P et for all 7€ T(B).

T 2mi

(see 2.2] for the extension of 7 to M;(B)). Suppose that 7o ¢ = 701 for all
T € T(B). Then there exists a homomorphism

Ryt K1(My,y) — AHE(T(B)),

defined by Ry ([u])(7) = Dp({u(t)})(7) as above, which is independent of the
choice of the piecewise smooth path w in [u]. We have the following commutative
diagram:

Ko(B) N Ki(M,.)
PB "\« v R«:,w

Suppose, in addition, that [p] = [¢] in KK (C, B). Then the following exact
sequence splits:

(¢2.46) 0= K(SB) — K(M,.,) [%] K(C) - 0.

We may assume that [mg] o [0] = [¢] and [m1] o [#] = [¢]. In particular, one may
write K1 (M, ) = Ko(B) @ K1(C). Then we obtain a homomorphism

RlPﬂJ} o 9|K1(C) : Kl(C) — AH(T(B))

We shall say “the rotation map vanishes” if there exists a splitting map 6, as
above, such that R, y 0 0|k, ) = 0.

Denote by Ry the set of those elements A € Hom(K;(C), Aff(T'(B))) for which
there is a homomorphism h : K;(C) — Ko(B) such that A = pg o h. It is a sub-
group of Hom (K (C), Aff(T(B))). If [¢] = [¢] in KK(C, B) and Top = 7o for
all 7 € T(B), one has a well-defined element R, ,, € Hom(K(C), Aff(T(B)))/Ro
(which is independent of the choice of ).

Under the assumptions that [p] = [¢] in KK(C,B), 71 o¢ = 7o for all
7 € T(B), and C satisfies the UCT, there exists a homomorphism 6 : K1(C) —
K1(My,y) such that (7). 0 0] = idg, () and Ry, 0 0] € Ry if, and only if,
there is © € Homp (K(C'), K (M, )) such that

[ﬂ'e] 00 = [ldc} in KK(C,B) and R%w o ®‘K1(C) = 0.

(See the proof of 4.5 of [83].) In other words, R, = 0 if, and only if, there is
© as described above such that R,y o O|k, ¢y = 0. When R,y = 0, one has
that 0(K+1(C)) C kerR,, 4 for some 6 such that (e2.46)) holds. In this case € also
gives the following decomposition:

kerR, , = kerpp @ K1(C).
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DEFINITION 2.22. Let C be a C*-algebra, let a,b € C' be two elements, and
let e > 0. We write a = b if ||a — b|| < €. Suppose that A is another C*-algebra,
Ly, Ly : C — A are two maps, and F C C' is a subset (usually finite). We write

(e2.47) Ly ~. Ly on &,
if |L1(c) — La(c)|| < e for all c € F.

DEFINITION 2.23. Let A and B be C*-algebras, and assume that B is unital.
Let H C Ay \ {0} be a finite subset, and let functions T': A, \ {0} — R, \ {0}
and N : A, \ {0} — N be given. A map L: A — B is said to be T x N-H-full
if for any h € 3, there are by, by, ..., by(n) € B such that ||b;|| < T'(h) and

N(h)

> brL(h)b; = 1p.
i=1

We say L is T x N-full, if it is T x N-H-full for every finite H C A, \ {0}.

PROPOSITION 2.24. Let A, T, N be as in Definition 2.23] Let Hy C Ho C ... C
AL\ {0} and G1 C G2 C -+ C Al be two increasing sequences of finite subsets
such that | J,~; H,, is dense in the unit ball AL of Ay and |J,~, S, is dense in
the unit ball AY of A. Suppose also that, if h € H,, then Jiy2(h) € Hppa U{0}.
Let {0,} be a decreasing sequence of positive numbers with lim,_,~ d, = 0, let
{B.} be a sequence of unital C*-algebras, and let {o, : A — B, } be a sequence
of Gy -0n -multiplicative and T x N -, -full unital completely positive maps. Then
{on} induces a full homomorphism % : A — Q(B), where B = [[7_, B,, and
B =@, B, and Q(B) = B/B°.

PROOF. Denote by S: A — [[>", B,, the map defined by S(a) = {0, (a)} for
all a € A. Note that X = w0 S, where 7 : B — Q(B) is the quotient map. By the
properties of G, and &, the induced map ¥ : A — Q(B) is a homomorphism.
To prove X is full, we need to prove that for any h € A4 \ {0}, X(h) is full in
Q(B). For any h € H,, and for any m > n, there are b}",bg‘,...,b’j\}(h) € B,
such that ||b7*]| < T'(h) and

N(h)

> ) om (Wb = 1g,,.

i=1

Set b; = (0,---,0,b7,b ™ --.). Since [|b7| < T(h) for all n, b; € B, i =
Z1

1,2,..., N(h). Then SN0 7(b,)*S(h)m(bs) = lg(p). That is, (k) is full for

any h € H,. Now let a € Ay with |la]] = 1. Then there exists h € H,, for

some n such that ||a — h?|| < 1/16. It follows from Proposition 2.2 and part (a)

of Lemma 2.3 of [104] that there exists 7 € A such that r*ar = f;/5(h). Since
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llall = 1, ||h|| > 15/16. Thus, fi/2(h) # 0. It follows that f,/5(h) € 3,41. Since
X(f1/2(h)) is full in Q(B), in other words, X(r)*¥(a)X(r) is full, one concludes
that 3(a) is full. Thus, X(a) is full in Q(B) for any a € A, \ {0}. O

2.25. Let A be a unital separable C*-algebra and U an infinite dimensional
UHF-algebra. Write U = |J,-, By, where B, is a full matrix algebra and
B,+1 = B, ® M, for some integer r, — oo and where B, is identified with
B, ®1,, asa (C*-subalgebra of By .

Let p € A® U be a projection, r» € (0,1), and € > 0. Choose ng > 1 such
that r,, > 1/2e. There is a projection ¢ € A ® B, for some n > ng, such that
llg — pl| < 1/2. Then there is k € N such that |r — k/r,| < € and a projection
e = q®¢ with ¢ € M, and t(¢') = k/r,, where tr is the unique tracial
state of M, _ . Moreover, if 7 € T(A) then 7(e) = tr(¢’)7(p). In other words,
|7(e) — r7(p)| < e for all 7 € T(A). We will use this fact later.

2.26. Let A be a unital C*-algebra and let ey, eg, ..., e, be mutually orthogonal
and mutually equivalent projections in A and set p = > ., e;. Let v; € pAp
be partial isometries such that v;vj = e; and viv; = ¢;, i = 1,2,...,n. Then
one may identify pAp with M, (e;Aey). Let C be another C*-algebra and let
¢ : C — e;Ae; be a map. Define ¢; : C — e;Ae; by p;(c) = vip(c)v; for all
c € C. In this paper, we shall often write

n

©248) D pile) = diag(Pe) () ple)) = #(0) @ L

for all ce C.

If a, b€ A and ab = ba = 0, we will write a +b=a @ b.

3. The Elliott-Thomsen Building Blocks To generalize the class of C*-
algebras of tracial rank at most one, it would be natural to consider all sub-
homogeneous C*-algebras with one dimensional spectrum which, in particular,
include circle algebras as well as dimension drop interval algebras. We begin,
however, with the following special class:

DEFINITION 3.1 (See [38] and [31]). Let F} and F; be two finite dimensional C*-
algebras. Suppose that there are two unital homomorphisms g, 1 : F1 — F.
Consider the mapping torus M, ,, (see [2.20):

A = A(F1, Fa,90,01)
= {(f,9) € C([0,1], F») @ F1 : f(0) = ¢o(g) and f(1) = p1(g)}.

These C*-algebras were introduced into the Elliott program by Elliott and Thom-
sen (|38]), and in [31], Elliott used this class of C*-algebras and some other build-
ing blocks with 2-dimensional spectra to realize any weakly unperforated simple
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ordered group with order unit as the Ky-group of a simple ASH C*-algebra.
Denote by € the class of all unital C*-algebras of the form A = A(F, Fa, vo, 1)
(which includes all finite dimensional C*-algebras). These C*-algebras will be
called Elliott-Thomsen building blocks.

A unital C*-algebra C € C is said to be minimal if it is not the direct sum of
two non-zero of C*-algebras. If A € € is minimal and is not finite dimensional,
then kerpg Nkerp; = {0}. In general, if A € €, and kerypg N keryy # {0}, then
A = A1@(kerponkerys ), where A1 = A(FY, Fa, ¢, ¢}), F1 = F{®(kergpgnkerp)
and ¢} = @;|p for i = 1,2. (Note that A1 = A(F], I, ¢p, ¢}) satisfies the
condition kery( Nkerp] = {0}, and that kerpy Nkery; is a finite dimensional
C*-algebra.)

Let A: A — C([0, 1], F3) be defined by A((f,a)) = f. Note that if A is infinite
dimensional and minimal, then X is injective, since kergpg Nkerp; = {0}. As in
Definition of for t € (0,1), define m; : A — F» by m((f,g)) = f(t) for all
(f,g9) € A. For t = 0, define mg : A — @o(F1) C Fs by mo((f,9)) = wo(g) for all
(f,g) € A. For t =1, define m1 : A — ¢1(F1) C Fy by m1((f,9)) = ¢1(g)) for all
(f,g9) € A. In what follows, we will call 7; a point evaluation of A at ¢. There
is a canonical map 7. : A — F; defined by 7.(f,g) = g for all pair (f,g) € A.
It is a surjective map. The notation w, will be used for this map throughout this
paper.

If A € C, then A is the pull-back corresponding to the diagram

(e3.1) A2y C([0,1], F2)

|
| Te J (m0,7m1)
1

(¢o,1)
F — L B Fy.

Conversely, every such pull-back is an algebra in C. Infinite dimensional C*-
algebras in € are also called one-dimensional non-commutative finite CW com-
plezes (NCCW) (see [27] and [28]).

We would like to mention that the C*-algebras C([0, 1], F3) and C(T, F3) are
in C. Suppose that Fy, Fy, ¢ are as mentioned above, and fix a point ¢q € [0, 1].
Define

B ={(f,9) € C([0,1], F2) ® F1 : f(to) = »o(g)}-

Then one easily verifies that B is also in C.

Denote by €y the sub-class of those C*-algebras A in € such that K;(A) =
{0}.

C*-algebras in C are finitely generated (Lemma 2.4.3 of [27]) and semiprojec-
tive (Theorem 6.22 of [27]). We will use these important features later without
further mention.

LEMMA 3.2. Let f € C([0,1], My) and let ag,a1r € M, be invertible elements
with
lao = f(O)| <& and [lay — f(1)]| <e.
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Then there exists an invertible element g € C([0,1], My) such that g(0) =
ag, g(1) = a1, and

If@t)—g®)| <e for all t €[0,1].

PrOOF. Let SCMj denote the set consisting of all singular matrices. Then
Mj, is a 2k2-dimensional differential manifold (diffeomorphic to R2**), and S is a
finite union of closed submanifolds of codimension at least two. Since each con-
tinuous map between two differential manifolds (perhaps with boundary) can be
approximated arbitrarily well by smooth maps, we can find f; € C*°([0, 1], My)
with f1(0) = ag and f1(1) = a1 and ||f1(¢t) — f(¢)|| < &’ < e. Apply the relative
version of the transversality theorem—the corollary on page 73 of [49] and its
proof (see pages 70 and 68 of [49]), for example, with Z = S| Y = M, X =
[0,1] and with 0X = {0,1}—to obtain g € C*([0,1], M}) with ¢(0) = f1(0),
9(1) = f1(1), g(t) ¢ S, and [|g(t) — fr(t)]| < e—&'. Hence, [|f(t) —g(®)] <e,
telo0,1]. O

PrOPOSITION 3.3. If A € C, then A has stable rank one.

PROOF. Let (f,a) bein A with f € C([0, 1], F2) and a € Fy with f(0) = ¢o(a)
and f(1) = ¢1(a). For any € > 0, since F} is a finite dimensional C*-algebra,
there is an invertible element b € F such that ||b— a|| < . Since ¢y and ¢; are
unital, pg(b) and ¢1(b) are invertible. Also,

leo(b) = FO)} <& and [lpr(b) = F()] <e.

By Lemma (applied to each direct summand of F5), there exists an invertible
element g € C([0,1], F») such that g(0) = ¢o(b), g(1) = ¢1(b), and

lg—fll <e.
This is what was desired. O
3.4. Let Fy = MR(l) EBMR(Q) ®-- -@MR(I), let Fo = Mr(l) @Mr(z) ®D-- '@Mr(k)

and let @g, p1 : Fi — F3 be unital homomorphisms, where R(j) and r(i) are
positive integers. Then ¢ and ¢; induce homomorphisms

©ox, P15 1 Ko(F1) = Z — Ko(Fy) = ZF
represented by matrices (a;j)kx; and (b;;)kxi, respectively, where
1 1
r(i) =Y _aiR(G) =Y biR())
j=1 j=1

for i =1,2,...,k. Note that a;; and b;; are non-negative integers. The matrices
(@ij)kxt and (bi;)rx; will be called the multiplicities of ¢y and ¢1, respectively.
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PROPOSITION 3.5 (see also 2.1 of [114]). Let Fy and F» be as in and let
A = A(Fy, Fs, 00, p1), where @1,po : F1 — Fy are two unital homomorphisms.
Then K1(A) = ZF /Tm(po.9 — P1.0) and

U1 U1 V1
() . (%) V2
(632) KO(A) = €EZ ) Pox : = Y . ;
(% (i Uy
R(1)
R(2)
with positive cone Ko(A) NZY , and scale ) € Z!, where
R(l)
U1
V2
Zl = S|y wz0pczZ.
vy

Moreover, the map m. : A — Fy induces the natural order embedding (7e)xo :

Ko(A) = Ko(Fy) = Z; in particular, kerps = {0} (see Deﬁnition for pa).
Furthermore, if Ki(A) = {0}, then Z!'/Ky(A) = K1(Co((0,1), Fy)) is torsion

free, and in this case, [7.]|k,(a,z/kz) 15 injective for all k> 2 andi=0,1.

PrROOF. Most of these statements are known. We sketch the proof here. Con-
sider the short exact sequence

Te

0 —— Co((O,l),FQ) A Fi > 0.

We obtain the exact sequence
(€3.3)

Te %

0 —— Ko(A) E——d Ko(Fl) E—d Ko(Fz) —_— K1(A) —_— O,

where the map Ko(Fy) — Ko(F2) is given by v, — ¢1.40- In particular, (7).
is injective. If z € Ky(A) is such that (m.).o(z) = [p], where p € me(M,, (A
is a projection, then, by (e3.3), ((¢0)<0 — (¢1)0)([p]) = 0, or (po)o([p]) =
(¢1)+0([p]). Therefore, po(p) and ¢;(p) have the same rank. It follows that there
is a projection ¢ € M,,(A) such that w.(q) = p. Thus, (7.)«0(z — [q]) = 0.
Since (m¢)«o is injective, x = [q] € Ko(A)+. This implies that (7). is an order
embedding. This also implies that kerps = {0}. The descriptions of K;(A) (i =
0,1) also follow. The quotient group Ko(F1)/(me)«0(Ko(A)) is always torsion

~ O
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free, since Ko(F1)/(me)«0(Ko(A)) is a subgroup of Ky(Fs). It happens that
Ko(Fl)/(ﬂ'e)*o(Ko(A)) = Ko(FQ) holds if and only if Kl(A) = {O}

In the case that K;(A) = {0}, one also computes that Ky(A4,7Z/kZ) may be
identified with Ko(A)/kKo(A) and K;(A,Z/kZ) = {0} for all k > 2.

To see that [me]|k,(a,z/kz) I8 injective for k& > 2, let 2 € Ko(A,Z/kZ) =
Ko(A)/kKy(A) and let © € Ky(A) be such that its image in Ko(A)/kKo(A)
is Z. If [m.](Z) = 0, then (m¢).«0(x) € kKo(F1). Let y € Ko(Fy) be such that
ky = (m¢)s0(x). Then kj = (m¢)x0(x) = 0 in
Ko(F1)/(7e)«0(Ko(A)). This implies that Ky(F») has torsion, a contradiction.
Therefore [m.]|k,(a/z/kz) is injective for k > 2. Then the rest of the proposition
also follows from O

PROPOSITION 3.6. For fixed finite dimensional C*-algebras Fy, Fy, the C*-
algebra A = A(Fy, Fa,p0,p1) is completely determined (up to isomorphism)
by the maps Qos, P14 : L — ZF.

PROOF. Let B = A(Fy, Fa, ¢}, ¢)) with ©f, = ©ox, ¢1, = @14 It is well known
that there exist two unitaries ug, u; € F5 such that

uppo(a)uy = ¢p(a), a€ Fy, and uypi(a)u; = ¢)(a), a€ F.

Since U(F5) is path connected, there is a unitary path u : [0,1] — U(F3) with
u(0) = up and u(1) = uy. Define ¢ : A — B by

¢(f,a) = (g,¢),

where g(t) = u(t) f(t)u(t)*. Then a straightforward calculation shows that the
map ¢ is a *-isomorphism. (]

3.7. Let F} = MR(U S¥) MR(Q) &b - D MR(l) and Fy = Mr(l) S5 MT-(Q) &)
@ Mgy and let A = (Fi, Fb, o, 1). Denote by m the greatest common
divisor of {R(1),R(2),---,R(l)}. Then each (i) is also a multiple of m. Let

Fi = Mgra) & Mre &P Mry andﬁQZMﬂ S Mre @B Mrx. Let

m m m m m m

00, P1 : ﬁl — ﬁg be maps such that the Ky-maps
Pox, P1s © Ko(Fh) =7 — ZF

satisfy @o« = (aij)kxi and @1+ = (bsj)kxs. That is, @o. and @1, are the same as
w0« and ¢1,. By [3.6]

A(Fy, Fa, 00, 1) 22 My (A(Fy, Fa, Go, 21))-

3.8. It is well known that the extreme points of T'(A) are in canonical one-
to-one correspondence with the irreducible representations of A, which are given
by

(05 1)] U {P17P27 ~-~7Pl} = II‘I’(A),

k
=1

J
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where each (0,1); is the open interval (0,1). (We use the subscript j to indicate
the j-th copy.)

It follows from Lemma 2.3 of [114] that the affine function space Aff(T(A))
can be identified with the subset of

k
&Gc@o.1;,R)eRoRo - OR)

j=1

l copies
consisting of the elements (f1, f2, ..., fx, 91, 92, ..., gi) satisfying the conditions

l

l
1 1
0] > aiig; - and fi( o) Z 0795 T

where (ai;)kxi = wo« and (bij)rx1 = @14 as in

Denote by 7 ; € T(A) the tracial state defined by ¢ ;((g,a)) = trj(7;(g(t)))
for all (g,a) € A, where t € (0,1), tr; is the tracial state of M,;, and 7 :
Fy — M, ; is the quotient map, j = 1,2, ..., k. Denote by 79 ; € T'(A) the tracial
state defined by 79,((g,a)) = tr; o Wj(g(O)) and 71 ;((g9,a)) = tr; o mj(g(1))
for all (g,a) € A. If t — 0 in [0,1], then 7 ; o m;(g(t)) — 70, o m;i(g9(0))
for all (g,a) € A, j = 1,2,...,k, It follows that 7 ; — 70, in (the weak™
topology of) T(A). For exactly same reason 7, ; — 7 ; in T(A) if ¢t — 1 in
0,1]. Lt f = (fi, for o fir 1o g2 1) € AB(T(A)). Then f(m ;) = £;(0) and
f(my;) = f;(1), 5 = 1,2,..., k. Denote by 7.; € T(A) the tracial state defined
by 7e,i((g,a)) = tre i (¥e,i(a)) for all (g,a) € A, where tr.; is the tracial state on
MRy and v ; 1 F1 — MRg(;) is the quotient map, ¢ = 1,2, ..., 1.

If h,h/ € (F1)4 and 7(h) = 7(R') for all 7 € T'(Fy), then, Tr; o mo ¢y and
Trj o mj o 1 are traces of Fi. It follows that

Trj (7 (po(h))) = Trj(mj(po(h)) and Trj(m;(pi(h))) = Trj(m;(p1(h')),

where 7; 1 Fo — M, ;) is the quotient map and Tr; is the standard trace on
M.y, 3 = 1,2,..., k. Furthermore, if hi, ho, .., hm,, b, hh, ... b7, € (F1)4, and

S (b)) = 5™, 7(RL) for all 7 € T(Fy), then

(e3.4) T (; Z = Trj(mj0 000> (hn)))

’
m

= Tij(mj 0 po()_(hL))
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j=1,2,..., k. For exactly the same reason, we have

(€3.5)  Try(m; (Y @1(hn))) =Trj(m; (O w1 (hL))), G =1,2, ...,k

Let f € LAff,(T'(A))+ (seef2.2) and let f,, € Aff(T(A))+ be such that f,, 7 f.
Then

(€3.6) f(r0;) = lim f,(70,:) = lim Za”fn (Te,j) - 7(4)

n—00 n%ooR

l

= Z 1]f Tej 7(4)

(€3.7) and f(m4) = Zb”f Te) - T(G), i =1,2,.... k.

PROPOSITION 3.9. Let A be as in Proposition and let u = (f,a) be a unitary
in A, where a = (a1,as,...,a;) = e € @3:1 Mgy = Fi and where h =
(hllvh’zv"'vh’l) € (Fl)s.a.~ )

(1) Then wv* € Up(A) (hence [u] = [v] in K1(A)), where v = (fe "9, 1p,) and

where
{ (1—2t)po(h), 0<t<3,

(2t —D)p1(h), 2<t<1

g(t) =

(2) If det(u)(vp) = 1 for all irreducible representations ¢ of A, then det(v)(y)) =
1 for all .

(3) Write fe=%9 = (v1,va, ..., vx), where v; € U(Cy((0,1), F2)™). Then, [u] =
(51,82, 86)] € ZF/((¢0)x0 — (#1)(0)(ZF), where s; is the winding number of
the map

[0,1] 5 ¢t —det(v(t)) e TC C(j =1,2,..., k),

(4) If det(u)(vp) = 1 for all irreducible representations v of A, then u € Uy(A).

PrROOF. Let u = (f,a) € U(A). Then a € U(Fy). Therefore, a = e for some
h= (h1,ha, ... ) € @_; Mg = Fi. Define

(1=2t)po(h), 0<t<3,

(3.8) a(t) =
(@2 - Deu(h),  h<t<l.

Ye~ 90 Let U(s) =

Then (g,h) € A. Let v = (f1,1p,), where fi1(t) = f(
1]} is a continuous path

(f(t)em19®)s ih(1=5)) for 5 € [0,1]. Then {U(s) : s € [0,

— T
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of unitaries in A with U(0) = w and U(1) = (f1,1p, ). Therefore uv* € Uy(A).
In particular, [u] = [v] € K;(A). This proves (1).

To prove (2), suppose that det(u(¢))) = 1 for all irreducible representations
¢ of A. Then det(e”) = 1. So we may choose h above so that tr ;(h;) =
0, where tr. ; is the normalized tracial state on Mg, j = 1,2,...,1. Write
9(t) = (91(1), 92(t), -, gi(t)) € C([0,1], F»). Let mp, : Fo — M, () be the quo-
tient map. Then 7, o ¢; : F1 — M,(,,) is a homomorphism. Write ¢;(h) =
(91(2), 92(@), ..., gr (7)), © = 0,1, where gp,(i) € My(my, m = 1,2,...,k. Then
T (9m (1)) = trm(@i(h)), i = 0,1, where tr,, is the normalized trace on M, (),
m = 1,2,....k. Since ¢; is unital, tr,, o ¢; is a trace on Fy, i = 0,1 and
m = 1,2,...,k. Thus tr,,(gn(7)) = 0,7 = 0,1 and m = 1,2,...,k. It follows
that (see ) tr,(g(t)) = 0 for all ¢ € [0,1] and 1 < m < k. In other
words, det(e=91)) = 1 for all ¢ € [0,1], as well as det(e’*) = 1. This implies
det(v(¢))) =1 for all irreducible representations ¢ of A.

For (3), we may write fe™"9 = (v1, vz, ..., v) With v;,(0) = v (1) = 1ar,,,)
where vy, € C([0,1], M, (), m = 1,2,..., k. Thus, we may view v as an ele-
ment of Cy((0,1), F5)™, the unitalization of the ideal Cy((0,1), Fy) of A, and
write v = (v1,va,...,05) € U(Co((0,1), F5)™) (as v = (fe~9,1x,)). Put w’ =
(det(v1(t)), det(va(t)), ..., det(vi(t))) € U(C([0,1]) and w = diag(d1, ds, ..., dx) €
U(C()([O, 1], FQ)N)7 where d,,, = diag(lr(m)_l, det(vm(t))) S U(Co((o, 1), Mr(m))w),
m = 1,2,..,k. Then w € U(Cy([0,1], F2)~). Note det(vw*)(t) = 1 for all

S (07 1) Then in Co([o, 1]7F2)N7 vw* € U()(C'()((O7 1),F2)N) - U()(A)

Let (s1,82,...,55) € Z¥ = K1(Co((0,1), F»)), where s; is the winding number

of the map
[0,1] > ¢t —det(v;(t)) € T C C.

In K1(Cy(0,1), F»), [v] = (s1, S2, ..., Sk). Note that (as uwv* € Uy(A), [u] is the
image of [v] under the map from Ko(Fz) = K1(Co((0,1), F3)) onto K;(A) given

by (e3.3). Thus
[u] = (51,82, ..., 81) € Z¥ /(1. — 0. )(Z}) .

Finally (4) follows from (3) and the facts that A has stable rank one (by .
and stable rank one C*-algebras are Kj-injective by [100].

LEMMA 3.10. Let A = A(Fy1, Fs,¢0,p1) be as in Definition . A unitary
u € U(A) isin CU(A) (see the definition if, and only if, for each irreducible
representation 1 of A, one has det(¢(u)) = 1.

PROOF.  One direction is obvious. It remains to show that the condition is also
sufficient. From Proposition [3.9] above, if u € U(A) with det(y)(u)) = 1 for all
irreducible representations v, then u € Uy(A).
Write F1 = Mp1) ® Mpg2) @& Mgy and Fo = M, (1) © My (2) D+ - - D My
Then, since u € Up(A), we may write u = [["_, exp(i2wh,,) for some h,, €
Ago, n = 1,2,...;m. We may write hy, = (hnr,hng) € A, where h,; €
C([0,1), F3)s.q. and hpq € (F1)s.q. With @;(hng) = hn1(i), i = 0,1. Write hy,y =
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(hnq,l,hnq,g,...,hn%l), where hnq)]’ € (MR(j))s.a.a j=1,2,...,0. Let ﬂ'jFl =
MRp(;) denote the quotient map and set 7, ; = ﬂ']Fl ome, j=1,2,...,1.
For any irreducible representation ¢ of A, as det(¢(u)) =1, > 1" Try (¢ (hy)) €

Z, where Try is the standard (unnormalized) trace on 1)(A) = M, for some
integer n(v)). By replacing each h, with h, + J for a large enough integer
J, one may assume that h, € A and > - Try((hy)) is positive. Put
Hj(t) =Tr; -0 mj(har(t))) and H(t) = (Hq(t), Ha(t), ..., Hy(t)) for t € [0, 1],
where Tr; is the standard trace on M,.;) and 7; : Fo — M,(; is the projection
map, for j =1,2,..., k. Note that H; € C([0,1]) and H;(t) € Z for all ¢t € [0,1],
j=1,2,..., k. It follows that

(€3.9) H;(t)=H,;(0)=H,;(1) for all t€0,1], j=1,2,...,k.
Put b(yp) =Y 0 Try(¢(hy)) for ¢ = mej, j =1,2,...,1.

Since Y| Try((hy)) € Z and is positive, there is a projection p € My (F})
such that Try ((iday ®7rfl)(p)) = b(me,;) for some N > 1, where Tr}, =~ =

Triy®Try, ;, and where Try is the standard trace on My. Write p = (p1, p2, ..., p1),
where p; € My (Mp(s)) is a projection, s = 1,2, ...,1. Then

rank(p,) = Z Tre,s(hng,s);
n=1

where hng = (hng,1, hng2, s Pngt) € F1, where hpgs € (M, (), and where
Tre s is the standard trace on M, (), s = 1,2,...,1. It follows that from (e 3.4)
that

NE

(€3.10)  Trj(m o (iday @ po)(p) = Y Trj(m; © po(hng)) = H;(0) and

n=1

NE

(e3.11)  Trj(mj o (idary @ @1)(p) = Y Trj(m; 0 p1(hng)) = H;(1),

n=1

j=1,2,....k, where Tr} is the standard trace on My (M,;)) and 7% : My (Fz) —
My (M,;y) is the projection map. Then, by (e3.9),

Ty (mj © (idary @ o)(p)) = H;(0) = H;(1) = To'y(m(idary @ 1) (p)),

(

j = 1,2,..,k. It follows that 7’ (iday ® wo)(p)) and 7}(idary ® ¢1)(p)) have
the same rank. Therefore, there is a projection P; € My(C([0,1], M,;))) such
that P;(0) = 7} o (idar, ® wo)(p) and Pj(1) = 7’ o (idar, ® ¢1)(p). Choose P €
My (C([0,1], F3)) such that 7%(P) = P; and put e = (P,p). Then e € My(A).
Note that since P;(t) has the same rank as P;(0) (and Pj(1)), Tr)(P;(t)) =
H;(t) = H;(0) for all t € [0,1], j = 1,2,...,k. Consider the continuous path
u(t) = [, exp(i2mh,t) for t € [0,1]. Then w(0) =1, u(1) = u, and

du(t)
(=

u*(t)) = i2w i 7(hy) for all T € T(A).
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But (see Lemma 2.6 of [61]), for all a € A and 7 € T'(A),

Zastres Te,s(a)) + Z/ trj(mj(a(t)))du;(t),

where 115 is a Borel measure on (0, 1), tre s is the tracial state on Mp(,) and tr;

is the tracial state on M,(;), and o; > 0 and Zi:l s + Z?:l llee5]l = 1. Note
that

(€3.12)  tres(me (D> hn)) = (1/R(s))(Trr, (e (D hn
= (1/R(s))b(me,s)
(€3.13) = (1/R(s))(Try,, ((idnry @77 (p))-

Thus (recall that we write 7(q) = (1 ® Trn)(q) for ¢ € My (A) as in

_Zatreswes —|—Z/ tr( W]Z )))dp;(t)

l
(e3.14) = astre((idar, @) (p +Z / (1/r(5)) H; (t)dp; (t)

l

(€3.15) = atreo((idry ®me s)( +Z / (1/7(5)) T (P (t))dp; (t)

s=1

l

= Z astre o ((idary ®@mes)(e))

k
(3.16) +g /( 1., T ) POy (1) = ()
It follows that
Lot du®)
i )y 7( pm u(t)*)dt = 7(e) for all T € T(A).

In other words, Ds({u(t)}) € pa(Ko(A)) (see [2.16). It follows from Lemma
3.1 of |[112] and the fact that A has stable rank one that u € CU(A) (see also
Corollary 3.11 of [46]). O
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The following statement is known (see [30], [13], and [96]).

LEMMA 3.11. Let u be a unitary in C([0,1], M,). Then, for any € > 0, there
exist continuous functions hj € C([0,1))s.q., j = 1,2, ...,n, such that

lu—w| <e,

where uy = exp(2inH), H = E?Zl hjp; where {p1,p2,...,0n} is a set of mu-
tually orthogonal rank one projections in C([0,1], M), and exp(2imh;(t)) #
exp(2imhy(t)) if j # k for allt € (0,1), and u1(0) = u(0) and ui(1) = u(1).

Furthermore, if det(u(t)) =1 for all ¢ € [0,1], then u1 can be chosen so that
det(u1(t)) =1 for all t € [0,1].

PROOF. The statement follows from Lemma 1.5 of [96] with m =2 and d =1,
whose proof was inspired by the proof of Theorem 4 of [13] for self adjoint
elements (rather than unitaries).

O

LEMMA 3.12. Let A = A(F1, Fa, po, 1) be as in Definition . For any uni-
tary (f,a) € U(A), € > 0, there is a unitary (g,a) € U(A) such that ||g— f|| < e
and, for each block M, ;yCFy = @?:1 M,.(;), there are real valued functions
h{,h%, ...,hf,(j) :10,1] = R such that ¢/ = Z:Lﬂ) hgpi and {p1,p2, ... DPn} is'a set
of mutually orthogonal rank one projections in C([0, 1], M,.(;)) and exp(2imhl(t)) #
exp(2i7rhi, (t)) if s#£ 8" for all t € (0,1). Moreover, if (f,a) € CU(A), one can
choose (g,a) € CU(A).

ProOOF. By Lemma for each unitary f7 € C([0,1], M,;)), one can ap-
proximate f7 by g/ to within e such that ¢7(0) = f(0), g7(1) = f7(1), and for
each t in the open interval (0, 1), ¢/ (¢) has distinct eigenvalues. If (f,a) € U(A),

then (g,a) € U(A), too. On combining Lemma with Lemma [3.10] the last
statement also follows. O

(0) €

J
r(5)

REMARK 3.13. In Lemma _ one may ensure that h?(0), h3(0), ..., h
[0,1), and that, for some § € (0,1), for all ¢ € (0,9),

(e3.17) max{h!(t); 1 <i<r(j)} —min{h!(t); 1 <i<r(j)} <1,

and h{l (t) # hgz (t) for iy # iy. From the choice of g/, we know that for any

t e (0,1), 2, () # 2™, ) That is, hfl (t) — hg2 (t) € Z. This implies that
(e3.17) in fact holds for all ¢ € (0,1). Hence, also,

(€3.18) max{h?(1); 1 <i <r(j)} —min{h!(1); 1 <i<r(j)} <1.

LEMMA 3.14. Let A = A(Fy, F,¢0,¢1) be as in Definition . For any u €
CU(A), one has cer(u) < 2+ ¢ and cel(u) < 4w. Moreover, there ezists a
continuous path of unitaries {u(t) : t € [0,1]} € CU(A) with length at most 4w
such that u(0) = 14 and u(l) = u.
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PROOF. Case (i): the case that u = (f,a) with a = 1p,. By Lemma [3.12} up
to approximation to within an arbitrarily small pre-specified number € > 0, u is
unitarily equivalent to v = (g,a) € CU(A) with g = (91, 92, ..., gx) € C([0, 1], F»),
where, for each ¢ € (0, 1), the unitary

(62wih{(t), e2mih} (1) G2 ) (t))

g;(t) = diag

PIEEEY)

has distinct eigenvalues. (Note that since f(0) = f(1) =1 = ¢g(0) = g(1), the
unitary intertwining the approximation of v and v can be chosen to be 1 at t =
0,1, and therefore, the unitary is in A = A(Fy, F2, 90, 1).) Since v € CU(A),
det(y)(v)) = 1 for every irreducible representation 1) of A (see Lemma [3.10)).
Let N > 1 be an integer such that every irreducible representation 1 of A has
rank no more than N. Then, we may assume that ||u — v| < € < 1/4Nw. So
luv* — 14| < . Write uv* = e for some h € Ay, with ||h| < 2arcsin(e/2) <
1/2N. Note uv* € CU(A). It follows that det(¢(uv*)) = 1 for every irreducible
representation ¢ of A (see Lemma [3.10). Then, Try(¢(h)) € 27Z for every irre-
ducible representation v of A, where Try, is the standard trace on 1(A) = M,y
(for some integer n(¢) < N). Since ||| < 1/2N, |Try(y(h))| < 1/2. It fol-
lows that Try(w(h)) = 0 for every irreducible representation ¢ of A. Define
w(t) = eMv (t € [0,1]). Since Try((ht)) = 0 for every irreducible repre-
sentation ¢ of A, det(y(w(t))) = 1 for each irreducible representation ¢ of A.
It follows from Lemma that w(t) € CU(A) for all t € [0,1]. Note that
w(0) = v and w(1) = u. Moreover, the length of {w(t) : ¢ € [0,1]} is no more
than 2arcsin(e/2). Therefore, without loss of generality, we may assume that
u=v = (g,a) with g as above.
Furthermore, one may assume that

W (0) = hj(0) =+ =hl

(0) =o0.
Since det(g;(t)) = 1 for all t € [0,1], one has h? (t) + h3(t) +--- + hi(j)(t) €Z.

By the continuity of each hi(t), It follows that

r(j)
(€3.19) > hi(t) =0.
s=1

Furthermore, as hi(1) € Z (since g;(1) = 1f,), we know that h(1) = 0 for all
s € {1,2,..,7(j)}. Otherwise, min{h4(1)} < —1 and max{hi(1)} > 1 which

implies that
max{hi(l)} — min{hg(l)} > 2,

and this contradicts Remark [3.13] That is, one has proved that
h = ((h*,h?,---  h¥),0), where h/(t) = diag(h{(t),hé(t),...,hi(j)(t)) is an el-

ement of A = A(Fy, Fy, o, 1) with h(0) = k(1) = 0. As g = > we have
cer(u) < 1+e. We also have tr(h(t)) = 0 for all ¢ € [0, 1].
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It follows from (e3.19) above and max{hi(¢)} —min{hi(t)} <1 (see (e3.18)
S S
in Remark [3.13) that

Ri(t) C (-1,1), tel0,1], s=1,2,...,7(j) .

Hence ||27h|| < 27, which implies cel(u) < 2w. Moreover, let u(s) = exp(is2mh).
Then u(0) = 14 and u(1l) = w. Since tr(s2wh(t)) = 2sm - tr(h(t ) 0 for all
t €[0,1], by Lemma [3.10} one has u(s) € CU(A) for all s € [0, 1].

Case (ii): The general case. In this case a = (a',d?,...,a') with det(a’) = 1
for a? € F}. So o/ = exp(2mwih?) for K/ € F{ with tr(h?) = 0 and ||P7]| < 1.
Define H € A(Fy, Fa, po, 1) by

@o(h',h?, .. hY) - (1=2t), if0<t< 3,
H(t) =
e1(h' R2 R (2t —-1), ifL <t <1

Note H(3) = 0, H(0) = ¢o(ht,h?,...,h"), and H(1) = ¢1(h',h?,...,h!), and
therefore H € A(Fy, Fa, ¢o, ¢1). Moreover tr(H(t)) = 0 for all t. Then u =
u - exp(—2miH) € A(Fi, Fa, o, p1) with u( ) = u/(1) = 1p,. By Case (i),
cer(u') < 1+e¢ and cel(u') < 2, and so cer(u) < 2+¢ and cel(u) < 27+27 || H|| <
47. Furthermore, we note that exp(—2nsH) € CU(A) for all s as in Case (i). O

THEOREM 3.15. Let G be a subgroup of the ordered group Z' (with the usual
positive cone Z ). Then the semigroup G4 = G N Zﬂr is finitely generated. In
particular, one has the following special case:

Let A = A(F1, Fo, 01, ¢2) be in C. Then Ko(A)y is finitely generated (by its
minimal elements); in other words, there are an integer m > 1 and finitely many
minimal projections of My, (A) such that these minimal projections generate the
positive cone Ky(A).

PROOF. Recall that an element e € G4 \ {0} is minimal, if z € G4 \ {0} and
x < e, then x = e. We first show that G \ {0} has only finitely many minimal
elements.

Suppose otherwise that {g,} is an infinite set of minimal elements of G \ {0}.
Write g, = (m(1,n),m(2,n),...,m(l,n)) € Z', where m(i,n) are non-negative
integers, ¢ = 1,2,...;l, and n = 1,2, .... If there is an integer M > 1 such that
m(i,n) < M for all i and n, then {g,} is a finite set. So we may assume
that {m(i,n)} is unbounded for some 1 < i < [. There is a subsequence of
{ng} such that limg_,o, m(i,ng) = co. To simplify the notation, without loss of
generality, we may assume that lim,_,., m(i,n) = co. We may assume that, for
some j, the set {m(j,n)} is bounded. Otherwise, by passing to a subsequence,
we may assume that lim, ,.o m(i,n) = oo for all ¢ € {1,2,...,1}. Therefore
lim,, oo m(,n) —m(i, 1) = co. It follows that, for some n > 1, m(i,n) > m(i,1)
for all ¢ € {1,2,...,1}. Therefore ¢, > g1, which contradicts the fact that g, is
minimal. By passing to a subsequence, we may write {1,2,....,1} = N U B in
such a way that lim, . m(i,n) = co if i € N and {m(é,n)} is bounded if i € B.
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Therefore {m(j,n)} has only finitely many different values for fixed j € B. Thus,
by passing to a subsequence again, we may assume that m(j,n) = m(j,1) for
fixed j € B. Therefore, for some n > 1, m(i,n) > m(i, 1) for all n if ¢ € N and
m(j,n) = m(j,1) for all n if j € B. It follows that ¢, > ¢;. This is impossible
since ¢, is minimal. This shows that G has only finitely many minimal elements.

To show that G, is generated by these minimal elements, fix an element
q € G4\ {0}. If ¢ is not minimal, consider the set of all elements of G, \ {0}
which are strictly smaller than g. This set is finite. Choose one which is minimal
among them, say p;. Then p; is a minimal element of G4 \ {0}, as otherwise there
is one smaller than p;. Since ¢ is not minimal, ¢ # p;. Consider ¢—p; € G4\ {0}.
If ¢ — py is minimal, then ¢ = p; + (¢ — p1). Otherwise, we repeat the same
argument to obtain a minimal element ps < ¢—p1. If g—p1 — p2 is minimal, then
we have the decomposition ¢ = p; + p2 + (¢ — p1 — p2). Otherwise we repeat the
argument again. This process is finite. Therefore ¢ is a finite sum of minimal
elements of G4 \ {0}. O

THEOREM 3.16.  The exponential rank of A = A(Fy, Fa, @0, 1) is at most 3+¢.

PrROOF. For each unitary u € Up(A), as in Proposition u=(f,a) € A
where a = e for some h € (Fy)s.4.. Therefore there is € A, ,. such that
7e(x) = h and hence m.(e’®) = e = a. Therefore one may write u = ve™
for some x € A;,., where v = (g,1p,) with g(0) = g(1) = 1p, € F5. So we
only need to prove the exponential rank of v is at most 2 + . Consider v as
an element in Cy((0,1), F5)~ which defines an element (sy, s, ...,5;) € ZF =
K1(Co((0,1), Fy)). Since [v] = 0 in K;(A), there are (m1,ma,...,m;) € Z' such
that
(81,82, -y 86) = ((1)x0 — (P0)0) (M1, ma, ... my)).

Note that

(p0)+0((R(1), R(2), ..., R(1))) = (p1)«0((R(1),R(2),..., R(1)))
(r(1),r(2),....,7(k)) = [1p,] € Ko(Fs).

Increasing (mq, ma, ..., m;) by adding a positive multiple of (R(l), R(2), ..., R(l)),
we can assume m; > 0 for all j € {1,2,...,l}. Let a = (m1P1,maoPs,...,mP),
where

Pj: . EMR(j)CFl.

Let h be defined by
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Then (h, a) defines a self-adjoint element in A. One also has e2™™"* € C((0, 1), Fy),
since e2M0) = 2mih(1) — 1, . Furthermore, 2™ defines

(p1+ — ©0x) (M1, ma, .oy my)) € ZF

as an element in K;(Co((0,1), F»)) = Z*. Let w = ve~ 2™, Then w satisfies
w(0) =w(l) = 1p, and w € Cy((0,1), F>) defines the element

(0,0, ...,0) € K1(Co((0,1), Fy)).

Up to an approximation to within a sufficiently small ¢, by Lemma [3.12] one
may assume that w = (wq, wa, ..., wi) with, for all j =1,2,...,k,

(1) ;1) = ding(e2miH{, 20 27 )
(2) the numbers ezmh{(t),e2”h§(t)7...,ethi(i)(t) are distinct for all ¢ € (0,1),
and

(3) h{(0) = h}(0) =+ = h,;7(0) = 0.

Since w;(1) = 15,, one has that h!(1) € Z.
On the other hand, the unitary w defines

(1) +h(1) + -+ bl (1) € Z2 Ki(Co((0,1), FY))

which is zero since hJ(0) = h3(0) = --- = h.(j77(0) = 0. From (e3.18)), one has
hl (1) = h], (1) <1 for iy # i. This implies
BL(1) = Bi(1) = - = B ;) (1) = 0.

Hence, h = ((hl, h2, .. hF), O) defines a selfadjoint element of A and w = 27",
O

3.17. Let A= A(Fy, F», 0, ¢1) € C, where F; = Mr(l) S Mr(2) DD Mr(l)
and Fy = Mgy D Mp(a) © -+ © Mp- By we may write (¢o)«0 = (@ij)kxi
and (p1)«0 = (bij)kxi- Denote by m; : Iy — M, ;) the projection map. Let us
calculate the Cuntz semigroup of A.

For any h € (A ® X)4, consider the map Dy, : Irr(A) — Z4 U {0}, for any
7 € Irr(A)

Dy(n) = lim Tr((r ®idgc)(h7))

n— oo

where Tr is the standard unnormalized trace. Then we write

Dy, = (Dilm DIQN sy D27Dh(p1)a Dh(p2)7 ey Dh(pl))7

where D} = D01, satisfy the following conditions:
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(1) D} is lower semi-continuous on each (0,1);,
(2) liminf; o D;P(t) > >, aijDp(pj)= rank(m;(¢o(h))) and
liminf; 1 Dy, (t) > 32, bij Dr(pi)= rank(mi(¢1(h))).

It is straightforward to verify that the image of the map h € (A ® X); — Dy,
is the subset of Map(Irr(A),Z, U {oo}) consisting elements satisfying the above
two conditions.
Note that Dy, () = rank((m ®idg)(h)) for each 7 € Irr(A) and h € (AR K) 4.
The following result is well known to experts (for example, see [15]). We also
keep the notation above in the following statement.

THEOREM 3.18. Let A = A(Fy, Fa,¢0,¢1) € € and let n > 1 be an integer.
(a) The following statements are equivalent:

(1) h e M,(A); is Cuntz equivalent to a projection;

(2) 0 is an isolated point in the spectrum of h; _

(3) Dj, is continuous on each (0,1);, limyoDy(t) = > ;ai;Du(p;), and
lim¢ 1 D}, (t) = 32, bi Di(p;)-

(b) For hi,hy € M,(A)+, hi S ha if and only if Dp,(7) < Dp,(m) for each

~

m € Irr(A). In particular, A has strict comparison for positive elements.

ProoOF. For part (b), without loss of generality, by Subsection we may
assume that hq,hy € A. Obviously, h; She implies Dy, (@) < Dy, (@) for each
¢ € Irr(A). Conversely, assume that hy = (f,a) and hy = (g, b) satisfy Dy, (¢) <
Dy, (¢) for each ¢ € Irr(A).

First, there are strictly positive functions s1,s2 € Co((0,1]) such that s;(a)
and s2(b) are projections in Fj. Note that s;(h;) are Cuntz equivalent to h;
(i = 1,2). By replacing h; by s;(h;), without loss of generality we may assume
that a and b are projections.

Let m; : F» — Mg, be the projection map. Fix 1/4 > & > 0. There exists
61 > 0 such that

IIf () — @o(a)]] < e/64 for all ¢ € [0,24]
and
1f(t) —p1(a)| <e/16 for all ¢ € [1 — 241, 1].

It follows that f./s(f(t)) is a projection in [0,20:] and [1 — 201, 1]. Put hy =
f</s(h1). Note that hg = (f./s(f),a). Then D} (m) is constant in (0,26,] C (0,1);
and [1 —201,1] € (0,1);, ¢ =1,2,...,k. Choose 3 > 0 such that

Dj,. (t) > rank(m;(po(b))) for all ¢ € (0,205]; and
(€3.20) Dy, (t) > rank(m;(p1(b))) for all t € [202,1),,

i = 1,2,...,k. Choose § = min{dy,d2}. Since a < b in F}, there is a unitary

ue € Fy such that uau, = ¢ < b, where ¢ < bis a subprojection. Let ug = o (u,)
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and u; = ¢1(ue) € Fo. Then one can find a unitary u € A such that u(0) = ug
and u(1) = uy. Without loss of generality, replacing hg by u*hou, we may assume
that a = ¢< b.

Let 8 : [0,1] — [0,1] be a continuous function which is 1 on the boundary
and 0 on [0,1 — d]. Let hy = (f2,b — a) with fa(t) = B(t)po(b — a) for ¢ € [0, 4],
f2(t) = B(t)p1(b —a) for t € [1 —4,5], and fao(t) = 0 for t € [0,1 — §]. Define
hy = ho + hs. Note that h} has the form (f’,b) for some f’ € C([0, 1], F3).

Then, for any 7 € (4,1 — ) C (0,1),,

ho < B, Diy () = Dy, (m),
for any w € (0,4) C (0,1),,
rank(h] (7)) < rank(ho(t)) + rank(hs(t))
< rank(m;(po(a))) + rank(mi(po(b — a)))
rank(mi(o(b))) < Dj, (),
(0,1)s,
rank(ho(t)) + rank(hs(t))
rank(m;(¢1(a))) + rank(mi (o1 (b — a)))
rank(mi(p1(b))) < Dj, ().

and for any = € (1 —4,1)
rank (R} ())

ININ N

It follows that
(e3.21) Dy (1) < Dp,(m) for all m € Irr(A).

It follows from and Theorem 1.1 of [102] that k] < he in C([0,1], Fy).
Since C([0,1], F») has stable rank one, there is a unitary w € C([0, 1], F») such
that w*hjw = hy € haC([0,1], F2)ha. Since by = (f',b), ha = (g,b), and b is a
projection, h4(0) = ¢o(b) and hy = ¢1(b). In other words, hy € A. In particular,
hy € hoAhy and hy < ho. Note that w*g;(b)w = @;(b), i = 0,1. By using a
continuous path of unitaries which commutes with ¢;(b) (i = 0,1) and connects
to the identity, it is easy to find a sequence of unitaries u,, € C([0,1], F5) with

un(0) = up (1) = 1p, such that

(e3.22) nhﬁngo wp hiu, = hy.
Notice that u,, € A. We also have that u,hqu’ — hj. Thus, b} < hyg. It follows
that

(€3.23) fe(h1) Sho S Py Sha S he

for all £ > 0. This implies that hy < hs and part (b) follows.

To prove part (a), we note that (1) and (2) are obviously equivalent and both
imply (3). That (3) implies (1) follows from the computation of Ky(A) in
and part (b).

(]
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LEMMA 3.19. Let C € C, and let p € C be a projection. Then pCp € C.
Moreover, if p is full and C' € Cy, then pCp € Cy.

PROOF. We may assume that C' is finite dimensional. Write C' = C(Fy, Fa, g, ¢1).
Denote by p. = 7.(p), where 7, : C — F} is the map defined in

For each ¢ € [0, 1], write m:(p) = p(t) and p € C([0, 1], F») such that m(p) =
p(t) for all ¢ € [0,1]. Then @o(pe) = p(0), ¢1(pe) = p(1), and

(e3.24) pCp={(f,9) € C: f(t) € p(t)F2p(t), and g € peFipe}.

Put pg = p(0). There is a unitary W € C([0, 1], F») such that (W*pW)(t) = po
for all ¢ € [0,1]. Define @ : pC([0, 1], F2)p — C([0, 1], poFapo) by ®(f) = W*fW
for all f S ﬁC’([O, 1]7Fg)§ Put Fll = pFipy and F2/ = poFapo. Define Py =
AdW(0) o po|py and 91 = AdW (1) o @1|pr. Put

C1={(f,9) € C([0,1], F3) & F{ : f(0) =o(g) and f(1) =v1(g)},

and note that C; € C. Define ¥ : pCp — Cy by

(e3.25)W((f,9)) = (®(f),g) for all f € FC(0,1], F2)p and g € F}.

It is readily verified that W is an isomorphism.

If p is full and C € Cy, then, by Brown’s theorem (|9]), the hereditary C*-
subalgebra pCYp is stably isomorphic to C, and hence K;(pCp) = K1(C) = {0};
that is, pCp € Cy. (]

The classes € and € are not closed under passing to quotients. However, we
have the following approximation rersult:

LEMMA 3.20. Any quotient of a C*-algebra in C (or in Cy) can be locally ap-
prozimated by C*-algebras in C (or in Cpy). More precisely, let A € C (or A € Cy),
let B be a quotient of A, let F C B be a finite set, and let € > 0. There exists a
unital C*-subalgebra By C B with By € C (or By € Cg) such that

dist(x, By) < € for all x € F.

PrOOF. Let A € C. We may consider only those A’s which are minimal and are
not finite dimensional. Let I be an ideal of A. Write A = A(E, F, o, ¢1), where
E=FE® - ®FE, B 2 My, and where F' = F1 @ - - - ® Fy with F; = M,, . Let
J={feC(0,1],F) : f(0) = f(1) = 0} C A. As before, we may write [0, 1]; for
the the spectrum of the j-th summand of C([0, 1], F;), whenever it is convenient.
Put ¢;; = mj o : B — Fj;, where 7; : F' — F} is the quotient map, ¢ = 0, 1.
Then A/I may be written (with a re-indexing) as

{(f.a):acE,fe @ CULF) £0;) = Gojla),if 0; € I}, £(15)

1<5<s’

= &1,5(a),if 1; € I;}, (¥)
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where s’ < s,I' <1, E = @i/:l E; and ¢; j = ¢; 5|5 and I; C [0,1]; is a compact
subset.

It follows from [42] that, for any j, there is a sequence of spaces X, ; which
are finite disjoint unions of closed intervals (including points) such that fj is
the inverse limit of a sequence (Xn’j, Sn’n+17j> and each map sy, 41,5 1 Xnt1,j —
Xn,,; is surjective and continuous. Moreover, X, ; can be identified with a disjoint
union of closed subintervals of [0,1]. Let s, ; : fj — X,,; be the surjective
continuous map induced by the inverse limit system.

We may assume that I; = [0,1];, 5 = 1,2,..,# < &, and I[; = INj_ I_If;r, where
1:; C [0,t;] and f;r C [t;r,l] are compact subsets for some 0 < ¢ < t;r <1,
t' < j < . Without loss of generality (by applying [42] to fj_ and to f;‘), we may
assume that, for j > ¢/, each of the disjoint closed interval in X, ; contains at
most one of s,;(0,) and s,;(1;). Let 5% : @, C(Xpy. Fy) — @', C(}, F)
be the map induced by s, ;. Put C; = C(X,.;, F;). We may write C(I;, F}) =
U2, s (C(X 4, Fj)). Then, for all sufficiently large n, for each f € F, there

nlnj

isge G?j:l C; such that g(s, ;(0;)) = f(0;), if 0; € fj and g(sn ;(15)) = f(1;),
if 1j S Ij, and

(e3.26) ||f|1'j —sn0alx, )l <e/4

Note that C; is a unital C*-subalgebra of C(fj, F;), 7=1,2,...;s. Define

C = fe@ ,a € E, f(sn,;(0;)) = @o,(a), if 0; € I;

and f(sn(1))) = ¢1,(a),if 1; € I;}.

Then g in isin C and F C. C. Since each C; is a C*-subalgebra of
C’(fj7 F;), one sees that C is a C*-subalgebra of A/I. Note, X,, ; is either equal
to [0, 1];, or, s,,;(0;) and s, ;(1;) are in different disjoint intervals of X, ;. It is
then easy to check that C' € € (see . This proves the lemma in the case
that A € C.

Now suppose that A € Cy. We will show that K;(A/I) = {0}. Consider the
following six-term exact sequence:

Ko(I) —— Ko(A) —— Ko(A/I)

] J

By Lemma A and A/I have stable rank one. It follows from Proposition 4
of [86] that 4, = 0. Since K;(A) = {0}, it follows that K;(A/I) = {0}.
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Denote by II : A — A/I the quotient map. Set F = @f;l F; and J =
II(J) = TI(Cy((0,1), F)). Note, since Kl(Co(f; \ {5n,;(0;)},F;)) = {0} and
Kl(CO(f+ \ {sn,;(1;)}, Fj)) = {0} (for ¢ < j < &), one obtains K;(J) =
Kl(@z 1 Co((0, 1)j, i) = Ko(@z/:l F;). Consider the short exact sequence
0—.J — A/I — E — 0. Note that K;(E) = 0. Thus we have

0 — Ko(J) = Ko(A/I) = Ko(E) = Ki(J) = K\ (A/I) = K\ (E) = 0.

The fact that Kl(A/I) = {O} implies that the map 693'/:1((3504')*0 - (@Lj)*l)
from Ko(E) to K;(J) = KO(@;,:l F;) is surjective.

Now let Jo = J N C. Then K, (Jo) = K;(J) = Ko(@;/ F;). The short exact
sequence 0 = Jy = C = E — 0 gives the exact sequence

0 —= Ko(Jo) = Ko(C) = Ko(E) = K1(Jo) = K1(C) = K,(E) = 0.

The map from KO(E) to K1 (Jp) in the diagram above is the same as @?:1 ((©0,5)%0—
(1,5)+1) which is surjective. It follows that K;(C) = 0. The lemma follows. O

We would like to return briefly to the beginning of this section by stating the
following proposition which will not be used.

PROPOSITION 3.21 (Theorem 2.15 of [37]). Let A be a unital C*-algebra which
is a subhomogeneous C*-algebra with one dimensional spectrum. Then, for any
finite subset F C A and any € > 0, there exists a unital C*-subalgebra B of A
in the class C such that

dist(x, B) < € for all x € F.

PrOOF. We use the fact that A is an inductive limit of C*-algebras in € (The-
orem B and Definition 1.3 of [37]). Therefore, there is a C*-algebra C' € € and
a unital homomorphism ¢ : C' — A such that

dist(z, p(C)) < /2 for all z € F.

Then we apply Lemma [3.20 O

In [88], the following type of unital C*-algebras (dimension drop circle algebra)
is studied:

(€3.27)  A={feC(T,M,): f(z;) € My, i=1,2,...N},

where {21, xa,...,xn} are distinct points in T, and d; € N such that m;d; = n
for some integer m; > 1.
The following fact will be used later in the paper.

PROPOSITION 3.22. Ewery dimension drop circle algebra is in C.
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PrOOF. Let A beasin (e3.27). We identify T with the unit circle of the plane.
Without loss of generality, we may assume that z; 21 € C,i=1,2,..., N. Then,

A= {feC(0,1],M,) : f(0)= f(1), f(x;) € My,,i=1,2,...,N}.

We write @;vzo C([0,1], My,) = @;V:O C(1;, M,), where I; = [0,1] and we iden-
tify the end points of I; as 0; and 1;, j = 0,1,..., N. We may further write

N+1
A={fe @ CU;,M,): f(0o) = f(In), f(1;) = f(0;41) € My,
j=1
(e3.28) j=1,2,...,N}

Let h; : My, — M, be defined by h;(a) = a®ly,, foralla € Mg,,i=1,2,..., N.
Consider F; = M, ® (@;Vzl My,) and Fy = @ﬁzl S;, where S; = M, Let
o Fy — M, and m; : Fy — My,,i=1,2,..., N, denote the quotient maps. Also
let m : Fy — S; denote the quotient map, i = 0,1, ..., N. Define g : F; — F
by (7% 0 wo)lm, = idar,, (7" 0 wo)lm, = 0, if i # 0, (7° 0 po)|ar,, = hi, and
o 800|Mdi =0,j #i,i=1,2,..,N, and define ¢; : F; — Fy by (7% o
©1)|a, = idas,, where we identify Sy with M, (77 o ¢1)|a, = 0, j # N, and
('t o1)|ar,, = hiand (¢’ op1)|m,, = 0,if j #i—1,i=1,2,.., N. One checks
that both ¢y and ¢ are unital. Define

B={(f,a) € C([0,1], F2) ® F1 : f(0) = ¢o(a) and f(1) = ¢1(a)}.

€ (faa) € B> where f = (fO,flv"'afN)a fl S ([Oa 1]7Mn)7 1= 0713"'3Na
= (ap,a1,...,an), ap € M, a; € My,, i = 1,2,..., N. Then fy(0)
m0(f(0)) = ao and fn(1) = 7N(f(1)) = 7V (p1(a)) =

=

ap.
o(1) = 7°(f(1)) = 7° 0 p1(a) = hi(a1), and f1(0) = 7' (f(0)) = 7" 0 po(a) =
hl(al). SO fo(l) = fl(O) = hl(a1)§ fOI‘j = 1,2,..., s fj(l) = W](f(l ) =7l o
pi(a) = hjt1(a;) and fj41(0) = 7 0 po(a) = hjt1(ay). So fi(1) = f41(0) =
hjti(aj), j =1,2,...,N. Note that we may write C([0, 1], F») = @io C(I;, My).
Then,
N

B = {(fva‘) € (@C(IﬁMn)) : f(OO) = f(]-N)’ f(]-J) = f(0j+1)7 Jj= 1727"'7N}'
i=0

Thus, A = B. Since B€ €, A€ C. O

PROPOSITION 3.23.  Let A be a unital C*-algebra with T(A) # @. Suppose that

p% (Ko(A)) D pa(Ko(A)) (see Definition for the definition of p& (Ko(A))).
Then, for any pair u,v € U(My(A)) with uwv* € Uy(My(A)),

(¢3.29) d(@, ) = dist (3, )

(see . Moreover, if A also has stable rank one, then (e3.29) holds for any
u,v € U(A). In particular, this is true if A € C.
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PrROOF. If u,v € U(My(A)) and uv* € Up(M(A)), then by
(e3.30) d(w,v) = d(uwv*, 1) = dist(uv*, 1) = dist(u, v).

Suppose A also has stable rank one. Let u,v € U(A) with uv* € Uy(A). Let
d(u,7) = § < 2. Let uy = diag(u, 1x—1) and v; = diag(v, 1x—1). By Corollary
2.11 of |46|, for example, there is a € A, ,. such that 7(a) = D4({)(7) for all
7 € T(A) for some piecewise smooth path ¢ in Uy(My(A)) with ¢(0) = uyvf
and (1) = 1, and uyv] = diag(exp(i27a), 1x—1)z for some z € CU(My(A)).
We may assume that w(a) = sup{|7(a)| : 7 € T(A)} < 1/2 as § < 2. Since A
has stable rank one, by Corollary 3.11 of [46], uv* exp(—i2wa) € CU(A). This
implies that

dist(w, ) = dist(uv*,1) = dist(exp(—i2ma),1)
(e3.31) = dist(exp(i27a), 1).

By the first paragraph of the proof of Lemma 3.1 of [113], for any € > 0, there
is h € Ap such that w(a) < |ja — h| < w(a) +e < 1/2. Let b = a — h.
Then, since exp(ih) € CU(A) (see Lemma 3.1 of [112]), dist(exp(i2ma),1) =
dist(exp(i27b), 1) < || exp(i27(w(a) +¢)) — 1||. Since this holds for any £ > 0, we
conclude that

(3.32)  dist(w,v) = dist(exp(i27a), 1) < | exp(i27w(a)) — 1]|.
This holds for any choice of { as above, and therefore,

(€3.33) dist(w, v) < || exp(i27||Da(uv®)||) — 1| = d(w,v).

On the other hand, by definition, d(u,v) = d(exp(i2ma), 1) = 4. If dist((u,v) < 6,
then there is z; € CU(A) such that ||uv*z; — 1|| < § < 2. There exists by € As.q.
such that [|by|| < 2arcsin(6/2) and wv*z; = exp(i2wby). It follows that 7(b) <
2arcsin(6/2) for all 7 € T(A). This implies that d(exp(i27b;), 1) < 6. Note that
[z1] = 0 in K;(A). Since A has stable rank one, z; € Uy(A). Therefore, by

Lemma 3.1 of [112], D 4(z7) = 0. It follows that

Da(exp(i2nby)) = D(uwv*z1) = Da(uv®) + Da(z1)
(e3.34) = Da(uv¥®).

Hence d(uv*,1) = || exp(i2r|| D a(exp(i2mby)||) — 1|| < || exp(i2n]|b1]]) — 1| < 6.
This contradicts the fact that d(@,v) = é. Therefore,

(€3.35) d(u,v) = dist(w, D).

Now, uv* & Uy(A), then, by Definition (see [2.16)), d(u,7) = 2. Suppose that
A has stable rank one. Since each element of CU(A) gives the zero element of
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Ki(A), CU(A) C Up(A). Suppose that [|[uv* — zo|| < 2 for some zo € CU(A).
Then |luv*zs — 1| < 2. It follows that uv*z3 € Uyp(A). Therefore uv* € Up(4), a
contradiction. This shows that dist(u,v) = dist(uv*, 1) = 2.
To see the last part of the statement, let A € €. We note that, by Proposition
A has stable rank one. Moreover, by Theorem there exists k > 1 such
that M} (A) contains a set of projections whose images in Ky(A) generate K(A).
It follows that p¥ (Ko(A)) = pa(Ko(A)). Thus, the lemma applies in this case.
(]

4. Maps to Finite Dimensional C*-algebras

LEMMA 4.1. Let z1,22,...,2, be positive integers which may not be distinct.
Set T = n-max{zz; : 1 < i,j < n}. Then, for any two nonnegative integer
linear combinations a = E?:l a; -z and b = Z?:l b; « z;, there are two integer
combinations ’ =Y jal -z and b =3 b, -z withad =V, 0<a} < ay,
0 <V, <b;, and min{a —a’,b—-b'} <T.

Consequently, if § > 0 and |a—b| < §, we also have max{a—a',b—b'} < §+T.

PROOF. To prove the first part, note first that if min{a, b} < T, we may choose
a’ =V = 0. Therefore it is enough to prove that if min{a, b} > T, then there are
non-zero 0 < a’ =31 jal -z =b =3 " b -z with 0 < a} <a;, 0 <Y} <b,
and min{a —a’,b— b} <T.

Suppose that a, b > T'. Then there is ¢’ such that a; z;; > max; ; z;z;, and there
is j' such that bjrzjr > max; j ziz;. Thus, ayzy > zpzp and byzy > zypzp. It
follows that a; > z; and bjs > z. Then choose a® = a2, and b1’ = bg»})zj,
with ag,l) = z;j and bg}) = z;. Then oM = p)’ > 1 and ag,l) < a; and b;}) < by
Moreover, min{a—a™®’, b—b™"} < min{a,b} —1. If min{a—a®’ b—bpM'} < T,
then we are done, by choosing agl) = 0if 7 # 4 and b§.1) =0,ifj #7.In
particular, the lemma holds if T—min{a, b} < 1. If T—min{a—a™®", b—b1"} > 0,
we repeat this on a — a® and b — b1 and obtain a® < a — a® and b® <
b — b such that a® = b > 1. Put a® =g +a® and b2 = pV)’ + 52,
Note we also have a®" = 3. agz)zi and b = ¥ b§2)zi with 0 < al(-2) < q
and 0 < b§2) < b; for all i. Moreover, a®@ =p@" >q0" 41 >2 Tt follows
that min{a — a®",b — b®"} < min{a,b} — 2. If min{a — a®",b — b} < T,
then we are done. In particular, the lemma holds for T'— min{a, b} < 2. If
T — min{a — a(2)/, b— b(2)l} > 0, we continue. An inductive argument establishes
the first part of the lemma.

To see the second part, assume that a —a’ <T. Then b—b < l[a—b|+7. O

THEOREM 4.2 (2.10 of [82]; see also Theorem 4.6 of |70] and 2.15 of [56]). Let
A = PC(X,F)P, where X is a compact metric space, F is a finite dimensional
C*-algebra, and P € C(X, F) is a projection, and let A : A‘i’l \ {0} — (0,1) be
an order preserving map.

For any € > 0, any finite set F C A, there exist a finite set H; C A}r\
{0}, a finite subset P C K(A), a finite set Ho C As,., and § > 0 with the
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following property: If p1,¢2 : A — M, (for some integer n > 1) are two unital
homomorphisms such that

[p1]le = [@2]|p, trowi(h) > A(fz) for all h € Hy, and
ltrop1(g) —tropa(g)| <& for all g € Ho,

where tr is the tracial state of M,,, then there exists a unitary v € M, such that

(e4.1) JAdw o o1 (f) —2(f)l] < e for all f € 9.

PROOF. We first prove this for the case A = C(X). This actually follows (as
we shall show) from Theorem 2.10 of [82]. Fix ¢ > 0 and a finite subset F. Let
7> 0 be as in Theorem 2.10 of [82].

Let z1,z2,...,xx € X be a finite subset such that X C Ufil B(x;,1/8). Set
Hy ={fi: 1 <i< K}, where f; € C(X), 0 < f; <1 and the support of f;
lies in B(z;,n/4) and fi(x) = 1 if © € B(x;,n/8), i = 1,2,..., K. Choose 0 =
min{A(f;) : 1 <i < K} > 0. Suppose that tr(¢1(fi)) > A(fy), i = 1,2,..., K.
Let O, be an open ball of X with radius at least » > n and with center z € X.
Then x € B(x;,n/8) for some i. It follows that B(xz;,n/4) C O,. Therefore,

(e4.2) Htrop, (Or) 2 trogi(fi) > 0.

Now let v > 0, P € K(A), and Hy C A, ,. (in place of H) be as given by 2.10 of
[82] for the above e, F, n and o (note we do not need to mention § and ¢ since
1 and @y are homomorphisms).

Choose § = v, P, and Hs as above. Then Theorem 2.10 of [82] applies. This
proves that the theorem holds for A = C(X). The case that A = M,,(C(X))
follows easily. By considering each summand separately, it is also easy to see
that the theorem also holds for A = C(X, F).

Now let A = PC(X, F)P. Again, by considering each summand separately,
we may reduce the general case to the case that A = PC(X, M, )P for some
integer r > 1.

Note that {rank(P(x)) : x € X} is a finite set of positive integers. Therefore
the set Y = {& € X : rank(P(z)) > 0} is compact and open. Then we may write
A = PC(Y, M,)P. Thus, without loss of generality, we may assume that P(z) > 0
for all x € X. With this assumption, we may assume that P is a full projection
in C(X, M,). Then, by [9], A® XK = C(X,F) ® X. It follows that there is an
integer m > r and a full projection e € M,,(A) such that eM,,(A)e = C(X, M,).
In particular, e has rank r everywhere. Moreover, there exist an integer m; > 1,
a full projection e in M,,, (eM,(A)e), and a unitary u € My, m(A) such that
u*equ = 14 (we identify 14 with 14 ® e11 in My, m(A4)). In particular, we may
write u*es (M, (eMy,(A)e))eau = A (where we identify A with A ® eqq).

Put B = My,;m(A). Since e € M,,(A4), e € B. Moreover, eBe = eM,,(A)e

mi

and M,,, (eBe) C M, (eM,,(A)e) C My, m(A) = B. Put e; = diag(e,e, ..., €).
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Then we may identify M,,, (eBe) with e;M,,,m(A)er. Set By = M,,,(eBe) =
e1 M, m(A)er C B.Note By & M,,, (C(X, M,)). Put By = es My, (eM,,(A)e)ea
= eaBies. So ey < e; and By = eqBey. Note ey is full in By. Define Aq
BEM\ {0} = (0,1) by Ay((aiy)) = (1/mam) 7™ Afdi) for 0 < (a;5) < 1in
B\ {o}.

Fix ¢ > 0 and a finite subset ¥ C A. Without loss of generality, we may
assume that [ja]] < 1 for all @ € F. Put F; = {ufu* : f € F} U {ea}. Let
g1 = min{e/15,1/3 - 64}. Let Py C K(Bj) (in place of P), H; C By \ {0} (in
place of H;), and let H, C (Bi)s.4. (in place of Hsz), and ¢’ > 0 (in place of
d) denote the finite subsets and constant provided by the theorem for the case
A = C(X,M,) for Ay, e1, and F; (and for B; instead of A). Without loss of
generality, we may assume that [e4] and [e1] € Py.

Notice that By C M, m(A). Let Hy € AL \ {0} be a finite subset such that
a finite subset of the set {(bi j)mimxmim € B1 \ {0} : bi; € H} contains H;. We
may view P; as a finite subset of K(A) since AQ K = B; @ K. Let Hy be a finite
subset of A such that {(a;;) : a;; € Hy} D Hb. Note if (ai ;) € Mpmym(A)s.a.,
then a;; € Ay 4. for all i. Choose § = ¢'.

Now suppose that ¢1, @2 : A — M, (for some integer n > 1) are two unital
homomorphisms which satisfies the assumption for the above 3y, Hs, P; (in
place of P) and 4.

Set ¢ = (p; @ idym,m). Define @; = @B, : B1 = Mpmymn, @ = 1,2. Note
that

(€4.3)  @i(a) = o7 (u")@i(uau™)p; (u) for all a € A, i=1,2.
Then,

(e4.4) [p1]lp, = [@2]lp, -
In particular, [@1(e1)] = [@2(e1)]. Therefore, replacing ¢1 by Adw o ¢; with a
unitary w in My, mn, without loss of generality, we may assume @;(e1) = @a(eq).
Put ' = @1(61)Mm1mn¢1(61) & Mpmyrn.

Then, for any h = (h; ;) € H/,

mim

(e4.5) t(@1(h) = (/mim) > 7(p1(his) = Aq(h),

i=1
where 7 is the tracial state of M,, and ¢ is the tracial state of M, (M,,). Denote
by ¢ the tracial state of F. Then, by (e 4.5),
(e4.6) H(@1(h) = A1(h) for all h e H,.
Ifh= (hi,j) S J{IQ, then

mim

(e4.7) [H(@1(h) = t(@2(W)] = (1/mam) Y |r(pr(hig) = T(a(hii))]
i=1

mim

(1/mym) Z §=04.

IN

(e4.8)
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It follows that

(e4.9) IE(@1(h)) — EH(2(h))] < & for all h e K,

Since (as shown above) the theorem holds for M,,, (C(X, M,)) = By, by (e4.4),
(e4.6), and (e4.9), we conclude that there is a unitary wy € F' such that

(e4.10) [Adwy o ¢1(a) — @2(a)| < &1 for all a € F.

Note that uau* € F; if a € F. Set we = wipy (u*)w15 (u). Then, by (e4.3) and
FL10),

Adwiwzopi(a) = wywiey (u) G (uan®)eT (w)wiw;
(e4.11) = wiwiey (u) wiwi g (uau”)wiwi ey (u)wiws
(e4.12) ~ae, 3 (u”)(Adwy o @1 (uau™))py (u)
(e4.13) Re, Pa(u”)Pa(uau®)pa(u) = @a(a).

Denote by eg the identity of M,,. We also view eg as an element of M,,, mn. Note
that ¢1(14) = p2(14) = eg. The above estimate implies that ||egw;wieqwiwaeqg—
eo|| < 3e1. Thus there exists a unitary ws € eg M, mneo = M, such that, as an
element of M, mn, ||ws — egwiwaep|| < 6e1. Thus we have, for all a € A,

(e4.14) |Adwz o p1(a) — p2(a)]| < (6 4+ 3+ 6)e; < e for all a € F.

O

Recall that Ko(M,,) = Z and K¢(M,) = {0}. So, if X is connected, then, for
any two unital homomorphisms @1, @s : C(X) — M, [p1] = [p2] in KL(C(X), M,).

y P P1, P ) 1P (2 )

We state the following version of 2.10 of [82] for convenience.

THEOREM 4.3 (see 2.10 of [82], Theorem 4.6 of [70] and 2.15 of [56]). Let X be
a connected compact metric space, and let C = C(X). Let F C C be a finite set,
and let € > 0 be a constant. There is a finite set Hy C C1\{0} such that, for
any o1 > 0, there are a finite subset Ho C C' and o2 > 0 such that for any unital
homomorphisms @, : C — M, for a matriz algebra M, satisfying

(1) @(h) > o1 and Y(h) > o1 for any h € Hy, and
(2) |trow(h) —trow(h)| < o for any h € Ha,

there is a unitary u € M, such that
[o(f) —w"(flull < e forany f €T

REMARK 4.4. Let X be a compact metric space and let A = C(X). Then
C(X) = limy 00 C(Y;,), where each Y, is a finite CW complex. It follows that
C(X, M,) = lim,_, o C(Y,, M,) for any integer r > 1. Let P € C(X, M,) be a
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projection. Consider A = PC(X, M, )P. Note, since the rank function is con-
tinuous and has integer values, that {x € X : P(x) > 0} is a clopen sub-
set of X. Thus, without loss of generality, we may assume that P(z) > 0 for
all z € X. In particular, P is a full projection in C(X, M,). We also have
A = lim, o P,C(Y,, M,)P,, where P, € C(Y,, M,) is a projection. Let
hy + P,C(Y,,M,)P — A denote the homomorphism induced by the induc-
tive limit. Without loss of generality, we may assume that P,(y) > 0 for all
yeYy,n=12,..

Suppose that o1,¢92 : A — M, are two homomorphisms. Then (p;). = 0,
i =1,2. Let P € K(A) be a finite subset and denote by G be the subgroup
generated by P. There exists an integer n > 1 such that G C [h,](K(C(Yn))).
Define G = [h,](K(C(Yy,))). Suppose that {p;,ps, ..., p} in C(Y,,) are mutually
orthogonal projections which correspond to k different path connected compo-
nents Yy, Ya, ..., Yg of Y with | [\, ¥; = Y. Fix & € Y;, Let C; = Co(Y; \ {&}),
i = 1,2,...,k. Since Y; is path connected, by considering the point evaluation
at &, it is easy to see that, for any homomorphism ¢ : PC(Y,, M, )P — M,,
[¢llx(ci) = 0. Let Py = Pyly;, i = 1,2,..., k. We may assume that h, (P, ;)(x)
has two rank values r; > 1 or zero. Suppose that 7o ¢1(P,;) = 7 0 p2(Ppi),
i =1,2,...,k. Then [p1]([p:]) = [2]([p:]), i = 1,2, ..., k. It follows that [ 0 h] =
[p2 0 h] in KL(C(Y), M,,). One then computes that

(e4.15) [a]lp = [2]| .

We will use this fact in the next proof.

LEMMA 4.5. Let X be a compact metric space, let F' be a finite dimensional
C*-algebra and let A = PC(X,F)P, where P € C(X,F) is a projection. Let
A A1\ {0} — (0,1) be an order preserving map.

For any € > 0, any finite subset F C A and any o > 0, there exists a finite
subset H; C Ai \ {0}, a finite subset Ho C Agq., and § > 0 satisfying the
following condition: If p1,¢2 : A — M, (for some integer n > 1) are two unital
homomorphisms such that

Topi(h) > A(h) for all h e Hy, and
[Top1(g) —Towa(g)| <6 for all g € Ha,

then, there exist a projection p € My, a unital homomorphism H : A — pM,p,
unital homomorphisms hi,he : A — (1 — p)M,(1 — p), and a unitary u € M,
such that

[Adwo@i(f) = (ha(f) + H()I <e,
lp2(f) = (he(f) + H(f) <€ for all f€F,
and 7(1 —p) < o,

where T is the tracial state of M,.
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PrROOF. Note that we may rewrite A = PC(X, M,.)P for some possibly large
T
Let Ay = (1/2)A. Let P C K(A) be a finite set, 7} € AL \ {0} (in place of
J1) be a finite set, Hy C As,. (in place of Hs) be a finite set and §; > 0 (in
place of J) be required by for /2 (in place of €), F and A;.
Without loss of generality, we may assume that 14 € F, 14 € H} C H} and
Hhy € AL\ {0}. So, in what follows, H5 C AL \ {0}. Put

(e4.16) oo = min{A;(g) : g € H5}.

Let G be the subgroup generated by P and let G be as defined in Remark
We keep the notation of Set Qi = hn(Pni), @ = 1,2,..., k. Denote by
hpx : X — Y, the continuous map induced by h,. Let Py = {[@Q1], [Q2], .-, [Qk]}
and let 7; > 1 denote the rank of Q;(x) when Q(x) # 0 (see [£.4).

Let Hy =HU{Q;: 1 <i<k}and Ho = H,UH;. Set 07 = min{A(§) : g €
Hs}. Let r = max{ry,ra, ..., 7t }. Choose 6 = min{og-0/4kr, 0g-01/4kr,01/16kr}.

Suppose now that @1, ps : A — M, are two unital homomorphisms described
in the lemma for the above H;, Hy and A.

If z € X, denote by 7, : A — M, the point evaluation at x. We may
write ¢ (f) = by (S5 s (me, () for all f € P(C(X, M,)P (j =
1,2), where hp.(si;) € Yo, ¥sij @ My, — M, is a homomorphism such
that 1/1371-,]-(1M”) has rank r;. Note that z,; ; may be repeated, and ¢;(Q;) =
ST i i (s (Qs))y s = 1,2, .., k, j = 1,2. Note also that v, ; ; (s, , . (Qs))
has rank r,, and the rank of ¢;(Qs) is n(s,j)rs, 1 <s <k, j=1,2,

We have, 1 =1,2,...) k,

417)  (D)ln(i.) =02 = |roei(Q)~ 70w (@)l <4,

where 7 is the tracial state on M,,. Therefore, by comparing the ranks of ¢;(Q;),
1 <i<k(j=1,2), one finds a projection Py ; € M,, such that

(64.18) T(Po’j)<k‘(5<0'0-0', j=12

and rank(P 1) = rank(Pp 2), and unital homomorphisms ¢1 9 : A — Py 1M, Py 1,
®2.0 - A — P072MnP072, Y11 - A — (1 — P071)Mn(1 — PQJ) and 1,2 - A —
(1 — PO,Q)Mn(l — P072) such that

(e4.19) P11 =910 D P11, P2 =p20Dp21,
(8420) TOSDI,I(Q'L') :TO(PI,Q(Qi)v 1= 1,2,...,k.

Replacing ¢1 by Adv o ¢1, simplifying the notation, without loss of generality,
we may assume that Py1 = FPp . It follows from (e4.20) that (see

(e4.21) [p1all = [p2,1]]2-
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By (e 4.18) and the choice of o¢, we also have

(e4.22) Top11(g) > A1(g) for all g € H| and
(e4.23) |Tow11(9) —Towi2(9) < oo-dp for all g € Hj,.

Therefore,
(e4.24) topi1(g) > A1(g) for all g € H| and
(€4.25) [top11(g) —towia(g)l <y for all g €3,

where ¢ is the tracial state on (1 — P;o)M,(1 — P1). By applying there
exists a unitary vq € (1 — Py0)M,(1 — P1o) such that

(e4.26) [Ad vy o1 1(f) —2,1(f)]| <e/16 for all f e F.

Put H = @31 and p = P; 9. The lemma follows.
O

COROLLARY 4.6. Let X be a compact metric space, let F be a finite dimensional
C*-algebra, and let A = PC(X, F)P, where P € C(X,F) is a projection. Let
A Ai’l \ {0} — (0,1) be an order preserving map. Let 1 > a > 1/2.

For any € > 0, any finite subset F C A, any finite subset Ho C AL \ {0}, and
any integer K > 1, there are an integer N > 1, a finite subset 3; C A% \ {0},
a finite subset Ho C Agq., and 6 > 0 satisfying the following condition: If
V1,02 + A — M, (for any integer n > N ) are two unital homomorphisms such
that

Topi(h) > A(h) for all h e Hy, and
|7 0w1(g) —Towa(g)] <d for all g € Ha,

then there exist mutually orthogonal non-zero projections ey, ey, €s, ...,ex € My,
such that ey, es,...,ex are equivalent, eg < ey, and ey + Efil e; = 1y, and
there are unital homomorphisms hi,hy : A — egMyeg, ¥ : A — ey Mpey and a
unitary w € M, such that

K
[Adwo @1 (f) = (ha(f) + diag(¥(f), ¥ (f), -, v (S <e,
K
le2(f) = (ha(f) + diag(¥(f), o (f), -, (NI < e for all f €T,

A9)

and ToY(g) > a—" for all g € H,

where T is the tracial state of M,,.
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PrOOF. By applying it is easy to see that it suffices to prove the following
statement:

Let X, F,P A and « be as in the corollary.

Let € > 0, let § C A be a finite subset, let Hy C A% \ {0} and let K > 1.
There are an integer N > 1 and a finite subset 3; C A% \ {0} with the following
property:

Suppose that H : A — M,, (for some n > N) is a unital homomorphism such
that

(e4.27) To H(g) > A(g) for all g € H,.

Then there are mutually orthogonal projections eg, ey, e, ..., eax € My, a unital
homomorphism ¢ : A — ey M, eg, and a unital homomorphism % : A — e; M, e1
such that, for all f € F,

2K

AU o H(f) = (o(f) & diag((f), & (f), - (NI < &
and 7o 9(g) > alA(g)/2K for all g € Hy

for some unitary U € M,,. (Note 2K is used since we will have h;(14) ® eg <
e1 + eo (Z = 1,2)

We now prove the above statement. We may rewrite A = P(X, M,.) P for some
large integer 7. Note that there are finitely many values of the rank of P(z). Thus,
we may write A = A; @ Ay @ --- @ A, where each A; = P,C(X;, M,)P;, X;
is a clopen subset of X and P;(x) has constant rank for z € X;, i = 1,2,...,m.
Considering each summand separately, without loss of generality, we may assume
that A = PC(X, M, )P and P has constant rank, say ro.

Put

(e4.28) o0 = ((1 —a)/4) min{A(g) : g € Ho} > 0.
Let 1 = min{e/16, 09, 1/2} and let F3 = F U Hy. Choose dy > 0 such that
(e4.29) |f(z) — f(2")] < ey for all fe€ Ty,
provided that x,2’ € X and dist(x,z") < dp.

Choose &1,&3,...,&m € X such that Ujm=1 B(¢&,do/2) D X, where B(,r) =
{z € X : dist(z,£) < r}. There is d; > 0 such that d; < dp/2 and
(e4.30) B(&j,d1) N B(&,dv) = &,
if i # j. There is, for each j, a function h; € C(X) with 0 < h; <1, hj(z) =1if
S B(gj,dl/Z) and h](x) =0ifzx g B(fj,dl). Define H; = Ho U {]’L] 1< <
m} and put

(e4.31) o1 =min{A(g) : g € H; }.
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Choose an integer Ny > 1 such that 1/Ny < o1 - (1 — a)/4 and N = 4rgm(Ng +
1)2(2K + 1)%

Now let H : PC(X, M, )P — M, be a unital homomorphism with n > N
satisfying the assumption (e4.27). Let Y7 = B(&,do/2) \ U~y B(&iydh), Yo =
B(&2,do/2)\ (Y1UULL, B(&i, dh), Y; = B(&5,do/2)\ (U2, YiUULL; 1 B(&i,da)),
j=1,2,..,m. Note that Y; NY; = @ if i # j and B({;,d1) C Y;. We write that

B =Y tm(D) = D0 3 il (1)

j=1z;€Y;
(e4.32) for all f e PC(X,M,)P,

where 7, : A — M,, is a point evaluation and ¢; : M,, — M, is a homomor-
phism such that v¢; : M, — p; Myp;, is a unital homomorphism with multiplicity
1, and where {p1, p2, ..., Pk, } is & set of mutually orthogonal rank r¢ projections
in My, n = korg, and 1,9, ...,Tk, are in X (some of the x; could be repeated).
Let R; be the cardinality of {z; : z; € Y;}, counting multiplicities. Then, by

(e4.27), for j =1,2,...,m,
R; > N7o H(h;) > NA(h;)
(e4.33)

v

mro(No +1)2(2K +1)%0y
mro(No + 1)(2K + 1)2.

v

Write R; = S;2K + r;, where S; > No2Kmrg and 0 <r; < 2K, j=1,2,...,m.
Choose 1,252, ..., %jr; i {z; : x; € Y;} and set Z; = {xj1,2j2,..., %5}
7 =1,2,...,m, counting multiplicities.

Then, we may write

m Tj

i=1 z;,€Y;\Z; j=1 i=1
for f € C(X). Note that the cardinality of {z; : ; € ¥; \ Z;} (counting mul-
tiplicities) is 2K.S;, j = 1,2,...,m. We write, counting multiplicities, {z; : z; €
Y;\Z;} = Uifl Q,;, where each Q ; has exactly S; points in {z; : z; € Y;\ Z;},
counting multiplicities. Put e = Zzieﬁk_j pi, k=1,2,...,2K. Then each e; has
rank (370, Sj)ro, k= 1,2,...,2K. Define

@439 A7) = (vl () and
m m 2K

130U = Y Y wilre (D) =20 X v, (1)
j=1 z,€Y;\Z; J=1 k=1 2,€Q

431 = YO0 wilme, (1) = Y Tyl (1),
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where ¥y, ; is a direct sum of .S; homomorphisms 1; with z; € Q. ;. We estimate
that

(e4.38) IH(f) = (p(f) ® T(N)] < &1 for all f € Ty,

Note that each ; is unitarily equivalent to ;. So each ¥y, ; is unitarily equiv-
alent to S; copies of 9. It follows that, for each k, Z;nzl Wy, j o 1, is unitarily
equivalent to ¥ := ZT:1 WUy j ome,. Thus there is a unitary U; € M, such that

2K

(e4.39) AdU; o ¥(f) = diag((f),v(f),...,v(f)) for all f e A.

Put eg = 32701 (32,,e7, )pi- Then e has rank 377%, ;9. Moreover, ¢ is a unital
homomorphism from A into eqgM,eg. Note that

m
rank(eg) = Z rjro < mro2K and
j=1

(e4.40) S; > No2Kmro > mro2K, j=1,2,..,2K.
It follows that eg < e; and e; is equivalent to e;. Thus, by (e4.38), for some
unitary U € M,

2K

AU o H(f) = (¢(f) @ diag(¢(f),»(f), - (M) <ex
(e4.41) for all f e J;.

We also compute that, for all g € Hy,

mro2K S A(G)

(e4.42) To(g) > (1/2K)(A(§) —e1 — No2Kmra) = o

O

REMARK 4.7. If we also assume that X has infinitely many points, then Lemma
holds without mentioning the integer N. This can be seen by taking larger
H; which contains at least N mutually orthogonal non-zero elements. This will
force the integer n to be larger than N.

DEFINITION 4.8. Denote by Dy the class of all C*-algebras with the form
PC(X, F)P, where X is a compact metric space, F' is a finite dimensional C*-
algebra, and P € C(X, F) is a projection. For k > 1, denote by Dy, the class of
all C*-algebras with the form:

A={(f,a) e PC(X,F)P® B : f|z =T(a)},
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where X is a compact metric space, F' is a finite dimensional C*-algebra, P €
C(X,F) is a projection, Z C X is a non-empty proper closed subset of X,
B € D,, forsome 0 <m < k,and ' : B — P|zC(Z, F)P|z is a unital homomor-
phism, where we assume that there is dx z > 0 such that, for any 0 < d < dx 2,
there exists s¢ : X4 — Z such that, for all x € Z and f € C(X, F),

(e4.43) st@) =@ and lim 7|7 08¢~ flzall =0,

*

where X4 = {z € X : dist(z, Z) < d}. We also assume that, for any 0 < d <
dx.z/2 and for any d > § > 0, there is a homeomorphism 7 : X\ X479 — X\ X¢
such that

(e4.44) dist(r(z),z) < 0 for all z € X \ X472,

In what follows, as in we will use A : A — PC(X, F)P for the homomor-
phism defined by A((f,b)) = f for all (f,b) € A.

Note that, Dy_1 C Dy. Suppose that A, B € Dy,. Then, from the definition
above, it is routine to check that A @ B € Dy,.

Let A,, be a unital C*-algebra in D,,,. For 0 < k < m, let A;, € Dj, such that
Agy1 ={(f,a) € Poy1C(Xit1, Fio1) Pey1® Ay ¢ flz,p, = Lrya(a)}, where Fi iy
is a finite dimensional C*-algebra, P11 € C(Xg41, Frt1) is a projection, I'gyq :
A = Pei1C(Zky1, Fii1)Pry1 is a unital homomorphism, £ =0,1,2,...,m — 1.
Denote by 8k+1 : Pk+1C(Xk+1, Fk+1)Pk+1 — Qk-‘,—lC(Zk-&-l, Fk+1)Qk+1 the map
defined by f — fl|z,., (Qk+1 = Pry1lz,.,). We use SRR Apy1 — Ay for
the quotient map and Agy1 : Agr1 — Prr1C(Xkt1, Fra1)Prs1 for the map
(f.0) = f.

For each k, one has the following commutative diagram:

(8445) Ak ****** 4 PkC(Xk,Fk)Pk

[
I (R l Ok
4

Ik
Ay ————— QiuC(Zk, Fr)Qx.

In general, suppose that A = A,, € D,, is constructed as in the following
sequence

Ay € Dy,
A1 = PC(Xa, )P 8 c(z:,7)Q: Ao
Ay = PC(Xo, F2)Po ©q,c(2s, )0, A1+,

Am = PmC(Xm7 Fm)Pm EBQmC(Zm,Fm)Qm Amfla
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where Q; = Pj|z,, i = 1,2,...,m. With 7 and Ar above we can define the
quotient map Il : A = A,, — A, and the homomorphism A : A = A4,, —
P,.C(Xy, Fy,) Py, as follows:

I, = 7+ o 7 (-42) o . o g(m=1) ¢ 7 (m) and A = A oIl.

Combining all A we get the inclusion homomorphism

A:A— @PkC(Xk,Fk)Pk
k=0

with Xy being the single point set. In particular, A is a subhomogeneous C*-
algebra. For each k > 1, we may write

Py (C( Xy, Fi,)) Py
= Pp1C(Xg, My(r,1)) Pr,t © ProC( Xk, My ,2)) Pr2
b @Pk,tkC(Xk‘v Ms(k,tk))Ptkv

where Py ; € C(Xy, My, ) is a projection of rank r(k, j) at each x € Xj. For
each z € Xy and j <t; and f € A, denote by 7, ;)(f) € M, ) the evaluation
of the j*" component of Ay (f) at the point z. Then for each pair (z, 7), T(z,) IS @
finite dimensional representation of A, and, furthermore if we assume x € X\ Zj
(and Py j(z) # 0) then m(, j) is an irreducible representation.

In the definition of D,,, above, if, in addition, X is path connected, Z; has
finitely many path connected components, and X}, \ Zy is path connected, then
we will use D,,, for the resulting class of C*-algebras. Note that D,,, C D, and
CcD.

Note that if X is a simplicial complex, Z, C X is sub-complex, k =
1,2,...,m, then any iterated pull-back

(P C( Xy Fn) P ©q (21, 70) Q1 Pe1C(Xg—1, Fio—1) Py)
@ EBQIC(Z27F1)Q1 POC(X07 FO)PO

isin D,,.

REMARK 4.9. Let A € Dy (or A € Dy). It is easy to check that C(T) ® A €
Diy1 (or C(T) ® A € Dyyq). First, if Fy is a finite dimensional C* algebra,
then C(T) ® Fy € Dy by putting F; = Fy and X; = T with Z; = {1} ¢ T
and Ty : Fy — C(Z1, F1) & Fy to be the identity map. And if a pair of spaces
(Xk, Zi) satisfies the conditions described for the pair (X, Z) in the definition
above, in particular, the existence of the retraction s and homeomorphism 7 as
in (e4.43) and (e4.44), then the pair (X, x T, Z, x T) also satisfies the same
conditions.
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LEMMA 4.10. Let X be a measurable space with infinitely many points with
a specified set M of k probability measures. Suppose Y1,Yo, ..., Yy, are disjoint
measurable sets with m > kN, where N > 1 is an integer. Then, for some j,

w(Y;) < 1/N for all € M.

PROOF.  Write M = {p1, f12, ..., fm }- Since Y1~ 111 (Y;) < 1, there are at least
(k—1)N many Y;’s such that p;(Y;) < 1/N. We may assume that p1(Y;) < 1/N,
i=1,2,...,(k—1)N. Then among {Y1, Y2, ..., Y(1_1)n }, there are at least (k—2)V
Y;’s such that po(Y;) < 1/N. By induction, one finds at least one Y; with the
property that p;(Y;) < 1/N for all j.

U

LEMMA 4.11. Let A € Dy be a unital C*-algebra. Let A : AZ_’I \ {0} = (0,1)
be an order preserving map. Let 1 > o > 1/2.

Let e > 0, F C A be a finite subset, Hoy C AY \ {0} be a finite subset, and
K > 1 be an integer. There exist an integer N > 1, 6 > 0, a finite subset
Hy € AL\ {0}, and a finite subset Hy C As.q. satisfying the following condition:

If o1,p2 : A — M, (for some integer n > N ) are two unital homomorphisms
such that

(e4.46) trowi(g) > A(g) for all g € Hy and
(e4.47) [tro p1(g) —trowa(g)| <6 for all g € Hy,

where tr is the tracial state on M,, then there exist mutually orthogonal projec-
tions

€0,€1,€2,...,ex € M, such that ey, es,...,ex are mutually equivalent, ey < eq,
and ey + Zfil e; = 1y, , unital homomorphisms hi, he : A — egMyep, a unital
homomorphism ¢ : A — e;Myeq, and a unitary u € M, such that

K

(€4.48) [[Aduo@i(f) = (ha(f) ® diag(¥(f), ¥(f), - L (S <e,

K

(€4.49) [l@2(f) = (ha(f) ® diag((f), ¥(f), -, b () < e for all f €T,

(e4.50) and tro(g) > % for all g € Hy,

where tr is the tracial state on M,,.

PrROOF. We will use the induction on the integer £ > 0. The case k = 0 follows
from Corollary [4:6] Assume that the conclusion of the lemma holds for integers
0<k<m.

We assume that A € D,,, 1. We will retain the notation for A as an algebra in
D,n41 in the later part of Definition [1.8 Put X1 = X, Zpi1 = Z, Y = X\ Z,
X0=Z7Z=X\Y, and I = PCy(Y,F)P C A. We will write

(e4.51) A={(f,b) e PC(X,F)P® B: f|xo =T(b)},
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where B € D,, is a unital C*-algebra and will be identified with A/I. We also
keep the notation A : A — PC(X, F)P in the pull-back of 1.8 We will write f|g
for A(f)|s for f € A and S C X in the proof when there is no confusion. Let
dx,z > 0 be as given in Denote by n; : A — A/I the quotient map. We
may write

k2
(e4.52) PC(X,F)P = P P;,C(X;, My, ) P;,
j=1

where P; € C(X, My, j)) is a projection of rank r(j) at each € X;. Let us say
that the dimensions of the irreducible representations of A/I are Iy, 1o, ..., l, . Set

(€4.53) T = (kike -max{ziz; : 2,2 € {l1,la,.... g, 7(1),7(2),...,7(k2) } }
0

(e4.54) and g0 = min{A(g)/2: g € Ho} > 0.

Let B = /1—(1—-a)/8 = \/(T+a)/8. Note that 1 > 2 > a. Fix Noy > 4
such that

(1 —5)500.

4. 1/N,
(e4.55) / 00 < o

Fix € > 0, a finite subset ¥ C A, and a finite subset 3o C A% \ {0}, and let
K > 0 be an integer. Let Ko = NgoK. We may assume that 14 € Hg C F.
Without loss of generality, we may also assume that F C A, and || f]] < 1 for
all f €F. Write I = {f € PC(X,F)P : f|xo = 0}. There is d > 0 such that

(84.56) ||7Tz’j(f) — Wm’,j(f)” < min{s,&oo}/256KN00 for all f e,
provided that dist(z,2’) < d for any pair z,2’ € X (here we identify m, ;(f)
with 7, ;(A(f)) —see Definition . Put g9 = min{e, dgo } /16 K Noo.

We also assume that, for any » € X4 = {z € X : dist(x, X°) < d}, choosing
a smaller d if necessary,

(e4.57)  ||mpy 08t 0 (AN(f)|z) — e (f)]| < €0/16 for all f €T,

where s¢ : QC(Z, F)Q — P|xaC(X4, F)P|ya is induced by s : X4 — Z (see
4.8)). Note that s? also induces a map (still denoted by s%)

(e4.58) s B = Pl5C(X4, F)Pler ©®gc(z.m)q B,
where Q = P|z, by s%(a) = (s%(I'(a)),a) for all @ € B. To simplify notation, let

us assume that d < dx .z /2.
For any b > 0, as in we will continue to use X for {z € X : dist(r, X°) <
b}.
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Let Yy q/2 = X \ X%2. Note Yp 4/2 is closed. Put Crg = PC(Yy /2, F)P. Let
Fro= {f|y0,d/2 cfe 3:} and set Ho 7o = {h|y0’d/2 che fHo}. Let foo € Co(Y)
be such that 0 < foo < 1, foolx) = 1if v € X\ X%, foo(z) =0if z ¢ Yo,4/2,
and foo(z) > 0 if dist(z, X°) > d/2.

Let Az : (Cro)%" \ {0} — (0,1) be defined by

(e4.59) Aro(g) = BA(g)) for all g € (Cro)k \ {0},

where g’ = (fo,0 - P) - g is viewed as an element in I1. Note that if g € C and
g # 0, then (foo-P)-g#0.S0 Arp: (C[,O)il — (0,1) is an order preserving
map. Let N' > 1 be an integer (in place of N) as provided by for Cr (in
place of A), A; g (in place of A), £9/16 (in place of €), Fr o (in place of F), Ho 1,0
(in place of Hy), and 2Ky (in place of K).

Let 31 70 C (C’LO)}F \ {0} (in place of Hy), Ha 10 C (Cr0)s.q. (in place of
Hs), and §; > 0 (in place of §) be the finite subsets and constant provided by
for €9/16 (in place of €), Fro (in place of F), 2K, (in place of K), Ho 10
associated with C7 (in place of A), Ay (in place of A), and 5 (in place of ).
Without loss of generality, we may assume that ||g|| < 1 for all g € Hy 1. We
may assume that 1¢, , € Hy 10 and 1¢; , € Ha 1 0.

Let F, = 71(F). Let gy € C(X)y with 0 < g < 1 such that gj(x) = 0 if
dist(z, X°) < d/256 and gg(x) = 1 if dist(x, Y5,4/2) < d/16. Define go = 14 — gf -
P=((1—g,)P,1p). Since g}, - P € I, we view go as an element of A. Hence, for
g€ A/T=B, go-5(g) = ((1- gi)P - 5(T(g)).g) € A (see EL55). Define

—

(e4.60) Ar(§) = BA(go - s%(g)) for all g € (A/I)}.

We will later use the fact that go(x) = 0 if dist(z, Yy 4/2) < d/16.

Note if ¢ is non-zero, so is s%(g). Since gg|xo = 1, we have go - s%(g) # 0. It
follows that A, : (A/I)i’l \ {0} — (0,1) is an order preserving map.

Put Ho» = m1(Ho). Let N™ > 1 be the integer associated with A/I (= B),
Ay, e0/16, Fr and Hy » (as required by the inductive assumption that the lemma
holds for integer m).

Let 3y~ C (A/I)z_‘l\{()} (in place of Hy), Hox C A/Is,. (in place of Ha),
and d2 > 0 (in place of §) denote the finite subsets and constant provided by the
inductive assumption that the lemma holds for the case that k = m for £7/16
(in place of €), Fr (in place of F), Ho » (in place of Hy), 2K, associated with
A/I (in place of A), A, (in place of A), and 8 (in place of «). Without loss of
generality, we may assume that ||| <1 for all h € Ha .

Set dppp = min{dy, dz,c0}. There is an integer Ny > 256 such that

1/N0 < A(f(xo . P) . 50002 . min{ALo(g) g < 9‘(17170}
(8461) : mln{Aﬁ(g) g€ %17W}/64K0N00.
Choose 0 < dy < d such that, if dist(z,z’) < do, then, for all g € H; 1 0.

(€4.62) [lg(x) — g(a)|| < 1/16NG and | fooPg(x) — fooPg(x)|| < 1/16NG
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Define Y}, to be the closure of {y € Y : dist(y, Yy a/2) < kdo/64NG}, k
1,2,...,4N¢.

Let 97]7k = {f‘yk  f € S’P} and let :H:O,I,k = {h‘yk :h € g‘fo} Put C[yk =
Ply, C(Yy, F)Ply,. Let for € Co(Y )4+ be such that 0 < for <1, for(z) =1if
Tz € Y 1, f()’k(l‘) =0if x g Yr and fo’k(.’li) > 0 if dist(x,}/()7d/2) < kd0/64Ng,
k=1,2,..,4Ng.

Let ry : Yx — Yj,q/2 be a homeomorphism such that

(e4.63) dist(rp(z),x) < do/16 for all x € Yy, k=1,2,...,4NZ

(see [4.8). Let 5"’17,c ={fory:f € Fro} and IH{M,k ={gory:9 € Horo},
k= 1, 2, .., 4N2.

Any unital homomorphism @ : C7 — D (for a unital C*-algebra D) induces
a unital homomorphism ¥ : Cro — D defined by ¥(f) = ®(f o ry) for all
f € Cro. Note that f +— for is an isomorphism from Ct g onto Cy . Therefore,
applying Corollary 4Ny times, for £9/16 (in place of €), 7 ;. (in place of F),
2Ky (in place of K), and 3 ; ;. (in place of Ho) associated with Cp (in place
of A), Arpo (in place of A), and S (in place of «), we obtain H; ;5 (in place of
H1), which we may suppose equal to Hj ;0 rg, Harx (in place of Hy), which
we may suppose equal to Hy 1o o7, and 61 (in place of §). (Note that Ay is
the same as above.)

We also note that

(ed.64) || f — f|y0,d/2 o1kl < min{e, dgo }/64KoNoo for all f € Fr.
Define

(e4.65) o9 = mln{0<£€n1£1 {mln{AIo(gork) g€ Hirkth

min{Ax(7) : g € Hyx}}
Then A(m) > 0¢. Choose an integer N > (N™ + N') such that
(e4.66) T/N < oo -min{d;/64,35,/64,c0/64K0}/Noo(N' + N™).
Put

4NZ
(ed.67) H; = U {fox -Pogory:g€Hiro}

U{(g0- P-5%(9),9) : g € Hix}.
With the convention that rg : ¥y q/2 — Y, 4/2 is the identity map, put

4N
(e4.68) H, = U{f@k-P'gOTk!geng,Lo}
k=0

U{for-P:0<k<4ANZ}.
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Put gop = 14 — f07k - P. Note, since fO,k -Pel, 9o,k= ((1 — fO,k})Pa lB) € A.
Define

4ANE
(e4.69) 35 = | J{(g0x 5" (T(9),9) € At g€ Hor} UT.
k=1

Put Hy = H, U HY. Let

oo - min{dy /64, 02/64,c/64K }

e4.70 0=
( ) 4KoNoNoo

Now let @1, : A — M, (for some integer n > N) be two unital homomor-
phisms satisfying the assumptions for the above H;y, Hs, and 4.
Consider the two finite Borel measures on Y defined by

(e4.71) / fui =trog(f-P) for all feCy(Y), i=1,2.
Y

Note that {Yj, \ Yi_1: k =1,2,...,4N2} is a family of 4N¢ disjoint Borel sets.
By there exists k such that

(6472) Mi(Yk:\Yk—l) < 1/]\7077 1 =1,2.

We fix this k. We may write

(e4.73) p1=XlosloXlen! and g, =203l Y? e X2,

where X} and Y7 are finite direct sums of terms of the form 7, ; for z € Yj_1,
! and Y2 are finite direct sums of terms of the form g, for € Y \ Vi1,
Z,l) and Z% are finite direct sums of terms of the form m, ; for x € ¥\ Y}, and
! and 2 are finite direct sums of terms of the form 7, ; given by irreducible

representations of A/I (note that these m, ; or 7, ; can be repeated).
Define 1;°,¢7% : Cp ) — M, by

(e4.74) PO(f) = i(f) for all feCry, i=1,2.

By (e4.72), the choice of Hs, (e4.47), and (e4.61]), we estimate that

(4.75) ltro 1% (1e, ) — tro v ’(ley )|

< troXi(for - P) —troei(for - P+ |trowi(for - P)
(e4.76) —troga(for - P)|
(e4.77) +tr o pa(for - P) — X3 (fox - P)| < 1/No+ 6+ 1/Ng

(e4.78) < &+ A(foo- P)o1min{A;(§) : g € H1.1.0}/32K0Noo.
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Note that ntroz/)}’o(lcl,k) = > a;z; and ntrow?’o(lcm) = >, bjz; (integer com-
binations), where z; € {r(1),7(2),...,7(k2)} C {l1,l2, ..., Ik, 7(1),7(2), ..., 7 (k2)}
(see (e4.53)). It follows from Lemma that there are two equivalent projec-
tions p1,0, p2.0 € M,, such that p; o commutes with wﬁ’o(f) for all f € Cr and

pi,owj’o(lcl,k) =pi0, ¢ =1,2, and so (by (4.77))), for i = 1,2,

0 < tro ’(/)?0<1C1,k) - tI‘(pi’())
(6479) < (1/N0+5+1/N0)+T/TL
< 4 + A(m)él min{AI)o(g) g c %1)[70}/32K0N00
(€4.80) +T/n(< 1/2).

Since Yy q/2 C Yi—1, supp(foo)= Yo,4/2 C Yix—1. Therefore (by (e4.66))),

trog{z}’o(lc]yk) > troq/)}’o(f00~P)

(e4.81) > A(foo - P) > 00> AN /n.

This, in particular, shows that w}’o(lclyk) has rank at least 4N!. Then, by
e 4.80)), p1,0 has rank at least N'. Moreover, by (e 4.81)), (e 4.80)), (e 4.61), (e 4.65)),
e4.70)), and (e 4.66]),

tr(p2o) > Alfoo- P)

—

(e4.82) —(0 + A(foo - P)or min{Ar0(g) : g € H1,10}/32KoNoo + T /n)
> 31A(foo - P)/32 — (5 + T/N)

(e4.83) > max{310¢/32,64/(Nyd1)} — (6 + T/N)

(e4.84) > max{oo,64/(Nod1)}/2.

Put ¢;0 = 1/13’0(16‘1,,) — pio, ¢ = 1,2. There is a unitary U; € M,, such that
Uipro0Us = p2,o. Define ¢} : Cr i — pa.oMupao by ¥H(f) = Uipr,othy°(f)Us for

all f € Cry and define ¢? : Cr — p2oMupao by V3(f) = p270w?’0(f) for all
f € Crx. We compute (using (e 4.62)), (e4.79), (e4.70), (e4.61)), (e 4.66), (e4.46),

and (e4.55))) that

troey(gor)

(e4.85) > troy;*((fooPg)ork) —tr(qro)

(e4.86) > troy®(fooPg) —1/16NZ — (8 +2/No + T/N)
(e4.87) > tro;(fooPg) —5min{Aro(§) : g € Hyr0}/64Noo
(€4.88) > (1—(1—p)/64)tr oy, (fo0Pg)

(e489) > BA(fooPg) = Arol9)
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for all g € H;y 1,0. Therefore,
(€4.90) toi(g) > Aro(g) for all g € Hy 1y,

where ¢ is the tracial state on pg o M,p20. We also estimate that (using (e 4.72)),
(e 4.47), (e4.84), (e4.79), (e 4.70), and (e 4.66)),

toti(g) —toi(g)l
(e4.91) = (1/tr(p1o))|tr o ¥7(g) — tro vi(g)|
(€4.92) < (1/tr(pro))ltr o Pr(g) — tro ¢ (g)]
(€4.93) + (1/te(pro))ltro 1% (g) — tr(pa(fok - 1a - 9))]
(€4.94) +  (1/tr(p2,0)[tr(p1(for - 1a - g)) — tr(pa(fok - 1a - 9))l
(€4.95) + (1/tr(pao))ltr(e2(for - 1a-g) — troy? (g)]
(€4.96)  + [trog?’(g) —troi(g)l
(€4.97) < (1/tr(p2,0))(tr(qi,0) + 1/No + 6 + 1/No + tr(gz,0))
(€4.98) < (Nod1/32)((4/No+ 25 +2T/n) < 6,

for all g € Ha s k. Recall that ps has rank at least NT. It follows (by (e 4.90)

and (e4.98), by Corollary and by the choice of 31 1, Ho 1, and 1) that

there are mutually orthogonal projections ef, el el, ...,eéKO € p2,oMpp2,o such
2K . .

that el + Y ;7 el = pao, e} < el, and all eJI- are equivalent to e, two unital

homomorphisms 1 1.0, %210 : Crx= Cro — el Myel, a unital homomorphism

Yr: Crp— e{Mne{, and a unitary uy € ps oMpp2,0 such that

2K,
[Aduy 0 Y7 (f) = (¥1,10(f) @ diag(r (), 1 (f), - 1 () < £0/16
(e4.99)

2Ky

and  |[07(f) — (¥2,r.0(f) ® diag(r(f),r(f), -, 01 ()] < €0/16
(e4.100)

for all f € ’J"’I),C. By (e4.64), it follows that, for all f € Iy,

2K

[Adur 0 7 (f) = (¥1,1,0(f) @ diag(®r(f), 1 (f), -, L1(H)I < 0/8
(e4.101)

2K,

and  [[7(f) = (W2,1,0(f) ® diag(r(f), ¥r(f), .., ¥r () < €0/8.
(e4.102)
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For each x € X \ Y}, such that 7, ; appeares in X}, or ¥2, by (e 4.57)),
(e4.103) |7 ;(f) — 7y ostom(f))| < €0/16 for all f € T,

Define ¥, := %t os?: A/T — M, i=1,2.
Define (1)1 : A/I — (1 7p2,0)Mn(1 7[)270) by

(e4.104)  ®1(f) =AdU; o (L @S, p1)(f) for all fe A/IL
Define ®5 : A/T — (1 — p2 )M, (1 — pa2,0) by

(e4.105) Oy(f) = (BL @ S p2)(f) for all fe A/I
Note that

®1(Layr) =21 (go.k) ® Sy (gok) and Po(1a/r) = X1 (g0,k) © i (go,k)-
(e4.106)

We compute that

[tro®y(1a/7) —tro®a(1s/g)]

(e4.107) < Jtro®i(layr) —trowi(gok)l
+tr o v1(go,k) — tr o wa(go.x)|
(e4.108) +|tr o w2(go,k) — tr o Pa(go.x)]
(€4.109) < 1/No+d+1/Ny
(e4.110) < 6+ A(foo - P)oamin{AL(§) : g € Hyx}/32Noo.

It follows from Lemma that there are two mutually equivalent projections
p1,1 and pa1 € (1 —pao) M, (1 —p2 ) such that p; 1 commutes with ®;(f) for all
J €A/l and p;1®i(1a/r) = pia-i=1,2, and, for i = 1,2,
(64.111) OStI‘Oq)i(lA/I)—tI‘(piJ) <(5+2/N0+T/7’L

(e4.112) < 8+ A(foo)damin{AL(§) : g € Hyr}/(32Noo) + T/n(< 1/2).

Since go(x) = 0, if dist(z, Yy,4/2) < d/16, we have, by (e 4.61)),

L —

tro®i(1a/r) > Ago - s4(1)) > A, (1) > max{og, 64K Noo/(Nod2)},

and (by (e4.112) tr(p2,1) > max{og, 64Ky Noo/(Nod2)}/2. Since o9 > AN™ /N >
4NT/n (see (e4.66)), ®;(14/7) has rank at least 4N™. Then, by (e4.112), it
follows that p; ; has rank at least N™, i =1,2.
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Put qi1 = q)i(lA/I) —Pi1, 1= 1, 2. There is a unitary U2 S (1 _p270)Mn(1 —
p270) such that U;pl,lUg = pP2,1- Define (D}r : A/I — p2,1an271 by ‘I)}r(f) =
Usp11®1(f)Us for all f € A/I and define ®2 : A/I — pa1M,pa1 by ®2(f) =
p2,1Pa(f) for all f € A/I.

Since go(z) = 0, if dist(z, Yo, 4/2) < d/16, and {gos?(g) : g € H1 -} C Hy, we
compute (using (e4.46)), (e4.111)), (e4.70)), (e 4.66)), (e 4.55), and (e 4.60)) that

(e4.113) tro@L(g) > i(g0s*(9)) — tr(ar,1) > Algos?(9)) — o0/Noo
(e4.114) > BA(90s(9)) = Anl9)

for all g € 3y ;. Therefore, for the tracial state ¢; of pa 1 Mypp2 1,
(e4.115) t1 o ®L(g) > Ax(g) for all g€ H; ..

We also estimate (in a way similar to the estimate of ) that, for all

g € Hor,
|t 0 ®7.(9) — t1 0 P2 (9)]

( ) (1/tx(p2.1))[tr 0 D7 (g) — tro D7 ()|
( ) (1/tr(p2,1))|tr 0 @7 (g) — tr o @1(g)]
( ) + (1/tr(p2a))ltr o @1(g) — tr 0 @1 (goxs(9))]
(e4.119) +(1/tr(p2,1))ltr 0 1(go.ks%(9)) — 10 @2 (90857 (9))]
( )
( )
( )

IN

+  (1/tr(p2,))ltr o pa(goks(g)) — tro Ba(g)]
+  (1/tr(p2a))ltr o @a(g) — tro ®2(g)|
< (1/tr(p2,1))(1/No + 6 + 1/No) < 2.

Recall that py; has rank at least N™. It follows from the induction assumption

that the theorem holds for A/I (and from (e4.115) and (e4.122))) that there
are mutually orthogonal projections e, eT, €3, ..., €5, € pa1Mypo 1 such that
e Sef and all e} are equivalent to ef, two unital homomorphisms ¥1 0, ¥2,x,0 :

A/I — el M,el, a unital homomorphism ), : A/I — ef MpeT, and a unitary
uz € p2,1Mpp2,1, such that

2Ky

[Aduz 0 ®7(f) = ($1,7,0(f) ® diag(Wr (f), Pm (f)s - ¥x ()] < €0/16
(e4.123)

2K,

and [[®7(f) — (2.m0(f) ® diag(¥r(f), ¥x(f), ... Y= (H))] < €0/16
(e4.124)
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for all f € F,. Let ¥} : A — pe1M,pa1 be defined by ¢L(f) = Adus o
Ad U2(p2,1(27lr @ Ei)(f)) and define 1/’727 : A= pa1Mppas by ¢72r(f) = p2,1(23r D

$2)(f) for all f € A. Then, by (e4.103),

2K,

145 (f) = (im0 0 T1(f) © diag(Wr (71 (f))s Yr (T (F))s oo Y (mr ()] < €0/8
(e4.125)

forall feJF i=1,2.
Ptf— 2Noo' 1 QNOOW =1,2,..., K. Denote b
u ei—zj 1 €0 1N00+g@2 (i—1)Nootj ,2,..., K. Denote by

1 and 1, the direct sums of 2Ny coples of ¥; and ¢™, respectively. Define
Y A— e Mpyep by

W(f) = diag(v1(flv,), ¥x(71(f)))
for all f € A. By , , and , fori=1,2,

tr(gio) + tr(gi1) +tr(2h(1a)) < 1/64Ky + 1/64Ky + 1/Ny < 1/16K.
(e4.126)

We have, for f € A,

Po(f) = V2 (f) @ g21 (22 + I)(F) @ Z2(F) @ U7 (flvi) @ 42,097 (fIwi)-
(e4.127)

Put eg = el @ e + g2.1 + $2(14) + g2,0. Then
(e4.128) tr(ep) < tr(ed) +tr(ef) + 1/16K < tr(ey).

In other words, eg < e;. Moreover e is equivalent to each e;, i = 1,2,..., K.

~

Define hy : A — eqgM,eq by, for each f € A,

ho(f) = Ya,10(flvi) ® Y2mo(mr(f) ® g2,1(22 + Z3)(f)
(e4.129) D2(f) ® 2,007 (flv)-

It follows from (e4.102)), (e4.125)), and (e4.129) that

K

l2(f) = (ha(f) © diag((f), P(f), -, ()] < €0/8 for all feT.
(e4.130)




A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 131

Similarly, there exist a unitary U € M, and a unital homomorphism h; :
A —egM,eq such that

K

[AdU o p1(f) — (hi(f) @ diag(®(f),»(f), -, (f))]| < e0/8 for all feJ.
(e4.131)

Since we assume that Hog C F, by (e 4.46)), the choice of &g, and (e4.55)), we also
have that

(€4.132) trog(g) > (1/K)(tropi(g) —e0/8 — tr(hi(g)))
> (1/K)(A(g) — do0/16 K Noo — 1/ K Noo)

Alé
(e4.133) > « [((g) for all g € Jy.
Thus the conclusion of the theorem holds for m. O

REMARK 4.12. If we assume that A is infinite dimensional, then Lemma [{.1]]
still holds without the assumption about the integer N. This could be easily seen
by taking a larger H{; which contains at least N mutually orthogonal non-zero
elements as we remarked in

COROLLARY 4.13.  Let Ay € D, be a unital C*-algebra, lete > 0, and let F C Ay
be a finite subset. Let A : (Ao)i’l \ {0} — (0,1) be an order preserving map.

Suppose that H1 C (Ao)L \ {0} is a finite subset, o > 0 is a positive number
and n > 1 is an integer. There exists a finite subset Ho C (Ag)t \ {0} satisfying
the following condition: Suppose that ¢ : A = Ag@C(T) — My, (for some integer
k > 1) is a unital homomorphism and

(e4.134) troph®1) > A(h) for all h € H,.

Then there exist mutually orthogonal projections eg, e1, ea, ..., e, € My such that
€1,€2,...,e, are equivalent and Z?:o e; = 1, and there exist unital homomor-
phisms g : A= Ay @ C(T) = egMpeg and v : A = Ay @ C(T) — ey Mygey such
that

n

(e4.135) l(f) — diag(vo(f), (f), ¥ (f)s s (DI < &
(e4.136) and tr(eg) < o

for all f € F, where tr is the tracial state on My. Moreover, ¥ can be chosen
such that

(e4.137) tr(v(ge1)) > # for all g € H;.
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PROOF. The statement follows directly from Lemma with 1 = 2 = ¢,

K=mn,and a = % O
The following is known and is taken from Theorem 3.9 of [69).

THEOREM 4.14. Let A be a unital separable amenable C*-algebra which satisfies
the UCT and let B be a unital C*-algebra. Suppose that hy, ho : A — B are
homomorphisms such that

(1] = [ho] in KL(A, B).

Suppose that hg : A — B is a unital full monomorphism. Then, for any e > 0
and any finite subset F C A, there exist an integer n > 1 and a partial isometry
W € My41(B) such that

[[W*diag(hi(a), ho(a), ..., ho(a))W — diag(hza(a), ho(a), ..., ho(a))|| < e
for all a € F, and W*pW = q, where
p = diag(hi(14), ho(14), . ho(14)) and q = diag(ha(14), ho(14), .., ho(14))-
In particular, if h1(14) = ha(14), we may choose W € U(pM,,+1(B)p).

PROOF. This is a slight variation of Theorem 3.9 of [69]. If hy and hs are both
unital, then it is exactly the same as Theorem 3.9 of [69]. So suppose that h; is
not unital. Let A’ = C ® A. Choose pg = 1g — h1(14) and p; = diag(po, 15).
Put B’ = py M3(B)p;. Define by : A" — B’ by hi(A®a) = X-diag(po, po) ® hi(a)
for all A € C and a € A, and define b}, : A — B’ by hi(A®a) = \-diag(pg, 15 —
ha(14))®he(a) for all A € C and a € A. Then b} and h, are unital and [h]] = [h)]
in KL(A',B’). Define hj, : A” — B’ by h{(A® a) = XA - po @ ho(a) for all A € C
and a € A. Note that h{ is full in B’. So, Theorem 3.9 of [69] applies. It follows
that there are an integer n > 1 and a unitary W’ € M,,41(B’) such that

(W) diag(hy (a), ho(a), ... ho(a)) W' = diag(hy(a), hy(a), ..., hg(a)) |
< min{1/2,¢/2}
for all @ € FU{14}. In particular,
(e4.138) (W) *pW' — q|| < min{1/2,&/2}.
There is a unitary Wy € M,,;1(B’) such that
(€4.139)  |[Wi —1p,, )l <&/2 and W (W')'pW'W, = q.
Put W = pW’'Wiq. Then
W diag(hs (), ho(a), . ho(a)) W — diag(ha(a), ho(@), -, ho(@)) | < =
(e4.140)

for all a € F, as desired. (The last statement is clear.) O
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LEMMA 4.15.  (cf. 5.3 of [64], Theorem 3.1 of [45], [19], 5.9 of [69], and Theorem
7.1 of [75]) Let A be a unital separable amenable C*-algebra which satisfies the
UCT and let A : Ai’l \ {0} — (0,1) be an order preserving map. For any
e > 0 and any finite subset F C A, there exist 6 > 0, a finite subset § C
A, a finite subset P C K(A), a finite subset H C AL \ {0}, and an integer
K > 1 satisfying the following condition: For any two unital G-6-multiplicative
completely positive linear maps o1, ¢2 : A — M, (for some integer n) and any
unital §G-0-multiplicative completely positive linear map v : A — M, withm >n
such that

(e4.141) trow(g) = A(g) for all g € H and [p1]]lp = [p2]|»,

where tr is the tracial state of M,,, there exists a unitary U € Mg 4r such that

(€4.142) [AAU o (p1 @ W)(f) = (p2 @ W)(f)|| <& for all f € A,

where
K

V(f) = diag(y(f), »(f), ., ¥ (f)) for all f e A

PROOF. This follows, as we shall show, from Theorem [£.14]

Fix A as given. Suppose that the conclusion is false. Then there exist ¢g > 0
and a finite subset Fy C A, an increasing sequence of finite subsets {P,,} of K (A)
with union K(A), an increasing sequence of finite subsets {3(,} C A \ {0} with
union dense in A% and such that if a € ¥, and fiy2(a) # 0, then fy/,5(a) €
Hypt1, three increasing sequences of integers {R(n)}, {r(n)}, and {s(n)} (with
s(n) > r(n)), two sequences of unital completely positive linear maps @1 ,,, 92 n,:
A — M,y with the properties that

(€4.143) [p1nllp, = [P2.n]le,

and, for all a,b € A,
(e4.144) lim ||@;n(ab) — pin(a)ein®)| =0, i=1,2,
n—roo

and a sequence of unital completely positive linear maps ¢, : A — M, with
the properties that

(e4.145) tr, o ¥ (g) > A(g) for all g € H,, and

(e4.146) lim |4 (ab) — n (@), (b)|| =0 for all a,be A
n— oo

such that

inf{sup{[|Ad Uy, o (01, (f) @ YF () = (2 (f) @& I 2 f € F}}
(e4.147) > €0,
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R(n)

where tr, is the normalized trace on My, PE) () = diag(Wn (f), Y (f), s U ()
for all f € A, and the infimum is taken among all unitaries U, € M,.(n)1R(n)s(n)-

Note that, by (e4.145)), since {H, } is increasing, for any g € 3, C A}, we
compute that

(e4.148) trn (pm) > A(9)/2,

where p,,, is the spectral projection of v,,(g) corresponding to the subset {\ >
A(g)/2} for all m > n. It follows that (for all sufficiently large m) there are
elements g ; m € My With ||zg ;.| < 1/A(9), 1 =1,2,..., N(g), such that

N(g)
(e4.149) Z x;i,mz/)m(g)xg7i,m = Lym),

i=1
where 1 < N(g) < 1/A(g) + 1. Define Xy ; = {zgim}, ¢ = 1,2,...,N(g). Then
X%.’@i € Hfzozl Mr(gg)‘ Let Q({Mr(n)}) = szl MT(n)/ EBZO:O% Mr(n)v Q({%s(n)}) =
[ M)/ Dy My, and let I = T2 My = [Ty Mriny/ Dy Mgy
o : [102 ) Mony = TTnsy Mon)/ @,—1 My be the quotient maps. Denote by
®; 0 A — Q({M,(n)}) the homomorphisms II; o {¢; ,} and denote by 1 : A —
Q({My(»}) the homomorphism IIy o {1, }. For each g € (J,—; Hy,

N(g)
(e4.150) 2 (Xi6) Y (9)2(Xig) = 1Q({ M, 1)

i=1

Note that if g € (J,_; Hn and fi12(9) # 0, then g1,2(9) € U,—; s, and
U,,—1 ¥, is dense in Ai. This implies that v is full (see the proof of Propo-
sition . Note that both [T~ | M,(,) and Q({M,(,)}) have stable rank one
and real rank zero. One then computes (see Corollary 2.1 of [45]) that

(e4.151) [@1] = [®2] in KL(A, Q({My(n)})-

By applying Theorem (Theorem 3.9 of [69]), one obtains an integer K > 1

and a unitary U € PMg 1(Q({My(n)})P, where P = diag(lQ({M,.(n)}, 1MK(Q({MS(">})))a
such that

/,_5(%
(c4.152)  [[AdU o (@1(f) @ diag(t()), ... ¥(/))
—

—(@2(f) @ diag(¥(f), . ¥()] < 0/2

for all f € Fy. It follows that there are unitaries

{Un} € H M, (n)+Ks(n)

n=1
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such that, for all large n,

K

—_————
(64'153) ”Ad Uy o ‘Pl,n(f) D dlag(wn(f)v 7'(/)n(f))
K

—~
—pan(f) © diag(¥n(f); - Y () < £0/2

for all f € Fy. This is in direct contradiction with (e4.147) when we choose n
with R(n) > K. O

REMARK 4.16. The preceding lemma holds in a much more general setting
and variations of it have appeared. We state this version here for our immediate

purpose (see and part (1) of for more comments).

It should be noted that, in the following statement the integer L and the map
¥ depend not only on €, F, and G, but also on B, as well as ¢; and ¢s.

LEMMA 4.17.  Let C be a unital amenable separable residually finite dimensional
C*-algebra which satisfies the UCT. For any € > 0 and any finite subset F C
C, there exist a finite subset § C C, § > 0, and a finite subset P C K(C)
satisfying the following condition: For any unital G-0-multiplicative completely
positive linear maps p1,p2 : C — A (for any unital C*-algebra A) such that

(e4.154) [p1]lp = [p2]l2,

there exist an integer L > 1, a unital homomorphism V¥ :C — My C M (A),
and a unitary U € U(Mp41(A)) such that, for all f € F,

(e4.155)  [|AdU odiag(p1(f), ¥(f)) — diag(e2(f), U(f)Il <e.

PROOF.  The proof is almost the same as that of Theorem 9.2 of [73]. Suppose
that the conclusion is false. We then obtain a positive number ¢ > 0, a finite
subset Fy C C, a sequence of finite subsets P, C K(C) with P, C P,41 and
U,, Pry1 = K(C), asequence of unital C*-algebras { A, }, and sequences of unital

completely positive linear maps {Lﬁf)} and {LS,Q)}7 from C to A,, such that

(e4.156)  lim ||L{(ab) — LW (a) LD (b)]| =0 for all a,b e C,
n—oo

(e 4.157) (L))p, = [LP]]p,, and

inf{sup{||u:;diag(L$ll)(a), U, (a))u, — diag(Lf)(a), U, (a)] :a € Fo}} > eo,
(e4.158)
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where the infimum is taken among all integers £ > 1, all possible unital homomor-
phisms ¥,, : C — My, and all possible unitaries u,, € Myy1(A,). We may assume
that 1c € J. Define B, = A, ® K, B =[], By, and Q1 = B/ @, , By Let
7 : B — ()1 be the quotient map. Define ¢, : C' — B by ¢,(a) = {Lgf)(a)} and
let ¢; =mop;, 7 =0,1. Note that ¢; : C' = @1 is a homomorphism. As in the
proof of 9.2 of [73|, we have

(1] = [p2] in KL(C, Q).

Fix an irreducible representation ¢f, : C — M,. Denote by p, the unit of
the unitization B, of B,, n = 1,2,.... Define a homomorphism @én) : C =
M,(B,) = M, ® B, by @én) (c) = ¢p(c) ® 15 for all c € C. Put

eq = {1An}7 P= {er(Bn)} +eqa.

Put also Qo = 7(P)M,,1(Q1)7(P) and define Py =@;@mo {gp(()n)}, j=12
Then

(e4.159) [21] = [#5] in KL(C, Q).

The reason for adding ﬂo{apé")} is that, now, @} and @, are unital. It follows from
Theorem 4.3 of [19] that there exist an integer K > 0, a unitary u € M14+x(Q2),
and a unital homomorphism ¢ : C' — My C Mg (Q2) (Mg idenitified with the
natural unital subalgebra of My (Q32)) such that

Adu o diag(@h, ¥) R, 4 diag(@h, ¥) on Fo.

There exists a unitary V' = {V,,} € M4 x(PM,1(B)P) such that n(V) = u.
It follows (on identifying My with Mg ® 1g, as above) that for all sufficiently
large n,

AdV,, o diag(L" ® o), 0) ~., /5 diag(LS” @ oM, 1) on F.

n

k
—
For each integer k > 1, write e, 5,0 = diag(la,,14,,...,14,) € A, @ K = B,,

T

enr = diag(la,,en k0, €nk0 - €nk0) € PMiy (B,)P, and
K
—_—
e,lri)k = diag(e;)k,egk,...,e%k) S MK(PM1+T(Bn)P)

It should be noted that e’é’k commutes with ¢ and e’mk commutes with <p5?).

Put ey = e%yk D ezyk in M4 x(PMi4+r(By)P). Then {e, } is an approximate
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identity for My yx(PMiy.(B,)P). Note that V;, € M4k (PM,41(B)P). It is
easy to check that

(e4.160) lim [V}, en x| = 0.
k—oc0

It follows that there exists a unitary U, x € e xMiyx(PMiy,(By)P)ey ) for
each n and k such that

(e4.161) lim |lenxVnenk — Unkl = 0.
k—o0
For each k, there is N(k) = rk + K(rk + 1) such that

My ) (An)
= ((en — 1a,) @ ey 1 )My (PM,y1(Bn)P)((e, 1, — 1a,) @ ey 1)

Moreover, e,k M1+ x (PMiyr(Bn)P)enr = My (r)11(An). Define ,,(c) = (e;, ,—

1An)<pén)(c)(e;’k —1a,) @ ey pib(c)en for ¢ € C. Then, for large k and large n,

(€4.162)  AdU, o diag(L{™, U,,) ~, /» diag(L5", ¥,,) on .

This is in contradiction with (e4.157]). U

THEOREM 4.18. Let A € D, and let A : A‘i’l \ {0} — (0,1) be an order
preserving map.

For any € > 0 and any finite subset F C A, there exist 6 > 0, a finite subset
P C K(A), a finite subset Hi C Ai \ {0}, and a finite subset Hy C As.,.
satisfying the following condition:

If 1,00 : A = M, are unital homomorphisms such that

(e4.163) [prll = [pallo,
(e4.164) troi(g) > A(g) for all g € Hy, and
(e4.165) [tr o p1(h) —trowa(h)] < d for all h € Hy,

where tr € T(My,), then there exists a unitary u € M, such that
(€4.166) JAdwo p1(f) — p2(f)l <e for all f€F.

ProOOF. If A has finite dimension, the lemma is known. So, in what follows,
we will assume that A is infinite dimensional.

Define Ag : A2\ {0} — (0,1) by Ag = (3/4)A. Fix ¢ > 0 and a finite subset
FCA Let PC K(A), Hp C A‘il \ {0} (in place of H), and K > 1 be the finite
subsets and integer provided by Lemma for €/2 (in place of €), F, and Ao.
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Choose g9 > 0 and a finite subset § C A such that g < ¢ and

(c4.167) )]l = [@4]]

for any pair of unital homomorphisms from A satisfying

(4.168) @] (9) — ®5(g)|| < o for all g €G.

We may assume that F C G and g9 < /2.

Let @ = 3/4. Let N > 1, 6; > 0 (in place of §), Hy € AL\ {0}, and Hy C A,
be the constant and finite subsets provided by for £9/2 (in place €), § (in
place of F), Hy, K, and Ay (in place of A). Choosing a larger H;, since A
has infinite dimension, we may assume that J; contains at least N mutually
orthogonal non-zero positive elements.

Now suppose that @1, o are unital homomorphisms satisfying the assump-
tions for the P, Hy, and Hy above. The assumption implies that n > N.
Applying we obtain a unitary u; € M,,, mutually orthogonal non-zero pro-
jections eg,eq,eq,...,ex € M, with ZiK:O e; = 1y, e0 S e1, e1 equivalent to
e, 1 = 1,2,..., K, unital homomorphisms ®1,®5 : A — egM,ep, and a unital
homomorphism 1 : A — e; Mye; such that

(€4.169) ||Adut o p1(f) — (21(f) ® U(f))|| < &0/2 for all f e G,

(4170)  [a(f) — (/) & W) < c0/2 for all €S, and
(e4.171) tro(g) > (3/4)A(§)/K for all g € Ho,
K

where ¥(a) = diag(v(a),¥(a),...,1(a)) for all a € A and tr is the tracial state
on M,,.
Since [p1]]p = [p2]]P, by the choice of &g and G, we compute that

(e4.172) [@1]]p = [P2]].
Moreover,
(e4.173) tow(g) > (3/4)A(g) for all g € Ho,

where ¢ is the tracial state of e; M, e;. By there is a unitary us € M, such
that, for all f € F,

(e4.174) [Adug o (@1 ® W)(f) — (21 @ U)(f))]] <&/2.

Put U = ugu;. Then, by (e4.169)), (e4.170), and (e 4.174),

JAAU o 1(f) — p2(f)|l <eo/2+¢€/2+¢ep/2 <e for all fedF.
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LEMMA 4.19. Let A € D, be a unital C*-algebra and let A : A‘i’l \ {0} — (0,1)
be an order preserving map. Let Py C Ko(A) be a finite subset. Then there exist
an integer N(Po)> 1 and a finite subset H C AL \ {0} satisfying the following
condition: For any unital homomorphism ¢ : A — My (for some k > 1) and
any unital homomorphism 1 : A — Mpg for some integer R > N(Pgy)k such that
(with tr the tracial state of Mp)

(e4.175) tro(g) > A(G) for all g € H,

there exists a unital homomorphism hg: A — Mp_i such that

(€4.176) [ ® hollp, = [¥]]2,-

ProoOF. Denote by Gg the subgroup of Ky(A) generated by Py. We may as-
sume, without loss of generality, that Py = {[p1], [p2], ---s [Pm. ] U{21, 22, ) Zms }s
where p1,p2,...,pm; € M;(A) are projections (for some integer I > 1) and
zj € kerpa, j=1,2,...,ma.

We prove the lemma by induction. Assume first that A = PC(X, F) P, where
X is a compact metric space. This, of course, includes the case that X is a single
point. There is d > 0 such that

(e4.177) |7z 0 pi — o jops|| <1/2, i =1,2,...,m,

provided that dist(z,2’) < d, where 7, ; is identified with 7, ; ® idas,. Since
X is compact, we may assume that {x1,za,...,Zm,} is a d/2-dense set. Write
Py, FPyy = Myi1) ®© Mygio) @ - © Mg k(z,)), 0 = 1,2, ..., ma3.
There are h@j S C(X) with 0 S hi’j S 1, hz,](xz) = 1]\/[T(i_’j)7 and hi,jhi/JI =0
if (4,4) # (¢, j). Moreover we may assume that h; ;(x) = 0 if dist(x, z;) > d.
Put g;; =h;; - P € A j=1,2, ...,k:(xi),z' =1,2,...,m3. Let

(e4.178) oo = min{A(h; ;) : 1< j < k(z;), 1 <i<mg}

and choose an integer N(Py) > 2/0¢. Put H = {h;; : 1 < j < k(z;),1 <i <
mslil.ow suppose that maps ¢ : A — My and ¢ : A — Mp are given with
R > N(Pg)k and

(e4.179) troe(g) > A(g) for all g € H.

Write ¢ = @]} Ty, ;, where II, ;) is T; ; copies of my, ;. Note that k—T; ; > 0
for all 4, j. Since R > N(Pg)k, (e4.179) implies that ¢ is the direct sum of at

least

(4.180) A(hy) - (2k/00) > 2k
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copies of 7, ; with dist(z,z;) < d, i = 1,2, ..., m3. Rewrite ¢ as ¥ & o, where
¥, contains exactly T; ; copies of m, ; with dist(x, z;) < d for each ¢ and j. Then

(e4.181) rank X1 (p;) = rankp(p;), i =1,2,...,mq.

Put hg = 5. Note for any unital homomorphism h: A — M, [h(z)] = 0 for all
z € kerpa. So [p @ hollp, = [¥]|p,. This proves the case that A = PC(X, F)P
as above, in particular, the case that A € Dy.

Now assume the conclusion of the lemma holds for any C*-algebra A € D,,,.

Let A be a C*-algebra in D,, 1. We assume that A ¢ PC(X,F)P® B is a
unital C*-subalgebra and I = {f € PC(X,F)P: f|xo = 0}, where X* = X \Y
and Y is an open subset of X and B € D), and A/I = B. We assume that, if
dist(z, 2") < 2d, then

1702, (Pi) = e (Pi) || < 1/2 and |7y j 0 s 0 mr(pi) — w3 (pi)l| < 1/2,

given by and X? = {z € X : dist(z,X°) < d}. We also assume that

where s : A/I — A* = {(f|5a,b) : (f,b) € A} is the injective homomorphism
2d < dx xo. Define Ay : (A/1)%\ {0} — (0,1) by

(e4.182)  An(3) = Algo- P~ s(g)) for all g€ (A/D)}\ {0},

where go € C(X%) . with 0 < g < 1, go(x) = 1 if 2 € X go(z) > 0 if
dist(z, X9) < d/2, and go(z) = 0 if dist(z, X°) > d/2}. Note that go - Ps(g) > 0
if g € (A/I)1 \ {0}. Therefore, A, is indeed an order preserving map from
(A/1)%*\ {0} into (0, 1).

Note that A/I € D,, (see the later part of Definition [4.8). By the inductive
assumption, there is an integer N (Po) > 1, a finite subset H, C (A/I)1 \ {0}
satisfying the following condition: if ¢’ : A/I — M} is a unital homomorphism
and ¢’ : A/I — Mpg is a unital homomorphism for some R’ > N, (Po)k’ such
that

Fou(5) 2 Ax(g) for all g € 3,

where t is the tracial state of Ngs, then there exists a unital homomorphism
hy: A/I — MR/fk’ such that

(" ® ha)solp, = ($n)s0lp,,

where Py = {(71)«0(p) : p € Po}.

For § > 0, define Y% = X \ X9, Let r : Y42 — Y4 be a homeomorphism such
that dist(r(z),z) < d for all € Y2 (see Definition |4.8). Set C' = {f|ya: f €
I}. Let m¢ : A — C be defined by m¢(a) = A(a)|ya for all a € A (see for
A: A — PC(X,F)P). Define Ay : C2*\ {0} — (0,1) by

(e4.183) Ar(§) = A((foPg) o) for all g CPM\ {0},
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where fo € Co(Y)s with 0 < fo < 1, fo(z) = 1if 2 € Y fo(z) = 0 if
dist(z, XY) < d/2 and fo(z) > 0 if dist(z, X°) > d/2}.

Note that C' = P|y«C(Y? F)Pya. By what has been proved, there are an
integer N;(Pp) > 1 and a finite subset H; C C} \ {0} satisfying the following
condition: if ¢” : C — My~ is a unital homomorphism and " : C — Mg~
(for some R"” > Ny(Po)k"”) is another unital homomorphism such that (¢ is the
tracial state on Mpgn)

toy"(g) > Ar(g) for all g € 3y,
then there exists a unital homomorphism A" : C — Mgy _j» such that

(e4.184) (" @ h")solire1@e) = (" 1x0)rel(®0)-

Put

(€4.185) o =min{min{Ar(g) : g € H,}, min{A;(g) : g € H}} > 0.
Let N = (Nz(Po) + Ni(Pg))/o and let

(e4.186) H={goos(9):9€IH}U{fo-gor}.

Now suppose that ¢ : A — M}, and ¢ : A — Mg satisfy the assumptions for
N = N(Py) and H as above (and R > Nk). We may write ¢ = X, - ® X, 1,
where ¥, 1 is the (finite) direct sum of irreducible representations of A which fac-
tor through A/I and 3, ; is the (finite) direct sum of irreducible representations
of I. We may also write

(e4.187) Y=y ®Iyp® Ly, 1,

where ¥, . is the direct sum of irreducible representations of A which factor
through A/I, ¥, is the (finite) direct sum of irreducible representations which
factor through point evaluations at € Y with dist(z, X°) < d/2 and £, 1 is the
direct sum of irreducible representations which factor through point evaluations
at x € Y with dist(z, X°) > d/2.

Put ¢ = (Zy,x ® Xy p)(1a) and k' = rank,, ~(14). Define ¢, : A/I —

Miank(qr) bY ¥r(a) = (Byx © Xyp) 0 s(a) for all a € A/I. Then, by (e4.175)
and the choice of K,

o —

trox(g) > tro(golP - s(9)) = AlgoP - 5(9)) = Ax(g) for all g € Ha,

where t; is the tracial state on Mani(q,)- Note that

(€4.188) tro(goP) > A(g/o?) = Aw(l/A7[)7
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Therefore,
(e4.189) rank(qr) > RA;(14/1) > Na(Po)k'.

By the inductive assumption, there is a unital homomorphism h, : A/I —
M:ankq, —k such that

(e4.190) (Ew,ﬂ S2) hW)*O‘TO = (wW)*OlTU'
Put gr = Xy,17(14) and k" = rank(X, ;(14)). Define 97 : C — Myankg, by

(e4.191) Yr(a) =Xy p(aor) for all a € C.
Then

taoti(g) = troXyr(gor)>y(foPgor) > A((foPg)or)
(€4.192) = As(9) for all g € Hy,

where ¢ is the tracial state on M,ank(q,)- Note that

(¢4.193) tro(foP) > A(foP) = Ar(La).
Therefore,
(e4.194) rank(q;) > RA1(14) > Ni(Po)k”.

There are 0 < dy < d < dx, xo such that all irreducible representations appearing
in ¥, s factor through point evaluations at = with dist(z, X?) > d;. Choose a
homomorphism 7/ : Y% — Y? as in Define ¢r : C — My~ by ¢r(f) =

Yo r(for).
By what has been proved, the choice of N;(Pg), and by (e4.194), there is a
unital homomorphism hy : C' — M, ank(g,)—k sSuch that

(e4.195) (Bo,1 ® hp)soline) (o) = (V1)s0|ire] (o)

Define h : A — Mp_j by h(a) = hx(m1(a)) ® hi(alys) ® Zy p(a) for all a € A.
Then, for each i, by (e4.190|) and (e 4.195)),

ranke(p;) + rankh(p;)

(€4.196) = rank(Xy, »(p;)) + rank(X, 7 (pi))

(e4.197) +rank(Xy 5(p;)) + rankh, (p;) + rankhz(p;)
(€4.198) = ranky,(p;) + rank(X 5 (p;)) + ranke);(p;)
(e4.199) = ranky(p;), i =1,2,...,my.

Since (¢)«0(25) = hwo(2;) = ¥wo(2j)=0, j = 1,2,...,ma, we conclude that
(€4.200) (@ h)xolpy = YuolP,-

This completes the induction process. O
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LEMMA 4.20. Let A € D, be a unital C*-algebra and let A : Ai’l \ {0} —
(0,1) be an order preserving map. For any e > 0 and any finite subset F C A
there exist a finite subset H C AL \ {0} and an integer L > 1 satisfying the
following condition: For any unital homomorphism ¢ : A — My and any unital
homomorphism ¢ : A — Mg for some R > Lk such that

(€4.201) trow(h) > A(h) for all h € H (tr € T(Mg)),

there exist a unital homomorphism g : A — Mp_i and a unitary u € Mg such
that

(€4.202) [Adw o diag(e(f), po(f)) =P (F)] < e

forall f e 3.

PrOOF. Let § > 0, P C K(A) be a finite subset, 3; C AL \ {0} be a finite
subset, Hy C A, be a finite subset, and Ny be an integer as provided by
Theorem [{.18|for £/4 (in place of €), F, (1/2)A, and A. Without loss of generality,
we may assume that Ho C AL \ {0}. Let 09 = min{A(g) : g € H; UFHs}.

Let G denote the subgroup of K(A) generated by P. Put Py = P N Ky(A).
We may also assume, without loss of generality, that Py = {[p1], [p2], -+, [Pm,]} U
{#1, 22, .., Zm, }, Where p1, pa, ..., Dm, are projections in M;(A) (for some integer [)
and z; € kerpa, j =1,2,...,ma. Let j > 1 be an integer such that K¢(A,Z/j'Z)N
G =g for all j' > j. Put J = jl.

Let N(Pg) > 1 denote the integer and Hs C A% \{0} the finite subset provided
by Theoremfor Po. Let ps = (agz?)lxl, s =1,2,...,mq, and choose gg > 0
and a finite subset F; such that

(€4.203) [W]lp = "]l

whenever |9/ (a) — ¢ (a)|| < g for all a € F.

Put F» = FUF1UH;, and put &1 = min{e/16,e0/2,5/2}. Let K > 8((N(Po)+
1)(J 4+ 1)/d0p) be an integer. Let Hy = H; U Hs. Let Ny > 1 (in place of N),
61 > 0 (in place of 6), 3, C A% \ {0} (in place of H;), and Hz C A, ,. (in place
of H3) be the constants and finite subsets provided by Lemma for e1 (in
place of €), Fa (in place of F), Ho, and K. Let L = K(K + 1), let H = H, UK,
and let & = 15/16. Suppose that ¢ and ¢ satisfy the assumption for
the above L and H.

Then, by Lemma [.11] there are mutually orthogonal projections
€0, €1, €2, ...,ex € Mp such that ey < e; and e; is equivalent to e1, 7 = 1,2, ..., K
a unital homomorphism g : A — egMpgeg, and a unital homomorphism ; :
A — ey Mgeq such that

K

(€4.204)  [[¢(a) — (Yo(a) & diag(¥1(a), ¥1(a), ... ¢¥1(a)))l| < &1




144 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

for all a € F5 and

(e4.205) tro(g) > (15/16)% for all g € H,.

K
Put U = ¢ & diag(¢1(a), ¥1(a),...,¥1(a))). We compute that
(€4.206) [P]lp = []]»-

Let Ry = rank(e;). Then, by (e 4.205)),
Ro = Rtro¢1(1a)

o~

(e4.207) > Lk(15/16)A(éA) > k(K +1)(15/16)A(14)
(4.208) > k(15/16)8N(Po)(J +1)/.

Moreover,

(e4.209) tr' o 91(g) > (15/16)A(g) for all g € Hs,

where tr’ is the tracial state of Mg, . It follows from Lemma that there exists
a unital homomorphism hg : A — Mg, _j such that

(€4.210) (9 @ ho)sol e = (¥1),-
Put
J-1 J
) . A
hl == hO ¥ dlag(@ S2 hOa 2 @ hOa e P @ hO) and QZJQ = dlag('llfl,d}l, ceey 77[11)
Then
(e4.211) [p @ hallp = [12]]2.
K—J

—
Put ¥ = diag(¢1, 1, ...,1¥1) = 1 @ 1x_ ;. Let wo = hy & g & U’'. Then (see
(c2.204))

(e4.212) [0 @ @ollp = [tho ® 12 & V]|p = [¢]]p.
Since J/K < /4, by (e4.204),
[tro (p(g) ® @ol(g)) —trov(g)| < 2J/K +e1 <6 for all g € Hs.

Then, by (e4.201)), applying Theorem |4.18) we obtain a unitary u € Mg such
that

(4.213)  [JAduo (¢(f) & po(f)) — U(f)| < for all fe T,
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5. Almost Multiplicative maps to Finite Dimensional C*-algebras
In the following statement, n is given and (G,d) depends on n : the proof is
a standard compactness argument.

LEMMA 5.1. Letn > 1 be an integer and let A be a unital separable C*-algebra.
For any € > 0 and any finite subset F C A, there exist § > 0 and a finite subset
G C A such that, for any unital G-6-multiplicative completely positive linear map
p: A— M,, there exists a unital homomorphism v : A — M, such that

lo(a) —p(a)|| < e for all a € 9.

PROOF. Suppose that the conclusion is not true for a certain finite set FCA
and o> 0. Let {Gx}72, be a sequence of finite subsets of A with G, C SGg41
and |J, 9x = A and let {6;} be a decreasing sequence of positive numbers with
dr — 0. Since the conclusion is assumed not to be true, there are unital Gg-0g-
multiplicative completely positive linear maps ¢y : A — M, such that

(e5.1) inf{maxqe7|¢r(a) — ¥(a)|| : b : A — M, a homomorphisms} > &o.

For each pair (4,7) with 1 < 4,5 < n, let [*9 : M,, — C be the map defined
by taking the matrix a € M, to the entry of the it" row and j** column of
a. Let @) =17 o0¢p, : A — C. Note that the unit ball of the dual space
of A (as a Banach space) is weak® compact. Since A is separable, there is a
subsequence (instead of subnet) of {¢y} (still denoted by ¢y) such that {7} is
weak™® convergent for all ¢,j. In other words, {¢x} converges pointwise. Let vy
be the the limit. Then 1)y is a homomorphism and for k large enough, we have

llok(a) —Yo(a)|| < eo, for all a €.

This is in contradiction with (e 5.1]) above. O

LEMMA 5.2 (cf. Lemma 4.5 of [66]). Let A be a unital C*-algebra arising from
a locally trivial continuous field of C*-algebras isomorphic to M, over a compact
metric space X. Let T be a finite subset of tracial states on A. For any finite
subset F C A and for any € > 0 and any o > 0, there are an ideal J C A such
that ||7|s]| < o for all T € T, a finite dimensional C*-subalgebra C C A/J, and
a unital homomorphism my from A/J such that

(5.2) dist(w(x),C) < e for all x € F and mo(A/J) = mo(C) = C,

where w: A — A/J is the quotient map.

PrOOF. This follows from Lemma 4.5 of [66]. In fact, the only difference is
the existence of my. We will keep the notation of the proof of Lemma 4.5 of [66].
Let Bj and F} be as in the proof of Lemma 4.5 of [66]. Note that in the proof
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Lemma 4.5 of [66], p({g:5}) = D¢ = M,,. In other words, in the proof of Lemma
4.5 of [66], (B;)|r, = M, . Recall that

J = {feA:f(¢)=0 for all (€ F},
k
|_|Fi; and Fj C B(gj,éj), j= 1,2,...,k,

i=1

F

as in the proof of 4.5 of [66]. Recall also D = @5:1 fjB; and 7(D) = C, where
filr, = 1 and fj|p, =0, if j # i. Choose x; € Fj, j =1,2,...,k. One defines

;o k
Ty = Dj—1 Tx;. Then

l l
m0(D) = @ ., (B;) = P M,=C.
j=1 j=1

Note that §; € Fy; C F, j = 1,2,...,k. Therefore, each m¢, induces a homo-
morphism ¢; of A/J such that ¢;(m(a)) = m¢,(a) for all @ € A. In particular,

Ui(A)J) = My, j =1,2,...k. Put 7o = @}_, ;. Then mo(A/J) = m)(A) =
D), 7, (A) = D), 7, (D) = 7)(D) = mo(n(D)) = mo(C) = mhy(D) £ C. O

LEMMA 5.3 (cf. Lemma 4.7 of [66]). Let A be a unital separable subhomogeneous
C*-algebra. Let T C T(A) be a finite subset. For any finite subset F C A, e >0
and o > 0, there are an ideal J C A such that ||7|s|| < o for all T € T, a finite
dimensional C*-subalgebra C C A/J, and a unital homomorphism mo from A/J
such that

(€5.3) dist(n(z),C) < e for all x € F and mo(A/J) = mo(C) = C,

where w: A — A/J is the quotient map.

PROOF. The proof is in fact contained in that of Lemma 4.7 of [66]. Each time
Lemma 4.5 of |66] is applied, one can apply Lemma above. Let us assume
A and m to be as in Lemma 4.7 of [66] and keep the notation of the proof of
Lemma 4.7 of [66]. Let us point out what the map 7y is. When m = 1, mg is the
map of Lemma [5.2

Otherwise we proceed as in the proof of Lemma 4.7 of [66] to where 7, and
o are constructed. Instead of applying Lemma 4.5 of [66], we apply Lemma
above to obtain a homomorphism 7751) (in place of mg) from 75 o 1 (A) and
a finite dimensional C*-algebra Cy = my o m(D1) = mg o m1(D}) such that
5 (my 0 mi(A)) = m(Cy) = 1.

In the proof of Lemma 4.7 of |66, the second time Lemma 4.5 of [66] is
applied, we again, instead, apply Lemma to obtain a homomorphism 7r(()2)
(in place of mg) from w4 o m3(A) and Cy = 74 0 w3(D3) = m4 o w3(D%) such that
7r(()2) (mq 0 m3(A)) = 7T(()2)<Cg) >~ (5. Note, in the proof of Lemma 4.7 of [66],
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=

w(A) = m o m(A) & 14 0 m3(A) and C = 7(D} @ Dy) = n(D}) @ n(Dh) =
g o 1 (D ) EB 7r4 om3(Dh) = C1 @ Cq. Define mg = 7r(1) ® 71'( ) from m(A). The
mo(m(4)) = m§" (mpomy (A)) @S (maoms(A)) = wé”(coem (C2) = mo((C))

(1 (Cl) ( )2 C @ Cy=C.

O

LEMMA 5.4. Let A be a unital separable subhomogeneous C*-algebra. Lete > 0,
let F C A be a finite subset, and let o9 > 0. There exist § > 0 and a finite subset
G C A satisfying the following condition: Suppose that ¢ : A — M,, (for some
integern > 1) is a unital G-0-multiplicative completely positive linear map. Then,
there exist a projection p € M, and a unital homomorphism ¢g : A — pMp,p
such that

(e5.4) llpp(a) —(a)p]l < € for all a € F,
(€5.5) |lp(a) = [(1 = p)p(a)(1 —p) + wo(a)]ll < € for all a € F, and
(e5.6) tr(l —p) < oy,

where tr is the normalized trace on M,,.

PrROOF. Assume that the conclusion is false. Then there exist €9 > 0, a finite
subset JFp, a positive number oy > 0, an increasing sequence of finite subsets
Gn C A such that §,, C §,,11 and such that | J,,_, G, is dense in A, a decreasing
sequence of positive numbers {4, } with Y7, d, < oo, a sequence of integers
{m(n)}, and a sequence of unital G,-0,-multiplicative completely positive linear
maps @p : A — M, () satisfying the following condition:

inf{max{[|¢n(a) = [(1 = p)en(a)(1 = p) + o(a)]l| : @ € Fo}} > o,
(e5.7)

where the infimum is taken among all projections p € M, () with tr, (1—p) < oo,
and

”p(Pn(G) - @n(@)pn < €o,

where tr, is the normalized trace on M,,(,), and all possible unital homo-
morphisms ¢g : A — pM,,)p. By virtue of one may also assume that
m(n) — oo as n — oo.

Note that {tr, o ¢, } is a sequence of (not necessarily tracial) states of A. Let
to be a weak * limit of {tr,, o ¢, }. Since A is separable, there is a subsequence
(instead of a subnet) of {tr, o ¢,} converging to ty. Passing to a subsequence,
we may assume that tr,, o ¢, converges to tyg. By the G,-6,,-multiplicativity of
©n, the limit ¢y is a tracial state on A.

Consider the ideal @, | M,,(,), where

@Mm(n) = {{an} : an € M,y and nh—>H;o lan| = 0}.

n=1
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Denote by Q the quotient [T)" | My, )/ ey Min(n)- Let my, = [Tneq Mpyny —
@ be the quotient map. Let Ag = {7, ({on(f)}) : f € A} which is a subalgebra
of . Denote by ¥ the canonical unital homomorphism from A to @ with
W(A) = Ap. If a € A has zero image in 7, (Ao), i-e., pn(a) — 0, then to(a) =
lim;, o0 t1, (0 (a)) = 0. So we may view ty as a state on Ag = U(A).

It follows from Lemma that there are an ideal I C ¥(A) and a finite
dimensional C*-subalgebra B C W(A)/I and a unital homomorphism gy :
U(A)/I — B such that

(5.8) dist(mr o U(f),B) < ¢€0/16 for all f e Fy,
(65.9) H(to)IIH < 0'0/2 and 7TOO|B =idpg.

Note that 7o can be regarded as map from W(A) to B with kermgg D I. There
is, for each f € JFy, an element by € B such that

(65.10) ||7T]O‘I/(f)—bf|| <€0/16.

Put ¢’ = B+ 1 and Iy = ¥~1(I) and C; = U~1(C’). For each f € Fy, there
exists ay € Cy C A such that

(6511) Hf - CLfH < 60/16 and 7y o \I'(af) = bf.

Let a € (Ip)4+ be a strictly positive element and let J = ¥(a)Q¥(a) denote the
hereditary C*-subalgebra of @ generated by ¥(a). Since @) has real rank zero,
so does J (see [10]). Put Cy = ¥(Cy) + J. Then J is a (o-unital) ideal of Cs.
Denote by m; : Co — B the quotient map. Since @) has real rank zero, J is a
hereditary C*-subalgebra of @, and Cy/J = B has finite dimension, by Lemma
5.2 of |59], C5 has real rank zero and projections in B lifts to a projection in Cs.
It follows (see Theorem 9.8 of [25]) that the extension

0—J—=Cy—B—0

splits and is a quasidiagonal (see also the proof of Theorem 5.3 of [59]). As in
Lemma 4.9 of [66], there are a projection P € J and a unital homomorphism
o : B — (1 — P)C2(1 — P) such that

[P (ar) — U(af)P|| <eo/8 and [[W(ay) — [PW(as)P + 1o omyoWlay)ll| <eo/8

for all f € Fy. Let H : A — o(B) be defined by H = g 0 mpg © w7 o ¥. One
estimates that

(e5.12) |PU(f) —B(f)P| < £0/2 and
(€5.13) [W(f) = [PY(f)P + H()I <eo/2

for all f € Fy. Note that dimH(A) < oo, and that H(A) C Q. There is a
homomorphism H; : H(A) — [[_; M) such that m,0 Hi o H = H. One may
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write Hy = {h,}, where each h,, : H(A) — M,y,(,) is a (not necessarily unital)
homomorphism, n = 1,2, .... There is also a sequence of projections g, € M, ()
such that 7, ({g,}) = P. Let p,, = 1 —¢qn, n = 1,2, .... Then, for sufficiently large

n. by (€513) and 513,
(e5.14) (1 = pn)en(f) = @n(f)(L —pu)| <eo and
(e5.15) lon(f) = [(1 = pn)en(f)(1 = pn) + hn o H(f)]]| < eo

for all f € Fy. Moreover, since P € J, for any n > 0, there is b € [y with
0 < b <1 such that
[W(b)P — Pl <n.

However, by (e 5.9),
(5.16) 0<to(¥T(b)) < 00/2 for all be Iy with 0<b<1.

By choosing sufficiently small 7, for all sufficiently large n, we have

trp (1 = pn) < oo.

This, together with (e 5.14)) and (e 5.15)), contradicts (e 5.7]). O

COROLLARY 5.5. Let A be a unital subhomogeneous C*-algebra. Let n > 0, let
€ C A be a finite subset, and let ng > 0. There exist § > 0 and a finite subset
G C A satisfying the following condition: Suppose that ¢, ¥ : A — M, (for
some integer n > 1) are two unital G-6-multiplicative completely positive linear
maps. Then, there exist projections p,q € M,, with rank(p) = rank(q) and unital
homomorphisms pg : A — pM,p and vy : A — qM,q such that, for a € €,

lpp(a) —e(a)pll <n, llq¥(a) —Y(a)qll <n

[p(a)=[(1=p)p(a)(1—p)+po(a)lll <n, [l¥(a)=[(1-q)¥(a)(1—q)+o(a)]ll <n,
and tr(1 —p) = tr(1 — q) < no,
where tr is the normalized trace on M,.

For convenience in future use, we have used 7, 1y and € to replace the ¢, oy,

and F of [5.4]

ProoOF. By Lemmal5.4) we can obtain such decompositions for ¢ and v sepa-
rately. Thus the only missing part is that rank(p) = rank(q). Let {21, 22, ..., 2m }
be the set of ranks of irreducible representations of A and let T' be the number
given by corresponding to {z1, 22, ..., zm }. We apply to 10/2 instead of og
(and, n and & in places of £ and F). By Lemma we can assume the size n
of the matrix algebra M,, is large enough that T'/n < 1y/2. By Lemma we
may take sub-representations out of ¢ and 1y (one of them has size at most T')
so that the remainder of ¢ and 1y have same size—that is for rank(new p) =
rank(new ¢), and tr(1 — (new p)) = tr(1 — (new q)) < n0/2+ T/n < no. O
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LEMMA 5.6. Let A € D, be an infinite dimensional unital C*-algebra, let € > 0
and let F C A be a finite subset. Let eg > 0 and let G9 C A be a finite subset.
Let A : AZ_’I \ {0} — (0,1) be an order preserving map.

Suppose that H, C AL \ {0} is a finite subset, €1 > 0 is a positive number
and K > 1 is an integer. There exist § > 0, ¢ > 0, and a finite subset § C A
and a finite subset Hy C AL \ {0} satisfying the following condition: Suppose
that Ly, Ly : A — M, (for some integer n > 1) are unital G-5-multiplicative
completely positive linear maps such that

(€5.17) troLy(h) > A(h)  for all h € Hy, and

(€5.18) [tr o Li(h) —tr o Ly(h)| < o for all h € Ha.

Then there exist mutually orthogonal projections eqg, €1, €, ..., ex € M, such that
e1,ea,...,ex are pairwise equivalent, ey < e, tr(eg) < €1, and ey + Zf{zl e; =1,
and there exist unital Go-co-multiplicative completely positive linear maps ¥y, s :
A — egMyeq, a unital homomorphism ¢ : A — ey Myeq, and a unitary u € M,
such that

K

(€5.19)  [IL1(f) — diag(sa (), ¥ (f), ¥ (f), -, b (f))] < e and

K

for all f € F, where tr is the tracial state of M,,. Moreover,

(e5.21) tr(v(g)) > % for all g € H;.

PrOOF. Lete >0,e9>0,F and Gg and A be given as stated. First note that
the following statement is evident. For any C*-algebra A, any finite subset §¢ C
A and g¢ > 0, there are a finite subset 3’ C A which contains F and ¢’ > 0 which
is smaller than min{e/2,£¢/2} satisfying the following condition. If L : A — B
is a unital F'-¢’-multiplicative completely positive linear map, pg,p1 € B are
projections with pg +p1 = 1p, and L{, : A — poBpo, L} : A — p1Bp; are unital
completely positive linear maps with

IL(f) = diag(Lo(f), Ly ()] <& for all feF,

then both L{, and L} are Gg-go-multiplicative.
Let £1 > 0, H; and K be given as in the statement of the lemma. Choose an
integer ko > 1 such that 1/ky < 1 and let K; = koK. Put

(€5.22) g9 = min{e/16,¢’/16,¢1/2,1/2}.
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Let Ay = (3/4)A. Let §; > 0 (in place of §), Hyo C AL \ {0} (in place of 3),
and Hy o C A, ,. (in place of Hs) be the constant and finite subsets provided
by Lemma [{.17] (see also Remark for 5 (in place of €), F (in place of
F), 2K (in place of K), 3, (in place of Hy), A1, and A, as well as a = 3/4.
It is clear that, without loss of generality, we may assume that 3y ¢ is in the
self-adjoint part of the unit ball of A. Since every h € Hz ¢ can be written as
h = (|h|+h)/24 (h—|h|)/2, choosing an even smaller d; (half the size), without
loss of generality, we may assume that 3y o C AL \ {0}.

Let 1o = min{d;/16,e5/16, min{A(h) : h € H;,/16}}. Let d, > 0 (in place
of §) and let §3 C A (in place of §) be the constant and the finite subset
provided by for n = no - min{eq, 61/4}, no, and € = FUH; 0 UHz 0 UH;. Let
d = no-min{da/2,61/2,e0/2}, let 0 = min{ng/2,71/2}, let G = GoUG UFUF UE,
and let 3y = 3y o U Ha 9 U IH;. Recall that we have assumed that ' D F and
e/ < min{e/2,e0/2}.

Now suppose that L; and Lo satisfy the assumptions of the lemma with
respect to the d, o and G, Hy above. It follows from Corollary that there
exist a projection p € M,,, two unital homomorphisms ¢1, @2 : A — pM,p, and
a unitary u; € M, such that

528)  JuiLi(@u — (1 - puiLal@)u(l - p) + pr(@)] <.
(€5.24) [L2(a) = ((1 = p)La(a)(1 = p) + @2(a)|| <n

for all @ € &, and

(e5.25) tr(1 —p) < no,

where tr is the tracial state on M,,.
We compute that

(€526) trogi(g) > AG) —n—m > (3/4)A(G) for all g€ Hyo and
(€5.27)  |tropi(g) —Towa(g)] <2n+2n9+ 0 < & for all g € Hap.

It follows from Lemma (and Remark that there exist mutually or-
thogonal projections qq, q1, ---, g2 € pM,,p such that gy < ¢ and g¢; is equivalent
tog foralli =1,2,...,2K;, two unital homomorphisms ¢1,0, 92,0 : A = goMyqo,
a unital homomorphism ' : A — g1 M,q1, and a unitary us € pM,p such that

2K,

(€5.28) |lubp1(a)uz — (10(a) ® diag(¥'(a), v’ (a), ..., (a))] < &2
2K

(€5.29) and |pa(a) — (p2,0(a) ® diag(¥’(a), ¥'(a), ..., ¥ (a)))|| < 2

for all a € FU F'. Moreover,

(e5.30) o1 (g) > (3/4)*A(g)/2K; for all g € H,,
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where 7 is the tracial state of pM,,p. Let u = u1((1 —p) + uz), eg = (1 —p) ® qo,
e; = Z?iol kg (i—1)4js t = 1,2, ..., K, let i1 (a) = (1 —p)uiLi(a)ui (1 —p) D e10,
2ko

P2(a) = (1 —p)La(a)(l — p) @ p2,0 and ¢(a) = diag(¢'(a),¥'(a), ..., ¢’ (a)) for
a € A. Then

K

lu” Ly (f)u = (Yr(f) @ diag(yh(f), ¥ (f), -, w (I <n+e2 <& <e

K

and [[La(f) — (¢2(f) & diag(¥(f), o(f), - () <n+e2 <& <e

for all f € FUTF'. Tt follows (by the choice of ¢’ and F’) that ¢; and )9 are
Go-eo-multiplicative. Moreover,

tr(eo) = tr(1 —p) +tr(qo) < no +1/(2ko K +1) < e1.

Further,
trow(g) = tr(p)Tov(g)
(€5.31) > (L —=no)To9(g)
(e5.32) > (1- 3%)(9/16)(%0)2%{2@[){ > AQLQ) for all g € J(;.

O

LEMMA 5.7 (9.4 of [71]). Let A be a unital separable C*-algebra. For anye > 0
and any finite subset H C As,., there exist a finite subset G C A and § > 0
satisfying the following condition: Suppose that ¢ : A — B (for some unital
C*-algebra B) is a unital §-6-multiplicative completely positive linear map and
t € T(B) is a tracial state of B. Then, there exists a tracial state 7 € T(A) such
that

(e5.33) [tow(h) —T(h)| <e for all h € K.

PROOF.  This follows from the same proof of Lemma 9.4 of [71] O

THEOREM 5.8. Let A € Dy be a unital C*-algebra. Let A: AL\ {0} — (0,1)
be an order preserving map.

Let € > 0 and let F C A be a finite subset. There exist a finite subset Hy C
AL\ {0}, a finite subset G C A, § > 0, a finite subset P C K(A), a finite
subset Ho C Ag.q., and o > 0 satisfying the following condition: Suppose that
Li,Ly : A — My (for some integer k > 1) are two unital G-0-multiplicative
completely positive linear maps such that

(e5.34) [Lillp = [Lo]|»,
(e5.35) tro Li(h)
(5.36) |tro Li(h) —tro La(h)|

Y

A(R)  for all h e Hy, and
< o for all h € Ha.
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Then there exists a unitary u € My such that
(e5.37) JAduo Li(f) — La2(f)|| < e for all f€TF.

PrROOF. The proof is almost the same as that of

If A is finite dimensional, then A is semiprojective. Therefore, it is easy to
see that the general case can be reduced to the case that both L; and Lo are
unital homomorphisms. Then we return to the situation of

So we now assume that A is infinite dimensional.

Let Ay = (1/3)A. Fix € > 0 and a finite subset ¥ C A. Let 61 > 0 (in place
of §), §1 C A (in place of §), P C K(A), H; c AL \ {0} (in place of K) be
the finite subsets and K > 1 be the integer provided by Lemma m (see also
Remark for €/2 (in place of €), F, Ay, and A.

Let Go = G1 and €9 = §1/2. Without loss of generality, we may assume the
following: for any two Gg-e9-multiplicative contractive completely positive linear
maps @1, P, : A — C (for any unital C*-algebra C), [®1]|p and [P2]|p are well
defined, and, if ||®;(a) — ®2(a)|| < g for all a € Gy, then

(e5.38) [D1]]p = [®2]]p-

Let 02 > 0 (in place of §), o1 > 0 (in place of ¢), a finite subset G2 C A (in
place of §) and a finite subset H} C Al \ {0} (in place of ) be as given by
Lemma [5.6 for 3} (in place of H1), K, €9, So 01/4 (in place of €), §1 = Go (in
place of F), A, and A.

Let § = min{d1/4,92,e/4}, § = Go UF U Ga, Hy = H}, and Ho = H,.

Now let Ly, Lo : A — My, be two unital §-d-multiplicative completely positive
linear maps which satisfy the assumption for the above Hy, G, §, o, P, and Hs.

By we obtain a unitary uw; € M}, mutually orthogonal non-zero pro-
jections eg, e, e, ...,ex € M with ZzK:o e; = 1y, €0 S e1, e; equivalent to
e1, © = 1,2,..., K, unital Gy-gp-multiplicative completely positive linear maps
Dy, Dy : A — egMypeg, and a unital homomorphism 1 : A — e; Myeq such that

(€5.39) |jufoLi(flur — (P1(f) @ ¥(f))|l < 61/4 for all f € Gy,
(€5.40)  [[La(f) — (®2(f) & U(/))]| < 51/4 for all /€ Gy, and
(e5.41) To(g) > A(g)/2K for all g € 3,

K

where U(a) = diag(v(a), ¥(a), ..., (a)) for all a € A and 7 is the tracial state
on M,,.
Let 71 be the tracial state of e; Mie;. Then (e 5.41)) implies

(e5.42) T10W(g) > A(g)/2 > A1(g) for all g € H;.

By the choice of ¢y and Gy, by and , one has, for all z € P,
(e5.43) [©1](z) + [Y](z) = [©2](x) + [¥](2)
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in the group K(A). It follows that, for all € P,
(e5.44) [@1](z) = [®2](z).
Now, by (e5.44), , and the choice of K, on applying Lemma one

obtains a unitary us € M} such that
(€5.45) |lus(®1(a) ® ¥(a))uz — (P2(a) ® ¥(a))|| <e/2 for all a € F.
Choose u = ujug. Then, by and (e5.45), for all a € 7,
Ly (@) — Laa)|
< lug(uiLa(a)uz — (®1(a) & ¥(a))|
+]|us(@1(a) ® V(a))uz — (P1(a) B ¥(a))|| <e/2+e/2 =¢.

(
(

6. Homotopy Lemma in Finite Dimensional C*-algebras

LEMMA 6.1.  Let S be a subset of My, (for some integer k > 1), and let u € My,
be a unitary such that

(e6.1) ua = au for all a € S.

Then there exists a continuous path of unitaries {u; : t € [0,1]} C My, such that
(e6.2) ug=1u, uy =1, wga=auy for all a € S

and for all t € [0,1], and moreover,

(e6.3) length({w;}) < 7.

PROOF. There is a continuous function h from sp(u) to [—m, 7] such that
(e6.4) exp(th(u)) = u.

Because h is a continuous function of wu,

(e6.5) ah(u) = h(u)a for all a € S.

Note that h(u) € (My)s.q. and ||h(uw)]| < w. Define u; = exp(i(1 — t)h(u)) (¢t €
[0,1]). Then ug = u and u; = 1. Also,

Ut = alg
for all @ € S and ¢t € [0, 1]. Moreover, one has
length({u;}) <,

as desired. 0O
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LEMMA 6.2. Let A € D, be a unital C*-algebra, let H C (A ® C(T))s.q. be a
finite subset, let 1 > o > 0 be a positive number, and let A : (A® C(']I‘))i’l
{0} — (0,1) be an order preserving map. Let € > 0, let o C A® C(T) be a
finite subset, let Po, Py C K(A) be finite subsets, and write P = Py U B(P1) C
K(A® C(T)). There exist 6 > 0, a finite subset § C A ® C(T), and a finite
subset Hy C (A® C(T))X \ {0} satisfying the following condition: Suppose that
L: A® C(T) = My (for some integer k > 1) is a unital §-6-multiplicative
completely positive linear map such that

(e6.7) [Llgwy = 0,

(6.6) troL(h) > A(h) for all h € H,, and

where tr is the tracial state of M,,. Then there exists a unital Go-e-multiplicative
completely positive linear map ¢ : A® C(T) — My, such that u= (1 ® z) is a
unitary,

(6.8) w(a®1l) = Yla®l)u for ala€ A
(€6.9) [Lllp = [¥lle and,
(€6.10) [tro L(h) —trow(h)| < o for all h e K.

PrROOF. Let H and o, € and Gy be given. It is clear that, without loss of
generality, we may assume that H C (A ® C(T))!, . By writing h = hy — h_,
where hy = (|h|+h)/2 and h_ = (|h| —h)/2, and choose a smaller o, to simplify
notation, without loss of generality, we may assume that H C (A®C(T)) \ {0}.

We may also assume that

So={9®f:9€ SG0a and f € Gir},

where 14 C Goa C A and G117 C C(T) are finite subsets. To simplify matters
further, we may assume, without loss of generality, that 17 = {1¢(t), 2}, where
z € C(T) is the standard unitary generator.

We may assume that G4 is sufficiently large and ¢ is sufficiently small that
for any unital Gg-e-multiplicative completely positive linear map L, [L]|p is
well defined, any unital Gy4-e-multiplicative completely positive linear map @
from A, [®]|p, is well defined, and for any unital Gp-e-multiplicative completely
positive linear maps L; and Lo with

Ly =~. Ly on Gy,

we have

(L]l = [La]l2,
and, furthermore, for any unital G a-e-multiplicative completely positive linear
maps ®; and @5 (from A) with

@y =, ®y on Goa,



156 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

we have
[@1][2y = [R2]|P,-

There is g > 0 satisfying the following condition: if L', L"” : A® C(T) — C
(for any unital C*-algebra C) are unital Go-dp-multiplicative completely positive
linear maps such that ||L'(a) — L (a)|| < ¢ for all a € Gy, then ||L'(h)—L"(h)| <
o/4 for all h e H.

Let n be an integer such that 1/n < /2. Note that A ® C(T) € D,. Put
eo = min{o/2,e/2,80/2}.

Let 6 > 0, o9 > 0 (in place of 6) § C A® C(T), and H; C A® C(T)L \ {0}
(in place of Hy) be the constants and finite subsets provided by Lemma for
A ® C(T) (in place of A), ¢ (in place of €), Gp (in place of F), H (in place
of H;), and A. Without loss of generality, we may assume that § < ¢, and by
choosing larger a G if necessary, we may assume that Go C §. Now suppose that
L: A® C(T) — M satisfies the assumption for the above 4, G, and H;. In
particular, [L]|p is well defined. It follows from Lemma (for Ly = Ly = L)
that there is a projection eg € M} and a unital Gg-¢p-multiplicative completely
positive linear map ¢y : A ® C(T) — egMrep and a unital homomorphism
1 : A® C(T) — (1 — eg) My (1 — ep) such that

(e6.11) tr(eg) < 1/n < o,
(6.12) |IL(a) — o(a) ® ¥1(a)|| < eo for all a € Go.
Define ¢ : A® C(T) — My, by ¢(a) = ¢o(a) ®¢1(a) for all @ € A (see|2.26)) and

P(1®z) =e ®YP1(1®z). Put w = (1 ® 2). Consider ®1(a) = L(a ® 1) and
®3(a) =1(a®1). Then, by (e6.12)) and the choices of Gy and ¢,

(€6.13) [Llpe = ]|,

On the other hand, define ¥ : AQC(T) — egMpep by ¥o(a® f) = o(a)(f(1)eo)
for all @ € A and f € C(T) (and where 1 is the point on the unit circle). Then

[Wlla.) = [Yollp,) + [¥1llp@,)-

Since ¥o(1 ® z) = eg, one concludes that [¥o]|g(p,) = 0. On the other hand, 1
is a homomorphism from A ® C(T) into M}, and so [¢1]|gp,) = O (this also
follows from the first part of Lemma. Thus, by (e6.7) and (e6.13),

[L]lp = [Lllpousr,) = [W]]p-

Since H C Gp and ¢¢ < o, by (e6.12)) and (e6.11]), the inequality (e6.10) also
holds. O
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DEFINITION 6.3. Let A be a unital C*-algebra, let X be a compact metric

space, and let B = A® C(X). We identify B with C(X, A). Let b € C(X, A)} \

{0}. Choose zg € X such that ||b(zo)|| > 0 and choose ¢ = ||b(zg)||/4. Then

b(xo) > b(zg) —e > 0. Since b € C(X, A), there exists a neighborhood N (zg)

of X such that b(z) > b(zg) — e. Choose f € C(X )4 with 0 < f < 1 such that

its support lies in N(x). Then b(x) > (b(xg) — ) ® f. Note (b(zo) —€) ® f > 0.
Let A: (A® C(X))4" — (0,1) be an order preserving map. Then,

Ao(h) = sup{A(h1 @ ha) : hy ® hy < h,hy € AL\ {0}, hy € C(X)1\ {0}} > 0
for any h € (A® C(X))} \ {0}. Note if h > A/, then
Ao(h) > Ao(R).

In other words, Ag : (A® C’(X))Z_’1 — (0,1) is an order preserving map. More-
over, Ag(h) < A(h) for all h € (A® C(X)L \{0}. If h = hy ® hy for some
hy € AL\ {0} and hy € C(X)L \ {0}, then Ag(h) = A(h).

LEMMA 6.4. Let A € Dy be a unital C*-algebra and let A : (A2C(T))%"\{0} —
(0,1) be an order preserving map. Let € > 0 and let F C A be a finite subset.
There exist a finite subset Hy C AL \ {0}, a finite subset Hy C C(T)L \ {0},
a finite subset G C A, 6 > 0 and a finite subset P C K(A) such that, if L :
ARC(T) — My, (for some integer k > 1) is a unital §'-0-multiplicative completely
positive linear map where §' = {g® f:9€ G, f ={1,2,2*}}, and u € My, is a
unitary such that

(€6.14) ILA®z)—ul| < 4,
(e6.15) [Lllgpy = 0 and
(¢6.16) troL(hy @ ha) > A(hy @ ho)

for all hy € Hy and hy € Ho, where tr is the tracial state of My, then there exists
a continuous path of unitaries {uy : t € [0,1]} C My with up = u and uy =1
such that

(€6.17) IL(f @ Du —w L(f ®1)|| <e for all feF

and t € [0,1]. Moreover, {us} can be chosen such that

(e6.18) length({u:}) < 7 +e.

PrOOF. Let Ag be as associated with A in Definition Let Ay = (1/2)Ay,

let Fo={f®1:1®z: f € F}andlet B=A® C(T). Then B € D,. Let
H C Bi \ {0} (in place of H;), Ho C Bs.4. (in place of Hs), o9 > 0 (in place of
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o), 91 C A®C(T) (in place of §), §; > 0 (in place of §), and P’ C K(B) (in place
of P) be the finite sets and constants provided by Theorem [5.8| (for B instead of
A) for /16 (in place of €), Fy (in place of F), and Ay. It is clear that, without
loss of generality, we may assume that every element of Hy has norm no more
than 1. If h € Hy, then one may write h = hy — h_, where hy,h_ € B4 and
[lh+ll, [[A—|| < 1. Therefore, choosing oy even smaller, without loss of generality,
we may assume that Ho C B} \ {0}. Since the elements of the form Y 7" wa;,
where a; > 0, and a; = a9 ® b)) with a; € AL and b; € C(T)}, are dense
in Bi, choosing an even smaller og, without loss of generality, we may further
assume that Ho = {h1 @ hy : hy € H} and hy € Hj}, where H; C AL \ {0} and
Hh € C(T)% \ {0} are finite subsets. Similarly, choosing even smaller o and 41,
we may assume that G4 = {g® f : g € §} and f € {1,2,2*}} for some finite
subset §' C A.

By the definition of Ag (see , for each h € H', there exist a, € A} \ {0}

and b, € C(X)X \ {0} such that h > ap, @ by and

(¢6.19) Ao(h) < (16/15)A(ay, @ bp).

Choose finite subsets H C A} \ {0} and Hy C C(T)% \ {0} such that, for each
h € H', there are ap, € H 4 and b, € Hrp such that holds for the triple
h, ap and by,. Put H” ={a®b:a € H, and b € Hr}. Replacing both H} and
Ha by Hy UK, and both Hf and Hr by H, U H 4, without loss of generality,
we may assume that Hy = H". Let

(€6.20) o = (1/4) min{ min{A; (k) : h € H'},00}.
Without loss of generality, we may assume that
(e 621) ':P/ = fPo (W (Pl,

where Py C K(A) and Py C B(K(A)) are finite subsets. Let P C K(A) be a
finite subset such that 3(P) = P;.

Let d2 > 0 (in place of §) with d2 < /16, the finite subset Go C A® C(T) (in
place of G), and the finite subset Hs C (4 @ C(T))% \ {0} (in place of H;) be
as provided by Lemma for o, (3/4)Ap (in place of A), H" (in place of H),
min{e/16, 1 /2} (in place of €), G1 (in place of Gy), and Py and P (in place of Py
and P;). Choosing a smaller d2, we may also assume that

Go={9®f:9€9, and fe{l,z2"}}
for a finite set G5 C A. Let
J‘féi{h1®h2:h1€j‘f4 and hgej‘fg,}

for finite subsets 34, C A \ {0} and H5 C C(T)% \ {0} be such that, if h € Hs,
then there are a;, € H,4 and b;, € Hs such that h > ap ® by, and

(¢6.22) Ao(h) < (16/15)A(ay, @ bp).
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Let 9 =JFUuU 9’1 U 9/2, 6 = min{51/2,62/2,5/16}, 9‘(1 = j‘fA U %4, and }CQ =
Hp U Hs.

Now suppose that one has a unital completely positive linear map L : A ®
C(T) — My and a unitary v € My satisfying the assumptions ((e6.14) to
(e6.16)) with the above H;, Ha, G, P, ¢ and o. In particular, by by
the assumption , if h € Hs, there are ap, € Hy € Hy and by, € Hy C Ho
such that

tr(L(h))) = tr(L(ar @ bn)) = Alan @ by) = (15/16)A(h) = (3/4)Ao(h).
It follows from Lemma (on using also (e6.15])) that there is a unital G-

min{e/16, §; /2}-multiplicative completely positive linear map ¢ : A ® C(T) —
M, such that w = (1 ® z) is a unitary,

(€6.23) wp(g®1) = YP(g® 1w for all g€ A,
(e6.24) [Wllpr = [L]|pr, and
(€6.25) ltro L(g) —troe(g)| < o for all g € H".

It follows that, for h € H”, there are a;, € H4 and b, € Hp such that h = a; by,

and (by (e6.16)),
(€6.26) trop(h) > troL(h) —a =tr(L(ap @by)) — o

(e6.27) > Alan ®b) — 0 > (3/49)A(an ©5) = (3/4)AR).
If h € 3, there is b’ € H” such that h > ' and

(¢6.28) (15/16)Ag(h) < A(R)

(see (€6.22)). It follows that

tro(h') > (3/4)A
(3/4)(15/16) Ao ()

Y

(€6.29) tro(h)

(')
(€6.30) > Ay (h) for all he X'

Y

Note that we have assumed that Hy = H"”. Combining (e 6.24)), , and
(e6.25), and applying Theorem one obtains a unitary U € M}, such that

(e6.31) JAAQU o(f) — L(f)|| < /16 for all f € Fp.
Let wy = AdU o (1 ® z). Then

632) Ju—wl < llu—L1®2)]+|L0®2) - AdU o (1@ 2)|
(€6.33) < d4¢/16 <¢g/8.



160 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

Thus there is h € (My)s.q. with ||| < em/8 such that uwi = exp(ih). It follows
that there is a continuous path of unitaries {u; € [0,1/2]} C M}, such that

(€6.34) |us —ull <e/8, |lug —wi| <e/8, up=u, uy=wr,
(€6.35) and length({u, : t € [0,1/2]}) < en/8.

It follows from Lemma that there exists a continuous path of unitaries {u; :
t € [1/2,1]} C My, such that

U2 =wi, ur =1 and u(AdU o¢(f ®1)) = (AdU o¢(f @ 1))uy
for all t € [1/2,1] and f € A® 1. Moreover, we may assume that
(€6.36) length({u; : t € [1/2,1]}) < .

It follows that

(€6.37) length({u : t € [0,1]}) < 7+ em/6.

Furthermore,

(€ 6.38) luL(f @ 1) — L(f ® Vug|| < & for all feF

and ¢ € [0, 1]. O

LEMMA 6.5. Let A € D, be a unital C*-algebra, let € > 0 and let F C A be
a finite subset. Let 3y C A%\ {0} and let Hy € C(T)L \ {0} be finite subsets.
For any order preserving map A : Ai’l \ {0} — (0,1), there exists a finite subset
G C A, a finite subset 3} C AX\{0}, and 6 > 0 satisfying the following condition:
for any unital G-§-multiplicative completely positive linear map ¢ : A — My, (for
some integer k > 1) and any unitary u € My such that

(€6.39) lup(g) — (g)ull <6 for all g€ G and
(€6.40) troo(h) > A(h) for all h e 3},
there exists a continuous path of unitaries {u, : t € [0,1]} C My, such that
ug =u, uy =w, |urp(f)—@(Hu| <e for all f€F and t €[0,1],
and tr o L(hy ® hy) > A(h1) 7 (hs)/4
for all hy € Hy and hy € Hoy, where L : A® C(T) — My, is a unital Fy-¢-

multiplicative completely positive linear map such that
IL(f ®@ 1) — ()l <€ for all f€F, and [[L(1® 2) —w| <&,

and Ty, is the tracial state on C(T) induced by the Lebesgue measure on the
circle, where J1 = {f ® g : f € FU{1},g9 € {1¢(1),2,2"}}. Moreover, {u;} can
be chosen such that

(e6.41) length({u;}) < 27 +e.
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PrROOF. Without loss of generality, we may assume that F is in the unit ball
of A and if f € &F, then f* € F.
There exists an integer n > 1 such that

(€6.42) (1/n) zn: F(e0HI2TMY > (63 /64) 7 (f)

for all f € Hy and for any 0 € [—m, 7]. We may also assume that 167/n < e.
Let
o1 = (1/21% inf{A(h) : h € H1} - inf{rn(g) : g € Ha}.

Let 3y, C AL\ {0} (in place of Hy) be a finite subset as provided by Corollary
for min{e/32,01/16} (in place of €), FUH; (in place of F), H; (in place of
H), (1 —1/2'2)A (in place of A), 01/16 (in place of o), and the integer n (and
for A).

Put H) = Hy1,UH;. Put o = (1/2'9) inf{A(h) : h € H,}-inf{rm(g) : g € Ha}.
Note that A®C(T) is a subhomogeneous C*-algebra. Let I = { f®@1¢(T), [®2 :
feFUHL}. Let 61 > 0 (in place of §) and §1 C A® C(T) (in place of §) be as
provided by Lemma [5.4] for € := min{e/64,5/16} (in place of €), F (in place of
F), and 0/16 (in place of 0p). Choosing a smaller d; if necessary, without loss
of generality, one may assume that, for a finite set G5 C A,

Gi={9®1,1®z:9¢€ G}
We may also assume that if g € Go, then ¢g* € G5. Put
}f/:{h1®h2,h1®171®h2 :hy Gg‘fll and hy GJ‘CQ}.

Let G3 = G2 U H}. To simplify notation, without loss of generality, let us
assume that Gs is in the unit ball of A and F is in the unit ball of A ® C(T),
respectively. Let do = min{e/64,01/2,0/16}.

Let G4 C A be a finite subset (in place of G) and let d5 (in place of §) be a
positive number as provided by for G3 (in place of Fp), F (in place of F),
and dy (in place of €).

Let § = G4, UG53 UJF and 6 = min{d1/4,2/2,03/2}. Now let ¢ : A — M}, be
a unital §-d-multiplicative completely positive linear map, and let u € My be a
unitary such that (e6.39) and (e6.40) hold for the above ¢, G, and Hj.

By Lemma [2.13] there exists a unital G3-do-multiplicative completely positive
linear map L; : A® C(T) — My, such that

[L1(9 ® 1emy) — @(9)|] < 02 for all g € G5 and [|Li(1® 2) — ul| < da.

Then
(e6.43) troLi(h®1) > trop(h)—ds
(e6.44) > A(h) —0/16 > (1 —1/2'"A(h)
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for all h € H}. It follows from Lemma that there exist a projection p € My,
and a unital homomorphism ¢ : A ® C(T) — pMjp such that
(e6.45) lpL1(f) — Li(f)p|| < eo for all f e F,

(e6.46) I1L1(f) = (L =p)Li(f) (1 —p) + ¥(f))] < eo for all feF,
(€6.47) and tr(1 —p) < o/16.

Note that pMyp = M,, for some m < k. It follows from (e 6.44), (e 6.46]), and
(€6.47) that

tr' op(h) > trop(h) > (1 —1/2"YA(h) — 0/16 — /16 > (1 — 1/2'2)A(h)

for all h € 3, where tr’ is the normalized trace on pMyp = M,,. It follows from
[6.1) that there is a continuous path of unitaries {u; : t € [1/4,1/2]} C pMyp such
that u; /4 = (1 ® 2), u1/2 = p, and

up(f @ 1ory) = U(f ® lgemy)ue for all fe A and for all ¢ € [1/4,1/2],

and length({u : t € [1/4,1/2]}) < .

By Corollary [£.13] there are mutually orthogonal projections eg, 1, €a, ..., €, €
pMip such that eq,es, ..., e, are mutually equivalent and Z?:o e; = p, and there
are unital homomorphisms ¥y : A — egMpeg and 1 : A — ey Mype; such that

(e6.48) tr'(eg) < 01/16 and

n

lU(f @ 1lemy) — (Wo(f) & diag(¥i(f @ Leery), - Yi(f @ L))l
< min{e/32,01/16}

for all f € FUH;, where we identify (37, ;) Mi(>-1, e;) with M, (e1 Mye)
(using the convention introduced in [2.26). Moreover,

(€6.49)  tr'(Y1(h®@1)) > (1 —1/2'2)A(h)/2n for all h e H;.
Note this implies that, by (e6.47)),
(€6.50) tr(¢y(h®1)) > (1 —0/16)(1 —1/2'2)A(h)/2n for all h € Hj.

Let wo,; = exp(i(2mj/n))e;, 7 = 1,2,...,n. Define

n

wop 1= E wo,; = diag(wo,1,wo,2, s Wo,n),
j=1
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and define
(e6.51) wy = eg D wop = ep B diag(wo,1, W02, -, Wo.n)-
Then w} commutes with Yo(f@leery) @  diag(vr(f@leem),
v1(f®1e(ry), -, Y1(f®1¢(ry)) for all f € A As in there exists a contin-
uous path {u; : t € [1/2,1]} C pMyp such that ui/; = p, u1 = wy and u;
commutes with o (f) @ diag(v1(f), v1(f), ..., 1(f)) for all f € A, and more-

over, length({u; : t € [1/2,1]} < 7.
There is a unitary w( € (1 — p)My(1 — p) such that (see (??) and (e 6.45))

(e6.52) lwg — (1 —p)L1(1® 2)(1 — p)|| < €/16.
For f € F, by (e6.52)), (e6.45]), and the fact that Ly is §3-02 multiplicative,

wy (1= p)La(f @ 1) (1 —p)
~e/16 (1 —p)Li(1® 2)(1 —p)Li(f @ 1eer))(1 = p)

(e6.53)

(e6.54) Ne (1=p)Li(1® 2)L1(f ® 1omy)(1 —p)

(€6.55) ~s, (1 =p)Li((f @ lem)(1 ® 2))(1 —p)

(e6.56) ~s, (1=p)Li(f @ 1om)Li(1® 2))(1 - p)

(€6.57) Rep (L=p)Li(f @ Lom) (1 = p)(1 —p)Li(1® 2))(1 — p)
(e6.58) ~e16 (1= p)La(f © 1oem)(1 — p)ug.

In other words, for all f € &,

lwg (1= p)Li(f @ Lom) (L —p) = (L= p)Li(f @ Lem) (1 — pug ||
(€6.59) < e/16+2e9+ 252 +¢/16 <e/16+¢/324¢/32+¢/16 = 3¢/16.

Note also, by (??) and (e 6.46)),

le(f) = (A =p)Li(f @ lem)(l—p)+o(f @ lem))ll
(e6.60) <0y +e9<e/32 for all f €T

Put uf = wi ® ¥ (1 ® z). Then ug is a unitary and

(e6.61)  fu—upl < Ju—Li1®2)]| +[Li(1® =) — up)
(6.62) < by+e/16 < /8.

As above, we obtain a continuous path of unitaries {w; € [0,1/4]} C M, such
that wo = u and wy /4 = ug and cel({w; : t € [0 1/4]}) < 2arcsin(£/16) Define
wy = wy D ug for t € [1/4,1]. Then w4 = wy P(1 ® 2) = ug, wr = wy S wy.



164 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

From the construction, {w; : t € [0,1]} is a continuous path of unitaries in My,
such that

(€6.63) wo =u, wy; =w, Hw)y and cel({w, : t € [0,1]}) < 27 + .

By (e6.39) and the choice of 4, for ¢ € [0,1/4] and f € &,

(e6.64) lwep(f) — o(HHwel| < e for all feF.
For t € [1/4,1/2], by and by (€6.59), for all f € 7,
wep(f) = (wg ®ue)e(f)

R 32 (wo @ ue) (1 —p)Li(f @ 1oem)(1—p) @ (f @ 1))
~3e16 (1= p)Li(f @ lom)(1 —p) @ U(f @ Lowm)) (wy © uy)
Re/32 o(f)ws.

Similarly, since u; commutes with o (f) ® diag(v¥1(f),¥1(f), ..., 1 (f)) for all
f € A, one also has, for t € [1/2,1],

(e6.65) lwep(f) — @(flwe]| < e for all f e F.

Therefore, (e 6.65) holds for all ¢ € [0,1]. Define L : A® C(T) — My, by

Lla®f) = (1-pLi(a® f)(1—-p)

n

@®(diag(vo(a®1e(ry), Y1 (a®@lo(my), - 1(a®@1e(ry)) f(wp))

for all a € A and f € C(T). Then

(6.66) IL(f®1) —@(f)|| <e for all fed.
Moreover (see [2.26)),
/_/n_
Ll®z) = (1-p)Li(l®z)(1-p)e (diag(yo(1), ¢1(1),....1r(1))(wp))
(6.67) = (1-pLi(l®2)(1—p) & pwy ej16 W ® wh = w1

One then verifies that L is Fj-e-multiplicative, where 1 = {f ® g : f € FU
{1},9 € {lom), 2,27}

In the next few lines, for hy € Ay and he € C(T), we write b} = h; ®
leery and hh := 1 ® hy. Also, we view hy as a positive function on T. Recall
that wo ; = exp(i(2mj/n))e; is a scalar multiple of e;. Therefore, the element
ha(wo,;) = hg(e’?”j/”)ej is also a scalar multiple of e;. Moreover, ha(wqo) may
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be written as diag(ha(e'2™/™), ha(e'272/™), ..., ha(e'?™/™)). Finally, we estimate,

for for all hy € H; and hy € Hy, keeping in mind of by (e6.51)),

n

troL(hy ® ha) > tr(so(hh)) + tr(diag(yi (b)), ..., ¥1(R]))ha(woo))

n

tr(diag(¢1(h}), ..., ¥1(h]))ha(woo))

= Ztr(q/)l(h/l)hz(eizﬂj/n)) — Ztr(wl(hll))(hQ(eiij/n))
J=1 j=1

Y

n

> (1= 02/16)(1 = 1/2")A(R) [3n) (3 ha(e*™/™))
(by (6.50))
> (1= 1/2")A(h)(63/64) 7 (h2)/3 = A(ha) - Ty (ha) /4

(by (e6.42))
]

DEFINITION 6.6. Let A be a unital C*-algebra with T(A) # @ and let A :
A‘i’l \ {0} — (0,1) be an order preserving map. Let 7,,, : C(T) — C denote the

tracial state given by normalized Lebesgue measure. Define A; : (A C (']I‘))i’1 \
{0} = (0,1) by

Al(ﬁ) =

A(h1)Tm(h2)

0 > hy ® ha, hy € Ay \ {0}, ho € C(T)4 \ {0}}.

sup{

LEMMA 6.7. Let A € Dy be a unital C*-algebra. Let A : Ai’l \ {0} — (0,1) be
an order preserving map. For any e > 0 and any finite subset F C A, there exists
a finite subset H C A% \ {0}, 6 > 0, a finite subset § C A, and a finite subset
P C K(A) satisfying the following condition: For any unital G-0-multiplicative
completely positive linear map ¢ : A — My, (for some integer k > 1), and any
unitary v € My, such that

(€6.68) troo(h) > A(h) for all h € K,
(€6.69) le(g)v —vp(g)l] <& for all g€ G, and
(e6.70) Bott(p,v)|» =0,

there exists a continuous path of unitaries {u; : t € [0,1]} C My, such that

(e6.71) up =v, ur =1, and [[p(f)uy —uep(f)|| < e
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for allt € 10,1] and f € F, and, moreover,
(€6.72) length({u;}) < 27 +e.

PROOF. Let A; be as in Definition (associated with the given A). Let
Hy € AL \{0} and H, € C(T)L\{0} and G; C A (in place of §), and P C K(A),
be finite subsets and d; > 0 (in place of §) the constant, as provided by for
e/4 (in place of ), F and A;. We may assume that 1 € F. Without loss of
generality, we may assume that (01,91, P) is a K L-triple (see Moreover,
we may assume that 61 < dp and G1 D Fp (see .

Let Go C A (in place of §) and H} C AL \ {0} denote the finite subsets, and
d2 > 0 (in place of §) the constant, provided by Lemma [6.5| for min{e/16, d1/2}
(in place of €), §1 UF (in place of F), and H; and H, as well as A. Let § =
G2 U G1UF, let H = K, and let 6 = min{ds,c/16}.

Now suppose that ¢ : A — My is a unital G-6-multiplicative completely
positive linear map and u € My, is a unitary which satisfy the assumptions (in
particular, (e6.68), (e6.69)), and (e6.70) hold) for the above 3, §, G, and P.

Applying Lemma one obtains a continuous path of unitaries {u; : ¢t €
[0,1/2]} C My, such that

(€6.73)  wo=u, wr=w, |lup(g) —p(g)u] <min{dy, e/4}

forall g € G UF and ¢ € [0, 1/2]. Moreover, there is a unital §'-min{d,/2,¢/16}-
multiplicative completely positive linear map L : A ® C(T) — My, where §' =
{9®@f:9€3%1UTF and g € {1¢(r), 2,2*}}, such that

(€6.74) IL(g ®1) — p(g9)|| < min{d;/2,e/16} for all g € G UF,
(€6.75) IL(1 ® 2) — w|| < min{d;/2,e/16},
(e6.76) and tro L(hy ® ha) > A(h1)Tm(ha)/4
for all hy € Hy and hy € Hsy. Furthermore,
(€6.77) length({u; : t € [0,1/2]}) < 7+ ¢/16.
Note that (see
(€6.78) [L]|5¢py = Bott(p, w)|p = Bott(p,u)|» = 0.

By (e6.74), (e6.75), (e6.78), and (e6.76)), applying Lemma one obtains
a continuous path of unitaries {u, € [1/2,1]} C M}, such that

(€6.79ur /o =w, ur =1, [lugp(f) —o(fluel| <e/4 for all feT,
(€6.80) and length({u, : t € [1/2,1]}) < w+¢/4.

Therefore, {u; : t € [0,1]} C M}, is a continuous path of unitaries in M}, with
uo = u and u; = 1 such that

luto(f) — o(flue]| < e for all f € F and length({u; : t € [0,1]}) < 27 +e.
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7. An Existence Theorem for Bott Maps

LEMMA 7.1.  Let A be a unital amenable separable residually finite dimensional
C*-algebra which satisfies the UCT, let G = Z" @ Tor(G) C Ko(A) be a finitely
generated subgroup with [14] € G, and let Jo, Jy > 0 be integers.

For any 6 > 0, any finite subset § C A, and any finite subset P C K(A)
with [14] € P and PN Ko(A) C G, there exist integers No, N1, ..., N and unital
homomorphisms hj : A — My, j = 1,2, ..., k, satisfying the following condition:

For any k € Homp (K (A), K(X)), with |x([14])| < J1 (note that Ko(K) =7Z)
and

i—1

—~
(e7.1) Jo =max{|x(g:)| : 9: = (0,...,0,1,0,...,0) € Z" : 1 <3 < r},

there exists a unital G-0-multiplicative completely positive linear map ® : A —
My +r(1a)) Such that

(e7.2) [@]lp = (5 + [ha] + [ho] + -+ + [ha]) |-

(Note that, as ® is unital, Ng = Zle N;. The notation Jy is for later use.)

PrOOF. It follows from 6.1.11 of [63] (see also [60] and [21]) that, for each such
K, there is a unital §-d-multiplicative completely positive linear map L, : A —
M,y (for some integer n(x) > 1) such that

(e7.3) [Lellp = (5 + [Pe])] 2,

where h, : A — My, is a unital homomorphism. There are only finitely many
different k|p such that holds and |k([14])| < Ji, say K1, Ka, ..., ki. Set h; =
hie,y i =1,2,...k. Let N; = N, i =1,2,...k. Note that N; = x;([14]) + n(x;),
i=1,2,..., k. Define

If k = ki, the map ® : A — My, 4(1,]) defined by

=1L, +Zhj
JFi

satisfies the requirements. O

LEMMA 7.2. Let A be a unital C*-algebra as in and let G = 7" @ Tor(G)
with [14] € G be also as in [T} There exist A; > 0, i = 1,2,...,r, such that
the following statement holds: For any § > 0, any finite subset § C A, and any
finite subset P C K(A) with [14] € P and PN Ko(A) C G, there exist integers
N(6,G,P,i) > 1,i=1,2,...,r, satisfying the following condition:
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i—1

Let k € Homp (K (A), K(X)) and S; = k(g;), where g; = (0, ...,0,1,0,...,0) €
Z". There exist a unital G-6-multiplicative completely positive linear map L :
A — My, and a homomorphism h: A — My, such that

(e7.4) (L]l = (5 + [A])]#,

where Ny =0 (N(8,G,P,4) + sign(S;) - A;) - |Si].

PrOOF. Let ¥ : G — Z be the homomorphism defined by ;" (g:) = 1,
¥ (g;) = 0if j # 4, and w;r|Tor(G) = 0, and similarly let ¢, (¢;) = —1, ¥; (g9;) =
0if j # i, and ¥; |ror) =0, i = 1,2,...,r. Note that ¢; = =, i =1,2,..,r.
Let A; = [ ([La])], i =1,2,...,7.

Let ;7 ,x; € Homp (K (A), K(X)) be such that x; |¢ = ;" and k] |¢ = ¥,
i =1,2,...,r. Let No(¢) > 1 (in place of Ny) be as provided by for 6, G,
JO = 1, and Jl = Az Define N((S, 9,9)71) = NQ(Z), 1= 1,2, ey T

Let € Homp (K(A), K(X)). Then s|g = >;_, Sivoi, where S; = k(gi), i =
1,2,...,7. Applying Lemma one obtains unital §-d-multiplicative completely
positive linear maps Lii tA—-> M £ ([14]) and homomorphisms hii A —

No(i)+r;
M, (i) such that
(e7.5) [LE)|p = (5F + [hF])]p, i=1,2,..,7
Define L=>""_, L?ign(si)"si|, where Liign(sﬁ)’lsi‘ : A = Mg, |ny(s) is defined by
[Sil

Lﬁjign(si%‘sil(a) _ diag(L?ign(Si)(a), - Lsign(Si)(a)) _ L?ign(si)(a) ® g,

K2 3 3

for all a € A. One checks that the map L : A — My,, where Ny = Y7, |S;|(A]+
N(8,8,P,4)) with A = ¢ ([La]) if S; > 0, or A} = = ([14]) if S; < 0, is a
unital §-d-multiplicative completely positive linear map and

[L]lp = (5 + [A])]2

for some homomorphism h: A — My, . O

LEMMA 7.3. Let A € Dy be a unital C*-algebra and let P C K(A) be a finite
subset. Denote by G C K(A) the group generated by P, and write Gy = G N
Kq(A) =7Z" & (Tor(K1(A) NG). Let F C A be a finite subset, let € > 0, and let
A Ai’l \ {0} — (0,1) be an order preserving map.

There ezist § > 0, a finite subset § C A, a finite subset H C AL\ {0}, and an
integer N > 1 satisfying the following condition: Let k € KK(A® C(T),C) and
put

(e7.6) K =max{|c(B(g:))|:1<i<r} (see for the definition of 3),
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i—1

—~
where g; = (0,...,0,1,0,...,0) € Z". Then for any unital G-6-multiplicative com-
pletely positive linear map ¢ : A — Mg such that R > N(K + 1) and

(e7.7) tro@(h) > A(h) for all h e K,
where tr is the tracial state of Mg, there exists a unitary w € Mp such that

(e7.8) e(f), u]|| <e for all f€F and
(e 79) BOtt((p, u)|g> = HO,@l(p.

ProOF. To simplify notation, without loss of generality, we may assume that
F is a subset of the unit ball. Let A; = (1/8)A and Ay = (1/16)A.

Let g > 0 and let §g C A be a finite subset satisfying the following condition:
If ¢ : A — B (for any unital C*-algebra B) is a unital Gy-g¢-multiplicative
completely positive linear map and v’ € B is a unitary such that

(e7.10) 1" (g)u" —u'¢'(g)]| < 4ep for all g € So,

then Bott(¢’, u')|p is well defined (see[2.14]). Moreover, if ¢’ : A — B is another
unital Gg-eg-multiplicative completely positive linear map such that

(e7.11) |¥'(9) — ¢"(g)|| < 4eo and ||’ —u"|| < 4eg for all g € Gy,

then Bott(¢', u')|p = Bott(¢”, u')|p. We may assume that 14 € Gg. Let

So=1{9®f:9€ 9} and f={lgm),z2 2"},

where z is the identity function on the unit circle T. We also assume that if
U : A® C(T) — C (for a unital C*-algebra C) is a unital §{-£o-multiplicative
completely positive linear map, then there exists a unitary v’ € C such that

(e7.12) [V'(1®z) — | < 4eo.

Without loss of generality, we may assume that Gy is contained in the unit
ball of A. Let ey = min{e/64,¢0/512} and F; = FU Go.

Let Ho € AL\ {0} (in place of H) be the finite subset and L > 1 the integer
provided by Lemma for €1 (in place of €) and F; (in place of F) as well as
Ay (in place of A).

Let 3(; € AL\ {0}, G1 C A (in place of §), 81 > 0 (in place of §), P1 C K(A)
(in place of P), Hy C A,q4., and 1 > o > 0 be as provided by Theorem for
1 (in place of €), F1 (in place of F), and A;. We may assume that [14] € P,
Hs is in the unit ball of A, and Hy C H;.

Without loss of generality, we may assume that §; < £1/16,0 < €1/16, and
F1 C G1. Put P, =P UP;.
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Denote by {ry,7a,...,7;} the set of all ranks of irreducible representations of
A. Fix an irreducible representation 7y : A — M,,. Let N(p) > 1 (in place
of N(Py)) and Hj C A% \ {0} (in place of H) denote the integer and finite
subset provided by Lemma for {14} (in place of Py) and (1/16)A. Let
Hy = Hqy UK.

Let Go = G N Ky(A) and write Gy = Z° @ Z*2 & Tor(Gy), where Z%2 @

j 1
Tor(Go) C kerpa. Let x; = (0 50,1
Note that A® C(T) € Dy and A® C(
71,72, ..., k. L€t

0, 0) ZSIEBZSQ ]—]. 2 ., 81 + So2.
) has irreducible representatlons of ranks

7 = max{|(mo)+o(x;)] : 0 < j < s1+ s2}.

Let P3 C K(A® C(T)) be a finite subset containing Po, {B(g;) : 1 < j <r},
and a finite subset which generates 8(Tor(G1)). Choose d; > 0 and a finite subset

§2{9®f96927 fe{lv'Z)Z*}}

in A ® C(T), where G C A is a finite subset such that, for any unital G-6o-
multiplicative completely positive linear map ® : A® C(T) — C (for any unital
C*-algebra C' with Tor(Ko(C)) = Tor(K:1(C)) = {0}), [®']|p, is well defined
and

(e7.13) [©'] | Tor (Go)@B(Tor(r)) = O-

We may assume G2 O G1 U J7.

Let o1 = mln{AQ( ) h e J‘f/} Note Ko(A (39 C( )) Ko(A) (Kl(A))
and K(A ® C(T)) = K(A) ® B(K(A)). Consider the subgroup of Ko(A ®
C(T))= Ko(A) © B(K1(A)) given by

75 @72 7" @ Tor(Gy) & B(Tor(Gy)).

Let 65 = min{d1,d2}. Let N (03,5, P3,4) and A;, i = 1,2, ..., 51 + 53 + 1, be as
provided by Lemma [7.2| for A ® C(T). Choose an integer n; >N (p) such that

(52 HT N (83, G, P, i) + 1+ Ay)N(p)

7.14
(e ) ny — 1

< min{c/16,01/2}.

Choose n > n4 such that

n1—|—2

(e7.15) < min{o/16,01/2,1/(L + 1)}.
Let €5 > 0 and let F5 C A be a finite subset such that [U]|p, is well defined for

any Fo-go-multiplicative contractive completely positive linear map ¥ : A — B
(for any C*-algebra B). Let e5 = min{ey/2,2;} and F5 = F; U Fa.
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Denote by d4 > 0 (in place of §), G35 C A (in place of §), Hz C AL \ {0} (in
place of 35) the constant and finite sets provided by Lemma[5.6]for e5 (in place
of €), F3 UH] (in place of F), d5/2 (in place of €p), G2 (in place of Gp), A, H}
(in place of H), min{o/16,01/2} (in place of 1), and n? (in place of K) (with
L1 = L5 so no o is needed in .

Set G =F3UG1UG2UGs, set 6 = min{e3/16,04,935/16}, and set G5 = {g® f :
g€ 84, fed{l,zz"}}

Let 3 = 3} UK. Define Ng = (n+1)2N(p)(3511" N (3, G0, P3,4)+Ai+1)

and define N = Ny + No7. Fix any k € KK(A ® C(T),C) with
K =max{|k(B(¢g;)|: 1 <j <r}

Let R > N(K + 1). Suppose that ¢ : A — Mpg is a unital G-§-multiplicative
completely positive linear map such that

(e7.16) tro@(h) > A(h) for all h e K.

Then, by [5.6] there exist mutually orthogonal projections eg, e1, €2, ..., €,2 € Mp
such that eq,es,...,e,2 are equivalent, eqg < e, tr(eg) < min{c/64,0,/4} and

2 ~J
eo + >y € = Ly, and there exist a unital Go-83/2-multiplicative completely
positive linear map ¢y : A = egMgey and a unital homomorphism ¢ : A —
e1Mpgey such that

n2

(e7.17) ||90(f) - (dJO(f) @w(f)ﬂﬁ(f)aﬂ/)(f))ﬂ <egg for all f €53 and
(e7.18) trowp(h) > A(h)/2n? for all h e H,.

Let o € Homy (K(A ® C(T)), K(M,)) be defined as follows: a|g 4y = [mo] and
O‘|,3(K(A)) = K|/3(K(A)). Note that

max {max{|koB(g;)| : 1 <@ < r}, max{|mo(z;)|: 1 <j < s1+s2}} < max{K,7}.

Applying Lemma, we obtain a unital §-d3-multiplicative completely posi-

tive linear map ¥ : AQC(T) — My, where N| < Nj := Z;QSQH(N(%, So, P3,5)+

A;) max{K, 7}, and a homomorphism Ho : AQC(T) — Ho(1a)My; Ho(14) such
that

(e 719) [\IjH?a = (0& + [HO])|3’3'

Note that (since Hy is a homomorphism with finite dimensional range)
(e7.20) [Yla) = Kla)-

In particular, since [14] € Py C P3, rank(¥(14)) = 1 + rank(Hy). Note that

N+ N(p) _ Ni+N(p)
R~ NE+1)

(e7.21) <1/(n+1)>%
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Let Ry = ranke;. Then Ry > R/(n + 1)2. Hence by (e7.21), Ry > Ni + N(p).
In other words, Ry — N{ > N(p) > 0. Note that, by (e 7.18)),

tr' o(g) = (1/3)A(g) = Az(g) for all g € 3G,

where tr’ is the tracial state on Mg, . Note that n > N (p). Applying Lemma[4.19]
to the pair mo & Holag1., (in place of ¢) and " (in place of ¥), where ¥ is an
amplification of ¢ with ¢ repeated n times, and Py = {[14]}, we obtain a unital
homomorphism ho : A ® C(T) — Mg, _n; such that ho(1® 1) = anRrNi’

Define ¢} : A ® C(T) — egMpgeg by ¢¥j(a @ f) = o(a) - (f(1) - ey) for all
a € Aand f € C(T), where 1 € T. Define ¢/ : A ® C(T) — e;Mpre; by
Y'(a® f)=1v(a) (f(1)-e1) for all a € A and f € C(T). Note that

(e7.22) [Wla) = Wollar) = {0}

Put E; = diag(e1, e, ..., enn, ). Define L1 : A — E1MgE; by Li(a) = mo(a) ®

n(ni—1)

—~
Hola(a) @ hola® 1) @ (¢(a),...,¢(a)) for a € A, and define Ly : A — EyMgpE,

n(ni—1)

—_—~
by La(a) = T(a®1) ® hola®1) ® (¢(a),...,1(a)) for a € A. Note that

(€7.23)  [L]lp, = [La]l#,,

(e7.24)  troLy(h) > Ay(h), troLa(h) > Ay(h) for all h € Hy, and
(€7.25)  |tro Li(g) —tro Ly(g)] < o for all g € Hs.

It follows from Theorem that there exists a unitary wy € FqyMpgF, such that
(e7.26) [Adwy o La(a) — Li(a)|| < &1 for all a € Fy.
Define Fy = (e1 + €2+ -+ + e,2) and define & : A — EaMpFEs by

n2

(e7.27) O(f)(a) = diag(y(a),¥(a), ...,¢(a)) for all a € A.

Then

(e7.28) tro ®(h) > Ag(h) for all h e Ho.

By (e 7.15)), one has n/(n1+2) > L+1. Applying Lemmal4.20} we obtain a unitary
wg € EsMpFEy and a unital homomorphism H; : A — (Ey — E1)Mg(Es — Ey)

such that

(€7.29) |lad we o diag(Lq(a), Hi(a)) — ®(a)|| < &1 for all a € Fy.
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Put
w = (60 D wi D (E2 — El))(eo @wg) € Mg.

Define H{ : A® C(T) — (E2 - El)MR(EQ - El) by H{(a@ f) = Hl(a) . f(l) .
(Ey — Ey) for all a € A and f € C(T). Define ¥; : A — Mp by

n(ni—1)

—_—
Ui (f) = ()@ V(f) @ ho(f) ® (V' (f), .0 (f) & H{(f) for all fe A C(T).
By €720, £722).

(e7.30) Wilg) = Klae)-

It follows from (e 7.26)), (e 7.29)), and (e 7.17)) that

(€7.31)  Jp(a) —w*¥i1(a®@ N)w| <e1+e1 +e3 for all a € TF.
Now pick a unitary v € Mg such that
(e7.32) ([P (1® 2) — | < 4e;.
Put u = w*vw. Then, we estimate that
(€7.33) lle(a), u]|| < min{e,ep} for all a € Fy.
Moreover, by and by the choice of ¢, one has
Bott(yp, u)|p = Bott(¥1]4, ¥1(1® 2))|p = [¥1] 0 Blp = ko Bp.

O

8. A Uniqueness Theorem for C*-algebras in D; The main goal of this
section is to prove Theorem

DEFINITION 8.1. Let A be a unital C*-algebra, C = C(Fy, Fa, po, 1) € C,
m:C — Fy (1=0,1,), and 7w, : C — Fj be as in Deﬁnition Suppose that
L : A — C is a contractive completely positive linear map. Define L, = 7, o L.
Then L. : A — F is a contractive completely positive linear map such that

(e8.1) pooLe=mpoL and p10L, =m0L.

Moreover, if § > 0 and § C A and L is §-d-multiplicative, then L. is also
G-6-multiplicative.
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LEMMA 8.2. Let A be a unital C*-algebra and let C = C(Fy, Fa,¢0,p1) € C
be as in Bl Let Ly,Ly : A — C be unital completely positive linear maps,
let € > 0, and let F C A be a finite subset. Suppose that there are unitaries
wo € mo(C) C Fy and wy € m(C) C Fy such that

(e8.2) [lwimo o Li(a)wy — 7o o Le(a)|| < e  and

(e8.3) [lwim o Li(a)wy — 71 0 La(a)|| < e for all a € F.
Then there exists a unitary uw € Fy such that

(e8.4) llpo(u)*mo o Li(a)po(u) — mo o La(a)|| < e and
(e8.5) llp1(w)*my 0 Ly(a)p1(u) — w1 0 La(a)|| < e for all a € F.

Proor. Write F} = Mn(l) D Mn(g) @D Mn(k) and Fh = Mr(l) D Mr(g) &)
-+ @ M,;). We may assume that kerpg Nkerp; = {0} (see .

We may assume that there are k(0) and k(1) such that wo[a,,, is injective,
Jj = 1,2,..,k(0), with k(0) < k, @olar,,;, = 0if j > k(0), and ¢1|ar,,, is
injective, j = k(1),k(1) + 1,....k, with k(1) < k, ¢1|m,,;, = 0, if 7 < k(1).
Write Fi g = @5 M, and F1y = @_, ;) My Note that k(1) < k(0) + 1,
and ¢o|r, , and @1|F , are injective. Note @o(F10) = ¢o(f1) = mo(C) and

o1(F11) = ¢1(Fr) = m1(C).
For each fixed a € A, since L;(a) € C (i = 1,2), there are elements

9ai = 9a,i,1 D gai2 D D Gaik©) D+ D Gaik € F1,
such that (ga,:) = mo 0 Li(a) and ¢1(ga,:) = m1 0 L;(a), i = 1,2, where g4 ; €
My, 3 = 1,2,...,k and 7 = 1,2. Note that such g, ; is unique since keryg N
keryp, = {0}. Since wg € mo(C') = @o(F1), there is a unitary
Up = Up,1 B Up,2 D - D Ug,k0) DD UK

such that ¢o(ug) = wy. Note that the first £(0) components of ug are uniquely
determined by wq (since gq is injective on this part) and the components after
the k(0)’th component can be chosen arbitrarily (since ¢y = 0 on this part).
Similarly there exists

U =u11 QuU12®D - DU 1) D - Durk

such that 1 (u1) = ws.

Now by (e8.2)) and (e 8.3)), we have

(e8.6) llo(u0)*®0(ga,1)po(to) — ¢o(ga,2)|l < e and
(e8.7) llo1 (u1)*01(ga,1)e1(u1) — ¥1(ga,2))]| <€ for all a € F.
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Since g is injective on M, for j < k(0) and ¢; is injective on M, ;) for
j > k(0) (note that we use k(1) < k(0) + 1), we have

(€8.8) [[(u0,5)*(ga,1,5)u0,5 — (Ga2,5)ll <&  for all j <k(0), and
(e8.9) [(u1,5)"(ga,1,5)u1,5 — (Ga,2,5) | <& for all j > k(0),

and all @ € F. Let u = uo,1 @ - D ug k0) D U1, k0)+1 P ©ur g € Fi—that is,
for the first k(0) components of u, we use ug’s corresponding components, and
for the last k — k(0) components of u, we use u;’s. From and , we
have

|u*ga 1t — gaol| <e for all a € J.

Once we apply ¢ and ¢; to the above inequality, we get (e8.4) and (e8.5) as
desired. 0

Let us very briefly describe the proof of Theorem [8:3] The key ingredients
are Theorem Lemma[6.7, and Lemmal[7.3] First fix & > 0 and a finite subset
F C A. We note that the result has been established when the target algebra
is finite dimensional (Theorem . So we may reduce the general case to the
case that the target algebra is infinite dimensional, and has only a single direct
summand (minimal) in €. So we write the target algebra C as A(F}, Fs, hg, hy)
and note A : C' — C(]0, 1], F3) as given in is injective (as C' is minimal).

The first idea is to consider a partition 0 = tg < t; < ---t, = 1 such that
[l7me 0 (f)(t) — 71, © o(f)(t:)|| is very small if ¢ € [t;,¢,11], where my, : C — Fy
is the point evaluation of C' at ¢;. We will then consider the pair ¢; = 7, 0 ¢
and 1; = m, o 1. At each point ¢;, we apply to obtain the unitary w;. We
then connect these w; to obtain the unitary in C' that we need to find. In
other words, the continuous path from w; to w;;1 given by w should change
{meo@(f)t) : f € F,t € [t;, tit1]} very little from w;(m o p(f))w}. One then
observes that w;w;,; almost commutes with {m;, o o(f) : f € F} (and hence
{o(f)(t) : f € F,t € [ti,tiz1]}). A basic homotopy lemma (such as Lemma [6.7)
would provide a path v(t) from w;w],; to 1 which also almost commutes with
the set. Then one considers v(t)w;4+1 which starts as w; and ends at w;41 which
would be a path as desired. However, the basic homotopy lemma may have an
obstacle, the class Bott(y;, wiw;‘H). We will then consider w;z;, where z; is as
provided by Lemma so that z; almost commutes with {¢(f)(t;) : f € F}
and the class Bott(p;, w;z;(w;+12;+1)*) will be zero. This is possible because of
the condition (e8.13). To simplify the process, we kill torsion elements in K (A)
by repeating ¢ (and 1) N times. Much of the proof is to make sure the idea can
actually be carried out. One also needs to exercise special care at the endpoints,
applying Lemma [8.2

THEOREM 8.3. Let A € Dy be a unital C*-algebra with finitely generated K;(A)
(i=0,1). Let F C A be a finite subset, let € > 0 be a positive number, and let
A Ai’l \ {0} — (0,1) be an order preserving map. There exist a finite subset
Hy € ALN{0}, 1 > 0,7 > 0,8 >0, a finite subset § C A, a finite subset
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P C K(A), a finite subset Hoy C A, a finite subset U C J.(K1(A)) (see Definition
for which [U] C P, and N € N satisfying the following condition : For any
pair of unital G-0-multiplicative completely positive linear maps @, : A — C,
for some C € €, such that

[Plle = [l
T(p(a)) > Aa), T(¥(a)) > A(a), forallT e T(C) and a € H;,
|Top(a) —Tov(a) <y for all a € Hy, and

e8.10
e&.11
e8.12

)
)
)
e8.13) dist(p¥(u), ¥¥(u)) < v for all u €U,

(
(
(
(

there exists a unitary W € C @ My such that
(e8.14) [W(e(f) @ Loy W™ = (0(f) @ 1aay)ll <&, for all f 7.

Proor. If A is finite dimensional, then it is semiprojective. So, with suffi-
ciently large G and sufficiently small 4, both ¢ and 1 are close to homomorphisms
to within £/2 and F. Therefore the general case is reduced to the case that both
@ and 1 are homomorphisms. Since two homomorphisms from A to a C*-algebra
with stable rank one are unitarily equivalent if and only if they induce the same
map on the ordered Ky groups (see, for instance, Lemma 7.3.2 (ii) of |[108]), the
theorem holds (with N = 1 and no requirements on Hy, Hs, U, 71, and ~2). So,
it remains to consider the case that A is infinite dimensional.

Since K, (A) is finitely generated, there is ng such that x € Homu (K (A), K(C))
is determined by its restriction to K(A,Z/nZ), n =0,...,n9. Set N = ny!.

Let H} C A4\ {0} (in place of H), §; > 0 (in place of §), §1 C A (in place
of §), and Py C K(A) (in place of P) be the finite subsets and constant be as
provided by Lemma for £/32 (in place of €), F and A. We may assume that
61 < min{e/32,1/64} and (261, 1) is a K K-pair (see the end of Definition [2.12)).

Moreover, we may assume that d; is sufficiently small that if |juv —vu|| < 341,
then the Exel formula

7(botty (u,v)) = ZW\l/jl(T(log(u*mw*))

holds for any pair of unitaries u and v in any unital C*-algebra C' and any
7 € T(C) (see Lemma 3.1 and 3.2 of [40], also, Theorem 3.7 of [52]). Furthermore
(see 2.11 of 73] and 2.2 of [39]), we may assume that, if ||uv; — vul < 341,
i=1,2,3, then

(e8.15) bott (u, v1v9v3) Zbottl u, v;)

Fix a decomposition K;(A) = Z*“4) @ Tor(K;(A)), where k(A) is a positive
integer. Choose g1, 92, ..., gx(a) € U(Myy(a)(A)) (for the some integer m(A) > 1)
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i—1
—~
such that {g1, g2, ... Gr(a)} C Je(K1(A)) and [g;] = (0,...,0,1,0,...,0) € ZFA).

Set U = {g1, 92, -, Gr(ay} C Je(K1(A)).
Let Ug C A be a finite subset such that

{9192, s gy} C{(aiy) : aij € Uo}.

Let 8, = min{1/256m(A)?,6,/24m(A)?*}, S = F U G1 U Uy and let P, =
Po U {[g1]; [92], -+, [9r(a)]}- Let d2 > 0 (in place of 0), G2 C A (in place of G),
Hy < Ay \ {0} (in place of K), and Ny > 1 (in place of N) be the finite subsets
and constants provided by Lemma[7.3]for the data &, (in place of €), G, (in place
of F), P, (in place of P), and A, and with [g;] (in place of g;), 7 = 1,2, ..., k(A4)
(with k(A) = 7).

Let €1 = min{1/192Nym(A)?,6,/2, 62/2m(A)?}.

Let H4 C AL \ {0} (in place of 3;), 64 > 0 (in place of 6), G3 C A (in place
of §), H; C As,. (in place of Hsy), P1 C K(A) (in place of P), and o > 0 be the
finite subsets and constants provided by Theorem 5.8 with respect to £;/4 (in
place of €), G, (in place of F), and A.

Choose H}, C A% \ {0} and J5 > 0 and a finite subset G4 C A such that, for
any m € N and any unital §4-d5-multiplicative completely positive linear map
L' : A — M,, if tro L'(h) > A(h) for all h € H}, then m > 4N;. This is
possible because we can apply Lemma (taking K = 4Ny, Ly = Ly = L),
since we now assume that A is infinite dimensional.

Put 6 = min{e1/16,d4/4m(A)?,d5/4m(A)?}, § = G2UG, U G3 U Gy, and
P =2P,UP;. Put

Hy = H) UH, U HE U H, UHL

and let Hy = H)j. Let 3 = o and let
0 < 72 < min{1/64m(A)%Ny, 6, /9m(A)*, 1/256m(A)?}.

We assume that § is sufficiently small and G is sufficiently large that for any
unital §-d-multiplicative completely positive linear map ® : A — B, where B is
a unital C*-algebra (so that ® ® idas,, 4, 1s approximately multiplicative), one
has that

(€8.16)  [[(® @idar,,4))(95) = (2 @idar,, 1)) (g5 ) < &1, 7 =12, k(A).

Now suppose that C' € € and ¢, : A — C are two unital §-6-multiplicative
completely positive linear maps satisfying the condition of the theorem for the
given A, Hq, 6, G, P, Ha, 11, 72, and U.

We write C' = A(Fl,Fg,ho,hl), F1 = Mm1 D Mm2 D---D M"”F(l)’ and F2 =
My, & My, &+ @ My, . For each t € [0,1], we will write m;, : C' — C([0, 1], F2)
for the point evaluation at ¢ as defined in Note that, when C is finite
dimensional, the theorem holds by Theorem So, we may assume that C' is
infinite dimensional. It is also clear that the general case can be reduced to the
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case that C' is minimal (see . As in Deﬁnition then, we may assume that
kerhg Nkerhy = {0}, and A : C' — C([0, 1], F3) defined by A(f,a) = f is unital
and injective.
Let
O=to<ti1 <---<t,=1

be a partition of [0, 1] such that

17 0 p(g) = e 0 p(g)l] < €1/16 and |[m; 0 (g) — mr 0 Y(g)l| < &1/16
(e8.17)

for all g € G, provided ¢, ¢’ € [t;—1,t;], i =1,2,...,n.
Set Vi j = (mt, 0 p @ids,, 4 (95))s 5 = 1,2,...,k(A) and i = 0,1,2,...,n.
Applying Theorem one obtains a unitary w; € Fy, if 0 < i < n, wy €
ho(Fl), if i = 0, and w,, € hl(Fl), if i = n, such that

(€8.18)  |lwime, o w(g)w} — e, 0 Y(g)|| < €1/16 for all g € G,.

It follows from Lemma[8.2] that we may assume that there is a unitary w. € Fy
such that ho(w.) = wo and hi(we) = w,. Since we assume that A is injective,
we also have

(€8.19)  ||we(me o p(9))wi — me 090(g)|| < €1/16 for all g € G,,.
By (e8.13)), one has (see Definition see also Proposition |3.23))

dist({p @ idnr,, 4 (97) (¥ @idnt,, 4)(95)), 1) < 72

It follows that there is a unitary 6; € M,,4)(C) such that 0; € CU(M,,(4)(C))
(see Definition 2.17)) and, for j = 1,2, ..., k(A),

(68-20) ||<(90 ® ide(A) (9;))((7# ® ide(A))(gj)> - 9]” <72.
By Theorem we can write

4
0; = H exp(v —1a§-l))
=1

for self-adjoint elements a\” € My,4)(C), I = 1,2,...,4, j = 1,2, .., k(A). Write

O] @1y 12) (L,£(2))
aj = (aj ),ag» ,...,aj ) and 9]‘ = (9;'11,0]',2, ...,Hj)F(Q))

in C([Oa 1]7 Mm(A) ® FQ) = C([(): 1]a Mm(A)nl) DD O([Ov 1}7 Mm(A)nF(z) )7 where
0= H?Zl exp(\/—lay’s)), s=1,2,...,F(2). Then (see Lemma b

(Ls)
ng(try, ® Try, a;’(t
E ( @)le; (1) €7, telo,1],

27
=1
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where tr,,, is the normalized trace on M,,_, s = 1,2, ..., F(2). In particular,

4
S i (610, @ Trpay) (@l (1))
=1

J

4
(e8.21) = ) ngltr, ® Tro(a)) (@2 () for all ¢,¢" € [0,1].
=1
Let Wi = w;®1nm,, 4,0 =0,1,...;n and W, = we @1y, ,,- Then, by (e 8.16)),
(e 8.18)), the choice of G5, (e8.16) again, (e8.20), and the choices of £; and s,
I7e (((p @ idar,, ) ) (7)) Wi, (9 @ id,, ) ) (95)))W5" = 058 |
< e Ime (((p @ idar, 4)) (97 Wi(7e, (¢ @ idar,, ) (97)) W5 = 058 |
< er+m(A)?e1/16 + |lm, (¢ @ ida,, ) ) (9)))7e, (¥ @ idar,, ) (g5) — 0 (L)
< e +m(A)%e /16 + &
Hllme, (((p @ id,, ) (97))) e, (((¥ @ 1d s, 4))(95))) — 05(E) |
< &1 +m(A)%e1/16 + 1 + 72 < 3m(A)%e1 + 72 (< 1/32).
(e8.22)
Similarly (but using (e 8.19)) instead of (e8.18)), we also have (with ¢, = 7 0 ©)
1{(pe @ idar,, 2 (97 We(((Pe @ idar,, 1)) (95))) W = e (6;)]
(e8.23) < 3m(A)%e; + 72(< 1/32).

It follows from (e8.22) that, for j = 1,...,k(A4) and i = 0,...,n, there exist
self-adjoint elements b; ; € My, (4)(F2) and b. ; € My,(ay(F1) such that

(e8.24) exp(\/—ilbi’j) =
0;(t:)" (e, ((p @ ids,,, 4)) (97 ) Wi, ((@ @ id g, ) (95))) WS

(e8.25) exp(v/—1b, ;) =
e (05)" (me ({p @ idn,, 2 (97)))We (e ({0 @ idnr,, 1)) (95))) W,
and, for 5 =1,2,...,k(A) and i =0,1,...,n,e.
(€8.26) 1b;,;|| < 2arcsin(3m(A)%e1/2 + 72/2).
Note that (recall ho(we) = wo and hi(we) = wy,)

(e 8.27) (ho X idM(A)>(be’j) = bo)]‘ and (h1 X idM(A))(be,j) = bmj'
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Write
biy = (068 b)Y € Miyya)(F)

Z]’ 1,77 27,
and
bej = (B, b2 ...,b‘(:;(l))) € Mpy(ay(FY).

6]7 6]’

Note also that, for : =0, 1,...,n, €,

(s ({5 @ iddagy oy (9))Wi(e, (59 © i, ) (9)) W7
(6828) = ﬂti(t‘)j)exp(\/flbm),
1< j <k(A). Then, for s=1,2,...,F(2), j =1,2,.... k(A4), and i = 0,1, ..., n,

Ng

(e8.29) 5

o (trn, ® Tra,, ) (017)) €2
where tr,_ is the normalized trace on M, . We also have

mg s
(e 830) (trm ® TrM.m(A))(b( )) € Z’

27

where tr,,, is the normalized trace on M,,_, s =1,2,..., F(1), j = 1,2,...,k(A).
Put

(s) _ Ms (s)
(e8.31) A\ij = %(trns ® Trar,, 1)) (b; ;) € Z,
s=1,2,..,F(2),5=1,2,...,k(A), and i = 0,1, ...,n, and put

(e 832) )\‘(st) - o (trma ® TI'M,,,(A))(b(S)) € Z’

s=1,2,..,F(1) and j = 1,2,...,k(A). Set

(e8 33)
= WD) e 2F@ and Ay = AP, L AEWD) e ZFO),

’Lj7 lj’ 8_]’ E]’

We have, by (e8.26) and (e8.31), that, for 1 < s < F(2), 1 <j < k(A4),
0<1<n,

(s)

S < o AT < —m(A)aresin(3m(A)*e1/2 4 92/2)
1 2
< s Gm(A)e & Vz)m(A)(?)m(A) €1+ 72)
1
(e8.34) < ———————(1/64N; +1/64N;) < 1/4N;.

27 cos (1/32)
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Similarly (using (€826) and (£5:32)),

A
(e8.35) |ﬁ| <1/4Ny, s=1,2,..,F(1), j=1,2,...,k(A).

Note that K;(A) = Z*4) @ Tor(K(A)). Define 041(-0’1) c Ki(A) — ZF®) by
50,1)|T0r(K1(A)) = 0 and by sending [g;] to A\; ;, 7 =1,2,...,k(A),i=0,1,2,...,n,
and define o'V Ki(A) = ZFM by aé0’1)|Tor(K1(A)) = 0 and by sending [g,]
to Aej, J = 1,2,...,k(A). We write Ko(A® C(T)) = Ko(A) & B(K1(A))) (see
for the definition of 3). Define o; : K.(A® C(T)) — K, (F3) as follows: On
Ko(A® C(T)), define

(&%

0,1
il Ko (a) = [T 0 @l oAy, ilgr,(a)y) = @ioBli,a) = aloh,

and on K (A ® C(T)), define
&l ki (aecmy) =0, i=0,1,2,...,n.

Also define o, € Hom(K, (A ® C(T)), K.(F1)), by

elro(ay = [Te 0 @llio(ay, el (a)) = e © Bli, (a) = al®V

(e8.36)
on Ko(A® C(T)), and (ae)|k, (agc(ry) = 0. Note that (see (e8.27))
(8.37) (ho)x 0 = g and (hy)s 0 e = iy

Since A ® C(T) satisfies the UCT, the map . can be lifted to an element of
KK(A® C(T), Fy) which will still be denoted by a.. Then define

(8.38) ap = ae X [he] and «, = a, X [hq]
in KK(A® C(T), Fy). For i = 1,...,n — 1, also pick a lifting of a; in KK(A ®

C(T), Fz), and still denote it by ;. Combining (e 8.17) and (e 8.18)), we compute
that

(e8.39) [|(wfwis1)m, 0 plg) — 71, 0 plg)(wiwisn)|| < £1/4 for all g€ .,
i=0,1,...,n—1.

Recall that V; j = (m, 0p®@idar,, 4 (95)), 5 = 1,2,...,k(A) and i = 0,1,2,...,n,
and

Vri,j = (‘/i,j,la‘/ij,Qa ceey ‘/i,j,F(Z)) S Mm(A)(FQ)a ,7 = 1725 7k(A)7 1= 07 1a27 ceey T
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Similarly, write

W, = (Wi717Wi,27 ...7WZ"F(2)) S Mm(A)(Fg), 1 =0,1,2,....n.

By (e8.39) and (e 8.16)), we have, for i = 0,1, ..., n,
(e8.40)
||W:Wi+1‘/¢7j — V;;JW;WZ‘_i_l” < m(A)28/4 +2e1 < (9/4)m(A)251 < 61,

and by (e8.17) and (e8.16)), for any j =1,2,....,k(A4),i=0,1,....,n — 1,

(68.41) ||Vvi7j — VYH_LJ‘H <ér —|—€1m(A)2/16 +e1 < 3m2(A)5u/2 < (51/12.

Thus, combining with (e 8.40)),

IWiViWitVi Vi Wi Vier s Wik, — 1|

(e8.42) ~5./6 HWiViTsz‘*Vi,jViTjWiﬁ-lVi,jWiﬁ-l =1
(e8.43) = ||WiV:jWi*Wi+1Vi,j i1 — 1~ 0.

By (e8.41)), there is a continuous path Z(t) of unitaries such that Z(0) = V; ;,
Z(1) = Vit1,5, and

(e8.44) 1Z(t) — Z(1)|| < 61/6, te]0,1].
We also write
Z(t) = (Z1(t), Za(t), ..., Zr(2)(t)) € F> and t € [0,1].
We obtain a continuous path
WiV WiV Z(6) Wi Z(OWiE

which is in CU (M, (a)(F2)) for all ¢t € [0,1], and by (e8.44), and combining
(e8.42) and (e8.43),

HWi‘/iTjWi*Vvi,jZ(t)*Wi—i-lZ(t) iz—l — 1” < 251/6 + (51/16 + 361 < 1/8
for t € [0,1]. Tt follows that the integer
(1/27T v —1)(1’1‘“5 ® TrMm(A))[lOg(Wi,S iTj,sW:s‘/g,j,SZS(t)*WiJrl,SZS(t) iyil»l,s)]

is independent of t € [0,1], s = 1,2,..., F(2). In particular, with T = (tr,, ®
Trarma)),

(6845) (1/27T \ _1)T(log(Wi’SV;Tj,sWi’fsWiJrLSv;,jvS 75*+1,s>)
= (1/27T\/—1)T(105(Wi,s ifj,sW:sVi,j z‘i1,j,sWi+1,sV§+1,j,st‘11,s))
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for s =1,2,..., F(2). One also has (by (e8.24))
WiV WiV Vi jWisaVigr j Wiy
= (0,(t) exp(VTbi))" 0 (t141) exp(v"Thi1 )
(e 846) = exp(—\/ —1()1‘,]’)9]‘ (ti) 9]‘ (ti+1) eXp(\/ —1bi+17j).

Note that, by (e8.20), (e8.16), (¢8.17), and (e8.20), for t € [t;,t;11], 1 < i <

116 (¢:)76;(t) —1]]
Ry [105(8)" (e (((p @ id i, 4 (97 (¥ @ i, 4))(95)))) = 1]
~aey 105(8) (0 @ idar,, ) (97) (¥ @ 1d,, 0y )(95)) = 1l
~m(ayzer /s 105 (t) T, (0 @idar,, ) (97) (Y @ ida,, ) (95)) = 1
oz, [105(t) T (((@ @ idar,, 4 (95 (¢ @ idi,, 4))(95))) — 1
(€8.47) =, [16;(2:)70;(t:) — 1| = 0.

Note that m(A)%e1/8 + 21 + 272 < 61 < 1/32. By Lemma 3.5 of ,
(e 848) (trns & Trm(A))(log(Gj,s (ti)*gj,s (t1+1))) =0.
It follows that (by the Exel formula (see 3.1 and 3.2 of [40] and 3.7 of [52]), using

(e8.40), (e8-46), (e8.46), (e8.47), Lemma 2.11 of [73], (e8.48), and the choice
of 41), we have

(t @ Tryp(a)) (botta (Vi 5, WiWiya))

= <T\1ﬂ)(t ® Tray) (log (Vi Wi Wiga Vi Wi Wi))

= (m%)(t ® Trpn(a)) (log(Wi Vi Wi Wi Vi Wi 0))

= (2W%)(t ® Tty a)) Qog (Wi Vi Wi Vi Ving i Wis1 Ve, Wiia))

= ()t To) (0B(exp 7T 05 1) 6y 1) 5DV i)
= <2m%)[(t © Trp(a)) (—V/=1bi ;) + (£ @ Trpa)) (log(6; (£:)*0; (ti1))

+(t ® Trpa)) (V=1biy1,5)]

1
= %(t @ Trp(a)) (=bij + bit1,5)
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for all t € T(Fy). By (e8.31)), (¢8.32), and (e8.33)), one has

(e8.49) bOttl(Vi,j, W;Wi+1)) = —=Xij+ N1,

j=1,2,...m(A),i=0,1,..,n—1.
Note that ¢ is Ga-da-multiplicative, and, by (e8.11)), for h € H, UHL C H;y,

(e8.50) (trom,)(w(h)) > A(h) for all tr € T(Fy)
(e8.51) and (tre o me) o o(h)) > A(h) for all tr, € T(Fy).

Recall that these inequalities imply that ngy > 4N; and ms > 4N; (by the choice

of Hf). Then, by (e8.34),

ng/Ni > /2Ny +ng /2Ny > 1+ max{]A{)| 1 j = 1,2, .., k(A)}
(8.52) > (1 + max{|ae(B(g;))] : 7 =1,2,....,k(A)}).

Similarly (by (e 8.35)),

(€8.53)  ms/Ny = (14 max{lac(B(g;)) : j = 1,2,.... k(A)})-

Applying [7.3| (using (e 8.52)), (e 8.53)), (e8.50) and (e 8.50))), we obtain unitaries
zi € Fo,1=1,2,...,n—1, and 2. € F} such that

(€8.54)  ||[zi, m, o p(9)]ll < 6w and ||[ze, Te 0 p(g)]]| < &y for all g € Gy,
(€8.55) Bott(z;, 7, 0 ) = oy, and Bott(ze, me 0 ) = .

Put zp = ho(z.) and z, = h1(z.). Recall that 7, 0 ¢ = ho(me 0 ) and 7w, 0 =

hi(me o ). One verifies (by (e 8.38))) that

(e8.56) Bott(zg, 7, © ) = ap and Bott(z,, 7, 0 @) = ap.

Let Ui,i—i—l = ziwfwiﬂz;‘_i_l, 1= O7 1,2, ey — 1. Then, by " ‘ s and
(e8.17), one has, for i =0,1,2,....,n — 1,

(€8.57)  |[Uiix1, 7, 0 p(9)]l] < 261 + 20, < §1/2 for all g € G,,.

Moreover, for 0 < i <n—1,1 < j < k(A), by (e8.49) (and by (e8.15), and
(e8.54), (e8.40)),
bott1(Us,i+1,m, 0 ©)([g;]) = botti(zi, m, 0 ©)([gs]) + botts (w;wit1,me, o ) ([g5])
+botts (2741, e, 0 ©)([95])
(Nij) + (=Xij + Xig15) + (= Xig15) = 0.
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Note that for any 2 € @,_,, @2, K«(A @ C(T),Z/kZ), one has Na = 0.
Therefore,
(e8.58)

Bott((Uiit1; - Uiyiv1), (e, 0 @, ..., T, 0 9))|p = NBott (Ui i1, T, 0 9)|p =0,

N N

1=20,1,2,...,n — 1. Note that, by the assumption (e 8.11)),
(€8.59) tn. om0 p(h) > A(h) for all h e H),

where t,_ is the normalized trace on M,,_, 1 < s < F(2).

By Lemma and our choice of H/, d1, G1, Po, in view of (e8.59)), (e8.57)),
and (e 8.58), there exists a continuous path of unitaries, {Uiip1(t) :t € [tistig1]} C
F> ® My (C), such that

(e8.60) U; ir1(ti) = Ipmemy (), 0i,i+1(ti+1) = (ziwj wit12{11) @ lay(©)s

and
(e8.61) 3
”Ui,i-i-l(t)(ﬂ'm ° @(f)a ey Mg, O @(f))Ui,iJrl(t)*—(Wti © @(f), cey Tt © W(f))“ < 5/32

N N

for all f € F and for all ¢ € [t;,t;41]. Define W = (W (t), 7. (W)) € C ® My by
(e8.62) W (t) = (wiz} @ 1y ) Ui (t) for all t € [t;,tiq1],

=0,1,....,n— 1, and m. (W) = wez} @ 1ps,. Note that W(t;) = w;zf @ Lary,
=0,1,...,n. Note also that

W(0) = wozy @ lary = ho(wezl) ® Loy
and
W(1) =wnzy @ Iary = hi(wezl) @ 1ary -
So W € C ® My. One then checks that, by (e8.17)), (e8.61)), (e8.54), (e8.18),
and again,
W (#)((m1 0 ©)(f) @ Lary )W (#)" = (e 0 ) (f) © Lyl
< W @) (e 0 ©)(f) © L )W (1) = W(E) (e, © 0)(f) @ L )W (1)
FW (@) (e, 0 ) (YW ()" = W (i) (e, 0 ) (SIW ()"
W () (e, 0 ©)(f) @ Laay )W (£:)* — (wilme, 0 0)(f)wi) @ Lary |
+lwi (e, °<P)(f) i =7 o Y+ e 0 ¥ (f) =m0 p(fl
<e1/164+¢/32+4 0, +e1/164+¢21/16 < ¢
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for all f € F and for t € [t;,¢i41], 4 =0,1,...,n — 1.
Since A : C' — C([0,1], F») is assumed to be injective, this implies that

(€8.63) [[W(p(f) @ Lay)W" = (¥(f) @ 1ary )| <€ for all f €T
O

REMARK 8.4. Although it will not be needed in this paper, it is perhaps
worth pointing out that with some modification, the proof also works without
assuming that K,(A) is finitely generated. In Theorem the multiplicity N
only depends on K(A) as K(A) is finitely generated. However, if K,(A) is not
finitely generated, the multiplicity /N then will depend on F and €. On the other
hand, if K;(A) is torsion free, or if K;(C) = 0, then the multiplicity N can
always be chosen to be 1. This also will not be needed here.

COROLLARY 8.5.  The statement of Theorem holds if A is replaced by M, (A)
for any integer m > 1.

9. (*-algebras in B;

DEFINITION 9.1. Let A be a unital simple C*-algebra. We say A € B; if the
following property holds: Let € > 0, let a € A, \ {0}, and let F C A be a finite
subset. There exist a non-zero projection p € A and a C*-subalgebra C' € C
with 1 = p such that

lep — px|| < e for all x € F,
(e9.1) dist(pxp,C) < e for all x € F, and
(€9.2) 1-p<a.

If C as above can always be chosen in Gy, that is, with K;(C) = {0}, then we
say that A € By.

DEFINITION 9.2. Let A be a unital simple C*-algebra. We say A has general-
ized tracial rank at most one, if the following property holds:

Let e > 0,let a € A4\ {0} and let F C A be a finite subset. There exist a non-
zero projection p € A and a unital C*-subalgebra C which is a subhomogeneous
C*-algebra, with at most one dimensional spectrum, in particular, a finite
dimensional C*-algebra with 1¢ = p such that

(€9.3) lep — px|| < e for all x € F,
(e9.4) dist(pzp,C) < e for all z € F, and
(e9.5) 1-p<a.

In this case, we write gT R(A) < 1.
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REMARK 9.3. It follows from that gTR(A) <1 if and only if A € B;.
Let D be a class of unital C*-algebras.

DEFINITION 9.4. Let A be a unital simple C*-algebra. We say A is tracially
approximately in D, denoted by A € TAD, if the following property holds:

For any € > 0, any a € Ay \ {0} and any finite subset ¥ C A, there exist a
non-zero projection p € A and a unital C*-subalgebra C € D, with 1¢ = p such
that

(€9.6) lep — px|| < e for all x € F,
(€9.7) dist(pxp,C) < ¢ for all x € F, and
(€9.8) 1-pSa.

(see Definition 2.2 of [36]). Note that By = TAC; and B; = TAC. If in the
above definition, only and (e9.7) hold, then we say A has the property
(Lp).

The property (L) is a generalization of Popa’s property in Theorem 1.2 of
[98] (also see Definition 1.2 of [11] and Definition 3.2 of [62]).

An earlier version of the following proposition first appeared in an unpublished
paper of the second named author distributed in 1998 (see Corollary 6.4 of [62]
and 5.1 of |71]).

PROPOSITION 9.5. Let A be a unital simple C*-algebra which has the property
(Lp). Then, for any e > 0 and any finite subset F C A, there exist a projection
p € A and a C*-subalgebra C € D with 1¢ = p such that

(€9.9) Iz, pll| < e for all f €7,
(€9.10) dist(pxp, C) < €, and
(€9.11) llpzpl| > ||x|| — & for all x € F.

ProoOF. Fix e € (0,1) and a finite subset F C A. Without loss of generality,
we may assume 14 € F. It follows from Proposition 2.2 of [3] that there is a
unital separable simple C*-subalgebra B C A which contains F. By Definition
there exist a sequence of C*-subalgebra C,, € D and a sequence of non-zero
projections p, = 1¢, such that

(€9.12) lim ||p,b—bp,|| =0, lim dist(p,bpn,Cyn) =0, and
n— oo n—oo
(€9.13) le |Ln(ab) — Ly (a)L,(b)|| =0 for all a,€ b€ B,

where L,, : B — p,Bp, is defined by L, (b) = ppbp, for all b € B. Consider
the map L : B — [~ | p,Bp, which is a unital completely positive linear map.
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Let w: [[,2, pnBpn — [1,—) PnBrn/ D, PnBp, be the quotient map. Set
@ = mo L. Then ¢ is a unital homomorphism. Since B is a simple, ¢ is an
isometry. It follows that there exists a subsequence {ny} such that

(€9.14) P, o, || > ||z|| — € for all z € F.

Note that we have limy_s oo [|[Pn, & — Zpn, || = 0 and limy_ oo dist(pn, 2Pn,, Cny) =
0 for all x € J. Choosing p := p,, and C = C,,, for some sufficiently large &, the
conclusion of the lemma holds.

O

THEOREM 9.6. Let A be a unital simple separable C*-algebra in TAD, where
D is a class of unital C*-algebras. Then either A is locally approrimated by
subalgebras in D, or A has the property (SP). In the case that D is a class of
semiprojective C*-algebras, then, when A does not have (SP), A is an inductive
limit of C*-algebras in D (with not necessarily injective maps).

PrROOF. This follows from Definition [9.1] immediately. Let 1,5, ..., F,, ... be
a sequence of increasing finite subsets of the unit ball of A whose union is dense
in the unit ball. If A does not have property (SP), then there is a non-zero
positive element a € A such that aAa # A and aAa has no non-zero projection.
Then, for each n > 1, there is a projection 14 — p, < a and a C*-subalgebra
C, € D such that 1¢, = p, and

lpnz — 2p,|| < 1/n and dist(prapn, Cn) < 1/n for all z € F,.
(€9.15)

Since aAa does not have any non-zero projection, one has 14 — p, = 0. In other
words, 14 = p, and

(€9.16) dist(z,Cp) < 1/n for all z € F,, n=1,2,...,

as asserted. In the case that the C*-algebras in D are semiprojective, A is in fact
an inductive limit of C*-algebras in D (with not necessarily injective maps). O

THEOREM 9.7. Let A € By. Then A has stable rank one.

PrROOF. This follows from Proposition and Theorem 3.3 of [41] (see also
4.3 of [36)). O

LEMMA 9.8.  Let D be a family of unital separable C*-algebras which are resid-
wally finite dimensional. Any unital separable simple C*-algebra with prop-
erty (Lp) can be embedded in [ M, (,)/ @ M, () for some sequence of integers

{r(n)}.

PROOF. Let A be a unital separable simple C*-algebra with property (Lp).
Let F1 C Fo C -+ C F; C --- be an increasing sequence of finite subsets of
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A with union dense in A. Since A has property (Lp), for each n, there are a
projection p, € A and C,, C A with 1¢, = p,, and C,, € D such that

”pnf - fpn” < 1/2n+2’ Hpnfan > ||f|| - 1/2n+2’ and pnfpn 61/2"‘*’2 Cn
(€9.17)

for all f € F,. For each a € F,, there exists c¢(a) € C,, such that ||p,ap,—c(a)]| <
1/2"*2. There are unital homomorphisms 7/, : C,, — By, where B,, is a finite
dimensional C*-subalgebra such that

€9.18)  [m,(c@)ll = lle@)] > [pnapn] - 1/2"+
lall - (1/27+ +1/27+2) = |lal| - 1/2"+"

(€9.19) for all €JF, n=12 ...

v

There is an integer 7(n) > 1 such that B, is unitally embedded into M,.(,). De-
note by m, : C, — M,(,) the composition of 7, and the embedding. Note
Cpn C pnApn. Then there is a unital completely positive linear map &/, :
PnApn — M,.(n) such that

(€9.20) O ¢, = .

Define @, : A — M,y by ®,(a) = @, (pnapy) for all a € A. It is a unital
completely positive linear map. Moreover,

(e9.21) @, (Prapn) — @n(c(a))|| < 1/2"H for all a € Fy,
n=1,2,...,. Combining with (e9.17)), we obtain that
(€9.22) 1n ()N = |Ifll —1/2" for all feF,, n=1,2,...

Define ® : A — []>"| M,(,) by ®(a) = {®,(a)} for all a € A. Let

II: H Mr(n) — H Mr(n)/ @Mr(n)
n=1 n=1 n=1

be the quotient map. Put W = ITo ®. One easily checks that ¥ is in fact a unital
homomorphism. Since A is simple, ¥ is a monomorphism. O

THEOREM 9.9. Let A € By (or A € By). Then, for any projection p € A, one
has pAp € By (or pAp € By).

PROOF. Let us assume p # 0. Let 1/4 > ¢ > 0, let a € (pAp)+ \ {0}, and
let F C pAp be a finite subset. Without loss of generality, we may assume that
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lz]] <1 for all z € F. Since A is unital and simple, there are 1,2, ..., T, € A
such that

(€9.23) Zx;‘pxl = 14.
i=1

Since xfpz; < 1a, ||pz;|| < 1. By replacing z; by pz;, we may assume that
zi|| < 1. Put Fy = {p,x1, 22, ..., Tsy, 7, 5, ...,k FUF. Since A € By, there is a
1 2 m
projection e € A and a unital C*-subalgebra C; € € (or Cy € Cp) with 1¢, = e
such that

(€9.24) |lxe —ex|| < &/64(m+1) for all x € Fy,
(€9.25) dist(exe,C1) < €/64(m+1) for all x € F1, and
(€9.26) 1—-e < a.

Put n = ¢/64(m+1). Then 0 < n < 1/28. Since p € F1, we have ||epe — (epe)?|| <
n and ||pep — (pep)?|| < n. Moreover, there is c(p) € (C1)s.q. such that

(€9.27) lepe = c(p)l| < n-
One estimates that, since 0 < n < 1/28,
V1—d4n>1-2n—4n>=1—(2+4n)n and /1 —4n < 1—2n,

or (1—+/1-4n)/2< (1+42n)n and (1++/1—4n)/2>1—1.
(€9.28)

One then computes sp(epe), sp(pep) C [0, (142n)n]U[1—n, 1]. By the functional
calculus, one obtains a projection q; € pAp such that

(€9.29) llgr — pepll < (1 + 2n)n.
If Ae ((1+2n)n,1—mn), then
le — (Ae — epe) ' (Xe — c(p))|
(€9.30) < [l(Ae = epe) M| l[(Ae — epe) — (Ae — c(p)]|

n
min{A — (1+2n)n, (1 —n) — A}’

(€9.31)

It follows that (Ae — epe)~1(Xe — c(p) is invertible in eAe when the expression
in (e9.31)) is less than 1 in which case Ae — ¢(p) is invertible in eAe (or in C).
Thus,

(€9.32) sp(c(p)) C [=n,(2+2n)n] U1 — 21,1 4]
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Consequently (by the functional calculus), there is a projection ¢ € C; such
that

(€9.33) lepe —qll < (24 2n)n+n = 3+ 2n)n.

Moreover, there are y1,y2, ..., Ym € C7 such that ||y; — ex;e|| < n. Then
Yi QUi Ron(14n) Vi QETi€ Ry €T; €QET;€ R (34 97y ET; EPET € Ry €T PTi€.

(€9.34)

Therefore (by also (e9.23)),

1Y " yiayi — el < mn(1+n) + 3+ 2n)n + 3n)=mn(7+ 3n) < e < 1/4.
=1

(€9.35)

Therefore ¢ is full in C. It follows from that ¢C1q € € (or ¢C1q € Cp). Note
that

(€9.36) [pep — epe|| < [lpep — epep|| + |lepep — epel| < 2n.
From (e 9.29)), (e9.36)), and (e9.33),

lar —all < llgr — pepll + llpep — epel| + |lepe — g
(€9.37) < Q4+2n)n+2n+B+2n)n=(6+4n)n < 1.
Hence, there is a unitary v € A such that u*qu = ¢1 < p. Put C = u*qCqu.

Then C € € (or C € Cy) and 1¢ = ¢;. We also have, by (e9.29) and (e9.33))),

(€9.38) lepe — qull < (1 +2n)n+ (3 +2n)n = (4 + 4n)n.

If x € F, then

939)  laz—zall < 2@ —epe)zl + lepes — wepe]

(€9.40) < 2(44+4nn+3n=(11+8y)n<e
for all x € &F.

Similarly, we estimate that

(€9.41) dist(g1zq1,C) < ¢ for all x € F.
We also have (by (e9.29))
(€9.42) I(p = q1) = (p = pep)|l = llar = pepll < (1 + 2n)n.

Put o = (1+2n)n < 1/16. Let f,(t) € Co((0,00)) be as in[2.5] Then, by 2.2 of

[104],
(€9.43) p—a=folp—q) Sp—pepSl-eZa.
This shows that pAp € B;. O
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PROPOSITION 9.10. Let D denote the class of unital separable amenable C*-

algebras with faithful tracial states. Let A be a non-zero unital simple separable
C*-algebra which is TAD. Then QT(A) =T(A) # .

PROOF. One may assume that A is infinite dimensional. Since A is a unital
infinite dimensional simple C*-algebra, there are n mutually orthogonal non-
zero positive elements, for any integer n > 1 (see, for example, 1.11.45 of [63]).
By repeatedly applying Lemma 3.5.4 of [63] (see also Lemma 2.3 of [57]), one
finds a sequence of positive elements {b,} which has the following property:
bpt1 S bp1, where by 1,b,.92, ..., by are mutually orthogonal non-zero positive
elements in b, Ab,, such that b,by, ; = by, ;b = by i, 1 =1,2,...,n, and b, ; ~ by 1,
1<i<n,n=1,2, ... Note that

(€9.44) lim sup{7(b,): 7€ QT(A)} =0.

n— o0
One obtains two sequences of unital C*-subalgebras Ag , := e, Ae,, D, of A,
where D,, € D with 1p, = (1 —e,,), two sequences of unital completely positive
linear maps @o, : A — Ao, (defined by ¢o,,(a) = ejae, for all a € A) and
Y1, A— D, with Ay, L D, satisfying the following conditions:

8945) 11_>H1 ||<p2,n(ab) - @z,n(a)@z,n(b)|| =0 for all a, be A,

(

(€9.46) nl;rxgo lla — (won+ ¢1n)(a)|| =0 for all a € A,
(€9.47) (1—-e,) S by, and
(€9.48) nl;rrgo lo1,n(@)] = ||lz|| for all x € A.

Since quasitraces are norm continuous (Corollary II 2.5 of [5]), by (e9.46),
nli_>1rolo(sup |7(a) — 7((pon +1,n)(a)|: 7€ QT(A)}) =0 for all a € A.
(€9.49)
Since @o.n(a)p1,n(a) = v1,n(a)pon(a) =0, for any 7 € QT(A) we have

(€9.50)7((wo,n + p1.n)(a)) = T(won(a)) + T(p1,n(a)) for all a € A.

Note that, by (e9.47) and (e9.44]),

(€9.51) lim sup{7(pon(a)): 7€ QT(A)} =0 for all a € A.
n— oo
Therefore
1i_>m (sup{|7(a) =T op1n(a)]: 7€ QT(A)}) =0 for all a € A.

(€9.52)
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It follows lim,, oo |7 0 1., ]| = ||7]] = 1 for all 7 € QT(A).

For any 7 € QT(A), let t,, = (||[To@1,n]7*)Top1 5. Note that ¢,|p, is a tracial
state. Therefore ¢, is a state of A. Let ¢y be a weak™ limit of {¢,,}. Then, as A
is unital, t( is a state of A.

It follows from (e 9.45) and the fact that t,|p, is a tracial state that ¢y is a
trace. Then, by (e9.52)), for every 7 € QT(A),

7(a+b) = 7(a) + 7(b) for all a,b € A.

It follows that 7 is a trace. Therefore QT (A) = T'(A).

To see that T'(A) # @, let 7, € T(D,,) be a faithful tracial state, n = 1,2, ....
Define t,, = (||7n 0 @1.0]| 1) 70 0 @1.n- Let to be a weak * limit of {t,}. As above,
to is a tracial state of A.

U

THEOREM 9.11. Let D be a class of unital C*-algebras which is closed under
tensor products with a finite dimensional C*-algebra and which has the strict
comparison property for positive elements (see , Let A be a unital simple
separable C*-algebra in the class TAD. Then A has strict comparison for positive
elements. In particular, if A € By, then A has strict comparison for positive
elements and Ky(A) is weakly unperforated.

Proor. Note that from we have QT(A) = T(A) # @. By a result of
Rgrdam (see, for example, Corollary 4.6 of [107]; note also that the exactness is
only used to get QT'(A) = T'(A) # & there), to show that A has strict comparison
for positive elements, it is enough to show that W(A) is almost unperforated,
i.e., for any positive elements a, b in a matrix algebra over A, if (n+ 1)[a] < n[b]
for some n € N, then [a] < [b].

Let a, b be such positive elements. Since any matrix algebra over A is still in
TAD, let us assume that a,b € A.

First we consider the case that A does not have (SP) property. In this case,
by the proof of A=J", A, where A,, € D ({4,} may not be increasing).

Without loss of generality, we may assume that 0 < a, b < 1. Let ¢ > 0. It
follows from an argument of Rgrdam (see Lemma 5.6 of [94]) that there exist an
integer m > 1, and positive elements a’,b’ € A,, such that

(€9.53) la" —al| <e/2, |t/ —b] <e/2, ¥ <b and
n+1 n
—_——
diag(f./2(a), fesa(a’), ..., fe2(a’)) S diag(d',b',...,0") in Ap,.
Since A,, has strict comparison (see part (b) of Theorem [3.18]), one has

(e9.54) fepo(ad') b in Ay,

Note that |la — (¢ —&/2)1]] < |la —d'|| + ||a’ — (¢’ —€/2)| < e. It follows, on
using 2.2 of |104], that

(€9.55) fac(a) S (0" —2/2)4 < feppa) SV SD
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for every € > 0. It follows that a < b.

Now we assume that A has (SP). Let 1/4 > ¢ > 0. We may further assume
that [|b]] = 1. Since A has (SP) and is simple, by Lemma 3.5.6 and Lemma
3.5.7 of [63] (also see Theorem I of [120]), there are mutually orthogonal and
mutually equivalent non-zero projections ei, €z, ..., eny1 € f3/4(b)Af3/4(b). Put
E=e +ey+ - +ept1. By 2.4 of [104], we also have that

(€9.56) (n 4+ D[fe/aa)] < n[fs(b)]

for some £ > 6 > 0. Put 0 < n < min{e/4,46/4,1/8}. It follows from Definition
that there are a C*-subalgebra C = pAp® S with S € D and o/, b, E’, ¢, € C
(i=1,2,...,n+1) such that 0 < a’,t' <1 and E’, ¢} are projections in C,

(€9.57) la—a'll <n, V" < f5(0), [ f1/2(V)E" — E'|| <,

n+1
(€9.58) E = Zeg, llei — €l <m and [|[E—F'|| <n<1,

i=1
and

n+1 n
—_——

(€9.59) diag(f./2(a’), fesaa’), ..., fo2(a’)) S diag(d',b',...,0") in C

(see Lemma 5.6 of [94]). Moreover, the projection p can be chosen so that p < e;.
From , there is a projection e}, E" € fy,2(0/)C f1/2(V') (i = 1,2,...,n+1)
such that |[E" — E"|| < 2n, |le} —€}|| < 2n,i=1,2,...,n+1,and B = "' eV
(we also assume that e, ey, ..., e .| are mutually orthogonal). Note that e; and
e/ are equivalent. Choose a function g € Cy((0,1])+ with g < 1 such that
g(0') f1/2(0") = f1/2(b') and [g(b")] = [b'] in W(C'). In particular, g(b")E" = E".

Write

a' =ag&dy, gb)=byob, el =epSe, and B =FEy & E)

with ag, by, Ej, ei0 € pAp and o}, V), e;1, E] € S, =1,2,....,n + 1. Note that
Eqb, = b\ E} = EY. This, in particular, implies that

(€9.60) 7(b)) > (n+1)7(e1,1) for all 7€ T(S9).
It follows from (e9.59) that
dr(fe2(ay)) <

n
n+1

d,(b}), for all 7€ T(S).
Note that (b) —e1,1)e1,1 =0 and b) = (b) —e11) +e1,1. For all 7 € T'(S),

d-((0y = e1,1)) = d- (V) — 7(e1.1) > d- (D7) — dr (b)) > d-(fz2(a1)))-

n+1
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Since S has the strict comparison, one has
!/ /
fepa(ay) S (01 —e1n).

Just as in the calculation of (€9.55), f.(a) S (o' —€/4)1 ~ fej2(a’) asn < e/4.
Consequently,

(e9.61) Je(a) S fs/2<a’/) Sp@ fs/?(a/l) Sp@ (bll - 61,1)
(€9.62) Ser @y —e1n)Sen® (V) —er)+ (b —ero)
(€9.63) ~ef @ (b)) —ef) ~g(t)) ~b S

Since € is arbitrary, one has that a < b.
Hence one always has that a < b, and therefore W (A) is almost unperforated.
g

The following fact is known to experts. We include it here for the reader’s
convenience.

LEMMA 9.12. Let A be a unital simple C*-algebra with T(A) # @. Let a, b €
Ay and let 1 > & > 0 such that |7(a) — 7(b)| < € for all T € T(A). Then there
are Ti,xa,...,Tn € A such that

(€9.64) I foxl —all <2 and || szxf —bl <e.
i=1 i=1

PROOF. This follows from results in [17]. Let § = max{|r(a) — 7(b)| : T €
T(A)}. Then 0 < § < e. Let n = & — §. By Theorem 9.2 of |71], there exists
¢ € Agq. with ||¢|| < 6 + n/4 such that 7(¢) = 7(b) — 7(a) for all 7 € T(A).
Consider a1 = a+c+||¢|]| and by = b+ ||c||. Note that a; > 0. Then 7(a1) = 7(b1)
for all 7 € T(A). It follows from (iii) of Theorem 2.9 of [17] that a3 — b1 € Ay
(in the notation of [17]). It follows from Theorem 5.2 of [17] that a3 ~ b; (in
the notation of [17]; see the lower half of pagel36 of [17]). Thus, there are
T1,%2, ..., Ty, € A such that

lar = > wiadl < n/4 and by — 3wz < n/a.
i=1 i=1
It follows that

la— 3" aiai] <n/d+ la+ lalll < n/4+26 < 2 and
=1

(¢9.65) o= 3" il < n/a+ ol < nfa+3 <.

=1
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LEMMA 9.13.  Let D be a class of unital amenable C*-algebras, let A be a separa-
ble unital C*-algebra which is TAD, and let C be a unital amenable C*-algebra.

Let F,G C C be finite subsets, let € > 0 and § > 0 be positive numbers. Let
H C CL be a finite subset, and let T : C1\{0} — Ry \{0} and N : C1\{0} - N
be maps. Let A : Cj_’l \ {0} — (0,1) be an order preserving map. Let H; C
CL\ {0}, Ho C C4 and U C U(M(C))/CU(My(C)) (for some k > 1) be finite
subsets. Let o1 > 0 and oo > 0 be constants. Let v, : C — A be unital
G-6-multiplicative completely positive linear maps such that

© and ¥ are T x N-H-full (see the definition m,
Top(c) > A(é) and To(c) > A(é) for any T € T(A) and for any ¢ € H;,

Then, for any finite subset F C A and &’ > 0, there exists a C*subalgebra
D c A with D € D such that if p = 1p, then, for any a € F,

(a) [lpa —ap| < €',

(b) pap €. D, and

(c) T(1 —p) < €, for any T € T(A).

There are also a (completely positive) linear map jo : A — (1 — p)A(1 — p)
and a unital completely positive linear map. j1 : A — D such that

jo(a) = (1 —p)a(l —p) for all a € A and
l71(a) — pap|| < 3¢’ for all a € F.

Moreover, define

wo=Joow, Yo=jooY,p1=Jiow and P =jio.

With a sufficiently large ' and small enough €', one has that @, o, @1 and 1
are §-28-multiplicative and

() lle(e) = (polc)®@i(e))ll < e and [|¢(c) = (Po(c) @Yr(e))]| <e, for any c € T,

) @0, %o and 1,11 are 2T x N-H-full,

(7) Towi(c) > A(&)/2 and 7o 1(c) > A(é)/2 for any ¢ € Hy and for any
T € T(D),

(8) |Topi(c) —Toi(c)| < 301 for any T € T(D) and any ¢ € Ha, and

(9) dist(oF(u), ¥ (u)) < 209 for any u e, i =0,1.

If, furthermore, P C K(C) is a finite subset and [L]|p is well defined for any G-
25-multiplicative contractive completely positive linear map L, and [p]|p = [¢]|»,
then, we may require, with possibly smaller &' and larger F', that

(10) [pillp = [i]lp, i =0, 1.
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ProOOF. Without loss of generality, one may assume that each element of F,
G, Hso, or F has norm at most one and that 14 € F'.

Since ¢ and ¢ are T' x N-FH-full, for each h € J, there are ay p,...,an(u)n
and by i, ..., bnpy,n in A with [[a; ||, [|bs,n]] < T'(h) such that

N(h) N(h)
(€9.66) > al,p(h)ain=1a and Y b ,w(h)bis = 1a.
1=1 =1

Put do = min{A(h) : h € H;}. By (9.13), It follows from that there are, for
each ¢ € Hy, 1,¢,T2,¢, . Ty(c),c € A such that

t(c) t(c)

©9.67) |3 #tie — (Ol <05 and |3 wseat, — $(c)] < o
i=1 i=1

for some 0 < o5 < 601/5. Let
t(H2) = max{(||zicl| + 1)(t(c) +1) : 1 < i <t(c) : c € Ha}.

For the given finite subset ' C A, and given & > 0, since A can be tracially
approximated by the C*-algebras in the class D, there exists a C*-subalgebra
D c A with D € D such that if p = 1p, then, for any a € F,

(i) llpa — apl| <€,

(ii) pap € D, and

(iii) 7(1 — p) < &', for any 7 € T'(A).

On the way to making F’ large and ¢’ small, we may assume that F contains
?a 97 J-(7 90(9 U?)a ’(/}(9 US:)? 90(:}()7 ¢(%)7 }Cla %27 xi,cvx;:cv 1= 1727 ...,t(C) and
c € Ho, as well as a; n,a;j . bin,0fp, 1 =1,2, ... N(h) and h € H, and

o < mln{mln{1/64(T(h) + 1)(N(h) + 1) che :H:},EI, (5, do, 01,09, (20’1 — 0'3)}
64(t(Ha) + 1)2

For each a € F, choose d, € D such that ||pap — d,|| < &' (choose di, = 1p).
Consider the finite subset {d.dy : a,b € F'} C D. Since D is an amenable
C*-subalgebra of pAp, by 2.3.13 of [63] (with D = B = C and ¢ = idp), there
is unital completely positive linear map L : pAp — D such that

|L(dodp) — dodp|| < €', a,be .
Define j; : A — D by ji(a) = L(pap). Then, for any a € F', one has
(€9.68) ja(a) — papll = [ L(pap) — papl] = | L(da) — dall + 26" = 2¢"
Note that jo and j; are F'-7¢’ -multiplicative, and

(€9.69) lla — jo(a) ® j1(a)|| < 4¢’ for all a € F'.
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Define
wo=Joop, Yo=Joo,p1=jr1ogp and ;= j o).

Then (by the choices of ¥ and ¢’), the maps ¢g, %o, p1, and ¢ are G-24-
multiplicative, and for any c € F,

(€9.70)  l(c) = (polc) @ pr(e))ll <& and [[9(c) — (o(c) & ()| <e.

So (5) holds. Apply ji to both sides of both equations in (e9.66). One obtains
two invertible elements

N(h)

Eh = Z Ji(a h)ji(as)

and
N(h)

fn= Z J1(67)1(h)g1(bi)

such that |[le, || — 1| < 1 and |||f, *|| — 1| < 1. Note that
1 ,l
Z e Jl e1(h)ji(ai)e, * = 1p, Z fu? J1 (h)j1(bi)fy * = 1p,

l71(ai)ey, * || <2T(h), and  [lj1(b:)f, *[| < 2T (h).

Therefore, @1 and 11 are 2T x N-H-full. The same calculation also shows that
o and g are 2T x N-F-full. This proves (6).
To see (8), one notes that

t(c)
I de g, —p1(c)|| < o3+ t(Hp)e' < Toy/5 and

| Zdzw via — 010 <To1/5

for all ¢ € Ha. Then (8) also holds.

Let us show (7) holds for sufficiently large ¥ and €’. Since A is separable,
there are an increasing sequence of finite subsets 3 C F}, C --- such that |J T,
is dense in the unit ball of A. Set €/, = 1. Suppose (7) were not true, for each F,
and each €, there are C*-subalgebra D,, € D and ji ,, : A — D,, as constructed
above (in place of ji), and there is 7,, € T(D,,) such that there is ¢ € H;

Tn o P1n(c) <A(E)/2 or 7,01 ,(c) < A(E)/2
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(where @1, and 91 ,, are as 1 and ¥, corresponding to ' = F, and &’ =¢], =
1/n for all large n). Passing to a subsequence, one may assume that

(e 971) Tn © (Pl,n(c) S A(é)/Q

Consider 7, 0 j1., : A — C, and pick an accumulating point 7 of {7, o j1,, :
n € N}. Since j1,,, is 7€),-F, -multiplicative, it is straightforward to verify that 7
is actually a tracial state of A. Passing to a subsequence, we may assume that

T(a) = limy, 00 T 0 J1,n(a) for all @ € A. By (e9.71)), for any 0 < n < dy/4, there
exists ng > 1 such that, for all n > ny,

Tow(e) <Tpojinop(c)+Topan(c)+n<AE)/24+do/4+n < A(E),
which contradicts to the assumption (2).
Let us show that (9) holds with sufficiently large ¥ and sufficiently small €.

Choose unitaries uj, ug, ..., u, € My(C) such that U = {uy,u3, ..., U, }. Pick
unitaries wy, wa, ..., w, € My(A) such that each w; is a commutator and

dist((p(uq)) (¢ (7)), wi) < o2.
Choose F sufficiently large and €' sufficiently small such that there are com-
mutators w], ws, ...,w,, € CU(My(D)) and commutators w{,w,...,w) € (1 —
p)A(L — p) ® M}, satisfying
71 (wi) —will < o2/2 and [jo(wi) — wi| < o2/2, 1<i<mn,
(see Appendix of [81]) and

I (pre(ui)) (Pr (7)) = G ({p(ua)) (P (wi)I| < 02/2, 1 <i<n and k=0,1.

(Recall we use ¢, 1, jo, and j1 for ¢ @ idps,, ¥ ® idpg,, jo ® idag, and 71 @ id g, ,
respectively.) Then

I (ua) (P (u)) — il

(€9.72) < [[{enlua)) (W (u)) — du(wi)ll + |k (wi) — will
(€9.73) < [ {or(ui)) (Wr(ui)) = Jr({o(u)) ((ui)))ll
(€9.74) Fll7k ((p(ui)) (P (ui))) = Je(wi)ll + 02/2 < 202, k=0,1.

This proves (9).

To see the last part of the lemma, let Py be a finite subset of projections
of C, let q,,qy € A be projections and let v, € A be a partial isometry (for
each q € Py) such that vyv, = qu, vqvy = qy, [lg, — w(@)]| < 8'/2 < 1/4, and
llgy — (@)l < d8'/2 < 1/4 for some ¢’ > 0.
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As in part (d) of Lemma [2.19] with sufficiently small ¢’ and large J, one
obtains projections ¢y, qy,0 € (1 —p)A(1 —p) and ¢y,1,94,1 € D, and partial
isometries w0, € (1 — p)A(1 — p) and w1 € D such that

(e 9.75) Wq iWq,i = Qop,is Wq,iWq ; = qupis

(€9.76) llpi(q) = qpill <0', and [[¥i(q) — gyl < ¢’

for all ¢ € Py. This implies that [p;(q)] = [¢:(q)] for all ¢ € Py, i =0, 1.

Suppose that U is a finite subset of U(C) and (p(u)) = z,(p(u)), where
Zy = HZ(Z)l exp(ihy k) and where h, ; € Asq., for each u € Uy. By virtue of part
(d) of Lemma there are hy 10 € (1 —p)A(l —p)s.q. and hy k1 € Dsq. such
that (0s(u)) = ([T exp(ihy k) (ths (1)), u € Up, s = 0,1. This implies that
[@sllue = [¥slhe, s =0, 1.

If P, is a finite subset of projections and unitaries in M,,(A) for some integer
m > 1, by considering ¢ ® idys,, and ¢ ® idyy,,, with sufficiently small ¢’ and
large 3, we conclude that we can require that [p;]|», = [¥i]|»,, i =0, 1.

In general, consider a finite subset Py, C Ky(A ® By) for some By = B, where
B is a commutative C*-algebra such that Ko(B) = Z/kZ and K(B) = {0},
k = 2,3,.... Also consider ¢ = ¢ ® idg, and ¥ = ¢ ® idg,. We will replace
(1 —p)A(1 —p) by Ap, where A := (1 —pR®1p,)(A® By)(1 —p®1p,), and
D by D ® By in the above argument. We will also consider (j; ® idp,) o ¢ and
(ji ® idp,) o 9. Note that 1 — (p ® 1p,) almost commutes with ¢ and ¢ on a
given finite subset provided that ¢’ is sufficiently small and 3" is sufficiently large.
Thus, as above, with sufficiently small ¢ and ¥, [@]|p, = [¢]|p,. This implies
that the last part, (10) of the lemma holds. O

ProroSITION 9.14. By # By.

PrOOF. It follows from Theorem 1.4 of [88] that there is a unital separable
simple C*-algebra A which is an inductive limit of dimension drop circle algebras
such that A has a unique tracial state, (Ko(A), Ko(A)4,[1a]) = (Z,Z4,1), and
K1 (A) = Z/3Z. Note that dimension drop circle algebras are in € (see [3.22).
Note also that A is a unital projectionless C*-algebra. If A were in By, since
A does not have (SP), by Theorem A would be an inductive limit (with not
necessarily injective maps) of C*-algebras in Cy. However, every C*-algebra in
Co has trivial K. This would imply that K;(A4) = {0}, a contradiction. Thus,
A& By. O

REMARK 9.15. The C*-algebra A in the proof of Proposition [0.14]is rationally
of tracial rank zero (see [84]), since it has a unique tracial state. Later we will
see that there are many other C*-algebras which are in B; but not in By.

PROPOSITION 9.16. Let A be a C*-algebra in By and let U be an infinite di-
mensional UHF-algebra. Then A ® U has the property (SP).
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ProoF. It suffices to show that, for any non-zero positive element b € A ® U,
there exists a non-zero projection e € A ® U such that e < b. Without loss of
generality, we may assume that 0 < b < 1. Let o = inf{7(b) : 7 € T(A)} > 0.
Then there is a non-zero projection e € A®U with the form 14 ® p, where p € U
is a non-zero projection, such that

(€9.77) T(e) < 0.

By strict comparison for positive elements (Theorem , € < b, which implies
that bAb has a projection equivalent to e. O

10. Z-stability

LEMMA 10.1. Let A € By (or By ) be a unital infinite dimensional simple C*-
algebra. Then, for any ¢ > 0, any a € A, \ {0}, any finite subset F C A and
any integer N > 1, there exist a projection p € A and a C*-subalgebra C € C
(or € Cy) with 1o = p that satisfy the following conditions:

(1) dim(m(C)) > N? for every irreducible representation 7 of C,
(2) |lpx — zp|| < e for all z € F,

(3) dist(pap,C) < € for all z € F, and

4)1-p<a.

PROOF. Since A is an infinite dimensional simple C*-algebra, there are N + 1
mutually orthogonal non-zero positive elements ay,asg, ...,an4+1 in A. Since A is
simple, there are z; ; € A, j =1,2,...,k(¢), i = 1,2, ..., N + 1, such that

k(3)

*
E xiyjaixi,j = 1A.
j=1

Let
K = (N +1)max{[|z; ;|| +1:1<j <Ek(i), 1<i<N+1}.

Let ag € A4 \ {0} be such that ag < a; for all 1 <¢ < N + 1, and furthermore
ap S a. Since agAag is also an infinite dimensional simple C*-algebra, one
obtains ag1, age € agAag which are mutually orthogonal and non-zero. One then

obtains a non-zero element b € agy Aagy such that b < ags.
Let

F={a;:1<i<N4+1}U{z;; : 1 <j<k(),l1<i<N+1}U{a}.
Now since A € By, there are a projection p € A and C' € € with 1¢ = p such
that

(1) |lzp — pz|| < min{1/2,e}/2K for all z € F,
(2) dist(pzp, C) < min{1/2,e}/2K for all x € F, and
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B3)1-p3b

Then, with a standard computation, we obtain mutually orthogonal non-
zero positive elements by1,bs,...,bny41 € C and y;;,€ C (1 < j < k(i)), i =
1,2,..., N + 1, such that

k(4)
(€10.1) 1Y w7 jbiyi; — pll < min{1/2,e/2}.
j=1

For each ¢, we find another element z; € C such that
k(i)

(e10.2) D 2 bz = p
j=1

Let 7 be an irreducible representation of C. Then by (e 10.2)),

k(i)
(€10.3) > w(zyi ) (b)Y 2:) = 7 (p)-

j=1

Therefore, 7(by), w(b2), ..., 7(by+1) are mutually orthogonal non-zero positive el-
ements in m(A). Then (e10.3) implies that 7(C) = M, with n > N + 1. This
proves the lemma. O

COROLLARY 10.2. Let A € By (or A € By) be an infinite dimensional unital
simple C*-algebra. Then, for any ¢ > 0 and f € Aff(T(A))™™, there exist a
C*-subalgebra C € C (or C € Cy ) in A and an element ¢ € C1 such that

(e10.4)  dim7(C) > (4/)* for each irreducible representation © of C,
(€10.5) 0<7(f)—7(c) <e/2 for all T € T(A).

PROOF. By 9.3 of [71], there is an element « € A such that 7(x) = 7(f) for all
T € T(A). Let N > 16(||x||+1)/e. As in the beginning of the proof of Proposition
9.10] one finds a non-zero element a € Ay such that N[a] < 1. Apply Lemma
10.1)to e/(16(||z||+1)), N and a € Ay and F = {z,1}, to get C and p = 1¢ as in
that lemma. Then C satisfies and, by (4) of Lemmal[l0.1] 7(1-p) < 1/N
for all 7 € T(A). It follows that 0 < 7(z) — 7(pxp) < 2|z||/N < ¢/8 for all
7 € T(A). Then choose ¢ € C with ||pzp — || < €/16(]|z|| + 1). Replacing ¢’ by
(¢ +(c)*)/2, we may assume that ¢’ € Cs .. Since pzp > 0, we obtain a positive
element ¢ € C such that ||pxp — ¢| < /8. We have

(€10.6) 0<7(f) —7(c) =7(x) —7(c) < &/2 for all T € T(A),

as desired. 0
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The following is known. In the following statement, we identify [0, 1] with the
space of extreme points of T'(M,(C[0, 1])).

LEMMA 10.3. Let C = M, (C([0,1])) and g € LAff,(T(C)) with 0 < g(t) < 1.
Then there exists a € Cy with 0 < a <1 such that

0<g(t) —di(a) <1/n for all t €0,1],

where dy(a) = limg_, o tr(a/k(t)) for all t € [0, 1], where tr is the tracial state of
M,

PrOOF. We will use the proof of Lemma 5.2 of [12]. For each 0 <1i <n —1,
define
X, ={tel0,1]: g(t) > i/n}.

Since g¢ is lower semi-continuous, X; is open in [0,1]. There is a continuous
function g; € C([0,1])+ with 0 < g; < 1 such that

{t€[0,1] : g;(t) #0} = X;, i =0,1,....,.n— 1.

Let eq, eg, ..., e, be n mutually orthogonal rank one projections in C' = M, (C([0, 1]).
Define

n—1
(e10.7) a= Zgiei eC.
i=1

Then0<a <1 PutY;={t€[0,1]:(+1)/n=>gl(t) >i/n} = X;\U;s; Xj,
1=20,1,2,...,n — 1. These are mutually disjoint sets. Note that

0.1 = (0, 1\ Xo)u | V2.
i=0

If € ([0,1] \ Xo) U Yo, then di(a) = 0. So 0 < g(t) — di(a)(t) < 1/n for all such
t.Ift ey,

(€10.8) di(a) = j/n.
Then
(e10.9) 0<g(t)—di(a) <1/n for all t €Y;.

It follows that

(e10.10) 0<g(t) —di(a) <1/n for all t € [0,1].
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LEMMA 10.4. Let Fy and Fy be two finite dimensional C*-algebras such that
each simple direct summand of Fy and Fy has rank at least k, where k > 1
is an integer. Let pg,1 @ F1 — Fy be unital homomorphisms. Let C =
Ao, ¢1, F1, Fs). Then, for any f € LAf,(T(C))4 with 0 < f <1, there exists
a positive element a € M2(C') such that

UGS |d-(a) — f(7)] < 2/k.

Proor. Let I = {(g,a) € CC C([0,1],F3)® Fy : g(0) = g(1) = 0= a}. Note
that C/I= F. Let

T={reT(C): kerr D I}.
Then T may be identified with T(C/I)=T(F1). Let f € LAff,(T(C))+ with
0 < f < 1. There exists b € (C/I)4 such that
(e10.11) 0< f(r)—d;(b) <1/k for all 7 €T,

and furthermore, if f(7) > 0, then f(7) — d,(b) > 0. To see this, write F} =
Mgy ® Mgy ® --- @ Mpg(). Note that R(s) > k, s = 1,2,.... Denote by 7,
the tracial state of Mp(y), s = 1,2,...,1. One can find an integer J; > 0 such that

Js
(s)

<
+
—_

(€10.12) < f(Tg(s) <

=

Moreover, if f(74(5)) > 0, we may assume that Js/R(s) < f(74)). Let be Fy =
C/I be a projection with rank J; in MRg(s), s = 1,2,...,1. For such a choice, since
b is a projection, we have d.(b) = 7(b) for all 7 € T. Then, by (e 10.12)), (e 10.11)
holds. Moreover, if f(7) >0, f(7) — d-(b) > 0. In particular, if d,(b) > 0, then

(€10.13) £(r) = dr(b) > 0.

Recall that b = (by,ba,....,b;) € C/I = Fy. Let b° = o(b) € F» and bt =
(pl(b) € Fy. Write I, = Mr(l) @Mr(2) b-- '@Mr(m)- Write 0 = bo,l @b072@~ <D
bO,r(m) and b! = b1,1®b1 2D @bl)r(m), where bg j, b1,; € Mr(j), j=12,....m.
Let 74, ; = trjoW om, where tr; is the normalized trace on M,.(jy, ¥; : Fo — M,
is the quotient map and m; : A — F5 is the point evaluation at t € (0,1).

Denote by 79 ; the tracial state of C' defined by 7 ,((g,a)) = tr;(g(0)) =
trj(¢o(a)) for all (g,a) € C, and denote by 7 ; the tracial state of C' defined by
71,5((g,a)) = tr;(g(1)) = tr;j(p1(a)) for all (g,a) € C, respectively, j = 1,2,...,m.
It follows from the third paragraph of Subsection that 7 ; — 79,5 in T'(A) if
t—0in [0,1] and 7 ; — 71 ; in T'(A) if t — 1 in [0,1].
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Recall from Section 3 (see and , we have

trj(bo;) = Zaas “Tq(s)(bs) and

(e10.14)

l
try(br,) = (iz Tatey (b),

where {a;s} and {b;s} are matrices of non-negative integers given by the maps
(v0)s0 : Ko(F1) = Z' — Ko(F») = Z™ and (p1)s0 : Ko(F1) = Z' — Ko(F2) =
zm.

If g € LAff,(T(A))4, then, by (e3.6) and (e 3.7) in Section 3,
1<
7_0,3 Zajs’ q(a)) and g Tl] = TZ q(é )a

Recall that b is a projection, since f is lower semicontinuous on T'(C), we
have, by (e10.11]) and (e 10.13)),

liItIi)%lff(TtJ) > f(10,;) = Zlajs Q(é))
1
> ﬁ Z ajsR(8)7q(s)(bs) = tr;(bo ;)
1
and h?l}lnff(ﬁvj) > T Z J(Tqes)) = trj(bej).

Note that, since g is unital, % lezl a;sR(s) = 1. Therefore, if tr;(by ;) > 0,
then

l l
1 1
flro5) = FQ ) )Ta(s) > D :f(J (8)7q(s) (bs) = tr;(bo,;),
s=1 s=1
l l
1 1
T1.i) = Ts> TSb_tr‘bf'
f( 1,]) f(S:1 T(j) q(s) — 7”(] Q()( ) ]( 1])

Hence, if tr;(bg ;) > 0 (or tr;j(by ;) > 0), then liminf, o f(7 ;) > tr;(bo ;) (or
liminf; y f(7,;) > trj(bi;)). Therefore, there exists 1/8 > ¢ > 0 such that

(e10.15)  f(m,;) > trj(by;) for all ¢t € (0,26) and
(€10.16)  f(m;) > trj(byy) for all te (1-24,1), j=1,2,..,1L
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Let
0—t .
(e10.17) c(t) = (T)bo if te]0,0),
(€10.18) et) = 0iftels1—4], and
(e10.19) c(t) = (%)bl for all ¢ € (1-4,1].

Note that ¢ € A. Define

(€10.20) g;(0) = 0,

(e10.21)  g;(t) = f(m,;) —trj(bo ) for all t € (0,4],

(€10.22)  g,(t) = f(m;) for all t € (6,1 —90),

(€10.23)  g,;(t) = f(m,) —trj(b;) for all te[1l—-4,1), and
(€10.24) g;(1) = o.

One verifies that g; is lower semicontinuous on [0, 1]. It follows from Lemmam
that there exists a; € C([0, 1], F3)4 such that

(e10.25) 0 <gj(t) = di, ,(a1) <1/r(j) < 1/k for all t € [0,1].

Note that a1(0) = 0 and a;(1) = 0. Therefore a; € I C C. Now let a = c® ay €
M5 (C). Note that

dr(a) = do(c)+dr(ar) =d-(b) if t €T,
dir, ;(a) = di,;(c) +dir, (a1) = ds j(bo) + dir, ;(a1) for all ¢ € (0,0),
dir, ;(a) = di,;(a1) for all t €[5,1 6], and
dir, (@) = duy, (c) +di, ;(a1) = ds j(b1) + dir, ;(a1) for all t € (1-4,1).

Hence, by (¢10.11)), (¢10.17), (£10.18), (¢10.19), (¢10.20), (¢ 10.21), (c10.22),

(e10.23]) and (e 10.25)),

(€10.26) 0< f(r)—dr(a) <2/k

forall 7 € Tand 7 = tryj, j = 1,2,...,1, t € (0,1). Since TU {tr;; : 1 < j <
I, and t € (0,1)} contains all the extreme points of T(C'), we conclude that

(e10.27) 0< f(r)—dr(a) <2/k for all 7€ T(C).

O

THEOREM 10.5. Let A € By be an infinite dimensional unital simple C*-
algebra. Then the map W(A) — V(A) U LAff,(A) 4 is surjective.
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PROOF.  The proof follows the lines of the proof of Theorem 5.2 of [12]. It suf-
fices to show that the map a — d,(a) is surjective from W (A) onto LAff,(T(A)).
Let f € LAffy(A) 4 with f(7) > 0 for all 7 € T'(A). We may assume that f(7) <1
for all 7 € T(A). As in the proof of 5.2 of [12], it suffices to find a sequence of
elements a; € My(A), such that a; < a;11, [an] # [ans1] (in W(A)), and

lim d(a,) = f(r) for all 7€ T(A).

n—oo
Using the semicontinuity of f, we find a sequence f,, € Aff(T'(A))+ such that

(€10.28) fu(T) < frogi(7r) for all 7€ T(A), n=1,2,...,
(10.29) nh_}n;(J fn(T) = f(7) for all 7€ T(A).

Since fn4+1 — frn is continuous and strictly positive on the compact set T, there
is 1 >e,, > 0 such that (fnr1 — fo)(7) > e, forall 7 € T(A), n = 1,2,.... By
Corollary for each n, there is a C*-subalgebra C,, of A with C,, € € and
an element b, € (Cy,)4 such that

(e10.30) dim7(C,) > (16/e,)?
for each irreducible representation,
0<7(fn) —7(bn) < &,/8 for all 7€ T(A).

Applying Lemma one obtains an element a,, € Ms(C),)+ such that
2
(e10.31) 0 < t(by) —di(an) < z <en/4 for all t € T(Cy),

where k is the minimal rank of all irreducible representations of C,, and k >
16/e,,. It follows that

(€10.32) 0 <7(fn) —dr(an) <e,/2 for all 7€ T(A).

One then checks that lim,_,o d,(a,) = f(7) for all 7 € T(A). Moreover, d, (a,) <
dr(ap41) for all 7 € T(A), n = 1,2,.... It follows from Theorem that
an S Gpt1, [an] # [ant1], n =1,2,.... This ends the proof. O

~

THEOREM 10.6. Let A € By be an infinite dimensional unital simple C*-
algebra. Then W (A) is 0-almost divisible.

PrROOF. Let a € M,(A);+\{0} and k > 1 be an integer. We need to show that
there exists an element x € M,,/(A)+ for some m’ > 1 such that

(€10.33) klz] <la] < (k+1)[x]
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in W(A). It follows from Theorem|[10.5/that, since kd, (a)/(k?+1) € LAff,(T(A)),
there is © € M, (A)y such that

(e10.34) d-(x) = kd,(a)/(k* + 1) for all 7€ T(A).
Then,

(€10.35)  kd,(z) < dr(a) < (k+1)d,(z) for all 7€ T(A).
It follows from Theorem [0.11] that

(€10.36) k[z] < [a] < (k+ 1)[z].

O

THEOREM 10.7. Let A € By be an infinite dimensional unital separable simple
amenable C*-algebra. Then A ® Z = A.

PROOF. Since A € By, A has finite weak tracial nuclear dimension (see 8.1
of [81]). By Theorem A has the strict comparison property for positive
elements. Note that, by Theorem every unital hereditary C*-subalgebra
of A is in B;y. Thus, by Theorem [10.6] its Cuntz semigroup also has 0-almost
divisibility. It follows from 8.3 of [81] that A is Z-stable. O

11. The Unitary Groups

THEOREM 11.1 (cf. Theorem 6.5 of [71]). Let K € N be an integer and let B
be a class of unital C*-algebras which has the property that cer(B) < K for all
B € B. Let A be a unital simple C*-algebra which is TAB (see Definition
and let u € Uy(A). Suppose that A has the cancellation property for projections,
in particular, if e, q € A are projections andv € A such that v*v = e and vv* = ¢,
then there is a w € A such that w*w =1 — e and ww* =1 — q. Then, for any
e > 0, there exist unitaries ui,us € A such that u; has exponential length no
more than 2w, us has exponential rank K, and

lu —uius|| <e.

Moreover, cer(A) < K +2+¢.

PROOF.  Suppose that A is locally approximated by C*-subalgebras {4,} in
B. One may write (for some integer m > 1) u = exp(ihy) exp(ihz) - - - exp(ihy,),
where h; € Agq,, i = 1,2,...,m. Without loss of generality, we may assume
that, for some large n, h; € A,, i = 1,2,...,m. In other words, we may assume
that u € Up(A,). Then the conclusion of the lemma follows with u; = 1, since
cer(4,) < K as assumed. This also follows from the proof of Theorem 6.5 of
[71] with p = 1.
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Now as in the proof of we may assume that A € TAB and A has property
(SP). Without loss of generality, we may assume that A is an infinite dimensional
C*-algebra. Let n be a positive integer.

As in the beginning of the proof of one can find mutually orthogonal
non-zero positive elements a, by, by, ..., ba(5,41) € A such that a < b; for all i €
{1,2,---,2(n+ 1)}. Hence, with a non-zero projection e such that e < a, there
is a projection ¢ € aAa and v € A such that v*v = e and vv* = ¢. Note that
bi,b2, ..., bamy1y € (1 — @)A(1 — q). Tt follows that 2(n + 1)[e] < [1 — g, or
2(n+1)[1—p] < [p], where p = 1 —e. By the assumption that A has cancellation
of projections, [1 — ¢] = [p]. So, if we apply the property that A is TAB, as in
the proof of Theorem 6.5 of [71], (3) in that proof holds as (1 — p) < a. With
this fact in mind, the rest of proof is exactly the same as that of Theorem 6.5 of
[71]. O

COROLLARY 11.2.  Any C*-algebra in the class B has exponential rank at most
5+ e€.

Proor. By Theorem C*-algebras in C have exponential rank at most
3 + €. Moreover, by A has stable rank one. Therefore projections of A have
cancellation. Therefore, by Theorem[11.1] any C*-algebra in B; has exponential
rank at most 5 + e. U

THEOREM 11.3. Let L > 0 be a positive number and let B be a class of unital
C*-algebras such that cel(v) < L for every unitary v in their closure of commu-
tator subgroups. Let A be a unital simple C*-algebra which is tracially in B and
let w € CU(A). Suppose that A has cancellation property for projections. Then
u € Up(A) and cel(u) <27+ L +e.

PROOF. Let 1> e > 0. There are vy, va, ...., v, € U(A) such that
(el1l.1) lu —vivg - - - vg|| < /16

and v; = a;b;afbf, where a;,b; € U(A). Let N be an integer as in Lemma 6.4
of |71] (with 87k + ¢ playing the role of L there). We further assume that
(87k +1)m/N < §. Since A is tracially in B, there are a projection p € A and a

unital C*-subalgebra B in B with 15 = p such that

(d&].2)(a; ® a)|| < e/32k, |b; — (b, ®V))|| < /32K, i=1,2,....k, and
k
(11.3) e — T bty ()* @ bty G2 < /8,
i=1
where a},b, € U((1 — p)A(1 —p)), a, b € Up(B) and 6N[1 — p] < [p] (if A is

(2R 177

locally approximated by C*-algebras in B, we can choose p = 14; otherwise, we
can apply the argument in the proof of Theorem [L1.1f). Put

(el11.4) w = Ha “(b))* and z = Ha”b” ()"
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Then z € CU(B). Therefore celg(z) < L in B C pAp. Tt is standard to show
that then

a;bi(a;)" ()" ® (1 —p) & (1 —p)
is in Up(M3((1—p)A(1 — p))) and it has exponential length no more than 4(27)+
2¢/16k. This implies

cellwd(l—p)®(1—p)) <8rk+¢e/4

in U(M3((1—p)A(1—p))). Since 6N [1—p] < [p], there is a projection ¢ € M3(pAp)
such that (1 — p) @ (1 — p) ® ¢ is Murray von Neumann equivalent to p and
Ni(1l-p@o(1-p)@®(1—-p)] <lg]. Viewwd (1 —p)® (1 —p)Dq as a unitary in

(A-ped-p)od-p) &gMs(A)((1-p)d1-p)®(1-p)Dq).
It follows from Lemma 6.4 of [71] that

8wk +e/4

(e11.5) cellwd (1—-p)@d(1—p)@q) <21+ N

T <27 +e/4.

It follows that
cel((wdp)(1—p)®2)) <2m+e/4+ L+¢e/16.

Therefore cel(u) < 27 + L +¢. O

Remark: The cancellation property of projections in both Lemma [TI.1] and
Theorem [11.3] can be replaced by requiring that every unital hereditary C*-
subalgebra of A is in TAB. We do not need this though.

COROLLARY 11.4. Let A be a unital simple C*-algebra in By, and let u €
CU(A). Then u € Up(A) and cel(u) < 7.

PrOOF. This follows from Lemma B.14] and Theorem [11.3 O

LEMMA 11.5. Let A be a unital C*-algebra. Then the group Uy(A)/CU(A) is
divisible. Let U be a UHF-algebra of infinite type, and let B = A U. Then the
group Uyg(B)/CU(B) is torsion free.

PrOOF. It is well known that Uy(A)/CU(A) is always divisible. Indeed, pick
€ Up(A)/CU(A) for some u € Up(A), and pick k € N. Since u € Uy(A), there
are self-adjoint elements hq, ho, ..., h, € A such that

u = exp(ihy) exp(ihg) - - - exp(ihy,)).

Then the unitary w := exp(ihy/k) exp(iha/k) - - - exp(ih, /k) satisfies (w)* = u
in Up(A)/CU(A), and thus Uy(A)/CU(A) is divisible.

Now, consider B = A ® U, where U is an infinite dimensional UHF-algebra.
By Corollary. 6.6 and Theorem 6.8 of [103], B is either purely infinite, or B has
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stable rank one. If B is purely infinite, by Corollary. 2.7 of |46], Uy(B)/CU(B)
is zero, whence Uy(B)/CU(B) is torsion free. If B has stable rank one, by
Corollary. 3.11 of [46], the map from Uy(B)/CU(B) to Up(M,(B))/CU(M,(B))
is an isomorphism for all n > 1. Therefore, by Theorem 3.2 of [112], the group
Uy(B)/CU(B) is isomorphic to Aff(T(B))/ps(Ko(B)). Let D = Ky(U). Then
we may view D as a dense subgroup of Q. It follows that, for any « € Ky(B)
and r € D, rpg(x) € pp(Ko(B)). Therefore pp(Ko(B)) is divisible. Hence
Uy(B)/CU(B) is torsion free. O

THEOREM 11.6. Let A be a unital C*-algebra such that there is a number K > 0
such that cel(u) < K for all w € CU(A). Suppose that Uy(A)/CU(A) is torsion
free and suppose that u, v € U(A) such that u*v € Uy(A). Suppose also that
there is k € N such that cel((u*)*v*)<L for some L > 0. Then

(e11.6) cel(u*v) < K+ L/k.

ProOOF. It follows from |101] that, for any & > 0, there are a1, as, ...,any € As .
such that

N N
(e11.7)  (uF)*o® = Hexp(\/flaj) and Z lla;|| < L+e/2.
j=1 j=1

Choose w = [[7_; exp(—v/—1a;/k). Then (u*vw)* € CU(A). Since Uy(A)/CU(A)
is assumed to be torsion free, it follows that

(e11.8) u vw € CU(A).
Thus, cel(u*vw) < K. Note that cel(w) < L/k + ¢/2k. Tt follows that
cel(u*v) < K + L/k + ¢/2k.

O

COROLLARY 11.7.  Let A be a unital simple C*-algebra in B, and let B = AQU,
where U is a UHF-algebra of infinite type. Then

(1) Uo(B)/CU(B) is torsion free and divisible; and
(2) if u,v € U(B) with cel((u*)*v*) < L for some integer k > 0, then
cel(u*v) < 7w+ L/k.
PrROOF. The lemma follows from Lemma Corollary and Theorem
[11.6 O

The following lemma consists of some standard perturbation results in the
same spirit as that of Lemma Some of these have been used in some of the
proofs before. We present them here for convenience.
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LEMMA 11.8. Let A be a unital C*-algebra in B1. Let e € A be a projection with
[1—e] = Kle] in Ko(A) for some positive integer K. Suppose that u € Uy(eAe)
and w = u+ (1 — e) with dist(w, 1) < n < 2. Suppose that F C A is a finite set,
R is a positive integer, and € > 0. Then there are a non-zero projection p € A
and a C*-subalgebra D € C with 1p = p such that

(1) |llp, ]|l <& for all z € FU{u,w,e, (1 —e)},

(2) pap €. D for x € FU{u,w,e, (1 —e)},

(3) there are a projection ¢ € D, a unitary z; € ¢Dgq, and ¢; € CU(D) such that
lg—pepll <&, [lz1—qual| <&, [|21B(p—q) —pwpl| <&, and [|21©(p—q)—c1]| <
€+,

(4) there are a projection qo € (1 — p)A(1 — p), a unitary zo € qoAqo, and
co € CU((1 —p)A(1 —p)) such that
lgo — (1= p)e(l —p)l <&, 120 — (1 — pu(l — )| < &, 120 (1= p— o) —
(1= pw(i —p)l <&, and 120 (1 —p — go) — coll < &+,

(5) [p—al = Klq] in Ko(D), [(1 —p) — qo] = K[qo] in Ko(A),

(6) R[1—p] < o] in Ko(A), and

(7) cel—pyag—p) (20 ® (1 =p —qo)) < cela(w) +&.

PrOOF. Without loss of generality, we may assume that ¢ < imin{n,2 —

2
n,1/2}.

Since [1 — €] = K[e] and A has stable rank one (see [0.7), there are mutually
orthogonal projections ey, ez, -+ ,ex € A and partial isometries s1, 82, -+ ,Sg €
A satisfying sis; = e, s;8f =e¢; foralli=1,2,--- K and1—e= Zfil €;.

Let cel4(w) = L. Then (see the last line of there are hy,ho,...,hps €
Ag 4. such that w = ij:l exp(ih;) and Zj\il Ilh]| < L 4+ ¢e/4. Choose 6y > 0
such that, if ' € A, (for any unital C*-algebra A) with [|[A/|| < L+1,p' € A
is a projection and |[p’h’ — h'p’|| < dp, then

(e11.9)  [Ip exp(ih’) — pf exp(ip/ W)/ || < e/ (GAN(L + 1)(M + 1))).

Since dist(w, 1) < 7 < 2, there exist unitaries {u;,v;}; C A such that
€

(e11.10) [w = T ugvufof || <+ 1

Let F’ be the set
FU{u,w,e,1 —e; ep,s,:1<k<K; hj:1<j<M; w,v;:1<i<N}

Let § (< €/16N(L + 1)(M + 1)) be the positive number § in Lemma for
the positive integer K and min{dg,e/16N(L+1)(M + 1)} (in place of €). Recall
that (by A has stable rank one. As in the proof of Theorem choose
any positive element a € Ay such that 1 —p < a implies R[1 —p] < [p] in Ko(A).

Since A € By, there are a non-zero projection p € A and a C*-subalgebra
D ¢ C with 1p = p such that, for all z € F,

(e11.11) (4) ||[p, ]|l <6, (i) paxp €s D, and (iii) 1—p < a.
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Then (1) follows from (i), and (2) follows from (ii). If we do not require the
existence of ¢; in (3) and ¢ in (4) and the estimates involving ¢; and ¢g, then (3)
(the existence of ¢, z1 and all estimates not involving ¢;) and (4) (the existence
of qo, zp and all estimates not involving cg) follow from part (a) and part (b)
of Lemma [2.19] and (5) follows from part (c) of Lemma [2.19] Furthermore, (6)
follows from (iii) above by the choice of a. We emphasize that, since ¢ is the

number 6 for wrrThmED < BRI < 68 (instead of ¢) in Lemma
we have

(e11.12) 21 @ (p — q) — pwp|| < 16% and

20 (1=p—a0) = (L= P =P < ey

It remains to show that (7) holds and the existence of ¢y and ¢;. Note, since
o< (50,

(e 11.13) thj — hjpll <dy, 7=1,2,.... M.

By part (a) and part (b) of Lemma there are untaries {u},v/}¥., ¢ D C
pAp, {u,v/'}N, < (1 —p)A(1 — p) such that

7 1
£ g
11.14) ||l — pu; _c —
(e ) g pup||<16N, [|vg pvp||<16N,
(1 — oV (] — & (1 — oV (1 — &
(e11.15) flui — (1 = p)u;(1 p)\|<16N, lvi = (1 = plui(1 p)||<16N,

for all i =1,2,--- , N, and such that, by the choice of dy and by (e 11.9)),

(e11.16) |1 —p)w(l—p) —(1 —p>(H exp(i(1 = p)h;(1 —p)))(1 - p)|

g
SGNCL 1)

Put wo = (1-p) [T}Z, exp(i(1—p)h;(1—p))(1—p) and by = (1=p)h;(1-p), j =

1,2,..., M. Then wy € Up((1—p)A(1—p)). In (1-p)A(1—p), wo = Hjle exp(ih;).

Note that Zjle 1A% < Z]I\/il Ih;]l < L +¢e/4. From (e11.12) and (e 11.16]) we

have

20 ® (1 =p—qo) —woll < [z20®(1—p—q)—(1-pwld-p)

FI(1 = p)w(l = p) — woll
9

< 8(L+1)
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There is hj € ((1 — p)A(1 — p))s.q. such that
(e11.17) [lho|| < 2arcsin(e/16(L + 1)) and

M
20® (1 —p—qo) = wpexp(ihg) = H exp(ihf).
=0

Then cel(_pya—p) (20@ (1 —=p—qo)) < L+e/4+¢/2 < cel(w) +e. So (7) holds.

Let ¢; = Y ulvl(u})* (v])* and cg = I ul/v¥ (ull)* (v]')*. Then by (e 11.12)),
(e11.10]), (¢) of (e11.11), and (e 11.14)), one gets
lz1@ (p—q) el < llz1® (p—q) — pwpll + [pwp — p(ILL yugvgu; o] )p|
HIp (L wiviu; o] )p—TLL, (puspvipu; poi p) |+ 1L, (puipvipu; pvip) —co |
€ € €
—_— - 4N6 AN —— .
Similarly, ||z0 ® (1 —p — qo) — col| < € +n. That is, (3) and (4) hold.
O

LEMMA 11.9. Let K > 1 be an integer. Let A be a unital simple C*-algebra in
B1. Let e € A be a projection and let u € Ug(eAe). Suppose that w = u+(1—e) €
Uo(A) and let n € (0,2]. Suppose that

(e11.18) [1—e¢] < Kle] in Ko(A) and dist(w,1) <.
Then, if n < 2, one has

(K+ Dm

dist(@,e) < (K 4+ 9/8)n and celeae(u) < ( +1/16)n + 6,

and if n = 2, one has

9K
celese(u) < (? + 1)cel(w) + 1/16 + 67.
PROOF. We assume that (e 11.18) holds. Note that n < 2. Put L = cel(w). We
first consider the case that n < 2. There is a projection ¢’ € M,,(A) (for some
integer m) such that
(1-€)+¢) = K.

Note M,,(A) € Bq. Replacing A by (14 +€')M,,(A)(14 +¢€’) (which is in By by
Theorem and w by w + €/, without loss of generality, we may now assume
that

(e11.19) [1—¢] = Kl[e] and dist(w,1) < 7.
There is Ry > 1 such that max{L/Ry,2/R1,nm/R;} < min{n/64,1/167}.

For any 1/32(K + 1)1 > ¢ > 0 with e +n < 2, since gT R(A) < 1, by Lemma
[11.8] there exist a non-zero projection p € A and a C*-subalgebra D € € with
1p = p such that
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(1) lp, =]|| < € for z € {u,w,e, (1 —e)},

(2) pwp, pup, pep,p(1 —€)p €c D,

(3) there are a projection ¢ € D, a unitary z; € ¢Dq, and ¢; € CU(D) such that
lg—pepll <e, l21—quqll <&, 218 (p—q)—pwp|| <€, and ||218(p—q)—c1]| <
e+,

(4) therz are a projection go € (1 — p)A(1 — p) and a unitary zo € goAqo such
that
lao — (1= pe(1 =)l <&, ll20 — (1 = p)u(l = p)]| <&, 120 ® (1= p — o) —
(I-=plw(l —p)|| <eand [|z0® (1 —p—qo) —col <e+m,

(5) [p—ql = Klg] in Ko(D), [(1 = p) — qo] = Klgo] in Ko(A),

(6) 2(K+1)Ri[1 —p] < [p] in Ko(A), and

(7) celq—pyaa—p)(20® (1 =p—qo)) < L +e¢,

where ¢; € CU(D) and ¢g € CU((1 — p)A(1 —p)).

By Lemma one has that det(¢)p(c1)) = 1 for every irreducible represen-
tation 1p of D. Since £ +n < 2, there is h € Dy, with ||h|| < 2arcsin((e +1n)/2)
such that (by (3) above)

(e11.20) (21D (p — q)) exp(ih) = ¢;1.

By (5) above, since D has stable rank one, we may write D = Mg 1(Dy), where
Dy = ¢qDq. In particular, Dy € C (see . Let {e;;} be a system of matrix
units for Mg 41. Define h; = e;;heq, 0 = 1,2, ..., K+ 1, and hy = Z]K:"il e he;.
Then |lho|| < 2(K + 1)arcsin((e + 1)/2). Note 7(hg) = T(Zf:tl hj) = 7(h)
for all 7 € T(D). We may identify ho with an element in (¢Dgq)s.q.. Put wo =
exp(iho) € Up(¢Dyq). Then, det(¢p((wo @ (p — q)) exp(—ih)) = 1 for every irre-
ducible representation ¢ p of D. It follows by that, for every irreducible
representation ¥p of D,

(e11.21) det(¥p(z1w0 @ (p — q))) = 1.

By Lemma this implies zywo ® (p — q) € CU (Mg 4+1(qDq)). Since ¢Dq has
stable rank one (by Proposition [3.3), by Corollary 3.11 of [46], zwo € CU(¢Dq).
It follows that, if 2(K + 1) arcsin(=H2) < ,

(e11.22) dist(z1, ) = dist(wo, q)

< 2sin((K +1) arcsin(6 aal

) < (K +1)(e+n)

(see (e2.33)). If 2(K + 1) arcsin(=F2) > m, then 2(K + 1)(551)% > 7. It follows
that

(e11.23) (K 4+1)(e + 1) > 2 > dist(z1, 7).

By combining both (e 11.23)) and (e 11.23)), one obtains that

.
32(K + D’

(e11.24) dist(37,9) < (K + 1)(c +1) < (K + )y +
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It follows from Lemma [3.14] that

(e11.25) celypg(z1) < (K+1)(5+n)g+47r

< (K+1) Y + 4.

LA
2 " 64K + 1)
By (5) and (6) above,

(K +Dlal =[p—da + g = [p] > 2(K + 1) Ra[1 — pl.
By Theorem Ky(A) is weakly unperforated. Hence,
(e11.26) 2R, [1 —p] < [q].

There is a unitary v € A such that v*(1—p—qo)v < ¢. Put v1 = go®(1—p—qo)v.
Then

(e11.27) 01 (20@ (1 —p—qo))v1 = 20 ©v* (1 —p — qo)v.
Note that (by (4))
(e11.28) |[(zo @ v" (1 —p—qo)v)vicour —qo @ v (1 —p—qo)v| < e+ .

Moreover, by (7) above,

(e11.29) cel(zo@v* (1 —p—qo)v) < L+e.
It follows from (e 11.26)) and Lemma 6.4 of that
(e11.30) Cel(q0+q)A(q0+q)(Zo ®q) <27+ (L+¢)/R;.

Therefore, on combining this with (e 11.25]),
(e 11.31) Cel(q0+q)A(q0+q)(ZO + 21)

< 274+ (L+¢e)/R1+ (K + 1)% + m)wﬂlm

By (e11.29), (e11.26), and Lemma 3.1 of [75], in Uy ((go+q)A(q0+q))/CU ((qo +
7)A(qo + q));

(L+¢)
Ry

Therefore, by (e 11.32)), (e 11.24) (and by the line below (e 2.33)),

(e11.32) dist(z0 +¢,q0 +¢) <

(e11.33)  dist(z0 @ 21,40 + q)

(L+¢)
Ry

n 17

+(K+1)n+m<([(+f)n.

16
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‘We note that

(e11.34) lle — (g0 +q)|| <2 and ||u— (20 + 21)| < 2e.
It follows that
N 17 9

(e11.35) dist(u, €) < 4e + (K + TG)U < (K + g)n

Similarly, by (e 11.31),

1
celee(u) < dem+2r+ (L+¢e)/Ri+ (K + 1)% + m)n + 47
< (K+ 1)% +1/16)n + 67

This proves the case that n < 2.
Now suppose that 77 = 2. Define an integer R = [cel(w) + 1]> 4. Note that
cel(w)/R < 1. There is a projection ¢’ € Mp/(A) (for some integer R') such that

[€'] = 2R[e] + 2R[1 — €] = 2R[14].
It follows from Lemma 3.1 of [75] that

cel(w).

(e11.36) dist(wd e, 14 +€) < 7

Put K1=2R(K + 1) + K. Then
(e11.37) (1 —e] +[¢]) < Kle] + 2R[e] + 2R[1 — €]
< (K +2R+ 2RK)[e] = Ki[e].
It follows from the first part of the lemma that
(K1 + ) i)cel(w)
2 16" R
K+1+ K/2R+ 1/16R)cel(w) + 67

K +1+ K/8)cel(w) + (1/16) + 67
9K /8 + 1)cel(w) + 1/16 + 6.

+ 67

celeae(u)

I
~~ o~ o~ o~

IN

O

THEOREM 11.10. (Theorem 4.6 of [46]) Let A be a unital simple C*-algebra
of stable rank one and let e € A be a non-zero projection. Then the map u —
u+ (1 —e) induces an isomorphism from U(eAe)/CU (eAe) onto U(A)/CU(A).

PrROOF. This is Theorem 4.6 of [46). O
COROLLARY 11.11. Let A be a unital simple C*-algebra of stable rank one.
n—1

—
Then the map j : a — diag(a,1,1,...,1) from A to M,(A) induces an isomor-
phism from U(A)/CU(A) onto U(M,(A))/CU(My(A)) for any integer n > 1.

PROOF.  This follows from [11.10| but also follows from 3.11 of [46]. O
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12. A Uniqueness Theorem for C*-algebras in B, The following is
taken from Definition 2.1 of |45].

DEFINITION 12.1. Letr:N—- NU{0}, T: N> - N,and E: Ry x N — R,
be maps, and k, R € N be two positive integers. Let A be a unital C*-algebra.

(1) We say that A has Ky-r-cancellation if p ® 101,y (4) ~ €@ 1ar,,, (a) for
any two projections p,q € M, (A) with [p] = [¢] in Ko(A).

(2) We say that A has Kj-r-cancellation if u @ 1as, 0, (4) and v @ 1y, (a)
are in the same connected component of U (M, (A)) for any pair u,v € M, (A)
with [u] = [v] in K;(A).

(3) We say that A has Kj-stable rank at most k if U(My(A)) is mapped
surjectively to K7 (A).

(4) We say that A has stable exponential rank at most R if cer(M,,(4)) <R
for all m.

(5) We say that A has Ky-divisible rank T if for any « € K((A) and any pair
(n,k) e Nx N,

—n[la] < kx < n[ly4]

implies that
—T(n,k)[1a] <x < T(n,k)[1al.

(6) We say that A has K;-divisible rank T if k[z] = [u] in K;(A) for some
unitary u € M, (A) implies that [z] = [v] for some unitary v € My, 1) (A).

(7) We say that A has exponential length divisible rank E if u € Uy(M,,(A))
with cel(u*) < L implies that cel(u) < E(L, k).

(8) Let Cr v, 1, be the class of unital C* algebras which have K;-r-cancellation,
K;-divisible rank T, exponential length divisible rank E, and stable exponential
rank at most k.

REMARK 12.2. If A has stable rank one, then, by a standard result of Rieffel
([100]), A has K;-O-cancellation, K;-stable rank 1 and K;-divisible rank T for
any T (since any element in K7 (A) can be realized by a unitary u € A). If Ky(A)
is weakly unperforated, then by Proposition 2.2 (5) of [45], A has Ky-divisible
rank T for T(n,k) =n+ 1.

The following theorem follows from Theorem 7.1 of [75]. We refer to [12.1]
for some of the notation used below. Recall that, as before, if L : A — B is a
map, we continue to use L for the extension L ® idys, : A® M, = B ® M, (see
also . Recall also that, when A is unital, in the following statement and
its proof, we always assume that ¢(14) and 1(14) are projections (see the 5th

paragraph of 2.12)). We also use the convention (p(v)) for (p(v)) + (1 — p(14))
when ¢ is a approximately multiplicative map and v is a unitary.

THEOREM 12.3. (cf. Theorem 7.1 of [75]) Let A be a unital separable amenable
C*-algebra which satisfies the UCT, let T x N : Ay \ {0} = R4y \ {0} x N be
a map and let L : U(Mx(A)) — Ry be another map. For any € > 0 and any
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finite subset F C A, there exist § > 0, a finite subset § C A, a finite subset
H c AL\ {0}, a finite subset W C |J,,,_ U(Myn(A)), a finite subset P C K(A),
and an integer n > 0 satisfying the following condition: for any unital separable
simple C*-algebra C in By, if p,,0: A - B = CQU, where U is a UHF-algebra
of infinite type, are three G-0-multiplicative completely positive linear maps and
o is unital and T x N-F-full (see with the properties that

(e12.1) [Pl =[]l and cel(((v))* (¢ (v))) < L(v)
for all v € U, then there exists a unitary w € Mp41(B) such that
[u” diag(p(a),(a))u — diag(d(a), o(a))|| <e

for all a € F, where

n

(a) = diag(o(a),o(a),...,o(a)) =oc(a) ® 1, for all a € A.

Moreover, the conclusion holds if one only assumes B € Cy, 1 g for certain
k,r,T,E as in Definition [[2.1]

Furthermore, if K1(A) is finitely generated, and Uy € U(M,,(A)) is any finite
set such that {[u] € K1(A) : u € Up} generates the whole group K;(A), then, in
the above statement, we can always choose the set U to be this fized set Uy for
any J and €.

PROOF. By Theorem[9.7] B (= C ® U € B,) has stable rank one. By Corollary
11.2] cer(M,,(B)) < 6 for all m € N. By part (2) of Corollary of A has
exponential length divisible rank E(L,k) = 7n + L/k (see (7) of [12.1). By
Theorem Ky (B) is weakly unperforated (in particular, by Remark B
has Ky-divisible rank T(L, k) = L + 1). In other words, B=C®U € Cr,1.E
for R =6, r(n) =0, T(L,k) = L+ 1 and E(L,k) = 7w + L/k. Therefore, it
suffices to prove the “Moreover” part (and “Furthermore” part) of the statement.
Note the case that both ¢ and ¢ are unital follows from Theorem 7.1 of |75].
However, the following argument also works for the non-unital case. Denote by
C the class Cr 1 g of unital C*-algebras for R =6, r(n) =0, T(L, k) = L+1,
and E(L, k) = 7r + L/k.

Suppose that the conclusion of the theorem is false. Then there exists g > 0
and a finite subset ¥ C A such that there are a sequence of positive numbers
{6n} with d,, \( 0, an increasing sequence {G,} of finite subsets of A such that
U,, Gn is dense in A, an increasing sequence {P,} of finite subsets of K (A) with
U,—1 Pn = K(A), an increasing sequence {U, }of finite subsets of U(M(A))
such that {[u] € Ki(A) : v € J,—, U,} generates K;(A) (for the case that
K1(A) is generated by the single finite set Uy € M,,(A), we set U, = Up), an
increasing sequence {3, } of finite subsets of A} \ {0} such that if a € H,, and
fi2(a) # 0, then fy/5(a) € Hpyq1, and (J,,_; I, is dense in AL, a sequence of
positive integers {k(n)} with lim,,_,  k(n) = 0o, a sequence of unital C*-algebras
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B,, € C, sequences of G,-6,-multiplicative contractive completely positive linear
maps @, ¥, : A = By, such that

(€12.2)  [palle, = [ullz, and cel((pn(u)){tn(w)*) < L(u)

for all u € U,,, and a sequence of unital G,,-§,,-multiplicative completely positive
linear maps, o, : A — B,,, which are T' x N-J,-full, such that for any n € N,

(e12.3) inf {{Sup ||vn " diag(pn (a), Sn(a))v,
—diag(¢n(a), Sp(a))||: a€F}: vy € U(Mk(n)H(Bn))} > e,

where

k(n)

Sn(a) = diag(on(a),on(a),...,on(a)) = on(a) @ L) for all a € A.

Let Co =@D,—, Bn, C =[[,2-, Bn, Q(C) = C/Cp, and 7 : C — Q(C) be the
quotient map. Define ®, ¥, S : A — C by ®(a) = {¢n(a)}, ¥(a) = {¢n(a)}, and
S(a) = {on(a)} for all a € A. Note that mo®, 7oW¥ and 7o S are homomorphisms.

As in the proof of 7.1 of [75], since B,, € C, one computes that

(e12.4) [Fo®]=[ro¥] in KL(A,Q(C))

as follows.

For each fixed element € K;(A), there are integers m, r such that U,, C
M, (A) and such that z is in the group generated by {[u] € K1(A) : u € Uy, }.
In the case that Kj(A) is finitely generated, z is in the group generated by Up.
Then, for n > m, we have that cel({¢, (u))(¥n(u))*) < L(u). Hence by Lemma
1.1 of [45], there are a constant K = K(L(u)) and U,(t) € M,(B,) such that
Un(0) = (on(uw)), Un(1) = (¢ (w)), and ||U,(¢t) — U, (t')]] < K|t — ¢'|. Therefore,
{U 352, € C([0,1], M.(T].2,, Bn)) and consequently

n=m

(mo®@)ua(fu]) = [{{en(uw)}tn] = {{¥n(u))}n]
= (mo¥),([u]) in K1(Q(C)) for all u € WUy,

Thus, (mo®),1(z) = (mo®).1(x). Note that this includes the case that U,, = U
when K;(A) is generated by {[u] : u € Up}. In other words, [ o @]k, (a) =
[0 Wk, () : K1(A) = K1(Q(C)).

Since all By, have Ky-r-cancellation, by (1) (see (5) also) of Proposition 2.1 of
page 992 in [45), Ko([[ Bn) =[], Ko(Bx) (see page 990 of [45] for the definition
of [],). Hence by 5.1 of [43], Ko(Q(C)) =[], Ko(Bn)/@Ko(B,). Since all B,
have K;-r-cancellation, K;-divisible rank T, exponential length divisible rank E,
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and stable exponential rank at most R, by Theorem 2.1 and (3) of Proposition
2.1 on page 994 of [45], we have

Ki<HBn,Z/kZ> c JIE:(B..2/k2), Ki(Q(C), Z/k2)
c [[x:Bn z/kz)) P Ki(B.,Z/kZ).

That is, (2) of Proposition 2.2 of [45] holds for B,,, even though we do not assume
that B,, have stable rank one. Consequently, by , we have [0 ®|x,4) =
[ﬂ' o \II]KO(A) : Ko(A) — KQ(Q(C)), and, for i = 0,17 [71' o (I)}Ki(A,Z/kZ) = [7‘[‘ o
\Ij]Ki(A,Z/kZ) : Kl(A,Z/kZ) — K,(Q(C),Z/kZ), since Un:l j)n = K(A) and
:Pn C ﬂ)n+1, n = 1,2,

Since A satisfies UCT, we have [ro®] = [ro¥] in KL(A4,Q(C)), i.e.,
holds.

By Proposition[2:24] 7o S is a full homomorphism. It follows from Theorem
that there exist an integer K > 1 and a unitary U € Mg 41(Q(C)) such
that

(e12.5) |U*diag(m o ®(a), X(a))U
—diag(m o ¥(a),3(a))|| < eo/4 for all a € F,

K

where ¥(a) = diag((m o S)(a), (7o S)(a),...,(mro0S)(a)) = (7o S)(a) ® 1k. Tt
follows that there exist a unitary V' = {v,,} € C and an integer N > 1 such that,
for any n > N with k(n) > K,

(e12.6) ||vidiag(vn(a),on(a))v, — diag(wn(a), o, (a))| < eo/2
for all a € F, where

K

on(a) = diag(o,(a), on(a),...,on(a)) for all a € A.

This contradicts (e 12.3)). O

REMARK 12.4. (1) Note that ¢ and 1 are not assumed to be unital. Thus
Theorem can also be viewed as a special case of Theorem [12.3]

(2) If A has Kj-stable rank k, then in the proof of Theorem we
can choose the matrix size r = k (for u € U, C M,(A) to represent an el-
ement z € K1(A)). Suppose that there exists an integer ng > 1 such that
U(Mpy(A))/Uog(Mp,(A)) = U(Myy+1(A))/Us(Mpy+x(A)) is an isomorphism for
all k> 1. Then A has K;-stable rank ng, and the map L may be replaced by a
map from U(M,,,(A)) to Ry, and U can be chosen in U(M,,(A)).



222 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

Moreover, for the case B = C ® U for C' € By in the theorem, by Corollary
11.4] the condition that cel({¢(u))(1)(u))”) < L(u) may, in practice, be replaced
by the stronger condition that, for all u € U,

(e12.7) dist (p* (@), (7)) < L,

where U C U(M,,(A))/CU(M,,(A)) is a finite subset and where L < 2 is a
given constant, and where ¢* and 1 are maps from U(M,,(A))/CU(M,,(A))

to U(Mp(B))/CU(My(B)) (see also 2.17).

To see this, let U be a finite subset of U(My,(A)) for some large m whose
image in the group U(M,,(A))/CU(M,,(A)) is U. Then (e 12.7) implies that

(e12.8) [{p(u)) (P (w))” =l <2

for some v € CU(M,,(B)), provided that ¢ is sufficiently small and G is suffi-

ciently large. By[L1.4] cel(v) < 7m. Also from (e 12.8)), one gets ({p(w)) (1 (u))*)v* =

exp(th) with ||| < 7. We conclude that

(e12.9) cel({p(u) (¥ (u™))) <7+ 77

forallu € U, and take L : Us(A) — R4 to be constant equal to 8. Furthermore,
we may assume

U C U(Mp,(A))/CU(M,,(C)),

if K1(C) =U(Myp,(C))/Uo(My,(C)).

LEMMA 12.5. Let A be a unital separable simple C*-algebra with T(A) # @.
Then there exists an order preserving map g : Ai’l \ {0} — (0,1) with the
following property: For any finite subset H C AL\ {0}, there exist a finite subset

G C A and § > 0 such that, for any unital C*-algebra B with T(B) # & and
any unital G-6-multiplicative completely positive linear map ¢ : A — B, one has

(€12.10) Too(h) > Ag(h)/2 for all h e K

and for all T € T(B), and moreover, one may assume that AO(TZ) = 3/4.

PROOF.  Define, for each h € A% \ {0},

(e12.11) Ao(h) = min{3/4,inf{r(h) : 7 € T(A)}}.
Let 3 C A% \ {0} be a finite subset. Define

(e12.12) d = min{Ag(h)/4: h € H} > 0.

Let 6 > 0 and let G C A be a finite subset as provided by for e = d and
F=H.
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Suppose that ¢ : A — B is a unital §-d-multiplicative completely positive
linear map. Then, by for each t € T(B), there exists 7 € T((A) such that

(e12.13) [t o o(h) —7(h)] <d for all he XK.
It follows that t o p(h) > 7(h) —d for all h € H. Thus,
(e12.14) top(h) > Ag(h) —d > Ag(h)/2

for h € H and ¢t € T(B). O

LEMMA 12.6. Let C be a unital C*-algebra, and let A : C’_‘f_’l \ {0} — (0,1) be
an order preserving map. There exists a map T x N : C1 \ {0} - R4\ {0} x N
with the following property: For any finite subset H C C} \ {0} and any unital
C*-algebra A with strict comparison of positive elements, if p : C — A is a
unital completely positive linear map satisfying

(€12.15)  To@(h) > A(h) for all h € K for all T € T(A),

then ¢ is (T x N)-H-full.

PrROOF. Foreachd € (0,1), let gs : [0,1] — [0, +00) be the continuous function
defined by

_Jo if t € 0,0/4],
95(t) _{ fs/2(t)/t otherwise,

where f5/5 is as defined in Note that
(e12.16) gs5(t)t = fs/2(t) for all t € [0,1].

Let h € C% \ {0}. Then define

T(h) = l(ga)? I = M?z) and N(h) = fA?zﬂ'

Then the function T' x N has the property of the lemma.

Indeed, let H C CL\{0} be a finite subset. Let A be a unital C*-algebra with
strict comparison for positive elements, and let ¢ : C' — A be a unital positive
linear map satisfying

(e12.17) Top(h) > A(h) for all h € K for all 7€ T(A).
Put p(h)™ = (p(h) — %ﬁ)h. Then, by (e12.17)), one has that, since 0 < h <1,

4 (o)) = (o= 252)) = (o= 25)) = 28 for at - e T(4),
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This shows in particular that ¢(h)~ # 0. Since A has strict comparison for
positive elements, one has K {(p(h)™) > (14), where K = [A(QE)W and where (x)
denotes the class of z in W(A).

Therefore there is a partial isometry v = (v;;)kxx € Mg (A) such that

v =14 and v'v € (ph)” @ 1x)Mg(A)(p(h)” ® 1k).
Note that c(fs5/2(¢(h)) ® 1x) = (f5/2(¢(h)) ® 1k )c = c for all
c € (p(h)~ @ 1x) Mg (A)(p(h)~ ® 1k),

where § = A(h), and therefore

v(fs/2(p(h) @ 1x)v" = vv* = 14.

Considering the upper-left corner of Mg (A), one has Zfil v1ifss2(p(R))vs; =
14, and therefore, by (e 12.16)), one has

K
Z v1i(9a i) (go(h)))%go(h)(gA(ﬁ) (tp(h)))%vii =14.

Since v is a partial isometry, one has ||v; ;|| <1, 4,5 =1, ..., K, and therefore

1 1 1
01, (g ¢y (L)) 2 < W (gagiy (LRI < 1(gaciy) | = T(h).
Hence the map ¢ is T x N-H-full, as desired. O

THEOREM 12.7. Let C be a unital C*-algebra in Dy (see with finitely
generated K;(C) (i =0,1). Let F C C be a finite subset, let € > 0 be a positive
number and let A : Ci’l \ {0} = (0,1) be an order preserving map. There exist
a finite subset H; C CL \ {0}, constants vy > 0,1 > v > 0, and § > 0, a
finite subset § C C, a finite subset P C K(C), a finite subset Ho C Cs.4., and a
finite subset U C U(M,,(C))/CU(M,,(C)) (for some ng > 1) for which [U] C P
satisfying the following condition: For any unital G-6-multiplicative completely
positive linear maps @, : C' — A, where A = A1 ® U for some A1 € By and a
UHF-algebra U of infinite type, satisfying

(€12.18) [ellp = [¢]|,

(e12.19) 7(p(a)) = Aa), 7(¥(a)) = Aa)
for all T € T(A) and for all a € H;,

(e12.20) |[Top(a) —To(a)] < 1 for all a € Ha, and
(e12.21) dist(¢*(2), 04 (2)) < 79 for all z €U,

there exists a unitary W € A such that
(e12.22) IW*p(/ YW —(f)|| <e for all fedF.
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PROOF. Let T/ x N : C¢ \ {0} — R4 {0} x N be the map of Lemma [12.6] with
respect to C and A/4. Let T = 2T".

Define L = 1. Let d¢ > 0 (in place of ¢), Go C C (in place of §), Ho C C4\ {0}
(in place of K), Vo C U(Mp,(C)) (in place of U), and Py C K(C) (in place of
P) be finite subsets and n; (in place of n) be an integer as provided by Theorem
(with the modification as in (2) of and with the second inequality of
(e 12.2) replaced by ) with respect to C' (in place of A), T x N, L, 7,
and €/2. Put Up = {0 € U(M,,(C))/CU(My,(C)) : v € Vo}.

Let Hy11 C C’}r \ {0} (in place of Hy), Hy 2 C A (in place of Hz), 1 >v11 >0
(in place of 1), 1 > 1,2 > 0 (in place of 2), 61 > 0 (in place of §), G C C (in
place of §), P; C K(C) (in place of P), Uy C J.(K1(C)) (in place of U), and
ng (in place of N) be the finite subsets and constants provided by Theorem
with respect to C' (in place of A), A/4, F, and €/4.

Put 9 = 90 @] 91, 0= min{50/4, 51/4}, P = :PO U Tl, g‘fl = 9{1’1, 9{2 = g‘fl’g,
U=UyUUs, 71 =71,1/2, and 2 = 71,2/2. We assert that these are the desired
finite subsets and constants (for F and €). We may assume that 5 < 1/4.

In fact, let A = A;QU, where A € By and U is a UHF-algebra of infinite type.
Let ¢,1 : C — A be §-6-multiplicative maps satisfying (e 12.18) to (e 12.21)) for
the above-chosen G, 31, P, Ho, U, 71, and v2. Applying Lemma [12.6, and by
the choice of T x N at the beginning of the proof, we know that both ¢ and
are T x N-H;-full.

Since A = A1QU, A =2 AQU. Moreover, the map joi : A — A is approximately
inner, where 2 : A - A® U is defined by a — a® 1y and j: AQU — Ais
some isomorphism. Thus, we may assume that A = A; U U = Ay @ U,
where Ay = A; ® U. Moreover, without loss of generality, we may assume that
the images of ¢ and 9 are in A,. Since As € By, for every finite subset §” C Ag,
0’ > 0, and integer m > 1, there are a projection p € Ay and a C*-subalgebra
D € C; with p = 1p such that

(1) [lpg — gpll < ¢’ for any g € §”,
(2) pgp €5 D, and
(3) 7(1 —p) < min{d’,v1/4,1/8m} for any T € T(A).

Define jo : A2 — (1 — p)A2(1 — p) by jo(a) = (1 — p)a(l — p) for all a € As.

With sufficiently small 6’ and large §”, applying Lemma one obtains a
unital completely positive linear map j; : Ao — D with ||j1(a) — pap|| < ¢’ for
all @ € F such that j; o ¢ and j; o ¢ are G-26-multiplicative, i = 0, 1, and

(4) l9(e) — (o 0 9(c) ® 1 0 @) < =/16 and [[$(c) — (Yole) & v (e))]| < /16,
for any c € &,

(5) Joow,joo and ji o, j1 0y are 277 x N-F;-full,

(6) To(j10¢(c) > A(¢)/2 and T o j; o 1h(c) > A(¢)/2 for any ¢ € H; and for
any 7 € T(D),

(7) [T op1(c) —Toh1(c)| < 27 for any 7 € T(D) and any ¢ € Ho,

(8) dist((4; o p)¥(u), (ji 0 ) (u)) < 22 for any u € U, i = 0,1, and

9) Looelle = oo ¢lle and [jio¢lle = [j1 o ¢][».
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Choose an integer m > 2(n; + 1)ng and mutually orthogonal and mutually
equivalent projections ey, €s...,e, € U with 1" e; = 1. Define ¢}, ¢} : C —
A®U by ¢i(c) = p(c) @ e; and ¢l(c) = Y(c)®e; forall c € C, i =1,2,...,m.
Note that

(e12.23) [1]le = [@ille = [W1]le = [¥i]le,

i=1,2,...,m. Note also that ¢}, : C — e;Ae; are G-6-multiplicative.
Write m = kng + 7, where k > n; + 1 and 7 < ny are integers. Define
@, :C = (1-pAx(1—-p) & By, 1 A2 ®@ei by

(e12.24) ple)=doowc)® Y jrop(c)@e; and
i=kno—+1

(e12.25) h(c) = joop(c) & Z Jrod(c) ®e;
i=kno+1

for all ¢ € C. With sufficiently large §” and small ¢’, we may assume that ¢ and
1 are §-20-multiplicative and, by (e 12.23)),

(e12.26) @l = Bl
Moreover, by (8) above, we have

dist((ji 0 ©)* (0), (i 0 ) (®)) < 292 <712 <L for i=1,2, and v €U,
which implies
(€12.27) dist(¢*(7), ¥4 (v)) <L

for all ¥ € U. Define ¢},%! : C — D ®e; by pl(c) = j1 0 ¢(c) ® e; and
Pi(e) = j109(c) ®e;. By (7) and (8) above, we have

(€12.28) 7o pl(h) > A(h)/2 and (¢} (h)) > A(h)/2 for all h € H;,
(€12.29) |Topl(c) —Towl(c) <1 for all c € Hy

and for all 7 € T(pAp ® €;), and, furthermore,
(e12.30) dist((¢})}(9), (W) (0)) < 1.2 for all o€ U.

By (5) above, we have that ¢} and v} are T' x N-H;-full, since T = 2T". More-
over, we may also assume that ¢} and 1} are G-26-multiplicative, and, by (12),

(e12.31) [oille = [¥i]]#-
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Define &, : C — @’?m D ® e; by

knao kno
(e12.32) D(c) = @ ©i(c) and ¥(c) = @ Vi (c)
i=1 i=1

for all ¢ € C. By (e12.31)), (e12.28), (e12.29)), (e 12.30), and by Theorem [8.3
there exists a unitary W; € (Efﬁi pRe) (A U) (Zfﬁf p ® e;) such that

(e12.33) (IWi®(c)W7 — U(c)|| < e/4 for all ce F.

Note that

(e12.34) T(1—p)+ Z 7(e;) < (1/m) + (r/m) < na/m
kno+1

for all 7 € T(A). Note also that k > n;. By (e12.26) and (e 12.27), since v} is
T x N-H;-full, on applying Theorem [12.3] one obtains a unitary W5 € A such
that

(e12.35) W5 (§(c) ® () W1 — (d(c) @ ¥(e)]| < /2

for all c € F. Set

W = (diag(l — p, €xnot1, €knot2, s €m) ® W1)Wa.
Then we compute that
(e12:36)  [W*(B(0) ® D)W — (B(e) © W(e)) | < /2 + £/4
for all c € F. By , we have
(e12.37) W*p(c)W —9(c)|| <e for all ce F
as desired. O

Theorem can be strengthened as follows.
COROLLARY 12.8. (1) Theorem still holds, if, in (e 12.19)), only one of the

two inequalities holds.

(2) In Theorem one can choose U C U(My,,(C))/CU(M,,(C)) to be
a finite subset of a torsion free subgroup of J.(K1(C)) (see , Further-
more, if C has stable rank k, then U CJ.(K1(C)) (= J(U(My(C))/Us(My(C))))
may be chosen to be a finite subset of a free subgroup of (the abelian group)
U(Mp(C)/CU(My(C)). In the case that C has stable rank one, then U may
be assumed to be a subset of a free subgroup of U(C)/CU(C). In the case that
C =C" ®C(T) for some C" with stable rank one, then the stable rank of C is
no more than 2. Therefore, in this case, U may be assumed to be a finite subset
of a free subgroup of U(Ms(C))/CU(Mz(C)).
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PROOF. For part (1), let A be given. Choose A; = (1/2)A. Suppose G, P, H;
and Hs, 6, 71, and v are as provided by Theorem for the given ¢, F, and
A; (instead of A).

Set 0 = min{A(a) : a € H,} and v} = min{vy, 0/2}. Choose Hz = H; U H,.
Now suppose that

(e12.38) w(a) > A(a) for all a € H; and

m(p(B)) = T(6(b))] <+ for all be 3.
Then
(e12.39) P(a) > A(a) — 4 > Aq(a) for all a € H;.

This shows that, replacing Ho by Hs (or by choosing Hy D H;) and replacing
71 by 7, we only need one inequality in (e 12.19). This proves part (1).

For part (2), let W € U(M,,(C))/CU(M,,(C)) be a finite subset and 75 > 0
be given. Suppose that U C U(M,,(C))/CU(M,,(C)) is another finite subset
such that W C G(U), the subgroup generated by U. Then, it is routine to check
that, there exist a sufficiently small 5 > 0 and a sufficiently large finite subset
G C C and small § > 0 that, for any G-6-multiplicative completely positive
contractions ¢, ¥ : C' — B, if

dist(¢* (u), ¥¥(2)) < 72 for all z € U,

then
dist(¢* (u), ¥¥(2)) < ~4 for all z €W,

This shows that, we may replace a finite subset U by any generating subset of
the subgroup G(U) (with possibly larger § and smaller § and ~2).

Note that, since Ky(C) is finitely generated, p/s (Ko(C)) = pc(Ko(C)) if ng
is chosen large enough (see Definition - By Deﬁnitionu 2.16} this implies that
U(Ma(C))/CU(Meo(C)) = ARF(T(A)) ] pa(Ko(A)) = U(Mrg (C)/CU(Myy (C)).
Since K;(C) is finitely generated, on choosing a larger ng 1f necessary, Ki(C) is
generated by images of unitaries in U(My,(C)). Write

U (Mo (C))/CU (Mo (C))

U(Mx(C))/CU(Mus(C))
Af{(T(A))/pa(Ko(A) P J(K:1(C

as in We may write K1(C) = Gy & Gy, where Gy is a finitely generated
free abelian group and G; is a finite group. By the previous paragraph, we
may assume that U = Uy U Uy U Uy, where Uy C Up(My, (C))/CU(M,,(C)),
u.f C JC(Gf), and U; C JC(Gt).

Suppose, in Theorem [12.7] that U has been chosen as above. We then enlarge
P so that P contains Gy. Then, if z € U, by the assumption [p]lp = [¢]|»,
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kS (0 (2) — Y¥(2)) = 0, where k{ : U(Muy(C))/CU (M (C)) — K;(C) is the
quotient map defined in It follows that

0t (2) = 9*(2) € Up(My, (4))/CU (Mo (A)) = A(T(A))/pa(Ko(A)).

Also, since J.(Gy) is a torsion group, there is an m > 0 such that m(p*(z) —
$i(2)) = 0. Since A = A, @ U and A, € By, by AR(T(A))/pa(Ko(A)) is
torsion free. Therefore p*(z) —*(z) = 0. In other words, [p]|» = [¢/]|p implies
that ¢*|y, = 1*|y, when G; C P, which means we may assume that U = Uy LU
(by choosing P D Gy).

Next, fix the finite subset Ug. If 75 > 0 is given, by Lemma if Ho and G
are sufficiently large and § and 7, are sufficiently small, then

(e12.40) dist(p*(2), ¥¥(2)) < 72 for all z € U,.

In other words, (e12.40) follows from (e 12.20)), provided that Hy and G are

sufficiently large and § and 7 are sufficiently small. Thus the first part of (2) of
the corollary follows.

The case that C' has stable rank k also follows since we have K;(C) =
U(My(C))/Up(Mi(C)). In particular, if & = 1, then K1(C) = U(C)/Uy(C).
If C = C'®C(T) for some C’ which has stable rank one, then C has stable rank
at most two (see Theorem 7.1 of [99]). So the last statement also follows.

]

COROLLARY 12.9. Let € > 0 be a positive number and let A : C(T)%* \ {0} —
(0,1) be an order preserving map. There exist a finite subset Hy C C(T)L \ {0},
v1 > 0,1 > 75 >0, and a finite subset Ho C C(T)s.4. satisfying the following
condition: For any two unitaries uy and us in a unital separable simple C*-
algebra A = A’ @ U with A’ € By and U a UHF-algebra of infinite type such
that

(€1241)  [u1] = [us] € K1 (A), 7(F(w1)), T(f(us)) > A(F)
for all T € T(C) and for all f € H;, and
IT(g(u1)) = 7(9)(u2)| <71 for all g € Ho and dist(uy, u2) < 72,
there exists a unitary W € C' such that
(e12.42) W*u W — ug|| < e.
LEMMA 12.10. Let A be a C*-algebra and X be a compact metric space. Sup-
pose that y € (A® C(X))+ \ {0}. Then there exist a(y) € Ay \ {0}, f(y) €

C(X)4+ \ {0}, and ry € A® C(X) such that |la(y)|| < [lyl, W) < 1, and
royry = a(y) ® f(y).
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PrROOF. Identify A® C(X) with C(X, A). Let 2y € X be such that |ly(xo)|| =
|lyl]. There is § > 0 such that |ly(x) — y(zo)| < |lyll/16 for = € B(xo,2d). Let
Y = B(x0,0) C X. Let z(z) = (y(xo) —||ly||/4)+ for all z € Y. Note z # 0. By 2.2
and (iv) of 2.4 of [104], there exist r € C(Y, A) such that r*(y|y)r = z. Choose
g € C(X)4+\ {0} such that 0 < g <1, g(z) = 0 if dist(x, zo) > 9§, and g(x) = 1 if
dist(x, 29) < §/2. Since g is a zero outside Y, one may view rg'/2, zg € C(X, A).

Put r, =rg"/?, a(y) = (y(z0) — [lyll/4)+ and f(y) = g. Then
Tyry =29 = a(y) ® f.
0

THEOREM 12.11.  Part (a). Let A € By be a unital simple C*-algebra which
satisfies the UCT. For any € > 0, and any finite subset ¥ C A, there exist
d > 0, a finite subset § C A, 01,09 > 0, a finite subset P C K(A), a finite
subset W C U(A)/CU(A) (see[12.12)), and a finite subset H € A, o satisfying the
following condition:

Let B' € By, let B = B' ® U for some UHF-algebra U of infinite type, and
let p, v : A — B be two unital G-6-multiplicative completely positive linear maps
such that

(e12.43) Pllz = [l
(e12.44) |70 p(a) — 7 o(a)
(e12.45) dist (¥ (@), v*(a

| < o1 for all a € H, and
)) < o2 for all uwe .

Then there exists a unitary v € U(B) such that

(e12.46) IAdu o o(f) —(f)]| <e for all feTF.

Part (b). Let Ay € By be a unital simple C*-algebra which satisfies the UCT,
and let A=Ay ® C(T). For any € > 0, any finite subset F C A, and any order
preserving map A : C(T)L\{0} — (0, 1), there exist 6 > 0, a finite subset G C A,
01,02 > 0, a finite subset P C K(A), a finite subset Hy C C(T)L \ {0}, a finite
subset U C U(M3(A))/CU(M3(A)) (see [12.12]), and a finite subset Ho € Ay,
satisfying the following condition:

Let B' € By, let B = B' @ U for some UHF-algebra U of infinite type and
let p, v : A — B be two unital G-6-multiplicative completely positive linear maps
such that

(e12.47) [Plle = [l

(e12.48) rop(l®@h) > A(h) for all he Hy and 7 € T(B),
(€12.49) |rop(a)—Tot(a)] < o1 for all a € Ha, and

(e12.50) dist(p* (@), (7)) < oo for all u € U.

Then there exists a unitary uw € U(B) such that
(e12.51) lAduoo(f) —¥(f)]| <e for all feTF.
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PROOF. We only prove part (b); part(a) is simpler. Let 1 > & > 0 and let
F C A be a finite subset. Without loss of generality, we may assume that
14 €9,

F={a® f:aeTF; and f € Fa},

where F; C A is a finite subset and F, C C(T) is also a finite subset. We further
assume that F; and F5 are in the unit ball of A and C(T), respectively.

Let A : C(T)% \ {0} — (0,1) be an order preserving map. Let 7" x N :
C(T)4 \ {0} — Ry \ {0} x N be the map as given by [12.6] with respect to 3A/16.
Since A; is a unital separable simple C*-algebra, the identity map on A; is
T" x N"-full for some T” x N : (A1)4+ \ {0} = R, \ {0} x N.

Define amap Tx N : A, \{0} = R\ {0} xN as follows: For any y € A\ {0},

by choose a(y) € (A1)+ \ {0}, f(y) € C(T)+ \ {0}, and r, € A® C(T)
such that

(€12.52) ryyry =a(y) ® f(y), lla@)| < llyll, and [f(y)[l < 1.

There are To(y),1, Ta(y),25 > Ta(y),N"(a(y)) € A1 With max{[[z4e)ll : 1 <7 <

N"(a(y))} = T"(a(y)) such that

N"(a(y))

(e12.53) Z xz(y)wia(y)xa(y)ﬂz = 14,.
i=1

Then define

(e12.54) (T x N)(y)
= (1+max{T"(a(y)), T'(f(y))} - 2max{1, [yl [y},
N"(a(y)) - N'(f(y)))-

Let L = 1. Let /16 > 61 > 0 (in place of 0), §3 C A (in place of 9),
Ho € Ap \ {0} (in place of H), Uy C U(M2(A))/CU(M2(A)) (in part (a),
one can choose U; C U(A)/CU(A)) (in place of U—see (2) of (Note that
A € By has stable rank 1 in part (a), A = A; ® C(T) has stable rank at most 2
in part (b)), P; C K(A) (in place of P), and ng > 1 (in place of n) be the finite
subsets and constants provided by for A, L=1,¢/16 (in place of €), F, and
T x N. Note, here we refer to the inequality instead of the inequality
(e12.1). Moreover, this also implies that [L']|p, is well defined, for any G;-6;-
multiplicative contractive completely positive linear map L' : A — B’ (for any
C*-algebra B').

Without loss of generality, we may assume that

(e12.55) Gi={a®g:aec§, and ge g/},
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where 7 C A; and G C C(T) are finite subsets. We may further assume
that F1 C G} and Fo C GY, and that Hp, G}, and G} are all in the unit balls,
respectively. In particular, ¥ C G;. Let

(e12.56) Ho = Afaly) @ f(y) 1y € Ho}
= {a® f:a€H, and f € H},

where a(y), f(y) are defined in (e 12.52), H{ C (A1)} \ {0} and H{ € C(T)L \
{0} are finite subsets. We may assume that 14, € H{ and l¢r) € . For

convenience, let us further assume that, for the above integer ng > 1,
(e12.57) 1/no < inf{A(h) : h € H{}/16.

Set My = sup{((T"(h) + 1) - N’'(h) : h € H{} and choose n > ng such that
Ko (U) C Q is divisible by n, i.e., r/n € Ko(U) for all r € Ko(U).

Let Uy = {v1, 2, ..., Uk }, where vy, va, ...,vg € U(M2(A)). Put Uy = {v1,v2,..., vk}
Choose a finite subset G,, C A such that

(e 12.58) (S {(ai7j)1§i,j§2 14 € G, for all v € Up.

Choose a small enough §7 > 0 and a large enough finite subset G, C A; that the
following condition holds: If p € A; is a projection such that

lpz — zp|| < &) for all x € G,,

then there are unitaries w; € (diag(p, p) ® lo(r))M2(A)(diag(p, p) ® 1o(ry) such
that (for 1 < j < K)

(e12.59) (| (diag(p, p) ® 1o (r))vj(diag(p, p) ® lo(r)) — wyl|
< §1/16n for all v; € Up.

Let

9o =F1 UG UHGU G, U{a(y), Tary),j> Tay)s0 Ty Ty 2 ¥ € Ho}C Ay, and

(e12.60) My = (max{||zq(y), ;|| : y € Ho} +1) - max{N(y) : y € Ho}.
Put
(e12.61) ! =min{6},61}/(2"(n + 1) MEMS).

Since A; € By, there exist mutually orthogonal projections pg,p) € A1, a C*-
subalgebra (of A1) C' € € with 1¢ = pf, and unital §5-6{/16-multiplicative
completely positive linear maps ), : A1 — pyA1p; and (5, : A1 — C such that

n+1
(e12.62) |pix — ap|| < 61/2, diag(ph,ph, .- 1b) S Pl
and ||z — 150 (x) @ 29, ()] < 0f
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for all 2 € G}, where pj) +p) = La,, 10(a) = ppap; for all a € Ay, and 4 factors
through the map a — piap}, and G5 = {zy : x,y € G5} UG5 (see the lines around
(€9.68) and (9.69)). Define py = py ® le(ry, p1 = Py ® Leery. Without loss of

generality, we may assume that p{, # 0. Since A; is simple, there is an integer
Ny > 1 such that

(e12.63) (No — 1)[po] > [p}] in W(Ay).
This also implies that

(e12.64) (No = 1)[po] > [p]-

Define 199 : A — poApo by 200(a® f) = 1(0(a) ® f and 191 : A — C @ C(T) by
101(a® f) =151(a) @ f for all a € A and f € C(T). Define Ly : A — A by

Lo(a) =100(a) ® w1(a) for all a € A.
For each v; € Uy, there exists a unitary w; € Ma(poApo) such that
(€12.65) ||diag(po, po)v,;diag(po,po) — wj|| < §1/16n, j=1,2,..., K.

Since C C A, Cr:=C® C(T)C A, ® C(T) = A.
Let 19 : C — A; be the natural embedding of C as a unital C*-subalgebra of
Py A, Let 1 : C7 — A7 be defined by 44(¢) = ¢ for ¢ € C. Let Ag : AY\{0} —

(0,1) be the map given by Lemma and define

Ay (h) = sup{Ao (2} (h1))A(h2)/8 : b > hy @ h,

hi € C\ {0} and hy € C(T)4 \ {0}} for all h € (Cx)% \ {0}.

Let G5 = 1,(53). (Note that i C G4 C G5.) Let G35 = {a® f : a €
G5 and f € G} Let Hg C (Cr)+ \ {0} (in place of Hy), 744 > 0 (in place
of v1), ¥4 > 0 (in place of 72), d2 > 0 (in place of ¢), G4 C Ct (in place
of §), P» C K(Cr) (in place of P), H}, C (Cr)s.a. (in place of Hy), and Uy C
U(M3(Cr))/CU(M2(Cr)) (in place of U—see Corollary [I2.8)) be the finite subsets
and constants provided by Theorem for 6,/16 (in place of €), G (in place
of F), A1/2 (in place of A), and Cr (in place of A).

Let Uy C U(M2(Ct)) be a finite subset which has a one-to-one correspondence
to its image in U(My(Cr))/CU(M>2(Ct)) which is exactly U;. We also assume
that {[u] : u € Us} C Po.

Without loss of generality, we may assume that

(e 12.66) Hy = {hl R hg:hy € j‘fg and hg € j‘fg},

where H5 € C1 \ {0} and H4 C C(T)% \ {0} are finite subsets, 1o € H% and
10(']1') S }Cg, and

(e12.67) Sy={a® f:aeGy and f € G/} U{po,p1},
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where G C C and §) C C(T) are finite subsets. Set
(€12.68) oo =min{inf{A,(h) : h € Hs},inf{A(h): h € H}}> 0.

Note that Ay is the map given by Lemma [I2.5] for the simple C* algebra A;.
For H4 (in place of H), there are d3 > 0 (in place of §) and G5 C A; (in place
of §) as the constant and finite subset provided by Lemma Set

mln{1/16a6/16a 617 3/7527 63700771775}

12. -
(e12.69) % 128(No + 2)(n + 1)

and set

96 = {w, 2y : @,y € G5 U Lo(F5) Uty (5)} Uh1(S5)} U S, U Gs
and
(e12.70) So={a®f:a€9 and f € Gy UH{ UG}
U{p; : 0<j <1}U{vj,w;:1<j <K}
To simplify notation, without loss of generality, let us assume that G C A'. Let
(e12.71) P=P1U{p;:0<75 <1} URJ(P2) U [200](P1),

where ¢ : Cp — A is the embedding. Let H; = Hy U H5.

By (e12.64) and (e 12.62)), we may assume that G is sufficiently large (with
even smaller &y, if necessary), that any Go-dp-multiplicative contractive com-
pletely positive linear map L’ from A (to any unital C*-algebra B’) has the
properties

(€12.72) (No — 1)([L'(po)]) = [L'(p1)], (n+1)[L(po)] < [L'(p1)], and
(e12.73) 7(L'(1—p1)) < 16/15n for all 7€ T(B’).

Let Uy = {diag(1 —p1,1 —p1) + w: w € Uz} and let U§ = {w; + diag(p1,p1) :
1<j< K} LetU={0:velU UUUUG} and let Hy = H}. Let o9 =

min{ 4, m} and 03 = min{ 16n(11/0+2)’ 16n(7\720+2) 2

We then choose a finite § D Gy and a positive number 0 < § < dy/64 with the
following property: If L' : A — B’ (for any unital C*-algebra B’) is any unital
G-0-multiplicative completely positive linear map then there exist a projection
¢’ € B’ such that ||L'(p1) — ¢'|| < do/64, an element b € (1 — ¢')B’(1 — ¢’) such
that

(e12.74) ||y — (1 —¢")|| < do/16 and byL'(1 —p1)by=1—¢/,
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and an element b] € ¢'Bq’ such that
(e12.75) |6) — || < 80/16 and by L'(p1)b) = ¢/,

with the elements bj, and b}, cutting L’ down approximately as follows: ||bjL’(z)bj—
L'(z)|| < /4 for all z € (1 —p1)A(l — p1) with [Jz|| < 1, and ||b] L/ (x)b] —
L'(z)]| < 60/4 for all € p1 Ap; with [z < 1.

Now let us assume that B is as in the statement of the theorem, and ¢, v :
A — B are two unital §-d-multiplicative completely positive linear maps satis-
fying the assumption for §, G, P, H;, U, Hs, o1, and oo (as defined above).

Note that B’ is in By and B = B’ ® U. We may also write B = By ® U, where
B; = B’ ® U, since U is strongly self absorbing. Without loss of generality, by
the fact that U is strongly self absorbing, we may assume that the image of both
p and ¥ are in B; ® 1y.

As mentioned two paragraphs above, there are two projections g,,qy € Bi,
unital completely positive linear maps ¢ : (1 —p1)A(1 —p1) = (1 —gu)Bi(1 —
4,.))® 1y, ¥ (L1—p1)A(1—p1) = (1—qy)B1(1—gy) @1y, and unital completely
positive linear maps ¢} : pAp — (¢,B1qy) ® 1y and ] : p1Ap1 — (qpBgy) ® 1y
such that

(€12.76) [lvp — ela—pyaa—pnll < do/4 196 — Pla—pyaa—pyll < do/4,
(e12.77) 165 = Clovam | < 0/4 and ] — Glpyaps | < 50/4.
Note since [¢(p1)] = [¢(p1)] and B; has stable rank one (see [9.7)), there exists

a unitary ug € By such that u{(gy)uo = qp. Then ||u*)(p1)u — ¢yl < 6. Thus,
without loss of generality, by replacing ¢ by Ad (ug ® 1) o 9, we may assume

that ¢ := g, = qy. Note, by (e12.72),

(e12.78) nt(l—¢q) <7(q) and No7(1—4q) > 7(q)

for 7 € T(B). Since Ky(U) is divisible by n, there are mutually orthogonal and
unitarily equivalent projections ey, ...,e, € U such that Z?zl e; = 1ly. Define
©o0s Voo : A= (1 —q¢)B1(1 —q¢) ® 1y by

(€12.79) ppo(a) = ¢ 0 190(a) ® 1y and ¥j,(a) = ¥ 0 1po(a) ® 1y

for all a € A. Define ® 4,V 4 : A — ¢B1g® 1y by

(12.80) ®4(a) = ¢} 0101(a) ® 1y and W (a) =] 0191(a) ® 1y,

and define ®; 4: A — ¢B1gR®e; by ; 4(a) = Pa(a)e; for all a € A (1 <i<n).
Define ®¢, ¥ : Cr — (¢B1¢)®1y by

(e12.81) Po=¢jor and ¥o =)o
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Note, by the choice of § and G, ¢[4,81¢r and P[4, @14, are G5-d3-multiplicative.

By (e12.77)), and then by Lemmam (see also (e 12.69)) and (e 12.68)),

T(p(h @ lo(ry)) — do/4 > DNo(h)/2 — 6o /4
Ao(h)/2 — 00/16 > Ag(h)/3 for all h € H.

Y

7(®c(h @ 1g(r)))

Y

Similarly, by the assumption (fe 12.48|), we also have that

T(®c(la, ®h)) > 7(p((la, @h)) —8p/4 > A(h) — 00/16
A(h)/2 for all h e Hj.

\%

It follows that (see the definition of Ay)

(e12.82) 7(®c(h)) = Ay(h)/2 for all h e Hs.

By the assumption (e 12.49)), and (e 12.77)), for all 7 € T'(B;),

(e12.83) IT(®c(c)) — T(Ve(c))| < a1 — bp/4 for all ¢ € H) = Ho.

Therefore, by (e 12.78]), for all t € T'(¢B1q),

(e12.84) H(®e(e)) — t(Te ()] < —(o1 — bo/4)

< (1/2)(o1 — 60/4) < vy for all ¢ € Hj.

n+1

Since [¢](P2) C P, by the assumptions, one also has

(€12.85) [@c]lp, = [Yclle,.

By (e12.50), (e12.77), and applying Lemma [I1.9] (with K = 1), since Uj C U,
one has

(¢12.86) distar, (g3 g) (26 ()L (77), diag(q, q))
< (149/8)(01 + /2 < 74 for all v € Us.

By the choices of 6, G4, 7V}, V4, P2, Hs, H}, and Uy, and by applying Theorem
12.7 (see also Corollary [12.8)), there exists a unitary u; € ¢Byq such that

(e12.87) lulPe(c)ur — Pe(e)|| < 61/16 for all ¢ € Gs.

Thus, since 1;(9})) C G4, by (e 12.55)), and by (e 12.62)), one obtains

(12.88)  |[uiPa(a)us — Pa(a)|| < 61/16 + 46" for all a € G.
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Note that, by (e12.69) and (e 12.68), do< 15535 +2)<infggé(12,:f;c°} One has, by

(e 12.77), (e 12.73)), the assumption (e 12.48), (e12.57), and the choice of Jo,

T(Pa(le @ h))
> 7(p(py ®h)) — do/4

T(p(p1(1 @ h))) —do/4
T(p(la, @ h)) = 7(p((1 = p1) ® h)) — 6o /4
(p(1a, ® ) = 7(p(1 —p1)) — do/4
T(p(la, ® h)) — 16/15n — 6¢/4
A(h) — 16/15n — do/4 > 13A(h)/15

for all h € H{ and for all 7 € T(By).

(
(

(AVARRAVS
\\'

Y

By Lemma it follows that ®al;, gcm @ C(T) = ¢Big®@ 1y is T x N'-
H-full. In other words, for any h= f(y) € H{ (where y € Hy), there are
21, 22, s 2m € qB1g with [|z]| < T"(h) and m < N’(h) such that 3°7" | 25 ®c(14,®
h)z; = q®1y. Note that 2}, is G4-0” /16-multiplicative, and Go C G (see (e 12.70)).
By(e12.77)), the fact that ¢ is G-6-multiplicative (used several times), (e 12.77)
again, the fact that ¢ is §-0-multiplicative again, the fact that 2(; is §’2—6” /16-
multiplicative, , and then using the linearity of the maps involved, one
has, that for y € Hy,

N"(a)
Z )i @ lom)®ala(y) @ f(¥)Pa(Taw).: ® lom)

N

—

a)
(0 +a)% (2,0 @ Lom)e((101(ay) © Loen)

(1c @ f() (101 (Ta(y).i) ® Locr))

N"(a(y))
s Y. Pally ;s ® lom)e(((aly) @ 1om)

(1o @ f(1) (401 (Tagy)s) ® Locr)))
N

Il(a)
s D Palhy) @ lom)e (o (ay))ih (o)) © lom)e(le ® f(y))

i=1
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N"(a(y))
N (M) 50 > 0l (2 4) @ 1om))e (o (@) it (Tagy).i) @ Loe)))
i=1
Pa(le ® f(y))
N"(a(y))
s Y (1 (@) )01 (6()101 (Tagy) 4)) © Lom)@alle & f(y))
i=1
N"(a(y))
moanre) Y. Py (T 81 Ta().i) @ Lom)Palle ® f(y))
i=1
~s5o/4 (@@ 1p)Pa(le ® f(y) = Pa(le @ f(y))-
From these estimates, it follows that, for any y € Hy with f(y) = h € H{ (note
M; < M12 and 60/4 < 5’1//16)

m N"(a(y))
I Z z; ( Z Pa(ry,), @ Lom)Palry)Pa(y)Palry)Pa(Ta(y),i)
j=1 i=1

®lom))z — @ 1yl
< 2mT'(h)*T" (aly))*N" (a(y))(d0/2 + 67 /16)

m N"(a)
HIN" 20 @alaly. ® lom)@alaly) @ f(y))
j=1 i=1

P A(Ta@y),i @ lemy)))zi —q@ 1y
< 2MZM?ZE(80/2 + 87 /16) +mT’ (R)(10ME)(57 /16)

Y 2 @a(le @ h)z —q@ 1o

Jj=1
= 2MZ M7 (00/2 + 67 /16) + mT’(h)*(10M7) (57 /16)
< 2MEM?E(60/2) + 12MZME(87 /16) < 1/64(n + 1).

Note also the image of ®4 is in ¢Bi1gq ® 1y. There is ¢, € (¢Bg)+ ® 1y with
lley — g ® 1y|| < 1/64(n + 1) such that

m N"(a(y))
D ez (Y Balrly) )Palr))PaW)@(ry) P a(Tagy).i))zicy = @1y
J=1 i—1

By the definition of Tx N (see (fe 12.54))), one then computes that ® 4 is T'x N-Hg-
full. It follows that ®; 4 is T' x N-Ho-full (as a map to ¢Bi1g®¢e;), i =1,2,...,n.
Since [10](P1) C P,

(e 12'89) W(/Jo“ﬂ% = [@60]'9’1'
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By (e 12.50)), since Uj C U,

(e12.90) dist(@i (wj T diag(p1, p1)),
W (w; + diag(p1, p1))) < 02, 1< j < K.

Put w}” = w; + diag(p1,p1), J =1,2,..., K. By , one has

[diag(1 — ¢, 1 — q)(» ® idar, ) (w])diag(l — g, 1 — q) — (po @ idaz, ) (wy)]| < do
and

[diag(1 — ¢,1 — q)( @ idar, ) (w} )diag(1l — ¢, 1 — q) — (¢oo @ idar, ) (w;)|| < o

It follows from (fe 12.90) and the above inequalities, that for 1 < j < K|

(e12.91) dist((¢py ® idar, ) (w;) + diag(q, q),
(¥ho @ idar, ) (wy) + diag(q, q)) < 200 + o2.

It follows from (e12.78]) that No[1 — ¢] > [g]. By (e12.65) (with Ny in place

of K and 1 — ¢ in place of ¢), (e12.64), and by Lemma in diag(1 —¢,1 —
q)Ms(B)diag(l — q,1 — q), one has

dist((v00)* (9), (¥00)* (7))
< 61/8n + dist((0)* (w)), (o) * ()
< 60/8n+ (No+9/8)(20p +02) <1/2< L, j=1,2,.., K.
Note that, by (e 12.78)), since B has strict comparison, [(1—¢)®1y] < [¢®e1] =
[¢®e;] (1 <i<mn). Note also that ®; 4 is unitarily equivalent to &1 4,1 < i < n.

It follows from Theorem and Remark [12.4] by (e 12.89) and (e 12.92)), that
there exists a unitary us € B such that

[u5 (oo (a) © P1,a(a) © - @ P ala))uz — (Ygo(a) ® P1,a(a) @ -+ © Ppala))]| <e/16
for all @ € F. In other words,

(€12.92)  Jluj(ppo(a) ® Pala))uz — Poo(a) & Pala)] < /16

for all a € F.Thus, by ,

(e12.93) [u3(0o0(a) © a(a))uz — (Vho(a) ® ujPa(a)u)|
<e/16 4 ,/16 +§" for all a € .
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Let u = u2(q + uf) € U(B). 0 Then, for all a € F,
(€12.94) [u* (oo (a) ® aa))u — (Vho(a) ® Yala))ll
<e/16+0,/8+d".
It then follows from (e 12.77), (e 12.79)), and that, for all a € 7,
[u* (¢ orwo(a) + ¢ owi(a))u — (Y ouo(a)+1howi(a)
< g/16+61/8+ 8" +4(60/4).

Then, by (e 12.62)), finally, one has
(e12.95) lu*p(a)u —Y(a)|| < e for all a € F,
as desired. (|

REMARK 12.12.  Asin Corollary[12.8] the condition U C U(M3(A))/CU(Mz(A))
can be replaced by U C J.(U(M3(A))/Up(M2(A))), which generates a torsion
free subgroup. Moreover, for part (a), or equivalently, the case A € B;, we may
take U C J.(U(A)/Uy(A)), so that generates a torsion free subgroup. (Note that
A has stable rank one.)

In the case that A = |J;_, A,, € By, in the theorem above, one may choose
U to be in U(A4,,)/CU(A,) for some sufficiently large n.

13. The Range of the Invariant

NoTATION 13.1. In this section we will use the concept of set with multiplicity.
Fix a set X. A subset with multiplicities in X is a collection of elements in X which
may be repeated finitely many times. Therefore X; = {z,z,x,y} is different
from X, = {z,y}. Let x € X be a single element. Denote by z~* the subset
with multiplicities {z,z,...,z} (see 1.1.7 of [43]). Let X = {z7", 25", ..., )Y}
k

and Y = {z7", 2572 ... 23"} (some of the i}’s (or ji’s) may be zero which
means the element z; does not appear in the set X (or Y)). If i < ji for all
k=1,2,...,n, then we say that X CY (see 3.21 of [43]). We define

(e13.1) XUY = {mflvmax(ihjl)’ x;max(izsz) xwmax(in,jn)} and

(e13.2) X Upare Y = {x1~(z‘1+j1), x;(i2+j2), . mN(inﬂn)}

rn

We may also use the convention {X, Y} := X U, Y. For example, {z~2,y™3} =
{z,2,y,y,y} and {22 y~3 2~ = {z,2,y,y,y, 2}. By X~* we mean the set
{aTF g5k kel Note

{(X~F Y™ = XK U Y
For example,

{.’L‘, {xvy}wza {yaz}vx’w} = {x~4,ng727w} = {55796796,177%3/7%2710, }
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NoTATION 13.2. Let A be a unital subhomogeneous C*-algebra; that is, the
maximal dimension of irreducible representations of A is finite.

Let us use Sp(A) to denote the set of equivalence classes of all irreducible
representations of A. The set Sp(A) will serve as base set when we talk about a
finite set with (finite) multiplicities.

Since A is of type I, the set Sp(A) has a one-to-one correspondence to the set
of primitive ideals of A. Let X C Sp(A) be a closed subset, then X corresponds
to the ideal Ix = ﬂweX ker+. In this section, let us use A|x to denote the
quotient algebra A/Ix. If ¢ : B — A is a homomorphism, then we will use
¢lx : B = A|x to denote the composition 7 o ¢, where m : A — A|x is the
quotient map. As usual, if B; is a subset of B, we will also use ¢|p, to denote
the restriction of ¢ to B;. These two notations will not be confused, since it will
be clear from the context which notation we refer to.

If o : A — B is a homomorphism, then we write Sp(p) = {z € Sp(A) : ker p C
kerz}. Denote by RF(A) the set of equivalence classes of all (not necessarily
irreducible) finite dimensional representations. An element [7] € RF(A) will
be identified with the set with multiplicity {[m1], [m2],-- -, [7n]} in Sp(A), where
my, Ty, -+ , T, are irreducible representations and * = 7 &7 ®--- D m,. For
X,Y € RF(A), as sets with multiplicities, we write X C Y in the sense of
13.1} if and only if the representation corresponding to X is equivalent to a
sub-representation of that corresponding to Y. Any finite subset of RF'(A) also
defines an element of RF(A) which is the equivalence class of the direct sum of
all corresponding representations in the set with the correct multiplicities. For
example, the subset {X,Y} C RF(A) defines an element X ®Y € RF(A) which
is direct sum of two representations corresponding to X and Y (see the notation

{X,Y} in[33).

When we write X = {2775, 252 ..., 2Fm ) we do not insist that z; be itself
in Sp(A). In other words, z; could be itself a subset with multiplicity of Sp(A).
It might be a list of several elements of Sp(A)—that is, we do not insist that
z; should be irreducible (but as we know, it can always be decomposed into
irreducibles). So, in this notation, we do not differentiate between {z} and z;
both give the same element of RF(A) and the same set with multiplicities whose
elements are in Sp(A4).

If o : A — M,, is a homomorphism, let us use SP(y) to denote the corre-
sponding equivalence class of ¢ in RF(A).

If p : A — M, is a homomorphism and if SP(y) = {a:fkl,a:;kQ,...,a:;Vki},
with 21,23, ...,x; irreducible representations and k; > 0, j = 1,2,--- ,4, then

Sp(p) = {x1,22,...,x;} C Sp(A). So Sp(p) is an ordinary set which is a subset of
Sp(A), while SP(yp) is a set with multiplicities, whose elements are also elements
of Sp(A).

NoOTATION 13.3. Let us recall some notation from Definition Suppose that
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A=A, € Dy, (see the end of [4.8) is as constructed in the following sequence:

Ag = PoC(Xo, Fo)Py, A1 = PiC(X1,F1)P1 ©q,c(z,, 70 Ao,
(e 133) ey Am = PmC(Xnu Fm)Pm EBQ,,LC(Z,,L,F,”)Q,,L Am—17

where Fj = M(j1) ® My(j2) @ -+ @ My(j,,) is a finite dimensional C*-algebra,
P; € C(X;, Fj) is a projection, j = 0,1, ...,m, and

t
Py(C(Xk, Fy)) Py = @ PiiC(Xi, Ma(riy) Pris k = 1,2, ...om,

=1

are as in Definition Let A : A — @}~ PxC(Xk, Fi) Py be the inclusion as
in Definition @ Note that Zy = @. Let m(, j), where x € X}, and the positive
integer j refers to the j-th block of @ | Py iC(Xy, Fi) Py (and Py j(z) # 0),
be the finite dimensional representations of A as in According to
one has that 7(, ;) € RF(A). If v € Xy \ Z, then 7, ;) € Sp(A), ie., it is
irreducible. In fact, Sp(A) = {7,y :® € Xp \ Zp,k =0,1,...,m, and Py(x) #
0,j=1,2,--- tx}. Recall that all X} are compact metric spaces. For k < m
and j < tg, we use X ; to denote all the (not necessary irreducible) non-zero
representations 7, ;) for x € Xj, (see . Note that, as a set, X ; = {z € X :
Py j(x) # 0}. Set Zy ; = {m(q,;) € Xk, : © € Zp}. Note that X ; (and Zj j,
respectively) has a natural metric induced from Xp—i.e., dist(m(, ;),7(y,j)) =
dist(z,y) for ,y € Xp. In what follows, if 0 € RF(A) and 6 = m(, ;) for some
T(z,5) € Xk,j, then we will write 0 € X, ;.

The usual topology on Sp(A,,) is in general not Hausdorff. For each § € Sp(A)
and 0 > 0, the subset Bs(f) of Sp(A), called the d-neighborhood of 6, is defined
as follows:

An irreducible representation © € Sp(A,,) is in Bs(0) if there is a sequence of

finite dimensional representations 8 = o0g, 0y, 01,61,02,02,--- ,0k,0; = O such
that

1. For each i =1,2,--- ,k, 0;_1 C 0; (see ;

2. For each ¢ = 0,1,--- ,k, there exists a pair (l;, j;) such that o; € Xj, ;, and

0; € Xli7ji \Zlujqz;

3. E?:O diStXLi,ji (O'i7 9,) < 4.

Note that, since 0;_1 € XthjFI \Zli—17ji717 g; € Xl“ji, and 0,1 C 0;, one
must have [; > [;_1, i = 1,2,...,k. Note also that we borrow the concept of
d-neighborhood from metric space theory, but there is no metric on Sp(A). In
fact © € B;(0) does not imply that 6 € Bs(0©). Note that if © € B, (01) and
O, € Bs, (9), then © € Bs, +5, (9)

Let ¢ : A — M, be a homomorphism. We shall say that SP(y) is d-dense
in Sp(A) if for each irreducible representation 6§ of A, there is © € Bs(f) such
that ® C SP(p). For any algebra in D; (see the end of , including all
Elliott-Thomsen building blocks, d-density of SP(¢) means for each irreducible
representation 6 of A, either § C SP(p), or there are two points =,y € X; (for
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the case of an Elliott-Thomsen building block, X; = [0,1]) and j (a single j)
such that dist(z,y) < d, and such that 6 C 7(, ;) and 7, ;) C SP(p). This will
be used in this section and the next.

If X) = [0, 1], then we use the standard metric of the interval [0, 1].

LEMMA 13.4. Let A€ D,,.

(1) If f € A and 0 € Sp(A) such that 0(f) # 0, then there exist 6 > 0 and
do > 0 such that ||©(f)|| > do for all © € Bs(0).

(2) For any § > 0, there is a finite set F C Ay \ {0} satisfying the following
condition. For any irreducible representation 0 € Sp(A), there is an element
f € F such that if © € Sp(A) satisfies O(f) # 0, then © € Bs(0). (We do not
require that 0(f) # 0 for the element f corresponding to 6.)

PRrROOF. In what follows we will keep the notation introduced in [13.3]

For part (1), we will prove it by induction. It is clear that part (1) holds when
A € Dy. Assume that part (1) holds for all A € Dy, with k < m.

Let A € Dy, and let 0(f) # 0. Write Ay, = P (C( X, Fin) P ©q,,,0(21, Fr) Qi
Ay and f = (g,h), where g € P, (C(Xn, Fn)Py and h € A,—q. If 0 €
{m@j) + 2 € Xon \ Zp, and P, j(x) # 0}, for some j, then, by continuity of
g at x in the jth block, one obtains § > 0 such that |7, ;)(f)|| > do for all
(y,J) € Xm,j such that dist(y, z) < 6, where dy > 0. In other words, ||©(f)| > do
for all © € Bs(6).

Suppose 0 € {7(y;) : v € Xg \ Zx and Py j(z) # 0} for some j and for
some 0 < k < m. Thus, one may view 6 as a point in A,,_; and 6(h) # 0.
By the induction assumption, there are dg > 0 and dyg > 0 such that, for any
O c Bg’;fl(Q), [©'(h)|| > doo (where B;~*(6) is a n-neighborhood of Sp(A,;,—1)
for any n > 0). Note that we may also view Sp(A,,—1) as a subset of Sp(A4). For
each j =1,2,...,t,,, let

Yin ={mj) C Zm;:30 € ng;;(@) such that 6 C m(, j)}.
If Tz jy € Y, then |lm ()l > [|0/(f)]| > doo. Note that g|z, = Awm(h).
In the jth block, |[m ;) (f)|| > doo for all m(, ;) € Yi,j, the closure of Yy, ;.
Since Y, ; is compact, there is §; > 0 such that |7, ;)(f)]| > doo/2 for all
T(z,j) € Xm,j such that dist(z,Y,, ;) < ;. If Vi, ;, = &, put d;, = 1. Choose
5 =min{1/2,50/2,8; : 1 < j < tm}.

We claim that [|©(f)| > doo/2 for all © € B;(0). Let © € X}, ; for some j.
Then, by the definition of Bs(f), there exist finite dimensional representations
0 = 09,0p,01,01,02,02,- - ,0p,0, = O (for some integer n > 1) such that

1. Foreachi=1,2,--- ,n, 8;_1 C o;;

2. For each i = 0,1,--- ,n, there exist a pair (;, j;) such that ¢;,0; € X;
0; € Xi,j; \Zlhji; and

3. Z?:l diStXli,jj (Uz’;ei) < 0.

Note, by if © € Bs(0) N Sp(Am—1), then all [; < m. It follows that
CNS Bg’;*(e). Then, by the choice of dg, [|O(f)|| > doo.

irJi
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Otherwise, © € X,, ;. Choose the largest i such that I; < m. Then 0, €
X1, \ Z1,5, and 0i11 € Xpj,,, for some jj 1. Therefore, by the definition
of BY"1(0), 6; € By""1(6). Note that, for any ¢’ > i, l; = m. It follows that
oy, 0y € Xpj,. On the other hand, since 0, = © € X, ;, 0, € X, 5. Since
0,_1 C on, either [,,_; < m, in which case, i =n—1,o0r 0,1 =0, as 0,_1 €
X1, 1jn1\Z1, 1 j._1,in which casel,,_1 = m and j,_1 = j. By repeatedly using
1,2,3, above, one concludes that j; = j for ¢’ > i. In other words, 0,11 € X, ;.
Note that 0; C 0;41 and 0; € Bgnfl(ﬁ). It follows that 041 € Y3, ;. One checks
(by 3 above) that dist(©, 0;41) = dist(6,,,0i+1) < 0 < /2. By the choice of 4,
one obtains ||©(f)|| > dgo/2. This completes the induction and part (1) holds.

We will also prove part (2) by induction. If

to
A=Ay =P Po,;C(Xo, Myo,4)) Po ; € Do,

j=1

then it is easy to see that this reduces to the case that A = Ay = PyC(Xo, M) Py,
where s > 1 is an integer and Py € C(Xo, M;) is a projection. Given 6 > 0,
let {U; : 1 < i < m} be an open cover of Xy with the diameter of each U;
smaller than §/2. Consider a partition of unity F = {f; € C(Xp) : 1 < i < m}
subordinate to the open cover {U; : 1 < i < m}. Then, clearly F satisfies the
requirements. Let us assume that A = A,, € D,,, with m > 1 and that the
conclusion of the lemma is true for algebras in D,,,_1.

Write Am = PmC(Xm7Fm)Pm ®ch(zm’Fm,)Qm, Am,1 with T, : Am,1 —
QmC(Zmy Fin)Qm, where Qp, = Pz, (see . By the induction assumption,
there is a finite subset F1 C (A;—1)+ \ {0} with the following property: For any
irreducible representation 6 € Sp(A,,—_1), there is an element f € F; such that if
© € Sp(A.,—1) satisfies O(f) # 0, then © € Bg};l(ﬂ) (notation from the proof
of part (1)). For each f € F1, by the Tietze Extension Theorem, there is an

t’V?'L
h = (hla h27 te >htm) S PmC(Xma Fm)Pm = @Pm,jC(Xma Ms(m,j))Pm,j
j=1

such that I';,, (f) = h|z,,. For each j < t,,, let Q,, ; C Z,, (C X,,) be the closure
of the set

{z€Zy: 30" € Sp(Am_1) such that 0’ C (. and 60'(f) # 0},

where 6 C m(, ;) as subsets of RF(A) with multiplicities. ~Choose, in the case
Qm,j # @, a continuous function x; : X,,, — [0, 1] such that

xj(@)=1if € Qy; and x;(z) =0 if dist(z,Qm ;) > /3,

and, in the case that Q,,, ; = @, let x; = 0. Set b’ = (x1-h1, x2-h2, -, X¢t,, *Pt,,)-
Then b'|z, = hlz, = Tpn(f). Thus, f = (W, f) € PnC(Xm, Fin)Pm @ Am—1
defines an element of A,, = P,C(Xpm, Fin) P ©,,0(Z0, Frn)Qu Am—1-
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Now let © € Sp(A,,) be such that ©(f) #0. If © € X,,, ; \ Z,,,; for some j,
then Q,, ; # @ and dist(0©, 2, ;) < §/3. Therefore, there exists o € Z,, ; such
that dist(o,©) < ¢§/3 and ©" € Sp(A,,—1) such that © C o and ©'(f) # 0. By
the inductive assumption, ©" € Bs/2(#). By the definition of Bs(6), this implies
that © € Bs(f). If © € Sp(A,,_1), then © € B™_1(6), which also implies that

5/2
O c 35/2(0) Let 1 = {f : f € 371}
Choose a finite subset = := {z1,22, - ,2e} C X,, which is d/4-dense in
X—that is, if © € X,,,, then there is x; such that dist(z,z;) < §/4. We need
to modify the set = so that = C X,,, \ Z,,. If ; € Z,,, and

W={x € (X \ Zn,) : dist(z,z;) < 6/4} # 2,

then replace x; by any element of W; if W is the empty set, then simply delete
x;. After the modification, we have E C X,,, \ Z,,, and =Z is /2 (instead of 6/4)
dense in X,,, \ Z,, (instesd of X,,,). For each x; € =, choose an open set U; 3 x;
such that U; C X, \ Zp, and dist(z, z;) < §/2 for any x € U;. For each x; € Z,
choose a function g¢,, : X,, — [0,1] such that g.,(z;) = 1 and g,,(z) = 0 for
x ¢ U;. For j <t let

tm
Gorj = (0,--+,0,gu, Pmj,0,--- ,0)®0 € @Pm,jc(xm,Ms(m’j))PmJ DAn_1,
j—1 tm—j J=1
which defines an element (still denoted by gy, ;) of Ay,. Define § = {g,, ;j : z; €
Z,j <tm}. Set F=GUTF,.
Now fix 6 € Sp(A). If 0 € Sp(Apm—1), then choose f € F; with the property
O(f) # 0 implies © € Bg};l(e). Now consider f. By what has been proved, if

O(f) # 0, then © € B;(6).

If 0 € X505 \ Zim,j, then there is ; € =, such that dist(6,z;) < 6/2. Then
Gz.j € F and 7y, 5y(gz,,5) # 0. Moreover, by the construction of g, ;, if © €
Sp(A) with ©(gy, ;) # 0, then © € B;s(6). This ends the induction.

g

The special case of the following lemma for AH-algebras can be found in [22].
In the following statement, we use notation introduced in [13.2}

PROPOSITION 13.5. Let A = lim(A,, pn,m) be a unital inductive limit of C*-
algebras, where A, € Dy (for some [(n)) and where each @y m is injective.
Then the limit C*-algebra is simple if and only if the inductive system satisfies
the following condition: for anyn > 0 and § > 0, there is an integer m > n such
that for any o € Sp(Ap,), SP(pn.mls) is -dense in Sp(A,) —equivalently, for
any m’ > m and any o' € Sp(An), SP(onm o) is d-dense in Sp(Ay,).

PROOF. Note that, since A is unital and each A, is unital, without loss of
generality, we may assume that all ¢, ,,, are unital. The proof of this proposition
is standard. Suppose that the condition holds. For any non-zero element f € A,
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there is 6 € Sp(A,) such that 6(f) # 0. Consequently, by part (1) of
there is Bs(6) (for some § > 0) such that O(f) # 0 for any © € Bs(0). Then,
by the given condition, there is an integer m such that for any m’ > m and
any irreducible representation o of A, one has Sp(¢vn m|s) N Bs(0) # <. Let
© € Sp(¢n.m'le)NBs(0). Then, Oow,, m/(f) # 0. Consequently, |[oo@, m: ()] >
1© 0w m/(f)]| > 0. It follows that the ideal I generated by ¢n m/(f)) in Ay
equals A,,,—otherwise, any irreducible representation o of A,, /I # 0 (which
is also an irreducible representation of A,,/) satisfies o(¢p m/(f)) = 0, and this
contradicts the fact that o (@, m/ (f)) # 0 for every irreducible representation o.
Fix m’ > m. Then ¢,/ (f) is full. Since each ¢y, ., is unital, it follows that
©m’ 00 © Pnm/ (f) = On.oo(f) is full. In other words (since f above is arbitrary),
for any proper ideal I of A, ¢, o0(An) NI = {0}. It is standard to show that
this implies that A is simple. In fact, for any a € ¢, oo (Ar), 7r(||a*a||) = ||a*all,
where 7y : A — A/I is the quotient map. It follows that ||7;(a)|| = ||a||. Note
that (J;2,(Ay) is dense in A. The quotient map 77 is thus isometric, and so
I = {0}. (This proof is due to Dixmier (see the proof of Theorem 1.4 of |24]).)
Therefore A is simple.

Suppose the unital limit algebra A is simple. For any A, and § > 0, let
Fn C (An)+ \ {0} be as in the Lemma Since A is simple and ¢y, is
injective, for any f € F,, the ideal generated by ¢, oo (f) € A contains 1 4. Hence
there is my > n such that if m’ > my then the ideal generated by ¢,y (f) in A,y
contains 14 , and therefore is the whole of A,,/. Let m = max{my : f € F,}.
For any o € Sp(Ay,) (with m’ > m) and f € F,, we have o(@nm (f)) # 0.

We are going to verify that for any o € Sp(Ay,), the set SP(@n.m/|s) is J-
dense in Sp(A,,). For any 6 € Sp(A,,), there is an f € F,, such that, if ©(f) # 0,
then © € B;(0). From o(nm/(f)) # 0, one then concludes that there is an
irreducible representation © C SP (¢ m/|s) such that O(f) # 0. Hence © €
Bs(6) by Lemma This implies that SP(¢p, m/|o) is 6-dense. O

DEFINITION 13.6. Denote by Ny the class of those unital simple C*-algebras
A in N for which A® U € NN By for any UHF-algebra U of infinite type (see
for the definition of the class N).

Denote by N7 the class of those unital C*-algebras A in N for which A® U €
N N By for any UHF-algebra of infinite type. In Section 19, we will show that
Np = No.

Also denote by N (respectively, N7 ) the class of all Z-stable C*-algebras in
No (respectively, Np).

13.7. Let (G,G4,u) be a scaled ordered abelian group (G,G.) with order
unit v € G4 \ {0}, with the scale given by {g € G+ : g < u}. Sometimes
we will also call u the scale of the group. Let S(G) := S,(G) be the state
space of G. Suppose that ((G,G4,u), K, A,r) is a weakly unperforated Elliott
invariant—that is, (G, G4, u) is a simple scaled ordered countable group, K is a
countable abelian group, A is a metrizable Choquet simplex, and r : A — S(G)
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is a surjective affine map such that for any = € G,
(e134) =z e G4\ {0} if and only if r(7)(z) >0 for all 7€ A.

Condition above is also called weak unperforation for the simple ordered
group. (Note that this condition is equivalent to the condition that x € G4\ {0}
if and only if for any f € S(G), f(x) > 0. The latter condition does not mention
Choquet simplex A.) In this paper, we only consider the Elliott invariant for
stably finite simple unital nuclear C*-algebras and therefore A is not empty.
Evidently, the above weak unperforation condition implies the condition that z >
0 if nz > 0 for some positive integer n. The converse follows from Proposition
3.2 of [104].

In this section, we will show that for any weakly unperforated Elliott invariant
(G,G4,u), K,A,r), there is a unital simple C*-algebra A in the class N& such
that

((KO(A)a KO(A)+7 [1AD7 Kl(A)7T(A)a TA) = ((Ga G-‘-a“)a Ka A7T)'

A similar general range theorem was presented by Elliott in [31]. To obtain our
version, we will modify the construction given by Elliott in [31]. Our modification
will reveal more details in the construction and will also ensure that the algebras
constructed are actually in the class Ng. One difference is that, at an important
step of the construction, we will use a finite subset Z; of a certain space X;
instead of a one-dimensional subspace of X;.

13.8.  Our construction will be a modification of the Elliott construction men-
tioned above. As a matter of fact, for the case that K = {0} and G is torsion
free, our construction uses the same building blocks, in Gy, as in [31]. We will
repeat a part of the construction of Elliott for this case. There are two steps in
Elliott’s construction:

Step 1. Construct an inductive limit

Ci —Cy— - —C
with inductive limit of ideals
Il — 12 — e — T

such that the non-simple limit C' has the prescribed Elliott invariant and the
quotient C/T is a simple AF algebra. For the case K = {0} and G torsion free,
we will use the notation C,, and C for the construction, and reserve A,, and A
for the general case.

Step 2. Modify the above inductive limit to make C' (or A in the general case)
simple without changing the Elliott invariant of C' (or A).

For the reader’s convenience, we will repeat Step 1 of Elliott’s construction
with minimum modification. For Step 2, we are not able to reconstruct the
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argument of [31] and in particular we do not know how to make the eigenvalue
patterns given on pages 81-82 [31] satisty the required boundary conditions. We
will use a different way of modifying the inductive limit (see[I3.46|for the details).
This new way will be also more suitable for our purpose—i.e., to construct an
inductive limit A € N¥ in the general case, with possibly nontrivial K; and
nontrivial Tor(Ky(A)).

13.9. Suppose that ((G,G4,u), K,A,r) is a weakly unperforated Elliott in-
variant as defined in Let p: G — Aff(A) be the dual map of r : A — S(G).
That is, for every g € G, 7 € A,

Since G is weakly unperforated, one has that g € G4\ {0} if and only if p(g)(7) >
0 for all 7 € A. Note that Aff(A) is an ordered vector space with the strict
(pointwise) order, i.e., f € Aff(A)y \ {0} if and only if f(7) > 0 for all 7 €
A. Note that A is a metrizable compact convex set, and Aff(A) is a norm
closed subspace of Cgr(A), the real Banach space of real continuous functions on
A. Consequently Aff(A) is separable. We assume that G # {0} and A # @.
Therefore there is a countable dense subgroup G! C Aff(A). Put H = G&G* and
define p: H — Aff(A) by p((g, f))(7) = p(g)(7) + f(7) for all (g, f) € G ® G*
and 7 € A. Define H; \ {0} to be the set of elements (g, f) € G & G with
p((g, ))(1) > 0 for all 7 € A. The order unit (or scale) v € G, regarded as
(u,0) € G & G' = H, is an order unit for H; (still denote it by u).

Then (H, H,,u) is a simple ordered group with the Riesz interpolation prop-
erty. With the strict order, (H, Hy,u) is a simple ordered group. Since A is
a simplex, by Corollary 11.3.11 of [1], Aff(A) has the weak Riesz interpolation
property. Since p(H) is dense, it is straightforward to prove that (H, Hy,u) is
a Riesz group. Let us give a brief proof of this fact. Let a1,a9,b1,by € H with
a; < bj for 4,5 € {1,2}. Then, since Aff(A) has the weak Riesz interpolation
property (see page 90 of [1]), there exists f € Aff(A) such that p(a;) < f < p(b;),
i,j € {1,2). Let

d = min{min{7(f) —7(a;): 7€ A, 1<i<2},
min{7(b;) —7(f) : 7€ A, 1 <j <2}}.

Then d > 0. Since p(H) is dense in Aff(A), there exists h € H such that
lp(h) — fll < d/2. Then p(a;) < p(h) < p(bs), i,5 € {1,2}. Consequently,
a; < h < bj for i,j € {1,2}.

As a direct summand of H, the subgroup G is relatively divisible subgroup of
H; that is, if g € G, m € N\ {0}, and h € H such that g = mh, then there is
g’ € G such that g = mg'. Note that G & H since A # @.

Now we assume, until that G is torsion free and K = 0. Then H is also
torsion free. Therefore, H is a simple dimension group.
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REMARK 13.10. (1) There is a unital simple AF-algebra B such that
(Ko(B),Ko(B)+,[1B]) = (H,Hy,u) and S,(H) = A = T(B), where S,(H)
is the state space of H and T'(B) is the tracial state space of B. In fact, by
[26], there is a unital simple AF-algebra B such that (Ko(B), Ko(B)+,[15]) =
(H,Hy,u). It follows from Theorem III.1.3 of [5] that the state space S, (H)
of Ko(B) = H is T(B) (with the topology of pointwise convergence on S, (H)
and the weak* topology of T'(B)). On the other hand, evaluation at a point of
A also gives a state of H. Therefore A is a closed convex subset of S, (H). Since
x < yin H if and only if 5(x)(s) < p(y)(s) for all s € A, by Lemma 2.9 of [§],
A = S,(H) = T(B). Furthermore, the map pp : Ko(B) = H — Aff(T'(B)) =
Aff(A) is the same as p: H — Aff(A).

(2) Suppose that A is a unital C*-algebra and ¢ : A — B is a unital homo-
morphism (where B is as in part (1)). Suppose that (Ko(A), Ko(A)+,[14]) =
(G,G4,u), and T(A) = T(B) and suppose that the induced maps ¢.g : Ko(A) —
Ko(B) and T(p) : T(B) — T(A) (of the homomorphism ¢) are the inclusion
from G to H and the affine homeomorphism between T'(B) and T(A). Then the
map pa : Ko(4) = G — Aff(T(A)) = Aff(A) is the same as p : G — Aff(A),
under the identification of T'(A) = T'(B) = A. This is true because p = poig p :
G — Aff(A), where g g : G — H is the inclusion.

13.11. In we can choose the dense subgroup G* C Aff(A) to contain at
least three elements x,y, 2 € Aff(A) such that z,y and z are Q-linearly indepen-
dent. With this choice, when we write H as the inductive limit of a sequence

Hy — Hy — -

of finite direct sums of copies of the ordered group (Z,Z ) as in Theorem 2.2 of
[26], we can assume all H,, have at least three copies of Z.
Note that the homomorphism

’Y’IL,TL+1 . Hn — an 3 Hn+1 — an+1

is given by a pp41 X pp, matrix ¢ = (¢;;) of nonnegative integers, where i =
1,2,..,pnt1, J = 1,2,..,pp, and ¢;; € Zy := {0,1,2,...}. For M > 0, if all
cij = M, then we will say vp ny1 is at least M-large or has multiplicity at least
M. Note that since H is a simple ordered group, passing to a subsequence, we
may assume that at each step vy, 41 is at least M,,-large for an arbitrary choice
of M,, depending on our construction up to step n.

13.12. Recall that with the dimension group H as in and we have
G C H with G4 = H; NG, and both G and H share the same order unit u € G C
H. As in[I311] write H as the inductive limit of H,,—a sequence of finite direct
sums of three or more copies of the ordered group (Z,Z,) (with connecting maps
with large multiplicities). Let G = v, 5 (Yn,00 (Hn) N G), where vy o0 : Hy —
H is the canonical map to the limit. There is a ko € N such that u € Gy,,
and without loss of generality, we may assume that kg = 1. In other words, we
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may assume u € G, C H, for each n. Since G4 = HL NG, if we confer an
order structure on G, by setting (G,)+: = (H,)+ N Gy, then we have G4 =

We claim that G, is a relatively divisible subgroup of H,. Let us suppose
that g € G,, and g = mh for h € H,, and for some integer m > 1. Since G is
relatively divisible in H, there is a ¢’ € G such that 7, o (g) = mg’. Noting that
’Yn,oo(g) = m’yn,oo(h)’ we have m(gl - ’Yn,oo(h)) = 0. Hence ’Yn,oo(h) = gl €G
which implies that h € v, L (Yn,00(Hn) N G). That is, h € Gy,. Since G,, is a
relatively divisible subgroup of H,, and H,, is torsion free, the quotient H, /G,
is a torsion-free finitely generated abelian group and therefore a direct sum of
copies of Z, denoted by Z!». Then we have the following commutative diagram:

Y12 |G1
G Go G
Lo |
Hy Hsy H
[ l

Hl/Gl — HQ/GQ _— s H/G

Let H, = (2", Z%" un), where up:=([n,1],[n,2], ... [n,pa]) € (Z4 \ {0})P".
Then H,, can be realized as the Ky-group of F,, = @f;l M, —that is,

(Ko(Fn), Ko(Fn)+, [1r,]) = (Hn, (Hp)+,un).

If there are infinitely many n such that the inclusion maps G,, — H,, are
isomorphisms, then, passing to a subsequence, we have that G — H is also an
isomorphism which contradicts G g H in Hence, without loss of generality,
we may assume that for all n, G, g H,, and therefore H,, /G, # 0.

To construct a C*-algebra with Ky equal to (G, (Gyn)+, un), we consider the

quotient map 7 : H, — H,/G, as a map (still denoted in the same way)

7 ZPr — I,
as in [31]. We emphasize that [,, > 0 for all n (as H,,/G,, # {0}). Such a map
can be realized as difference of two maps

bo, [11 R/ — Zl"

corresponding to two I, X p, matrices of strictly positive integers by = (b ;)
and by = (b1,;;). That is,

t1 t1 t1
to to to
m ) = ([11 — bo) . e 7, for any . € 7P,

tpn tpn tpn
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Note that u, = ([n,1],[n,2],...,[n,ps]) € G, and hence 7(u,) = 0. Conse-
quently,

[n,1] [n, 1] {n,1}
[?’L, 2] [ny 2] {n, 2}
bl . - bO . = . )
[n’pn] [n7pn] {napn}
{n,i}:= Z bi,ij[n, j] = Z bo,ij[n, j]-
j=1 j=1

Let E,, = @221 My, 3. Choose any two homomorphisms 3o, 81 @ F, — E,
such that (8y)«0 = bo and (B1)«0 = b1. Then define

C, = {(f,a)eC([O,l],En)EBFn; f(0)=ﬁo(a)7f(1)=51(a)}
= C([Oal]aEn)@ﬁoﬁan’

which is A(F,, E,, Bo, 1) as in the definition of By Proposition and the
fact that the map 7= (51)«0 — (Bo)«0 (playing the role of ¢1,5 — o, there) is
surjective (see definition of 7, by, and by above), we have K;(C,) = 0 and

(e13.5) (Ko(cn)7f<0(cn)+, 1Cn) — (Gm (Gn)+,un).

As in , the map Ko(F,) = ZP» — Ko(E,) =K1(Co((0,1), E,)) = Z is
given by by — by € M, «p,(Z), which is surjective, as 7 is the quotient map
H, (=7ZPr) — H, /G, (= Z™). In particular, all C, € Cy.

As observed in [31], in the construction of C,, with , we have the free-
dom to choose the pair of the Ko-maps (8p)«0 = bo and (81)«0 = b1 as long
as the difference is the same map 7 : H, (= ZP") — H,/G, (= Z!*). For
example, if (m;;) € My, xp, (Z4 \ {0}) is any I,, X p,, matrix of positive integers,
then we can replace bg;; by boi; + ms; and, at the same time, replace by ;; by
b1,i; + m;;. That is, we can assume that each entry of by (and of by) is larger
than any fixed integer M which may depend on C,,_; and ¥y,_1,, 1 Fo1 = Fi,.
Also, we can make all the entries of one column (say, the third column) of both
bo and by much larger than all the entries of another column (say, the second),
by choosing m;z > mjo for all ¢, j.

13.13. Let us consider a slightly more general case than in Let G,, =
ZPn & G, and H,, = ZP» & H/,, with the inclusion map being the identity for the
first p9 copies of Z. In this case, the quotient map H,, (= ZP~) — H,,/G,, (= Z'*)
given by the matrix by — by maps the first p0 copies of Z to zero. For this case,
it will be much more convenient to assume that the first p? columns of both the

matrices by and by are zero and each entry of the last p := p, — p® columns
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of them are larger than any previously given integer M. Now we have that the
entries of the matrices by, by are strictly positive integers except the ones in the
first p columns which are zero.

Consider the following diagram:

'Y12‘G1
Zpl @G/ s ZPQEBG& G
0 Y12 0
7P & H, — 7P & H), H
Y12
Hl/Gl E— H2/G2 H/G

That is, Gy, = ZP» & G, and H,, = ZP» & H,, with the inclusion map being the
identity for the first p? copies of Z. We are now assuming that the entries of the
matrices bg, by are strictly positive integers for the last p. columns and are zeros
for the first p2 columns. Note that since [,, > 0 (see[13.12)), we have p} > 0.

The inductive limits H = im(H,, Vpn+1) and G = Im(Gp, Ynn+1la,,) (with

—> —
G, C H,) constructed in [13.12|are in fact special cases of the present construc-
tion when we assume that p = 0. One notices that, for the case G,, = ZPn G,
and H, = =7ZPn & H/ ! with the inclusion map being the identity for the first p?
copies of Z, one could still use the construction of [[3.12] to make all the entries of
bo and by (not only the entries of the last pl) be strictly positive (of course with
the first p? columns of the matrices by and b; equal to each other). However,
for the algebras with the property (SP), it is possible to assume that p? # 0 for
all n, and to get a certain decomposition property that we will discuss in the
next section. In fact, for the case that p{ # 0 for all n, the construction is much
simpler than the case that p = 0 for all n.
0

If we write F,, above as ', My, ;) @ F),, where F), = @ 0 +1 M, 4, then

the maps [y and (1 are zero on the part @p "y Mi,5). Moreover, the algebra

TL = {(f7 ) € C([O’ 1]’ n) @an f( ) = 50( ),f( ) = 51(&)} can be written

as p "y M, @ C},, where

= {(f,0) € C(0,1], B ® Bl £(0) = fola), £(1) = fua)
= C([O,lLEn) @ﬁo\pr/bﬁﬂp;l F7Iz

as in [13.12] It should be remembered that [13.12]is a special case of [13.13
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13.14. Let us emphasize that once
(Hp, (Hp)4,un) = (2P, (Z4)P", ([0, 1], [n,2], ..., [0, pn])), and bg, by : ZPm — Zn,

are fixed, then the algebras F,, = @™, My, En = @i’;l My, ;) are fixed,
where {n,i}:=3""" ) bii;[n, j] = 30", bo,ij[n, jl; and, by Proposition the
algebras C,, = A(F,, E,, o, 1), with (8;)x0 = b; (i = 0,1), are determined up
to isomorphism.

To construct the inductive limit, we not only need to construct C,’s (later
on A,’s for the general case) but also need to construct ¢, ,+1 which realizes
the corresponding K-theory map—i.e., (¢Vn,nt1)s0 = V,..41lc,. In addition, we
need to make the limit algebras have the desired tracial state space. In order
to do all these things, we need some extra conditions on the maps bg, b; for
Cp41 (or for A, 1) depending on C), (or A,,). We will divide the construction
into several steps with gradually stronger conditions on bg, by (for C,41)—of
course depending on C), and the map v, nt1 : H, — Hp41, to guarantee the
construction can go through.

Let G, C H, = ZP", Gpy1 C Hpyy = ZP+1, and v, ., @ Hp — Hpya,
with 7, ., (Gn) C Gny1, be as in [13.11] and |13.12] (also see [13.13). Then
Ypmsy induces a map 7, ., 1 Hy, /Gy (= Z') = Hpy1/Gpy1 = (Z™+). Let
Yomis : Hn(=7ZPr) — Hyyq (= ZP+1) be given by the matrix ¢ = (ci5) €
M, .. (Z+\{0}) and 7, ., : Zn — Z»+ (as a map from H,/G, —
H,+1/Gnt1) be given by the matrix 0 = (d;j). Let mpp1 @ Hypi(= ZP241) —
H,1/Gpyi(= Zm+1) be the quotient map.

Let us use by, b} : ZPr+1 — Zln+1 to denote the maps required for the con-
struction of Cp4+1, and reserve by, by for C,,. Of course, m,+1 = b} — by,.

We will prove that if b{, b} satisfy:

l

(€13.6)  boji» biji > Y (Idjxl +2) max(bo ki, brxi)  (O)
k=1

for all ¢ € {1,2,...,p,} and for all j € {1,2,...,l,41}, where EO,ji and l~71,ji are
the entries of by:=b(, - ¢ and by:=b] - ¢, respectively, then one can construct the

homomorphism ¢y, n41 1 Cp — Cpy1 to realize the desired K-theory map (see
13.15| below). If b(, b} satisfy the stronger condition

ln

(e 137) 507]‘1‘, 617]‘1‘ > 92n (Z(d]k + 2){71, k’}) (<><>)

k=1

forall i € {1,2,...,p,} and for all j € {1,2,...,1,4+1}, then we can prove the limit
algebra constructed has the desired tracial state space (see the corresponding
calculation in which will be used in the proof of Theorem .
(It follows from the fact that {n, k}:= " by ki[n,i] = >0, bo ki[n, 4] that the
inequality (<) is stronger than (<$).)
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From the definition of by and [;1, we have

Pn+1 Pn+1

(e 138) EO,ji = Z bg,jkcki and l;l,ji = Z blekai,
k=0 k=0

where by, ;. and b} ;. are the entries of by bj, respectively.

Let us also emphasize that when we modify inductive limit system to make it
simple, we never change the algebras C,, (or A,, in the general case), what will
be changed are the connecting homomorphisms.

Let A and B be C*-algebras, ¢ : A — B be a homomorphism, and ® € RF(B).
For the rest of this section, we will use |, for the composition wop, in particular,
in the following statement and its proof. This notation is consistent with [13.2}

In the following lemma we will give the construction of ¢, ,, 11 in the case that
by and b} satisfy Condition (<) of [[3.14}—of course, the condition depends on
the previous step. So this lemma provides the (n + 1)st step of the construction.
Again, we first have G, and then obtain H, H,, and G,, as constructed in [I3.9]
and 3111

LEMMA 13.15. Let

(Hny (Hn) 4, un) = (anv (Z4)P, ([n,1], [0, 2], ..., [n7p’ﬂ]))a
l

Pn n
Fn:eBM[n,z]v bo, b1 i/ _>Zln7 En:@M{n,l}u ﬁ()aﬁl cFy— By
i=1 1=1

with (Bo)so = bo = (b0,ij)i,xpn> (B1)x0 = b1 = (brij)i,xp,, and
Cn = A(F,, Ey,, Po, B1) with Ko(C,) = G, be as in[13.13 which includes the

case of [13.12 as the special case pO = 0. Let
(Hn+17 H';;-h un-‘rl) = (an+1, (Z+)pﬂ'+l7 ([n + 1a 1]7 [n + 1a 2]7 eeey [n + lapn-‘rl]))v

let Ypmt+1 : Hn — Hpt1 be an order homomorphism with Y ni1(Un) = Unt1
(as in or ), and let Gn11CHpt1 be a subgroup containing 1
(as in 13.11) and satisfying Ynn+1(Grn)CGny1. Let mpy1 @ Hyyq (= ZP41) —
Hy11/Gry1 (= Z+1) denote the quotient map, and let vy, i1 be represented by
the pp1 X pp-matriz (c;j).

Suppose that the maps by = (b ;;), b7 = (by,;) @ ZP+ — Zln+1 satisfy
b) — b, = w11 and satisfy Condition () of . (As a convention, we
assume that the entries of the first p° ., columns of the matrices b{, and b} are
zeros, and the entries of the last p}LH = Pnt1 —p%H columns are strictly positive.

Note that p%_ | might be zero as in the special case (13.12])
n In .
Put Fn+1 = ?Z:Tl M[n+1,i] and En+1 = @i:ﬁl M{nJrLi} with

Pn+1 Pn+1

{n+1,i} =Y b gln+1,4=> by,ln+1,4,
j=1

j=1
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and pick unital homomorphisms B, 81 : Fni1 — Eny1 with

(ﬂé)*o = bé) and (51)*0 =

Set
CTL+1 - A(F7L+17 En+1a /8(,)7 Bi)

Then there is a homomorphism ¢y n11: Cn = Cpy1 satisfying the following
conditions:

(1) Ko(Cny1) = Gny1 as scaled ordered groups (as already verified in [13.12)).

(2) ((pn,nJrl)*O : KO(Cn) = Gn — KO(Cn+1) = Gn+1 satisﬁes (@n,n+1)*0 =
7n,n+1|Gn-

(3) ‘Pn,n+1(00 ((O, 1), En))CCO ((07 1), En+1)~

(4)  Let @ppt1: Fn — Foy be the quotient map induced by p nt1 (note from
(3), we know that this quotient map exists); then (Pnnt1)s0 = Vnntl °
KO(Fn) =H, — KO(Fn+1) Hn+1

(5)  For each y € Sp(Cpt1), Sp(Fn) C Sp(@n,nt1ly)-

(6)  For each pair jo € {1,2,....0n41}, 90 € {1,2,....1,}, one of the following
properties holds:

(i) for cacht € (0,1);,CSp(Lut1) = Uyt ( 1);CSp(Crtr), SP(nn41le)N
(0,1);, containst € (0,1);,CS (Cn)
(i) for eacht € (0,1);,CSp( n+1)> U?E

(0,1);, contains 1 —1t € (0

(5) ) CSp(Cn—i-l) Sp(spnn-ﬁ-l‘ )ﬁ

(7)  The map ©nnt1 is injective.
(8)  If XCSp(Cry1) is d-dense, then |, x SP(@nnt1le) is 6-dense in Sp(Ch,)
(see .

REMARK 13.16. Let I, = Co((0,1),E,) and I,41 = Co((0,1),Epqq). If
Onnt+1 i Cn — Cpyy is as described in then we have the following map
between exact sequences:

0 —— Ko(Cy) — Ko(Cy/I,) — Ki(I,) —— 0

'Yn,n+1|c” l Tnnt1 J Y ynt1 J

0 —— KO(C’”H) E— K0(07L+1/In+1) E— Kl(InJ’_l) E— 0,

where Ko(Cp,) and Ko(Cp41) are identified with G,, and G141, Ko(Cr/I,) (=
Ko( )) and KQ( n+1/1n+1) (Z Ko(Fn+1)) are identified with Hn and H7L+1,
K (1,) is identified with H,,/G,,, and Ky (I,+1) is identified with H,1/Gp41.
Moreover, ¥, ., is induced by v, .., 1 Hy — Hpq1.

Consider the matrix ¢ = (¢ij)p,.1xp, With ¢;; € Z\ {0} which is induced
by the map ~ : H, (=7ZP) — Hpy4q (=2ZP) and consider the matrix

n,n+1
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0 = (d;;) which is induced by the map ¥, ,,, : Z' — Z'*+* (as amap H, /G, —
H,.1/Gps1). Note that 7, : H, (= ZP") — H, /G, (= Z!) is given by by — by,
a l,, X pp-matrix with entries in Z. Here, in the situation of [[3.13] we assume the
first p columns of both by and b; are zero and the last p. columns are strictly
positive. Let w41 : Hpy1 (= ZPr+1) — Hpy1 /Gy (= Zi+1) be the quotient
map. Write G,,11 = ZPri @ G, Hop1 = ZPri1 @ H) . Then we can choose
both bf, and b}, with the first p}) . ;| columns zero and the last p}, | = pni1—p% 4
columus strictly positive, so that m,+1 = b} — b and Condition () is satisfied,
ie.,

lW,

i)o,ji? Bl,ji > Z(|djk|+2) Inax(bo’ki, bl,k:i)
k=1

for all i € {1,2,...,pp} and for all j € {1,2,...,l,,41}, where by = b}, - ¢ = (50,1‘@‘)
and 51 = hll = (I;l,ji)-

Indeed, note that l,41 > 0 and p},; > 0. So we can make (<)) hold by only
increasing the last p}, ; columns of the the matrices bj, and bj—that is, the first
p%_ 1 columns of the matrices are still kept to be zero, since all the entries in ¢
are strictly positive. Note that, even though the first ]0n 41 columns of by and b}
(as lp+1 X ppy1 matrices) are zero, all entries of by and b; (as lp+1 X pn, matrices)
have been made strlctly positive. Agaln note that the case of [[3.12)is the special
case of |1 m 3|for pY .1 = 0, so one does not need to deal with this case separately.

Proor or [3I0  Suppose that b and b} satisfy b} — b{, = 7rn+1 and (e 13.6)
(and the first p,ohLl columns are zero). Now let E, 1, 50,51 : Fap1 — Eoga,
and Cp41 = A(Fny1, Eny1, 8),8;) be as constructed in We will define
Onnt1 @ Cn — Cpiq to satisfy the conditions (2)—(8) of (the condition
(1) is a property of Cy,11 which is verified in [I3.12).
As usual, let us use F! (or E') to denote the i-th block of F,, (or E,).
There exists a unital homomorphism @, 41 : F,, — F,41 such that

(e 139) (Sbn,n+1)*0 = Yn,n+1 - KO(Fn) = Hn — KO(Fn+1) = Hn+1>

where 7, n+1 is as described in the hypotheses of Lemma (see also
and | Note that Sp(Cpi1) = |_|l”+1(0 1); U Sp(Fr41) (see §3). Write
Sp(Frni1) = (01,05,...,0,, ) and Sp(F, ) (61,02, ...,0,,). To define

U Pnt1
Pn,n+1 - Cn — Cn,+17

we need to specify each map ¢y, nt1ly = €y 0 @n ni1, i€, for each y € Sp(Cp1),
the composed map

e

Y
P n+1|y C > Cn+1 ’ Cn+1|y 5
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with e, the point evaluation at y.
To actually construct ¢, »t1, we first construct a homomorphism

v C([0,1], E,) — C([0,1], Epg1)-
This can be done by defining the map
(13.10) W C([0,1], En) — O([0,1], BL L),

for each j = 1,2, ...,l,41, as follows. Let (f1, fa,..., f1,,) € C([0,1], E,,). For any
k€ {1,2...In}, if dj, > 0, then let

(e13.11) Fr(t) = diag( fe(t), fe(®), .o fr(t) ) € May{n,}

i

(Fr € C([0,1], My, .{n})); if djr < O, then let

(e13.12)  Fy(t) = diag( fu(l — 1), fu(1 — 1), .o, fa(1 = 1)) € Mja,,| (k)

|kl

(FpeC ([O, 1]7M|djk|_{n’k})); and if d;, = 0, then let

(€13.13)  Fy(t) = diag(fu(t), fu(1 — 1)) € C ([0,1], Mo s}) -
With the above notation, define

(e13.14) 7 (f1, fo, s f1,)(2)

= diag(Fi (1), Fa(t), - Fi, (1) € C(10,1], Mistn g1 1r)):

where .
|djk| if djx # 0,
d), =
k
2 if djp =0.
Note that
Pn+41
(e13.15) {n+1,j} = Zbojln+ll
Pn+1 Pn Pn .
- Z Zbéwjlcli[nvi] = Zbo,ji[n, i].
=1 i=1 =

Recall that by = by - ¢ = bo ﬂ From , e 13 15), d, < |dg;| + 2, and
{n,k} =>_ boJm-[n,z] we deduce

Pn
{n+1,j} = Zboﬂnz >Z

=1 k=

I I
(|djk] + 2)bo ki) [, ] Z di{n,k}.
1
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Hence the C*-algebra C ([ 1], M(Zl” &-n k})> can be regarded as a corner

of the C*-algebra C([0,1], Eflﬂ) = C ([0,1], M{y41,4}), and consequently, 1’
can be regarded as a map from C([0, 1], E,,) into C(]0, 1], Ele) Putting all 97
together we get a map ¢ : C([0,1], E,) — C([0,1], Ent1) defined by 9(f) =

(W ) (f), st (f)) for all f € C([0,1], En).
Define ¢g, 91 : Cp, = Epy1 to be

Po(f) = (f)(0) and ¢1(f) = P()(1)

for any f € C,,CC([0,1], Ey,). Since ¥o(Co((0,1), E,,)) = 0 and 11 (Co((0,1), E,,)) =
0, this defines maps ag, a1 : F,, = E,41. Note that for each j € {1,2,...,1,41},
the maps of, of : F,, = E,1 — E) , have spectra

SP(ad) = {9;“,9;% ...,9;5%} and SP(o]) = {9;*,9;’2, 9;}
respectively (see for the notation used here), where

i = Z |djr|brg + Z |d;jk|bo,k + Z (bo,kt + b1,k1),

{k:djk<0} {k:djk>0} {k:djk=0}

and =Y dplbimt D ldiklbort > (bogitbi)
{k:d;i >0} {k:d;i <0} {k:d;,=0}

Note that 3] — i, = Zi:ﬂ djx (b1 k1 — bo,ki), and note that, if I < p? in the case
13.13] then bg x; = b1k = 0, and consequently, ¢; = i, = 0. Put
, , l

Pl By
/ e .
Qg = ﬂo O Pn,n+1 - Fn E— Fn+1 — En+1

and

, San,n+1 Bi
=pBiobnnt1: Fn —— Foy1 —— Enp

Then, for each j € {1,2,...,l,,+1}, the maps dé, &{ B, = By — EZH have
spectra

~i

SP(ad) = {07,057, .05 b and SP(a]) = {07,057, .00 },

where
Pn+1 Pn+1
= E : / T = 2 : ! 7
1 = b(),jkckl = bO,jl and = bijCkl = bl,jl~
k=1 k=1

From 1) we have that i; > i; and i} > ]. Furtherrzlore,_gf — =y ! (08—
by jx)cki- Since (b} —by)e =10(by — bo), we have that 7 —4; = i; — 7;, and hence
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Zz - = i — zl =r; > 0 Note that these numbers are defined for the homo-
morphlsms ao,al,ao,al B, — EJ . So, strictly speaking, r; > 0 means
rl > 0.

Define a unital homomorphism ® : C,, — C([0, 1], Eyi1) = D2 bt 1 C([0,1], En+1)
by

~pd

(€13.16)  ®I(f, (ar,az, ...ap,)) = diag(v (), o™ a3, .., ap, ™)

for all f € C([0,1],E,) and (a1,as2,...,ap,) € F,. Again, define the maps
@07 P Cn — En+1 by

P (F) = ©(F)(0) and @1(F) = ©(F)(1),

for F' = (f1, fa, ..., fi,; a1, a2, ...,ap,) € C,. These two maps induce two quotient
maps
d07 dla : Fn — E7L+1a

as ®o(I,) =0 and ®,(I,) = 0.

From our calculation, for each j € {1,2,...,[,41}, the map &, (resp. &) has
the same spectrum (with multiplicities) as aé (resp. &) does. That is, (&))«0 =
(@))40 and (&})s0 = (a2)s0. There are unitaries Uy, U, € E,q; such that
AdUyod) = aj) and AdU, o&) = &,. Choose a unitary path U € C([0,1], Eny1)
such that U(0) = Uy and U(1) = U;. Finally, set ¢, nt1: Cn, — C([0,1], Eyy1)
to be defined as

(e13.17) Onnt1 =AdU o ®

From the construction, we have that 1(Co((0,1), E,))CCo((0,1), Eny1) and

consequently, ®(Co((0,1), E,))CCo((0,1), Eygr), i€, @nni1(ln) C Inp1. So
(3) follows.

Since AdU(0) o, = &) = BhoPn.ni1 and AdU(1)o&) = &) = B} 0@n.ni1 we
have that ¢, ,4+1(C)) C Cp41 and furthermore, the quotient map from C,, /I, —
Chr+41/In+1 induced by ¢, n41 is the same as @, 11 (see definition of 646 and
&l). Condition (4) follows from (e13.9), and condition (2) follows from condition
(4) and the following commutative diagram

Ky(Cyp) =G, — Ko(Cy/I,) = H,

(‘Pn,n+1)*0 J (‘»an,vﬁrl)*(l l

Ko(Cnt1) = Gpy1 —— Ko(Crg1/Ing1) = Hpta.
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Ifz e Sp( n+1) C Sp(cn-‘rl) then Sp( ) - Sp(@n n+1| )(: Sp(@n,n+l|w))7
by the fact that all entries of ¢ are strictly positive. If

€ (0,1); = Sp(Co((0, 1), Ey 1),

then each 91, as the only element in Sp(F) (C Sp(F,)), appears 7 > 0 times in

Sp(nnt1ls) (see (e13.16). Consequently, we also have Sp(F,) C Sp(gon ntlz)-
Hence condition (5) holds.

To see (6), we will use (e13.16) and (e13.14). Note each Fy(t) appears in
(e 13.11]

(e13.14). Therefore if d;, > 0, then, by (e13.11), the point
t € (0,1),xCSp(C([0,1], Ey))

is in Sp(@n,nt1le) for t € (0,1),41,;CSp(C([0,1], Efl+1)); if djr, < 0, then, by
[e13.12). the point 1~ ¢ € (0.1, CSp(C(0. 11 F5) i i the Splnr ) or

t € (0,1)p41,; C Sp(C([0,1], B/, )); and if djx = 0, then, by (e13.13), both
points t and 1 — ¢ from (0,1),, C Sp(C([0,1], E)) are in the Sp(pnnt1l:) for
t€(0,1)p41,; C Sp(C([0,1], EfH_l)) Hence (6) follows.

From (5), we know Sp( n) C Sp(gon n+1ly) for any y € Sp(Cp41). From (6)
and l,4+1 > 0, we know that Ui:1(071)n7z C Ute(o,l)nH,lSp(‘Pn,n-irl|t)- Thus
Sp(Cp) C Sp(@n.n+1)- By the definition of Sp(¢y, nt1), this implies kerg,, 11 C
Neesp(c,){kerz} = {0}. It follows that ¢ is injective. Hence (7) holds. Note that
if X C (0,1)y,41,1 is d-dense, then the sets {z:x € X} =X and {1 —z,z € X}
are d-dense in (0, 1). Hence U,c x SP(@n,nt1lt) is 6-dense in (J;_;(0,1)n . Since
Sp(Cr) = Sp(F,) UU,;-,(0,1),,;, combining with (5), we get (8). This finishes
the proof. O

13.17. Let ¢ : C, — C,41 be as in the proof above. We will calculate the
contractive linear map

Ghoni1 s A(T(Ch)) = AB(T(Coia))
which also preserves the order (i.e., maps Aff(T'(C,))+ to Aff(T(Cpt1))+)- Re-
call from (see also) that Aff(T(C,,)) is the subset of @2;1 c([0,1];,R) &

RP» consisting of the elements (f1, fo, ..., fi,,; h1,he, ..., hp,) which satisfy the
conditions

(e13.18) fi(0) = }Zbow -[n, 4] and
fi(l) = Wzbl,ijha

and Aff(T(Cy+1)) is the subset of @i:ll C([0,1);,R) & RP+1 consisting of the

elements
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(fi: f3, 7fln+1§ 1 hy, . 7h;,“rl) which satisfy
1 .
(e13.19) fi(0) = mhrLil Zbg,ij 5o [n+1,5] and

1
fil)y = mrLi Zbll,ijh;‘ “[n+1,7].

Recalling that (cij)p,.,xp, is the matrix corresponding to ($n,n+1)s0 = Ynnt1
for ¢p i1 ¢ Fr = Fry1, and noting that since @y, 5,41 is unital, one has

chjnj [n+1,4].

Let
Sogz,n+1(f17f27"'7fln; hl,h27""hpn) = (f{af£7"'7fl/n+1; h’/l,h/Q, 7hlpn+1)
Then

1 Pn
B = —— ih
7 [n—‘rl,i]j;c] J[n

Combining this with (e 13.8]), we have

(e13.20) i) = ngo,nhl[n,l] and

/ 1 7
fil) = rLi Z brahu[n, 1]

Also note that

(e 1321) fz/(t) = W{ Z dzkfk {’I?, k}

dir>0

+ > (il fe(U =) {n kY + Y (fu(®) + fr(1 = 1) {n, k}

di<0 d;=0
Pn
+> i) ¢,
=1

where

Pn+t1
r; = Z bE),ikal - ( Z |d1}€‘b1 kl + Z |dzk|b0 el + Z bo,kt + b, 0 >
k=1

d;k <0 dix>0 d;x=0

Pn+1
= Z by inCrl — ( Z |dik|b1,k1 + Z |dik |bo, k1 + Z bo,kt + b1,k > :
k=1

dix>0 d;1<0 d;x=0
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It follows from the last paragraph of [13.12| and from [13.13| that, when we define
Cy41, we can always increase the entries of the last p.; = pni1—ph 41 columns
of the matrices by = (bj ;) and b} = (b ;) by adding an arbitrary (but the
same for bf, and b}) matrix (mik)lnﬂxp;ﬂ, with each m;, > 0 sufficiently large,
to the last pl 41 columns of the matrices. In particular we can strengthen the

requirement () (see (e13.6)) to condition (<), ie.,
Pn+1 Pn+1
(e 13.22) 607il (: Z bg,ikckl> , El,il <= Z b/l,ilcckl>
k=1 k=1
ln
> 221 (Z(|dik| +2){n, k]>

k=1

for all i€ {1, ..., 141 }. This condition and (e 13.22) (and note that by 5 < {n, k},
b1k < {n,k} for any k <1,) imply

221 1.

QTboﬂ'l’ or equivalently

ry >

- ) 1 -~
(e13.23) 0<bou—r < 2Wbo,u.

Recall that ¢, ., : A(T(C,,)) — A(T(Cpy1)) and &, ., « AE(T(F,)) —
Aff(T(F,,41)) are the maps induced by the homomorphisms ¢,, y4+1 and @, y41;
and the same for 7¥ : Aff(T(C,)) — Aff(T(F,)) and ﬂfH_l : AF(T(Chta)) —
Aff(T(F,41)), which are the maps induced by the quotient maps m, : C,, = F),
and m,41 @ Crhp1 — Fih41, Tespectively. Since @ pq1 © Ty = Tpy1 © Ppongi, We
have

Thi1© 1 = s 0T o AR(T(Coir)) = AR(T(Fopn)).

13.18.  For each n, we will now define a map T, : Aff(T(F,)) — Aff(T(C),))
which is a right inverse of 7% : Aff(T(C,)) — Aff(T(F,))—that is, 7§, o T, =
id |Aff(T(Fn)) .

Recall that C,, = A(F,,, En, Bo, f1) with unital homomorphisms Sy, 81 : F,, —
En whose K—theory maps satisfy (ﬁo)*o = bo = (boﬂ'j) and (,@1)*0 = bl = (bl,ij)-
Let 6? : Aff(T(F,)) — Affi(T(E,)) be the contractive linear order preserving
map induced by the homomorphism S;, ¢ = 0,1. For each h € Aff(T(F,)),

consider the function

(e13.24) I (h)(t) =t Bi(h) + (1 —t) - BY(h),
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an element of C([0,1],R!) = EB?;I C([0,1];,R). Finally, define the map

ln
T, A(T(F,)) =R — Afi(T(Cn))C @ C([0,1];,R) & RP" by

Jj=1

(€13.25) Tyn(h) = (I (h),h) € EB C([0,1];,R) & RP».

j=1

Note that I',,(h) € Aff(T(C,)) (see (e13.18) in [13.17). One verifies that the
map I';, is a contractive linear and order preserving map from Aff(T'(F,)) to
Aff(T(C,,)). Evidently, 7f o T,

=id |Aff(T(Fn)) :

LeEMMA 13.19. If Condition () (see (e13.22)) holds, then for any
f e AE(T(C)) with || f|| <1, and f1:=¢%, 1 (f) € AE(T(Cpy1)), we have

2
ITni1o Wiﬂ(f/) -flll< 9on°
PROOF. As in|(13.17| (see also), one can write

(e 1326) f = (fl,fg, "'7fln; hl, hg, ceny th) S Aff(T(On)) and
f/ = (f{vfé?"'»fl/n+1; hllvh/QMN,h;;n_H) € AH(T(CnJrl))

(Note that the element f satisfies (e13.18) and (e 13.18); and the element f
satisfies (e 13.19)) and (e 13.20]).) Also, we have

A Al < <1 for 1<i<l,,1<j<p, and
I fall, [ L =J =P

LA RS < I <1 for 1<i <lnyr, 1< < ppoa

Since WfLH oIt one has

=id |Aff<T<Fn+1)>’

1—W7’L+1 Oﬂfy,+1(f/) = g/ = (917957 "'7gzn+1; /1u /27 H) h;n+1);

that is, f/ and ¢’ have the same boundary value (h},hj,....;h. ).

0 Ppngy

Note that, from (e 13.19)), the evaluation of f” at zero, (f1(0), f3(0), ..., f/ . (0)),
and the evaluation at one, (f{(1), f3(1),..., f] , (1)), are completely determined
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P P41

by hi,hb, ..., h! By (]e 13.20[) and (Ie 13.22[), we also have

(€13.27)  fl(t) - fi(0) = m < > dinfr(t){n, k}

dix>0

+ 3 el el = t){n k)

d;, <0

+ Z (fr(®) + fu(X = t)){n, k}

d;ik=0
pn ~ .

= (o, — i) uln, l]) .
=1

From Condition (<) (see (e13.22) and || f]] < 1, one has

(e13.28) Yo difu{nky+ Y |dil fu(1 - t){n, k}

{k:dik>0} {k:dik<0}

+ > () + fell =) {n k}

{kidip= 0}
In
(Idix] + 2){n, £} fl (since |dir| < |dik| +2, 2 < |dix| +2)
k=1
1 -
< o3 bo.i (by (€13.22) and [[fel < [f]l < 1)
1 . .
<3 {n+1,i} (by (e13.15) and [n, j] > 1).

By (e 13.23)), (e 13.15)), and ||hy]| < ||f]| < 1, one obtains

Pn

Z(I;O,il - T?)hl[n, l]

=1

(e13.29) bo allhill[n, ] € =={n+1,i}.

_22

Combining (e 13.27), (e 13.28)), and (e 13.29)), one has

1) = FO)] < 55

Similarly, one has

110 = F )] < 5
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But, by the definition of T',, 41 (with n+1 in place of n) in (e 13.24]) and (e 13.25)),
we have

gi(t) = tg;(1) + (1 - t)g; (0).

Combining this with g/(0) = f/(0) and g.(1) = f/(1), we have
/ 2
lgi(t) — fi()] < 3 — for all 4,

as desired. O

THEOREM 13.20. Let ((G,G4,u), K,A,r) be a weakly unperforated Elliott in-
variant as defined in with G torsion free and K = 0. Let (H, Hy,u) be the
simple ordered group with H O G defined in [13.9] Let Cy, @ ny1 2 Cn = Cpy1,

F,, and ¢pni1 @ Fn — Fupa be as in Lemma @ and let I, be as in
Remark m Then the inductive limit C = lim(C,,¢,) has the property
(Ko(C), Ko(C)y, 1), K1(C)) = (G, Gy, u), K)). In particular, K,(C) = {0}.
Moreover, I = limy,_oo(Ip, Pnnt1lr) i an ideal of C such that C/I = F =
limy, o0 (Fr, @rnt1) with Ko(F) = H and T(C/I) = A. (If we further assume
that Condition ({) in is replaced by the stronger Condition (<) in
(e13.22)), then we have T(C) = T(C/I) = A. We will not use this. However, it
follows from the proof of Theorem )

PROOF. Recall, fromm 13.12] that C,, = C([0,1], E,,) ®a,,8, Fr with ideal I,, =
Co((0,1),E,) and quotient C,, /I, = F,,. Hence, we have the following mﬁmte
commutative diagram:

I 1> I3 I
C1 Co Cs C

b2} P P YT .
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Also from the construction, we have the following diagram:

0 0 0

Ko(C1):G1 e Ko(CQ):GQ e Ko(Cg):G3 _— e
L1 L2 L3

Ko(Fl)IHl — KQ(FQ):HQ —_— Ko(Fg):Hg —_—

Ki(I) ————— Ki(ls) —————— Ki(I3) ———— -

where the inclusion maps ¢, : Ko(Cp) = G, — Ko(F,) = H,, are induced by
the homomorphisms 7; : Cp, = Fy. So Ko(C) = im(Gn, Ynnt1le,) = G- Let
t: Ko(C) = Ko(C/I) be the homomorphism given by the above diagram. Note
that the AF algebra C'/I has Ko(C/I) = lim(Hy,, Yn,nt1) = H as scaled ordered
group. Hence by the part (1) of Remark we have T(C/I) = A. O

13.21. Let us fix some notation. Recall that C,, = C([0,1], E») D4, , 5, 1) F'ns
where E, = @, E, = @;"1 My, Fn = @° F, = @y My, . and
Bn,0,Bn1 + Fn — E, are unital homomorphisms. (Here we use [0, 8,1 in-
stead of By, 81 to distinguish the maps for different n.)

In the rest of this section, we will use ¢, ; to denote the representation

c = (flaf??"' 7fln; ap,az, - - ?G’Pn) = f](t) € E% = M{n,]}7
and 6, ; to denote the representation
C>(fi,fa, -+, f1,; a1,a2,-,a,,) > a; € Fl = M 4

fort €[0,1],7=1,2,---lp,and i = 1,2, -+, py.

Note that 6, ; € Sp(C,) and t,; € Sp(C,) for t € (0,1), but in general,
On.j, 1,5 ¢ Sp(Cr); they may not be irreducible. In RF(C,,), in the notation of
13.2] we have

— [p~bosr g~boj2 ~bo,jp — [p~hrar gbii2 ~b1jp
Ond' - {en,l 7071,2 LA ,Hn,pn n} and 17l,j - {an,l ’an,Q s 70n7pn " }v

where (bo ji)1,, xp, and (b1 ji)i, xp, are the matrices corresponding to (8r.,0)x, (Bn,1)x
7P — Z!n. Let us denote the set of all points ¢, ; for t € [0,1] by [0, 1], ;. Hence

Sp(An) = {Hn,la 671,2, o 79pn} U Ué'nzl(oa 1)71,]
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In the previous construction, we only describe how to construct Cy, 11 from C,,
for a fixed n. Now we need to let n move. Accordingly, we need to change some
notation. For example, ¢ = (¢;;) of will be denoted by ¢, 541 = (C?j’"ﬂ)
as it is the matrix of vy py1 @ Hp = ZP — Hpyq = ZP"+1; bo = (bo,ji) and
by = (b1,j:) of |1 (and b = (by j;) and by = (b] ;) of [13.14) will be denoted
by bno = (b ;) and byy = (b7 ;) (and byi10 = (b] +1) and b, 1, = (b11),

0,51 0,71 1,51
respectively); 0 = (d;;) of [13.14| will be denoted by 0, 11 = (d?j’”ﬂ) as it is the
matrix of 4, py1: Hp /Gy = 7 — Hyy1)Gryq = Zhnt; by = (50 ji) and b, =

(l;l,ji) will be denoted by E(n1n+1)70 = (ESJ"ZH) and [NJ(,WH)J = (b;l;fl) (hence,

the relations by = b, - ¢ and by = b) - ¢ there will be E(n$n+1)70 =bpt1,0 Cnntl

and b(n,n-‘,—l),l = bn—i—l,l ' cn,n—&-l)~

13.22. 1In this paper, a projection p € M;(C(X)) is called trivial if there is
a unitary u € M;(C(X)) such that u*(z)p(x)u(z) = diag(1,1,---,1,0,...,0).
By part 2 of Remark 3.26 of |32], if X is a finite CW complex with dimension
at most three, then the above statement is equivalent to the statement that p
is Murray-von Neumann equivalent to diag(1,1,---,1,0,---,0). A projection
p € QM;(C(X))Q is trivial if it is trivial when regarded as a projection in
M, (C(X)).

Let X be a connected finite CW complex with dimension at most three with
the base pOiI’lt Zo- Then Ko(C(X)) = Ko(CO(X \ {Io})) D K()(C) = Ko(CO(X\
{20})) &7

We will use the fact Ko(C(X))+\{0} = {(z,n) € Ko(Co(X \{20}))DZ, n >
0}. It is clear that Ko(C(X))+ \ {0} C {(z,n) € Ko(Co(X \ {z0})) ®Z, n > 0}.
Let (z,n) € {(z,n) € Ko(Co(X \ {z0})) ®Z, n > 0}. Choose p € M,,(C(X))
such that [p] — [1x] = (z,n) for some integers 0 < k < m. Then p has rank
n+k. Sincen > 1 > (3+ 1)/2 — 1, it follows from Theorem 9.12 of [50] that
14 is unitarily equivalent to a subprojection of p. Therefore there is a projection
g < p such that [¢] = [1x]. Then (z,n) = [p—q] = [p] — [¢] € Ko(A4)+ \ {0}. But
[p] = [a] = (z,n).

The following theorem is in Section 3 of [32] (see Proposition 3.16 and Theorem
3.10 there).

ProprosITION 13.23. Let X and Y be path-connected finite CW complexes of
dimension at most three, with base points xo € X and yo € Y, such that the co-
homology groups H3(X) and H3(Y') are finite. Let g : Ko(C(X)) = Ko(C(Y))
be a homomorphism such that v is at least 12-large (see the definition in Section
3 of [32]) and

(e13.30) ao(Ko(C(X))+ \ {0})CTKo(C(Y))+ \ {0},

andletaq : K1(C(X)) — K1(C(Y)) be any homomorphism. Let P € My (C(X))
be any non-zero projection and Q € My (C(Y)) be a projection with ag([P]) =
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[Q] (such projections always exist; see the proof below). Then there exists a uni-
tal homomorphism ¢ : PMy(C(X))P — QM (C(Y))Q such that v = g
and @41 = oy, and such that

P(PMoo(Co(X \{70}))P) C QMo (Co(Y \ {y0}))Q-

That is, if f € PMs(C(X))P satisfies f(xzg) =0, then o(f)(yo) = 0. Moreover,
if ag is at least 13-large and Y is not a single point, then one may further require
that ¢ s injective.

Suppose that B = @~ B; and D = @)_, D;j, where each B; has the form
P,Mo(C(X;))P; and each D; has the form Q; M« (C(Y;))Q;, where X;, Y; are
connected finite CW complexes with at least one Y; not a single point, and P;
and Q; are as in the first part of the statement. Fiz the base points x; € X; and
yj €Y. Let I; = {f € B; : f(z;) = 0} and J; = {g € D; : g(xzj) = 0}. Let
ag : Ko(B) = Ko(D) be an order preserving homomorphism with ag([15]) =
[1p] such that aolk,(B,) s at least 13-large in each component of Ko(Dj;), and
let ay : K1(B) — K1(D) be any homomorphism. Then there is a unital injective
homomorphism ¢ : B — D such that (¢)« = o, 1 = 0,1, and o(I) C J, where
I=@L Ii and J = @_, Jj.

PROOF.  Let us first prove the first part of the lemma. Since [P] € Ko(C(X))4+\
{0}, by the condition (e13.30), we have ay([P]) € Ko(C(Y))+\{0}. Hence there
is a projection @ € My (C(Y)) such that ap([P]) = [Q]. Similarly, there is a
projection ¢ € M(C(Y')) (for some integer k£ > 1) such that ao([1c(x)]) = [q]-

This proposition is a special case of Theorem 9.1 of [81]. To see this, first re-
call Ko(C(X)) = Ko(Co(X \ {z0})) & Z and Ko(C(Y)) = Ko(Co(¥'\ {#0}) & 7.
By hypothesis, rankg > 12. Note also K1(C(X)) = Ki(Co(X \ {x0})) and
Ki(C(Y)) = Ki(ColY \ {wo})). By B2 Ko(C(X))+ \ {0} = {(21,2) €
Ko(Co(X \{z0}))DZ : 22 > 0}. One then computes that the condition
implies Oéo(Ko(Co(X \ {l‘o}))) C KO(CO(Y \ {yo})) Let k € KK(C()(X\
{zo}), Co(Y \ {yo})) be such that k|x,(cox\{zo}) = (@0)|rq(Co(x\{z0})) and
K| Ky (Co(X\{z0})) = Q1. By the definition of F3 K, (C(X)) in 3.7 of [32] and by 3.4.4
of [23], we know F3 K, (C(X)) = H3(X), for a finite CW complex X of dimension
at most three. Note that by our assumption on X and Y, we have H3(X) =
Tor(K1(C(X))), and H3(Y) = Tor(K;(C(Y))), and so r.(F3K.(C(X))) C
F3K,(C(Y)), since k. maps torsion elements to torsion elements.

Since rank ¢ > 12 > 3(dimY + 1), we may write ¢ = go ® e, where e is zero,
or e is a rank one trivial projection when rank ¢ > 13 (in the case «q is at least
13-large), by Theorem 9.1.2 of [50]. If e # 0, choose a surjective homotopy-
trivial continuous map s : Y — X, which induces an injective homomorphism
s*: C(X) = C(Y). Let (g, 2) = an(g)+2([g] — [€]) (note that ag(0,1) = [¢] as
(0,1) = [1o(X)] € Ko(C(X)) for all (g, 2) € Ko(Co(X\ {z0}) &7 = Ko(C(X))
as in For «f and ai, since of is at least 12-large, there is a unital
homomorphism 1 : C(X) — ¢Mx(C(Y))qo such that (¢g)«.0 = af and
(10)+1 = a1. In both cases, by Theorem 9.1 of [81], we obtain a unital homomor-
phism 9 : C(X) = oMo (C(Y))q0 C C(Y) ® X such that [o]c,(x\{z0})] = K-
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In the case e = 0, ¢ = qo. Let ¢ = v)g. If e # 0, define ¢ : C(X) — ¢M(C(Y))q
by ¥(f) = ¥o(f) & s*(f) for all f € C(X). Then, in this case, ¥ is a unital
injective homomorphism and we still have [¢]c,(x\{z0})] = K-

We still need to define ¢ : PMo(C(X))P — QM (C(X))Q. Without loss of
generality, we may assume that P € M,,(C(X)) for some integer m > 1. Then Q
(with [Q] = ap([P]) and rank(Q) > 12) can be regarded as a subprojection of ¢®
Ly, since [q® 1] = ao([1ar,,(c(x))]) = ao([P]). Hence we may assume that @
M (¢(Ms(C(Y)))q). Furthermore, the homomorphism ¢ ®id,, : M, (C(X)) —
M (g(Ms(C(Y)))q) satisfies [¢®id,, (P)] = ao([P]) = [Q]- By 9.15 of |50, there
is a unitary u € My, (¢(Ms(C(Y)))q) such that u*(¢ ® idy,)(P)u = Q. Define
¢ = Aduo (Y ®idm)|pu,. (c(x))p (see . One then checks that ¢ meets all
requirements including the injectivity when g is at least 13-large.

The second part follows from the first part by considering each partial map
ay? + Ko(B;) — Ko(Dj) and o}’ : Ki(B;) — Ki(D,) separately. Note that,
since at least one of Y; is not a single point, say Y}, is not a single point, then,
each partial map ¢; j, : B; — Dj, can be chosen injective for each i. It follows
that ¢ is injective. O

~— —

The following lemma is elementary.

LEMMA 13.24. Let 0 - D — H — H/D — 0 be a short exact sequence of
countable abelian groups with H/D torsion free, and let

H, —— H]} H} . H/D

be an inductive system with limit H/D such that each H; is a finitely generated
free abelian group. Then there are an increasing sequence of finitely generated
subgroups D1 C Do C ---C D, C---C D with D = Ufi1 D;, and an inductive
system

71,2 72,3 Y3,4

with limit H satisfying the following conditions:
(1) Yn,nt+1(Dn) C Dpy1 and Ypn+1|p, s the inclusion from Dy, to Dy yq.
(i) If Tpy1 @ Dypyr @ H,, ) — H, s the canonical projection, then m,11 o
’Yn,n+1|H$L = 7;:.,n+1'
(Here, we do not assume 7, ,,,1 to be injective.)

PROOF. Since D is countable, one can list all the elements of D as D =
{e;}2,. We will construct the system (D,, & H,, VYnn+1), inductively. Let us
assume that we already have D,, C D with {e1,es, -+ ,e,} C D, and a map
Yoo : D@ Hj, — H such that v, «|p, is the inclusion and m oy, oo |5, = V7, 000
where 7 : H — H/D is the quotient map. To begin the induction process we
must start with n =0, and Do = Hy = {0}. Note that, since v,, 1 ,.(H,,1) is a
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finitely generated free abelian subgroup of H/D, one has a lifting map v,4+1,00
H} ., — H such that 70 ¥,41,.00 = V11,00 For each h € H},, we have y(h) :=
Ynoo(h) = Ynt1,00(Vmni1(h)) € D. Let Dpyy C D be the finitely generated
subgroup generated by D,, U {e,+1} U~y(H),) and extend the map v,41,00 on
Dy 41 ® H,, | by defining it to be inclusion on D,,41. And finally let v, ;41 :
Dn D H’I/’L - Dn+1 D H’I{L+1 be defined by ’Yn,n+1(ev h) = (e + ’Y(h)?'Y;z,nJrl(h)) €
D1 ® H),  for each (e,h) € D, ® H,,. Evidently, 7n,00 = Ynt1,00 © Vnn41- O

13.25. 'We now fix an object ((G,G4,u), K, A,r) as described in which
is to be shown to be in the range of Elliott invariant. In general, G may have
torsion and K may not be zero. Let G! C Aff(A) be the dense subgroup with at
least three Q-linearly independent elements and let H = G @ G' be as in m
The order unit u € G4 when regarded as (u,0) € G & G! = H is also an order
unit of H;. Note that Tor(H) = Tor(G). We have the split short exact sequence

0—G—H—H/G(=G") —0

with H/Tor(H) a dimension group (see [13.9). Since H/Tor(H) is a simple di-
mension group, as in [13.11} we may write H/Tor(H) as an inductive limit

H, —— H} Hy —— - H/Tor(H),

where H/, = ZP~ with standard positive cone (H/). = (Zy)P». Moreover, we
may assume that %m 41 is 2-large. Applying Lemma [13.24] to the short exact

sequence 0 — Tor(H) — HLH/Tor(H) — 0, with D = Tor(H), we may write
H as an inductive limit of finitely generated abelian groups,

V1,2 72,3 V3,4

H, Hy s Hs .. H,

where H,, = D,, ® H,, = D,, ® ZP~, and (i) and (ii) of [13.24) hold. It follows that
’7n,n+1(d7 h) = ('YD,n,nJrl(d + h)7’7;7,,n+1(h))? where TYD,nn+1 ¢ D, ® H»;L — Dn+1
is a homomorphism. Note that h € H, \ {0} if and only if m(h) > 0. We may
write H,, = @', H}, with H, = Z & Tor(H,), and H}, = Z for all i > 2. Define

(Hn)+ = ((Z4 \ {0}) @ Tor(H,) U{(0,0)}) & Z; .

Since 7;, , 41 is positive and 2-large, one checks easily that each v, ,41 is also
positive with respect to the positive cones (H,)+ and (H,41)y+. Let Hyr =
Un— 1 Ynyoo (Hp)+). If . € H{\{0}, then, as mentioned above, (z) > 0. Suppose
that y = (v,,y,) € Hy, = D, ® H), is such that v, 00(y)) = . Then v, m(y) =
(y,D7,7;l,m(yH))7 where P)/;z,m = ’77/77,71,777, o ’Y;n72,m71 O-- '0’77/1,n+1 and m > n. It
follows that, for some large m, 7, ,,(y,) € (H),)+ \ {0}. Since each 7,
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is 2-large, there is m; > m such that v, ., (Vn.m(yy)) € {(21,22, ., 2p,,, ) €
Z5™ and 2z > 0}. In other words, y := vy m, (y) € (Hy)+\{0}. Since Y, 00 (y) =
x, this implies z € H .

Conversely, if © € H; \ {0}, then there exist n > 0 and y; € (H,)4+ such that
Tn,oo(y1) = x. It follows that y = (21,n) & (22, 23, ..., 7p, ) With 21 € Z; \ {0}, n €
D,,, and (22, 23, ..., 2p, ) € Zﬂ"_l. By construction, (z1, 22, ..., 2p, ) € (H})+\{0}.
It follows that 7, . ((21,22,...,2p,)) € Hy \ {0}. By (ii) of [L3.24} this implies
that w(x) > 0. Therefore € Hy. This shows that Hy = H,.

The notation H and (H,)+ above will be used later.

Let 7;17”4_1 H], — H]_,, be determined by the p,, x p,41 matrix of positive
intergers ¢, ,+1 which we assume at least 2-large. We now represent v, ,+1 by

. . - nntl 1 ;
a Ppi1 X pn matrix of homomorphisms ¢, 41 = (¢7"7"), where ¢ L HD

ij

H} ., are described as follows. Note c” ntl— p O Vnn+1] g » Where Pyt Hyqq —
Hyy
If ¢ > 1, j>1, then define cZ"H = CZ’”+1 (recall H} = Z and H} = 7Z, and
n,n+1 ", ,n+1
c maps m to ¢;;"" m).

ij

If i > 1,j = 1, define &y""" © H) = Z ® Tor(H,) — Hi.,, = Z by
&t (z,t) = c?lnﬂz for all (z,t) € Z @ Tor(H,,), and let us still denote this
by nn+1.

Ifi=1,let Qu:H}, | = ZdTor(H,41) — Tor(H,41) C H}, be a projection.
Define T”’"Jr1 =Qi10oProYnnilys- Viewing c?’"“ as a homomorphism from
7 to Z as mentioned above (see , we define ¢f; il c’lljn+1 + Tjn’nH as
follows. If j # 1, ¢.7 "+1(m) = c?j"*' m+T;" " (m) for m € H) =7Z;if j = 1,
&t (m,t) = C?J"Hm + 15" " ((m,t)) for all (m,t) € Z @ Tor(H,).

ij
Since vy, n41 satisfies 'yn,nH(Tor(Hn)) C Tor(Hp+1), it induces the map

'Y;szrl . H,/Tor(H,) =7P" — Hp41/Tor(Hpq1) = ZPr+1.

(By (ii) of Lemma this map is the same as the map v, ., : H), (=
H, /Tor(H,)) — Hn+1 Hy11/Tor(Hyy1)).) Thus, 45, ., is given by the

matrix ¢, 41 = (c%"“) with positive integer entries. Put G}, = Gy /Tor(Gy)

(k =1,2,...). Then v, ,.,,(G;) C G- Note that, passing to a subsequence,

1
we may always assume c;; S 9

13.26. Let G, = Hp N7, 5 (G) with (Gpn)4+ = (Hyp)4 N Gy. Then the order
unit
un = ([, 1], 70), [, 2], .oy [y Dn]) Of (Hy)4 is also an order unit for (G,) 4.
Recall that Tor(G) = Tor(H ), which implies that 7, oo (Tor(H,)) C Tor(H) C
G. Therefore, Tor(H,) C H, N7, 5 (G) = G,. Since G, is a subgroup of H,
Tor(H,) = Tor(G,,). Furthermore, we have the following commutative diagram:
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0 0 0
72l

G G2 G
Y12

H; H> > H
Y12

Hl/Gl e HQ/GQ e E— H/G
0 0 0

where 7, p41 is induced by 7, ,4+1. Note that the inductive limit of the quo-
tient groups, H1/Gy — Hy/Gs — --- — H/G, has no obvious order struc-
ture. Since Tor(H,) = Tor(G,), the quotient map H,, — H, /G, induces a
surjective map m, : H,/Tor(H,) = ZP» — H, /G, = Z', which will be used
in the our construction later. We will reserve the notation m, for this map
from ZP~ to Z'». The map 7, : H, — H! = H,/Tor(H,) which appeared
in (see 41 there) will be denoted by 7, g/ from now on. Note also
uy, = T, 1, (un) =([n,1],[n,2], ..., [n, p,]). Denote by m¢, ir/7or(m) the composed
map from G to H and then to H/Tor(H).
Also write the group K of as an inductive limit,

X12 X23 X34
K, K> K; - K

where each K, is finitely generated.

13.27.  Recall from [32] that the finite CW complex T j, ( T3 i, respectively) is
defined to be a 2-dimensional connected finite CW complex with H*(T2 ) = Z/k
and H'(Ty) = 0 (3-dimensional finite CW complex with H3(T3 ) = Z/k and
HY(T3 ) = 0= H*(T3 ), respectively). (In [32] the spaces are denoted by Ty
and Tyyr .) For each n, write

H} =7 @ Tor(H,) :=2Z® (Z/kZ) & (Z/keZ) © --- & (Z/k;Z) and
K, :=7'® (Z/mZ) ® (Z/msZ) & - - & (Z/m,Z).
Set
!

X, =8"VS' Ve VST VT, VoV To g, V Ty V sy VooV Ty
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Then Ko(C(X))) = H} = Z @ Tor(H,) and K;(C(X])) = K,. Let zl be
the base point of X/ which is the common point of all copies of the spaces
St Ty 1, Ts 1 appearing above in the wedge V. By there is a projection
P, € Mo (C(X',)) such that

’

[P] = ([n,1],7a) € Ko(C(X,,)) = Z @ Tor(Ko(C(X,,))),

where ([n,1],7,) is the first component of the unit u,, € H,.
Suppose that P, € My(C(X])), where N is a large enough integer. Since
rank(P,) = [n, 1], there is a unitary u € My such that

uPn(xil)u* = diag(l[n,l]7 0) U 70)
——

N—[n,1]

Replacing P, by uP,u*, we may assume that P,(zl) = 1M[n,1], where M, 1] is
identified with the upper left corner of My . Define X,, = [0,1]VX], with 1 € [0, 1]
identified with the base point xl € X/ . Let us label the point 0 € [0,1] by the
symbol . So [0, 1] is identified with [20,x1]—the convex combinations of z0
and z.. Under this identification, we have X,, = [20,z1] v X/. It is convenient
to write the point (1 — )22 + tzl € [29,z}] as 2% + ¢ for any t € [0,1]. In
particular, we have z. = 2% + 1. The projection P, € My(C(X})) can be
extended to a projection in My (C(X,,)), still called P,, by P, (2% +t) = Ly,
for each t € (0,1). Let us choose z0 as the base point of X,,. The (old) base

point of X! is 2 + 1= 2.
13.28. Note that the map
7, :H, /Tor(H,) (= ZP*) — H, /G, (= Z'™)

may be written as m, = b, o — by 1, where by, o,b,1 : ZP» — Z', are two order
preserving homomorphisms. Note also that we may assume that b, o = (b&ij)
and by, o = (b’f,ij) are two [,, X p, matrices of non-negative integers which satisfy
the conditions of [3.13] and [[3.14

Exactly as in (in which we considered the special case of torsion free Ko
and trivial K1), we can define

Pn

Pn
(e 1331) {’I’L,Z} = Zbg,w[nuj] = Zb?,”[nm?] .
J=1

j=1

As in [13.13) set F, = @, Fi = @ My, B, = @, My, 1, and
let Br0,6n1 ¢ F, — E, be homomorphisms such that (8,,0)« = bno and
(Bn1)so = bn1. Since P,(z9) has rank [n, 1], there is an isomorphism 7, :

Fr% = M[n,l] — (PTLMN(C(X))Pn”m% Let ﬁXn o (PnMN(C(X))Pn)‘xg be
defined by Bx, (a1,az,--- ,ap,) = jn(a1) € (PaMn(C(X))Pp)lz0-
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Now consider the algebra
(e13.32) A, :={(f,9,0) € C([0,1], E,) ® P,Mn(C(X,,)) P, & Fy;
F(0) = Bn,0(a), f(1) = Bna(a),g(zy) = Bx, (a) }-

We may also write 4, = (C([0,1], E,) ® PoMn(C(X0))Pn) Bpoo.fur.bx, Fa-
Denote by 74 : A, — F,, the quotient map.

As in the construction of C,, (see , once FE, = @221 M 3, Fn =
@i My, 4, and P, My (C(X,))P, with P 2)) = diag(1(,,1),0,...,0) € My are
fixed, the algebra A,, depends only on b, g,b, 1 : Ko(F,) = ZP» — Z!" up to
isomorphism. Thus, once E,,F),, by 0,0, 1, and P,My(C(X,))P, are specified,
the construction of the algebra A, is complete.

Note that by , Bn,0 and [, 1 are unital homomorphisms and therefore
A, is a unital algebra. Note that this algebra, in general, is not the direct sum
of a homogeneous algebra and an algebra in Cy. It is easy to verify that A,, € D,
in the sense of Definition by writing A,, = PC(X,,, F)P ©r B with B = F,,,
X =00,1UX,, Z=1{0,1,2} C X, and F = E, ® My, with P defined by
P =1g, on [0,1], and P = P, on X, and, finally, I : F — P|zC(Z,F)P|z
defined by f,, o for the point 0 € Z C X, 8,1 for the point 1 € Z C X, and Sx,,
for the point 2 € Z C X. Later, we will deal with a nicer special case in which
A, is in fact a direct sum of a homogeneous C*-algebra and a C*-algebra in Cy.

13.29. Let J, = {(f,g9,a) € A, : f=0, a=0} and I, = {(f,g,a) € 4, :
g =0, a = 0}. Denote the quotient algebra A,,/J, by Ac ., and A, /I, by Ax p.
Let 7y, : Ay — A, /J, and 77, + A, — A, /I, denote the quotient maps. Set
I, = Tyn(In) and Jn = 710 (Jy). Since I,, N J,, = {0}, the map Ty is injective
on I, whence I,, = I,,. Similarly, J, = J,. Note that

(€13.33) Acn = C([0,1], Ey) @8, 4,81 Fn

={(f,a) € C([0,1], En) ® Fu; £(0) = Brola) fF(1) = Bna(a)},
and
(e13.34) Ax . = PaMy(C(X0)) Py @py,, Fa

Denote by ¢, : Acn — F, and 7%, + Axn — F, the quotient maps, and
let A\cn : Acn — C([0,1], E) be the homomorphism defined in (as
A\p with Ay, = F,). Then I, = Cy((0,1),E,) = kerm¢, , and J, = {9 €
Py My(C(Xn))Py : g(&)) = 0} = kern ,. Note that 74 = 7&, 0 Tyn =
TS © Tln-

Evidently, we can write

Sp(l,) = O(o,nn,j, Sp(Ja) = X \ {20} and

Sp(F’ﬂ> = {Gn,laen,%"' aen,p"}’-
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We also have:

Sp(Ac,n) = Sp(1,)USp(F,), Sp(Axn) = Sp(Jn)USp(F,) (disjoint union);

(e13.35)  Sp(A,) = Sp(I,)USp(Ax.n)
= Sp(J,) U Sp(Ac,,) (disjoint union); and

(e13.36) Sp(A, ) = Sp(Acn) U Sp(Ax ) with
Sp(AC,n) N Sp(AX,n) = Sp(Fn)

We can also see that Sp(Ax,) = X, U Sp(F,), with 6,1 € Sp(F,,) identified
with 29 € X,,. Also note that for any § € Sp(4,,), by (e 13.35)), we have

(e13.37) 0 € Sp(Ax ) if and only if 6

1, =0.

The homomorphism ¢, 41 @ A — Apy1 to be constructed should satisfy
the conditions ¢y, n11(ln) C Int1 and @n pt1(Jn) C Jpt1, and therefore should
induce two homomorphisms ¥y, nt+1 : An/In = Axn = Ant1/Ins1 = Ax i1
and @pnt1 : An/Jn = Ao = Ant1/JIn+1 = Ao nt+1- Conversely, if two homo-
morphisms ¥y, 41 ¢ Ax,n = Ax 41 (necessarily injective) and @y, 1 0 Aoy —
Ac n+1 satisfy the two conditions

(a) Ynn+1(Jn) C Jnt1 and @p pi1(1n) C Ipt1, and B

(b) the homomorphism ¢Z,n+1 Axn/In = Frn = Axni1/In+1 = Foyr in-
duced by 9y, p+1 and the homomorphism cpfl’nﬂ :Ac,n/fn =F, - Ac’n+1/jn+1 =
F, 41 induced by @, 41 are the same, then, there is a unique (necessarily injec-
tive) homomorphism ¢y, p4+1 : A, — A,41 satisfying

(©) enn+1(In) C Int1, Ynnt+1(Jn) C Jnt1, and @, pt1 induces the homomor-
phisms wn,n—O—l and @n,n+1~

To see this, define ¢y, i1 : Ay — C([0,1], By 1) ® Prg1 Moo (C(Xp41)) Prg1 ®
Fn+1 by

(e13.38) @n,n+1($) = (/\C,n-i-l(@n,n-i-l(WJ,n(m)))a
Ax 41 (Unnt1 (T1,0(2))), Y5 i1 (T4, (2))),

for all x € A,,. It is a unital homomorphism. Since wg,n_ﬂ is induced by ¥y n+1,
one sees that

(e13.39) AX 1 (Ynn1 (71,0 (2)) (294 1)
= Bxn1(V i1 (T (71,0 ()

= B (U ni1 (7, (2)))
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for all x € A,. On the other hand, since @Z,nﬂ is induced by @, n+1, also, by
(b), one has

(e13.40) Tt (A1 (Prnt1(T1.0(2)))) = Bry1,i(@F it (760 (M0 (2))))
= By i1 (75, () = Bryri(Vn i1 (75, (2))), i = 0,1,

for all x € A,,, where 7, : C([0, 1], E,,) = E,, is the point evaluation at ¢;, where
to =0 and t; = 1. By (e13.39)) and (e 13.40), one has ¢, pt+1(x) € A,yq for all
x € A,. Thus, ¢p n+1 is a homomorphism from A, into A,4i. By definition,
©n,n+1 induces @, 41 as well as Yy, n41. There is only one such map. Note also,
if both vy, 41 and @, n41 are injective, then ¢y, 41 defined in is also
injective, as J, NI, = {0}.

Note that Ac,, is the same as C), in with F,, and I,, = 77,,(I,,) in

place of F,, and I, in Therefore the construction of @, 41 can be
carried out as in[T3.12HI3.20] with the map F,, — F}, 11 being given by the matrix

Cnon+1 @S in above—of course, we need to assume that the corresponding
maps by o and b, 1 in this case (See satisfy ({<) (in place of by and by).
So, in what follows, we will focus on the construction of vy, ,,11. But before the
construction, let us introduce the following notation.

Note that Ax,, = (PnMoo(C(X0n)) P 8y, o1 Fn) © @5y Fr- Since F, =
M, q) and P, has rank [n, 1] (see 7 one verifies that

ProMoo(C(Xn))Pn ®(px,))| o1 E! = P,M,(C(X,))P,.

Hence Ax,, = P,M.(C(X,))P, ® @', Fi. Let us emphasize that we will

i=2"n"

write Ax ., = @iy Ay, with Ay, = P.My(C(X,))P, and A%, = F} for
i > 2. Note that J, C A . Note that we may also write

(e 1341) A, = C([O, 1]v En) D Br,007Tx,n,Bn,107x n AX,n

@134 = {(.g): fe (01 B, g€ Axn

f(0) = Bno(mx.n(g)) and f(1) = Bna(mx.n(9))}

Note that from ¢, pt1(L,) C Intq for each n, we know that for any m > n,
On.m(In) C In,. By (e13.37)), for any m > n and y € Sp(Ax,m), we have

(e 13'43) Sp(‘ﬁn,m|y) C Sp(AX,n) - Sp(An)

LEMMA 13.30. Let (H,,(Hp)y,un), Gn C Hy, (Gn)+ = (Hp)4+ NGy, and
7n : Hy,/Tor(H,) = ZP» — H,/G, = 7! be as in [13.26] Let Bn0,Bn1 ¢
H,/Tor(H,) = ZP» — Z' satisfy Bn1 — Buo = mn as in [13.28, Let F,, =
n In n
D2 Mgy En = @2 Min gy, Ak oy = PaMN(C(X0))Pay Ax o = Ak, ©77
My, 4, and Ap = C([0,1], E) @p,, gorx.m,Buiomx.. Ax,n be as in (e13.41)).
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(1) Suppose that
(Ko(Fn), Ko(Fn)+, [1F,])
= (Hn/Tor(Hy), (Hy/Tor(Hy)) 4, ([n,1],[n,2], - - [0, pn]))
(recall H,, /Tor(H,) = ZP~) and
(Ko(Ak ), Ko(Ak ). [Lay, | Ki(Ak,)
= (Z&® Tor(H,),(Z,+\ {0}) & Tor(H,) U{(0,0)},([n,1],7), Ky).

Then
(Ko(An), Ko(An)+: [14,], K1(An)) = (Gn, (Gn)+, tn, Kn),

Ko(J,) = Tor(G,,) = Tor(H,,), and K1(J,,) = K,,.

(2) Suppose that ©n pny1 : Acn — Acmt1 and Yp i1 @ Axn — Axpg1 sat-
isfy the conditions (a) and (b) of . If Vi1 = Yyt @ Ko(Axn) =
H, — Ko(Axnt1) = Hppr and Yppi1,, = Xnmt1 @ Ki(Axn) = Hy —
Ki(Axny1) = Hug1, then ©nni1,0 = Ynntila, : Ko(An) = G — Ko(Ang1) =
Gn+1 and Prnntle = Xnn+l 't Kl(An) =K, — Kl(An+1) = Kn+1-

PROOF. Part (1): As J, is an ideal of A}(,n with quotient A%{,n‘xﬁ = M,
evidently, Ko(J,,) = Tor(G,) = Tor(H,), and K;(J,) = K,. Since Ax, =
Ak, ® @i, Fp, and this differs from F, by replacing F, by Ak, from the

i=2"n

description of Ko(AX )+ = Ko(C(Xn))+ inand the choice of X, in
we have (Ko(Axn), Ko(Axn)+, 1ax.,)s Ki(Axn)) = (Hp, (Hp) 4, Un, Ky). On
considering the six term exact sequence for the K-theory of the short exact
sequence
0—1, +A, = Ax, —0,

the proof of part (1) follows the lines of the proof of Proposition with
F,, replaced by Ax,. (Note that I, = Cy((0,1), E,), and the boundary map
Ko(Ax,n) = Ki(In) = Ko(Ey) is given by

(ﬂn,l - ﬁn,O) O =Tp O KO(AX,TL) =H, - KO(Fn)
= H,/Tor(H,) =7\ ™ Ko(E,) =7,

and this map (playing the role of the map 1,5 — @o.o I is surjective,
since both ,, and 7 are surjective.) In particular, (77,)«0 @ Ko(4n) = Gn, —
Ko(Ax,) = H, is the inclusion map, and (77, )1 : K1(4,) = K, = K1(Ax ) =
K, is the identity map.

For part (2), we know that, in the commutative diagram

(771,71)*7;

(Pn,nt1)xi J (Yn,nt1) i l

(Trm41)=

Kii(Any1) —— Kui(Axnt1)
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(¢ =0,1), the horizontal maps are injective. Thus, (¢p n+1)s« is uniquely deter-
mined by (¢¥n,nt1)+- O

13.31. Recall that (G,G4,u, K,A,r) is fixed, as in [13.25| and [13.26| The
construction of A, 4, and ¢, 41 will be done by induction. Suppose that we
already have the first part of the inductive sequence:

$1,2 ¥2,3 ¥$3,4 Pn—1,n

A Az As T Ap,

satisfying the following four conditions: for each m =1,2,---n —1,
(a) For subsequences G, and Hy, (of G, and H,), we have

(Ko(Axn), Ko(Axn)+, [1ax, ) Ki(Axn)) = (Hr,, (Hy, )+, uk, , K,),

(Ko(Fy), Ko(Fn)+, [1r,]) = (Hy, /Tor(Hy, ), (Hk, /Tor(Hy,, )+, 7w, 1y, (Uk,))

and
(Ko(An), Ko(An)+,[1a,], K1(An)) = (G, (Gr, ) +» uk,,, K,),

where 7, g is the projection from Hy, to Hj ~=Hy, /Tor(Hy, ). (Without
loss of generality, we may relabel k,, by n, and then Yi, k.., = Yk 11—1,kpnss ©
7k71+1_27kn+1_1 o "Yknvkn"!‘l a‘nd anvkn+1 = an+1_17kn+1 ° an+1_27kn+1_1 ©
© Xknokn+1 Will become 7, 41 and Xpn41, respectively.) Furthermore,
Omm+1Im) C Imt1 and ©m m+1(Jm) C Jmt1, and therefore the map @, m41
induces three homomorphisms ¥, m+1 : Ax.m (= Am/Im) = Axm+1, Pmm+1
Acm (= An/JIm) = Ac.m+1, and wgmm—&-l = <pfn7m+1 : Fo — Fogt, Wherei F,
arises as a quotient algebra in three ways: F, = A/ L ® i) = Axm/Im =
Acm /I (see(13.29]);

(b) all the homomorphisms Y 41, Ymm+1, and P mi1 are injective; in
particular, ¥m m1l7, @ Jm — Jmy1 is injective, and (Om,m+1)+0 = Ym,m+1la,
((Pm,m+1)*l = Xm,m+1, (wm,erl)*O = Ym,m+1, and (wm,m+1)*l = Xm,m+1;

(¢) the induced map @ m+1 : Ac,m — Acm+1 satisfies the conditions (1)—(8)
of [13.15| with m in place of n, with A¢ ., in place of C,, (and of course naturally
with Ac,my1 in place of Cyy1), with G,,/Tor(Gy,) (or Guy1/Tor(Gp41)) and

H,,/Tor(H,,) (or Hyq1/Tor(Hy41), all from [13.25] in place of G, (or Gpy1)
and H, (or H,1), and with

m,m+1y |
(@gn,m-ﬁ-l)*oz’y;n,erl = (Ci,j * )+ Hy,/Tor(Hp)

= 7ZPm — Hm+1/TOI‘(Hm+1) = ZPm+1

(satisfying 7, pm41(Gm/Tor(Gr)) C Gpy1/Tor(Gry)) from [13.25)in place of
Ynnt1 : Hp = Hpyq (satistying v, n+1(Grn) C Gpt1), respectively; moreover,

(OO et > 1322 (Mo, + 1) Ly, for all i, 7,
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— m .
where M,, = max{bj T
below,

(d) the matrices b,,41,0 and b,,111 for each A,,11 satisfy the condition

i=1,2,.,pm, j =1,2,..,ln} and L,, is specified

Pm+1
(O0) bogi = D> bpten™ T by
k=1
Pm+1 In
= Zb’ml ’““”“>22"<Z<|d"”“|+2>{n,k}>,
k=1

where :Ymn-i-l = (dZ"n-i_l) : Hn/Gn — Hn+1/Gn+l-

The number L,, above which was to be chosen after the m-th step will now
be specified:

Choose a finite set Y;,, C Xm \{z%} (Where 20 is the base point of X,,) such
that for each i < m, Uer (i mly) is ——dense in X;. This can be done since
the corresponding map v i11|7, = Ji(C Ak ;) = Jiz1(C Ak ;4,) is injective for
each i < m, by the induction assumption (see (b) above). Recall from [13.21] that
we denote ¢ € (0,1); C Sp(C([0,1], EJ,)) by tim,; to distinguish the spectra of
different direct summands of C([0,1], E,,) and different n. Let T,, C Sp(A,)
be defined by

k
Ty = (o )nis G=1,2, e lys k=1,2, . m — 1.
{(m) g J m }

Let Y., = {y1,y2, Y Y} C X,, and let Ly, =1l - (m — 1)+ Ly y = # (T, U
Yon)-

We will construct A,4; now and later the homomorphism ¢, 1. As part
of the induction assumption, suppose that the algebra A4, = (C([0,1], E,) ®
PuMoo(C(X0))Pr) @8, .0,80..8x, Fn is already constructed, with (8n,0)«0 =
bno = (bg,;;) and (Bn1)s0 = bna = (b7;;). So M, and L, can be chosen as
descrlbed above.

As at the end of |1 choose m’ > n such that 'yn m has multiplicity at least
13-22m. (M, +1)L,. Then by renaming H,, as Hn+1, without loss of generality,
we may assume that

ettt > 1322 (M, + 1)L, for all 4,3,
in order to satisfy ({»<>)1 in condition (c).

Note that we still have and (passing to a subsequence). Since
the scaled ordered group (Gpn+41,tnt1) C (Hpt1,Un+1), With upyq = (([n +
1,1, Tnt1), [n+1,2], ..., [n+1,p,]) and Tor(Gp41) = Tor(H,41), and the group
K, 11 are now chosen, the algebra F,,.1 = @i"1" M4, (with Ko(Fry1) =
H,,1/Tor(H,+1) as scaled ordered group) can now be defined. Furthermore, the
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space X, 11 (with base point acgﬂ and Ko(Xp41) = Z@Tor(Gry1), K1(Xny1) =
K,,+1) and the projection P, 41 (with [Pry1] = ([n+1,1], Tny1) € ZBTor(Gr1)),
and the identification Bx,,,, of Fi ; with (P11 M (C(Xp41))Prg1) can
now be defined as in and

Let us modify by,11,0 and by,411 given by Let

|0
Trt1

ln
(e13.44) Ay =2%" (Z(Idjkl +2){n, k}>

k=1

and let ko = max{p?,, + 1,3}. We replace bﬁfklo and b?jklo by bgifklo + A, and
by b?"ﬁ% +A,,i=1,2,.....,0,,41. Then, since CZF"H is at least 26, one easily sees
that, with the new bg;.rklo, ({<) holds for n+ 1. Moreover, the first p? | columns

of both b,,11 ¢ and b,,41 1 are still zero, and the last p,, 41 —p%H columns of both
bn+1,0 and by4q 1 are strictly positive (see .

With the choice of m’ (as n + 1) above, and the choice of b, 41,0 and b,11 1
above, one defines A,41 as in which satisfies Conditions ({<>); and
($<©). Note that as A,,11 is constructed, we also obtain Ac pi1.

Next, we will begin the construction of ¢, n4+1 by constructing @, ,4+1 and
Yn,nt1 first. Note that we already have the map vp n+1 = Cnnt1 = (éi]?nﬂ) :
H, — H, 1 with v, n41(Gp) C Gpiq from Recall that H;, = Hy,/Tor(Gy)
in k =1,2,.... Denote by u the image of uy in Hj. Therefore, 7, , 4 :
H] — H) ., is also defined (with new subscripts). Note also that the algebras
Ac,n and Ac 41 have the same property as C,, and Cy,41 of Lemma with
(Hn, (Hp)+,un) and (Hpy1, (Hn+1)+vun+1) replaced by (H;w (H’;L)+7u’/n) and
(Hy 1, (H) (1)1, Uy ), Tespectively. Moreover, 7;, ,11(G,) C G, To apply
we also replace vy, n+1 by 7y, 11, and G, and G, 11 by G7, and G7, ;. Then,
by Lemma [I3.T5} there is an injective homomorphism @y, ni1: Acn — Acnia
(in place of the homomorphism ¢, ,+1) which satisfies (1)—(8) of Lemma
In particular, the homomorphism @y, ,,41 satisfies

(@) @nns1(ln) C Iy (thisis (3) of Lemma and

(b”) the K-theory map (o5, ,41)«0 @ Ko(Fn) = H;, — Ko(Fny1) = H) 1y,
induced by the quotient map ¢y .y @ Fn — Fny1, is the same as v, ., =
¢nni1 @ Ko(Fy) = H, = ZP" — Ko(Foi1) = Hl,, = ZPr+ (this is (4) of
Lemma .

1332 Recall that (KO(Fn)71Fn) = (Hn,un), (Ko(Fn+1),[1Fn+1]) =
(Hp41,Un+1), and the map ¢ = (&) : H, — Hy,41 are as in Assume
that ¢;; > 13 for any ¢ and j (which is a consequence of ({<{>)1). We shall define

the unital homomorphism ¥, n41 : Axn — Axny1 to satisfy the following
conditions:

(1) (wn,n+1)*(] = Tnn+l KO(AX,n)(: Hn) — KO(AX,n+1) (: Hn+1)a and
(Unnt1)s1 = Xnmt+1: K1(Axn) (= Ky) — Ki1(Ax nt1) (= Knt1);
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(2) VYnnt1(Jn) C Jpi1, and the quotient map 1f i1t Fn— Fuyr induced
by 1, nt+1 satisfies

(W n1)50 = Tnns1 = Cnnts = (€71 1 Ko(Fa) (= ZP°) = (Fog1)wo(= ZP7+).

Denote by F|, = @+, Fi = @02 Al mfl o By — F, and m "« Fy — F}!
the projection maps, k = 1,2, .... Let Tg0 © PaMoo(C(Xpn))Py — F,) be the
point evaluation at z9. Deﬁne T30 AXn = A%, ®F, = F, by n 0 (a,b) =
(720 (a),b) for all (a,b) € A, @ F’ It is well known (see [29]) that there is
a homomorphism (NI F — F,41 such that (¢ ,1")«0 = ¢ np1. Then,
define wnm_l AXHHF+1 by 1/’nn+1 n+1own,n+1 owz%

Recall from vy n+1([1 AL ) = (c?l”“ - [nyi] + T?l’”“([]_Af ) €
Z ® Tor(Hpt1) = KO(AXn+1) where 14, n] = [n,i] if ¢ > 2, or [lAb n] =
[n, 1]+ 7, ifi=1. By m one can find projections Q1,Q2, ..., @p, such that
2Ly, D) = [Qi] € Ko(Pust Mao(C (X 1)) Par). Since

Pn

-1
i= 1/771 n-i-l([lA1 . ]) = 7n,n+1([1Ax,n]) = [1A§(‘n+1] = [Pn+1]7

1

by Remark 3.26 of [32], one can make {Q;}¥"; mutually orthogonal with
Qi+ Q2+ +Qp, =Poyr.

Since ¢;; > 13 for all 4, j—i.e., rank(Qi)/rank(l . ) =c1,; > 13— byl
(using the base point z0_; (as yo)), there are unltal homomorphlsms wn nal
A%, — QiAX, Qi which realize the K-theory map Vn,n-s-l : Ko(A%,) —

KO(AX n+1) and Xpnt1 Kl(Aﬁf,n) (: Kn) — Kl(A}(,n«i»l) (= Kny1) (note
that K3 (A’Xn) = 0 for i > 2). Moreover, since, in the application of , we
used the base point zj) | (as yo) we have d’iﬁzﬂ(jn) C Jnt1 (see also the last
line of |1 It follows that w

InOI‘phlSHl 1/1; 211 Ak o In — Ak n+1/jn+1 That is, 1/’5[1&1 induces a (not

wni1 induces a (not necessarily unital) homo-
necessarily unital) homomorphism 1/171L w4, FY— FL . Note that Ko(A% ) =

Z® Tor(H,) and Ko(AX 1) = Z® Tor(H,1). It is then clear that T 1111*0

1 -1 -1 1
C;L 1n+ (see|13.25)). Define 1, il ” Axpn — A%{ n+l by 1, n+1|Ai = 1/’:1 n+1a
i=1,2,...,pp. It follows that ¢, i 41 induces a unital homomorphlbm 1/)" - +1 :
Axn/dn — A% n+1/Jn+1 One computes that (1, ’nfl) = (m n+1)*0 O Vnont1-

Now define ¥y i1 @ Axn = Axnsr= Ak i1 @ F) bY Ynns1 = Uy, ©
mn+1- One then checks that (1) above holds. Let ¢} ., : F, — Fnopn

be the induced unital homomorphism. Then, as above, (71';4’_11 o wg,n 11)%0 =

(W;Jrlﬂ*o O%/z,nﬂ and (7T5+1°1/)Z,n+1)*0 = ( Th+1 01/% n+1 )*0 = (W;{H)*OO%,nH'
Therefore, (15, ,41)+0 = Vn.nt1-
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13.33. In this subsection, we will describe w:{,lm-l for i > 2.

Recall that z/JfL’,lnH is a unital homomorphism from A%, to QA% . Qi
i = 1,2,...,pn. Since n is fixed, to simplify notation, in this subsection, let
us use " for ¥}, ;. Note that A.1>(,n+l|[?£91+1712+1+1] may be identified with
M 41,1(C([0,1])). Without loss of generality, by fixing a system of matrix units,
we may write

(@) Qilpo,, 20, 411 = diag(0ey,in11s Ocrnings - Oy s ypmio1ps Levspnsigs

n

OC1 i1 [n,i1]y e 001pn [n1p71,])7

where P, 41| [0, 1,0

IESIRL identified with

1[n+1,1] € Mint1,1) (C[xg+1a 379;+1 +1]).

Let {ex} be the matrix units of F\ = M, ; and let ¢ = ¢*(e11). The unital
homomorphism ¢’ : My, ;) — Q;AX,, 1, Qi allows us to write Q; A%, Qi =
GAX 119 ® M i) = (Moo (C(Xn41))q ® My 3, and to write

(€13.45) ¢ ((aiy)) = q® (aij) € Moo(C(Xn41))q © My 4.

By Remark 3.26 of [32] (see also [13.22)) we can write ¢ = q1 + ¢2 + -+ - + qa + P,
where q1,qo, - - - , qq are mutually equivalent trivial rank 1 projections and p is a
(possibly non-trivial) rank 1 projection. Under the identification Q; = q®1 M 4>

we write §j:=q; ® 1M[n,i] and p:=p ® 1M[n,i]'

(b) Projections ¢1,qs, - - , G4, and p for )" can be chosen such that ‘jl|[fﬂ%+1@2+1+1]’
Q229,20 +1) s Galiz0, 00, 1] and p|[$g+17xg+1+1] are diagonal matrices

with 1[n7i] in the correct place (see below) when Q; Mo (Cla, 1,20 1 +1])Q; is
identified with M., (.4 (Cl25 1,29, +1]). That is,

d; = diag(0pip, -, Ot Lnsigs Oy o Opi)
—_—

j—1

and
= diag(Op, i, -, Opigs Lpnap)-
—— —

d

LEMMA 13.34. Leti > 2 and ¢ : Akn — QiA§(7n+1Qi be as in|13.33| above.
Suppose m < d = C;L’"H — 1. Let A : QiA}(,n_HQi — M,,L(Q,-A§(7n+1Qi) be

the amplification defined by A(a) = a ® 1,,. Then there is a projection R’ €
My, (QiAX 11 Qi) such that
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(i) R" commutes with A(y*(F})) (note that F, = A, fori>2), and

A 1,.. o .
@) Rat) = @letee (1ot D) - dug(@lat). o et 0) €
m—1
Mm(A}(,n+1|w%+l). Consequently, rank(R?) = ¢;" T (m — 1)[n,i] = (d + 1)(m —
1)[n, 1.
Let

o - , 1
=TS M (@iak, @0 © i, T M (QiAx ,11Qi)

— Mm(ﬂ—g(,nJrl(QiA%(,nJrlQi))'
Then m maps R My, (QiA ., 1Qi)R" onto

Mm—l (7T§(,n+1 (QZAﬁf,n-&-lQl)) C Mm (ﬂ—gf,n-&-l (QlA}(,n+1Ql))

Below we will use the same notation ® to denote the restriction of m to
Rsz(QiA§7n+lQi)Rz, whose codomain is Mmfl(W§(7n+1(QiA§(7n+1Qi))~
(iil) There is a unital embedding

v M1 (7% i1 (QiAX 11 Qi) = R M (Qi A%, 11 Qi) R

such that mo v =1id|nr, (x5 (@il ., Q) and such that RI(AWY(FY))R C
Image(t). '

PRrROOF. In the proof of this lemma, ¢ > 2 is fixed.

The homomorphism A o )" : Ay =F! = M, i — My (QiAX ,, Qi) can be
regarded as Ay ® idp: =A1 ®id, 5, where Ay : C — Mm(qA§7n+1q) is the unital
homomorphism given by

(e13.46) M) =c- (g® 1,),

and ¢ = (e;1) is as in [13.33] by identifying Mm(QiA§<7TL+1Qi) with
M (gAY 1 110) © F.

Note that ¢ = ¢1 + g2 + - - - + g4 + p with {¢;} mutually equivalent rank one
projections. Furthermore, p|[x%7x%+1] is also a rank one trivial projection. Let
r€ My (qAX 119) = 4AX 114 © My, be defined as follows:

(e13.47)  r(2l) = WE?J@( 0 0
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r(@® +1) = (2 + 1)+ 2@ + 1)+ -+ g1 (@ + 1) @ 1, +

1, 0>.

+(qm(w2+1)+---+qd(w2+1))®( A

In this definition, between 29 and 2% +1, r(¢) can be defined to be any continuous
path connecting the projections r(z? ), and 7(x%+1), both of rank (d+1)(m—1) =
(m—=1)m+ (d—m+ 1)(m —1). (Note that all ¢;(¢t) and p(t) are constant on
(20,20 +1].) Finally, for z € X/, C X,,41, define

n’ n

1., 0>.

r<m>=<ql<x>+q2<x>+~--+qm1<x>>®1m+<qm<x>+~--+qd<m>>®( L

Since all {gx}¢_, are trivial projections, 7‘|X;/+1 is also a trivial projection.
Hence r itself is also a trivial projection as the inclusion map X, ,; — X, 41 is
a homotopy equivalence.

Let " = r® 1[n,i] under the identification of Mm(QiA§7n+1Qi) with
Mm(qA§$n+1q) ® 1[n’2—]. Since A; : C — Mm(qAﬁ(,an) sends C to the cen-
ter of M,(qAX ,119) (see (e13.46)), we have that r commutes with A;(C), and
consequently, R' = r ® l[n’i] commutes with A(¢'(F})) as Aop' = Ay @idy, 4.
That is, condition (i) holds. Condition (ii) follows from the definition of r(z} )
(see (e13.47)) and R'(29,,) = r(2%,1) ® Lp.a-

Note that r € My, (qAX ,,119) = Mm(¢Moo(C(Xn11))q) is a trivial projection
of rank (d 4 1)(m — 1) and 7(z9_ ) = ¢(29 1) ® diag(1,,_1,0).

Note also that

W(T)Mm(ﬂgf,n-i-l(qAﬁ(,n+1Q))7T(T) = Mm—l(ﬂg(,n+1(q14§(,n+19)) = M(d+1)(m—1)-

Let r9;,1 < 4,5 < (d 4 1)(m — 1) be a system of matrix units for Mg41)(m—1)-
Since r is a trivial projection, one can construct r;; € rMm(qAﬁ(’an)r, 1<
i,j < (d+1)(m — 1), with w(ry;) = r{; serving as a system of matrix units for
Magyim—1) C rMp(qA% 1 10)7 = Mar1)om—1)(C(Xn41)). Here, by matrix
units, we mean 1,75 = 0,7y and r = Zgitl)(mfl) rii. We define

Ll:Mmfl(ﬂg(,n+1(qA§(,n+1Q))( = W(T)Mm(ﬂg(,n+1(qA}(,n-s-lq}W(T)))
— TMm(qAﬁ(’nJrlq)r

by 01(r);) = ri;. Finally, we define ¢ = ¢; ® idp, ;1. Since m(r;;) = rY;, we have

ij9
mor=1id ‘M"L*I(W§,7L+1(QiA§(,n+1Qi))' Note that

r(A(C)yr=C-rC Ll(Mmfl(W(qAﬁ(,nJrﬂ)))

On the other hand, using the identification M,, (QiAk7n+1Qi) = Mm(qA§<7TL+1q)®
F? (recall that F! = My, 1), we have R=r® 1[n7i] and Ao¢p' = Ay ® 1[n7i].
Hence R (A(¢(F!)))R' C Image(:). So (iii) follows. O
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13.35. Now we would like to choose wi; 41 in a specially simple form
described below. We know that rank(Q;) = ¢}5" " [n, 1], where [n, 1] = rank(P,)
for A% ,, = P.M(C(X,))P,. Note that AT > 13, Set d = T — 13, We

may write Q1 = Q' & Q, where Q is a trivial projection of rank d. Recall that
as in [13.33} we use 1" for 1/’:{,1n+1~ Then we can choose ¢! := 1/1:;;1“ satisfying

the following conditions:

(2) Q1= Ly 1 ®Q = Q ®Q € Mo(C(Xn11)) such that Qo 4o 1) =
113[n,1] (but in the lower right corner of Q1|[x2’+17z%+1+11);

(b) o' : Ak, — Qi1AX, Q1 can be decomposed as ' = b © 1y,
where 91 : A%, = My i(C(Xnt1)) = Q' Moo(C(X,11))Q" and ¢y : A —
QMoo (C(Xn41))Q are as follows:

(bl) the unital homomorphism
Ui Ak = Mg,y (C(Xn1)) = Q' Moo (C(Xn11))Q'

is defined by vy (f) = diag(f(z2), f(29), ..., f(22)) as a constant function

d
on X415 5 ~
(b2) the unital injective homomorphism g : Akm — QM (C(Xpnt1))Q is

a homomorphism satisfying (v2).0 = &""' —d = " —d 4+ T

(where T)"" ™ . H}(= Ko(A%,,)) = Tor(Hny1) C Hp 4 is as in [13.25)
and (V2)a = Xnnt1 : Ki(Ak ) (= Kn) = Ki(AX ,41) (= Knpa) (such
1y exists since Q has rank 13[n, 1], by [13.23).

Moreover, we may write 12 (f) (29, +1) = diag(f (2 + 1), f(2% + 1), ..., f(2% + 1))

13
for a fixed system of matrix units for Mgy, 1(C (29,1, 2,1 + 1])). Then, we
may change o f)\[foH’moJrl +1] 80 that it also satisfies the following condition:

(b3) For t € [0, 1],

Vo (f)(apsy +1) = diag(f (), f(27), ... f(@})),

13

and for ¢ € [1,1],

Vo (f) (@ gy + ) = diag(f(al + 2t—1), f(a) + 2t—1), ..., f(x) + 2t—1)).
13

Here, f(22 +5) € P, (20 4 8) Moo P (22 + 5) is regarded as an [n, 1] x [n, 1]
matrix for each s € [0, 1] by using the fact P, [jz0 z041) = 1[n’1].



286 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

Let us remark that ¢ : Ak, = Mg 1)(C(Xn41))(= Q' Meo(C(X0n11))Q')
factors through F,} = Mj, 17(C), and the restriction \[w
through F!, as

also factors
41Tt 3]

1

,]'

W (f)(z) = diag(f(2D), ..., f(22)) for any z € [20, .20, +
~—_—— 2

d+13

LEMMA 13.36. Suppose that Q1 and ¥' : Aﬁ(n - Q1A Xn+1Q1 satisfy condi-
tions (a) and (b) above (including (b1), (b2), and (b3)). Suppose that 13m <
d=c{"" =13, Let A+ Q1A% 1Q1 = M (Q1AX 11 Q1) be the amplifica-
tion deﬁned by A(a) = a ® 1,,. There is a projection R* € Mm(QlAﬁf)nHQl)
satisfying the following conditions:

(i) R' commutes with A(y*(AX,,)) and

) B ) = Qe Tp D) = dne(@let) - Q0 €
m—1
Mm(Ak,nHu%H). Consequently, rank(R") = ;" (m—1)[n, 1] = (d+13)(m—
1)[n, 1].
Let

. 1
=Ty @Ay 00 © i, t M (Qudy @)

— Mm(ﬂg(,nJrl(QlA%(,nJrlQl))'

Then ™ maps Rle(QlAﬁ(’nHQl)Rl onto Mm,l(wg(’nH(QlAﬁ(’nHQl)) C

Mm(”?{,n+1(Q1A}(,n+1Q1))-
Below we will use the same notation ™ to denote the restm'ction of ™ to

R'M,, (Q A} X, n+lQ1)R whose codomain s M,,_ 1(7TX n+1(Q1 X, np1@1))-
(iii) There is a unital embedding

i Myt (7% i1 (Q1AX 1 Q1)) = R' My (Q1AX Q)R

such that mor = id |Mm—l(ﬂfig,nﬂ(QlAk,nﬂQl)) and such that R! (A(wl(A%(,n)))Rl C
Image(t).

The notation A, d, and m in the lemma above, and q, q1,¢qo, ..., qq, p, 7, and
A1 in the proof below, are also used in Lemma [13.34] and its proof for the case

i > 2 (comparing with ¢ = 1 here). Since they are used for the same purpose,
we choose the same notation.

Proor. The map

™

(e 1348) ’L/)l : A%(,n Fé Md[n,l] (C(Xn+1))
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(where Q' = 1d[n,1]) can be written as (A; ® idp, 1)) o 7, where Ay : C —
My(C(Xp11)) is the map sending ¢ € C to ¢- 14, We write A1(1) == ¢ =
g1+ g2 + -+ - + qq, with each ¢; a trivial constant projection of rank 1. Here ¢’ is
a constant subprojection of Q' with Q' = ¢’ ® 1[,%1]. Consider the map )y :=

. AL AL o 71—l
wzhmgﬂvm%ﬂ‘*‘%] S ?AXv”"‘lth?wvm?wl"‘%}’ and )" := 1) |[”’?1+1»I9L+1+%] -
(Y1 + 1/12)|[xg+17x9L+1+%] P A%, — Q1A 1 Q1o 20+ 3] As pointed out in

~ n+1?
13.35} 9 has the factorization

A F! My301)(Clal, 2841 + 5]).

n

Hence 9! has the factorization

(e13.49) Akn F}! Mg y13)[n,1) (0[3791+1a 3391+1 + %])

The map ' can be written as (A2®idy, 1))om, where Ap : C — Myy13(Cl20, 1,29 1+
%]) is the map defined by sending ¢ € C to ¢ - 1d+13. We write Ag(1) :=q =
q1+ g2+ -+ qq+p with each g; the restriction of ¢; appearing in the definition

of Ay(1) on [z, 1,29, + 1], and p a rank 13 constant projection. Here ¢ is a
constant projection on [z9,,,29 4+ 1] and Q1|[$2+17x%+1+%1 =q® 1[n,1]- Let
re Mpu(QiA% . 1Q1) = @14k, 1Q1 ® My, be defined as follows:

(e13.50) 7(20,,) = q(x2+1)®< 1,8_1 8)

= (ql(x(r)z+1) + q2(x2+1) +eet Qd(x(r)z+1) +p(z2+1))
1,.. o
© ( 0 0)
for t € [3,1],
0 _ 0 0 0 1
r(anLl + t) - ql(xn+1 + t) + qQ(xn+1 + t) + + Q13(m—1)(xn+1 + t) @ Lm

1, o
+<‘J13(m—1)+1(I%+1 +1) + -+ qa(zh +t)) ® ( 0 ! 0 > ;

and, for x € X | C X411,
r(r) = (qu(®)+q(r)+ -+ qam-n(r) @ 1,

Harzm-1)+1(@) + -+ qa(2)) @ ( 17871 8 ) .
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In the definition above, between 29 | and 29, + 3, r(t) can be defined to be any
continuous path connecting the projections r(z2 ) and r(z%,; + 3); note that
both have rank (d+13)(m—1) = 13(m—1)m-+(d—13(m—1))(m—1). (Note that
all g;(z) are constant on x € X, 41 = [29_;,2%_ | +1]V X/, and p(t) is constant
for t € [20,,,2%,, +1].) Note that for z € [20, + 3,20, +1]V X/ 4, r(z) has
the same form as r(z%_ , + %) which is a constant sub-projection of the constant
projection ¢’ ® 1,.. Hence r is a trivial projection. We will define R' to be
rel [n,i] under a certain identification described below. Note that the projection
Q1 is identified with ¢ ® 1[n71] only on the interval 29,29 , + 1], so the
definition of R' will be divided into two parts. For the part on [z0 29, + 1],
we use the identification of ()1 with ¢® 1[,171}7 and for the part that z € [20_, +
1,29 1+ 1]V X, ., we use the identification of @’ = ]-d[n,l] with ¢ ® 1, (of
course, we use the fact that r is a sub-projection of ¢’ on this part). This is the
only difference between the proof of this lemma and that of Lemma |1 The
definition of ¢ : My, 1 (7% 41 (Q1A% ,11@Q1)) = R' My, (Q1A Xn+1Q1)R and
the verification that ¢ and R! satisfy the conditions are exactly the same as in
the proof of with (d+1)(m — 1) replaced by (d+ 13)(m —1). We will now
give the details.

On 29,20 +3], Q1®1,, € Mm(Q1(Aﬁg’m_ﬂ[zgﬂ’mg*ﬁé])Ql) is identified
with (¢®1,,) ® 17,5 (as Qq is identified with @1y, ;). As 7 is a sub-projection
of ¢ ® 1,,, we can define R = r ® 1, ; as a sub-projection of ()1 ® 1,, on
[ 91+17 2% 1 + 3]. Note that on [z0,,,20,, + 1], R commutes with Ao P! (recall

= ! | Y ])7 since ! = (A2 ®idpp 1)) o, and R = r ® 1p,13, and 7
commutes w1th range(AoAs) = C-q®1,,, as ris a sub-projection of g®1,,. On
[0+ 520 1+ VX, Q @1, € My(QuAk 1l (20, +1,a0,  +1] vX”H)Ql
is identified with (¢’ ® 1,,,) ® 1[5 (as Q' is identified with ¢’ ® 1p,, ;7). As 7 is
a sub-projection of ¢’ ® 1,,, we can define R' = r ® 1,,q as a sub-projection
of Q' ® 1y, on [0, + 3,25, + 1]V X/, ;. On this part, R* commutes with
A o9y since ¥y = (A; ®idp,q7) 0w and R = 7 ® 1, ;) and 7 commutes with
range(AoA;) = C- ¢ ® 1,,, as r is a sub-projection of ¢’ ® 1,,. Note that R! is
a sub-projection of Q' ®1,, and therefore is orthogonal to Q ® 1,,, and the range
of A o1y. Hence on this part, R' also commutes with A o 9! as ¥' = 11 + 9.
On combining this with the previous paragraph, (i) follows.

On the other hand, (ii) follows from the definition of R! and (e 13.50)).

From the last paragraph, we know that A%, > f — R'(Ao¢!(f)R" €
RY (M, (Q1 X.np1@1))R" is a homomorphism. We denote it by E. From
and , we know that Z factors through F} = X nleo as E=EoT. Also
when we identify R' = 7®1p,,4, the map Z" : My, 17 — RY (M, (Q1 A% n+1Q1))
can be identified as £ ® idy, 1], where £ : C — 7(M,,(Q1 A4 X,nJrlQl))T is defined

byf()—c T.

Let rm,l < i,j < (d+13)(m — 1), be the matrix units for M g1 13)(m—1)-

Since r is a trivial projection of rank (d + 13)(m — 1), one can construct r;; €
Mm(Ql(A}(’nHQl))r, 1 <id,5 < (d+13)(m — 1), with w(r;;) = r?j serv-
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ing as a system of matrix units for M(g413)(m—-1) C rMm(QlAﬁf,nHQl)r =
Ma+13)(m—-1)(C(Xn+1)). Recall that jny1 0 Fppj — Ww%H(A}(’nH) is an iso-

morphism (see [13.28). Note that ¢(z? ) is a projection in ﬂ'on(A%(’nH). Set
G=7jnt1(q(2%,,)). Then § has rank d + 13. Define

l1: Mm—l(qAFé-i-le) - TMM(QIA%(,n-HQl)r

by Ll(’l"?j) = Tij~ Note that Mmfl(ﬂ—g(,n+1(Q1A}(,n+lQ1)) = Mmfl(qAFnJrl(j) ®
M, 1) Define

v=11 ®idp 1)t My—1 (7% 1 (Q1AX 1 11Q1)) = R(Mp (Q1 A, 11 Q1)) R

Note that range (§) = C-r C t1(M;—1(¢F},1G)) = range(.1). Since ' =
£ ®idp,,;) and ¢ = ¢1 ® id[, 17, we have range (Z’) C range(t). Hence

R(A(W'(Ax )R = E(AX ,) = =/(F,;) C range(s).
O

13.37.  Recall that we have constructed Ax ,4+1 and the unital injective ho-
momorphism ¥y, 41 (with the specific form described in . Note that, by
the end of we know that Ac 41 is fixed and the injective map @, n41 :
Acn — Ac nt1 is defined. One also has A, 41 as defined in . As in
(Pmns1)«0 = Vnt1 = (U5, 11)«0. Therefore, there exists a unitary U € Fy, 41
such that AdU o Q/meﬂ = gofmﬂ. In F,41, there exist h € (Fj, nt1)s.q. sSuch
that U = exp(ih). Let H € (Ax n+1)s.a. be such that 7r§(’n+1(H) = h. Define
V = exp(iH). Note that V*.J, .1V C J,,1. If we replace Y nt1 by AdVorhy, nya,
then we still have (1) and (2) of Moreover, [13.34]and [13.36] also hold (up to
unitary equivalence in Ax ,41). More importantly, ¥, .1 = @5 .. It follows
from that there is a unital injective homomorphism ¢, i1 : Ap = Anta
which satisfies (a), (b), and (c) of Moreover, A,y satisfies (d) of
Therefore, by one checks that ¢, ,41 also satisfies (a), (b), and (c) of
[[3.31] This ends the induction of [3.311

Now we have

1,2 $2,3 ¥3,4 Pi—1,i

A]_ A2 A3 A14>A’

satisfying conditions (a)—(d) of [13.31] From (a) of [13.31} we obtain the two

inductive limits

$1,2 $2,3 ©3,4 Pi—1,i
AC71 AC72 AC73 e G d ACJ e — AC and
P12 a3 )34 Pi—1,i

Ax1 — Axp —— Ax3y —— - — Ax,; —— Ax.



290 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

Since ¥y n41(Jn) C Jnt1, this procedure also gives an inductive limit of quo-
tient algebras F = lim(F,, ¢} ,, | ,), where F, = Ax ,,/J,. Evidently, F is an AF
algebra with Ko(F) = H/Tor(H). (Note that vy .1 = @} 1 F — Fuypal)
Since ¢nn+1(In) C Int1s Ynmt1(In) C s, {710} and {7, } induce the quo-
tient maps 7y : A = Ax and 7y : A — Ag, respectively. Moreover, {7r§(n} and
{ﬂ'gn} induce the quotient maps 7% : Ax — F, and n¢, : Ac — F, respectively.
Finally, 74 = 7% oy = 7 omy : A — F, and this map is induced by {74 }.

Combining and we have the following theorem which will be used
to conclude that the algebra A (which will be constructed later) has the property
that A ® U is in By.

THEOREM 13.38. Suppose that 1 < m < min{(c11 — 13)/13,¢c12 — 1,¢13 —
Locip, — 1} Let ¢ Ax . — AX .41 be the composition

VYn,nt1 ot
1
AX,n E— AX,TL+1 —_— AX,n+17

where 7' is the quotient map to the first block. Let A : A, — M (Ak 1)
be the amplification defined by A(a) = a ® 1,,. There is a projection R €
My (A% pi1) = Ak 1 ® My, and there is a unital inclusion homomorphism
L My 1 (Fpyy) = Foyy @ My = RMy (A, )R, satisfying the following
three conditions:

(i) R commutes with A(Y(Ax.)), and

(i) Ra%y) = 1o @ ( 1"6*1 8 >

Consequently, the map m : Ay ., — F, takes RM, (A%, )R onto
Mm—l(Fr%-i-l) :

Below we will use the same notation m to denote the restriction of ™ to
RM,, (A% ,,11)R, whose codomain is My, _1(Fyy ;).

(iii) mor =1id |Mm71(F,1+1)f and R(A(¢Y(Ax n)))R C range(t).

PROOF.  Choose R = @}, R’ € M, (A ., 1), where R* € M,,,(Q1 A% ,,,,Q1)
is as described in Lemma [13.36{and R’ € M,,(Q;A ,,,,Q:) (for i > 2) is as
described in Lemma [[3.34l Then the theorem follows. O

THEOREM 13.39. Let (H, Hy,u) be as in [13.25| and |13.26] Then
((KO(AX)vKO(AX)-H []‘Ax])aKl(AX)) = ((H7 H+au)7K)'

PrOOF. Note that 1, n4+1 satisfies (1) in|13.32] and, consequently,

((Ko(Ax), Ko(Ax)+, [Las]), Ki(Ax)) = ((H, Hy u), K, ).
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Let 7%, : Axn — F, be as in Then (7% ) AfE(T (Axn)) =
C(X,,R) @ RPr—t — Aff(T(F,)) = RP» is given by (7r§( V¥ (g, hay hgy oy hy,) =
(9(61), ha, hs3, ..., hy, ). Definel',, : AfI(T(F,)) = RP» — Aff(T(Ax,)) = C(Xn,R)@
RP»~1 to be the right inverse of (7r§(’n)ﬁ7 given by

N

Fn(hl, ]’LQ, h3, ceey hpn) = (g, hg, h3, ceey hl)n)

with g the constant function g(z) = h; for all x € X,,. Then with the condition
cij > 13- 227 we have the following lemma:

LEMMA 13.40. For any f € Af(T(Ax ) with || f|| <1 and f:= nn+1(f) €
Aff(T(Ax ny1)), we have

. 2
ITas1 0 (5 () = I <

PROOF.  Write f = (g,ha,....hp,) and f' = (¢/,hy,....,h), ). Then I'yyqo
(7r§(7n+1)ﬂ(f/) = (9", hy, s 1], .,) with

(e13.51) ' (x)=¢'(a%,,) forall z€ X, 4.

Recall that 47}, is denoted by ¥’ : Ax,, — Q;AY 1@ and ¥! = 1 + s

with ¢, : A, = Q'A% ,,,,Q', and ¢ : Ay — QA}(,H_HQ as in [13.33| and
[[3.35 Note that

rank(Q;) Ci1 rank(Q) 11 —13

rank(P, 1) Z?Ll cji’ rank(Pagi1) Z?ll ¢’

and ~
rank(Q) 13
rank(Pp41) Zf 161
Hence
;_ CG1— Wi (R
g = d) (9) + =p—Vh(9) + (") (ha).
g1CJ1 ! lel 2 ZZ; 16,1

Also from the construction in and [13.35] we know that ¢# (g) and (¢! (h;)

(¢ > 2) are constant. So we have

2x13 2
() — ¢’ T, e < —.
‘g ( ) —g'(x +1)| fnlch 22n

Then the lemma follows from from (e 13.51)). U
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Using Lemma [13.40] one can actually prove (see the proof of [13.42] m ) that
((Ko(Ax),Ko(Ax)+,[ I‘AX]) Kl(Ax) (Ax) ’/‘AX) is 1somorph1c to
((H,Hy,u), K,A,r).

13.41. We will also compute the tracial state space for the C*-algebra A in

I5.37
As in [13.17] (see (e 13.18)), the subspace

In
AH(T(An))C €D C((0,1]:,R) © C(X,, R) @ RP !

i=1

consists of the elements (f1, fa, ..., fi,; 9, h2, ..., hp,) (here we do not need h,
since it is identified with g(z¥)) which satisfy the conditions

(e13.52)  fi(0) = {nll}(bgﬂg n1+ZbM - [n, 4])

and

Pn

(e13.53)  fi(1) = ﬁ(mg [n,1] +Zb“]

For hh = (hy, ha, ..., hy,) € ABT(F,), let T, (h)(t) = t-BE | (h)+(1—t)-BL o(h)

(see(13.18land [13.19), which gives an element C([0, 1], R ) = @izl C([0,1];,R).

Let

ln
T, . Aff(T(F,)) =R — Aff(T(A,)) ¢ @ C([0,1];,R) & C(X,, R) @ RP

j=1

be defined by T’ (hl,hg,... hp,) = (T, (R, ha, ...y hp, ) g, has . by, ) € AE(T(AR)),
where g € C(X,,,R) is the constant function g(x) = h;.

Now we are ready to show that the Elliott invariant of A is as desired.

THEOREM 13.42. Let A be as constructed. Then
((KO(A)vKO(A)+7[1A])7 Kl(A)’T(A)7 ) = ((G G+, ) K,A,T’).

PrOOF. Claim: For any f € Aff(T(A,)) with || f]] < 1 and f’::g@i,nﬂ(f) €
Aff(T(An+1)), we have

ITnir oy (f) = Fll < 22n

where (71'164“1)1i P AE(T (Any1)) = AE(T(Floyq)) is induced by 7§ | (see .
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Proof of the claim: For any n € Z, write

r2 rt

T, =TLol2 : Aff(T(F,)) — Aff(T(Ax..)) —— Aff(T(A,))

with 2 : Aff(T(F,)) = RP» — Aff(T(Ax.,)) = C(X,,,R) @ RP»-1 defined by
T2(hy,ho, .y hp, ) = (g, hay ooy By, ),

where g is the constant function g(x) = hy, and with T} : Aff(T(Ax,)) =
C(X,,R) @RP-t — Aff(T(A,,)) defined by

Th(g,hay ey hp,) = (D0 (g(@2), hay ooy iy )y gy hoy oy By,
Define T, ¢ : A(T(F,)) — Aff(T(Ac.,)) by
Cp.o(hi,ha, oy hy,) = (Th(ha, hay s by, )y By By e By, ).

Note also WZE = w;ﬁn o w;i (see|13.29).
One has, for any (f, g, ha, hs, ..., hp,) € AfF(T(A,,)),

7thJ,n ° F:L o W?,n(fagq? h2a h3; (X3} hpn) = 71'?1],” o F;(Q, hg, ceey hpn)
= Tr{jl,n o (F;(g(m%% h27 ceey hpn)vg, h2, ceey hpn)

= (T (9(22), ha, s hp, ), g(22) Ry by ) = T o (9(22), R,y ooy by, )

= Fn,C o Wé,ﬁn(f»g(fg)v h27 h37 ceey hpn) = Fn,C o Wé}; o 71—J,n(fugv h27 ceey hpn)‘

In other words, for all n € Z,,
(e13.54) W}fnﬂ © F71L+1 © 7T1ﬁ,n+1 =lnpco Wcﬁ,nﬂ © Tr.]ﬁ,n—&-l'
One also checks that
(€13.55) Wltfnﬂ ol 40 Wztfnﬂ = ﬂ—Itfn+1‘
For any f € A(T(A,)) with [|f]| < 1, write fi =7} ,(f), f' = ¢ 1 (/)

and f] =" ni1(f1)- By the condition ¢;; > 13- 22" and the claim in the proof
of Theorem we have

e 2
(e13.56) 1T o (D) = £ill < o
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Using condition ({<), applying Lemma [13.19| to the map Ac,, — Acnt1 as
C,, — Cp41 (note that T, ¢ is the same as I'), in [13.18| and @y, 41 : Acn —
Ac nt1 is the same as ¢, pt1 0 Cr, = Cpq1), one has

_ _ 2
(e13.57) |Tnt1,0 0 i1 0 Brlnia (15, (1) = Bl nia (T n (N < 555

Note that cﬁnﬁ’nﬂ ) ﬂ’?‘]’n = Wﬁn+1 o <pnﬁ7n+1. By (e 13.54)),

2
(13.58) [}y 0Thsr 0y (F) = 7 (P < g3

Combining this with (e 13.55)), we have

(Phir o as () = ) I =0

and
2
[ (F111+1 ° 7T1ﬁ,n+1(fl) - f/) I7(ac )l < o

Recall that Sp(Ax n+1) U Sp(Acnt+1) = Sp(An+1) (see (e13.36)). By Lemma
2.16 of [66], we know that any extreme trace of A,y is induced by either an
extreme trace of Ax 41 or an extreme trace of Ac 1. It follows that

(e13.59) IPhas 07 ia () = 11 < 5

Consequently (applying (e 13.56) and (e 13.59))), we obtain

1T 41 OWAHH( ) f! | = HF +1 OFn+1 OWXnn+1 OWIﬁan( /) - fI”

:”F lorn+1oﬁXﬁn+lownn+loﬂ—1n( f)— f||

HF +1 OFn+1 O7T)ﬁ( o+l Od}n n+1(f1) f! | = HF +1 Orn+1 °7TX n+1(f1) fl||

A

ITha () = Fll + o5 22n (by (e 13.56))

= HF +1°¢nn+1°7rjn() fH"‘an

2
= Tk 0 (Rrmsa)f 0 (D) = 1l + 5

2 2

= 1o Trne)*(F) = Fll+ 5 < g2 + 55

This proves the claim.
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Using the claim, one obtains the following approximate intertwining diagram:

# i
Y12 ¥2,3

Aff(T(A1)) —— Aff(T(Az)) —— Aff(T(A)) —— -~ Aff(T(A))

q.f a4

1,2 2,3

AE(T(F)) —— A(T(F)) —— AfF(T(F)) — --- AE(T(F)).

Recall that 7% = n50p; = ngomy : A — Fisinduced by {74 }. Thus, the above
approximately intertwining diagram shows that Wzﬁ CAff(T(A)) — Aff(T(F)) is
an isometric isomorphism of Banach spaces which also preserves the order and
the inverse also preserves the order. By this implies the inverse (ﬂ'zﬁ)71
induces an affine homeomorphism from A onto T(A). Note that we also have

(e13.60) ﬂzﬂ o0pa = pr o (7h)x0-

By |13.37, (7% )+«0 = 7@, i/ Tor(sr)- Therefore wzﬁ opa=p:G— Aff(A) is given
by the part (2) of Remark [13.10} It then follows from the fact that 7'('2’1 is an
affine homeomorphism that

((KO(A)aKO(A)+>[1A])7 Kl(A)>T(A)7Cx) = ((G7 G+7u)7 K,A,T).
O

13.43. The algebra A of and is not simple, and so we need to
modify the homomorphisms ¢, 11 to make the limit algebra simple. Let us
emphasize that every homomorphism ¢ : A,, — A, 41 is completely determined
by ¢, = m; o p for each x € Sp(A,+1), where the map 7, : Ani1 — Apyils is
the corresponding irreducible representation.

Note that from the definition of ¢ : A, — A,+1 and from the assumption
that ¢;; > 13 for each entry of ¢ = (¢;;), we know that for any = € Sp(A4,11),

(e 1361) Sp(@n,n#»l |;p) D Sp(Fn) = (en,h 9'n,17 ceey e’mpn)'

(See and for notation.)

To make the limit algebra simple, we will change ¢, p+1 t0 &, .n41 so that the
set Sp(&n.mlz) is sufficiently dense in Sp(A4,), for any = € Sp(A4,,), provided m
is large enough.

Write Sp(A,,) = U;"zl(O, 1)p,; UX, US,, where S, = Sp(@i", M, ;). Let
0<d<1/2and let Z C Sp(A,) be a subset.

Recall from that Z is d-dense in Sp(A,) if the following (sufficient)
condition holds: ZN(0,1),,; is d-dense in (0,1), ; with the usual metric, ZNX,
is d-dense in X,, with a given metric of X,,, and Sp(F,,) C Z.
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For each fixed n, let {F, 1, : 1 < k < oo} be an increasing sequence of finite
subsets of the unit ball of A, such that Uzozlffn,k is dense in the unit ball of
A,,. Fix a sequence of positive numbers n; > 12 > -+ > 1, -+ > 1 such that
152, 7 < 2. Now we will change ¢y, ,+1 to a unital injectve homomorphism
Ennt1 @ An = Apqa satisfying:

(1) (Ennt1)si = ((Pn,n+1)*i~A A

(i) 1111 () = & ir (DI € = for all f € Gy, where f € AFT(A,)
is defined by f(r) = 7(f), S = F11, Sk = Few U (USZ) 0in(FikUG:) U
(U € (FirUS)), k= 2,3, ..., n.

(ili) for any y € Sp(Axn+1) (C Sp(An+1)), Sp(&nntily) D Sp(nm+1ly);
and for any y € Sp(An-‘rl)a Sp(gn,n+1|y) o Sp(Fn)

(iv) For any 6 > 0 and any finite subset SC Sp(Acn+1) C Sp(Ant1), if S D
Sp(Fn+1) and S is d-dense in Sp(Ac n+1), then (UsesSp(En’nJrﬂs)) NSp(Ac,n)
is m,0-dense in Sp(Ac,n).

(v) Y, UT,USp(Fy) C Sp(&nnt1lo,sr o) (see for Y, and T},) and con-
sequently, Sp(§n.n+t1l6,.,,) is 1/n- dense in Sp(A,,), where

Ont1,2 € SP(F2 ) CSP(Frs1) = {Ont1.1, 01,25 s On ppys |

is the second point of {0n41,1,0n41,25 s Ont1,p,., } (note that 6,41 1 is identified
with the base point @, of [0, ) +1]V X}, = Xpy1 = Sp(Ak,,), and
we do not want to modify this one).

(vi) For any = € Sp(Ax n+1) satisfying = # 0,412,

(e13.62) Onntile = Ennile-

In particular we have, (vi’) (‘0”7"+1|5P(A§¢,n+1) = g"’"+1|Sp(A§c,n+1)’ or equiva-
lently, for any z € X,,11 = Sp(Aﬁ(,nH),

(e13.63) Onntile = Enntile

Moreover, we have the following remarks:

(vii) Suppose that (iii) holds, for n = 1,2,...,k. Let ¢ < k. For any y €
Sp(Ax k+1), we have  Sp(& k+1ly)D SP(@ikt1ly)- Furthermore,
Sp(Fl) C SP(§i7k+1|y) for all Yy e Sp(Ak+1)-

The proof of (vii): We will prove it by reverse induction. From the assumption
that (iii) holds for n = k, we know that both conclusions above are true for
i = k. Let us assume both conclusions hold for i = j < k (and j > 2), i.e., for
any y € Sp(Axk+1), SP(&ht1ly) O Sp(@jk+1ly); and for any y € Sp(Aky1),
Sp(Fy) C Sp(&jk+1ly). We will prove both conclusions for ¢ = j — 1. Assume
that y € Sp(Ax+1). Choose any zyp € Sp(F;) C Sp(§j k+1ly) (the inclusion is
true by the induction assumption). By the second part of (iii) for n = j — 1, we
have Sp(F;_1) C Sp(&j-1,lz), and consequently Sp(F;_1) C Sp(&j-1,;ls) C
UZGSp(gj,kJrlly) Sp(&i-1,51-) = Sp(&j—1,k+1]y)- That is, the second part of (vii) is
true for e =5 — 1.
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For the first statement of the claim for ¢ = j — 1, let y € Sp(Ax gx+1). By the
induction assumption,

(e13.64) Sp(&k+1ly) D Sp(@)ks1ly)-

Hence we have

Sp(@j-1r41ly) = Sp(ej-14lz)

2€8p(®j,k+1ly)
cU Sp(&j-1,51) (by (13:43) and by (iii) for n = j — 1)
z€Sp(@jk+1ly)
= Sp(&j-1,4l= by (c13.64
UzeSp(sj,k+1|y> P(&-1,l2) (by (e13.64))

= Sp(§j-1,k+1ly)-

(viii) Suppose that (iii) holds, for n = 1,2, ..., k. Let ¢ < k. Then

( U Sp(&in

YyEY,

v) NX;

is 1/n-dense in X; for all 0 < i < n (see the construction of ¥;, from [I3.31).
Furthermore, (UernuSp(Fn) SP(&mly)) N Sp(Ax ) is 1/n-dense in Sp(Ax ;).
Note that Uern Sp(pinly) NX; is 1/n-dense in X;, and Uer,LuSp(F,L)
Sp(pinly)(C Sp(Ax,;)) is 1/n-dense in Sp(Ax ;). So (viii) follows from (vii).
(ix) Suppose that (iii), (iv), (v), and (viii) hold for n = 1,2, ..., k. Then, for
any 1 <<k,

Sp(&ik+1lo,,1.) contains Sp(F;) and is 2/k- dense in Sp(A;).

The proof of (ix): First note that, by (v) (holds for 1 <n < k), Y,UT,USp(F}) C
Sp(k k1044, ). It follows that Sp(k ki1lo,,, ) is 1/k-dense in Sp(Ay). That
is, the statement holds for ¢ = k as 1/k-dense implies 2/k-dense. By (viii),
(UyEYkUSp(Fk) Sp(&ikly)) N Sp(Ax ;) is 1/k-dense in Sp(Ax ;). Hence

(e 1365) Sp(gi,k+1|9k+1,2) N Sp(AXJ)

D U Sp(&i kly) N Sp(Ax,;) | is 1/k-dense in Sp(Ax ;).
yEYRUSp(Fy)

From the fact that T, USp(F}) is 1/k-dense in Sp(Ac ) (see the construction of
T, in[13.31)), by applying (iv) to S = Ty U Sp(F)) C Sp(Ac,) (and (iii), respec-
tively), we know that (UseTkUSp(Fk) S’p(ﬁk,l’k|s)) NSp(Ac k—1) is i—1/k-dense
in Sp(Ac,k—1) (and contains Sp(Fy_1), respectively). Hence Sp(§x—1,k+10,41.))N
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Sp(Ac k—1) is mg—1/k-dense in Sp(Ac k—1). Now applying (iv) to S’ = (UtETkUSp(Fk)
Sp(r-1,klt)) N Sp(Ack-1), we have (U,cq SP(Ek—2,k-1]s)) N Sp(Ack—1) is
(Mk—2mk—1)/k-dense in Sp(Ac x—2). Since S" C Sp(&k—1,k+1l0y4,.))NSP(AC k1),
Sp(&r—2,k+1l04112)) N SP(Ack—2) 18 (Nk—2mk—1)/k-dense in Sp(Ac,k—2). Sim-

ilarly, by induction (reversely), one gets that Sp(&ixt1lo..,.)) N SP(Ac,i) is

(i -+ - Mr—2nk—1)/k-dense in Sp(Ac,;). Note that Hﬁ;i M < Hf:’:l M < 2. So

SP(&ik+110,11.0)) NSP(Ac,;) is 2/k-dense in Sp(Ac,;). Combining with ,
we get the desired conclusion.

(x): Suppose that ¢, 41 are constructed which satisfy (i)—(vi) for n =
1,2,....,k + 2. For i < k, then, for any y € Sp(Ak+2), we have

(e13.66) Sp(&i k+2ly) is 2/k—dense in Sp(A4;).

To see this, we note, by (iii), Or+1,2 €SP(Fit1) C Sp(Ekt1,kt2ly) for any y €
Sp(Ag2). Therefore Sp(&; py2ly) O SP(&ik+1044, ). Combining this with (ix),
we obtain (x).

Property (vi’) will be used (together with to prove that the limit algebra
A has the property that A @ U € By for any UHF-algebra U.

13.44. Suppose that we have constructed the finite sequence

€12 €23 En—1,n
Ay Ay o Anp,

in such a way that for every i <n—1, & ;41 satisfies conditions (i) —(vi) (with ¢
in place of n) in[13.43] We will construct the map &, ny1: Ap — Apy1. Write

Ay = {(fa g) € C([07 1]7En)@AX,n; f(O) = /Bn,O(ﬂ'g(,n(g))vf(l) = ﬁn,l(ﬂg{,n(g))}

with
Pn

Axin = PuMo(C(X) P & €D M.,
1=2

where rank(P,) = [n, 1] (recall that 7% , : Ax n — [, is from .

Also recall that we denote ¢ € (0,1),,;,CSp(C([0,1], EY)) by t,,; to distin-
guish the spectra from different direct summands of C([0, 1], E,,), and we denote
0 € [0,1],,; by 0, ;, and 1 € [0,1],; by 1, ;. Note that 0, ; and 1, ; do not
correspond to single irreducible representations. In fact, 0, ; corresponds to the
direct sum of irreducible representations for the set

Nbg 1 Nbg . Nbg .
2J 2J »JP
{Gn,l ’Gn,Z 3y 9n7pn " } ’

and 1, ; corresponds to the set

n,l »Yn,2

Nb;l i1 Nb? o Nb;L‘, "
{9 gtz gt L
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Again recall from T,,CSp(A,,) is defined by

k
T= {(n)n,j; F=1,2, 0l k=1,2,...n — 1}.

Recall that in the condition ($Q)1, Ly =1 - (n — 1)+ Ly = #(T, UY,)
and M = max{by,;: i = 1,2,...pn; j = 1,2,...,1,}, where we write Y,, =
{ylayQa "'7yLn1Y} C Xn

13.45. First we define a unital homomorphism, {x : A, — Ax n+1. Denote,
only in this subsection, by II' : Ax n1 = @0 Ak py1 (= Ak i © B2 Figr)
and H@ t Axnt1 = A% (= Fryq) the quotient maps. Define & : A, —
@#2 A% g1 by &y =" oomy 110 @nnt1. We note that, for a € A, such that

Tx.n(a) # 0, by the definition of ¥y, ny1, £ (a) # 0.
Note that, by (a) of [13.31} ¢y nt1(In + Jn) C Int1 + Jnt1. Therefore,

(e13.67) SP(nnt1lo,i12) = {055, 0057, s O } -

(Here c¢j; means c?,;"“.) Let Y, = {y1,v2,.-,y,  } be as in m Since X,
is path connected, for each ¢, there is a continuous simple path {y;(s) : s €
[0,1]} € X,, such that y;(0) = y; and y;(1) = 2%. Note that P, (y;) Mo Pn(yi)
can be identified with M, 1j = F,1. We will also identify P, (y;(s)) Moo P (yi(s))
with M, 1) = Pn(20) Moo Pa(2%) = Aple,, = Fj—such an identification could
be chosen to be continuously depending on s. (Here, we only use the fact that
any projection (or vector bundle) over the interval is trivial to make such an
identification. Since the projection P, itself may not be trivial, it is possi-
ble that the paths for different y; and y; (i # j) may intersect at y;(s1) =
y;(s2) and we may use a different identification of P, (y;(s1))MoeoPp(yi(s2)) =
P (y;(s2)) Moo Py (y;(s2)) with My, 1) for i and j.) When we talk about f(y;(s))
later, we will consider it to be an element of M, 1) (rather than of P, (y:(s))
Mo P, (yi(s))). Define (recall 77, : A, — Ax ., is the quotient map)

Qy,s(f) = diag(mr,n()(y1()), - 710 (), (5) € ML, v )

for all f € A, and s € [0,1]. Note that Qy,s(14,) =1,, oy 18 independent
n,y[n
of s and that Qy1(f) = (0;?”‘/)(]”) for all f € A,.

For each (%), ; € T,,, where 1 < h < n —1 (see[13.31), there exists also a
continuous path {g, ;n(s) : s € [0,1]} C [0,1], ; such that g, ;,(0) = (%)nj
and gy, j n(1) = 0,, ;. Define, for each f € A,, and s € [0,1],

ln
Qs(f) = @ diag (77,0 (f)(9n.5.1(8)), 710 (F)(Gn.5.2(8)); oo 710 () (Gnjin—1(5)))

€ Mgin (n1)injy-



300 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

(Recall that {n,j} = 33" bf = Dopy bY j s the rank of the representation
of A, corresponding to any point ¢ € [0,1],; as £} = My, ;;.) Note that
Qrs(1a,) € MZ;’;l(n—l){nJ} is independent of s. Then

ln
o) = D A1) s 71l s s (D

~bg i1 p~b0 o ~bg
and, as 0, ; = {0 0,5 ,...,Hn,pn’,”"},

n,1 ’Yn,2

SP(Q[J) = {QNbl g ...79;;?}7

n,l »Yn,2 >

where by = (n — 1)(X%, 07 ), k=1,2, ..., pn. Put

Jj=1"n,jk

ln
ar = ca—Lpy — Zbg,ﬂ (n—1),
j=1
ln
ap = Cop — Zb&jk (n—1), k=2,3,...,pn.
j=1

Let 53(’5 be the finite dimensional representation of A, defined by, for each
feAandsel0,1],

(e13.68) Exs(f) = diag(0 7 (), 005 (f)s s 0 (f))
EBQX,S(]C) o QI,s(f)'

In particular,

(€13.69) SP(€ o) = {075.07%,....00 5 } UT, UY,, and
(€13.70) SP(E 1) = {005,075, - 0np™ } = SP(0nnt1lon.)-

Since £’ o is homotopic to & 1, and & (1a,) = & ;(14,) for all s € [0,1], up
to unitary equivalence, we may view { ; : s € [0,1]} as a continuous path of
unital homomorphisms from A, into A%, = F7,;. View

(e13.71) ey := diag(0;,9" (14,), 075 (14,,), - Onpi (14,)) and
(e13.72) ee = Qys(1a,) @ Qrs(la,)

as two projections in F2, ;, which do not depend on s. From ({<); of[13.31] we
know that

92 _ 1
(e13.73) a; > ——

< "o C2i-
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Then, for the tracial state 7 of F2,,
(e13.74) 7(ee) < 1/2" and 7(e,) > 1— (1/2%7).

Define £x s : Ap — Ax ni1 by Ex.s = (§x © & ). By replacing £x,s by AdU o
x5 for a suitable unitary path Us= &U! € @Ag(,n_H (with UJ = 1if j # 2), we
may assume that

(e13.75) EX1 = TIn+1 © Pnnti-

Since U? =1 for j # 2, from the definition of &%, we get x slz = @nnt1ls for
all x € Sp(Ax nt1) with & # 6,11 2. It follows that

(e13.76) Exa1(f) = Ex.s(f) = ec(€x,1(f) — Ex,5(f))

for all s € [0,1] and f € A,,. Define {x := {x 0. Therefore {x is homotopic to
Tlnt1 © Pnnt1 and Ex|o = ©pnt1ls for all z € Sp(Ax n+1) with z # 0,41 2.
Since £x is homotopic to 7.5 © Y nt1, (Ex)wi = (T1n ©Yn nt1)si, ¢ = 0,1. From

(e 13.76) and (e 13.74)), we also have
(e13.77) [T(T1n41 0 Pnnt1(f)) = T(Ex ()]
< (eIl <@/22"HIf]| for all 7 € T(Ax 1)

From the first paragraph of this section and by (e 13.68)), if a € A, \ I,,, then
§x (a) # 0.

13.46. In [13.45] we have defined a unital homomorphism £x : A, —
Ax n+1. In this subsection, we define the map &, ,,+1. We first define a unital
homomorphism g : 4, — C([0,1], Ey41). Define

(e 1378) §E|On+1,j = 7Tj o ﬂn-{-l,o o 7T§(,n+1 o §X : An — EZH_1 and
(e13.79) EBlin, = 0 Bns11 0Tk ny1 0€x 1 Ap — EZL+17

where 77 : E, — EfLH. Now we need to connect g to

obtain §E
Fix a finite subset G,, C A4,, in

and &g

Ont1,j Tny1j

(ii) of |13.43] There is § > 0 such that
(e 1380) ||§5n,n+1 o 7TJJL(f)(S)
~Pnmt1 o Tin(f)(8)] < 1/22"! for all f € G,,

provided |s — s'| < 3§ and s,s" € [0,1], and such that 1/(1 —26) < 7n,. Let
ho(t) =t/é for t € [0,0], h.(t) = (t —6)/(1 —28) for ¢t € [§,1 — 5] and hy(t) =
(1—1t)/0 for t € [1 — 4, 1]. Define, for each f € A,

(e13.81) E(Dl0,61,40, 1)

=7lo Brt1,0 © T 1 © Exno () (f) for all ¢ € [0, 0],
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(e13.82)  &r(f)ls,1-8)nrr, ()
= (17 0 @rny1 0 Trn(f))(h. (1)) for all t € (5,1 — 4] and

(e 1383) é‘E(f)|(176;1]n+1,_7‘ (t)
=77 0 Bry1,1 0 T ni1 © Exn(y(f) for all ¢ € (1—6,1],
where @ ny1: Aon = Acnt1 C C([0,1], By 41) is the injective homomorphism

given by [13.37 In particular, using the fact that ¢, 41 is a map from A, to
Apt1, and (e13.75) (note that ho(d) =1 = hy(1 —9)), for all f € A,, we have

(e13.84) ™ 0 @nnt1 0 Tn(f)(h=(9))
= (7 0 Bunt1omin(f))(0)
= 7lo Bn+1,0 o 7T§(,n+1 o ‘Pn,nJrl(f)

= 70 Bnt1,0 0Tk 1 © Exho(s) (f), and

(ﬂ—j O Pn,n+1 © WJ,n(f))(hZ(l -46)) = (Wj © Pnn+t1© 71'J,n(f))(l)
= 7 0 Bnt11 07K 01 © Pt ()

= 7 oBut1107K nt108xn(1-6)(f)-

Thus, &g defines a unital homomorphism from A, into C([0, 1], E,,4+1) which is
injective on I,,. Finally, define

gn,nJrl . An — An+1

= C([Oa 1]7 E’ﬂ-i-l) EBﬂn«#l,Ooﬂ'g(’n_*_l71671#»1.1077%(1”_*_1 AX,n+1

by
gn,n+1(f) = (€E<f)7§X(f)) for all f € An

By (e13.78) and (e 13.79)), this is indeed a unital homomorphism from A,, into
Ay (see (e13.41) and (e13.42)). Since &g is injective, by the end of
&nnt+1 is injective. Note that, by (the end of) m (Trnt1 © nnt1)ei =
(6x)xi = (77,1 1°Pn,n+1)xi, @ = 0, 1. It follows from part (1) of [13.30| (also see the
last sentence of the proof of part (1)) that (m; pt1)wi : Ki(Apt1) = Ki(Ax ny1)
is injective. Therefore (£, n41)xi = (¥nn+1)s- So (i) of holds. We have
already mentioned that x|, = @nnt1le for all @ € Sp(Ax y41) with @ # 6,012
in and so (vi) of holds. By the presence of the representations
corresponding to Y,, T, and Sp(F,) in , we also see that (v) holds.

For y € Sp(Axn+1) and y # Onp12, by (v), Sp(@nntily) = SP(Enmntily)-
For y = 6,412, by (e13.67), (e13.68), and (e13.73), if z € Sp(A,) and z €
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Sp(pnnt1ly), then © € Sp(&nnt1ly)-That is, the first part of (iii) of
holds. Moreover, Sp(F,,) C Sp(&nn+ily) for all y € SP(Ax p41). Therefore,
Sp(Fn) C Sp(fn,n+1|y) for all Yy € [035)n+17j U (1 - 671)n+1,j- By (C) of
and (5) of Sp(F,) C SP(@nn+tils) for each s € (0,1),41,;. It follows
from (e 13.84) that Sp(F,) C SP(énnt1]s) for all s € [0,1 — 0]p41,;. Therefore,
Sp(F,) C SP(&nnt1ly) forall y € Sp(A,11). This proves the second part of (iii).

Claim: If a finite subset Z C (0, 1) is such that ZU {0, 1} is d-dense in [0, 1],
then the finite subset h.(Z N (4,1 —§)) U{0,1} is n,d-dense in [0, 1]

PrRoOOF. Let us order the set Z = {zj}?zl as0 < z1 < 29 <-+- <z < 1. Then
Z U {0,1} is d-dense in [0, 1] if and only if

21 <2d, 1—2,<2d, and zj4;1 —2;<2dforall j=1,2,--- k-1

For convenience, let zg = 0 and zi+1 = 1. Let j; be the smallest index such that
zj, > 6 and jo be the largest index such that z;, <1—4¢. Then ZN (6,1 -9) =
{z}j2,, and the set h.(Z N (3,1 —dt)) U{0,1} can be listed as
hZ(Zjlfl) =0< hZ(Zjl) < hZ(Zj1+1) << hZ(ZjQ) <1l= hz(Zj2+1).
The claim follows from the fact that
he(zra) = halz) < (5711 — 2)/(1 = 28) < 2/ (1 - 26) < 2n,d.
O

Let us verify that (iv) of holds. For any d > 0, let S C Sp(Ac,n+1) be
d-dense in Sp(Ac n+1), and satisfy that S O Sp(F,41) (note that Sp(Fi41) is
a subset of Sp(Acn+1)). Let Z =50(0,1),,,, and Zg = SN (6,1 —6)pn+1,1.
It follows from the d-density of S in Sp(Ac,n+1), regarding Zy C Z as sub-
sets of the open interval (0,1), that Z U {0,1} is d-dense in [0,1]. Hence by
the claim, h,(Zy) U {0,1} is m,d-dense in [0,1]. Then, by (c) of and
(6) of (applied to all indices iy = 1,2,---1,, and jo = 1), we know that
(Uzeh ZO)Sp(wn,n+1|Z) N Sp(Acyn)) U Sp(F,) is n,d-dense in Sp(Ac,,). By
7 UzeZOSp<£n,n+1|Z) = Uzeh(ZO)Sp(QOn,n-i-ﬂZ)' By (iii) of we
know that (J,cgSP(§n,nt1ls) D Sp(Frn) U (UZGZOS’p(ﬁn,ng)). It follows that
UscsSP(€nnr1ls)NSP(Ac,n) is nnd-dense in Sp(Ac,,). Hence (iv) ofthold.

It remains to check (ii) of holds. Note that, by [13.45) Sp({nnt1ly) =
Sp(pn,nt1ly) for all y € Sp(A&7n+1) for j # 2. Note that, for the tracial state ¢

of Eﬁ;H, the map

J
s t(m? 0 Bni10(a)) for a € F3+1

() o Briro(lpz, )
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is a tracial state of F2 ;. It follows from (e13.74) that

t(m? o Buiro(ee))
(w7 o Bryro(lpz,,))

(€13.85) <1/2%",

Define €, ; = 77 0 B, 41.0(ec)). Then t(e},) < 1/2%" for ¢ € Eiﬂ. It follows that,
for each t € [0,0]p41,5, and T € T(E£+1) (see also (e 13.76)),
(€13.86) [7(&nn+1(f)(5)) = T(n.nt1(f)(Ons1,4))l
= |7(er; (Enn+1(£)(5)) = Pnmr1(F)Ons1,5)))] < (1/22" 7| f]
for all f e A,.

Exactly the same computation shows that, for all s € [1 — 4, 1],,4+1,; and for all
TE T(Egl-‘rl)a

(e13.87) 7 (€nn+1(F)(8)) = T(nnt1(F) (At )]
< (1227 H||If|| for all f € A,.
Note that |s — h.(s)| <0 < 36 for all s € [0, 1]. By the choice of 4,

(e 13'88) ||§’I’L,ﬂ+1 (f)(5> - (Pn,n+1(f)(3)||

= (@n.nt10msn(f))(hz(s)) = (@nnt1omrn(f)(s)]]
<1/22"* for all f€G,

for all s € [§,1 — 6]n41,;. Again, by the choice of §, we also have, for all f € Gy,

(13.89) 00105 = a1 (F)Onr1,)]
< 1/2%"*! for all s € [0,0],1,; and

(€13.90) [nn+1(F)(8) = Pnnta(f)(Tntrs)ll
< 1/2*"* for all s € [1 — 6, 1,41

Combining (e 13.86)), (e 13.89)), (e 13.87)), (e 13.90)), (e 13.88)), and (e 13.77)),

(e13.91) 165, 41(F) = i (D)
< 1/2* 1122t < 1/22"72 for all f € G,.

This proves (ii). By induction, this completes the construction of &,.
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13.47. Let B = lim(A,, &, n+1). Recall that A = lim(A,,, ¢n.n+1). By (i) of
@ Enmtl, = Pnntl, @ = 0,1 It follows that

(Ko(B), Ko(B)+, 18], K1(B)) = (Ko(A), Ko(A)+, [1a], K1(A)).

For each n and ¢ > 0, choose m > n + 1 with 2/m — 2 < . Then, by (x) of

13.43] Sp(&n,mlz) is 2/(m — 2)-dense in Sp(A,) for any « € Sp(A,,). It follows
from Proposition m (see also the end of [13.3)) that B is a simple C*-algebra.
We will show, in fact,

(813'92) (KO(B)7K(](B)+’[lB]vKl(B)’T(B)vrB)
= (KO(A)7 KO(A)+7 [1A]? Kl (A)7 T(A)’ TA)'

Consider the following non-commutative diagram:

# #
P1,2 P23

AfF(T(Ay)) —— Aff(T(Ay)) —— AF(T(A3)) — -~ Aff(T(A))

idﬁ(//jbﬁ idgL/)Lg idgﬁjbg
5%,2 §§ 3

Aff(T(A1)) —— Aff(T(A2)) — Aff(T(A3)) —— --- Aff(T(B)),

where idy : Ay — A and ¢ : Ay — A are both the identity maps—but we
write them differently as they come from two different systems. Recall that,
for each n, {Fn, : k > 1} is an increasing sequence of finite subsets of A,
whose union is dense in the unit ball of A,,. Recall also that §; = J11, G, =

F U 0 (Fi.nUG:) YU . (Fi.nUGs). For each i and each = € A;, and
for each n > 4, there exist j > i and y € F; ; such that ||z — y|| < 1/2""1. Then
llgii(x) — i i(y)|| < 1/2"T1 Note ¢; ;(y) € G, Let ng = max{j,n}. Denote by
Z € Aff(T(A;)) the function &(7) = 7(z) for all 7 € T(A;). Put z = 905,710 (9). By
(ii) of for any m > ny,

(e13.93)  [|Eh, m oids, (=) — idh, o, u(2)]] < 1722072,

It follows that

(e13.94) ¢k, o idh, (¢h,, () — i, 00, 1 (img ()] < 1/277.
By exactly the same reason, for any m > ng,

(013.95) [|ih, 1 © thy (€] ) (8)) = thy 0 &8 (€, (@) < 1/277

Note also that idf,jC and Lﬁk are isometric isomorphisms. It follows that the non-
commutative diagram above is approximately intertwining, and the sequences
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of maps {id’;} and {Lk} induce two isometric isomorphisms j : Aff(T(A)) —
AffT(B)) and * : Aff(T(B)) — Aff(T(A)) between the Banach spaces Aff(T'(A))
and Aff(T(B)) such that jo/f = idasr(r(m)) and tfoj= idag(7(a)) - Moreover,
since each idi and L?Q are order preserving, j and ! are order preserving. It
follows from that they induce affine homeomorphisms jr : T(A) — T(B)
and v : T(B) — T(A) such that jr otp = idpp) and vr o jr = idp(a) -

It remains to show, by identifying Ko (B) with Ky(A), that t* o pp = pa. Let
x € Ko(B). We may assume that there are an integer ¢ > 1 and y € Ko(A;) such
that (&,00)0(y) = x. By the approximate intertwining diagram above, there is
an integer k > i such that, for any n > k,

(e13.96) [l o &l 0 pa () — el 0 thotiy o pa )l <<
Note that ¢% o 51 o (pa, () = limy o0 f, o 01, 0 51 n(pa;(y)). It follows that

(€13.97) I 0 & o 0 pa,(4) = Gl 0 k0P W) <&,

where we omit L,ﬁC since it is the identity map from Aff T(Ay) to itself. Since

(&ik)+0 = (@i,k)+0, for all k >,

(€13.98) ¢} o0& L (pa, (1) = ¥} 0pa, 0 (Eik)eo()
(¢13.99) = @ 0 Pa 0 (Pik)e0(y)
(€13.100) = pa°(Pico)i0(y) =palz), and
(e13.101) & wopaly = ppolic)ly) =ps)
Therefore,

(€13.102) [0 pp(x) — pa(z)| <€

for any given £ > 0. This shows that ¢ o pg = p4, and completes the proof.

COROLLARY 13.48.  For any m > 0 and any A;, there are an integer n > i and
a projection R € M, (A,11) such that the following statements are true:

(1) R commutes with Aok, ny1(Ay), where A: Apy1 — Mp(Ant1) is the am-
plification map sending a to an mxm diagonal matriz: A(a) = diag(a,...,a);
(2) Recall

AC,nJrl = O([O, 1]7 EnJrl) @ﬁn+1’o,ﬁn+1’1 Fn+1 —A( n+1, En+1a BnJrl,Ou BnJrl,l) y

where Bni1.0,Pnt1,1 0 Fnp1 — Ent1 are as in the definition of Api1 (see
e 13.33|). There is a unital injective homomorphism

L Mm—l(AC,n+1) — RMm(An+1)R

such that RA(gn,nJrl( ))R C L( m— 1<AC n+1))
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PROOF. Let Rx := R € Mu(Ak,,,) be as obtained in [13.38 (the defi-
nition is given by combining [13.34] and [13.36|) with the property described in
13.38, Let tx (= ¢ : Mm—1(F%+1) — RXMm(Aﬁ(m_H)RX be the unital in-
jective homomorphism given by [13.38] Let % : Axny1 — Ak, ;. Then,
since ¢n n+1(ln) C Int1, one has w5 (0nnt1(An)) = T (Ynnt1(Ax,n)). Since
5n,n+1|Sp(A§(,"+l) = Son,nle‘Sp(Akarl)a one obtains

(i’) Rx commutes with (7% ®id,,) 0 Ao &, ni1(An).
Moreover, one also has two additional properties

(ii”)
(€13.103) Rx(bpi1i1)=1, © Lo
. X\Un+1,1) — Fv%,+1 0 0 )

and consequently the point evaluation 7y, , , : Mm(Aﬁ(m_H) — My (p1, ) takes
Rx My (A 1) Rx to My, _1(F,,;). Below we will use the same notation
w41, to denote the restriction of this map to RXMm(A§(7n+1)RX, whose
codomain is M,,_1(F}, ;).
(iii") i1 OLX = idefl(Fnl-H)’ and Rx(ﬂ'}( ® idpr, (Ao & nt1(An))Rx C
ix (M1 (FL ).

One extends the definition of R as follows. For each x € Sp(A,+1)\Sp(AX .1 1),
define

)

(€13.104) R@)=1, ( 17871 8 ) .

Then define R(z) = Rx(z) for # € Sp(Ak ,,,). By checking the boundary,
one easily sees that R € A, is a projection. Then, by (i’), (e13.103), and

(e13.104), R commutes with A(&, ny1(A4r)).
Define ¢ : My,—1(Acnt1) = RMy(Ant1)R by

(e13.105) o f,a1,a2, .. ap,.) = (fiex(ar),az,...,ap, )
for f € Mm—l(c([07 1]7En+1)) and

Pn+1

(ala A2,y .uey apn) S M7TL—1(F7L+1) - =1 M7rL—1(F7iL+1)~

By (iii’), mg,,,, © tx(a1) = a1. Since (f,a1,a2,...,ap,) € Mpy_1(Acni1), we
have

(e13.106) f(0) = Bny10((a1,az,...,ap,,,) and
f(l) = BnJrl,l((al’ A2y .-y apn+1)'
Note that
7T§(,n+1((LX(a1)va27 "'7a’pn+1)

= (7T9n+1,1 (LX (al))v a2y ...y apn+1) = <a17 Az, ..., apn+1)'
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Thus,

f(0) = Buti00m ni1((tlar),az, . ap, )
and

f(1) = Bugr1 07k npa(tlar), az, yap, ).

Since tx is unital and injective, one checks that ¢ just defined is also unital
and injective. In other words, ¢ maps M,,_1(Acn+1) to My, (Apt+1). Note that

tx(Mp—1(Fpy 1)) © Rx(Mm(Ak,,11)Rx. Then, by (e13.103) and (e13.104),
L(Mmfl(AC,n+1)) C RMm(An+1)R.
By (i),

(X 41 @ idar, ) (R(A(Enn41(An)))R) C (Tx iy @ idar,, ) (((Mim-1(Ac,n1)))-

On the other hand, (7¢, ,,  ®idw,, )or = idar,_, (Aces)- By (€13.104), (77,4+1®
idas,, )(R) = 11,1 (Agny)- 1t follows that

(TrJﬂH-l ® lde)(R(A(gn,n-i-l(An))R)) C Mm—l(AC,n+1)
= (Tjn41 ®idag,, ) L (Mpm—1(Acnt1)))-

Since (kermy ., ® idar,) N (Jup1 @ ida,,) = {0}, it follows from that
R(A(&nn+1(An))R C t(My,—1(Ac nt1)). This completes the proof. O

COROLLARY 13.49. Let B be as constructed above. Then BU € By for every
UHF-algebra U of infinite dimension.

PrOOF. Note that, by [13.12] (see lines below (e 13.5)), Ac n+1 € Co. Thus, in
13.48 Myy—1(Ac n+1) and ¢(My,—1(Ac,n+1)) are in €y. Also, for each n and each

7€ T(Mp(Ans1)), we have 7(1 — R) = 1/m. Fix an integer k > 1 and a finite
subset F C B® My, and let F; C B be a finite subset such that {(fi;)rxx : fij €
F1} D F. Now, by applying , one shows that the inductive limit algebra
B = lim,,—,00(Asn, &n,m) has the following property: For any finite set ¥ C B,
€ >0,0 >0, and any m > 1/6, there is a unital C*-subalgebra C' C M,,(B)
with different unit ]_c which is in Gy such that

Q) [Le, diag{f, ..., f}]|l < e/k2, for all f € Fy,
N——
(i) dist(Le(diag{f, ..., f})1c,C) < e/k2, for all f € F1, and
N——

m

(iit) (Lo, 3y — 1c) = 1/m < 6 for all T € T(M,,(B)).
Consequently,

(@) L ase oy, diag{f, ..., f}[| < e, for all f € 7,
N——

(ii’) dist(].Mk(C)(diag{T}l, ~~~7f})1Mk(C)7Mk(C)) <eg, forall fe3F, and
—

m
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(iit") 7(Los, o3y — Larc)) = 1/m < 8 for all 7 € T(Myni(B)).

Now B ® U can be written as lim,,_,o (B ® Mg, , tn,m) With ki|ke|ks--- and
knt1/kn — 00, and A, 5,41 is the amplification map by sending f € B® My, to
diag(f, ..., f) € B® My, ., where f repeated k,1/k, times.

To show BQU € By, let F C BU be a finite subset and let a € (B®U)4\{0}.
There is an integer mg > 0 such that 7(a) > 1/myg for all 7 € B ® U. Without
loss of generality, we may assume that F C B @ My, with k,1/kn > mo.
Then by (i’), (ii’), and (iii’) for B ® My, (i.e., k = k) with m = k,41/kn
(and recall that ¢, n4+1 is the amplification), there is a unital C*-subalgebra
D := M(C) C B® Mjy,,,, with C' € € such that |[1p, tnns1(f)]] < &, for
all f € F, such that dist(1p(enni1(f)1p, D) < e for all f € F, and such that
r(1-1p)=1/m<dforallt e T(My,,.,(B)). Then Ayi1,00(D) is the desired
subalgebra. (Note that 1 — 1, < a follows from the strict comparison property
of BRU (see 5.2 of [104]). It follows that B®@ U € By. O

THEOREM 13.50. For any simple weakly wunperforated Elliott invariant
((G,G+7u), K,A,T), there is a unital simple C*-algebra A € NE which is an
inductive limit of (An,Pn.m) with A, as described in(13.28, with py, ., injective,
such that

((KO(A)aKO(A)-‘rv 1A>7 KI(A)7T(A)a7:4) = ((G’ G-HU)’ K7A7T)'

Proor. By [13.49] A € Ny. Since A is a unital simple inductive limit of
subhomogeneous C*-algebras with no dimension growth, by Corollary 6.5 of
[118], A is Z-stable. O

COROLLARY 13.51. For any simple weakly unperforated Elliott invariant
((G, G, u), K,A,T) with K = {0} and G torsion free, there is a unital Z-
stable simple C*-algebra which is an inductive limit of (An, on.m) with Ay, in Coy
as described in with @, m injective, such that

((KO(A)vKO(A)Jm ]-A)7 Kl(A)vT(A)77:4) = ((G’GJHU)? 07A77’).

PROOF. In the construction of A,, just let all the spaces X,, involved be the
space consisting of a single point.
O

14. Models for C*-algebras in Ny with Property (SP) Let us recall
some notation concerning the classes of C*-algebras used in this section. C is
the class of Elliott-Thomsen building blocks defined in Definition and Cqy
consists of the C*-algebras in € with zero Ki-group. Dy is a class of recursive
subhomogenous algebras defined in Definition N is the class of all separable
amenable C*-algebras which satisfy the Universal Coefficient Theorem (UCT).
Bo and B; are the classes of C*-algebras defined in Deﬁnition (roughly speak-
ing Bg (B;, respectively) contains the C* algebras which can be approximated
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by C* algebras in the class Cy (C, respectively) tracially). As in Definition [13.6]
Ny is the class of unital simple C*-algebras A in N for which A ® U € N N By.

14.1. For technical reasons, in the construction of our model algebras, it is
important for us to be able to decompose A,, into the direct sum of two parts:
the homogeneous part which stores the information of Inf K¢(A) and K;(A) and
the part of the algebra in Cy which stores the information of Ko(A)/ Inf Ky(A),
T(A) and the pairing between these. This cannot be done in general for the
algebras in Ny (see , but we will prove that this can be done if the Elliott
invariant satisfies an extra condition, property (SP), described below.

Let ((G,G4,u), K,A,r) be a weakly unperforated Elliott invariant as in
13.71 'We say that it has the property (SP) if for any real number s > 0, there is
g € G4\ {0} such that 7(g) < s for any state 7 on G, or equivalently, r(7)(g) < s
for any 7 € A. In this case, we will prove that the algebra in[I3.50] can be chosen
to be in the class By (rather than in the larger class No = {4: A® M, € Bo}).
Roughly speaking, for each A,, we will separate the part of the homogeneous
algebra which will store all the information of the infinitesimal part of Ky and
K4, and it will be in the corner P, A, P, with P, small compared to 1 A, in
the limit algebra. In fact, the construction of this case is much easier, since the
homogeneous blocks can be separated from the part in Cp—we will first write
the group inclusion G,, = H,, as in

Let us point out that if A € Ny then the Elliott invariant of A ® U has
property (SP) for any infinite dimensional UHF algebra U, even though the
Elliott invariant of A itself may not have the property. One can verify this fact
as follows. As U is a UHF algebra of infinite dimension, (Ko (U), Ko(U)+, [1y]) =
(P,PNR4,1), where P C Q C R is a dense subgroup of R. For any positive
number s, by density of P, we can choose a number r € (PN Ry) \ {0} such
that r < s. Let € U be a projection such that [z] = r € Ky(U). Then the
projection 14 ® x € AQ U satisfies 7(la ® ) =r <sforall T € T(AQ U).

14.2. Let ((G,G4,u), K,A,r) be as given in or [13.25] As in [13.9] let
p: G — Aff A be dual to the map r. Denote the kernel of the map p by
Inf(G)—the infinitesimal part of G, i.e.,

Inf(G) ={g € G:p(g)(t) =0, for all 7€ A}.

Let G' C Aff A be a countable dense subgroup which is Q-linearly independent
with p(G)—that is, if g € p(G)®Q and ¢! € G'®@Q satisfy g+g' = 0, then both
g and g' are zero. Note that such G! exists, since Q is a vector space, and the
dimension of p(G) ®Q is countable, but the dimension of Aff(A) is uncountable.
Again as in[13.9] let H = G & G* with Hy \ {0} the set of (g, f) € G ® G' with

p(g)(T)+ f(r) >0 for all 7€ A.

The scale u € G4 may be regarded as (u,0) € G ® G = H and so as the scale
of Hy. Since p(u)(r) > 0, it follows that u is an order unit for H. Since G* is Q-
linearly independent of p(G), we know Inf(G) = Inf(H)—that is, when we embed
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G into H, it does not create more elements in the infinitesimal group. Evidently,
Tor(G) = Tor(H) C Inf(G). Let G' = G/Inf(G) and H' = H/Inf(H). Then we
have the following diagram:

0 —— Inf(G) G G 0
0 — Inf(H) H H' 0.

Let G’ (or H! ), and ' be the image of G (or H) and u under the quotient
map from G to G’ (or from H to H'). Then (G',G’, ,u') is a weakly unperforated
group without infinitesimal elements. Note that G and H share the same unit
u, and therefore G’ and H' share the same unit u'. Since r(7)|mee) = 0 for
any 7 € A, the map r : A — S,(G) induces a map ' : A — S,/(G’). Hence
(G", G, u'), {0}, A,7") is a weakly unperforated Elliott invariant with trivial
K3 group and no infinitesimal elements in the Ky-group.

14.3.  With the same argument as that of [13.12] we have the following diagram
of inductive limits:

, Qg , Q23 y

Gl G2 G

Lll L21 Ll
Y12 ’Yé;}

_H'/1 _E[/2 _H'/7

where each H',,= ZP" is a direct sum of finitely many copies of the group Z
with the positive cone (H,,)y = (Z+)P", aj, 11 = Vnnsilcr,, and H'y/G'y, is
a free abelian group. Note that not only is (H}, )4+ finitely generated, but also
(Gh)+ == (H])+ NG, is finitely generated, by Theorem As in we
may assume that all v;, ., are at least 2-large.

By we can construct an increasing sequence of finitely generated sub-
groups

Inf; C Infy C Infs C --- C Inf(G),

with Inf(G) = (J;2, Inf,,, and such that one has the inductive limit

71,2

72,3 73,4
Infl @H{ E— IHfQ@Hé _— Infg@Hé _ e — H

Put H,, := Inf,, @H], and G,, := Inf, ®G,. Since G}, is a subgroup of H/ , the
group G, is also a subgroup of H,,. Define o, pt1 : G = Gpy1 by ap i1 =
Yn.n+1la, , which is compatible with a;, ,,; in the sense that (ii) of holds.
Hence we obtain the following diagram of inductive limits:
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Gl G2 . G

Lll L21 Ll
Y12 Y23

I{1 H2 . H,

with v, n41(Inf,) C Inf, 11 and @, p11]ine, the inclusion map. We will fiz, for
each n, a positive non-zero homomorphism A\, : H, — Z such that A\,(z) > 0
for any x € (H))4+ \ {0} and such that A,|ms, = 0. Note that all notations
discussed so far in this section will be used for the rest of this section.

LEMMA 144. Let (G,G4,u) = lim,((Gn, (Gpn)+, Un), 0nm) and (H, Hy,u) =
limy, ((Hy, (Hp)+,Un), Yn,m) be as above. Suppose that ((G,Gy,u), K,A,r) has
the property (SP). For any n with G, & H,, and for any D = ZF* (for any
positive integer k), there are positive maps (ky,id) : H, — D& H,, and (k.,,id) :
G, — D & G, such that, for any integer L > 0, there are an integer m(n) > n
and positive maps 1 : D ® Hy, — Hyyny and 1’ 2 D © Gy — Gy () such that the
following diagram commutes:

QAn,m

n G
(an /TII

DG,

tn (id,Ln)l tm

Dae H,

(my x
H

Hy

G

m

m(n)»
Yn,m (

and such that the following statements are true:

(1) The map k,, : H, — D = ZF is defined by ki, (x) = (An(2), \n (), ..., A (T))
for x € Hy, and K|, = knla,, in particular, each component of &y (un) = K, (un)
in ZF is strictly positive.

(2) For any 7 € A,

n?

7ﬂ(’r)((O‘m(n),oo © n/)(lD))(: T(T)((71n(n),oc ° 77)(]-D))) < 1/L

(3) Each component of the map 7' o n|pgu, :D® H|, = ZF & 7P — H oy =
ZPm (where ' . H,, — H), is the projection map) is strictly positive, and
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L-large—i.e., all entries in the (k+pn) X Pm(n) matriz corresponding to the map
are larger than L. Moreover, n' = no (id,¢,) and 7’ on/(D & G},) C G, 4.
(Note the maps (kn,id) and (k.,,1d) are independent of L.)

Proor. We will use the following fact (which was pointed out in the first
paragraph of several times: the positive cone of G), (and that of H)) is
finitely generated (note that even though G,, and H,, are finitely generated, their
positive cones may not be finitely generated). Note that H), is a subgroup of H,
so we will continue to use A, for A\, |q .

We now fix n and an integer k > 0. Define &, : H,, = D = Z* and &, : G,, —
D by

kn(a) = (An(a), ..., A\n(a)) € D and k) (a) = (Ay 0 tp(a), ..., Ay o tn(a)) € D.
k k

Since G has the property (SP) and since (H) )y is finitely generated, there is
p’ € G4 \ {0} such that for any a € (H/,),

Ynoo(a) = k- An(a)-p' € Hy.
Consequently,
Qn,oo(@) — k- Ay otp(a)-p' € Gy for all a € (G)4,

where the maps a,, o and 7, o are the homomorphisms from G,, to G and from
H,, to H respectively. Moreover, for any positive integer L, one may require that

(e14.1) r(T)(An(un) - p') < 1/2kL for all 7 € A.

Since (G.,)+ and (H)). are finitely generated, there are an integer m(n) > 1
and p € (Gpy(n))+ such that

am(n),oo(p) = plv Ay m(n) (a) —k-Apo Ln(a) ‘pE (Gm(n))+ for all a € (G/n)+7 and
Ynmn) (@) = k- An(a) - p € (Hpy(n))+ for all a € (H),)4.

Then define o

n

2 Gy = Gy and 7, : Hy — Hpy(ny by

(e14.2) ap G 3 ar Ay mm)(a) —k-Ayoin(a) - p € Gumy, and

n

YW Hp, 3 ar Yrymn) (@) = k- Ap(a) - p € Hyy(ny-

By the choice of p, the maps o/ and «/ are positive. (Note that a/f|me, =
an,m(n)‘lnf" and ’Y;”Inf" = ’Yn,m(n)hnfn-)
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A direct calculation shows the following diagram commutes (where D = ZF):

A m(n)
Gn Gm(n)
(Knk /"7”
Da&d,
ln (id,bn)] tm(n)
D& H,
(KIV X
Hn H’"L n)s
Tn,m(n) ( )

n'((m,....,me,g)) = (m1+ - +mg)p+ a,(g), and
n((mla "'7mk7g)) = (ml + -+ mk})p +7;z/(g)

(Recall that

ki (a) = (Apotn(a), ... \potp(a)) € D and ky(a) = (A(a),...,\n(a)) € D.)
k k

The order of D & G,, and D ® H,, are the standard order on direct sums, i.e.,
(a,b) > 0 if and only if @ > 0 and b > 0. Since the maps o/, and ~,/ are positive,
the maps 1’ and n are positive. Condition (1) follows from the construction;
condition (2) follows from (e 14.1)); and condition (3) follows from the fact that
Vi.ky1 arve 2-large, if one passes to a further stage (choose larger m(n)). O

DEFINITION 14.5. A C*-algebra is said to be in the class H if it is the direct
sum of algebras of the form P(C(X) ® M,)P, where X = {pt},[0,1], S*, 52,
Tok, or Tz (see for the definitions of Ty and T3y). In addition, we
assume that the rank of P is at least 13 when X =75, or X = T3 .

14.6. Write K (the K; part of the invariant) as the union of an increasing
sequence of finitely generated abelian subgroups: K1 C Ko C K3 C --- C K
with K = |J;2; K;. Denote by xpnn+1: K, = Kp41 the embedding, n =1,2, ...
For a finitely generated abelian group G, we use rank G to denote the smallest
cardinality of a set of generators of G—that is, G can be written as a direct sum
of rank(G) cyclic groups (e.g., Z or Z/mZ, m € N).

Let d,, = max{2, 1+ rank(Inf,,) + rank(K,)}. Apply repeatedly, with
k =d, and L > 13-2*" and 7, 41 = (kin, id)on,, where £, and n,, are defined in
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for each n. Passing to a subsequence if necessary, we obtain the following
commutative diagram of inductive limits:

Q2,3

Q1,2
Zh oG —— AL ® Gy

(id,Ll)’J (id,Lz)l Ll
H,

Zdl@Hl - }Zdz@Hz — . —

Y1,2 Y2,3

where G,, := Z% @ G,, has the order unit (x/,(uy),u,), Z% @ H,, has the order
unit (Kn(un), un), and & ni1 = Ynntilzanga, - Set ul = k), (u,) € Z%. Then
ul = kp(un) = K, (u,). Write 4, = (kn(un),un) and G” = Z¢ @ Inf, . So
G, =7% & G, = G! ® G',. We may also write u,, = (u/,u,), where u! € GZ.
Then Ay, y41(tn) = Uny1. Let p, : Z% @ Inf,, ®H], — Z% @& H/, be the quotient
map, and let p , = pylzangq, be the map which maps 74 & G, =7 @
Inf, ®G7, to Z4 © G, Put 7}, i1 = 0, 0 Fnni|zan gy, and &, i1 = P g ©
Oln 41 |Zdn@G/n. Note also that, if we replace G,, by Z% ®G,,, and H,, by Z®H,,,
respectively, then the limit ordered groups G and H do not change (see [14.4).
In particular, we still have Inf(G) = |J;= & o0 (Inf,,). Moreover, by (2) of
7(7) (G0 (1)) < 1/13 - 22" for all 7 € A. For exactly the same reason one has
the following commutative diagram:

~ 1 ~ 1

E3T0] Qa3
(e14.3) 7" ® G —— 7% © G) G’
(id,Ll)l (id,Lg)] Ll
"o H —— Z2 o H) —— .. —— H'.

2 Y33

Note that Z% @ G, and Z% @ H! share the order unit (ul u!). Let H, =
Z% @ H, = G @ Hy, Note that each 4; , ,, is 13 - 2**-large; that is, 7} 5, =

ke k41 o kktl
(Cij * ) € M(dk+1+Pk+1)X(dk+Pk)(Z+) with Cij * > 13- 2%k,

We now construct C*-algebras {C,}, {Bn}, {F.}, and {A,}, and unital in-
jective homomorphisms ¢, py1 : A — Apy1, inductively as in Section 13.

As in[13.13| (applied to G!, C H} ), one can find finite dimensional C*-algebras
F, =@/ F! and E, = @;"ZIE%, unital homomorphisms 3,0, Bn1 : Fr — En,
and form the C*-algebra

Cn = A(Fn; EnaﬁOvBl)
= {(f,a) € C([0,1], E,) © Fy; £(0) = Bno(a), f(1) = Bua(a)}
= C([O’ 1]7 Eﬂ) @ﬂn,076n,1 F,
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such that
(Ko(Fn), Ko(Fn)+, (L)) = (Hy,, (Hp) 4, un),
(Ko(Cn), Ko(Cn) 1, Le,) = (G, (Gr) s un), - Ka(C) = {03,
and furthermore Ky(C),) is identified with

ker((ﬂn,l)*o - (5n,0)*0) = {ff S KO(Fn); ((50)*0 - (51)*0)@) =0¢ Ko(En)}~

Write G/ = @f;l(G;fb)i, with (G)" = Z for i < 1+ rank(K,), and (G2)" =
Z@®S;, where S; is a cyclic group, for 14+rank(K,,) < i < d,,, and ®i=2+rank(Kn)Si =
Inf,,. Here the positive cone of (G!)" is given by the strict positivity of the first
coordinate for non-zero positive elements. An element in G/ is positive if each
of its components in (G2)? is positive. Define a unital C*-algebra B,, € H such

that (see[13.22)
(c14.4)  (Ko(Bn), Ko(Bn)+, 1p,, Kn) = (G, (G)) 4,1y, ).

n

More precisely, we have that B,, = @, Bi, with Ko(B?) = (G7), and K, (B?,)
is either a cyclic group for the case 2 < ¢ < 1 + rank(K,) or zero for the
other cases. In particular, the algebra B! can be chosen to be a matrix algebra
over C, by the choice of d,. We may also assume that, for at least one block
B2, the spectrum is not a single point (note that d,, > 2); otherwise, we will
replace the single point spectrum by the interval [0, 1]. We may also write B! =
Px . iMy, (Xni)Pxon,i as in where Px ,; has rank at least 13 and X, ;
is connected. For each block B!, choose a base point x,,; € Sp(B!). Denote
by Ta, ., : Bl = Bh(wn:) = Fk, (= Mankpy., . (2,.)) the point evaluation
at the point m,, . Let Fx, = @?;1 F}(n and let 7y @ Bp — Fx, be the
quotient map. Put Ip, = kermpsn. Then (Ko(Fxn), Ko(Fxn)t, [1ry,]) =
(2%, 2% [7pis n(1B,]). Note that [mpsn(1p,)] = ul.

Let us give some obvious properties of the homomorphism &, ,+1 : Gh®G), —

G// G// G// G/
1" ! n'"n+4+l | 1 1 n - n+1 1 /
n+1 ® Gl as below. Let o, 7 """ 1 G — Gig, a0 0 G = G,
G, ’GN 1 / 1 G, ’Gl 1 / !/ s
a, ot Gy o= Ghygoand oL 0 G — Gy be the corresponding
G’ G/ _ G// G/
. YTl ! 1" N n'-n+1 1"
partial maps. Define o, 7 /""" : Gy, — Gy 1 by annt1(9”,9") = o, 5 77 (97) +
GGl . -
an”;ﬂ"“ (¢'). Since Inf,, 1 NG}, | = 0 and &y, 41 maps Inf, to Inf,, |1, we know
G//’G/ G//,G,/n
a, it (Inf,) = 0. Hence a7 1" factors through G7/Inf,, as
GG, ™ & g1
wGnyr . A " , ’
Qi Gy — G,/ Inf, = G} ;.
G,/ G/
In other words, we may write ov,, ', 7" = @, om, where 7 : G, — G, / Inf,, is

the quotient map, and &;, ,, 4 : G,/ Inf,, — G}, | ; is the induced homomorphism.

’ 7"
n’Gn+1

Also, since Gnnt1 = Ynn+1lG,, Qi1 factors through Hj, as

ol g
n'~n4+l
GGl tnlg Vi mt1
+1 ., v n 7 In,nt "
Qi G, — H, "— el
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G/ G/I HI GII HI G/I
. nGnt1r n'Gnt1 nGnt1 | ’ 17 .
That is, o, 7 1™ = v, © Ln|G;L7 where v, """ 0 HY — Gy is the
. . _H, H T
homomorphism induced by 1;, ,, 1. Note that ¥, """ has multiplicity at least
13. 2%,

14.7.  We can extend the maps 3,0 and 8,1 to Bn0, Bn1 : Bn @ F, = E,, by
defining them to be zero on B,,. Consider A,, = B, ® C,,. Then the C*-algebra
A,, can be written as

An = {(fa a) € C([O, 1]aEn) 2 (Bn S¥ Fn) : f(O) = Bn,O(a)vf(l) = /Bn,l(a)}'

Then
(KO(A)’ KO(AN)+7 [1An]7K1 (A)) = (Gn’ (Gn)+7an7Kn)'

Let C), = Fxn ® Cy (after Cy, is defined) and let 7¢r ¢, : C;, — C, be the
quotient map. Note that C; = C([0,1], E,) g, 4,8,1 Fx.n © Fn, where 3,
and 3, are extended to maps from Fx , @ F, which are zero on Flx,. Let
I, = C’O((O, 1), En) be the ideal of C,, (also an ideal of A,). Denote by 7y, :
Ap = B, ® F, and 7, . @A, — C, the quotient maps. We also use 7, , :
A, — B, for the quotient map.

We will construct By, Cr, Fin, and A, (in order for comparison with
we use subscripts m instead of n) as above together with a unital injective homo-
morphism @, mi1 : Am = A1, an injective homomorphism @fm,m+1 :Cl =
C! 11, and an injective homomorphism g m m+1 : Bm — Bmy1 satisfying the

m

following conditions (similar to those of [13.31])

(&) mm+1(Im) C Lnt1, mm+1Ipm) C Ipm+1 (see for Ipmi1)-
(Hence @ m41 induces a homomorphism ¢} 1 @ Fxm @ Frp = Ay /(I ©
IB,m) — FX,m-{-l D Fm+1 = Am+1/(lm+1 D IB,m—i—l)-) Furthermore

7/ _ Cn,Cimgr
mC!, 1,Cmi1 © me,m-&-l‘cm = Pmm+1 >

Crmy,Cmt1 | . .
where Ot = T Ay 1,Cogr © Om,m+1]c,, is the partial map of ¢, ymy1 from

C to Cm+17 and (T(-Am+17Bm+l © (Pm,m+1)|3m = ¢B,m$m+1?

(b) (@m,m-{-l)*o = &m,m—i-lv (me,m—i-l)*l = Xm,m+1; (@;mmﬂ)*o = &;n,m+l and
GG GG
O )0 = o T and (VB mm1)x0 = @7

(7T07ln+11Cm+1 °© (Sa;n,erl)

(c) (compare (c) of [13.31), the map ¢}, ,,,,; satisfies the conditions (1)-(8)
of (where C,, and Cj,, 41 are replaced by C}, and C},,,, and H,, and G,
are replaced by Z4» @ H! and Z%®G,), and satisfies condition ({<); in (c) of
13.31] (with the number L,, as described below). In particular,

(Qofr]n,erl)*O = (C?}erl) : KO(FX,m @ FM)

= Z' @ H), = Ko(Fx,m41 ® Fnp1) = 29 & Hy, o5
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(d) the matrices By41,0 and By,41,1 for C),, satisfy the condition ($<)
(where (d™*Y) : (24~ & H],)/(Z% & G,) = H}, /Gl — H} /Gy =
(Z%+r @ H}, )/ (Z4+ & G, 1) is the map induced by 7}, .1 1)-

The number L,, in (¢<); in (c) of [13.31] (see (c) above) which was to be chosen
at the m-th step is described as follows Set Vi :=YB.m—1,m °VB,m—2,m—-10" -0
YB kk+1 : Br — Bm. (Recall that vp;i11 = Ta,,, By, © ©iit1]B, is the partial
map from B; C A; to B;11 C A;4; of the homomorphism ¢; ;1. There is a finite
subset Y, € Sp(B,,) such that, for each k < m — 1, the set Umey Sp(wk)w is
1/m-~dense in Sp(By), and Y, is also 1/m-dense Sp(B;,). Let T, {( )

Sp(E}), 1<k<m-1,1<j< lm}, and write Q,, = Y UT,,. Choose
(e14.5) Ly > 132%™ (#(Q)) - R
where R = (max{rank(1p: ),rank(1p; ),rank(1g;, )}).

14.8. We begin to construct C; and F} in exactly the same way as in Section
13 (for G} and Hjp). Suppose that C1,Cs,...,Cp, F1, Fy,...,F,, By, Ba,..., By,
Prkt+1, Prpyr ad Yk pt1 (for k < n —1) have been constructed. We will
choose B, 41 as above. Since each ¢p j k41 is injective (1 < k < n), so also is
9y, above. Therefore Y,, exists and L,, can be defined. Since each map Fmnt1 -
Z% & H), — Z%+ & H)_, is strictly positive, exactly as in 1, (passing to
larger n+1), we may assume that ($<); holds. This determines the integer n+1
(which is originally denoted by some large integer greater than n). Then, as in
using A,, (defined in ), we can choose fp41,0 and Sp41,1 so that
($<©) holds. Then we use these 5,110 and By,4+1,1 (which are zero on Fx ,4+1) to
define C}, ;. So Cy41 is also defined. Let A1 = Cyy1 @ Byq1. Note that (d)
has been verified.

Let P,,Qn € A,41 be projections such that [P,] = &nnt1([lc,]), [@Qn] =
Gnn+1([1B,]), and P, + Q, = 14,,,. Let P,c = 7, Ang1.Onie (P,), Pop =
M A pt1:Bnt (Pn), Qno = T A pi1:Cgr (Qn)> and QB = T a1 B (Qn). Note that
d{rL,nJrl(ug’ up) = (Urdz+17u;+1)~

It follows by Lemma [I3.15] that there is a unital injective homomorphism
Grons1 : Cp, — Clyy which satisfies the conditions (1)(8) of [13.15 In par-

ticular, (@), ,,41)«0 = @, ,11- Define a homomorphlsm ©,, n+”+1 Ap = Cpia

A'n.yC'rL+1 An,Cni1 _
by (pn,n+1 - TC"+17Cn+1 (pn,nJrl © ﬂ-An‘Cfl One checks that (Qpn n+1 )*0 =
An,Cri1

Gn,Gl, Ap,Ch
1 and (¢, n+1+1) 1 = 0. Moreover, (¢, et Nig., =0, and

o
n,n+1

An,Cria _ GG : 2n
(7TC;L+I7C~WJrl il e, )s0 = a, 1. Since 7n,n+1 is 13 - 2°™-large, so
el

also is a,, 1" It follows from the second part of [13.23 that there is an
injective homomorphism ¥p nnt+1 @ Bn — @Qn,BBn+1Qn,p which maps Ip

1"

. GN,
into Ipn+1 such that (Yppni1)o = o, 500" and (VBant1)a = Xnpt1-

’ "
ol

. H G, .
= Xn,n+1- Since o, 7" is at least 13-large, by the second part
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of [13.23| (with each X; a point) again, there is a unital injective homomorphism

—Fn,Bny1 —Fn,Bni1 H,,G

ot 1 P = PppBuyi Py g such that (¢,7, 77" )0 = a,, 70" Define
—Cn,Bny1 _ -Fn,Bny1 —Cn,Bni1 _ G;Z’GZ-H

(pn,n+1 - (cpn,nqu ) o 7TI7n‘Cn' Therefore (spn,nJrl )*0 - an,nJrl - Then de-

fine Yp nt1 1 Apn = Apta by, for all (b,c) € B, @ Cp,

_Cy,B, An,Chn
(e 14'6) Prn,n+1 (b7 C) = w37n3n+1(b) ® S0n,n-‘,—1+1 (C) & @n,n+1+1 (b7 C)'

One checks that ¢, ,41 (together with the induced maps) also satisfies (a), (b),
and (c). Let A =limy,— o0 (An, ©nnt1)-

14.9. For the algebra A constructed above, we have
(Ko(A), Ko(A)+, [La], K1(A) = (G, G4, u, Ky).
By (2) of we also have

T(omoo(15,)) 1
T(omoo(le,)) S 1

(e14.7)

for all 7 € T(A). Let F}, = Fx, ® I}, and define 7, , : A, — F, by
T, F (b,¢) = (Tptsn(b),c) for (b,c) € B, © F,. By (a) of Onont+1(Ln +
Ipn) C Iny1+1B ny1- Therefore, ¢, » 41 induces a unital homomorphism ¢, ol
F, — Fy.y. (Themap ¢, isdenoted by ¢; . in m to be consistence
with section 13, see 13.31.) Note Ko(F),) = Z¥BG, and (5 nnt1)x0 = Viyni1-

Define F' = lim,, 00 (F},, 97y g 1)- Then F' is a unital AF-algebra. By (e 14.3)),
(Ko(F'), Ko(F") 4, [1%]) = (H', H_,u"). It follows that F’ = F by Elliott’s classi-
fication. Therefore T'(F') = A. We also have the following commutative diagram:

$1,2 $2,3
Al A2 . A
™ ’ ™ /
Aq,F] Ag,F)
/ / /
F| F} e F'.
LpF’,l,Z @F’,z,s

As in Section 13, using ($<)1, (14.9), and the above diagram, one shows that
(Ko(A), Ko(A)+, [La], K1(A), T(A),r4) = (G,G+,u, K, A, ).

Note that A is not simple. So we make one more modification just as in Section
13 (but much simpler as B, is a direct summad of A,). We describe this briefly

as follows: Let A‘;H = EB?:;B;GBC}H, let g1+ Apga — B} ., and LI
Apt1 — @1223;“ be the quotient maps. We also view Tpi,, as the quotient
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map from By y1 to B}, ;. Recall that B}, | = Mpg(, 1) for integer R(n + 1) >
1. We may write ¥5nnt1 = Vg, 01 @ 1[11137%”4_1, where Y5, 1 = TBy .y ©
VB nnt+1 and z/;}Bm,nH =Tp1,, © YB.nn+1. One may write, using the notation
of Section 13, and using ($<)1,

(14.8) 1 (f) = (T30, 75% ooy )(f) for all f € By,

where a;>#(Y,) (1 <i<d,). Let gny1 = wé’n’nﬂ(lgn). There is a continuous

1.t . ~ 1,0 —
path wB,n,n-i-l t B = @n+1Bnt1gn+1 (t € [0,1]) such that wB,n,n-i-l - ¢1B,n,n+1’

and wjlé,ln,n+1 = fB"’B}L“ satisfies
(e14.9) Sp(PPit) O Y, USp(Fx ).

Define ¢8nBnit = g\ @ ¢PnPaa. Then Sp(¢B»Brit) S ¥, USp(Fx ),
v = 1}3n+1 — Gnt1 = TR, o @Cn:Brn+i(15 ). Consider the map TpL,, ©

@@mBot1 1 C, — Bl.,. Exactly as in [13.45] since ({<)); holds, one has a
continuous path of unital homomorphisms Q7 : C,, — ¢\ Bny1gy,; with

B 1
Qro=mp o @Cm-Brer and Qg := 9Pt such that

(14.10) Sp(ECnBrir) 5 T, U Sp(Fy).

Put < Bn1 = Tg . © @CnBrt1, Define, for all (b,¢) € A, = B, @ Ch,

n1
(e14.11)  &yn+1(b,c)

= BB (b) @ €0 Bl (o) @ ¢ B (¢) @ st (b o)

Then, by (e14.9) and (e 14.10)), we have Sp({ls,.,,) DO Qn U Sp(F,). Hence,
by (c) of see (5) and (8) of [13.15), Sp(&m,nt2lz) is 1/n-dense in Sp(Ay,)
for all m < n. Note that &, ,4+1 and ¢, n+1 are homotopic. It follows that
(fn,n+1)*i = (@n,n-&-l)*ia ’L = O, 1 Let B = limnﬁoo(An’gnan’_l). Then

(Ko(B), Ko(B)+, [18], K1(B)) = (Ko(A), Ko(A)+, [15], K).
It follows from that B is a unital simple C*-algebra. By (e 14.7),

; f _ At —
nh—{go ||§n7n+l (pn,n—i-l H 0.

Therefore, as in [13.47] (but much more simply),

(e14.12) (Ko(B), Ko(B)+, 18], K1(B), T(B),r5)
=(G,Gy,u, K,A)r).
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At this point, we would like to point out that, if kerps = {0} and K1(A) = {0},
then we do not need the direct summand B,, in the construction above.
We may summarize the construction above as follows:

THEOREM 14.10. Let ((G,G+,u), K,A,r) be a sextuple consisting of the fol-
lowing objects: (G,G4,u) is a countable weakly unperforated simple order-unit
abelian group, K is a countable abelian group, A is a metrizable Choquet sim-
plex, and r : A — S, (G) is a surjective continuous affine map, where S, (G) is
the compact convez set of states of (G,G4,u). Assume that (G,Gy,u) has the
property (SP) in the sense (as above) that for any real number s > 0, there is
g € GL\ {0} such that 7(g) < s for any state T on G.

Then there is a unital simple C*-algebra A € By which can be written as
A= lig(Ai,wm-H) with injective ; 11, where A; = B; & C;, B; € H, and
C; € Cp, in such a way that

(1) lim; oo sup{7(¢i,00(1p,;)) : 7 € T(A)} =0,
(2) kerpa € U2, (vi,00)50(kerpp, ), and
(3) El(4) = ((G,G4,u), K, A, 7).

Moreover, the inductive system (A;, ;) can be chosen so that ¥, ;11 = wg?izrl@

1/)1(’11)*_1 with 1/)5)%_1 A — Agg_)l, 7,/11(2:_1 18 mon-zero on each summand of A;, and

1 1 0 1 ‘
¢z‘(,i)+1 A — Ag_&l for C*-subalgebras AZ(4+)1 and Az('—i-)l of Aiy1 with 1A§1)1 +

1A§1)1 = 14,,, such that Agg_)l is a non-zero finite dimensional C*-algebra, and

(1i,00)51 18 injective.
Furthermore, if K = {0} and Inf(G)=0, which implies that G is torsion free,
we can assume that A; = C;, i =1,2, ...

Proor. Condition (2) follows from the fact that Inf(G) = ;2 Gn,c0(Inf;,)
and (e14.4), and (1) follows from (e14.7). Since A is a unital simple inductive
limit of subhomogeneous C*-algebras with no dimension growth, it then follows
from Corollary 6.5 of |[118] that A is Z-stable. Hence A has strict comparison
for positive elements (and projections). By (1) above, the strict comparison
property mentioned above, and the fact that C; € Gy, we conclude that A € By.
(This actually also follows from our construction immediately.) O

REMARK 14.11. Note that Ag?l can be chosen to be the first block B}, so
we have

lim 7(1it1,00(1 40 ) =0
i—00 i1
uniformly for 7 € T'(A). Moreover, for any 4, there exists n > i such that

(e1418)  lim sup 7(nsice 0 Uit © Vin(1a,)) = 0.
TE
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REMARK 14.12. Let 92 ., = wi’;’f{‘“ : B, — Bpy1 be the partial map of

Ynn+1 t Ap = Apt, and let 1/),?,,1 : B,, = B, be the corresponding composition
B im0l 1008l . Lete, = €1..(1p,). Then, from the construc-

tion, we know that the algebra B = hﬂ(eanen,wﬁm) is simple, as we know

that SP(£F, 1 1z.,..,) is dense enough in Sp(B,). Note that the simplicity of
B does not follow from the simplicity of A itself, since it is not a corner of A.

COROLLARY 14.13. Let By € By be a unital separable C*-algebra and set B =
B, ®@ U, where U is a UHF-algebra of infinite type (i.e., U@ U = U). Then
there exists a C*-algebra A with all the properties described in Theorem [14.10]
such that EIl(A) = Ell(B). Moreover, A may be chosen such that AQU = A and
14.11] also is valid for A.

Proor. Let ((G,G4,u), K,A,r) = (Ko(B),Ko(B)+,[15], K1(B),T(B),rp).
Since A = A’ ® U, it has the property (SP). Then, by Theorem there
is a C*-algebra A’ € By which has all the properties of A described in
such that Ell(A’) = Ell(B). Put A = A’ @ U. It is easy to check Ell(A' @ U) =
Ell(B ® U). Since B® U = B, we conclude that Ell(A) = Ell(B). Write U =
limy, 00 (Mp(n), 2n), Where k(n + 1) = r(n)k(n) and 2, : Mypn) — My is
defined by 1,(a) = a ® Lar,,,- Write A" = limy, 00 (Br®Ch, ¥nn+1). Then one
checks A 2 1imy, o0 (Bp @ Miy(n) © Cpp @ Miy(ny, Ynnt1 ®15). It follows that A has
all the properties described in [I£.10] and also the one described in [[4.11] Since
A=A"®U and U is a UHF-algebra of infinite type, A @ U = A. O

The following result is an analog of Theorem 1.5 of [65].

COROLLARY 14.14. Let Ay be a simple separable C*-algebra in Bi, and let
A = A1 QU for an infinite dimensional UHF-algebra U. There exists an inductive
limit algebra B as constructed in Theorem [14.10] such that A and B have the
same Elliott invariant. Moreover, the C*-algebra B may be chosen to have the
following properties:

Let Gy be a finitely generated subgroup of Ko(B) with decomposition Gy =
Goo ® Go1, where Gog vanishes under all states of Ko(A). Suppose P C K(B) is
a finite subset which generates a subgroup G such that Go C G N Ko(B).

Then, for any € > 0, any finite subset F C B, any 1 > r > 0, and any positive
integer K, there is an F-e-multiplicative map L : B — B such that:

(1) [L]|p is well defined.

(2) [L] induces the identity maps on the infinitesimal part of G N Ko(B), G N
K1(B), G N Ko(B,Z/kZ) and GO K (B,Z/kZ) fork=1,2,--- .

(3) pr o [Ll(g) < rpr(g) for all g € G N Ky(B), where pp is the canonical
positive homomorphism from Ko(B) to Aft(S(Ko(B), Ko(B)+,[18]))-

(4) For any positive element g € Go1, there exists f € Ko(B)y with g—[L](g) =
Kf.
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PrOOF. As is pointed out in the last paragraph of the Elliott invariant
of A; ® U has the property (SP). Replacing A; by A; ® U, we may assume that
Ell(A;) has property (SP).

Consider Ell(A;), which satisfies the conditions of Theorem [14.10} Therefore,
by the first part of Theorem [14.10} there is an inductive system B; = h_n)l(T i D

Si, i i+1) such that

(1) T; € H and S; € Gy with K1(Sl) = {O},

(ii) lim 7(¢; 00 (17;)) = 0 uniformly on 7 € T'(B;),

(if) ker(pp,) = U2, (s.00)eo (er(pr, ), and

(iv) Ell(By) = Ell(4,).

Put B = B; ®U. Then Ell(A) = Ell(B). Let PCK(B) be a finite subset, and
let G be the subgroup generated by P, which we may assume contains Gy. Then
there is a positive integer M’ such that G N K. (B,Z/kZ) = {0} if k > M'. Put
M = M'!. Then Mg =0 for any g € GNK.(B,Z/kZ), k=1,2, ... .

Let € > 0, a finite subset ¥ C B, and 0 < r < 1 be given. Choose a finite
subset § € B and 0 < &’ < € such that F C § and for any G-¢-multiplicative
map L : B — B, the map [L]p is well defined, and [L] is a homomorphism on G
(see [2.12).

Choosing a sufficiently large ig, we may assume that [t o] (K (T, ®Si)) D G-
In particular, we may assume, by (iii) above, that GNkerpp, C (1i,,00)x0(kerpr, ).
Let G' C K(T;, © Si,) be such that [0, 00](G')DG. Since B = By ® U, we may
write U = Hm(Mp,(n), tnnt1), Where m(n)im(n + 1) and 2, 541 @ Myyn) —
M (n41) 1s defined by a — a ® 1,,(n41). One may assume that for each f € G,
there exists i > iy such that

(e14.14) f=fo® 1) © 1 € (T]®5]) ® My,

for some fo € T/, f1 € Si, and m > 2M K /r, where m = m(i+1)m(i+2) - - -m(n),
T = i oo (T3 @ Min(i))s Si = ¥ 5o (S5 @ My (i), and where 1 00 = 1j,00 ® 7,00-
Moreover, one may assume that 7(1z;) < r/2 for all 7 € T'(41).

Choose a large n such that m = My + | with M divisible by KM and
0 <l < KM. Then define the map

L:(T{®S}) ® My, = (T} ® S}) @ My,
to be

L((fij ® Gi,j)mxm) = (fi,j)mxm B Ei(gi,j)mxmEl,

where E; = diag(lg/,1gs,...,15/,0,0,...,0), which is a contractive completely
1 Mo

positive linear map from (77 S,)® M,, to B, where we identify B with B® M,,.

We then extend L to a completely positive linear map

B — (13 — (1Mm(S£)_El))B(1B — (1Mm(S;)_El))-
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Also define
R:(T/®oS)o M, -T &8,
to be
fii®gr  fieg®@gie 0 fim@oim
fo1® g2 foo®goo - fom © 92.m
(e 1415) R . =Jg1,1,
fm,l S 9m,1 fm,? 2] 9m,2 fm,m 3] Im,m

where f;, € T} and g; € S;, and extend it to a contractive completely positive
linear map B — B, where T} & S} is regarded as a corner of (T} & S,)®M,, C B.
Then L and R are §-¢’-multiplicative. Hence [L]|p is well defined. Moreover,

l r MK
L(1 1 — < =
(L) < 7)o < 5+ e

=r for all 7 € T(4).

Note that for any f in the form (e 14.14)), if f is written in the form (f;z ® g;x)
then gj; = g11 and g, = 0 for j # k. Hence one has

mxXm?’

f=L({f)+R(f),

where R(f) may be written as

R(f) = dlag{oa 07 '“707 (0 S gl,l)v ceey (0 S gl,l)}'
——

l Mo

Hence for any g € G,
g = [L](9) + Mo[R](g).

Then, if g € (Go1)+ C (Go)+, one has

9~ [L]() = Mo[R)(9) = K((Z2)[RI(o)).

Andif g e GN K;(B,Z/kZ) (i =0,1), one also has

g — [L](g) = Mo[R](g)

Since Mg = 0 and M|My, one has g — [L](g) = 0.

Since L is the identity on v} (T; ® My,(;)) and i > ig, by (iii), L is the
identity map on G Nker pg. Since K1(S;) = 0 for all 4, L induces the identity
map on G N K1(B). It follows that L is the desired map. O

Related to the considerations above we have the following decomposition:
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PROPOSITION 14.15.  Let Ay be a separable amenable C*-algebra in By (or Bg)
and let A = Ay @ U for some infinite dimensional UHF-algebra U. Let § C A,
P C K(A) be finite subsets, Py C A® K be a finite subset of projections, and
lete >0,0<1rg <1and M € N be arbitrary. Then there are a projection
p € A, a C*-subalgebra B € C (or Cy) with p = 1p and G-e-multiplicative unital
completely positive linear maps L : A — (1 — p)A(1 — p) and Ls : A — B such
that:

) |IL1(x) + La(x) — || < e for all z € G;
2) [L;]|p is well defined, i = 1, 2;
3) [Lalls + [vo Lalls = fid]ly:
4) 7o [L1](g) <ro7(g) for all g € Py and T € T(A);
5) For any x € P, there exists y € K(B) such that x — [L1](z) = [t 0 La](z) =
M{[](y); and
(6) for any d € Py, there exist positive element f € Ko(B)y such that

(1
(
(
(
(

d — [L1](d) = [vo Lo](d) = M[J(f),
where 1 : B — A is the embedding. Moreover, we can require that 1 —p # 0.

PROOF. Since A is in B; (or By), there is a sequence of projections p, € A
and a sequence of C*-subalgebras B,, € By (or By) with 15, = p, such that

(e14.16) nlgréo [(1 = pn)a(l — pn) + pnap, — al| =0,
(e14.17) lim dist(ppapn, Bn) = 0, and
(e14.18) hﬁm max{r(l—p,):7T€T(A)}=0

for all @ € A. Since each B, is amenable, one obtains easily a sequence of unital
completely positive linear maps ¥,, : A — B,, such that

(e14.19) lim ||pnap, — ¥,(a)|]| =0 for all a € A.
n— oo

In particular,

(€14.20)  lim [Ty (ab) — U, (a) T, (b)] = 0 for all a,b € A.
n— o0

Let j: A— A®U be defined by j(a) = a® 1y. There is a unital homomorphism
s: A®U — A and a sequence of unitaries u,, € A ® U such that

(e14.21) ILm la — Adu, 0osoj(a)] =0 for all a € A.

There are non-zero projections e/, € U and e,, € U such that
M

(e14.22) nlingo t(en) =0 and 1 — e, = diag(e;,, €, ..., €),)

n? n’i
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where t € T(U) is the unique tracial state on U. Choose N > 1 such that
0 <tlen) <719/2 and max{r(l —p,):7€T(A)} <ry/2.

Define ®,, : A — (1 — p,)A(l — py) by ®,(a) = (1 — pp)a(l — p,) for all a € A.
Define ®/ (a) = ®,(a)®Adu,os(a®e,), and ¥/ (a) = Adu,os(¥(a)®(1—e,))
for all n > N. Note that u}s(B, ® (1 —ep))u, € C1 (or Cp). It is then easy to
verify that, if we choose a large n, the maps Ly = ®/, and Ly = ¥/ meet the
requirements. U

15. Positive Maps from the Ky-group of a C*-algebra in €  This
section contains some technical lemmas about positive homomorphisms from

Ky(C) for some C € C.

LeEMMA 15.1 (cf. 2.8 of [61]). Let G C Z' (for somel > 1) be a subgroup. There
is an integer M > 0 satisfying the following condition: Let 1 > o1,09 > 0 be
any given numbers. Then, there is an integer R > 0 such that: if a set of 1
positive numbers c; € Ry (1 =1,2,...,1) satisfies a; > o1 for all i and satisfies

1
(e15.1) Zaimi € Z for all (m1,ma,...,m;) € G,
i=1

then for any integer K > R, there exists a set of positive rational numbers
Bi € 772+ (i=1,2,...,1) such that

l
(e15.2) D lai =il <oz and ¢l = ¢la,

=1

where p((n1,na,...,n;)) = 22:1 a;n; and ¢((n1,na,...,n;)) = 22:1 Bin; for all
(n1,n2,...,n;) € Z.

ProOOF. Denote by ¢; € 7' the element having 1 in the j-th coordinate and
0 elsewhere. First we consider the case that Z!/G is finite. In this case there
is an integer M > 1 such that Me; € G for all j = 1,2,...,1. It follows that
¢(Mej) € p(G)CZ, j = 1,2,..,l. Hence aj = ¢(e;) € +:Zy. We choose
Bj = a5, j =1,2,...,1, and ¢ = . The conclusion of the lemma follows—that
is, for any o1, 02, we can choose R = 1.

Now we assume that Z'/G is not finite. Regard Z! as a subset of Q' and
set Hy to be the vector subspace of Q! spanned by elements in G. Since G is
a subgroup of Z!, it must be finitely generated and hence is isomorphic to ZP,
where p is the (torsion—free) rank of G. Since the rank of Z! /G is strictly positive
(otherwise Z!/G would be a finitely generated torsion group, hence finite), and
using the fact that the rank is additive, one concludes that 0 < p < [.



A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 327

Let g1,92, ..., 9p € G be indepdent generators of G. View them as elements in
Hy Cc Q' and write

(e 153) 9i = (gi,lagi,27 "'7gi,l)a 1= 172a —y D

Define L : Q° — Q' to be L = (fij)ixp, where fi; = gj4, 1 =1,2,...,1 and
j = 1,2,...,p. Then L* = (gi;)pxi. We also view L* : Q' — QP. Define T =
L*L : Q° — QP. This map is invertible. Note that 7= T* and (T~1)* = T~1.
Note also that the matrix representation (a; ;)ixp of Lo T—!is an [ x p matrix
with entries in Q. There is an integer M; > 1 such that a; ; € Mill, 1=1,2,...,1
and j =1,2,...,p.

Let Hyo = kerL*. It has dimension [ —p > 0. Let P : Q' — Hyy be an
orthogonal projection which is a Q-linear map. Represent P as an [ X [ matrix.
Then its entries are in Q. There is an integer Ms > 1 such that all entries are in
A%Z. We will use the fact that L* = L*(1 — P).

It is important to note that My and My depend on G only and are independent
of {aj 01 S] S l} Let M = MlMg.

Suppose that o1, 09 € (0, 1) are two positive numbers and the numbers «; > o4
(i =1,2,...,1) satisfy condition . The condition is equivalent to
the condition that b;:= 22:1 @;jgij € Z,i =1,2,..,p. Put b = (by,ba,...;,bp)7"
and a = (a1, @2, ...,a;)T. Then b= L*a.

If we write
&]
(e15.4) L(T*) th=c= C:2 :
c}

then, since b € Z”, one has ¢; € ﬁz' Choose an integer R > 1 such that

1/R < 0102/(41%). Let K > R be any integer. Note that
(e15.5) L'c=L*L(T*) 'b= L*LT b = L*«.

Thus a — ¢ € kerL* as a subspace of R’
For the space R!, we use || - || and || - ||2 to denote the /1 norm and Iy norm
on it, respectively. Then we have

vlle < lolli <Ijvllz for all veRL
Since Hyg is dense in the real subspace kerL*, there exists £ € Hyg such that
(e15.6) o = ¢ —=Ell2< fla — ¢ = &lly < o102/(41).
Pick n € Q' such that & = Prn. Then there is 19 € Q' such that Kny € Z! and

(e15.7) 1m0 — nll2 <m0 — nll1 < o102/(21).
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Since P has norm one with respect to the Il norm,

o = ¢ = Proli < lljr — ¢ = Prpll2 < ([l — ¢ = &ll2 + | P(no — ) ||2) < 0102.
P}lt B =c+ Pny = (B1,P2,..., ). Note that MoK (Png) € Z', and that M;c €
‘ 'We have KMpB € 7!, and

(e15.8) L*8=L'c¢=L"a and |ja — |1 < 0109.

Moreover, since «; > o1,

(e15.9) Bi>0, i=1,2 ..,1

Since Py € Hyg, one has that L*5 = L*(1-P)B = L*(1—P)c = L*¢ = L*a = b.
Define ¢ : Q' — Q by

(€15.10) ¢(x) = (z, B)

for all z € Q'. Note L*e; = g;, where ¢; is the element in ZP with i-th coordinate
1 and 0 elsewhere. So

e(gi) = (Lei,a) = (e;, L") = (i, L")
<L€i7ﬂ> = <gi76> = @(gi),

i=1,2,...,p. It follows that @(g) = ¢(g) for all g € G. Hence ¢|¢ = ¢|c. Note
that ¢(Z') C 772, since B; € 7724, 1 =1,2,...,1. O

If we do not need to approximate {c; : 1 < <}, then R can be chosen to
be 1, with M = M;, which only depends on G and [ (by replacing 8 by ¢ in the
proof).

From the proof of since L and (T*)~! depend only on g1, g2, ..., gp, We
have the following result:

LEMMA 15.2. Let G C Z' be an ordered subgroup with order unit e, and let
91,92, - 9p (P <1) be a set of free generators of G. For any ¢ > 0, there exists
0 > 0 satisfying the following condition: if ¢ : G — R is a homomorphism such
that

|Lp(gz)‘ <67 Z: 1)27"'7p7
then there is 3 = (B1, B, ..., Bi) € RE with |B;] < e, i =1,2,...,1, such that

©(g) = ¥(g) for all g € G,

where 1 : Z! — R is defined by ¥((mq, ma, ..., my)) = 2221 Bim; for all m; € Z.
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COROLLARY 15.3. Let G C Z' be an ordered subgroup. Then, there exists an
integer M > 1 satisfying the following condition: for any positive homomorphism
Kk : G = Z" (for any integer n > 1) with every element in k(G) divisible by
M, there is Ry > 1 such that, for any integer K > Ry, there is a positive
homomorphism & : Z! — Z™ such that &|¢ = Kk.

PrOOF. We first prove the case that n = 1.
Let S C {1,2,...,1} be a subset and denote by Z(%) the subset

7% = {(m1,ma, .ymy) tm; =0 if i ¢ S}

Let Mg : Z! — Z(5) be the obvious projection and G(S) = I5(G).

Let M(S) be the integer (in place of M) as in associated with G(S) C
25, Put M =Tlgcq0,. 1 M(S).

Now assume that k : G — Z is a positive homomorphism with multiplicity
M—that is, every element in x(G) is divisible by M.

By applying 2.8 of [61], we obtain a positive homomorphism £ : Z! — R such
that 8|¢ = k. Define f; = B(e;), where e; is the element in Z' with 1 at the
i-th coordinate and 0 elsewhere, i = 1,2, ...;1. Then f; > 0. Choose S such that
fi>0ifieSand f;=0ifi & S.

Evidently if &, & € Z! satisfy I5(£1) = Ig(&), then B(&;) = B(&2), and if we
further assume &1,&; € G then k(&) = k(&2). Hence the maps S and & induce
maps ' : Z5) — R and +’ : G(S) — Z such that 3 = f'ollg and k = x'o(Ils)|q-
In addition, we have f'|g(s) = '

Let 01 = 209 = W By applying Lemma to oy = fi/M > o1
for i € S and to G(S) € Z), we obtain the number R(x) (depending on oy
and o2 and therefore depending on k) as in the lemma. For any K > R(k),
it follows from the lemma that there are 3; € 2-Z; (for i € S) such that
&las) = ﬁ/@', where &' : Z5) — Q is defined by K ({mities) = Dieq Bimi.
Evidently, # = KM (&' ollg) : Z' — Z is as desired for this case.

This proves the case n = 1.

In general, let s; : Z™ — 7Z be the projection onto the i-th direct summand,
i =1,2,...,n. Apply the case n = 1 to each of the the maps k; := s; o k (for
i=1,2,...,n) to obtain R(k;), and let Ry = max; R(k;). For any K > Ry, by
what has been proved, we obtain #; : Z! — Z such that

(e15.11) Rilc = Ks;ok|g, 1=1,2,..,n.

Define & : Z! — Z" by &(2) = (k1(2), f2(2), ..., Fn(2)). The lemma follows. O

LEMMA 15.4 (Lemma 3.2 of [36]). Let G be a countable abelian unperforated
ordered group such that G4 is finitely generated and let r : G — Z be a strictly
positive homomorphism, i.e., (G4 \ {0}) C Z4 \ {0}. Then, for any order unit
u € G4, there exists a natural number m such that if the map 0 : G — G s
defined by g — r(g)u, then the positive homomorphism id +mb : G — G factors
through @, Z positively for some n.
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PROOF. Let uw be an order unit of G, which exists as G is finitely generated,
and define the map ¢ : G — G by p(g) = g + r(g)u; that is, ¢ = id +6. Define
G, =G and ¢, : G — G by p,(g) = p(g) for all g and n. Consider the inductive
limit
® @
G G e lim G.
_>

Then the ordered group lim G has the Riesz decomposition property. In fact, let
a,b,c € (lim Q)4 such that
H
a<b+ec.

Without loss of generality, one may assume that a # b+ c.
We may assume that there are a’,b’, ¢ € G, for some n-th (finite stage) G
such that ¢, oo(a') = a, ©n,0o(b) = b, and @, o (¢') = ¢, and furthermore

(e15.12) a <t +¢.

A straightforward calculation shows that for each k, there is m(k) € N such
that
Pnnir(@) = a' +mk)r(a)u, onnpr®) =0 +mk)r®)u,

and
Onntk(d) = +m(k)r(d)u.

Moreover, the sequence (m(k)) is strictly increasing. Since r is strictly positive,

combining with , we have that
r(a@) <r@®)+r() (in Zy).
There are, for i = 1,2, I; € Z, such that
Ii +1a =7r(d), Iy <r(d), and Iy < r().

Without loss of generality, we may assume d = r(b') — I3 > 0 (otherwise we let
d=r(c) —l3). Since u is an order unit, there is my € Z, such that

midu > a’.

Choose k > 1 such that m(k) > mq. Let a; = o’ + m(k)lyu and as = m(k)lau.
Then
az = m(k)loau < m(k)r(u < +m(k)r(d)u = onnix(c).

Moreover,
a; = a +m(k)lhu < m(k)du+m(k)hu < b 4+ m(k)r()u = onnik ).

Note
<Pn,n+k(a/) =a;+az < ‘Pn,nJrk(b/) + L»071,71+lc(cl)~
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These inequalities imply that

(e15.13) 4= QPnikoo(01) + Onihoo(a2) <b+e,

(e15.14) Ontk,oo(@1) <b and @p4k,00(az) <c.

It follows that the limit group lim G has the Riesz decomposition property.
—
Since G is unperforated, so is lim G. It then follows from the Effros-Handelman-
—
Shen Theorem (|26]) that the ordered group lim G is a dimension group. There-

fore, since G and G are finitely generated, for sufficiently large k, the map
©1,5 : G — G factors positively through €., Z for some n. As already pointed
out, the map ¢ is of the desired form id + m#@ for some m > 0. The lemma
follows. (|

Let G; and G2 be groups and K > 1 be an integer. A homomorphism
v : G1 — G5 is said to have multiplicity K, if there is, for each ¢ € Gi,
v(g1) = Kgs for some gy € Go.

LEMMA 15.5. Let (G,G+,u) be an ordered group with order unit u such that
the positive cone G is generated by finitely many positive elements which are
strictly smaller than u. Let X : G — Ko(A) be an order preserving map such that
Au) = [14] and MG+ \ {0}) C Ko(A)4 \ {0}, where A € By (or A € By). Let
a € Ko(A)4 \ {0} with a < [1a]. Let P C G4 \ {0} be a finite subset. Suppose
that there exists an integer N > 1 such that NX(x) > [14] for all x € P.

Then, there are two positive homomorphisms Ao : G — Ko(A) and v : G —
Ko(S"), with S’ C A and S’ € € (or Cy) such that v(u) = [1s/] and

(e15.15) A=Xo+ A1, 0<X(u)<a and v(g) >0

for all g € G4 \ {0}, where A\; = w90 and 1 : S — A is the embedding.
Moreover, Ny(x) > ~(u) for all x € P. Furthermore, if A = Ay ® U, where
U is an infinite dimensional UHF-algebra, and Ay € By (or By), then, for any
integer K > 1, we can require that 8" = S ® My for some S € C (or Cy) and v
has multiplicity K.

ProoF. Let {g1,92,...,9m} C G4 be a set of generators of G with g; <
u. Since A has stable rank one, it is easy to check that there are projections
41,92, -, @m € A such that A(g;) = [¢:], @ = 1,2, ...,m. To simplify notation, let
us assume that P = {g1, g2, ..., gm }. Define

N
N /_/ﬁ .
Qi :dlag(Qi»in-,Qi)a Z:1727"'7m'

By the assumption, there are v; € My (A) such that

(e15.16) viv; =14 and vl < Q4 i=1,2,...,m.



332 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

Since A € By (or By), there exist a sequence of projections {p,} in A, a se-
quence of C*-subalgebras S,, € € (Cy) with p, = 1g,, and a sequence of unital
completely positive linear maps L,, : A — S,, such that

lim |la — ((1 = pn)a(l —pn) + prapyp)|| =0, lim ||L,(a) — prpaps|| =0,
n—oo

n—oo

and
(e15.17) lim sup{7(1 —p,): 7 € T(A)} =0,
n— o0

for all @ € A. It is also standard to find, for each i, a projection e;, € (1 —
pn)A(1—py), a projection e; , € My (Sy,), and a partial isometry w; ,, € Mn(Sy,)
such that

lim [[(1 = pn)gi(1 = pa) — €i,l =0,
n— oo
W} Win = Pny WinW;, < €,

li_>m (L, ®idary ) (v;) — winl] =0, and

Jim [[(Ly, @idary )(Q:) = €inl| = 0.

Let ¥,, : A — (1 — p,)A(1 — pp,) be defined by ¥,,(a) = (1 — pp)a(l — p,) for
all a € A. We will use [¥,,] o A for Ag and [L,,] o A for + for some large n. Since
G is finitely generated, choosing sufficiently large n, we may assume that Ag
and ~ are homomorphisms. To see that \g is positive, we use (e 15.18) and the
fact that G is finitely generated. It follows from (e 15.19) and (e15.20)) that
N~(x) > y(u) for all z € P. Since we assume that the positive cone of G, is
generated by P, this also shows that y(x) > 0 for all z € G4 \ {0}. By (?7?), we
can choose large n so that 0 <Ag(u) < a.

It should be noted that when A does not have (SP), one can choose A = \;
and \g = 0.

If A= A; ® U, then, without loss of generality, we may assume that p, € A;
for all n. Choose a sequence of non-zero projections e, € U such that t(1 —
en) = r(n)/K, where t is the unique tracial state on U and r(n) are positive
rational numbers such that lim,, . 7(n) = 0. Thus S, ® (1 —e,) C B, where
B, =5, ® Mg and p, ® (1 —e,) = 1p,. We check that the lemma follows if we
replace ¥,, by ¥/ where ¥/ (a) = (1 —pn)a® ly + pra®e, O

LEMMA 15.6 (see Lemma 3.6 of [36] or Lemma 2.8 of [92]). Let G = Ky(S5),
where S € C. Let H = Ko(A) for A = A; ® U, where Ay € By (or By), and
U is an infinite dimensional UHF-algebra. Let My > 1 be a given integer and
d € Ko(A)+ \{0}. Then for any strictly positive homomorphism 6 : G — H with
multiplicity My, and any integers My > 1 and K > 1 such that K60(z) > [14]
for all x € G4 \ {0}, one has a decomposition 6 = 01 + 05, where 01 and 02 are
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positive homomorphisms from G to H such that the following diagrams commute:

91 02
G H G H
N /wl ;x /w;
Gy Go

where 01([1s]) < d, G1 = @, Z = @;_, Z for some natural number n and
Go = Ko(5') for some C*-subalgebra S’ of A which is in the class € (or in
Co), ¥1,11 are positive homomorphisms and o = 149, where v : S" — A is the
embedding. Moreover, @1 has multiplicity My, @2 has multiplicity My M, and
2K @a(x) > ¢a([ls])=[1ls/] > 0 for all x € G4 \ {0}.

PRrROOF. Let u = [1g]. Suppose that S = A(Fy, Fp,10,91) with F1 = Mpq) @
Mpg2) @ -+ ® Mpg(). It is easy to find a strictly positive homomorphism 7y :
Ko(F1) — Z. Define r : G — Z by r(g) = no o (7e)«0. By replacing S with
M4(S) and A by M4(A) for some integer d > 1, without loss of generality, we
may assume that S contains a finite subset of projections P = {p1,pa,....,p1}
such that every projection ¢ € S is equivalent to one of the projections in P and

{[pi] : 1 <i <1} generates Ko(S) (see[3.15). Let
oo =min{pa(d)(r) : 7 € T(A)}.

Note that since A is simple, one has o¢ > 0.
Let
o1 =inf{r(0([p])) :peP, T€T(A)}>0.
Since A = A; ® U, A has the (SP) property, there is a projection f, € A4 \ {0}
such that

(e15.22) 0 < 7(fo) < min{og,01}/8Kr(u) for all 7€ T(A).

Since A = A; ® U, we may choose fy so that [fo] = M, h for some non-zero
h € Ko(A)y. Define 6y : G — Ko(A) by 0)(g) = r(g)h for all g € G. Set
0’ = M;6(. Then 2¢'(x) < 6(x) for all z € G4 \ {0}.

Since 6 has multiplicity M, one has that (g) —6'(g) is divisible by M; for any
g € G. By the choice of o, one checks that § — #’ is strictly positive. Moreover,

2Kpa((0(z) = 0'(x))(r) > 2Kpa(0(2))(7) = Kpa(0(z))(7)
= Kpa(0(x))(1) > pa([La])(7) for all 7 € T(A).

_ Applying one obtains a C*-subalgebra S’CA, a positive homomorphism
01 : G — Ky(A) and strictly positive homomorphism ¢y : G — K(S’) such
that

(e15.23) 0 — 0" =01+ 1.0 0 2,
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(e15.24)

0< (61 () < ()

w1, 2Kea(x) > a((1s]), ¢2((1s]) = [Ls'],

where m is from [15.4] and 2 has multiplicity M7 Ms, and where ¢ : S’ — A is
the embedding. Put

02 = 1x0 © P2, and wg = 1%0-

Since 6(g) — 0'(g) is divisible by M, and any element in 62(G) is divisible by
M;, one has that any element in 0 (G) is divisible by M;. Therefore, the map
01 can be decomposed further as M;6], and one has that 8 — 6’ = M;67 + 65.
Therefore, there is a decomposition

0 =0+ M10] + 03 = M6}, + M0 + 05.
Put 91 = Ml(% + 9’1) Then,

pa(01([Ls])(7) < (1/2)pa(d)(r) for all 7€ T(A).

We now show that 6; has the desired factorization property. For 6 + 60}, one
has the following further decomposition: for any g € G,

0o(9) +01(9) = r(9)h+6i(g) = r(g)(h — mby(u)) +r(g)mb; (u) + 6 (g)
= 1(g9)(h —mb}(w)) + 6, (mr(g)u) + 61 (9)
= 1(g)(h —mb} () + 0} (mr(g)u+g).

By (e15.24), h — m#)(u) > 0. By Lemmam g—mr(g)u + g factors through
D, Z(= B;_, Z) positively for some n. Therefore, the map M; (6] + 6) factors
though @(1 +n)My Z positively. So there are positive homomorphisms ¢ : G —
EB(HH)MI Z and 17 : @(1+n)M1 7Z — Ko(A) such that 6; = ¢ o 1 and ¢ has
multiplicity M. O

16. Existence Theorems for Affine Maps for Building Blocks The
main purpose of this section is to present Theorem We first consider
the case that the target algebras are finite dimensional (Lemma . We then
replace them by interval algebras via a path (Lemma [16.9). Then we establish
Theorem for the target algebras in €. Methods used in this section may
also be found later in [34].

LEMMA 16.1. Let A be a unital separable C*-algebra with T(A) # & and let
H C A be a finite subset. Then, for any o > 0, there exist an integer N > 0 and
a finite subset E C 0.(T(A)) with the following property: For any T € T(A) and
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any k > N, there are t1,ta, ..., ty, (which are not necessarily distinct points) in E
such that

k
1
(e16.1) %Z h)| <o for all h € H.

(If 7 is a (not necessarily normalized) trace on A with ||| < 1, then there are
t1,to, ...t n B with k' < k such that

Zt )| <o for all h e H.)

Suppose that A, in addition, is a subhomogeneous C*-algebra. Then there are
1,72,y ooy T 40 Irr(A) such that

|7(h) — % (try omy(h) +trgoma(h) +--- +trpomp(h)) | <o for all h € K,

(e16.2)

where m; € E and tr; is the unique tracial state of mj(A). Moreover, if the space

A, of irreducible representations of dimension exactly | has no isolated points for
each l, then 71,72, ..., ™ can be chosen to be distinct.

Remark: Note that in (e 16.2)), the 7; may not be distinct. But the subset E
of irreducible representations can chosen to be independent of 7 (but depending
on o and K).

PrOOF.  Without loss of generality, one may assume that || f|| < 1 for all f € K.
Since T'(A) is weak*-compact, there are 71,79, ..., 7, € T(A) such that, for any
7 € T(A), there is j € {1,2,...,m} such that

(e16.3) |7(f) —7;(f)| < o/4 for all fe XK.

By the Krein-Milman Theorem, there are ¢},t5,...,t, € 0.(T(A)) and nonnega-
tive numbers {a; ;} such that, for each j =1,2,...,m,

(e16.4) |75 (f Za” ()] <o/8 and Zam =1.

i=1

Put E = {t},t},...,t),}. Choose N > 32mn/o. Let T be a possibly unnormalized
trace on A with 0 < 7(1) < 1. Suppose that j is chosen so that |7(f)/7(1) —
7;(f)] < o/4 for all f € I as in . Then, for any k£ > N, there exist
positive rational numbers r; ; and positive integers p; ; (1 <i<nand1<j <
m) such that

n n

(€16.5) Sorig<loor Yy my=11if 7(1)=1, for 1<j<m

=1 i=1
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Tij ij, and |T(1)ay; —rij| < %, for1<i<n, and1<j<m.

(16.6)

Note that, by (e 16.5)),
(e16.7) Y pig <k oor Y piy=k if r(1)=1.
=1 =1

Then, by (e 16.6)),
- Pijy _
(e16.8) |7(f) = > ( ZE()] < o/4+0/8=30/8 for all [ €3t
i=1
It is then clear that (e 16.1)) holds on repeating each ¢} p; ; times.
Now suppose that A is subhomogeneous. By Lemma 2.16 of [66], t; has the
form tr; o m;, where mq, g, ..., T, are in Irr(A). It follows that (e 16.2) holds.
Note that A; is a locally compact Hausdorff space (see Proposition 4.4.10 of
[95], for example). Fix a metric on A;. For each m; € Aj, there exists §; > 0 such
that for any irreducible representation x € A; with dist(z, m;) < d;, we have

[tr(z(f)) — tr(mi(f))| < o/64k for all f € H,

where tr is the unique trace of M.

Suppose that, for each [, A; has no isolated points. Fix j and, for each ¢ with
tr; om; € E, choose p; ; distinct points in a neighborhood O(m;,d;) of m; (in
A;) with diameter less than &;. Let {m1 j, o j, ..., Tk, } be the resulting set of k
elements (see (e16.7)). Then, one has (by (e16.3) and (e16.8))

(e16.9)

|T(f)—%(trl,j(f(ﬂl,j))+tr2,j(f(7fz,j))+'"+trk,j(f(ﬂk,j)))\ <o for all fel

(where tr; ; is the tracial state of ; ;(A)), as desired. O

LEMMA 16.2. Let H be a finite subset of C([0,1] x T) ® M, (for some r > 1)
and let o > 0. Then there is an integer N > 1 such that for any finite Borel
measure j on [a,b] x T with ||u|| < 1 and any k > N, there are 1,22, ..., Ty, in
(0,1) x T for some m < N such that

| tr(h)d,uf%(tr(h(zl))+tr(h(z2))+- cttr(h(xm)))| < o for all h € K,
(a,b)xT

where [a,b] C [0,1] and tr is the tracial state of M.

ProOOF. Let A =C([0,1] x T) ® M,.. Note that, for each p as specified, 7(f) =
f(a b)xT tr(f)dp is a trace on A with ||7|| < 1. Therefore, the conclusion follows

immediately from Lemma if one allows 21, xg, ..., &y, to be in [0,1] x T. The
equicontinuity of H then allows us to require these points to be in (0,1) x T. O
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The following fact is known to experts.

LEMMA 16.3. Let C = @?:1 C(X;) ® My, where each X; is a connected
compact metric space. Let H C C be a finite subset and let o > 0. Then
there is an integer N > 1 satisfying the following condition: for any positive
homomorphism k : Ko(C) = Ko(M) = Z with £([1o(x,)eM,]) = N (for each
i) and any T € T(C) such that

(e16.10) pc()(7) := (1/s)(k(z)) for all x € Ko(C),
there is a homomorphism ¢ : C — M, such that p., = Kk and
[tr o @(h) — 7(h)| < o for all h € H,

where tr is the tracial state on M.

PRrROOF. For convenience, we present a proof, using Lemma It is clear
that the general case can be reduced to the case that C' = C(X) ® M, for some
connected compact metric space X and r > 1. Let 0 and H be given. Without
loss of generality, we may assume that 3 is in the unit ball of C. Let Nj be as
in [16.1] for o and H. Let N = Nyr.

Suppose now 7 and & are given such that x([1¢]) > N and holds.
Let D : Ko(C) — Z be defined by the rank function and let e € C' be a pro-
jection of (constant) rank one. Then r([e]) > N;. The assumption
means that po(x)(7) = (1/s)(k(le])D(z)) for all z € Ky(C). In particular,
1 = (1/s)(k([e])r) = (1/s)k([1¢]) and s = k([e])r. Let k = k([e]) > N; and
1, T2, ..., T, be given by (the second part of) Lemma Define ¢(f) =
diag(m1(f), m2(f), ..., m(f)). Then, by the choice of Ny and by Lemma [16.1]
one has

[tr(o(h)) —7(h)| < 1/ for all h e K.

Moreover, pgs = k.
O

LEMMA 16.4. Let C = C(T) ® F1, where F1 = Mp(1)® Mp(2) @ ---® Mg, or
C = Fy. Let H C C be a finite subset, and let € > 0. There is § > 0 satisfying
the following condition: For any My, any positive order-unit preserving map
k: Ko(C) = Ko(Ms), and any tracial state 7 € T(C') such that

P, (5(p)) (tr) — 7(p)| < 6

for all projections p in C, where tr is the tracial state on My, there is a tracial
state T € T(C) such that

(1/8)(k([p])) = 7(p) for all peC

and
|7(h) —7(h)| < e for all h € K.



338 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

PROOF. We may assume that H is in the unit ball of C. Let 6 = ¢/I. We may
write 7 = Z;zl a;Tj, where 7; is a tracial state on C(T) ® M,(;), a; € Ry, and

k . - l
Zj:l Q= 1. Let ﬂ] = (1/3)(’€([1C(T)®MR(J')])7 J = 17 27 oy . Put 7= Zj:l /6]7—]
Then tr(k(p)) = 7(p) for all projections p € C; and for any h € H,

l
[7(h) —7(h)| < I8 — oy <&,
j=1

as desired. 0

REMARK 16.5. (1) Let C be a separable stably finite C*-algebra and let A =
C ® C(T) = C(T,C). Recall that Ko(A) = Ko(C) & B(K1(C)) = Ko(C) @
K1(C) (see 2.14). If K;(C) is finitely generated, then K;(A) is also finitely
generated, i = 0,1 (see [3.5). Fix a point ty € T. Let m, : A — C be the
point evaluation at to defined by m, (f) = f(to) for all f € C(T,C). Define
1t:C = C(T,C)=Aby i(c)(t) =cforall t € T and ¢ € C. Then m, o =idc.
Thus, the homomorphism (7, ).0 : Ko(A) = Ko(C) induced by m;, maps Ko(A)
onto Ko(C) and ((7¢,)«0)|k,(c) is an order isomorphism. In particular, we may
write ker(my, )«0 = B(K1(C)). In other words, if p(t),q(t) € My(C(T,C)) are
projections and [p] — [¢] € B(K1(C)), then [p(t)] = [¢(t)] in Ko(C) for all ¢t € T.
Note that, any tracial state 7 € T(A) may be written as 7(f) = [; s(f)(t)dpu(t),
where s € T(C) and p is a probability Borel measure on T. It follows that
7(p) — 7(q) = 0 if [p] — [q] € ker(my,)«0 for all 7 € T(A). This, in particular,
implies that B(K7(C)) C kerpa.

(2) Let C = A(Fy, F2,¢0,¢1) and let m, : C — Fy be as in [3.1] which gives
an order embedding (me).o : Ko(C) — Ko(F1) (see [3.5). Let ¢} : C(T) ® Fy —
C(T) ® F» be defined by ¢}(f @ d) = f @ ¢;(d) for all f € C(T) and d € Fi,
where ¢ = 0,1. Then (A = C ® C(T))

A = {(f,9) € C(0, 1 xT, )& (C(T) © F1) :
£0,8) = ¢4 (g(t)) and f(1,8) = ¢ (g(t))}-

Let 7, : A — C(T, F1) be defined by 7. (c® f) = me(c)® f forall c € C and f €
C(T). Note that, by [3.5] kerpc = {0}. Then, by (1) above, kerps = B(K1(A)).
One then verifies easily that the map (7] ).0 : Ko(A4) = Ko(C)QC(T) = Ko(C)®
B(K1(C)) —» F1, @ C(T) = Ko(Fy) is given by (7))«0(z @ y) = (me)«o0(z) for all
x € Ko(A) and y € B(K;1(C)). In other words, Ky(A)/kerpa is embedded into
Ko(C(T, F1).

LEMMA 16.6. Let A = C for some C € C or A =C ® C(T) for some C € C.
Let A : Aﬂ_’l \ {0} — (0,1) be an order preserving map. Let H C A be a finite
subset, and let o > 0. Then there are a finite subset H; C AL and a positive
integer K such that for any T € T(A) satisfying

(€16.11) 7(h) > A(h) for all h € 3,
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and any positive homomorphism r : Ko(A) — Ko(M,) with s = k([14])e N
satisfying

(e16.12) 7(x) = (1/s)(k(x)) for all x € Ko(A),
there is a unital homomorphism ¢ : A — Mgk such that p.0 = Kx and
[tr' o o(h) — 7(h)| < o for all h € ,

where t1’ is the tracial state on M.

PrOOF. We will consider the case that A = C(T) ® C. The case A = C can
be proved in the same manner but simpler.

Let C = {(f,9) € C([0,1], F2) & Fi : £(0) = po(g) and f(1) = 1 (g)}. Write
Fy = Mg, ® Mg, ®---® Mg, and Fo = M, (1) ®-- - M) and C([0,1] x T, Fy) =
@le C([0,1] x T, M,(;)). Then, keeping the notation of part (2) of m we
write

rA = {(f,g) € C([0,1] x T, ) & (C(T) ® F}) :
f(0,t) = ¢u(g(t)) and f(1,t) = ¥i(g(t))}-

In particular, A € D;. Let m; : C(T) ® F1 — C(T) ® Mg, be the projection
to the ith summand and ¢; : C([0,1] x T) ® F» — C([0,1] x T) ® M, ;) the
projection to the j-th summand, 1 < j < k. Set o ; = 7 0 o : F1 — M,
and ¢1; = mj 01 : F1 — M,@). Let gp&j : C(T) ® Fy — C(T) ® M,(;y and
¢y, C(T)® F1 — C(T) ® M, ;) be the homomorphisms induced by ¢ ; and
1,5, respectively. Let m. : C — Fy and 7, : A — C(T) ® Fy be as in part (2) of
16,0

Let h = (hy, hy) € A. In what follows, for £ € (0,1) x T, we will use &;(h)(€)
for e;(hys)(§), and, we will use &;(h)((0,t)) for g ;(m.(h))(t) (for t € T) and
gi(R)((1,1)) for ¢ ;(me(h))(t) (for t € T), whenever it is convenient.

By Ky(C) is finitely generated by minimal projections in M,,(C). Re-
placing C by M,,(C), without loss of generality, we may assume that Ko(A) is
generated by {p1, p2, ..., pc}, where p; € C are minimal projections, i = 1,2, ..., c.
In what follows we will identify p; with p; ® 1¢(t) whenever it is convenient.

Note that Ko(A4) = Ko(C) ® B(K1(C)) = Ko(C) ® K1(C), kerpc = {0}, and
kerpa = B(K1(C)) (see [16.5). Therefore, klierp, = {0}. Let koo : Ko(C) —
Ko(Mjs) be the positive homomorphism induced by .

Note also Ko(C(T) ® F1) = Ko(F1) = Z'. Let e; be a minimal projection
of Mg,, i = 1,2,...,1. Let I = kerr’,. Since 7, is surjective (see , there are
h; € Ay such that ||h;|| <1 and 7.(h;) = e;, i = 1,2, ...,]. We may assume that
gi(hj)(r,t) = ¢ ;(e;) if r €[0,1/4] and g;(h;)(r,t) = ¢ ;(e;) if r € [3/4,1].

We may also assume that H is a subset of the unit ball of A which contains
14 as well as {p1,p2,...,pc}. Let H = {m(h) : h € H}.

Let Ny (in place of N) be the integer for 7 (A) (in place of C), H (in place
of H) and /64 (in place of o) given by Lemma Let us fix the metric
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dir x t,r' x t') = /|[r = /]2 + |t — |2 for all 7 x t,7" x t' € [0,1] x T. There
exists 1/4 > g > 0 such that, if dist(£,£) < o (£,& € [0,1] x T), or [t —t'| < dg
(t,t' € T), or 0 < r < dg, then, for any h = (hy, hy) € I, one has

(e16.13) (&) —he(E)| < 0/64kNol, ||hy(t') — hy(t)]] < o/64Nokl,
and, for all t € T,
[y (r,t) — @4 (hg) ()| < 0/64kNol and [|hy(1 —17,t) — ¢} (hg) ()] < 0/64KNol.

Choose ay € Iy such that |jas|| < 1, a(r,t) = 1k, and a(l —r,t) = 1p, if
1>7r>0d0/2,and ar(r,t) =ar(l —r,t) =0if 0 <r < do/4, for all t € T.

Now we choose H;. For each 1 < j <k, find a g; € (Co(0,1)@T®@M,(;))+\{0}
such that g;(r,t) = 0if r & (d0/2,1—00/2) and ||g;|| < 1. Find g, g7 € (Co(0,1)®
T @ M, \ {0} such that g/[} g7]| < 1, /(r,) = 0 i 7 & (0,60/2) and
g;.’(r, t)=0ifr ¢ (1—460/4,1), 5 =1,2,..., k. We will also use g, for the elements
of I C A such that €;(g;)(§) = g;(§) for all £ € (0,1) x T, €;(g;) = 0 for
all i # j. We may also view g; and g7 as elements of I in exactly the same
manner. Let h, = (1 —ay)h;(1 —ay), i =1,2,...,1. Note that hl(r,t) = h;(r,t) if
r € [0,00/4] U[1 — do/4,1] and R(r,t) =0 if r € [09/2,1 — o /2].

Recall that we identify p; with p; @ 1¢(t), i = 1,2,...,c. Put

P ={gipj:9ip; #0,1 <i <k 1<j<cU{g/p]:g/p] #0,q<i<k1<j<c}

and put

o ={1a}U{hs by 1 <i <1} U{g),959] 1 <j<k}uP.
Put
(€16.14) oy =min{A(h) :he H,}/2 and oy = 0y - 0/64kl.

Let M be the integer in Lemma associated with the pair K(A) (as G) and Z!
(see[3.5). Let K (in place of R) be the integer provided by [15.1]for G = K(A),
o1 and oa. Let N; be the integer provided by Lemma @ for oo/8k H§:1 ()
(in place of o) for r = r(j), 7 = 1,2,...,l. Let N = max{N; : 1 < j < k}. Put
do =I5_,7(j). Let K = Ky No- N - M - do.

Now suppose that x and 7 € T(A) are given satisfying (e 16.11)) and (e 16.12]).
We may write (see 2.14 of [66])

k
(e16.15) 7(a) = (Z/ tri(ei(a)(€))dpi(§)) +te o mi(a) for all a € A,

=1 J(0,1)xT

where y; is a Borel measure on (0,1) x T with ||| < 1, tr; is the normalized
trace on M, (;), and t. is a trace (with ||t < 1) on C(T)® Fy. Consider the finite
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set {u1, 42, ..., px - By % applying Lemma [4.10] one can find two points §j < 4,
in (1550/1650, 60] such that

(16.16) / du; < o2/8k, i=1,2,.... k.
[68/,64]xT

Note, for each j, ¢;(p;)(€) is constant on (0,1) x T for each 4. If ;(p;) # 0,
then g;p; € P’. We have (as 0 < do/2 < &y < dp and e4(g}) = 0, if s # j)

(e16.17) / m@%WwZ/ tri(ei(lpy))dp
(0,87) (0,1)xT

k

=2/ tra (s (glpy))dits = T(glp;) > 201,
s—17(0,1)xT

It follows from Lemma [16.2 that, for each i, there are ¢;; € (0,1) x T, j =
1,2,...,m(i) < N, such that

(€16.18) | try(f)du; — (1/N) Ztrl )| < oo/8k
[64,1—38}]xT

for all f € 3. For each #, define p;, p} : A — C by

<mMMﬂ=4@ﬁmmmzvNZma i)

j=1

m(1)

(€16.20) p%(f) /(0 - Ttlri(sz( Ndp; — (1/N) Ztrl (ei(f(ti )

for all f € A. Then, since €;(p;)(£) is constant on [0,1] x T,

m(1)

~/(0,1)><1rtri(6i(pj))d'ui 1/N Ztrl (ei(pj(tis)))

(e16.21) pi(p;)

If £,(p;) # 0, by (e16.18) and (e16.17)),

m(1)
pi(pj) = / tri(pj)dpi +/ tr;(p;)dpi(t) — (1/N) Z tri(pj (tis))
(0,60) T [66,1—38p] T s=1

V

/ tri(pj)dp; — 02/2k > 201 — 02/2k > 0.
(0,64)XT
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Put o] = pi(1a), i = 1,2,...,k. Let vp,; and v1,; be the Borel measures on T
given by

(e16.23) /Ttri(f(t))dyw(t) = /(0 0 Ttri(lc@)f)dui and

(e 1624) /Ttl‘l(f(t))dl/l)l = /(1_6671)><T tri(lc ® f)d,ul

for all f € C(T, M,(;)), 1 <i < k. Note that ||vo|| > 201, and by (e 16.18)),
(€16.25)  |p3(1a) — [lvo,qll|

= MOM*AUNMWM<@BKiZLLMh

Define TO,ia Tl,i :A—C by

(16.26) Tyila) — ”VO;%” /T tr; 0 ; o (a)dv; and
(e16.27) Ty,i(a) = /Ttri o @} om(a)dvy

for all a € A. Note, for any h € A and t € T,

(16.28) a1y, 0 . ()(0) = tri(ea(h)(0,))

and

tri((1 0 me(R))(1)) = tri(ei(R)((1,1))).
Therefore, for h € H, by (e16.13), (e16.23)), (e 16.24)), (e 16.14), and (e 16.25)),

(e16.29) |/ tri(es(h))dp; — (Toi(h) +T1,:(h))]
((0,84)U(1—8},1)) xT

20
< et tri(ei(h)(60/2,t))dpi — To,i(h)]
(0,8,)xT
+| tri(ai(h)(l — 56/2, t))d,ui — Tl,z(h)‘
(1—8,,1)xT

=|Am@W%ﬂﬁWm—RMH

g

+| /Ttrz(sl(h)(l - 56/2,t))dV17i — Tl,z(h)| + 39kl

s|/m@mmwmm—mmwu/m@m@wmw—nmn
T T
LA .4
32kl 64kl
p(1La) ’ o
1- 2 ; 7 [
< | V0. llro.ill +0+ g < o2/8k + 7o
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Let h; € C([0,1] X T) @ F; be such that ||A;]| < 1, hy(r,t) = ¢j(e;) for r € [0,54]
hj(r,t) =01if r € [0),1— 6], and h;(r,t) = i(e;) if r € [1—46¢,1],j=1,2,...,1

)

Then h; > h%;, j =1,2,...,1. Moreover (by (e16.25) again),

(e1630) | / tri(ei (h))dps — (Toa(hs) + Tha(hy))|
((0,6{,)u(1—5{,,1))><'11‘
< 02/8k+ | tri(¢0,:(e;))dui — To,i(hy)|
(0,64) T
1 / (¢ a(e,)dps — Toa(hy)|
(1—6},1)xT
pi(1a) -
< oy/8k+ 11— V0.l + 0 < 02/8k + 02 /8k = 05/ 4k.

llvo.qll

Since tr;(g;(p;)) is constant on each open set (0,1) x T, put L; ; = tr;(e;(p;)).
Then one checks (using (e 16.22) among other items) that

(€16.31)  Toi(p;) + Tu,i(p;)

o
= : /trimﬁo,ioﬁé(pj)dVomL/tfiowl,ioﬂé(m)dw,i
T T

[0,

= otri(ei(p))) + lvalltri(ei(p;)) = Lij(pi(1a) + /TdVl,i)

Let

k

(€16.32) Ti(a) = teom,(a)+ Z(To7i(a) + T (a)), Tz(a)
k B m(1)

= Y I/N)Y ] trialtsy)
i=1 j=1
k
T(a) = Ti(a)+Ta(a)teom,(a)+ Y (Toila)+ Th(a)
i=1

m(i)

+(1/N) Z try(alti;)))
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for all @ € A. Thus, by (e 16.31)) (see also (e 16.15))),

k
(€16.33) T(p;) = teomi(ps)+ Y (pi(p;) + (1/N)

i=1

x D tri(p;(tiy)) = 7(p;)
j=1

for all j. Then T7 and T, are traces on A and T is a tracial state on A. Define

k

/
TI(b) = t.(b)+ Z(HVO‘—ZH / tr; 0 o (b)dro,; + / tr; 0 o1 1 (b)duy ;)
i=1 170EJT T
for all b€ C(T) ® Fi.
In what follows we will also use T} for the extension on A ® M, defined by

(16.34) T/(b®z) = t(b)Try(z)
Eoo
+ 77;/461'1‘ O(po’i(b)Trm(JJ)dVO,i
2ot

—|—/tri 0 ¢1,i(b)Try, (z)drr ;)
T

for all b € C(T) ® Fy and = € M,,, where Tr,, : M,, — C is the non-normalized
trace.

By (e16.33)) and (e16.12)), and by (e 16.18]) and (e 16.30)), one has

(€16.35) (1/s) ok(p) =T(p) for all p € Ky(A) and
(€16.36) |7(h) —T(h)| < 02/8k 4+ 02/8k + 0 /16kl < o/2 for all h € K.

Put d; = [],,;7(i) and d = do(Y;_, m(i)). Note d;r(i) = do for all 1 <i < k.

It follows that
(e16.37) d= NdOTQ(].A).

Define ¥ : A — My by ¥(a) = EBf:l(Z;n:(;) €;(a)(t; ;) for all a € A, where

d;N
(€16.38) &;(a) = diag(ei(a),ei(a), ...,ei(a)) = €i(a) ® 1,5 for all a € A.
Denote by t4 the tracial state of My. Then

(e16.39) T5(14)ta(¥(a)) = To(a) for all a € A.



A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 345

Let kg : Ko(A) — Z be given by W. By hypothesis, s7(p;) € Z, j = 1,2,...,c. By

(e 16.33),
(€16.40)  —sNdoTi(p;) = sNdo(T(p;) — T2(p;))
k m(i)
= sNdo([r(p;) = Y _((1/N) Y tri(p(t
i=1 j=1
= sNdo7( (p;) — do Z Z tr; (p
=1 j=1
(s7(pj) € Z). We have
(e16.41) T7 (e;)
k
te(e;) + Z oz ” /trl o woi(ej)dvy

+/tri0<p1’i(ej)dvlﬁi)
T

k
= teoml(B)) + D (Toi(R) + Tui(R)))
i=1

€z

>t om,(h})
k
w3/ tri(a(R))dps — 02/4k) (by (€T631))
i—1 Y ((0,65)U(1=6(,1))xT
— k —
te Oﬂé(h;) +Z/ trz(sl(h;))d,uz 70’2/4
i=1 7 (0,1)xT

(ei(hy)(€) =0, for € € [55,1 — &)
= 7(h}) —o2/4 > 7(h) — 02/4

> A(R)) —o02/4>201 —02/4>01  (by (e16.11)).

Let 1 : Ko(A) = Z be defined by 1 |kerp, = 0 and by £1([p;]) = sNdoT1(p;),
j=1,2,....c. Let k] : Z! — R be defined by sNdoT} (see (e16.35))). As in (2) of
16.5| (see also and (1) of , we may view Ko(A)/kerpa as Ko(C) C Z.
Then &} o (7.)x0 = #1. In particular, ) ([7.(14)]) = k1([14]) = sNdoT1([14]).

Note that, by (e 16.41]),

(€16.42) k' ([e;]) = sNdoTy(e;) > sNdoo1 > o1, j=1,2,...,1.
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By the choice of K7 and M, and by applying there is an order homomor-
phism k9 : Ko(C(T) ® Fy) = Z! — 7Z such that

(e 1643) K2|K0(A) = KiMk; and |:‘€Il(6j) — (1/K1M)Ii2(6j)‘ < 03.

Write 7] = 22;:1 ajtjom), where each ¢; is a tracial state on C(T) ® Mgy, and
a; = ky(e;)/sNdo, j =1,2,...,1. Write 8; = (1/ K1 MsNdy)ka(ej), j =1,2,...,1.
Then, by (e 16.43)),

(e16.44) loj — Bj| < 02/sNdo, j=1,2,..,1
Put Ty = Y\, B; o« and T7" = Ty'/| T{'||. Note T}" € T(C(T) ® F1) and
1TVl = Ty'(mi(1a)) = (1/K1MsNdo)ka([m(14)])
= (1/sNdo)r1([1a]) = Ta([1a)).
We also have (1/K1MsNdoTi([1a]))k2([p]) = T7"(p) for all projections p in
C(T) ® Fy. Put Ky = K1NoMNdyTy([14]). It follows from Lemma that
there is a unital homomorphism @ : C(T) ® F} — Mk, such that

(e16.45) ®,0= Noka and [tro ®(h) —T7"(h)| < 0/64

for all h € 3, where tr is the tracial state on Mg,. Recall (see (e16.12) and
(e 16.33)) that

T1(1a) +T2(1a) = T(1a) = (1/s)s([14]) = 1.
Thus, sK = sNoNK;Mdo(T1(14) + T2(14)). Define ¢ : A — M by

(e16.46) o(a) =P on'(a) ® U(a) for all a € A,

where W is the direct sum of sNoK; M copies of ¥ (recall (e 16.37)). By (e 16.45)),
(e 16.43)), (e 16.39), (e 16.32)), and (e 16.35)), for any projection p € A, one has

k m(i)
% = Ti(p)+ Z(l/N) Z trj(p(ti ;) = T(p) = (1/9)~,
and hence
(€16.47) px0 = Kr.

By (e 16.45)) and (e 16.44)),

(e16.48) |(T1(1a)tro ®(w.(h)) — Ti(h)| < (T1(14))(0/64 + loa/sNdy) < /2
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for all h € H. Note that (recall the definition of K and Ks, and (e 16.37))

(e16.49) sKy/sK = Ti(14)/(Ti(14) + Ta(14)) = T1(14)
and SNoKlMd/SK = TQ(lA)

It follows from (e 16.46)), the first part of (e 16.49)), (e 16.36)), (e 16.48)), the second
part of (e16.49)) and (e 16.39)) that

[tr" 0 p(h) — 7(h)]
< ftr'op(h) = T(h)| + |T(h) = 7(h)]
< [Ti(La)tro ®(wy(h)) = T1(h)| + |tr' 0 W(h) — To(h)| + /2

(&

< 0’/2 + |T2(1A)td(\ll(h)) - Tz(h)| + 0'/2 =0

for all h € 3. (Recall tr’ is the tracial state of Msx and tr is the tracial state on
M;k,.) O

LEMMA 16.7. Let A = C ® B be a unital C*-algebra, where C € C and B =
C(X), where X is one point, or X = T. Let A : A‘i’l \ {0} — (0,1) be an order
preserving map. Let H C A be a finite subset and let € > 0. There exist a finite
subset Hy C AL\ {0} and a finite subset of projections P C M, (A) (for some
n > 1), and there is § > 0 such that if a tracial state T € T'(A) satisfies

(€16.50) 7(h) > A(h) for all h € H,

and k : Ko(A) = Ko(Msy) is any order preserving homomorphism with k([14]) =
[1as,] satisfying

(e16.51) o, (k([p]) (tr) — T(p)| < &

for all projections p € P, where tr is the tracial state on Mg, then there is a
tracial state T € T(A) such that

pu. (k(2))(tr) = 7(x) for all x € Ko(A) and |7(h) —7(h)| < e for all h e K.

PrROOF. Let C = A(Fy, Fa,p1,92). Write A = C ® C(X) = C(X,C), where
X is a single point or X = T. Note that Ko(A) = Ko(C) & B(K1(C)) =
Ko(C)® K1(C), kerpe = {0} and kerps = B(K1(C)) (see[2.14]). Without loss of
generality, we may assume that the projections in A generate Ky(A), by replacing
A by My (A) for some integer N > 1. Let P’ be a finite subset of projections
in C' which generates Ko(C) (see which we also assume to contain [14].
Let ¢ : C — C(X,C) = A be defined by ¢(c)(t) = cfor allt € T and ¢ € C

and let P = {u(p) : p € P’'}. Then, by Remark {pa([p]) : p € P} generates
pa(Ko(A))4. Without loss of generality, we may assume that 3 C A% \ {0}. Let
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Hy = HUP and let o9 = min{A(ﬁ) : h € H;}. Without loss of generality, we
may assume that 0 < e < 1. Let § = ¢ - 0¢/128.

Now suppose that 7 and k satisfy the hypotheses for the above mentioned
31, P, and 4. Note that, for any s € Spp,, 1(Ko(Ms)), s ok is a state on Ko(A).
By Corollary 3.4 of [8], s o« is induced by a tracial state of A. It follows that
k(kerpa) C kerpp, = {0}. In what follows, identifying Ko(M;) with Z, we
may view k as an order preserving homomorphism from Ky(A) to Z C R.
Define n = (1 —¢/3)(k/s — 1) : Ko(A) — R, where 7(z) := pa(z)(7) for z €
Ko(A). Let da : Ko(A) — Ko(A)/kerps be the quotient map. Then k, T,
and 7 factor through K(A)/kerpa. Choose v : Ko(A)/kerpa — R such that
voda = (g/3s)k +n.

Let 7, : A — F; ® C(T) be the homomorphism defined in Remark Let
Uy =m, oml, : A — Fy, where 1y, : F1 @ C(T) — F} is the point evaluation at
tg € T. Note that, as in and

(e16.52) Ko(A)/kerpa = Ko(C).

As computed in .5 Ko(A)/kerpa = Ko(C) = (Vo).0(Ko(A)) C Ko(Fy). For
each p € P, from the assumption (e 16.51)), one computes that

(€16.53) In(lp))] < (1 —¢/3)é.
Therefore, by (e 16.50)), (e 16.51)), (e 16.53), and the choice of § and oy,

v(da(lp])) (e/3)(k([p])/s) + n([p])
(e/3)(A(B) —6) — (1 —¢/3)8
(/3)(1 — 1/128)00 — (1 — £/3)e00 /128

1 1 1 €
375w sz
for all p € P. In other words, - is positive. By 2.8 of [61], there is then a positive
homomorphism ~; : Ko(F1) — R such that v3 o (Ug).o = voda. It is well known
that there is a (non-normalized) trace Ty on F; such that 1 ([g]) = To(q) for all
projections q € F;.

Consider the trace 7/ = (1 — ¢/3)7 + Ty o ¥y on A. Then, for any projection
pEA,

v Vv

EO’()[(

T'(p) = (1=¢/3)7(p) + Too ¥o(p)
= (1—=¢/3)7(p) + (¢/3s)x([p]) + n([p])
= (1—¢/3)7(p) + (¢/3s)r([p]) + (1 —&/3)(k([p])/s — 7(p))
= (1/s)x([p])
Since (1/s)k([14]) =1, 7/ € T(A). We also compute that, by (e16.53)),

(e16.54) T 0 Wo(14)| = |7 0 da([1a])] < £/2.
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Therefore, we also have
(16.55) |7'(h) — 7(h)| < & for all h € .

O

LEMMA 16.8. Let C = C(X, Cy) for some Cy € C, where X is a point or X = T.
Let A : A‘i’l \ {0} — (0,1) be an order preserving map. Let H C A be a finite
subset and let o > 0. Then there are a finite subset Hy; C A% \ {0}, § > 0, a
finite subset P C Ko(A), and a positive integer K such that for any 7 € T(A)
satisfying R

7(h) > A(h) for all h € 3y
and any positive homomorphism k : Ko(A) — Ko(Ms) = Z with s = k([14])
such that

lpa(z) () — (1/s)(k(x))] < &
for all z € P, there is a unital homomorphism ¢ : A — Mgk such that .0 = Kk
and

[tr’ o p(h) — 7(h)| < o for all h € K,

where tr’ is the tracial state on M.

PROOF. Note that there is an integer n > 1 such that the projections in M, (A)
generate Ko(A). Therefore this lemma is a corollary of Lemma and Lemma
116.7 ]

LEMMA 16.9. Let C = C(X, Cy) for some Cy € C, where X is a point or X = T.
Let A: C’i’l \ {0} — (0,1) be an order preserving map. Let F,H C C be finite
subsets, and let € > 0, 0 > 0. Then there are a finite subset 3; C C1 \ {0},
d > 0, a finite subset P C Ko(C), and a positive integer K such that for any
continuous affine map v : T(C([0,1])) = T(C) satisfying

~(7)(h) > A(h) for all h € Hy and for all T € T(C([0,1])),

and any positive homomorphism k : Ko(C) — Ko(M,(C([0,1)))) with k([1¢]) =
s such that

lpa(x)(v(1)) = (1/s)r(k(x))| <& for all € T(C([0,1])),

for all x € P, there is an F-e-multiplicative completely positive linear map
¢ : C — Mg (C([0,1])) such that [¢]lxyc) = Kk (note that Ko(C) is finitely

generated; see and the end of and
|To@(h) =+ (T)(h)| <o for all h € K,

where v+ T (M (C([0,1]))) — T(C) is induced by ~. Furthermore, the map o
can be chosen such that g = mgo @ and p1 = w1 0@ are homomorphisms, where
7« My (C([0,1]) — M,k is the point evaluation at t € [0,1]. In the case that
C € C (i.e., X is a point), the map ¢ can be chosen to be a homomorphism.
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PROOF. Since any C*-algebras in € are semiprojective (see the line above
, the second part of the statement follows directly from the first part of the
statement. Thus, we need only show the first part of the statement. Without
loss of generality, we may assume that F is in the unit ball of A, 14 € F and
{ab: a,b € F} C H. To simplify notation, without loss of generality, by replacing
C by M, (C) for some r > 1, we may assume that the set of projections in C
generates po(Ko(C)) (see and [16.5)).

Since the K-theory of C' is finitely generated, there is m’ € N such that, for
any x € Tor(K;(C))=0,i=0,1,

ma = 0 for some integer 0 < m < m/.

Put my = (m/)!. Let Hy1 € C; \ {0} (in place of H;) and o1 > 0 (in place
of 0) be the finite subsets and the positive constant provided by Theorem
for C' (in place of A), g = min{c/3,¢/3} (in place of €), H (in place of F), and
A/2. (We will not need the finite set P of Theorem [4.18] since Ko(C) is finitely
generated and when we apply Theorem [{.18] we will require that both maps
induce the same KL map.)

Let Ky 2 C C (in place of H;) be a finite subset, § > 0 be a positive number,
P C Ko(C) be a finite subset, and K’ be an integer as provided by Lemmam
for C, A/2 (in place of A), H U H; 1 (in place of H), and the positive number
min{c/16,01/8,{A(h)/4: h € H;1}} (in place of ¢). We may assume that P is
represented by P, a finite set of projections in C' (see Remark .

Put H; = Hy 1 UH;y 2 and K = myK'. Then, let v : T(C([0,1])) — T(C) be
a continuous affine map with

~(7)(h) > A(h) for all h e Hy,
and let k : Ko(C) — Ko(Ms(C([0,1]))) with x([1¢]) = s be such that
loy () (z) — (1/8)7(k(z))] < ¢ for all z € P for all 7 € T(C([0,1])).
Since « is continuous, there is a partition
O=zp<z1< - <xp,=1
such that, for any 0 <¢ <n — 1 and any = € [x;,z;11], one has
(e16.56) |7(72)(h) = Y(7%,)(h)| < min{c/8,01/4} for all h € H;y,

where 7, € T(M,(C([0,1]))) is the extremal trace concentrated at z.
For any 0 < i < n, consider the trace 7; = y(7,) € T(C). It is clear that

|7;(x) — tr((ma, )s00k(x))| < & for all z € P and 7;(h) > A(h) for all h e H; .,
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where tr is the tracial state of M (7, was defined in the statement of the lemma).
By Lemma [16.8] there exists a unital homomorphism ¢} : C' — Mg+ such that

(902)*0 = Kk,
as we identify Ko(C([0,1], M;)) with Z and
(€ 16.57)
|tr o @} (h) — Tx, (h)| < min{c/16,A(h)/4,01/8, h € H;i 1} for all h € HUH; ;.

Note (¢})«1 = 0 since K1 (M;g+) = {0}. In particular, by (e 16.57)), one has that,
forany 0 <i<n-—1,

ltr o p;(h) —troy; (k)] <oy for all h e Hy;.

Note that (7, )(h) > A(h) for any h € H; ; by hypothesis. It then also follows
from (e 16.57)) that, for any 0 < i < mn,

trog}(h) > A(h)/2 for all he H, .
Define the amplification ¢} as
(P;/ = (p; X 1Mm1(c) :C — M= Mml(sK’)'

Then (¢])+; = (¢}11)+> J = 0,1. By the choice of my, [(p;'}|Kj(c7Z/kZ) =0=
[ 1]lk;(c,z/kz) on each non-zero K;(C,Z/kZ), j = 0,1, k = 2,3, .... Therefore

[¢i] = [¢i41] n KL(C, Mk).
It then follows from Theorem that there is a unitary u; € M such that
oo (h) — Aduy o @ (h)|| < eo for all h € K.

Consider the maps Adu; o] and ¢j. Applying Theorem again, one obtains
a unitary us € Mg such that

[Aduy o @Y (h) — Adus 0 95 (h)|| < eo for all h e .
Repeating this argument for all ¢ = 1, ..., n, one obtains unitaries u; € Mg such

that
|Adu; o ¢y (h) — Adu41 0 @f 1 (h)| < eo for all h e H.

Then define ¢y = ¢j and ¢; = Adu; o ¢}, and one has

(e16.58) loi(h) — wit1(h)]] < eo for all h e H.
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Define the linear map ¢ : C' — Mk ([0,1]) by

t—x; T —t .
——i(f) + ”7%.+1(f)’ if t € [zi, Tit1]-
Tit1 — T4 Ti+1 — T4
Since each ; is a homomorphism, by (e 16.58)), the map ¢ is F-e-multiplicative.
It is clear that [¢]|x,(c) = Kx. On the other hand, for any x € [z, 2;41] for
some i = 1,...,n — 1, one has that for any h € H,

|’Y<Tw)(h’) — Tz © <p(h)|

o)) =

= ) (h) — (" tr(i(R)) + (e (R)))]
Tiy1 — T4 Tit1 — X4
< ()R - (%v(m)(h) + %v(nm)(m)l +o/4
(by (ET657))
< ) (B) = Y(Tar ) (W) + 308 (by (€16.56))
< o/ (by (e16.56)).

Hence for any h € H,
Y(T)(h) —=Top(h)| <o
for any 7 € T(M,x (C([0,1]))).
Note that mg o ¢ = ¢y and 7 o ¢ = ¢, which are homomorphisms. Thus the

map ¢ satisfies the conclusion of the lemma.
O

THEOREM 16.10. Let C = C(X, Cy), where Cy € C and X is a point, or X =T.
Let A : C’i’l \ {0} — (0,1) be an order preserving map. Let F,H C C be finite
subsets, and let 1 > o,e > 0. There ezist a finite subset Hy C CL\ {0}, 6 >0, a
finite subset P C Ko(C), and a positive integer K such that for any continuous
affine map v : T(D) — T(C) satisfying

~v(1)(h) > A(h) for all h € Hy for all T € T(D),

where D is a C*-algebra in C, any positive homomorphism k : Ko(C) — Ko(D)
with k([1¢]) = s[1p] for some integer s > 1 satisfying

lpo(@)(v(7)) = (1/s)7(k(2))| <& for all T €T(D)

and for all x € P, there is a F-e-multiplicative positive linear map ¢ : C —
Mk (D) such that

[©llko(a)y = Kk
(see and
(€16.59) [(1/(sK))T 0 p(h) =~(T)(h)] < o

for all h e H and T € T(D).

In the case that C' € C, the map ¢ can be chosen to be a homomorphism.
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PrROOF. Recall that if ® : By — B, is a map from a C*-algebra B; to a
C*-algebra Bs, then we will continue to use ® for the amplification ® ® idyys,, :
B1 ® M,, - Bs ® M,. We will use this practice in this proof and in the rest
of this section. As in the proof of Lemma since C*-algebras in C are
semiprojective, we only need to prove the first part of the statement. Without
loss of generality, one may assume that F is a subset of the unit ball of C, 1o € &,
and {ab: a,b € F} C H. Fix 1 > g,0 > 0. Replacing C by M,,(C) for some
integer m > 1, and applying [3.15] we may find a finite subset P of projections
in C such that P = {[p] : p € P} generates Ko(C). We may also assume that
P CH.

Since the K-groups of C are finitely generated (as abelian groups), there is
m’ € N such that, for any x € Tor(K;(C)), ¢ = 0,1, ma = 0 for some 0 < m < m/.
Set my = m!.

Let 3,1 € C}\ {0} (in place of H;), H] ; C Cy.a. (in place of Hy) be finite
subsets and Q C K(C) (in place of P) be another finite subset, and o7 > 0 (in
place of 0) be a positive number as provided by Theorem With respect to C
(in place of A), min{o/4,€/6} (in place of €), H (in place of F), and A.

Set o¢ = %min{o/16701/4,min{A(fL)/2 : h €Mt} Let Hio € CF\ {0}
(in place of H;) be a finite subset, let oo (in place of §) be a positive number,
and K; (in place of K) be an integer as provided by Lemma with respect
to H U, 1 UH] ; and o (in place of o) and A. Without loss of generality, we
may assume that ;2 D Hyp.

Let H; 3 € C1\ {0} (in place of H;), o3 > 0 (in place of ), and K> (in place
of K) be finite subsets and a constant as provided by Lemma with respect
to C, HUH] ; UK, o (in place of H), g (in place of o), /12 (in place of €), H
(in place of F), and A (with the same P as above).

Put :H:l = j_fl,l @] fH:LQ U j‘f173 U P7 0 = min{01/2,02,03,1/4}, and K =
lelKQ. Let

D = A(Fy, Fo,0,¢1) = {(f,a) € C([0,1], F2) @ Fy : f(0) = vo(a)
and f(1) = ¢1(a)}

be any C*-algebra in C, where ; : F} — F5 is a unital homomorphism, ¢ = 0, 1,
and let v : T'(D) — T(C) be a given continuous affine map satisfying

~(7)(h) > A(h) for all h e H; for all 7€ T(D).

Write F1 = Mgy ® Mgy @ -+ ® Mgq), Fo = My1) ® My@2) @ - © My
and I; = C([0,1], M,(;)), 5 = 1,2,...,k. Denote by 7. ; : D — Mgy the ho-
momorphism which is the composition of 7. : D — F; (defined in and
the projection from Fy onto Mgy (1 < j < ). Denote by i : D — I; the
restriction map defined by (f,a) — flo,1, (see[3.17).

Let £ : Ko(C) — Ko(Ms(D)) be any positive map with s[1p] = &([1¢])
satisfying

loc(x)(v(1)) — (1/s)1(k(x))| < & for all T € T(D)
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and for all z € P. Write C([0,1], F2) = L&, ®- - - @ I with I; = C([0, 1], M,;),
i = 1,...,k. Note that v induces a continuous affine map ~; : T(I;) — T(C)
defined by ~;(7) = y(rom!?) for each 1 < < k. It is clear that for any 1 < i < k,
one has that

(€16.60)  ~;(7)(h) > A(h) for all h e Hy3 and for all 7€ T(I;),
and
(e16.61) lpc (@) (vi(r)) = (7)) w0 0 K(2))| < 8 < 03

for all 7€ T(Ms(I;))

and for all z € P and for any 1 <14 < k. Since

(€16.62) ~(7)(h) > A(h) for all h e H, 5 and for all 7€ T(D), and
(€16.63) |pc(x)(v(1)) — (1/s)7(k(z))| < & for all 7 € T(D)

and for all € P, one has that, for each j,

(€16.64) o (me)(trs)(h) > A(h) for all h € H;p and
(€16.65) [pc (@) (y 0 (me,;)"(tr})) — 025((7e )40 © K(@))| < 0 < 02,

where tr} is the tracial state on Mpg(;, for all * € Ko(C) and where v o
(e )" (tr}) = y(tr] o me ).

Using (e16.64)), (e 16.65) and applying to (7e.j)«0 © K1 Kok, one obtains
a homomorphism 50; : C = Mg(jy ® Mk, i, such that

(€16.66) (©5)x0 = (e j)+0 © K1 Kok and
(€16.67) [trj 0 @(h) = (v 0 (me ;)" (t)) (R)] < o0
for all h € HUI UK, 4,

where tr; is the tracial state on Mp(;) ® Mk, k,- By (e16.64)), (e 16.67)) and the
choice of oy,

(€16.68) trj o @i (h) = A(h)/2 for all h e ;.

Set ¢’ = @;:1 cp;- :C' = F1 ® Mk, k,. Then, for all t € T(F} ® Mgk, k),
(€16.69) to@ (h) > A(h)/2 for all he H;,.

By , for all h € H U, 13} ; and for all t € T'(Fy),

(e16.70) (t @ trox, i,) 0 ' (h) = (t o me)(h)] < o0,
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where trex, i, is the tracial state of Mk, k,. Applying Lemma [16.9 using

(€16.60) and (e16.61), and tensoring the resulting map with 1ps, , for any

1 < i < k, one obtains an H-e/4-multiplicative contractive completely posi-
tive linear map ¢; : C — I; ® Mk, k, such that o]k, ) = (1) 0 0 K1 Kok
and

(e16.71) |7 0 pi(h) = ((y o (x")*(1))(h)| < a0

for all h € HUFH; ;UK 4, and for all 7 € T'(1;) and 7 = 7®tr,x, k, . Furthermore,
as in the conclusion of Lemma the restrictions of ¢; to both boundaries
(end points of the interval) are homomorphisms.

For each 1 < i < k, denote by m; ; the evaluations of I; ® Mk, k, at the
point t € [0, 1]. Also, for each 1 < i < k, define 9o ; = (¢; 0 o) ® Msk, K, and
V1= (¢ oY1) @ idn, ., Where g; : Fy — M,y is the projection map. Then
one has

(e16.72) Y0,i O e = M0 O i,
(Recall that a map ® is identified with ® ® idsk, k). It follows that

(16.73)  (Yoi0¢ )0

(Y0,i)x0 0 () (Tej)x0) 0 K1 K2k

©-

<
I
—

= (%0,i)%0 © (Te)wo 0 K1 Kok = (M0 0 1) 0 0 K1 Kok

= (mi0)x0 © [i]l ko (a)-

Note that o ; is unital. Therefore, by (e16.69), for any tr® e T(M,iy ®
Mk, Kk,), one has

(€16.74) tr® o (1. 0 @) (h) > A(h)/2 for all h e Ky,
and, since m; ¢ is unital, by (e 16.71f) and (e 16.62)),
(€16.75) tr® o (150 0 i) (h) > A(h)/2 for all he H, .

Let t®) be the tracial state of M,;y. Tt follows from (e16.71), (e16.72) and
(¢16.67) that

(e 1676) tr(z) e} (7'('1‘70 e} 901)(}7,)
Moy (T (ED 0 m30)() = A(ED 0 i 0 1) ()
= (D 040 0 m)(h) Ay 1) 0 ()
for all h € H; 1 U U'C’Ll.
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Consider the amplifications

(e16.77) w7

7

i 1Mm1(C) :C = I; ® My and

"2 @I®1Mml(c):C%F1®MsK'

Since Kl(Mr(z)) = {O}, by e 1673, (¢0,i0§0//)*j = (7TZ‘,00()0;-V)*J'7.]' = O, 1. By the

choice of mq,

[Yo.i 0 ¢"llk;cz/mzy = 0 = [mio o ¥7 |k, cz/kz), 3 = 0,1, and @ = 0,1, for
any k such that K;(C,Z/kZ) # {0}. It follows that

[1/)0,1' © QD//] - [71—1',0 ° QDzN] in KL(Ca M'r'(i)sK)'

Therefore, by Theorem (by also (e16.74]), (e 16.75)), and (e 16.76))), there is
a unitary u; o € M,;) ® Mgk such that

[Adu; o o i 0 07" (f) — %o 0 @” (f)|| < min{c/4,¢/6} for all f e K.

Exactly the same argument shows that there is a unitary u;; € M, ;) ® Mk
such that

|Adu; 1 0mi1 0@ (f) —¥1i0¢"(f)] < min{c/4,¢/6} for all f € H.
Choose two paths of unitaries {u;o(t) : t € [0,1/2]} CM, ;) @ Mg such that
ui’o(O) = u;0 and ui’0(1/2) = ]‘MT(7;)®M5K’ and {ui’l(t) 1t e [1/2, 1]} - Mr(i) ®
Mk, such that u;1(1/2) = Lo, @M. and w;1(1) = w1 Put w(t) = uo(t) if
t €10,1/2) and w;(t) = u; 1(t) if t € [1/2,1]. Define ¢, ; : C — I; ® My by
7o @ir = Adu;(t) om0,

where m; : I; ® Mg — M,(;y @ Mg is the point evaluation at ¢ € [0, 1].
One has that, for each i,

73,0 0 0i1(f) — Yo, 0 @"(f)|l <min{o/4,€/6} and
[7i1 0 @ir(f) = ¥1i0@"(f)l <min{o/4,¢/6} for all f e IH.

For each 1 <14 <k, let ¢; < 1/2 be a positive number such that

(€16.78) i 1(f)(t) = o,i 0 @"(f)I| < min{o/4,¢/6}
for all f € 3 for all ¢t €0,¢], and
(€16.79) i, 1(f)(t) = ¥r,i 0 " (f)]| < min{o/4,¢/6}

for all f e X for all t €[l —e¢;,ll.
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Define @, : C — I; ® M,k to be

(ei —t/ei)(oi 0 ") + (t/€i)pir(f)(e), if t € [0, €],
O, (f)(t) = @ir(f)), iftelel—el,
(t=1+e)/e)(Wrio@”) + (1 —=t)/e)pir(f)(e), ifte[l—e,l]

The map ®; is not necessarily a homomorphism, but it is F-e-multiplicative.
Moreover, it satisfies the relations

(€16.80) migo®i(f) = voi0¢"(f) and
75,1 © (I),L(f) = 1/)171‘ o @//(f) for all f S :H:,’L = 1, ceey k.

Define @ : C' — C([0, 1], F»)®@M, by m; 0@ = m0®;, where 7; , : C([0, 1], F2)®
Mg — M, (;y ® Mk is defined by the point evaluation at ¢ € [0, 1] (on the i-th
direct summand). Define

o(f) = (@' (f),&"(f))-

It follows from (e 16.80) that ¢ is an F-e-multiplicative contractive completely
positive linear map from C to D ® M. It follows from (e 16.66)) (see also (?7?))
that

(€16.81) [me 0 @(p)] = [¢"(p)] = (7e) 0 0 Kr([p]) for all p € P.
Since (7. )0 : Ko(D) — Z' is injective (see , one has

(€16.82) v« = Kk.
For any 79 € T(Fy ® Msk), let 7 = 79 o m.. Note also 7, o ¢ = ¢”. By (e 16.70)),
(e16.83) |70 w(h) —~v(T)(h)| < o/16 for all h € H.

k .
Let 7 € T(D) be defined by 7(f) = >7;_; f(0,1) try(ysic (0 (f))dp; for all
f € D® Mg, where tr,(j),x is the tracial state of M, (;)sx and pu; is a positive

Borel measure on (0,1) with 2?21 il = 1. Then, by the definition of ¢,
(e 16.78]), (e 16.79), and (e 16.71]),

(€16.84) |Top(h) —~(r)(h)| <o/4+ /16 = 50/16 for all h € K.

In general, 7 € T(D ® M,k ) has the form
k
7(f) = 10 0 me(f) +Z/ )trmsK(wfj(f))duj for all f € D® My,
=i/

where ||7o] + Z?:l |l = 1 (see the proof of . It follows from (e 16.83)
and (e 16.84)) that

[(1/sK)7 o @(h) —~(1)(h)| < o for all he H
and for all 7 € T'(D). O
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LEMMA 16.11. Let C € C. For any € > 0 and any finite subset H C Cs. ., there

exists a finite subset of extremal traces E C T(C) and a continuous affine map
A:T(C) = Ag, where Ag is the convex hull of of E, such that

(e16.85) IA(T)(R) = T(h)| <e, heXH, TeT(C).
PrROOF. We may assume that J is in the unit ball of C. Write

C = A(F17F27¢07¢1)7

where F| = MR(l) EBMR(Q) D-- ‘®MR(Z) and Fy = Mr(l) @MT(Q) D-- '®Mr(k)~ Let
Te,i + C — MRp(;) be the surjective homomorphism defined by the composition
of 7. and the projection from F; onto Mp(;), and 7l C — O([o, 1], M,.(;)) the
restriction which may also be viewed as the restriction of the projection from
C([0,1], F») to C([0, 1], M,(;)). Denote by 7, om!s the composition of /7 and the
point evaluation at ¢ € [0, 1]. There is 6 > 0 such that, for any h € XK,

(e16.86) |75 (h)(t) — 71 (h)(t')|| < €/16 for all h € H

and |t —t'| < 4, ¢, €[0,1].

Let g1, g2, ..., gn be a partition of unity over the interval [d,1 — d] subordinate
to an open cover with order 2 such that each supp(g;) has diameter < ¢ and
gsgs # 0 implies that |s — s'| < 1. Let t5 € supp(gs)N[d,1 — d] be a point. We
may assume that t5 < ts41. We may further choose t; = § and t, =1 — 4 and
assume that ¢;(6) = 1 and g,(1 — §) = 1, choosing an appropriate open cover of
order 2.

Extend g to [0,1] by defining gs(¢t) = 0 if ¢ € [0,0) U (1 — §,1] for s =
2,3,...,n—1 and

(€16.87) a1(t) = q1(6)(t/d) for t €[0,6) and
gn(t) = gn(1=06)(1—=1)/d for t € (1—0,1].

Define g9 = 1 — >, gs. Then go(t) = 0 for all t € [6,1 — §]. Put g5 =
(95 1p,,0) € Cfor 1 < s < n, and Go = (9o - 1r,, 15, ), so that g o me(go) =
1/’0(11?1) and 1/’0(%(90)) - 1/11(1F1)~ Let gs,j = ﬂ—Ij(gs)v s = 1,2,.,n, 5 =
1,2,...,k. Let p;, € F; be the support projection corresponding to the sum-
mand Mp(;). Choose d; € C([0,1], F5) such that d;(t) = vo(p;) for t € [0,0] and
di(t) = P1(p;) for t € [1 —6,1] and 0 < d;(t) < 1 for t € (4,1 — §). Note that
d; = (d; - 1p,,p;) € C. We may assume that Zizl god; = go and Zizl God; = Go.
Denote by tr; the tracial state on Mpg(;) and trg the tracial state on M,(;),
i=1,2,...,01,and j = 1,2,...., k. Let

n
E={triome;:1<i<I[}U U{tr}omsowazlgjgk}.

s=1
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Let Ag be the convex hull of E. Define A : T(C) — Ag by

k n
= Z ZT(gs,j)tr;‘ © (T"Ij (H)(ts)) + Z T(goczi)tri 0 Te,i(f)s

j=1s=1 i=1

where we view gs ; € Co((0,1), M,(;y) C C, for all f € C. It is clear that X is a
continuous affine map. Note that if h € C (7¢;(d;) =0, if ¢ # j),

(€16.88) A(trj o me ;) (h)

= ZU‘JOTFe] di)tr; o e i(h)

= tI‘j o We,j(godj)trj o We,j(h) = tI‘j o ’/Teyj(h).

If 7(f) = tr)y o (23 (f)(¢)) with t € (6,1 — ), then, for h € H,

(e16.89)  7(h) = trfo(xi(n)(t) = (3. )0 (xhi(hg)(£)

Raes16 ) () (h)(ts) (17 (35) (1))

I
WE

gs.j(t)tr) o 7li (h)(ts)

w
Il

I
NIE

7 (s, )t (w1 () ()

w
Il
_

7(gs,i)tri (w" () (ts)

I
M-
NIE

s
I
—
w
Il
_

+ 0-tr; ome,i(h) = A(7)(h),

i=1

where we note that 7(gs ;) = 0if i # j. If 7 has the form 7(f) = tr); (7 L)) fo
some fixed t € (0,6], then for h € H with h = (hg, h1), where hg € ([ ,1], F )
and hy € Fy are such that ¥g(h1) = ho(0) = h(0) and 1 (h1) = ho(1) = h(1)
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. l
(USIHg Zi:l pi = 1F1 and pi = 1]\/[74(1.))7

(e16.90)
T(h) = tj(xh (h)(t))
= trj(n (hg1) (1)) + e (" (hgo) (1)) mess tr (w3 (R)(8)m" (31)(1))
+tr (w7 (h) (0)w"7 (go) (1))
= gu(®)t (7 (h)(8)) + go(t)tr]; o (Yo (ha))

= 7(gu)t5 (x5 (h)(t1)) + gol(t Ztr (o(h1pi))

l
= 7(quy)trf o (71 (h)(t)) + go(t)(ztf}(%(pi))tri o 7e,i(h))
= T(gl,j)tf;—(’ﬂ' J +g0 Ztr O I] ))tl"i(ﬂ'eyi(h))

= 71(g1 ])tr )(t1)) + Ztr o (t))trz(we i(h))
l
= (91 j)tr (7T I (h) tl + Z god tr1(7re i(h)) = )‘(T)(h)'
i=1
The same argument as above shows that, if
7(f) = o (7 (N)1), tell-41),

then

(e16.91) 7(h) ~ss A(r)(h) for all h e K.

It follows from (e 16.88)), (e 16.89)), (e 16.90), and (e 16.91)) that

|7(h) — A(T)(h)| < &/8 for all h € H

and for all extreme points of 7 € T(C). By Choquet’s Theorem, for each 7 €
T(C), there exist a Borel probability measure p, on the extreme points 9.7(C)
of T(C) such that

(f) :/ F(t)du, for all f e Aff(T(C)).
8.T(C)
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Therefore, for each h € H,
(h) = / Wt dpr ~. s / W) dps = A(F)(B) for all 7€ T(C),
0. (T(C) 0.T(C)

as desired. O

LEMMA 16.12. Let C be a unital stably finite C*-algebra, and let A € By (or
Bo). Let a: T(A) = T(C) be a continuous affine map.
(1) For any finite subset H C Cs ., and any o > 0, there are a C*-subalgebra
D C A and a continuous affine map v : T(D) — T(C) such that D € € (or Cy),
and
[v(e(7))(h) — a(r)(h)| < o for all T € T(A) for all h € K,

wherev: T(A) > 17 — %ﬂp eT(D),p=1p and 7(1—p) < o for allT € T(A).
(2) If there is a non-increasing map: Ao : C1 \ {0} — (0,1), and there are a
finite subset Hy; C Cy and o1 > 0 such that

a(T)(g) > Ao(g) > o1 for all g € Hy and for all T € T(A),
then the affine map v can be chosen so that
v(1)(g) > Ao(g) > o1 for all g € Hy and for all T € T(D).

(8) If the positive cone of Ko(C) is generated by a finite subset P of projections
and there is an order-unit map k : Ko(C) — Ko(A) which is compatible with «
and strictly positive, then, for any § > 0, the C*-subalgebra D and ~ above
can be chosen so that there are also positive homomorphisms kg : Ko(C) —
Ko((1 —p)A(l —p)) and k1 : Ko(C) — Ko(D) such that ky is strictly positive,
k1([1e]) = [1p], & = Ko + 240 © K1, where v : D — A is the embedding,, and

(e16.92) [v(1T)(q) — pp(k1([g))(T)| < 0 for all g € P and 7 € T(D).

(4) Moreover, in addition to (3), if A= A® U for some infinite dimensional
UHF-algebra, for any given positive integer K, the C*-algebra D can be chosen
so that D = Mg(D;) for some Dy € C (or Dy € Cy) and k1 = Kk}, where
Ky @ Ko(C) = Ko(D1) is a strictly positive homomorphism. Furthermore, kg
can also be chosen to be strictly positive.

Proor. Write K = {hy, ho,..., }. We may assume that [|h] < 1, i =
1,2,...,m. Choose f1, fa, ..., fm € As.q. such that that 7(f;) = h;(a(7)) for all 7 €
T(A) and ||f;]] <2,i=1,2,...,m (see 9.2 of |[71]). Put F = {14, f1, f2, - fin }-

Let 6 > 0 and let G; (in place of §) be a finite subset as given by Lemma 9.4
of [71] for A, 0/16 (in place of ), and F. Let o3 = min{c/16,6/16,1/16}. We
may assume that §; D F and ||g|| < 1 for g € G1. Put § = {g, gh: g, h € G1}.
Since A € By (or By), by the definition of By (or By), there is a D € € (or Cp)
with p = 1p such that, for all g € G, |lpg — gpll < 01/32, pgp €5,/34 D, and
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7(1 —p) < 01/4 for all 7 € T(A). Define L' : A — pAp by L'(a) = pap for all
a € A. Since D is amenable, there is a unital completely positive linear map
L" : pAp — D such that ||L" (pgp) —pgp|| < 01/32 forallg € §. Put L = L"oL'.
Then L is §G-01/4-multiplicative. We estimate, for all 7 € T'(A) and for all g € §

(since 7((1 — p)gp) = 7(pg(1 — p)) = 0),

(€16.93) 7(L(9) = 9) Roy /32 T((1 = p)g(1 —p)) and

(1 =p)g(1 —p)) < o1/4
Furthermore, we may assume that Lo : A — (1 — p)A(1 — p) defined by Lo(a) =
(1 —p)a(1l —p) is also G-o1 /2-multiplicative. By the choice of § and G, it follows
from Lemma 9.4 of [71] that, for each 7 € T'(D), there is v/(7) € T'(A) such that
(€16.94) IT(L(f)) =+ (7)(f)] < 0/16 for all f € F.

Applying Lemma [16.11] one obtains ¢1,ts,...,t, € 9.T(D) and a continuous
affine map A : T'(D) — A such that

(e16.95) |7(d) — X\(7)(d)| < 0/16 for all 7 € T(D) and d € L(¥),

where A is the convex hull of {¢1, ¢, ..., ¢, }. Define an affine map A\ : A — T'(4)
by

(e 16.96) Al(ti) = ’}/(ti), i = 1,2, cey M

Define v = a0 Ay o A. Then, for 1 < j < n, by (e16.94), (e16.95) (recall
T(1—p) < 01/4),
W) = @0 o AGD) () = M o AC(S)
o6 MU E)) %o (DE)
= (L/7(p)(L(f;)
N (90, /32)/(1-0r /4) (1/T(0))T(f;)  (by (16.93))
R(o1/2)/ (101 /1) T(f3) = a(T)(h;),

and this proves (1). Note that it follows from the construction that v(7) €
a(T(A)), and hence (2) also holds.

To show that (3) holds, let P = {p1,pa,..,pn} be a finite subset of non-zero
projections such that {[p1], [p2], ..., [pn]} generates Ky(C)y as a positive cone.
Let Fy = k(Ko(C)) and (Fp)+ = £(Ko(C)+). Replacing C by My(C) and A
by Mpy(A), we may assume that «(P) is represented by a finite subset Q of
projections in A. Denote by g, a projection in A such that [¢,] = x([p]) for
p € P. In the proof of (1) above, we may choose that §; D Q. It is clear, in
proof of (1), that, with sufficiently large G; and small /2, we may assume that
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[Lo]lk(ko(c)) and [L]]wx(k,(c)) are well defined, and [Lo(q)] > 0 and [L(g)] > 0
for all ¢ € Q. In other words, [Lo]|(r,), and [L]|(x,), are a positive. Moreover,
[idallr, = [Lollr, + [t o L]|F,. Define ko := [Lg] o k and k1 := [L] o k. Then
K = Ko+ 140 © £1. Since £([1¢]) = [14] and L is unital, x1([1¢]) = [1p]. Thus, by
case (1), it remains to show that x; is strictly positive. Let

oo = min{a(7)(p) :p€ P and 7€ T(A)}.

Note that pa(k([p]))(7) = a(r)(p) for all 7 € T(A) and all p € P. Since & is
strictly positive, a(7)(p) > 0 for all 7 € T'(A). Since T'(A) is compact and P is
finite, it follows that g > 0.

In the proof of (1) above, choose o < 0¢/4 and H D P. Then, by the proof of

(1) (sce (¢T6.93)). for amy p € P\ {0},
(€16.97) T(10 L(gp)) > 300/4 for all T € T(A).

There is also a projection ¢’ € A such that |20 L(g,) — ¢'|| < o1 and [¢'] = [g)
as L is contractive and G1-01/2-multiplicative. It follows that 2.0 o x1([p]) > 0
for all p € P. Let z € Ko(C)4+ \ {0}. Since the positive cone Ko(C)4 is finitely
generated by {[p] : p € P}, one may write z = 2221 m;[pi] € Ko(C)4, where
m; € Zy, and for some 4, m; > 0. Therefore 1,9 0 k1(x) > 0. It follows that x; is
strictly positive.

To see that (4) holds, we first assume that (3) holds. Note that we may choose
D C A® 1y. Choose a projection e € U such that

0 < tole) < dp < 0 —max{|y(7)(p) — 7(k1([p)| : p €P and 7€ T (D)},

where y is the unique tracial state of U and [1 — ¢] is divisible by K. We
then replace k1 by ko : Ko(4A) — Ko(D2), where Dy = D ® (1 — ¢) and
ka([p]) = k1([p]) ® [1 — €]. Define k3([p]) = £1([p]) ® [e]. Then let ky : Ko(C) —
Ko(1-—(p®(1—e))A(l—(p®(1—e¢)))) be defined by ks = Ko + 240 © K3,
where 1: D®e - A® U = A is the embedding. We then replace kg by k4 and
k1 by ko. Note that, now, k4 is strictly positive. O

17. Maps from Homogeneous C*-algebras to C*-algebras in € The
proof of the following lemma is similar to that of Theorem [16.10}]

LEMMA 17.1. Let X be a connected finite CW-complex. Let H C C(X) be a
finite subset, and let o > 0. There exists a finite subset Hy1 C C(X)4 with
the following property: for any 011 > 0, there is a finite subset Hy 2 C C(X)+
satisfying the following condition: for any o192 > 0, there is a positive integer
M such that for any D € € with the dimension of any irreducible representation
of D at least M, for any continuous affine map v : T(D) — T(C(X)) satisfying

Y(T)(h) > 01,1 for all h € Hy1 and T € T(D), and
¥(T)(h) > 01,2 for all h € Hi 2 and 7 € T(D),
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there is a homomorphism ¢ : C(X) — D such that
|7 0w(h) —~v(T)(h)| <o for all h € H and T € T(D).

Moreover, if D € Cq, then there is a point evaluation ¥ : C(X) — D such that
[p] = [¥].
PrOOF. We may assume that every element of H{ has norm at most 1.

Let n > 0 be such that for any f € H and any z,2’ € X with d(z,z') <7,
one has

() = f@)] < o/4
Since X is compact, one can choose a finite subset H; 1 C C'(X)4 such that
for any open ball O,; /24 C X, of radius 77/24, there is a non-zero element h € 3 ;

with supp(h) C O, /24. We assume that ||h|| <1 for all h € H; ;. Consequently,
if there is 01,1 > 0 such that

T(h) > 01,1 for all h € 9{1,1,

then

MT(On/24) > 01,1
for any open ball O, /54 with radius 7/24, where p, is the probability measure
induced by 7.

Fix 017 > 0. Let § and § C C(X) (in place of G) be the constant and finite
subset provided by Lemma 6.2 of 78] for /2 (in place of €), H (in place of F),
and o1,1/n (in place of o).

Let 31 2 C C(X)+ (in place of H;) be the finite subset provided by Theorem
for & (in place of €) and G (in place of F). We may assume that F(; 1 C Iy 2.

Let 012 > 0. Then let Hy C C(X) (in place of Hz) and o3 be the finite
subset, and positive constant provided by Theorem for 012 and Hi o (in
place of o1 and Hy).

Let M (in place of N) be the constant provided by Corollary 2.5 of [56] for
Hy UH 2 (in place of F') and min{o/4,02/4,01,2/2,01,1/2} (in place of ).

Let D = D(Fy, Fp,10,11) be a C*-algebra in € with the dimensions of its
irreducible representations at least M. Write F1 = Mpg1) @ --- & Mpg() and
Fy = M,1)® M,(2) ® - ® M, (). Denote by q; : F» — M, ;) the quotient map,
and write ¢ ; = ¢; 0 Yo and Y1 ; = g; 0 1.

Let v : T(D) — T(C(X)) be a map as in the lemma. Write C([0,1], F3) =
L @@ I with I; = C([0,1], M,.(;5), i = 1,..., k. Then ~ induces a continuous
affine map v; : T(I;) — T(C(X)) by vi(1) = v(ror!i), where 7 is the restriction
map D — I;. It is then clear that

")/Z(T)(h) > 01,2 for all he g{172, T E T(L‘)

Denote by 7. j : D — Mp;) the composition of 7, (see with the projec-
tion from [y onto Mp;). By Corollary 2.5 of [56], for each 1 <14 < k, there is a
homomorphism ¢; : C(X) — I; such that

(e17.1) 70 @i(h) = 7i(r)(h)] < min{o/4,09/4,01,2/2,01,1/2}
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for all h € Hy U Hy2 and for all 7 € T(I;), and for any j, there is also a
homomorphism ¢ : C(X) — Mpg(;) such that

(e 172) |tI‘R(j) o gD;(h) — Yo (We,j)*(tI'R(j))(h” < min{0/4, 02/4, 0'172/2, 0171/2}

for all h € Hao U Hy o U Hy 1 (we use tr, for the tracial state of M,,). Set
o = @j ¢} and let m; : I; — M, ;) be the point evaluation at ¢ € [0, 1]. Then

|tr,. (i) © (Yo,i © @")(h) — tr.(;) © (mo 0 @;)(h)| < 02/2 for all h e H,
and
(e17.3) t200) © (0.5 0 ') (h) > 01.2/2
and
tr,(;y © (Mo 0 @) (h) > 012/2 for all h € Hy .
By Theorem there is a unitary u; o € M,(;) such that
[Aduio 0 mo 0 @i (f) = vo,io¢'(f)l| <8 for all feS.
Exactly the same argument shows that there is a unitary u; 1 € M, ;) such that
|Adu; 1 omiowi(f) — Y109 (f)]| <6 for all fe§.

Choose two paths of unitaries, {u;0(t) : t € [0,1/2]} C M,(; such that
u;,0(0) = wio and w;o(1/2) = 1ar,,,, and {u;1(t) : ¢ € [1/2,1]} C M, ;) such
that u; 1(1/2) = Ln,,, and u;1(1) = w; 1. Put w;(t) = ui0(t) if t € [0,1/2) and
wi(t) = u;1(t) if t € [1/2,1]. Define ¢; : C(X) — I; by

7 0 @ = Adu;(t) om0 ;.

Then

(e17.4)  |Imo 0 @i(f) — Yoo ¢’ (f)Il <0 and [|m 0 @i(f) —vrio0 ¢ (f)] <o

forall fe§G,i=1,.. k.
Note that it also follows from (e 17.1)) and (e 17.3) that

tr,,(i)o(z/;07¢o<p/)(h) 2 0'171/2 and trr(i)o(woo@)(h) 2 0'171/2 for all h € j‘f171.
Hence,

Ntrr(i>0(¢o,iow’)<0n/24) > o011 and Mtrm)o(ﬂoo@)(On/m) > 01,1-
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Thus, by Lemma 6.2 of [78], for each 1 < i < k, there are two unital homomor-
phisms
<b0,i7 (1)6,1 : C(X) - C([(), 1]3 M7(1))
such that
mo 0 ®o i = thoi o', moo Py, =m0 P,

[l 0 @0,i(f) = o,i 0 @ (A < /2, |lme 0 @, (f) =m0 0 @i )l < o/2
for all f € 3 and ¢ € [0,1], and there is a unitary w; o € M,(;) (in place of )
such that
m 0 ®g; =Adw;gom o @6714.
The same argument shows that, for each 1 < ¢ < k, there are two unital
homomorphisms &, ;, ®} ; : C(X) — C([0,1], M, ;) such that

/ / ~
mo®; =104, 7T1°(I’1,¢:7T1°S0i7

[T 0 @1,i(f) = Yrio @' (NIl < /2, |meo®@;(f) —moo@i(f)ll <o/2
for all f € 3 and ¢ € [0,1], and there is a unitary w;; € M, (in place of u)
such that
o © @Li = Adwm O Tg © (I)/l,z

Choose two continuous paths {w;o(t) : t € [0,1]}, {w;1(t) : t € [0,1]} in M,
such that wi,o(O) = W;,0, wivo(l) = er,-(i) and w,-71(1) = 1M7.(i) and wM(O) =
Wi, 1-

For each 1 < i < k, by the continuity of ;, there is 1 > ¢; > 0 such that

[7i(72)(h) = 7i(7y)(h)| < /4 for all h e XK,

provided that |z —y| < ¢;, where 7, and 7, are the extremal traces of I; concen-
trated on x and y.
Define the map @, : C(X) — I; by

7'('& [¢] (I)O,iv te [O,Gi/?)),
Ad(wio(3E —1)) om0 @), 1/3,2€:/3),
T, 3t 0 g, € [2¢ /3 €),

€1 =€),

T t—¢; O Pi,

€ [e
€; [
‘ e [es,

€|

7rt Oé’i == 1726i
T19c,/3-¢ © P74, 1—¢g;,1—2¢;/3],
Ei/3
Ad(wu((l%//g)it)) ompo®,, te€[l—26/3,1—¢/3,
Tt—14e,/3 © P, tel—e/3,1].
6,;/3
Then,

(e17.5) Too @i =1toio0¢ and mo@; =110
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One can also estimate, by the choice of ¢; and the definition of gzi, that
(e17.6) |7t 0 @i(h) — vi(m)(h)| < o for all t€[0,1] and h € K,

where 7, is the extremal tracial state of I; concentrated on ¢ € [0, 1].

Define ® : C(X) — C([0,1], F) by ®(f) = @le @:(f) for all f € C(X).
Define ¢ : C(X) = C([0, 1], F2) & Fy by o(f) = (®(1), &'(f)) for f € C(X). By
7 ¢ is a homomorphism from C(X) to D. By and , one
has that

|7 0w(h) —~v(T)(h)] <o for all he H

and for all 7 € T'(D), as desired.

To see the last part of the lemma, one assumes that D € Cy. Consider 7, o
¢ : C(X) - Fy (where D = D(Fy, Fy,10,1%1) as above). Since 7. o ¢ has
finite dimensional range, it is a point evaluation. We may write 7. o o(f) =
Yo f(xg)p for all f € C(X), where {x1,22,...,xn} C X and {p1,p2,...,pm} C
F} is a set of mutually orthogonal projections. Let I = {f € C(X) : f(z1) =0}
and let ¢ : I — C(X) be the embedding. It follows that |7, o ¢ 01] = 0. By
[me] is injective on each K;(D) and on each K;(D,Z/kZ) (k > 2,i=0,1). Hence
[p o] = 0. Choose U(f) = f(x)-1p. Since X is connected, [¢] = [¥] (see the
end of Remark . O

COROLLARY 17.2. Let X be a connected finite CW-complex. Let A : C(X)i’l\
{0} — (0,1) be an order preserving map. Let H C C(X) be a finite subset and
let o > 0. Then there ezist a finite subset Hy; C C(X)L \ {0} and a positive
integer M such that for any D € C(X) with the dimension of any irreducible
representation of D at least M, and for any continuous affine map ~v : T(D) —
T(C(X)) satisfying

y(r)(h) > A(h) for all h € Hy and for all T € T(D),
there is a homomorphism ¢ : C(X) — D such that
|7 0w(h) —~(T)(h)| <o for all h € H.

Proor. Let H; ; be the subset of Lemma with respect to H and o. Then
put .
01,1 = mln{A(h) : he j{l,l}-

Let 3{(; 2 be the finite subset of Lemma with respect to 01,1, and then put
012 =min{A(h) : heH o}

Let M be the positive integer of Lemma with respect to o1,2. Then it follows
from Lemma [[7.1] that the finite subset

Hq = j’fl’l U 9‘61’2

and the positive integer M are as desired in the corollary. (]
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THEOREM 17.3. Let X be a connected finite CW complex, and let A € By be
a unital separable simple C*-algebra. Suppose that v : T(A) — T¢(C(X))) (see
Definition is a continuous affine map. Then, for any o > 0, and any finite
subset H C C(X) there exists a unital homomorphism h : C(X) — A such
that

s.a.’

[h] = [W]e KL(C(X), A)
and
(e17.7) |roh(f)—~()(f)| <o for all f € H and T € T(A),

where W is a homomorphism with a finite dimensional image.

PrOOF. We may assume that every element of H has norm at most one. Let
Hi1,1C C(X)+ \ {0} be the finite subset of Lemma with respect to H (in
place of K), o/4 (in place of ¢), and C(X). Since v(T'(A)) C T;(C(X)), there
is 01,1 > 0 such that

~v(T)(h) > 01,1, for all h € H;; and for all 7 € T(A).

Let Hi 2 C C(X)4\{0} be the finite subset of Lemma with respect to
o1,1. Again, since v(T'(A)) C T¢(C(X)), there is 1,5 > 0 such that

v(T)(h) > 01,2, for all h € H; 2 and for all 7 € T(A).

Let M be the constant of Lemma with respect to o1 2. Note that A € By.
By (1) and (2) of Lemma [16.12] there are a C*-subalgebra DCA with D € Cy,
and a continuous affine map v : T(D) — T(C(X)) such that

(e17.8) |7/(%T|D)(f) —v(1)(f)| < o/4, for all T € T(A), for all f e H,

where p = 1p, 7(1 —p) < o/(4+ o) for all 7 € T'(A),

(e17.9) 7Y (7)(h) > o141, for all 7 € T(D) for all h € ¥y, and
(e17.10) Y (7)(h) > 01,2, for all 7€ T(D) for all h € H; .

Moreover, since A is simple, one may assume that the dimension of any ir-
reducible representation of D is at least M (see [10.1). Thus, by (e17.9) and

(e 17.10]), one applies Lemma to D, C(X), and +' (in place of ) to obtain
a homomorphism ¢ : C(X) — D such that

(e17.11)  |top(f) =~ (T)(f)] < o/4, for all f € H and for all 7 € T(D).
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Moreover, we may assume that [¢] = [®g] € KL(C(X), D) for a homomor-
phism ® : C(X) — D with a finite dimensional image since we assume that
D € @y. Pick a point z € X, and define h : C(X) — A by

f= fl@)(1—p)®e(f) for all fe C(X).
For any f € H and any 7 € T(A), one has
[Toh(f) =v(T)NI < roelf) =v(T)(f)|+0o/4

<\wwﬁ—w£5mmm+W2

<\wwﬂ—§§mwm+%M<a

Define ¥ : C(X) — A by U(f) = f(z)(1 — p) ® Po(f) for all f € C(X). Then
[h] = [T]. O

18. KK-attainability of the Building Blocks

DEFINITION 18.1 (9.1 of [71]). Let D be a class of unital C*-algebras. A C*-
algebra C is said to be KK-attainable with respect to D if for any A € D and any
o € Homy (K (C), K(A))™, there exists a sequence of contractive completely
positive linear maps L,, : C — A ® X such that

(e18.1) 1i_>m |Ln(ab) — Ly (a)L,(b)|| =0 for all a, b€ C and
(18.2) {Ln}] = .

(The latter means that, for any finite subset P C K(C), [L,]lp = alp for all
large n.) If C satisfies the UCT, then Homu (K (C), K(A))™ may be replaced
by KL(C,A)™ . In what follows, we will use B,; to denote the class of those
separable C*-algebras of the form A ® U, where A € B, and U is a UHF-algebra
of infinite type, ¢ = 0, 1.

THEOREM 18.2. (Theorem 5.9 of [60]; see 6.1.11 of [63]) Let A be a separable C*-
algebra satisfying the UCT and let B be a unital separable C*-algebra. Assume
that A is the closure of an increasing sequence {A,} of amenable residually
finite dimensional C*-subalgebras. Then for any o € KL(A,B), there exist

two sequences of completely positive contractions cpg) :A—>BeX (i =1,2)
satisfying the following conditions:

(1) e (ab) — o5 (@)l (b)]| = 0 as n — oo;
(2) for each finite subset P, [gogf)]lsp is well defined for sufficiently large n, i =

1,2, and, for any n, the image of gan2) s contained in a finite dimensional
sub-C*-algebra of B ® XK;
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(3) for each finite subset P C K(A), there exists m > 0 such that

eMlp = (a+ [@P)]p for all n>m;

(4) for each n, <p£l2) is a homomorphism on A,,.
Moreover, the condition that A, is amenable could be replaced by the condition
that B is amenable.

Note that « does not need to be positive as stated in 6.1.11 of [63]. In fact,
the proof of Theorem 5.9 of [60] does not require that « be positive, if one does
not require the part (5) of Theorem 5.9 of [60] (there was also a typo which is
corrected above).

LEMMA 18.3. Let C = A(F1, Fa,p0,01) € € and let N1, No > 1 be integers.
There ezists o > 0 satisfying the following condition: Let A € C be another
C*-algebra and let k : Ko(C) — Ko(A) be an order preserving homomorphism
such that, for any non-zero element x € Ko(C)4, Nik(z) > [14] and k([1c]) <
Ns[14]. Then, for any T € T(A), there exists t € T(C) such that

(e18.3)  t(h) > U/ T(A(h)(s))du(s) for all h € Cy and
[0,1]
par(@))(r)
pa(r([1e]))(T)

where A : C — C([0,1], F») is the homomorphism given by and T(b) =
Zle tr; (; (b)) for all b € Fy, where tr; is the normalized tracial state on the
i-th simple direct summand M,y of Fa, 1; : Fo — M, ;) is the projection map,
and p is Lebesgue measure on [0,1].

(e18.4) = po(x)(t) for all x € Ko(C)y,

PROOF. In what follows, if B is a C*-algebra, 7 € T(B) and = € Ky(B), we
will use the following convention:

7(z) == pp(x)(7).
We also write Fy = Mp1) P Mgy @ --- P Mgq). Denote by q; : F1 — Mp;

the projection map and tr; the tracial state of Mp(;). Recall m. : C' — F} is the
quotient map defined in Define T : Ko(F>) — R by

k
T(z) = Zer(i)((¢i)*O(m))(tri)

for x € Ko(F3), where Fo = M, (1)@ M, 2) @ - - - @ M, 1. Note T'([o(7e(1c))]) =
k, where @ : F1 — F5 is given by C.
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Let p1, pa, ..., ps be a set of minimal projections in M, (C) for some integer m
such that {p1,pe,...,ps} generates Ko(C)y (see|3.15)). It follows that there is a
oo > 0 such that

(e18.5) ooomk < 1/2.
Set o9 = 0go/2N; and o = 0¢/N,. Write
A= A(F{, F3, ¢4, ¢1)
= {(g,0) € C([0,1], F3) ® F{ : g(0) = 0’(c) and g(1) = ¢1/(c), c € Fi}.

Denote by 7, : A — FY the quotient map (see(3.1]). Write F| = MR(l) ®Mp 2y @
-® MR(Z,)/ and let g; : F{ — Mpg(;) be the projection map and tr; the tracial
state of Mgy, i =1,2,...,0".

Note Ko(F}) = Z'. View (¢, o 7.)s0 o k as a positive homomorphism from
Ko(C) — R (as well as a homomorphism from Ko(C) to Ko(Mgy) = Z).
Since

Nik(z) > [1a] for all z € Ko(C)4 \ {0},

one has that
(€18.6) Ni((q;om,)wo o k)(x) > R(:)' >0 for all x € Ko(C)4 \ {0}.
Then7 fOI‘ p S {p17p27 "'7ps}a

Ni((g; o7, )x0 © K)([p]) — d0oR(1) T o (o © 7 ) (p)
= Ni((g; o m¢)«0 © K)([p]) — o00 R(4) ZPM”% 0)))(trs))

> Ni((q; o me)+0 © £)([p]) — 000 R(i)' km > 0.
Define T'; : Ko(C) — R by
i(z) = ((¢f o)) w0 0 k) () — 0oR(i)" - T o (o o 7)so(z) for all z € Ko(C).

Then T; is positive (since oo < 000/N1). Note that (7)o : Ko(C) — Ko(F1)
is an order embedding (see [3.5)). It follows from Theorem 3.2 of [48] (see also
2.8 of [61]) that there are positive homomorphlsms T, KO(Fl) — R such that
T; 0 (me)s0 = Iy and Ty([ej]) = @i ;j>0, j = 1,2,...,0, i = 1,2,...,I', where
e; = gqjome(le), 5 = 1,2,...,1. Using the fact that the homomorphisms from
Ko(Fy) = Z! is determined by their values on the canonical basis, one gets

1 k
rankq; (7. (p)) ranki; (o © T (p)) 7
8D 2 g 10"+ 2 vk o 1) 0

=Ti([p]) + 00 R(i)" - T(po o me)+o([p]) = (q; © 7% )x0 © K([p])
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for any projection p € M,,(C), where m > 1 is an integer. In particular, (¢; o
)0 0 K([1c]) = 22:1 a; ; + kooR(i)'. For any 7 € T(A), by 2.8 of [61], since
Ko(A) is order embedded into Ko(F}) (see [3.5), there is 7/ € T(FY) (see also
Corollary 3.4 of [8]) such that

(e18.8) ' orl(z) =7(x) for all x € Ky(A).
Write 7/ = Zilzl i rtriogl, where 0 < \; <1, Zi,:l Air = 1. Put
(€18.9)  B=7(x(lc]) = 7((me)w0(k([1c))))

’
D X (1/R()) (4 0 7l)wo © £([1])
i=1

(with the identification Ko(Mpg(;)) = Z). Then B < Na. For each 4, define, for
(s;b) € C,

k
t:((s,0)) = ﬁ%(z)’ (Z UOR(i)’/ tr;(v,(s —|—Zoz”tr] q;(b ) .

= [0,1]

Then, if h = (s,b) € Cy (recall ﬂ < Ny),

) > "OR z /Ol]trj W (s(0)))du(t))

Y TR )y > o T(AR) (1)) dp.
7 ), TOm@ /H AR (®)du

For 7 € T(A) mentioned above, define ¢, = Zi/:l i rti. It is straightforward to
verify

t-(h) > 0/[0 . T(A(h)(t))du(t) for all h e Cy.

Moreover, for each i, by (e18.7)), for every projection p= (p,7.(p)) € Mn(C)
(for any N > 1),

(e18.10)

k l
L) = Fam (ZUOR@' I trjwi(p(t)))du(t)+Zai,jtrj<qj<m<p>>>)

j=1

k
— ﬂ%(z)’ (ZJOR(Z),rank(@/’J(‘Pooﬂe +Z erankqjﬂe(p)))

= ranky; (o o me(1¢)) rankg;(me(1c))

- BR(i) (00 R(i)" - T 0 o 0 (me)xo([p]) + Ti([p]))

- %(1/R<i>’><q; o ) wo(s([])) = = (b2 (g 0 7)o (s ([]))-

B
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In particular,

t(1e) = = (ti(g} o ) (r([1e])) = = (1/RGY)(d, o w)ua(r([1c]).

B

It follows that t.(1¢) = £/8 = 1 (see (e18.9)) and ¢, € T(C). Finally, by
(e 18.9), (e 18.10) and (e 18.8),

| =

.
tr(x) = (1/B) Z it (g 0 m0) w0 (1(2)))

= (/7LD (7)o (k())))
= 7(x(z))/7(k([1c])) for all z € Ko(C).

O

PROPOSITION 18.4. Let S € C and N > 1. There exists an integer K > 1
satisfying the following condition: For any positive homomorphism k : Ko(S) —
Ko(A) which satisfies k([1s]) < [1a] and N&([p]) > [14] for any [p] € Ko(S)+ \
{0}, where A € C, there exists a homomorphism ¢ : S — Mg (A) such that
vs0 = Kk. If we further assume k([1g]) = [1a], then ¢ can be chosen to be
unital.

PRrROOF. Write

S = A(Fi, Fs,¢0,01)
= {(f£,9):(f,9) € C([0,1], o) ® Fy : f(0) = po(g), f(1)=¢1(9)}.

Denote by A : S — C([0, 1], F3) the map given by . Since A has stable rank
one (see , the proposition is known for the case that S is finite dimensional
(see, for example, Lemma 7.3.2 (ii) of [108]). So we may assume S is not finite
dimensional. Since C' has stabel rank one, by considering each summand of S,
we may reduce the general case to the case that S has only one direct summand
(or is minimal—see[3.1)). In particular, we may assume that kerggNkerg, = {0}.
It follows that that A is injective.

To simplify the notation, without loss of generality, replacing S by M,.(S) for
some integer r > 1 (and replacing A by M, (A)), let us assume that projections
of S generate Ko(S)4 (see [3.15). Note also, by since there are only finitely
many elements of Ky(S); which are dominated by [1g], there are only finitely
many elements of K(S), which can be represented by projections in S.

Let 0 > 0 be as given by (associated with the integers Ny = N and
Ny = 1). Define A:S%"\ {0} — (0,1) by

A(h) = o/2 / TA)(E))dpt)

(0,1]
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for all h = (A(h),me(h)) € S+, where T(c) = Zle tr; (1;(c)) for all ¢ € Fy, where
i+ Fo — M,.;) is the projection map onto the i-th simple direct summand of F
(so we assume that F has k simple direct summands) and tr; is the normalized
tracial state on M,.;). Note that o depends only on S and N;. So A depends
only on N and S.

Let Hy, 6 > 0, P, and K be the finite subsets and constants provided by
Theoremwith respect to S, A, an arbitrarily chosen finite set H (containing
1s), and an arbitrarily chosen 1 > o3 = 1/2 > 0 (in place of ). Note that, when
the finite subset P is given, one can replace it by a finite subset P’ such that the
subgroup generated by P’ contains P, as long as d is chosen to be sufficiently
small. Therefore, since we have assumed that projections in S generate Ko(S),
choosing a sufficiently small §, we may assume that P is represented by P C S,
where P is a finite subset of projections such that every projection ¢ € S is
equivalent to one of the projections in P. (We will only apply a part of Theorem
and will not use (e 16.59)).

Note that, by hypothesis, x([p]) is the class of a full projection in My (A).
Without loss of generality, applying we may assume that [14] = x([1g]).

Let Q € M,(A) for some r’ > 1 be a finite set of projections such that x(P)
can be represented by projections in Q. It follows from Lemma [I6.11] that there
is a finite subset T of extreme points of T'(A) and there exists a continuous affine
map ' : T(A) — Cg such that

(e18.11) |¥'(7)(p) — 7(p)| < /2 for all p € Q and for all T € T(A),

where Cg is the convex hull of 7.

Note that any C*-algebra in the class € is of type I, it is amenable and in
particular it is exact. Therefore, by Corollary 3.4 of [8], for each s € C«, there
is a tracial state t5 € T'(S) such that

(e18.12) rs(ts)(z) = ra(s)(k(z)) for all x € Ky(S),

where 75 : T'(S) — Sp5)(Ko(S)) and ra : T(A) — Sj1,1(Ko(A)) are the induced
maps from the tracial state spaces to the state spaces of the Ky-groups. It follows
from Lemma that we may choose ts such that

(€18.13) ts(h)>A(h) for all h e St.

For each s € T, define A(s) = t, (where ¢4 satisfies (e 18.12)) and (e 18.13])). This
extends to a continuous affine map A : Cy — T'(S). Put v = A o~'. Then, for
any 7 € T(A),

~(7)(h)>A(h) for all he H; and (by (e18.12))

1v(m)(q) — 7 (x([g]))]
< PO =7 (O s(a))]+ 1 () (s((a]) — (s ([g])]
= Y(")(s(lg) - 7(s([g)] < /2
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for all projections g € S. One then applies Theorem [16.10| to obtain a unital
homomorphism ¢ : § — Mg (A) such that [p] = K. O

LEMMA 18.5. Let C € C. Then there is M > 0 satisfying the following con-
dition: Let Ay € By and let A = Ay ® U for some UHF-algebra U of infinite
type and let k : (Ko(C), Ko™ (C)) = (Ko(A), Ko (A)) be a strictly positive ho-
momorphism with multiplicity M (see the lines above ). Then there exists
a homomorphism ¢ : C — My, (A) (for some integer m > 1) such that @.o = &
and g4 = 0.

PrROOF. Write C = A(F}, Fa, o, ¢1). Denote by M the constant of Corollary
for G = Ko(C) € Ko(F)) = Z'. Let s : Ko(C) — Ko(A) be a positive
homomorphism satisfying the condition of the lemma. Let e € M,.(A) (for some
integer r > 1) be a projection such that x([1¢]) = e. Replacing A by eM,.(A)e,
without loss of generality, we may assume that x is unital. Since Ky(C)4 is
finitely generated, Ko(A); is simple and « is strictly positive, there is N such
that for any non-zero element x € Ky(C)4, one has that Nx(z) > 2[14]. Let K
be the natural number of Proposition with respect to C' and 2N.

We may also assume that M,.(C') contains a set of minimal projections such
that every minimal element of Ky(C)y \ {0} is represented by a minimal projec-
tion from the set (see [3.15)).

By Lemmal([T5.6] for any positive map x with multiplicity M, one has k = k1 +
ko and there are positive homomorphisms Ay : Ko(C) — Z", v : Z™ — Ko(A),
and Ay : Ko(C) = Ko(C") such that A\; has multiplicity M, As has multiplicity
MK, k1 = y1 0 A1, kg = 1,00 Mg, and C’ C A is a C*-subalgebra with C’ € C,
where 1: C' — A is the embedding. Moreover,

(e 1814) )\2([10]) = [lcl] and QN/\Q(ZL‘) > )\2([10]) >0

for any = € Ko(C)4+ \ {0} (here A1 plays the role of p; and Ay plays the role of
¢2 in Lemma[15.6). Let A([1¢]) = (r1,72,...,7), where r; € Zy, i =1,2,...,n.
Note that we may assume that r; # 0 for all 7; otherwise, we replace Z™ by Z™
for some 1 < n; < n.

Let 14 : A — A®U be defined by 14(a) = a® 1y and j : AQU — A such that
jouy is approximately unitarily equivalent to id4. In particular, [joz4] = [id4].

Let us first assume that A\ # 0. Let Ry be as in Corollary associated
with Ko(C) = G C Z' and )\, : Ko(C) — Z" , which has multiplicity M. Put
Fs =M, ® M., ®---® M, (recall \\([l¢]) = (r1,7r2,...,75)). Since A has
stable rank one, there is a homomorphism g : F3 — A such that (¢g)«.0 =
y1. Write U = limy, 00 (MRg(n), hn), Where hy, @ Mg,y — Mpgem41) is a unital
embedding. Choose R(n) > Ry. Consider the unital homomorphism jg, : F5 —
F3® MRy, defined by jp,(a) = a® Loy, for all @ € F3, and consider the unital
homomorphism ¢ ®hp o @ F3@ Mp(,)y — AU defined by (1o ®@hp o0)(a®b) =
Yo(a) ® hp,oo(b) for all @ € F3 and b € Mp(,). We have, for any projection p € F3
(recall A=A, ®U)

(%0 ® hin,oo) © JiFs )x0([P]) = [Yo(p) ® 1u] = (24)x00(0)x0([p]) € Ko(A).
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It follows that

(4400 (Y0 @ hinoo)+0 © (3 )w0= (J ©24)x0 © (Y0) 0 = (¥0)+0-

Now the map (jg,)«0 © A1 : Ko(C) — Ko(F3) = Z™ has multiplicity M R(n).
Applying Corollary we obtain a positive homomorphism A : Ko(F}) =
7! — Ko(F3) such that (\)).0 0 (Te)x0 = (jr;)«0 © A\1. The construction above
can be summarized by the following commutative diagram:

’ (Y0 ®hn,co)
Z! g KO(F3®MR(n)) ’ — ’ Ko(A®U)
T(me)o Trg)eo R
A1 Y1=(%0)x0
Ko(C)  — Ko(F3) — Ko(A).

We obtain a homomorphism hq : Fi — F3® Mp,) such that (hg).«o = A}. Define
Hy =hpome:C — F3® Mp(ny and Hy = (j o @ hpoo) 0 Hy : C = AR U.
Then, by the commutative diagram above,

(e 1815) (Hg)*() = KR1.

If Ay =0, then x; = 0, and we choose Hy = 0.
Since A2 has multiplicity K, there exists A, : Ko(C) — Ky(C") such that
KX, = Xg. Since Ky(C") is weakly unperforated, A} is positive. Moreover, by

(e13.14),

(€18.16)  2KNN,(z) > KXy([1c]) = Aa([1¢]) = [1er] > 0.
Since Ko(C") is weakly unperforated, we have

(€18.17)  2Ny(z) > My([lc]) > 0 for all z € Ko(C)4 \ {0}

There is a projection e € M (C”) for some integer k > 1 such that A5 ([1¢]) = [e].
Define C” = eM,(C")e. By (e 18.16)), e is full in C”. In fact, Ke] = [1¢/]. In other
words, Mk (C") = C'. By EE’C'D’ € C. Applying Proposition we obtain
a unital homomorphism Hj : C — C’ such that (H}).o = KA, = Xo. Put
Hs =10 H}. Note that [14] = k([1¢]) = k1([1¢]) + k2([1¢]). Conjugating by a
unitary, we may assume that Hs(1o) + H3(1e) = 14. Then it is easy to check
that the map ¢ : C - A® U defined by ¢(c) = Ha(c) + Hs(c) for all ¢ € C
meets the requirements. O

LEMMA 18.6 (cf. Lemma 9.8 of |[71]). Let A be a unital C*-algebra and let By be
a unital separable simple C*-algebra in Bg, and let B = By ® U for some UHF-
algebra of infinite type and C' € Cy be a C*-subalgebra of B. Let G C K(A)
be a finitely generated subgroup. Suppose that there exists an F-§-multiplicative
contractive completely positive linear map 1 : A — C C B such that ¢p(14) = p
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is projection and []|q is well defined. Then, for any € > 0, there exist a C*-
subalgebra C1 = C of B and an F-§-multiplicative contractive completely positive
linear map L : A — C1 C B such that

(€18.18)  [Lllenko(az/kzy = Wllenko(az/mzy and 7(1c,) <e

for all T € T(B) and for all k > 1 and such that G N Ko(A,Z/kZ) # {0}, where
L and 1 are viewed as maps to B. Furthermore, if [{]|cnk,a) is positive then
50 also is [L]|grry(a)-

ProoF. Let:U — U®U be defined by #(a) =a® 1y and let j : URU — U
be an isomorphism such that j o is approximately unitarily equivalent to idy .
Put jp=idp, ®j: BU (=B ®U®U) - B(=B,®U). Let 1 > ¢ > 0.
Suppose that

GNKy(A,Z/kZ) = {0} for all k> K

for some integer K > 1. Find a projection ey € U such that 7o(eg) < ¢ and
1y = eo—l—zzril pi, wherem = 2[K!and 1/l < € and p1, p2, ..., pm are mutually or-
thogonal and mutually equivalent projections in U. Choose Cf = C®ey C BU
and C1 = jp(CY). Then Cy = C. Let ¢ : C — C; be the isomorphism defined by
p(c) = jp(c®ep) forall ¢ € C. Put L = pot)p. Note that K (C) = K;(Cy) = {0}.
Both [L] and [¢p] map SNKo(A, Z/kZ) to Ko(B)/kKo(B)C Ko(B,Z/kZ) and fac-
tor through Ko(C,Z/kZ). It follows that (recall every element in Ko(-,Z/kZ) is
k-torsion)

[Lllanko(a.z/kzy = [Yllanko(a,z/kz)-

In the case that [¢]|gnr,a) is positive, it follows from the definition of L that
[L]lgnr,(a) is also positive. O

THEOREM 18.7. Let C and A be unital stably finite C*-algebras and let o €
KL.(C,A)TT.

(i) IfC € H, or C € C, and A; is a unital simple C*-algebra in By and
A =AU for some UHF-algebra U of infinite type, then there exists a sequence
of completely positive linear maps Ly, : C — A such that

li_>m | Ly, (ab) — Ly (a)Lyp(D)|| =0 for all a,be C and [{L,}] = «a;

(ii) if C € €y and Ay € By, the conclusion above also holds;

(iii) if C = M,(C(S?)) for some integer n > 1, A= A; @ U and A; € By,
then there is a unital homomorphism h: C — A such that [h] = «;

(iv) if C € H with K1(C) torsion, M, (C(S?)) is not a direct summand of C,
and A = A1 ®Q, where Ay is unital and A has stable rank one, then there exists
a unital homomorphism h : C — A such that [h] = «;

(v) if C = M, (C(T)) for some integer n > 1, then for any unital C*-algebra
A with stable rank one, there is a unital homomorphism h : C — A such that
[h] = a.
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PROOF.  Let us first consider (iii). This is a special case of Lemma 2.19 of [92].
Let us provide a proof here. In this case one has that K¢(C) = Z@kerpc X ZHZ
is free abelian and K;(C) = {0}. Write A = A; ® U, where Ko(U) = D C
Q is identified with a dense subgroup of Q and 1y = 1. Let ap = |k, (c)-
Then ao([lc]) = [1a] and ag(x) € kerpa for all x € kerpo (since «p is order
preserving). Let £ € kerpc = Z be a generator and ag(§) = ¢ € kerpa. Let B be
a the unital simple AF-algebra with

(Ko(B), Ko(B)+, [15,]) = (D@ Z, (D ® Z), (1,0)),

where

(D@ Z), ={(dm):d>0,meZ}U{0,0)}.

Note that Ko(T?) = Z & Z which is order isomorphic to Ko(C(S?)). There is a
standard continuous map which maps s : T? — S§? (with T? viewed as a 2-cell
attached to a figure 8, the map is defined by sending the figure 8 to a single
point) such that v : C(S?) — C(T?) defined by v(f) = f o s has the property
that v.0 = idzgz. It follows from [35] that there is a unital homomorphism Ay :
C(T?) — B such that (h}).0(€) = (0,1). Define hg = h{, o v. There is a positive
order-unit preserving homomorphism A : D — Ky(A) (given by the embedding
a—=14®afromU — A; ® U). Define a homomorphism kg : Ko(B) — Ko(A)
by ko((r,0)) = A(r) for all » € D and kq((0,1)) = ¢. Since A has stable rank one
and B is AF, it is known that there is a unital homomorphism ¢ : B — A such
that

(e 1819) @x0 = Ko-

Define L = ¢ o hg. Then, [L] = «. This proves (iii).

For (iv), we note that K;(A) is torsion free and divisible. One may reduce the
general case to the case that C has only one direct summand C' = PM,,(C(X))P,
where X is a connected finite CW complex and P € M, (C(X)) is a projection.
Note that we assume here K;(C) is torsion and X # S2. In this case (see m
and [13.27), Ko(C) = Z @ Tor(Ky(C)), K1(C) = {0}, or K¢(C) = Z and K;(C)
is finite. Suppose that P has rank r > 1. Choose zo € X. Let my, : C — M,
be defined by 7., (f) = f(xo) for all f € C. Suppose that e = (1,0) € Z @
Tor(Ko(C)) or e = 1 € Z. Choose a projection p € A such that [p] = ag(e)
(this is possible since A has stable rank one). Note that [P] = (r,z), where
x € Tor(Ky(C)), i.e., [P] — re is a torsion element. Since K;(A) is torsion
free, ap(Tor(Ko(C))) = 0. Thus rag(e) = r[p] = ao([P]) = [La]. Moreover,
since Ky(A) is torsion free, [14] is a sum of r mutually equivalent projections
which are all unitarily equivalent to p. Thus there is a unital homomorphism
ho : M, — A such that ho(e1,1) = p, where e; 1 € M, is a rank one projection.
Define h: C' — A by h = hg o m4,. One verifies that [h] = a.

Now we prove (i) and (ii). First, if C' € H, as before, we may assume that C
has a single direct summand. In this case, if C' = M,,(C(5?)), this follows from
case (iii). If C € H and C # M, (C(S?)), the statement follows from the same
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argument as that of Lemma 9.9 of [71], by replacing Lemma 9.8 of [71] by
above (and replacing F' by C' and Fy by C7) in the proof of Lemma 9.9 of [71].
Assume that C € €. Counsidering Adw o L,|¢ for suitable unitary w (in
M, (A)), we may replace C' by M, (C) for some r > 1 so that K, (C) is generated
by minimal projections {p1,pa,...,pa} C C (see . We may rearrange it so
that {[p1], [p2], .-, [pa]} (0 < d’ < d) forms a base for Ky(C). Since A is simple
and a(Ko(C)+ \ {0}) € Ko(A)+ \ {0}, there exists an integer N > 1 such that

(e18.20) Na([p]) > 2[14] for all [p] € Ko(C)4+ \ {0}.

Let M > 1 be the integer given by Lemma associated with C. Since C has
a separating family of finite dimensional representations, by Theorem there
exist two sequences of completely positive contractions <p,(f V.0 ARX (1 =0,1)
satisfying the following conditions:
(a) ||g0,(f)(ab) — @S)(a)wg)(b)ﬂ — 0, for all a,b e C, as n — oo,
(b) for any n, gp%l is a homomorphism with finite dimensional range and, con-
sequently, for any finite subset P C K (C'), the map [apgf )] |» is well defined for all
sufficiently large n, and
(c) for each finite subset P C K(C), there exists m > 0 such that

[Nl = o+ [pMllp for all n > m.

Since C' is semiprojective and the positive cone of the Ky-group is finitely
generated (see the end of , there are homomorphisms ¢y and ¢; from C —
A ® K such that

[po] = & + [¢1].

Without loss of generality, we may assume that ¢o and ¢; are homomorphisms
from C to M, (A) for some r. Note that M, (A) € By (or € By, when C € Cy).

Since K;(C) is finitely generated (i = 0,1), there exists ny > 1 such that
every element x € K L(C, A) is determined by « on K;(C) and K;(C,Z/nZ) for
2 <n <ng,i=0,1 (see Corollary 2.11 of [20]). Let P C K(C) be a finite subset
which generates the group

P KOs P EKi(Cz/nm).

1=0,1 2<n<ng

Let K = ng!. Let G be a finite subset of M,.(A) which contains {¢o(p;), ©1(pi);i =
1,...,d}. We may assume that Py := {[p;],i = 1,2,...,d} C P. Let G(P) be the
subgroup generated by P. Note that Ko(C) C G(P).

Let

T =max{7(po(p;)) + KM7(p1(pi)) : 1 <i < d;7 € T(A)}.
Choose rg > 0 such that

(e18.21) NTro < 1/2.
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Let Q = [po](P)U[1](P)Ua(?P). Let 1 > € > 0. By Proposition[14.15 for ¢ and rg
as above, there are a non-zero projection e € M,.(A), a C*-subalgebra B € €y (or
B € C for case (ii)) with e = 1p, and G-e-multiplicative contractive completely
positive linear maps L; : M,.(4) — (1 —e)M,(A)(1 —e) and Ly : M,.(A) — B
with the following properties:

) IL1(a) + La(a) — al| < e/2 for all a € G;
2) [L;]|o is well defined, i = 1, 2;
3) [Lilla + [ro Lallo = [id]lo;
4) 70 [L1](g) < ro7(g) for all g € a(Py) and 7 € T(A);
5) for any z € Q, there exists y € K(B) such that  — [L1](z) = [t 0 Lo](z) =
KMTi(y); and
(6) there exist positive elements {f;} C Ko(B)4 such that for i =1, ...,d,

a([pi]) = [Lal(a([pi]) = [vo Lel(a([pi]) = K Muo(fi),

where ¢ : B — M,.(A) is the embedding. Here we also write [L1] as a homomor-
phism on the subgroup generated Q. By , since K = ng!,

(1
(
(
(
(

»=0, i=0,1,

[20 Ly 0 @ol| i, (c,z/mz)np = [t 0 Lz 0 @1]

and n = 1,2, ...,n9. It follows that

= (o] K;(C,Z/nZ)NP and

[L1 o o]
[L1 o 1]l (cz/mmny = [o1llki(cz/mz)nps

1=0,1and n=1,2,...,n9. Furthermore, for the case B € €y we have K;(B) =
0, and consequently

[’L o L2]|K1(C)ﬂfP =0.

It follows that

(e18.22) [L1owollg,cc)np = [wollr,c)nes

[Liopillr,one = [eillkio)no-

In the second case when we assume that C' € Cy and A; € By, then K;(C) = 0.

Therefore (e 18.22)) above also holds.
Denote by ¥ := g @ @ ;1 ¢1- One then has

[L1 oV ki, z/mzyne = [L1owolr,(c, z/mnzynp + (KM — 1)[L1 o 01]k,(c, z/nz)n
= [L1owolki(c, z/mzyn? — [L1 0 1]k, (c, z/nz)n?

= [@(J]Kj(c, Z/nZ)NP — [Sﬁl]Ki(C, Z/nZ)NP

NP
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where i = 0,1, n = 1,2,...,n9. Note that we also assume [L; o ¥]|g(p) is a

homomorphism. By (e 18.20]), , and (e 18.21J),

N(7(a([ps])) — [L1 o ¥]([pi])) > 2= NroT > 3/2 for all 7 € T(A).

Since the strict order on Ky(A) is determined by traces (see and [9.10)), one
has that N(a([p:]) — [L1 o ¥]([pi])) > [La]. Moreover, one also has

a([pi]) — [L1 o ¥]([p:])
= a([pi]) = ([L1 o a]([pi]) + K MLy o p1]([pi]))
= (a([pi]) — [L1 o a]([pi])) — KM[L1 o p1]([pi])
= KM(uo(f;) — [L1] o [p1]([pi]))
= KMf], where f; = n.0(fi) — [L1] o [p1]([pi])-

Note that f; € Ko(A)+ \ {0}, j = 1,2,...,d. Note also that a — [L1 o V] defines
a homomorphism on Ky(C). Since M f! € Ko(A), i = 1,2,...,d’, the map § :
Ko(C) — Ko(A) defined by g = (1/K)(a — [L1 o ¥])|k,(cy which maps [p;] to
Mf; (1 <i < d') is a homomorphism. In fact, one has B([p;]) = Mf] + z;,
j=1,2,...,d, where Kz; = 0. Therefore 3([p;]) € Ko(A)4+ \ {0} (recall the order
of Ko(A) is determined by the traces), j = 1,2, ...,d.

Since the semigroup Ko(C) is generated by [p1], [p2], ..., [pd], we have B(Ko(C) 4\
{0}) € Ko(A)4+ \ {0}. Since $ has multiplicity M, by the choice of M and by
Lemma there exists a homomorphism H : C — Mpg(A) (it may not be
unital) for some integer R > 1 such that

Huo—=f and H. =0.
Consider the map ¢’ :=L; o U & (@fil H):C — A®X. One has that
[ ]| o) = [L1 © ]| ko (cyne + KB = a|ky(c)no-
Since every element in K;(-,Z/nZ) is n-torsion,

K[H]

K, z/mzn? =0, 1=0,1, n=1,2,...,n9

and therefore

[k (c, z/nz)np = [L1 0 ¥] NP

1=0,1,n=1,2,...,n9. We also have that

W]Kl(cm? =[L1o ‘IlHKl(C)ﬂ? = a|K1(C)ﬁT~

Therefore,
[l = al».

Since [¢'(1¢)] = [1a] and A has stable rank one, there is a unitary v in a
matrix algebra over A such that the map ¢ = Ad(u) o ¢’ satisfies p(1¢) = 14,
as desired.

Case (v) is standard and is well known. O
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COROLLARY 18.8.  Any C*-algebra A given by Theorem [14.10|is KK-attainable
with respect to Bg.

PrOOF. Note that A = lim, o (An, ¢n), where each A, is a finite direct
sum of C*-algebras in H or Gy and ¢, is injective. Let A, = ¢, o (4s) (=2
Ap) and 1, : A, — A be the embedding. By Lemma 2.2 of [20|, for any
C*-algebra B, Homy (K (A), K(B)) = lim, o Homy (K(A}), K(B)). Let a €
Homy (K(A), K(B))*™*. Then, for each n, there is a,, € Homp (K (A)), K(B))
such that al[ln](K(An)) = «, and O‘”+l|[<pn,n+z](ﬁ(z4’n)) = q, for alll > 1. Not-
ing that 2, (p) # 0 for any non-zero projection p € M,,(A.) (for any m > 0),
one has «a, € Homp(K(A,),K(B))*". Let ¢ € M,,(B) be a projection for
some integer m > 1 such that [¢] = a([14]). Since A is unital, we may assume
that ¢, is unital (for large n). Then [q] = an([la;]). Let By = qMy,(B)q.
Then «,, € KL.(A,,B1)*". Recall that B has stable rank one. By consid-
ering each summand of A}, by Theorem that, for each n, there exists a
sequence of contractive completely positive linear maps Ly, : A}, — Bj such
that limy_, o0 || Lk,n (ab) — Li n(a)Li n (b)|| = 0 for all a,b € A}, and [{Lin}] = .
Since each A’ is separable and amenable, there exists a sequence of contractive
completely positive linear maps ¥, : A — A’ such that lim, . ¥,n(a) = a
(see, for example, 2.3.13 of [63]). It is standard that, after passing to two suit-
able subsequences {m,} and {k,}, the sequence {L,, = Ly, m, © ¥y, } has the
property that

lim ||L,(ab) — Ly(a)L,(b)|| =0 for all a,b € A and [{L,}] = a.

n—oo
Thus, A is KK-attainable with respect to B. O

COROLLARY 18.9. Let C € G, A € By, and o € KK(C, A)*t be such that
a([lc]) = [p] for some projection p € A. Then there exists a homomorphism
@ : C — A such that, .0 = .

ProOF. This is a special case of Theorem [18.7] since C' is semiprojective. [

COROLLARY 18.10. Let A € Byg. Then there exist a unital simple C*-algebra
B = ligrl(Cm ©n), where each Cy, is in Cy, and a UHF algebra U of infinite type
such that, for B = B1 ® U, we have

(e 18.23) (Ko(B),Ko(B)+,[13],T(B),7”B)

= (pa(Ko(A)), pa(Ko(A)+), pa([1a]), T(A),74).
Moreover, for each n, there is a homomorphism hy, : C,, @U — Ma(A) such that
(e 1824) PA © (hn)*O = (‘pn,oo & idU)*O-

PRrROOF. Recall that r4 : T(A) — Sy (Ko(A)) is defined by 74 (7)(x) = pa(z)(7)
for all x € Ko(A). Therefore r4 also induces a continuous affine map from T'(A)
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to Su(pa(Ko(A))) by defining r4(7)(pa(x)) = pa(x)(r) for all z € Ky(A).
If s € Su(pa(Ko(A))), then so ps € Su(Ko(A)). By Corollary 3.4 of [g],
ra : T(A) = Su(Ko(A)) is surjective. It follows that r4 also maps T'(A) onto
Su(pa(Ko(A))). Consider the tuple

(pa(Ko(A)), pa(Ko(A)1), pa([1a]), T(A), 4).

Since A =2 A ® Uy, for a UHF algebra U; of infinite type, A has the property
(SP) (see [7]), and therefore the ordered group (Ko(A), Ko(A)4,[14]) has the
property (SP) in the sense of Theorem that is, for any positive real number
0 < s < 1, there is g € Ko(A)+ such that 7(g) < s for any 7 € T(A). Then it is
clear that the scaled ordered group (pa(Ko(A)), (pa(Ko(A)+),pa(l4)) also has
the property (SP) in the sense of Theorem Therefore, by Theorem
there is a simple unital C*-algebra By, = l'i>n(0n, ©n), where each C,, € Cg, such

that
(Ko(B1), Ko(B1)+, [1p,], T(B1),85,)
= (pa(Ko(A)), pa(Ko(A)+),pa(la), T(A),ra).
Let U =U; and B =By ® U. Then
(Ko(B), Ko(B)+, 18], T(B),75)
= (pa(Ko(A®U)), pa(Ko(A®U)4), pa(1a), T(ARU), 7 a50)-

Let: U — UQU be defined by 2(a) = a®1y foralla € U andlet j : UQU — U
be an isomorphism; recall that j~! is approximately unitarily equivalent to «.
Define 14 : A > A® U by 14 = ida ® ¢ and define j4 = id4 ® j. It follows that
ja induces an order isomorphism:

(pa(Ko(A®U)), pa(Ko(A®U) ), pa(lagy), T(A® U),magu)
= (pa(Ko(A)), pa(Ko(A)+), pa(la), T(A),74).

Therefore (e 18.23) holds.

Clearly, B has the inductive limit decomposition
B =1im(C, ® U, p, ®idy).
_>( ¥ )

For each n, consider the positive homomorphism (¢, c0)+0 : Ko(Crn) = Ko(B1) =
pa(Ko(A)). Since pa(Ko(A)) is torsion free, (¢n,00)+0(Ko(Cp)) is a free abelian
group. There is a group homomorphism &, : Ko(C,) — Ko(A) such that (recall
that the order of Ky(A) by traces) is determined by

PAOCKp = (Spn,oo)*o and Iin([lcn])g 2[1A]

Note that «,, is positive since py o k, is. By Corollary there is a homo-
morphism h}, : C,, — Ms(A) such that (h] ). = kn. It is clear that h, :=
jao(hl, ® idy) satisfies the desired condition. d
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LEMMA 18.11. Let C € C. Let 0 > 0 and let H C Cs,. be a finite subset.
Let A € Byg. Then for any k € KL,(C,A)™™ and any continuous affine map
v : T(A) = T¢(C) (see which is compatible to k, there is a unital homo-
morphism ¢ : C — A such that

[l =k and |To@(h)—~(r)(h)| <o for all h € H and for allT € T(A).

Moreover, the conclusion above also holds if C' € Cy and A € By;.

PrROOF. We assume C € C and B € B, first. Let ¢ > 0. We may assume
that every element of H has norm at most one. Let x and v be given. Define

A CP\ {0} — (0,1) by
A(h) = inf{~y(7)(h)/2: T € T(A)}.

Let H; € C+\{0}, J, and K be the finite subset, positive constant, and the
positive integer of Theorem [16.10| with respect to C, A, H, and ¢/4 (in place of
o). Let P C M,,(C) (for some m > 1) be a finite subset of projections which
generates Ky(C'). We may assume that H; is in the unit ball of C.

Set

o1 = min{o/2, min{A(h) : h € H;}} > 0.

By Lemma [16.12] (apply to 01/(84¢1)), there are a C*-subalgebra D C A with
D € @ and with 1p = p € A, and a continuous affine map v : T(D) — T(C)
such that

(e18.25)

Iv'(%rlp)(f) — (1)) < 01/(8 + 1) for all 7€ T(A) for all fe HUK;,

where 7(1—p) < 01/(8401) for all 7 € T(A). Moreover (by (2) of Lemma[16.12)
(e18.26) v (7)(h) > A(h) for all 7€ T(D) for all h € H;.

Denote by 2 : D — pAp the embedding. Moreover, as by (3) and (4) of Lemma
there are also positive homomorphisms g : Ko(C) — Ko((1—p)A(1-p))
and k1,0 : Ko(C) — Ko(D) such that k1 is strictly positive, k1 0([1c]) = [1p],
k1,0 has multiplicity K, and

K| Ko(c) = Ko,0 +x0 0 k1,0 and |7/ (7)(q) — pp(k1,0(0))(T)| <6, qeP, 7€ T(D).

Suppose that A = A; ® U for some A; € By and a UHF-algebra U of infinite
type. By the last part of we may assume that o is also strictly positive.
Let « € Ko(D)+ be such that Kz = [1p] = k1,0([1¢]). Then there is a projection
e € D such that [¢] = x as D has stable rank one. Note e is full and D; :=
eDe belongs to C and in case D € Gy, D1 € Cy (see . We may write
Dy ® Mg = D. Define A : T(Dy) — T(D) by A(t)(a ® b) = t(a)tr(b), where tr
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is the tracial state of M. Define 1" : T'(D1) — T(C) by v"(t) = v (A(t)). Note
that Ko(D1) = Ko(D). Then, for any ¢ € P and any t € T'(D,),

17" () (@) — pp, (1/K)r1,0)([a]) (&) = 7' (A(#) (@) — pp(k1,0)([a]) (A(®))] < 0
and

N () (h) = v (A(£))(R)>A(R) for all h € H;. (see also (e18.26)).
Therefore, by Lemma there is a homomorphism

@1ZC—>MK(D1):DCA

such that
(Pr)x0 = K(1/K)k1,0 = K10
and
(e18.27) [(1/K)(t @ Tr)(p1(h) =" (t)(h)] < o/4

for all h € H and t € T(D,),

where Tr is the unnormalized trace of M. Note that (1/K)(7 ® Tr) = A(r) for
all 7 € T(D;). By (c18.27),

|70 p1(h) =~ (T)(h)| < o/4 for all h € H and 7€ T(D).

Since A is simple, K;((1 —p)A(1 —p)) = K;(A),: =0,1. Let kg =k — [10 1] €
KL(C,A) = KL(C,(1 — p)A(1 — p)). Then ro|x,(c) = ko,0- Since ro|x,(c) is
equal to kg g, it is strictly positive and xo([1¢]) = [1 —p]. Note that (1 —p)A(1—
p) QU = (1 —p)A(1 —p). Therefore, by Theorem since C' is semiprojective,
there is a homomorphism ¢ : C — (1 — p)A(1 — p) such that [pg] = ko. Note
that this holds for both the case that A € B, (by (i) of Theorem and the
case that C' € €y and A € B, (apply (ii) of of Theorem [18.7).
Consider the homomorphism

pi=gpo®rop;:C = (1—-pA(l—p)& D C A.

One has that [¢] = k and, for all h € H and 7 € T(4),

o o(h) —v()(B) < |ropr(R) —4(r)(h)] + /4
< lrog(h) - v’(%p)ﬂm(hn +0/2
< |Toso1<h>—%Tommuso/«o,

as desired. 0O
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It turns out that KK-attainability implies the following existence theorem.

PrOPOSITION 18.12. Let A € By, and assume that A is KK-attainable with re-
spect to Byg. Then for any B € Byg, any o € KL(A, B)*™", and any continuous
affine map v : T(B) — T(A) which is compatible with «, there is a sequence of
contractive completely positive linear maps L, : A — B such that

lim ||Ly(ab) — Ly(a)Ly(b)|| =0 for all a,b € A,

{L,}] =«, and
nan;Osup{|T oLn(f) =) ()] : 7€ T(A)}=0 for all f € A.

PROOF. The proof is the same as that of Proposition 9.7 of [71]. Instead of
using Corollary 9.6 of |71], one uses Lemma [18.11 O

19. The Class N; Let A be a unital C*-algebra such that A® @Q € By. In
this section, we will show that A ® @ € Bg. Note that this is proved without
assuming A ® @ is nuclear. However, it implies that N7 = Nj. If we assume
that A ® @ has finite nuclear dimension, then by using Lemma and a
characterization of the class T AS by Winter, a much shorter proof of Theorem
[19.2] could be given here.

LEMMA 19.1. Let A € By be such that A= A® Q. Then the following property
holds: For any € > 0, any two non-zero mutually orthogonal elements ay,as €
Ay, and any finite subset F C A, there exist a projection ¢ € A and a C*-
subalgebra Cy € C with 1o, = q such that

(1) Nz, dlll <e/16, z € F,
(2) qrq €./16 Cr, x €T, and
(3) 1-g<ar

Suppose that A : (Cl)i’l \ {0} — (0,1) is an order preserving map such that
7(c) > A(e) for all 7€ T(A) and ce (C1)} \ {0}.

(By such a A always exists.) Suppose also that H C (Cy)y \ {0} and
F1 C Cy are finite subsets. Then, there exist another projection p € A with
p < g, a C*-subalgebra Cy € C of A with 1c, = p, and a unital homomorphism
H : Cqy — Cy such that

(4) |[l[z,plll <e/16, z € T,
(5) [[H(y) —pypll < e/16, y € 1, and
(6) 1—p<Sar+as.



A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 387

Moreover, Cy and H may be chosen in such a way that K1(C1) may be written as
Z™ &Gy with Hq (Go) = {0}, and Hialzm and (jo H) .|z both injective, where
j: Cy — A is the embedding (m could be zero, and in this case, Go = K1(Ch)).
Furthermore, we may choose Cy and H such that

7(jo H(c)) > 3A(¢é)/4 for all c€ H and for all T € T(A).

PROOF. Since A € By, there exist a projection ¢ € A and a C*-subalgebra
Cy € C of A with 1¢, = ¢ such that

(a) [l[z,qlll <£/16, z € T,

(b) qzq €./16 C1, v € F, and

(¢c)1—gSar.

There are two non-zero mutually orthogonal elements a}, and az in asAas.
Since A =2 A®Q, K1(A) is torsion free. Denote by ¢ : C; — qAq the embedding.
Since K1(Cy) is finitely generated, we may write K;(C1) = G1 & Gy, where
G1 2 7™, Lala, is injective, and t41|g, = 0. Define

o =min{A(h)/16 : h € H} > 0.

Choose an element af € a),Aa} such that d,(ay) < o for all 7 € T(A) (recall
dr(a) = limp oo 7(a™)).

Suppose that Gy is generated by [v1], [va], ..., [v1], where v; € U(C1) (note that,
by (4 has stable rank one). Then, we may write ¢(vg) = Hi(f)l exp(ihs i)
(since w41 ([vg]) = 0 in K1(A)), where hs i € (¢AQ)s.a., s = 1,2,...U(k), k =
1,2, ...l

Let 1 be a finite subset of C; with the following property: if x € F, then
there is y € F1 such that ||gzq — y|| < €/16.

Let F5 be a finite subset of ¢Aq, to be determined, which at least contains
FUF UK and the elements hg i, exp(ihs k), s =1,2,..,1(k), k=1,2,..., L

Let 0 < § < min{e/64,0/4}, to be determined. Since, by qAq € By, one
obtains a non-zero projection q; € ¢Aq and a C*-subalgebra CoCqAq such that

(@) [z, ailll < 6, @ € Fa,

(e) uwrq1 €5 Ca, x € Ty, and

(f) 1-— aq1 S az//.

With sufficiently small § and large Fo, using the semiprojectivity of Ci, we
obtain unital homomorphisms h; : C; — C5 such that

(e19.1) [lhi(a) — qraqi|| < min{e/16,0} for all a € F; U H.
By the choice of o and af, and by 7 one computes that, for all 7 € T'(A),
(€19.2) T(johi(c)) > TA(¢)/8 for all ¢ € K,

where j is the embedding from Cs into gAq. Note that, when F5 is large enough,
(h1)+1(Go) = {0}. Since K1(C) = Z™ @Gy, Gy is a direct summand of ker (A1 ).1.
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We may write K1(C1) = G2 @ Ga,0 ® Ga,0,0, where Go = Z™2 with mg < my,
Gg is a subgroup of Gl, G270,0 D) Go, (h1)*1(G270,0) = {O}, (j o hl)*1|G270 = 0,
and (j o hi1)s1]a, is injective. Here we use the fact that Kj(A) is torsion free
(and Ga,,0 could be chosen to be just Gy itself). If Ga9 = {0}, we are done.
Otherwise, ma < my. We also note that (j o h1).«1(Ga2,0 ® Ga,0,0) = {0}.

We will repeat the process to construct hg, and consider hg o hy. Then we
may write K1(Cl) =G3® G3’0 5>} Gg’o,o with G3 & Z™s (mg < TTLQ), Gs C Go,
G370’0 D) GQ’O @GQ’0,0, (jOhQ Ohl)*l(Gg,o) = {0}, and (jOhQ Ohl)*lng, injective.
Again, if G390 = {0}, we are done (choose H = hg o hy). Otherwise, mg < mg <
m1. We continue this process. This process stops at a finite stage since m; is
finite. This proves the lemma. O

THEOREM 19.2. Let Ay be a unital simple separable C*-algebra such that A1 ®
Q € 'Bl. Then A1 ®Q S Bo.

PrROOF. Let A= A; ® Q. Suppose that A € By. Let € > 0, let a € AL \ {0},
and let § C A be a finite subset. Since A has the property (SP) (see ,
we obtain three non-zero and mutually orthogonal projections eg, 1, ez € aAa.
There exist a projection ¢; € A and a C*-subalgebra C; € € of A with 1¢, = ¢

such that

(e19.3) Iz, 1]l < €/16 and qi2q1 €./16 C1 for all x € F, and
(e19.4) 1—q < ep.

Let 3 C C71 C A be a finite subset such that, for any x € F, there is y € F;
such that ||g1zq1 — y|| < €/16. For each h € (C1)4 \ {0}, define

A(h) = (1/2)inf{r(Rh) : 7 € T(A)}.

Then the function A : (C’l)i’l \ {0} — (0,1) preserves the order. Let
C (C1)% \ {0} be a finite subset, y1,72 > 0, 6 > 0, § C C; be a finite
subset, P C K(C7) be a finite subset, 5y C (C1)s.q4. be a finite subset, and
U C J.(K1(Cr) CU(Cy)/CU(CY) (see be a finite subset as provided by
Theorem [12.7] (and Corollary for C = (4, €/16 (in place of €), F; (in place
of ), and A/2 (in place of A).
By Lemma there exist another projection gqa € A such that g < gy,
a C*-subalgebra Cy € C of A with ¢o = 1¢,, and a unital homomorphism
H : Cq7 — Cy such that

e19.5

( [z, gz]|] < e/16 for all z € F,
(e19.6

(

(

)
) lljoH (y) — qayqell < /16 for all y € Fy,
e19.7) 7(j0 H(c)) > 3A(¢)/4 for all c € H and for all 7€ T'(A), and
e19.8)

1—q2 Seog+er.
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Moreover, we may write K1(Cy) = Z™ @® Gop, where H,1(Goo) = {0}, and
H,q|zm and (j o H).1|zm are injective, where j : Co — A is the embedding. Let
Ay = g2 Ago and denote by j; : Co — As the embedding. Put

(€19.9) oo = inf{r(ez) : 7 € T(A)} > 0.

By Theorem [14.10] there exists a unital simple C*-algebra B = B ® ) with
B =lim(B,,, 1) in such a way that each B,, is equal to By, & B,, 1 with B, o € H

(see[l4.5) and B, 1 € Cy, each 1, is injective, and
(€19.10) lim max{7(1p,,): 7€ T(B)} =0,
n—o0 ’
and such that Ell(B) = Ell(Aj).

We may assume (choosing a smaller §) that U = U; UUg, with (U, ) generating
Z™ C K1(Ch) and w(Uy) C Gog, where m : U(C1)/CU(C1) — K;1(Ch) is the
quotient map. Recall that J. : K;(C1) — U(Cy)/CU(CY) is a fixed splitting
map as defined in 2.16] Suppose that oy, 0o, ..., 0, form a set of independent
generators for Jc(l)(Zm)%J Z™. We may assume that Uy = {0, s, ..., Uy, }. Put

v3 = min{A(h)/2: h € H;}.

Note H¥(Up) C Up(Ca)/CU(Cy). By Lemma we may choose a finite subset
Hs C (C2)s.qa. and o > 0 with the following property: for any two unital homo-
morphisms h1, ho : Co — D, for any unital C*-algebra D of stable rank one, if,
for all 7 € T(D),

(e19.11) |70 hi(g) — Toha(g)| <o for all g € Hs,
then
(€19.12) dist(hl (), h}(0)) < 72/8

for allv € H¥(Uy) C Uy(Cq)/CU(Cy). Without loss of generality, we may assume
that ||h]] < 1 for all h € H; U FHy U Hs.

Let ' = (ko, K1, k7) : Ell(A2) — ElI(B) be the above identification, where g :
Ky(As) — Ko(B) is an order isomorphism with xo([g2]) = [15], k1 : K1(A2) —
K3 (B) is an isomorphism, and s : T(As) — T(B) is an affine homeomorphism
such that 74, (k5" (7))(2) = r5(7)(ko(z)) for all z € Ky(As) and for all 7 € T(B)
(or, equivalently, 74,(t)(ky ' (y)) = ra(kr(t))(y) for all y € Ko(B) and for all
t € T(Ap)). Since B satisfies the UCT, there is an element =" € KK.(B, A3)™"
(see 2.10) such that K_1|Ki(3) = ni_l, 1 =0, 1. Note that since A5 = A, ® @, one
has Homy (K(B), K(As)) = Hom(K.(B), K.(42)).

Let 2 € KK (C, B)** be such that K@ |k, (c,) = k; 0 jii, i = 0, 1. In fact,
since K;(B) = K;(B)® Q (i = 0,1), by the UCT, x® is uniquely determined
by i © Jui.
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It follows from Lemma [18.11] that there exists a unital homomorphism ¢ :
Cs — B such that

(€19.13) [p] = k2 and
(e19.14) [7(e(h)) =~ (7)(h)| < min{y1,72,73,0}/8

for all h € H(Hq1)UH (Ho)UHs, where v : T(B) — Ty(C?) is induced by k7 and
the embedding j. In particular, ¢, is injective on H,q(Z™) (since j,; is injective
on H,1(Z™) and k4 is an isomorphism).

Since (5 is semiprojective, without loss of generality, we may assume p(Cs) C
J1,00(B1) C B. In what follows, we use the notation ¢’ for the homomorphism
from Cy to By such that ¢ = j1 o 0 ¢'. We may also assume that, in the decom-
position By = By ® B 1,

(€19.15) T(1py,) <min{oo/4,71/8,72/8,73/8,0/8}
for all 7 € T(B).

We have (11,00 © ¢)s1 = a1, and @, is injective on H,q(Z™). Consequently
(11,00)1 1s injective on (@)1 (H (Z™)).

Let Gy = HE(J(Z™)) € U(Cy)/CU(Cy) and Gy = Hi(J (Goo)). Note, by
the construction, Go C Uy(C2)/CU(C2). Since k|, (p) is an isomorphism and
(11,00)+1 i injective on (¢').1(Ha (Z™)), ¢¥|q, is injective. Let Hy = P(p(H; U
Hy UHs)), where P : By — By 1 is the projection.

Note that since A 2 A® Q, KL(B;,A) = Hom(K,(B1), K.(A)). Let e3 € Ao
be a projection such that [e3] = kg ' ([11.00) (15, ,)]), and let Az = e3Aes. There
is K, , € KK(Bi,1,A2)*" such that w7 | induces (k" 0 (11,00)4) | K. (By 1)+ AS
K;(B1,1) is finitely generated and A = A ® Q (and K.(A3) = K.(A)), by the
UCT, the map 'z, | is uniquely determined by (k5" 0 (41,00)+)| k. (B, 1)- It follows
from the second part of Lemma that there is a unital monomorphism
1+ B1,1 — e3Aes such that

(¢19.16) (1] = K, ,

and

(€19.17) |ro¢1(g) — 7' (7)(21,00(9))]
< min{T(([e3}))/4,71/8,72/8,73/8,0/8} for all g€ Hy

for all 7 € T(Aj3), where v : T(A3) — Ty(By,1) is the map induced by ;' and
11,00+

Write B = Bi,1 ® Bi,,2, where Big1 is a finite direct sum of circle
algebras and K;(Bi,0.2) is finite (according to the definition of H—see [14.5)).
Since B = B ® Q, we may assume that (11 0)«1|x, (B, .) = 10}
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Since Ay = Ay ® @, by parts (iii) and (iv) of Theorem there exists a
unital homomorphism 1 : B2 — esAseq such that [i)] is equal to %317012,
which induces £, 0 (11,00 )+| k. (By o.2), Where e4 € A is a projection orthogonal
to ez and [es] = Ky 0 (11,00)50([LBy,.])- We have (1h2),1 = 0, since K;(A)
is torsion free. Let w3 : B11 @ Big2 — (e3 + es4)Az(es + e4) be defined by
Ps(a,b) = 1(a) @ 1P2(b) for a € By 1 and b € By g 2.

Let Py : By — Biy,1. Then, since (21,00)+1|x,(B1 o) = {0}, and K1(B11) =
{0}, the restriction (Py).1]e., (H.,(zm)) is injective. Also, P} is injective on ¢ o
HE (I (Zm)). Put G = P} o gt o HH(JM (Z™))C U(By,0.1)/CU(Byo.1). Then
G, =7™.

It follows from Theorem that there is a unital homomorphism ) :
B1o1 — (g2 — e3 — e4)Aaz(ga — e3 — e4) such that [¢)] = /1}31’0’1 which induces

(kylo (ll,oo)*)|K*(BLo,1)' Let

z=Plogto HY®;) and & = ¢ o (idp, — P1)* o ¢/ o HY (1),

i = 1,2,...,m. It should be noted that, since (¢1)x1 = (¥2)s1 = O,
& € Up(As)/CU(Ag), i = 1,2,...,m. Moreover, since

($4)«1 0 (Pr1)s1 0 ¢y (x) = jar(2) for all z € Ha(Z™) C Ki(Cy),

m((j o H)H0)m (W) (z)) 7" =0 in Ki(A).
Define a homomorphism A : Gf — U(A3)/CU(A2) by
(€19.18)  A(zi) = (j o H)' (@) (v (z)&) ™", i=1,2,...,m.

Note that A\(z;) € Up(A)/CU(A), i = 1,2,...,m. By Lemma the abelian
group Up(A)/CU(A) is divisible. There exists a homomorphism

5\ : U(B17071)/CU(BL071) — U(AQ)/CU(AQ)
such that Alg; = A. Define a homomorphism X\ : U(B1,0,1)/CU(B1o,1) —

U(AQ)/CU(AQ) by )\1(1’) = (iﬁa)i(.’ﬂ);\(x) for all x € U(Bl,O,l)/CU(Bl,O,1)~ By
Theorem the homomorphism

U((g2—e3—es)Aa(qa—e3—e4))/CU((qz—e3—e4) Aa(qa—e3—es)) — U(A2)/CU(Az)

given by sending u to diag(u, es + e4) is an isomorphism. Since Bj g1 is a circle
algebra, one easily obtains a unital homomorphism

s Bio1 — (g2 — ez — ea)Aa(qe — €3 — ea)
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such that

(Va)si = (Vh)wi = K57 0 (11,00 )xil Bro, (i =0,1) and 9§ = Ay

Define ¢ : By — A by ¢¥(a,b) = 1s(a) @ ¢4(b) for a € B11 @ Big2 and
b € By ,,1. Then, we have

(19.19) Vi = K710 (11,00)wis 1 =0,1.
Since (21,00 © ¢’ )xi = Ki © Jui, © = 0,1, we compute that
(o' o )i =k o (1n,00)ui 0 (¢ 0 H)ui = (joH)uy i=0,1L
Thus, since A 2 A® @ and C; satisfies the UCT,
(e19.20) oy oH]=[joH] in KK(C,A).
On the other hand,
(¥(15,0)

74, () (55 ((11,00)+0([18, o))
= r(rr(7))((t1,00)x0([1B,,])) < oo for all 7€ T(A).

By (e19.9) and (e19.15), and by
(€19.21) [¥(1B, ,)] < [ea].
By (e19.14)), (e 19.15)), and (e 19.17)),

[T oo’ (g) —(g)]
< min{o,y1,72,73,0} for all g € H(H1) U H(Hz) U Hs.
Denote by 1’ the composition ¥ o ¢’. We have, for all T € T'(As),

(€19.22) [T o9’ (9) — 7(j(9))] < min{y1,72,74}
for all g € H(H;) U H(Hs).

We then compute that
(€19.23) 7o' (H(h)) > A(h)/2 for all h € H;, and 7 € T(Ay).
By and the definition of A\, we have
(¥ o H)*(wy)
= ¢ro(¢ o H)¥(w)
= (o Gdp, - P)Fo (o™ 0 HY)(@)) (Wh(P{ (o™ 0 H(30)))

= &M(z) = GoH)H ), i=1,2,..,m.
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By the choice of H3 and o, we also have
(e19.24)  dist((¢)) (H (D)), (j o H)* (7)) < 72 for all & € Uy.

It follows from Theorem and Corollary (on using (e 19.20), (e 19.22)),
(e 19.23), and (e 19.24))) that there is a unitary U € g2 Ags such that

(€19.25) |[AdU o9/ (H(y)) —jo H(y)|| < &/16 for all y € F;.

Let C3 = AdU o 4(By,1) and p = 1g, = AdU o ¢(1p, ). Since 1p, , is in the
center of By, for any y € F1, ¢’ (y)1p, , = 1B, , ¢'(y). Therefore, AdU o9’ (y)p =
pAdU oo ¢ (y) = pAdU o ¢’(y). Note that, for any y € F;, we have

ly—joH(y) ® (1 —q)y(l —g2)l| <e/8,
and p < g2. Hence,

lpy — ypll < llpy — pAdU o' (y)|| + [[PAAU 04’ (y) —yp|| < /8 +¢/8 =¢/4
for all y € F1. Combining this with (e 19.5)), we have

[pz — zp|| = |[pg2x — xqopl| < 26/16 + |[pg22q2 — g2wqop|| < € for all z € F.

Let x € F. Choose y € F; such that ||g22q2 — q2yq2||= ||g2(q12q1 — y)q2|| < €/16.
Then, by (e19.6) and (e 19.25)),

[pzp — p(AdU o' (H(y)))pl
< lprp — paaxqep|| + |Ipg2rq2p — Pa2ya2p||

+llpg2ygep — p(j o H(y))pll
+p(j o H(y))p — p(AdU o' (H(y)))pll
< 0+4¢/16+¢e/16 +¢/16 = 3¢/8.

However, pAdU o ¢/(y)p = AdU o (¥(1p,,¢'(y)1p,,)) € Cs3 for all y € F.
Therefore,

prp €c Cs.
We then estimate that, by (e 19.8) and by (e 19.21)),
[ —pl <[1—qo]+ ['(15,,)] < [eo @ e1 @ ea] < [a].

Since B; 1 € €y, by applying [3.20, C5 can be approximated by C*-subalgebras
in Cqy. It follows that A € Byg. O

COROLLARY 19.3. If A is a unital separable amenable simple C*-algebra such
that A® Q € By, then, for any infinite dimensional UHF-algebra U, AQU € By.

Proor. It follows from Theorem that A ® Q € By. Then, by Lemma
and by Theorem 3.4 of [87], A® U € By for every infinite dimensional
UHF-algebra. 0
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20. KK-attainability of the C*-algebras in By The main purpose of
this section is to establish Theorem It is an existence theorem for maps
from an algebra in the sub-class By to a C*-algebra as in Theorem (and
elsewhere). The construction is similar to that of Section 2 of [67], and, roughly,
we will construct a map factoring through a C*-subalgebra (in Cy) of the given
C*-algebra in By, and also require this map to carry the given KL-element.
But since the ordered Ky-group of a C*-algebra in €y in general is not a Riesz
group, extra work has to be done to take care of this difficulty (similar work also
appears in [91], [92], and [93]).

20.1. Let us proceed as in Section 2 of [67]. Let A € By be a separable
C*-algebra and assume that A has the property (SP). By Lemma the C*-
algebra A can be embedded as a C*-subalgebra of [[ M, /& M,, for some
sequence {ng}; in other words, A is MF in the sense of Blackadar and Kirchberg
(Theorem 3.2.2 of [6]). Since A is assumed to be amenable, by Theorem 5.2.2 of
[6], the C*-algebra A is strong NF, and hence, by Proposition 6.1.6 of [6], there is
an increasing family of residually finite dimensional sub-C*-algebras {A,,} with
union dense in A. Let us assume that 1 € A;.

Let us set up the initial stage: Choose a dense sequence {zg,z1, T2, ..., Ty, ... } Oof
elements in the unit ball of A. Let Py C M (A) be a finite subset of projections.
We assume that xg€ A; and Py C My (A;1). Choose a finite subset Fy in the
unit ball of A; C A with {1,z0} C JFo, and 79 > 0 such that [L']|p, is well
defined for any Fp-2np-multiplicative contractive completely positive linear map
L’ from A. Moreover, by choosing even larger F and smaller 1y, we may assume
that

(€20.1) (Lo = [L" |2,

if |L'(z) — L"(2)|| < 2no for all x € Fy and L” is also an Fy-2np-multiplicative
contractive completely positive linear map. Since A; is a RFD algebra, one can
choose a homomorphism hg from A; to a finite-dimensional C*-algebra F which
is non-zero on JFj.

Let §p < min{ny/2,1/2}.

Since A is assumed to have the property (SP), by Lemma 2.1 of [90], there is
a non-zero homomorphism b’ : Fy — A with h/(1g,) = eg € A such that

(1) |leox — xepl| < 00/256 and
(2) ||l 0 ho(x) — egzeo|] < 80/256 for all = € Fp.

Since Fj has finite dimension, it follows from Arveson’s Extension Theorem that
the homomorphism hg : A1 — Fj can be extended to a contractive completely
positive linear map from A to F; let us still denote this by hg.

Put H = h' ohg : A — A. Note that e = H(1). Since the hereditary C*-
subalgebra (1 — eg)A(1 — €g) is in the class By again (see Theorem [9.9)), there
is a projection ¢j < 1 — ey and a C*-subalgebra S7 € €y (of (1 — eg)A(1 — ep))
with 1g; = ¢y such that
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(3) |lgiz — zqi|] < do/256 for any x € (1 — eg)Fo(1 — ep),
(4) dist(qizqy, S1) < 80/256 for any = € (1 — eg)Fo(l — eg), and
(5) 7(1 —ep—q}) < 1/16 for any tracial state 7 on A.

Put g1 = ¢} + o and S1 = S] @ W' (Fp). One has

(6) |lg1z — zq1]] < 60/64 for any = € Fy,
(7) dist(grzqr,S1) < dp/64 for any z € Fp, and
(8) T(1 —q1) = 7(1 — ¢} — e9) < 1/16 for any tracial state 7 on A.

Let Ty C S be a finite subset such that dist(q1yq1, Fo) < 6o/64 for all y € F.
Let G; be a finite generating subset of S7 (see which is in the unit ball.

Since S is amenable, by Theorem 2.3.13 of [63], there is a contractive com-
pletely positive linear map Lj, : ¢ Agy — S1 such that

(e20.2) |Lo(s) — s|| < 80/256 for all s € Gy UT.

Set Lo(a) = Ly(qraqy) for any a € A. Then Ly is a completely positive contrac-
tion from A to Sj such that

(e20.3) | Lo(s) — s|| < 60/128 for all s € G UTFy.

Consequently, by the definition of F, we have

(€20.4) 1Zo(s) = sll < &5 + 155 T 62 < 16
for all s € G1 U (¢g1Foq1)-

Tt follows that Lg is Fo U G1-d0/16-multiplicative. This ends the initial stage of
the proof. Let us now prove the following claim.

Claim: There exist an increasing sequence of finite subsets {JF,,}22 of the
unit ball of A, starting with Fy above, with F,, D {z1, 22, - , 2, } (consequently,
Ui Tk is dense in the unit ball of A), two decreasing sequences of positive num-
bers {n,}22, and {0,}52, starting with 7y, dp above, finite generating subsets
Gn C Sp (in the unit ball of S,,), starting with G; (see the end of [3.1)), a se-
quence of homomorphisms h,_1 : S,—1 — S, (for n > 2), and a sequence
of F,,—1 U §,-0,,—1/2-multiplicative contractive completely positive linear maps
L,1:A— S, (for n > 1) such that:

(e20.5) llgnx — 2qn|| < 6,—1/64 for all x € F,,_q;
(€20.6) dist(gnxqn, Sn) < 6p—1/64, for all z € F,,_q;
(e20.7) 7(1 —g,) < 1/2"1 for all 7 € T(A);

(€20.8) Gn C Fp, for n > 1 (recall G,, generates S,);
(€20.9) [|Ln—1(a) — hp_1(a)|| < 6p,—2/64 for all n > 2,

for all a € Lnfg(gjnfg) US,_1;
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e20.10
e20.11
e€20.12
e20.13

L,_1(a) = Ly—1(gnagy) for all a € A;
|1 Ln-1(a) —a|| < 0p—1/16 for all a € §,UqnFn_1qn;
On < Mn/2, 6y < 0p—1/2;
(1 = g)2(1 = gn) + Ln—1(2)) = @[] < d0-1/8,
for all z € F,,_1;

—~ o~~~
O — — —

(e 2014) [Ln_l]‘(Lnfl)*O(KO(Snfl)) is well deﬁned;

ifL:A— Ais an F,_1-2n,—1 multiplicative contractive completely positive
linear map with ||L(x) — Ly—1(x)|| < 21— for all x € F,,_1, then

(€20.15) [t © L—1]l(u1)eo(Ko(Sn_1)) = L]

(tn—1)x0(Ko(Sn—-1))3

if L:S,— B (n>1, Bisany C*-algebra,) is a G,-21,, -multiplicative contrac-
tive completely positive linear map, there exists a homomorphism h : S, — B
such that

(€20.16) ||L(a) — h(a)|| < 6p—1/64 for all a € G,UL,—1(Fpn-1);

if L' : A — B is an F,,-2n,, -multiplicative contractive completely positive linear
map, then

(€20.17) (L' (1) w0 (Ko (S, 18 well defined;

and, if L : A — B is another F,-2n, multiplicative contractive completely
positive linear map with ||L'(z) — L"(x)|| < 2n, for all z € F,,, then

(€20.18) [LTl(n) w0 (Ko (Sn)) = L () w0 (Ko(S0))-

We have constructed Fo 19, do, q1, S1 (with 1s, = ¢1), a finite generating
set G1 C 51, and Lg : A — S; in the initial stage. Note that 7,
(e20.10), (e20.11), and (e20.14) for n = 1 follow from our construction (see
(6), (7), (8), and (e20.4). To begin the induction, let us first define 71, 1, and
the subset ¥, (L1 and hy should be defined after we define g3 and Sa, so it is
not necessary to define them here). Since S; is semiprojective (see the end of
, there exists a positive number 7, < 19/2 satisfying the following condition:
for any G1-2n;-multiplicative contractive completely positive linear map L from
S7 to another C*-algebra B (recall that G; is a generating subset of Sp), there
exists a homomorphism h : S; — B such that

(€20.19)  ||L(a) — h(a)|| < 60/64 for all a € Gy U Lo(Fo).
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Moreover, since Ky(S7) is finitely generated, we may assume that there is a
finite subset J7 such that [L']|(,,),,(xo(s,)) 15 well defined, if L' is an F7-2m;-
multiplicative contractive completely positive linear map from A. Furthermore,

(€20.20) (LT (11)wo (Ko (51)) = (LT (11) o (Ko (51)

if |L'(z) — L"(2)|| < 2my for all © € F| and L” is also an F}-2n;-multiplicative
contractive completely positive linear map from A. Let 6; < min{n:1/2,do/2},
and F; = Fy U .{}“/1 UG u Lo(.rf()) U {.’1?0,.1‘1}. Then GGQO.SD, (|620.12D, GBQO.IGD,
e20.17), and hold for n = 1. (Note that (e20.10), (e20.14), and
e 20.15)) only make sense for n > 2.)

For k > 2, suppose that we have already constructed F,_1 C A (and all F;
with 1 <i<k—1), Sk—1 € € (and all S; with 1 < i < k—1), a finite generating
subset Gx_1 of Si_1 (and all §; with 1 < i < k — 1), nr_1, dk—1 (and all n;,0;
with 1 <4 < k—1), and a homomorphism hg_s : Sg_2 — Sk—1 if £ > 3 (and all
h; with 1 < i < k—2), a completely positive linear contraction Ly_o : A — Sk_1
(and all L; with 0 < i < k — 2) as described in (e20.5)—(e20.18) with k& — 1 in
place of n.

Since A € By, for the k above, there exist a projection ¢ € A and a C*-
subalgebra Sy € Gy with 1g, = g such that

(e20.21) llgex — xqr|| < 0x—1/64 for all z € Fy_4,
(€20.22)  dist(qrxqk, Sk) < dk—1/64 for all x € Fy_1, and
(€20.23) (1 —q) < 1/2 for all 7€ T(A).

Hence (je 20.5)),(e 20.6)), and (e 20.7) hold for n = k.

Let Gx C Sk be a finite generating subset in the unit ball of G.

Define Ay, : A = g Agqr, by Ar(a) = gragy for all a € A. Then, by (e20.21)),
Ay is Fy_1-0p—1/64-multiplicative. Let Fy_1 C Si be a finite subset such that
dist (qrqr, Fr_1) < 0x/64 for all z € Fp_;.

Since Sy is amenable, by Theorem 2.3.12 of , there exists a unital com-
pletely positive linear map L} : gxAgr — Sk such that

(€20.24) | L} (a) —al| < 6,_1/64 for all a € G UTFy_;.

Let Ly—1 : A — S be defined by Lj_1 = L} o A;. Evidently, (e20.10) holds
for k in place of n. Also,

(€20.25) |Lk—1(a) — a|| < 6x—1/64 for all a € Gy UTFy_;.
Since dist(a, Fj,_1) < 0x_1/64 for each a € 1 Fp_1qr, we have

(€20.26) ||Li-1(a) —a|| < 6x—1/16 for all a € G U qxFr—14x,
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which is (e20.11) for k in place of n. Combining (e20.21)) and (e 20.26]), we
conclude that

1((1 = ge)z(1 — q) + Li—1(z)) — z|| < 8p—1/8, for all z € Fy_y,

which is for n = k, and, further, Ly_; is Fy_1-0_1-multiplicative, and
hence Fy_1-nk—1-multiplicative as dx—1 < nr—1. By (€20.17)), and for
n="k-—1, and (e 20.15)) hold for n = k. Byforn:k—l7 we
have Gp_1 C Fp_1. Then for n = k — 1, there is a homomorphism
hi_1: Sk_1 — Sk such that

(€20.27) Lk-1(a) — hi_1(a)|| < _o/64

for all a € Ly_o(Fp_2) U Gx_1, which is (e 20.10: for n = k.

Since Sy, is semiprojective (see the end of ; , there exists a positive number
< Mk—1/2 <no/2 satisfying the following condition: for any Gy-2n-multiplicative
contractive completely positive linear map L from Sy to another C*-algebra
B (recall that Gi is a generating subset of Sy), there exists a homomorphism
h : S — B such that

(€20.28) ||L(a) — h(a)|| < 0x—1/64 for all a € G U Li_1(Fr_1),

which is (e 20.16]) for n = k.

Moreover, since Ko(Sy) is finitely generated, we may assume that there is
a finite subset Fj such that [L'][(,,).,(xo(s,)) s well defined, if L' is an J-
2n,-multiplicative contractive completely positive linear map from A. That is,
(€20.17) holds for k in place of n, provided ¥, C Fj. Furthermore,

(€20.29) LTy wo(Ko(se)) = L ()0 (Ko(Si))

if |L'(z) — L"(x)|| < 2ny for all x € F), and L” is also an F}-2n,-multiplicative
contractive completely positive linear map from A. In other words,
holds for k in place of n, provided ¥, C Fy. Let Fp = Fy_1 U TF, U Gy U
Lg—1(Fk—1) U{xo,z1, -+ ,xx}. Then ,, and hold for
n = k. Let 6 < min{ng/2,d,—_1/2}. Then (e20.12) holds for n = k. This
completes the proof of the claim.

20.2. Let ¥, : A = (1 — gnt1)A(l — gn41) denote the cutting-down map
sending a to (1 — ¢n+1)a(l — ¢nt1), and let J,, : A — A denote the map sending
ato U, (a)®Ly(a). By , the maps ¥,, and J,, are F,,-d,, /2-multiplicative.
Set Jypn =Jn_10---0Jy and by p = hp—1 00~y Sy — Sy, Again by
(€20.14), Jp, p is Fpp-0pp-multiplicative and || Jp, n(z) — x| < §p, for all z € F,,.
We shall also use Ly, Vy,, Jp, Jmn, Am, and by, ,, for the extensions of these maps
to a matrix algebra over A.

By (e20.12), (e20.17), and (e20.18), Jp, induces a well-defined map
[Jrmn | PoU(i) w0 (Ko (Sm)))s Which agrees with the identity map.
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Using the same argument as that of Lemma 2.7 of [67], one has the following
lemma.

LEMMA 20.3 (Lemma 2.7 of [67]). Let P C M,,(A) be a finite set of projections.

Assume that Fy (in is sufficiently large and &y (in is sufficiently small
that [Ly, 0 J1n]lp and [Ly o J1,]lq, are well defined, where Gy is the subgroup of

Ko(A) generated by P. Then

Jim - sup [7([tnt1 0 Ln o Jual([p)) — 7([p])| = 0
TET(A)

for any p € P.
Furthermore, we have

(€20.30) |7 (hktnt1 © [Le—1]([p])) = 7 (Pt © [Le—1)([p])] < (1/2)"** and

(€20.31) 7 (hygsn © [Li—1]([p])) = (1 =D 1/2)r([L—1)([p])) > 0

i=1
for all p € P and for all 7 € T(A), and

n

(€20.32) (hnpin(la))) = (1= 1/274%)7([q]) > 0 for all T € T(A)

i=1
and for all ¢ € Ko(Sk)+ \ {0}.
REMARK 20.4. Since A is stably finite and assumed to be amenable, and
therefore exact, any state of Ky(A) is the restriction of a tracial state of A ([8]

and [51]). Thus, the lemma above still holds if one replaces the trace 7 by any
state 79 on Ky(A).

20.5. Fix a finite subset P of projections of M, (A) (for some r > 1) and an
integer N > 1 such that [Lyii]|p, [Jn+i]lp and [¥n4;]|p are all well defined.
Keep the notation of Then, on P,

[LnyioJn] = [Ins10LN] @ [Lnyio¥y]
= [hn410LN] @ [Ln+10o¥y], and

[Ln+2 0 IN,N+2]
= [Ln+20Lnt10Jn] @ [Lnt20 ¥ny1 0 JN]
= [Lyy20Lny10LN] P [Lnt20 Lyt oUy]
@[Lni20Unig o Jy]
= [hnyiny3] o [LN] @ [Lny20 Lyyio U]

®[Lny20Vny10JN]
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Moreover, on P,

[LN4n o INNtn] = [AN41,N4n+1) O [LN] B [LN4n © ¥Ngn—10°IN Ntn—1]
B[LN4n o Lnin—1°YNin—20JN Nin—2]
DILN+n © LN4n—10LNtn—2°¥YNin-30JN Ntn-3]
@ BLNnoLNnin 10 -0Lyi20WUnii0Jy]

®[LNyn o Lytn—10---0Lnyi0¥y].

Set Qb]]\\; = LN7 w%Jrl = LN+1 o \I/N, w%+2 = LN+2 o \I/N+1,...,and¢%+n =
LN-{-n o} \IINJ,_n_l, n = 17 2,

(Note that w%_H = wzj\\;j:zl == @D%ﬂ_l. We insist on the notation w%H
in order to emphasize that our estimation starts with a fixed index N, and goes
onto N+ 1, N+ 2, and so on, and we only change the subscripts and keep the
superscript the same to emphasize our beginning index N (see Corollary
below).)

20.6. (a) For each S, since the abelian group Ky(S,) is finitely generated
and torsion free, there is a set of free generators {ef,eh,...,ef' } C Ko(Sy).
By Theorem the positive cone of the ordered group Ky(S,) is finitely
generated; denote the (semigroup) generators (exactly the the minimal non-zero
positive elements) by {s7,s5,...,s7" } C Ko(Sn)4+\{0}. Then there is an r,, x I,
integer-valued matrix R), such that

gn = R%gn,
where 5, = (s7,s%,...s7 )" and &, = (ef, €5, ...,ef )T. In particular, for any
ordered group H, and any elements hq, ha, ..., h;, € H, the map e} — h;, i =
1,..., 1, induces an abelian-group homomorphism ¢ : Ky(S,) — H, and the map
 is positive (or strictly positive) if and only if

RL,h € HY (or Ryh e (Hy \ {0})™),

where h = (hy,ha,....,h;,)T € H'. Moreover, for each e?, write it as e =

7

(e — (e with (el")4, (el)— € K¢(Sp)+ and fix this decomposition. Define

1
a r, X 20, matrix

1 -1 0 O 0 0
, 0 0 1 -1 0 0

R, =R, .
0 0 0 O 1 1

Then one has
Sn = Rnen,i;
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where €, + = ((e})+, (e})—, ..., (" )+, (e} )-)T. Thus, for any ordered group H,
and any elements hy +,h1 _, ..., +,h, — € H, the map e — (h;y+ — h;,_),
i =1,...,1,, induces a positive (or strictly positive) homomorphism if and only
if

Rnhs € H"  (or Ryhe € (Hy \ {0})™)

where b = (hy 4, by, h, 1+, by, )T € Hbn.
(b) Let A be as above. Let B be an inductive limit C*-algebra as in Theorem
[[4.10 such that

(Ko(A), Ko(A)+, [La], K1 (A)) = (Ko(B), Ko(B)+, [15], K1(B)).

Let o € KL(A, B) be an element which implements the isomorphism above.
Let e} ey € Ko(S,) be as above, i = 1,2,...,1,. Let 5(0) = 0,s(n) =
Z?:l 211 Put
0(tn 0 hjn(el 1)) = 05001 airs (o hyn(el ) =g\l 0
n InA\i,+ s(j—1)+2i—1’ n InA\g,— s(j—1)+23>
and
gl(") =0ifl > s(n).
Let agn) = pB(g§")) € Aff(T(B))+ for j = 1,2,.... Then, by Lemma [20.3
limy, 00 @ = a; > 0 uniformly on T(B).
For j € {1,2,....n}, let (s, s, ,sﬁj) € Ko(Sj)+ \ {0} be the generators of
the positive cone Ky(S;)+, and let R; be the r; x 2{; matrix as in part (a). Then
(n) (n) (n)\T
Bj(9a(-1)4109a(i-1420 - 9s()

= (afipo hj,n(s{)), (i, © hj,n(sg)), ey @2y 0 hj)n(sf,j)))T
and
T
Rj(as(j—1)+lvas(j—1)+27 -~-7as(j))
= lim (pp(a(tn © hjn(s1)), pp(@(tn © hjn(sh)), s p5(altn © hjn(s]))"

Note that for each 7 € T(B), 7 0 pp o « is a state on Ky(A), which (by [§] and
[51]) can be extended to a trace on A. From Lemma [20.3] ((e20.32)), for all
1<j <mn,and for all T € T(B),

[ee}

7(p(alin 0 hyn(s])) > (1= 1/2)r(pp(aly(s]))) > 0,

k=1
for all € {1,2,...,r;}.
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Hence each entry of Rj(as(j_1)41,0s(j—1)425 - s j))T is a strictly positive ele-
ment of Aff(T(B))™". Let R, = diag(R1, Rz, ..., Ry). Then

(IR Rn(al, ag, ..., as(n))T € (AH(T(B)))Z?:1 Tk’

i.e., each coordinate is strictly positive on T'(B).
Furthermore, ]:Zn(gin),gén)7 ...7g£2)) € (Ko(B)4 \ {0})Zi=17*. In particular,
for each positive integer Ny < n, we also have

diag(Rng+1, RNg+1, ~~-7Rn)(gi?l)\/o)+17g§7(l1)\fo)+27 '~~79£?r)1)) € (Ko(B)\{0})>=rot1 "™,

(c) Since {e}, ey, ...,e}" } is a set of Z-linearly independent generators of the
free abelian group K(S,,), for any projection p in a matrix algebra over S,,, there

is a unique [,-tuple of integers m7 ([p]), ..., my", ([p]) such that [p] = Z;’;l m7 ([p])e’
and, for any homomorphism 7 : Ko(S,) — R, one has

where 7, ([p]) = (m}([p]), ....m}" ([p]))" and €, = (e}, €3,.... e} ).

For each p € M,,(A), for some integer m > 1, denote by [w’,jﬂ- (p)] the element
of Ko(Sk+;+1) associated with zb’,jﬂ(p). Let 2, : S, =& A be the embedding.
Consider the map

(tn)x0 : €0 = (((tn)x0(€1); (tn)w0(€3); s (tn)x0(ef;,))-

Then, by Lemma and Remark one has the following lemma.

LEMMA 20.7. With notation as above, for any p € P, for each fixed k, one has
that

n lktj
T(p) = lim > O (k1 (DT (ke © P a0 (€5 7))
j=1 i=1

I Wy D)7 (k1 0 ) olel ) )

uniformly on S(Ko(A)). Moreover, pa o (tn4k)x0© hk+j,k+n(eflj) converges uni-
formly to a strictly positive element of Aff(S(Ky(A))) as n — oo.
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PrROOF. We first compute that, if j > 1, then

Ikt

D ms (W -l (PD)T (thetn © M) o (e 7))

= 7([Lk+n-10""0 Ligtjt1 0 Liyj 0 Lt j—1 0 Wi j—2]([p])),
and, if j = 1, then

le+1

> WD) ((thetn © hicst isn)wo(€FHD))

= 7([Lggn—10---0 Liy1 0 Lg]([p]))-
Thus (see [20.5]),
S (s ()7 o b))
= 7([Lk4n—10---0 Lgg1 0 L)([p])

+ > 7([Lign-1 0+ 0 Ligjar © LijoLirj1 0 Uiy a]([p])
2

= 7([Li4n—10---0 Lgg1 0 L([p])

+

M=

T([Likn—10"++0 Lgyjt1 0 LiyjoLiyj—10Wryj—20 Jgkyi—2]([p]))

= T([LkJrnfl o Jk,n+k71]([p]))'

The first part of the conclusion then follows from Lemma [20.3] The second part
also follows. O

[ V)

One then has the following

COROLLARY 20.8. With notation as above, in particular with P be a finite sub-
set of projections in a matriz algebra over A, let Gy be the subgroup of Ky(A)
generated by P, and let k > 1 be an integer. Denote by p: Gy — [[Z the map

defined (see (c)) by
[p] —

(M5 (go), =5 (g0), M5 (g0), —mE T (g0), -+ mf T (90), —mf Y (g0),

mlf+2(91)7 *mlf”(gl)a m§+2(91), *m§+2(91)7 ey mfk—:i (91), *mfkti (91),

T (g2), —my T (g), my T (ga), —my T

T M i lgtit1

gi)7 N mk+i+1 (gi>7 _mk+i+1(gi), .
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where g; = [y, (p)], i = 0,1,2,.... If g € Go and p(g) = 0, then 7(g) = 0 for
T € T(A).

By the definition of the maps p and H = h’ o hg : A — Fy — A, where hq, b’
are as in [20.1] using the same argument as that of Lemma 2.12 of [67], one has
the following lemma.

LEMMA 20.9. Let P be a finite subset of projections in My (A1) C My(A). Then
there are a finite subset F1 C A1 and §g > 0 such that if the above construction
starts with F1 and &g, then

ker p C ker[hg] and kerp C ker[H].

The Ky-part of the existence theorem will deal with maps which almost factor
through the map g, and this lemma will help us to handle the elements of Ky(A)
which vanish under p. Moreover, to get such a Ky-homomorphism, one also
needs to find a copy of the generating subset of the positive cone of Ky(.5) inside
the image of p as an ordered group for a certain algebra S € Cy. In order to do
so, one needs the following technical lemma, which is essentially Lemma 3.4 of
[67].

LEMMA 20.10 (Lemma 3.4 of [67]). Part (a): Let S be a compact convex set,
and let Aff(S) be the space of real continuous affine functions on S. Let D be a
dense ordered subgroup of Aff(S) (with the strict pointwise order), and let G be
an ordered group with the strict order determined by a surjective homomorphism
p:G—=D (ie, g >0, if and only if g =0, or p(g) > 0). Let {zi; }1<i<ri<j<oo
be an r x oo matriz having rank r and with x;; € Z for each i,j. Let gj(»") e
be such that p(gjn)) = a§-n), where {ag-n)} is a sequence of positive elements of D

such that ag»n) — aj (> 0) uniformly on S as n — oo.

Suppose that there is a sequence of integers s(n) satisfying the following con-
dition:

Let v, = (g](n))s(n)xl be the nitial part of (gj(-n))1§j<oo and let

@71/ = (‘TZ])TXs(n)a
Set y, = p'")(yn), where p'" = diag(p,p,---,p). Suppose that there exists
—_————

M
z = (zj)rx1 such that y, — z on S uniformly.

With the condition above, there exist § > 0, a positive integer K > 0, and a
positive integer N with the following property:

If n > N, M is a positive integer, and if 7 € (K3G)" (i.e., there is " € G"
such that K3z" = Z') satisfies ||z — MZ'|| < &, where 2’ = (24, 2, -+, 20)T with
2 = p(Z}) , then there is a @ = (Cj)s(n)x1 € G*™ such that

(-'ljij)rxs(n)q2 = 21-
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Part (b):  With the condition above if we further assume that each s(n) can
be written as s(n) = >, _, lx, where the lj; are positive integers, and for each k,
there is an ri X l, matriz Ry, with entries in Z (for some 1, € N) such that the
block diagonal matrix

Rn = diag(RlaRQa ey Rn)

satisfies
(€20.33)  Rpgne (G4 \ {0})ZF=1"% and R,a € (Aff(S)F+)Zk=1x,

o (g () m T T ”»
where §n = (9, ' 9o ,...,gs(n)) and a = (a1, az, ..., agn))" (recall the definition

of Aff(S)TT —see , n=1,2,..., then there exist 6, K, N as described above
but with u satisfying the extra condition that

(e20.34) Rt > 0.

PROOF. The part (a) is essentially Lemma 3.4 of [67]. To prove part (b), we will
repeat the argument of [67] and show that if (e20.33) holds, then @ = (&;)s(n)x1

can be chosen to make (e 20.34]) hold.

Without loss of generality, we may suppose that (;;),x, has rank r. Choose
Ny such that s(Ng) > r. Write

RNO(a1,a2, ...,aS(NO))T = (bl,bg, ...,bl)T S (AH(S)—H_)Z,

where | = fV:Ol r;. Let eg = iminlgjgl inf,e5{b;(s)} > 0. There is a positive
number §y < g such that if

||((1/1,(1/2, "'7a;(N0))T - (a17a27 "'7aS(N0))TH < 507

then -
| R, (a}, ab, ...,a;(NO))T — (b1, by, ....0) 7| < €.

We further assume that §y < +minj<;j<yn,)infses{a;(s)}. Consequently, if
(h17h27 "'nhs(NO)) € GS(NO) satisfies

||(p(h1)ap<h2>7 ceeyy p(hs(Ng))>T - (a17a27 ---,as(No))TH < (50,
then
(e 20.35) (hl, hg, "',hs(No)) c (GJr \ {O})S(No)7 and
Ry (h1, ha, shs(ng) € (G \ {0})".

Since A := (xi;)rx, has rank r, there is an invertible matrix B € M,.(Q) with
BA = I,.. There is an integer K > 0 such that all all entries of KB and K (B)~!
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are integers. Choose a positive number ¢ < §y such that if || Mz — z|| < 4, then
|B(Mz") — B(z)|| < $d0. (Note & does not depend on M.)
Let N > Ny be such that if n > N, then

n 1 ,
lyn — 2|l < 4,  and ||a§. ) a;|l < 150, vV je{1,2,....,s(No)},

where we recall that y,, = (:Uij)”s(n)(agn), agn), ...,ai?i))T — zasn — oo. Hence

(¢20.36) 1Byn) ~ B < 20

Let us show that K, N, and 0 as defined above are as desired.

Suppose that n > N > No. Set A,, = (Zij)rxs(n). Then BA, = C,, where
C,, = (I, D)) for some r x (s(n) — r) matrix D}. Since all entries of A4, and
K B are integers, K D), is also a matrix with integer entries.

Recall that p(g§")) = a\™, and so from the first part of (e20.33), we have

J

Rn(a(l"), ag") La™

PR s(n))T € (AH(S)++)ZZ:1 "k

For each n > N (by the continuity of the linear maps), there is 0 < 0; < §/4
such that if (z1, 22, ..., Ts(n)) € AF(S)*(™ satisfies

(21, 22, -oessn) — (057,057 al)I| < 61,
then
(62037) ||(0r><r,D;L)(xl7x2a~~-a1's(n))T

— (O D) (0™, a8, al)) | < T
and R, (x1, s, ...,xs(n))T € (Aff(S)+*)2k=1"%. In particular, we have

(e 20.38) diag(RN0+1, RNO+27 ...7Rn)(mS(NO)+17 xS(NO)+2’ ...,xs(n))T

€ (ARF(S) ) Themn .
Since D is dense in Aff(S), there is £ € Gi(n) such that £ = (dj)s(n)xl and
(e20.39) IME3p(d;) —a{™|| <81, for all j=1,2,...,s(n).
Suppose that z’ and 2" are as described in the lemma. That is, 2’ € G7,

7 = K32, and |Mp"(Z') — z|| < 8. Consequently, [|[MBp"(Z') — Byy,|| < 160
and ||Mp"(Z') — yn|| < 20.
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Let D,, = (0yxr, D)). Then
(20.40) Cn — Dn = (Ir,0pxs(n)—r)-
Since both KB and K D,, are matrices over Z, we can define
(€20.41) u = (KB)Z" — (KDy,)¢ € G".
(Warning: G" is a Z-module rather than a Q-vector space, so only an integer
matrix can act on it. That is, BZ"” does not make sense, but (KB)z"” makes
sense. )

Let & = (dys1, dygr, ...,c?s(n))T € G*M=" consist of the last s(n) — r coordi-
nates of {. Then D, & = D,,¢'. Put v’ = (¢&1,¢2,...,¢,)" € Gy, and

/ . - ~
U= ( [ggl > = (517527"‘7ET7KdT+17KdT‘+27 7de(n))T € GS(n)

Then

A K?u =

Let o/ = (aﬁ”),ag"),...,aﬁ"))T € Aff(S)". Then we have (using (e20.41)),
(e20.37)), and (e 20.40)),

IME?p" () — o
= [IMBp'(2') = MK®D,,p*™ (€) — ']

5

= HB?/”_MK?’DnPS("’(«E)—a’II+ZO
(n) (n) m)\r s, %9 | o
< HByn—Dn(al s Go ,...,as(n)) —a‘|+z+ 1

= [|BA@ a5, . al) )T — Dy(al™ a8, )T — || + 2

0 s(n)

n n n 50
1(Co = Du)(a”, 08", ... al) )T = d'|| + = = [[0]| + 7
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Let & = K?u = ( u ) with
Uz

/&/1 = (K2517 K26~27 ] K267"3 KSJT+17 KgJT+2a "'7K3dS(N0))T
and @y = (K3dS(NO)+1,K3cZS(NO)+2, ...,K?’Js(n))T. Then we have

Apu =7

Combining (e 20.38) and (e 20.39)), we have

diag(Riy+1. RNy, -y Rn)iiz € (G \ {0})2F=mos1 7%,

Furthermore, combining (e 20.39)) with the estimate above, we have

s ~ 50
|Mp* ) (i) = (a7, af" a3 )T < -
Hence,
- 1] 0
[Mp*NO) (1) — (a1, az, -...as(ng)) T || < 50 + ZO < do-

By the choice of &y (see (e20.35)), we have MRy, i1 € (G4 \ {0})ZkN=01”€. In
other words, Ry, € (G4 \ {0})sz=01 ", Hence R, € (G4 \ {0})2=k=1"*. This
ends the proof. O

DEFINITION 20.11. A unital stably finite C*-algebra A is said to have the prop-
erty of Ko-density, if pa(Ko(A)) is dense in Aff(Sjy)(Ko(A)), where Sjyj(Ko(A))
is the convex set of states of K(A) (i.e., the convex set of all positive homomor-
phisms r : Ko(A) — R satisfying r([1]) = 1).

REMARK 20.12. By Corollary 7.9 of [47], the linear space spanned by p(Ko(A))
is always dense in Aff(S1j(Ko(A)). Therefore, the unital stably finite C*-algebra
of the form of A ® U for a UHF-algebra U always has the Ky-density property.
Moreover, any unital stably finite C*-algebra A which is tracially approximately
divisible has the Ky-density property.

REMARK 20.13. Not all C*-algebras in B; with the (SP) property satisfy the
Ky-density property. The following example illustrates this: Consider

G={(a,0) eQ®Q:2a—beZ} and
G\ {0} = (@ \ {0} 2 Q@ \ {0}) NG,

and 1 = (1,1) € G4 as unit. Then (G, G4, 1) is a weakly unperforated rationally
Riesz simple ordered group (but not a Riesz group—see [84]). Evidently G has
the property (SP); but the image of G is not dense in Aff(S;;)(G) = R® R, as
(1/2,1/2) e R@ R is not in the closure of the image of G. We leave the details
to the readers.
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PROPOSITION 20.14. Let A € By be an amenable C*-algebra which has the

Ky-density property and satisfies the UCT, and let By be an inductive limit C*-
algebra as in Theorem [T4.10] such that

(Ko(A), Ko(A)+, [La], K1 (A)) = (Ko(B), Ko(B)+, [1s], K1(B)),

and such that B satisfies the condition of Corollary for B there, where
B = By ® U for a UHF-algebra U of infinite type. Let « € KL(A, B) be an
element which implements the isomorphism above. Then, there is a sequence of
completely positive linear maps L, : A — B such that

li_>m [|Ly(ab) — Lyp(a)Ly(b)|| =0 for all a,be A and [{L,}] = c.

(By [{Ln}] = a, we mean for any finite set P C K(A), there is a positive integer
N such that if n > N, then [L,||lp = alp.)

PROOF. By Lemma(J.8 A is the closure of an increasing union of RFD C*-
subalgebras {A,}. Fix a finite subset P C K(A). Let F; be a finite subset of A
and let §p > 0 be such that for any F;-dp-multiplicative contractive linear map L
from A, the map [L]|p is well defined. We may assume that F; C A; and there
exists P’ C K(A;) such that [¢](P') = P, where ¢ : A; — A is the embedding.
Let G = G(P) be the subgroup generated by P and let Py’ C P’ be such that
Po:= tx0(P}) generates G N Ko(A). We may suppose that Py = {[p1], ..., [p]},
where p1, ..., p; are projections in a matrix algebra over A;, where we identify
t(p;) with p;. Let Gy be the group generated by Py. Moreover, we may assume
that F; and §p satisfy the conclusion of Lemma Let kg be an integer such
that G(P) NK;(A,Z/kZ) = {0} for any k > ko, i =0, 1.

By (the “Moreover” part of) Theorem [I8.2] there are two F;-6y/2 multiplica-
tive contractive completely positive linear maps ®g, ®; from A to B® X (B is
amenable) such that

[®o]lp = alp + [®1]]»

and the image of ®; is contained in a finite dimensional C*-subalgebra. More-
over, we may also assume that ®; is a homomorphism when it is restricted to
Ajp, and the image is a finite dimensional C*-algebra. With ®; in the role of
ho, we can proceed with the construction as described at the beginning of this
section. We will keep the same notation.

Consider the map p : G(P) N Ko(A) — [°°(Z) defined in Corollary
The linear span of the subset {g(p1),...,p(p;)} over Q will have finite rank,
say r. So, we may assume that {p(p1),..., p(pr)} is linearly independent and
its Q-linear span is the whole subspace. Therefore, there is an integer M
such that for any g € p(Gp), the element Mg is in the subgroup generated
by {p(p1),...,p(pr)}. Let zi; = (p(pi));, and z = pp(a([p]) € D, where
D := pp(Ko(B)) C Aff(Sy(Ko(B)). Since A is assumed to have the Ko-
density property, so also is B. Therefore the image D is a dense subgroup of
AF(Spy (Ko (B))).
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Let {S;} be the sequence of C*-subalgebras in Cy in the construction at the
beginning of this section. Fix k > 1. Let efﬂ,eﬁ? € Ko(Sk+4),1=1,2, ..., it s,
and the ry4; x 2,4 ; matrix Ry ; be as described inm Let s(j) = Z?zl 2py4,
7=12,..Put

(€2042) o[t © hiim(el ) = 0501 0i 1 € Ko(B)y,

(€20.43) o[tn © b jn(ef ) = 0500 10i€ Ko(B)+,

i=1,2, ...,lk+j, and a§") = pB(gJ(,n)), 7 =12 ...,s(n) = Z?:l l/ﬁ.j, n=12,...

Note that agn) € D*\{0}. It follows from Lemma that lim,, af:(?—l)wi =

As(j—1)+2i = hmnﬁoopB (a(gi?j),l)JrQi))

> 0 and lim, o ag?;,1)+2i,1 = Qs(j—1)42i—1 — hmn%oopB(O‘(gir(;‘)fl)+2if1)) >0

uniformly. Moreover, by Lemma Z?Zl xijagn) — z; uniformly. Further-

more, by (b), we know that {z;;}, g7, and R, satisfy the conditions of
Lemma [20.10] with Ky(B) in place of G and T(B) in place of S. So Lemma
20.10] applies. Fix K and 4 obtained from Lemma [20.10)
MEK3(ko+1)!—1
——
Let U :=®g® (P & --- @ Pq). Since @, factors through a finite dimensional
C*-algebra, it is zero when restricted to K1(A) N G and K;(A,Z/kZ) N G for
MEK3(ko+1)!
——~
2 < k < kg. Moreover, the map (®; @ ---@® ®1) vanishes on Ky(A,Z/kZ) for
2 < k < kg. Therefore we have
(Y], a)ne = ok (ne  [Ylk, az/kzn6 = i, (Az/kz)06

and (V]| k,(a,z/k2)nG = Ky (A,2/kz)nG- We may assume that W(1,4) is a projec-
tion in M,,(B) for some integer m.

We may also assume that there exist projections {p},...,p;} in B ® X which
are sufficiently close to {U(p1), ..., U(p1)}, respectively, that [p] = [¥(p;)]. Note
that B € By, and hence the strict order on the projections of B is determined by
traces. Thus there is a projection ¢/ < p} such that [¢}] = M K3 (ko + 1)![®1(p;)]-
Set €} = p,—¢;, and let P; = UV (P)UP,(P)U{p}, ¢}, e};i = 1,...,1}. Denote by Gy
the group generated by P;. Recall that Gy = G(P)NKy(A) and pa(Gyp) is a free
abelian group, and decompose it as Gog® Go1, where G is the infinitesimal part
of Gp. Fix this decomposition and denote by {di,...,d;} the positive elements
which generate Go;.

Note that B belongs to the class of Corollary and so M, (B) does also.
Applying Corollary to M, (B) with any finite subset G, any € > 0 and any
0 < rp <9 < 1, one has a G-e-multiplicative map L : M,,(B) — M,,(B) with
the following properties:

(1) [L]|p, and [L]|g, are well defined;
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(2) [L] induces the identity maps on the infinitesimal part of G1NKo(B), G1 N
Kl(B), Gl n Ko(B7Z//{3Z), and G1 N Kl(B,Z/kZ) for the k£ with Gl n

(3) To[Ll(g9) <ro7(g) for all g € Gy NKo(B) and 7 € T(B); and

(4) there exist positive elements {f;} C Ko(B)4+ such that for i =1, ..., ¢,

a(di) — [L)(a(di) = MK (ko + 1)!f;.

Using the compactness of T'(B) and strict comparison for positive elements of
B, the positive number r can be chosen sufficiently small that 7o [L]o[¥]([p;]) <
§/2 for all 7 € T(B), and o([p;]) — [Lo ¥]([pi]) > 0,7 =1,2,...,1

Let [p;] = Z;Zl mjd; + s;, where m; € Z and s; € Goo. Note that, by (2)
above, (o — [L] o a)(s;) = 0. Then we have

(€20.44)  a([pi]) — [L o V]([pi])

= a(lp]) = ([Loal([pi]) + MK (ko + 1)![L o @1]([pi]))

= (a(d_mydy) = [Loa](D mydy))

—MEK? (ko + )![L o ®1]([pi])

= MK3(ko+1)!>_mjfj — L] o [@1]([pi]))

= MEK?(ko+1)f],
where f/ = Y m, f;— [L]o[@1)([pi]), for i = 1,2, ....1. Set B([pi]) = K (ko+1)!f.,
1=1,2,..,1.

Let us now construct a map h' : A — B. It will be constructed by factoring

through the Kjy-group of some C*-algebra in the class Gy in the construction

given at the beginning of this section. Let z;" = B([pi]), and 2} = pp(z) €
Aff(Spj(Ko(B))). Then we have

IM2" = 2]l maxi{[|pp(e([pi]) — [L o W]([pi])) — plallpi])II}

= maxi{sup,ep(p) {70 [L] o [¥]([pi])} < /2,

where z = (21, 29, ..., z,) and 2’ = (21, 25, ..., z..). By Lemma|[20.10} for sufficiently

cey B

large n, one obtains @ = (u1, Uy, ..., Us(n)) € KO(B)S(n) such that
s(n)

(€20.45) > wiju; = 7.
j=1

More importantly,

(e 20.46) Ryt > 0.
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It follows from a) (recall that k is fixed) that, for each 1 < j < n, the map

k+j .
e; = (Ug(—1)42i-1 — Us(j—1)42i), 1 <0 < lpyy,

defines a strictly positive homomorphism m(()kﬂ ) from Ko(Sk+j) to Ko(B). Since
B € B0, by Corollary[18.9] there is a homomorphism A’ : D — M,, (B) for some

large m such that hly|s, = mék), where D = Si11 P - B Skan- By (e20.45)), one
has, keeping the notation of the construction at the beginning of this section, for

[k, ()] = S0 mE (ks ()™,

ks

Ao Wiy a))) = 3o mi (Wi a))kg ™ (e)
=1

ket

= Z m?ﬂ([%ﬁﬂ‘ (pi)})(us(jfl)Jerfl - us(j71)+2l)
=1

Lkt

= g Tij+1Us(j—1)+1-
=1
Hence,

h;o([wﬁ(pi)]vwgﬂ(pi)]a [¢]1§+2(pi)]a D) [1/’5%—1(1%)]): (xi,j>s(n)><1'a = B([pi])s

i=1,...,r. Now, define " : A — D —M,,(B) by

B' =h o (Wrayr 1 S vr @ S v 1)

Then h” is F-6-multiplicative.

For any x € ker p, by Lemmal[20.9] z € ker (pp o a)Nker[H] and x € ker[ho] =
ker[®1]. Therefore, we have [®1](z) = 0 and [¥](z) = «(z). Note that a(x) also
vanishes under any state of (Ko(B), Kot (B)), and we have [L] o a(z) = a(x).
So, we get

a(z) — [Lo¥](z) =0.

Thus, (o — [L 0 ¥])|ker; = 0. Hence we may view a — [L o ¥] as a homomorphism
from p(Gp). Recall that

(€20.47) (a = [LoW))([ps])) = MB([p:]), i =1,2,...,7.
Set h to be the direct sum of M copies of h”’. The map h is F-6-multiplicative,

and
[Rl([ps]) = a([pi]) — [L] o []([ps]) i=1,...,m

Note that [h] has multiplicity MK3(ko + 1)! (see (e20.44)), and D € €y (the
algebras in € with trivial K3 group). One concludes that h induces the zero map



A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 413

on GNK;(A), GN K (A,Z/mZ), and GNK1(A,Z/mZ) for m < ky. Therefore,
we have
(Wl = alp — [L] o [¥]]p.

Set Ly = (Lo W)@ h. Ly is F-6 multiplicative and
[L1]|p = [h]|p + [L] o [¥]|p = afp.

We may assume L1(14) = 1p by conjugating with a unitary in M,,(B). Then
Ly is an F-6-multiplicative map from A to B, and [L1]|p = a|p.

Since A is separable, K (A) is countable. It follows that one obtains a sequence
of contractive completely positive linear maps from A to B such that

li_>m [|Ln(ab) — Lyp(a)Lyn(b)]] =0 for all a,be A and [{L,}] = o

O

COROLLARY 20.15. Let A be a separable amenable C*-algebra in the class Bg
satisfying the UCT. Then A is KK-attainable with respect to B, (see .

PRrROOF. Let C be any C*-algebra in B, and let o € KL(A,C)*+. We may
write C'= C1 ® U for some C; € By and for some UHF-algebra of infinite type.

For any C*-algebra D, let us denote by jp : D — D ® U the map defined by
Jjp(d) =d® 1y for all d € D.

Let o € KL(A,C1y @ U)™ = Homy (K (A), K(Cy ® U))*T*. Let us point out
an easy fact that there is @ € KL(A® U,C; @ U)™ such that « = @ o [ja]. To
see this, recall that, since U is a UHF-algebra of infinite type, [jy]| = [idy]. Thus
[jc] o a = a (as we identify C with C @ U).

For each k > 1, since K;(U) is torsion free, by Kiinneth formula, for i =0, 1,

K{(D®U,Z/KZ) = K;{D,Z/kZ)® KyU),

where D = A, or D =C, k= 2,3, .... Define, for each k > 1, if y = x ® r, where
x € K;(A,Z/kZ) and r € Ko(U), a(y) = a(z) @ r. One checks that

aoja](z) =alz®1) =[jc] o a(x) = a(x) for all x € K(A).
Therefore
(e20.48) a=aoljl

By Theorem [I4.10] there is a C*-algebra B which is an inductive limit of C*-
algebras in the class Cy together with homogeneous C*-algebras in the class H
(see [14.5) such that

(€20.49) (Ko(A1), Ko(A1)+,[1a,]o, K1(A1))
= (Ko(B1), Ko(B1)+; [15,]o, K1(B1)),
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where A1 = A ® U, and such that By :=B ® U satisfies the condition of Corol-
lary for B there. Since A; satisfies the UCT, there is an invertible
B € KL(A1,By)™* such that 3 carries the isomorphism in (e20.49). Apply-
ing Corollary one obtains a sequence of unital completely positive linear
maps {¥,, : By — C}52, such that

nh_)rrgo ¥, (ab) — ¥, (a)¥, (b)|| =0 for all a,be By and [{¥,}] =aoB '
Note that B ® U can be chosen as in Proposition Applying Proposition
to B € KL(A;, BRU), one obtains a sequence of unital completely positive
linear maps {®,,} from A; to BU such that [{®,,}] = 5 and lim,,_, ||, (ab) —
®,(a)®,(b)|| = 0 for all a, b € A;. Choosing a subsequence {¥},(,,)} and defining
Ly = Wjny 0 ®,054, one checks that (see (e20.48))

{Ln}] = {¥rm)} o [{@n}olja] = @0 " 0 fo[ja] = aolja] = € KL(A, B)
and lim,,— o0 || Ly (ab) — L, (@)L, (b)|| = 0 for all a, b € A, as desired. O

THEOREM 20.16. Let A € By be a amenable C*-algebra satisfying the UCT,
and let B € Byg. Then for any o € KL(A, B)™™, and any affine continuous map
v : T(B) = T(A) which is compatible with «, there is a sequence of completely
positive linear maps L, : A — B such that

lim ||Ly(ab) — Lyp(a)Ly(b)]] =0 for all a,b € A,

n—oo

{L.}]=a, and lim sup |7oL,(f)—~(7)(f)] =0 for all fe€ A.
n—o0o r€T(B)

PrROOF. This follows from Corollary [20.15| and Proposition [18.12| directly. [

21. The Isomorphism Theorem

DEFINITION 21.1. Let n and s be integers. Let Y be a connected finite CW
complex with dimension no more than 3 such that K;(C(Y)) is a finite group
(no restriction on Ky(C(Y))), and let P be a projection in M, (C(Y)) with
rank r > 6. Note that Y could be a point. Let D' = @;_, E;, where E; =
M,,(C(T)) and where r; is an integer, i = 1,2, ..., s. Hence K;(D') & Z*. Put
C'=D"® PM,(C(Y))P. Then K;(C") = Tor(K(C")) ® Z*.

Let C be a finite direct sum of C*-algebras of the form C’ above and C*-
algebras in the class Gy (with trivial K;-group). Write C = D & Cy @ C4, where
D is a finite direct sum of C*-algebras of the form M, (C(T)), Cp is a direct
sum of C*-algebras in the class Gy, and C is a finite direct sum of C*-algebras
of the form PM,(C(Y))P, where Y is a connected finite CW complex with
dimension no more than 3 such that K;(C(Y)) is a finite abelian group and
P has rank at least 6. Then, one has (recall that P has rank at least 6 on Y)
U(C)/Uo(C) = K1(C) = K1(D) @ Tor(K:(C)) and

(€21.1) U(C)/CU(C) = Up(C)/CU(C) ® k(D) @ Tor(K.1(C)).
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Here we identify K1(D)® Tor(K;(C)) with a subgroup of U(C)/CU(C). Denote
by g, 71,72 the projection maps from U(C)/CU(C) to each direct summand
according to the decomposition above (so mo(U(C)/CU(C)) = Uy(C)/CU(C),
m(U(C)/CU(C)) = K1(D) and m(U(C)/CU(C)) = Tor(K1(C))). We note
that m;(U(C)/CU(C)) is a subgroup of U(C)/CU(C), i = 0,1,2. We may also
write U(C)/CU(C) = U(D)/CU(D) & Uy(Cy)/CU(Cop) @ U(C1)/CU(Ch). De-
note by Il : C' — D the projection map. Viewing D as a C*-subalgebra of C, one
has I1| p = idp. Since 7 (U(C)/CU(C)) is a subgroup of U(C)/CU(C), I*omy is
a homomorphism from U(C)/CU(C) into U(D)/CU (D) and IT*|, (r(c),cv(c))
is injective (see for the definition of II%).

In what follows in this section, if A is a unital C*-algebra and F C U(A4) is a
subset, then F' is the image of F in U(A)/CU(A) (see E We will frequently
refer to the above notation later in this section.

Definition plays a role similar to that which Definition 7.1 of [71] plays
in [71]. The only difference is the appearance of Cy € Cy. Since K;(Cy) = {0},
as one will see in this section, this will not cause a new problem. However,
since C*-algebras in Cy have a different form, we will repeat many of the same
arguments for the sake of completeness.

Asin [71], we have the following lemmas to control the maps from U (C)/CU(C)
in the approximate intertwining argument in the proof of The proofs are
repetitions of the corresponding arguments in |71].

LEMMA 21.2 (see Lemma 7.2 of [71]). Let C be the C*-algebra defined in
let D, a finite direct sum of circle algebras, be the direct summand of C specified
mn let W C U(C) be a finite subset, and denote by F the subgroup generated
by W. Let G be a subgroup of U(C)/CU(C) which contains F, the image of F
in U(C)/CU(C), and also contains w1 (U(C)/CU(C)) and

o (U(C)/CU(C)). Suppose that the composed map v : F — U(D)/CU(D) —
U(D)/Uy(D) is injective—i.e., if v,y € F and x # y, then [z] # [y] in U(D)/Us(D).
Let B be a unital C*-algebra and A : G — U(B)/CU(B) be a homomorphism
such that A(GN(Up(C)/CU(C))) C Uyg(B)/CU(B). Let§ : my(U(C)/CU(C)) —
U(B)/CU(B) be defined by 0(g) = Alryw(c)/cuoy(9~") for any g € m(U(C)/CU(C)).
Then there is a homomorphism 5 : U(D)/CU(D) — U(B)/CU(B) with

AUu(D)/CU(D)) C Un(B)/CU(B)

such that
Boll* oy (w) = A(w) (0 o ma(w)) for all w e F,
where I : C — D 1is defined in Definition [21.1] If, furthermore, B =2 B; ® V

for a unital C*-algebra B; € By and a UHF-algebra V of infinite type, and
A(G) C Uy(B)/CU(B), then Bollt o (m)|p = Alp.
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The statement above is summarized in the following commutative diagram:

inclusion

F G
- lwm
m(F) U(B)/CU(B)
" /

U(D)/CU(D) .

PRrROOF. Note that U(D)/Uy(D) = K1(D), and this is a free abelian group, as
D is a finite direct sum of C*-algebras of the form M,,(C(T)). Therefore (F)
as a subgroup of a free abelian group is free abelian. The proof is exactly the
same as that of Lemma 7.2 of |71] (since it has nothing to do with the direct
summands of Cy, and, K;(Cp) = {0} and U(Cy)/CU(Cy) = Uy(Cy)/CU(Cy)).
However, we will repeat the proof.

Let k1 : U(D)/CU(D) — K1(D) C U(C)/CU(C) be the quotient map and let
n:m(U(C)/CU(C)) = K1(D) be the map defined by n = Hl°Hi|11(U(C)/CU(C))~
Note that 7 (U(C)/CU(C)) is identified with K1(D) and IT*| - 7(¢)/cv(c) is in-
jective(see. Therefore 7 is an isomorphism. Since (the composed map) 7 is
injective and y(F) is free abelian, we conclude that ; o IT¥ o 7; is also injective
on F. Since Uy(C)/CU(C) is divisible (see, for example, Lemma , there is
a homomorphism A : K1(D) — Up(C)/CU(C) such that

Mrortion () = 0 © (k1 0 IF o 1) |7) 77,

where ((k1 o II¥ omy)|7)"1: nom(F) — F is the inverse of the injective map
(k1 o IT¥ o 1) | This could be viewed as the following commutative diagram:

Ky(D)

B moo(nomy

(nom)(F) Up(C)/CU(C).

Define
B=A(n"okr)®(Aor)),

a homomorphism from U(D)/CU(D) to U(B)/CU(B). Then, for any w € F,

B om (@) = A(y ™ (k1 oIl (my (@) @ Ao ks (I (11(w)))) = Al (W) ©mo(w)).
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Recall that 0 : mo(U(C)/CU(C)) — U(B)/CU(B) is defined by
0(z) = Az for all z € m(U(C)/CU(C)).

Then

(€21.2) B(IT (1 ())) = A(W)0(mo()) for all w € F.

For the second part of the statement, one assumes that A(G) C Uy(B)/CU(B).
Then A(me(U(C)/CU(C))) is a torsion subgroup of Uy(B)/CU(B). But
Uo(B)/CU(B) is torsion free, as B = By ® V, by Lemma [11.5] and hence § = 0.
Thus, in the first diagram, with five groups, above, (A +6 o) = A|f, or with
multiplicative notation, #(ma(w)) = 1. The second part of the lemma follows

from (e 21.2)).
(]

LEMMA 21.3 (see Lemma 7.3 of [71]). Let B € By be a separable simple C*-
algebra, and let C' be as defined in . Let W C U(B) be a finite subset, and
suppose that, with F the subgroup generated by U, kP (F) is free abelian, where
kP . U(B)/CUB) — Ki(B) is the quotient map. Suppose that a : K1(C) —
K1 (B) is an injective homomorphism and L : F — U(C)/CU(C) is an injective
homomorphism with L(F N Uy(B)/CU(B)) C Up(C)/CU(C) such that w1 0 L is
injective and
aori o L(g) = k{'(g) foral gecF,

where k¢ @ U(C)/CU(C) — K(C) is the quotient map. Then there exists
a homomorphism B : U(C)/CU(C) — U(B)/CU(B) with B(Uy(C)/CU(C)) C
Uo(B)/CU(B) such that

BoL(f)=f for all f €F.

Part of the statement can be summarized by the following commutative dia-
gram:

F
N
inclusion
UB)/CUB) + — — — - — — Uu(C)/cu(c)
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PrOOF. We will repeat the proof of Lemma 7.3 of |71].
Let G be the preimage of the subgroup aox{ (U(C)/CU(C)) of U(B)/CU(B)
under xP. So we have the short exact sequence

0 — Ug(B)/CU(B) — G — aos§(U(C)/CU(C)) — 0.
Since Uy(B)/CU(B) is divisible (see [IL5]), there is an injective homomorphism
M:aor§(UC)/CUC)) = G

such that £ o M(g) = g for any g € a0 s (U(C)/CU(C)). Since avorf o L(f) =
kB (f) for any f € F, we have F C G. Moreover, note that

(Aoaokf o L(f))" f € Uy(B)/CU(B) for all feF.

Define ¢ : L(F) — Uy(B)/CU(B) by
$(w) = Aoaond (e )L )

for z € L(F). Since Uy(B)/CU(B) is divisible, there is a homomorphism e
U(C)/CU(C) = Up(B)/CU(B) such that ¢|, g = 1. Now define

B(z) = Aoaokl(x)(x) for all z € U(C)/CU(C).
Then B(L(f)) = f for f € F. O

LEMMA 21.4. Let A be a unital separable C*-algebra such that the subgroup
generated by {pa([p]) : p € A aprojection} is dense in its real linear span.
Then, for any finite dimensional C*-subalgebra B C A (with 1 =14), U(B) C
CU(A).

PrROOF. Let u € U(B). Since B is finite dimensional, v = exp(i27h) for some
h € Bs.,.. We may write h = Y | \;p;, where A; € (0,1] and {p1,p2,...,pn} is
a set of mutually orthogonal projections. Let h(t) = 377, tA\ip; and u(t) =
exp(ih(t)) (t € [0,1]). Then h is in the real linear span of {pa([p]) : p €
A a projection}, where h(r) = 7(h(t)) for all 7 € T(A) and ¢ € [0,1]. By the
assumption, this implies that A'(u(t)) = h € pL (Ko(A)) (notation as in 2.8 and
2.10 of [46]). Then, applying Proposition 3.6 (2) of [46] with k& = 1, one has
u € CU(A). O

LEMMA 21.5 (see Lemma 7.4 of [71]). Let B~ AQV, where A € By andV is an
infinite dimensional UHF-algebra. Let C' = D®Co®Cy be as defined in21.1] Let
F be a group generated by a finite subset U C U(C) such that (m1)| is injective,
where F' is the image of F in U(C)/CU(C). Suppose that o : U(C)/CU(C) —
U(B)/CU(B) is a homomorphism such that o(Up(C)/CU(C)) C Uy(B)/CU(B).
Then, for any € > 0, there are o > 0, 6 > 0, and a finite subset § C C' satisfying
the following condition: if ¢ = g ® p1 : C — B (by such a decomposition,
we mean there is a projection eg such that pg : C — egBey and 1 : C —
(1 —eo)B(1g—ep)) are unital §-0-multiplicative completely positive linear maps
such that
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(1) o sends the identity of each direct summand of C to a projection and is
non-zero on each (non-zero) direct summand of D,

(2) G is sufficiently large and § is sufficiently small, depending only on F and
C, that o*, gpg, and gpj{ (associated with a finite subset containing U and
g/4—see are well defined on a subgroup of U(C)/CU(C) containing
all of F, mo(F), m (U(C)/CU(C)), and mo(U(C)/CU(C)),

(3) [k, (c) = o where o, : K1(C) — Ky(B) is the map induced by «, and
[vo] = [woo] in KK(C,B) (note that K;(C) is finitely generated—see the
end of , where pgg is a homomorphism from C to B which has a finite
dimensional image, and

(4) T(po(le)) < o for all T € T(B) (assume eg = po(lc)),

then there is a homomorphism ® : C' — eqgBeg such that

(i) (2] = [poo] in KK(C, B) and

(ii) a(w) Y ® @ ¢1)*(w) = gu where g, € Up(B) and cel(gy,) < € for any
w e U (see 2.17).

PrOOF. The argument is almost exactly the same as that of Lemma 7.4 of
[71] (see also [33] and [89]). Since the source algebra and target algebra in this
lemma are different from the ones in 7.4 of [71], we will repeat most of the
argument here. We would like to point out that, since K1 (D) is free abelian, so
also is 71 (F). Also v(F) is free abelian, as U(D)/Uy(D) is free abelian, where
v : F — U(D)/CU(D) — U(D)/Uy(D) is the composed map. Since m; is
injective on F', FN(U(Cy)/CU(Cy)) = {1}. We will retain the notation of

We rewrite D = @;_, E;, where E; = M,,(C(T)). Since E; are semipro-
jective, we may assume @g|p and ¢1|p are homomorphisms, choosing § suffi-
ciently large and § sufficiently small. Denote by II; : D — FE; the quotient map.
Let z[ € M,,(C(T)) be given by z/(z) = diag(z,1,---,1) for any z € T, and
z; € D be defined by z; = (1, , 10,2, 1ryy, -+, 1p,). Let Si be the sub-
group of m (U(C)/CU(C)) = K;(D) (recall that we may view w1 (U(C)/CU(C))
as a subgroup of U(C)/CU(C); see (e21.1)) generated by {z],25,...,2}. Then
S = m(U(C)/CU(C)) and 71(F) C S;. Thus one obtains a finitely generated
subgroup F; of U(C') such that F C Fy and F; D S;. Moreover, 7T1‘FT is injective
and 71 (Fy) = S D m1(F). There is a finite subset U; C U(C) which generates
the subgroup Fi.

Therefore, to simplify matters, from now on, we may assume that U = U;.
and F' = Fy. In particular, k¢ (F}) = K1(D), where s : U(C)/CU(C) — K,(C)
is the quotient map. Let G = F} @ m(U(C)/CU(C)) = F @ Tor(K1(C)). G is
a finitely generated subgroup of U(C)/CU(C) which contains F and

T (U(C)/CU(C)) @ m(U(C)/CU(C)).

Let w € U(C). We write w = (wq, we,ws), where wy; € D and we € Cj and
wy € Cy and m (W) = m(w1) = (Zk(l’w),fgk(Q’w),...,Zk(s’w)), where k(i, w)
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is an integer, 1 < i < s. Then Hg(ﬂl(m)) = 7 *6w) and Hf(uﬁ) = zf(i’w)gi’w,
where g; . € Up(E;), i =1, 27 ..., 8. Note that one can choose a function g € C(T)
of the form g(e?™) = ¢2mi/(t ) such that det (g (2)) = det(g(z) - 1g,). That is,
Giw =9 1g, in Ug(E;)/CU(E;). Therefore, we can write

(c21.3) 1 @7) = 27" giw 15,

Later, in this proof, we will view g; ., as a complex-valued continuous function
on T.

Let [ = max{cel(g;w) : 1 <i < s,w € U}. Choose an integer ny > 1 such that
(2+1)/ng < e/dm. Choose 0 < o < 1/(ng +1).

Since K;(C) is finitely generated (i = 0,1), we may assume, with suﬂiciently
small ¢ and large G, that [¢)] gives an element of KK (C, B) (see 2 and
homomorphisms ¥* can be defined on G (defined above) for any contractlve
completely positive linear map 1 : C — A’ (for any unital C*-algebra A’) which
maps G N (Uy(C)/CU(C)) into Uy(A")/CU(A’), and dist (s (), (v(u))) < £/16
for all w € U (see[2.17). Fix such § and G. Let ¢, ¢g, and @1 be as given. Define
cp(i) and @i{ as in Let ot be chosen to be gog + @i{. We note that oF, go(i), and
ol are defined on G and map G N (Uy(C)/CU(C)) into Uy(B)/CU(B). Define
L':G — U(B)/CU(B) by L'(g) = ¢t (g™!) for all g € G. Applying Lemma
twice (once for the case that « plays the role of L and then again for the case that
L' plays the role of L), one obtains homomorphisms 1, 82 : U(D)/CU(D) —
U(B)/CU(B) with g;(Uy(D)/CU(D)) C Up(B)/CU(B) (i = 1,2) such that

B o T (w1 (@)) = a(w)0) (m2(w)) and Bz o I (1 () = @} (@")0s(ma ()
(e21.4)

for all w € F, where 61,05 : mo(U(C)/CU(C)) — U(B)/CU(B) are defined by
01(9) = a(g™!) and b2(g) = ¢1¥(g) = L'(g™") for all g € m(U(C)/CU(C)).
Denote by s : U(B)/CU(B) — Ki(B) the quotient map. Then, by (3) (as
[¢o0]|x, () = 0) for any g € ma(F),

(€21.5) (k1 061)(g) = ki(a(g™)) = (k1 o9H(9) ™" = (k1 002(9) .
Thus, by ,
(e21.6) 01(9)02(g) € kerk; = Ug(B)/CU(B) for all g € mo(F).

Since mo(U(C)/CU(C)) is torsion and Uy (B)/CU(B) is torsion free (see Lemma
111.5)), we have

(e21.7) 01(9)02(g) =1 for all g € mo(F).

Let eg = @o(lc). Write e = el @ ed @ e}, where ef = ©o(1p), € = wo(lc,),

and e} = ¢o(1c,). Let e;1 be a rank one projection in E;= M,,(C ( ), 4
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1,2,...,s. Let {g; ;1 :1<j <wr;} be aset of mutually orthogonal and mutually
equivalent projections in B such that [g; ;1] = [wo(e;1)] = [poo(e;1)], 1 < i <s,
1 S] S Ti, and such that 257:1 qdi,j,1 = @0(1E1) Let 9i,1,1,2,9i,1,1,y be two non-
zero mutually orthogonal projections in B such that ¢; 1,12 + ¢i1,1,y = ¢,11-

Choose 7! € U(¢i11:Bgi11.2) and v, € U(gi11,Bgii1,) such that 2/ =
B1(%) and vy, = B2(%) and 7' = Ba(Z), i = 1,2, ..., s. This is possible because
of Theorem Here we use the simplified notation @ to denote u @ (1 — p)
for any unitary u in the cut-down algebra pBp of B. Put z; =z} & ¢; 1,1, and
Y; = y; (&) qi,1,1,35 = 1, 2, LS. Note that ;Y = YiTi.

Let ¢" : C(T) = ¢i,1,1B4qi1,1 be defined by ¢'(f) = f(z;y;) for any f € C(T)
(defined as the continuous function f acting on the unitary element x;y; by
functional calculus). Identifying ¢o(1g,)Beo(lg,) with M, (¢ 11Bg¢i1.1), we
can define ®; : D = @._, E; = @;_, M,,(C(T)) — D;_, M,,(¢;,1,1Bgi1,1) by
¢y = P;_, ' ®id,,. It is clear that for any f € (C(T),

(@) (f - 15,) = f(zi)po(lE,).

Then (®1).0 = ((¢00)+0)| K (p)- Define h : C' — B by h(c) = ®1(Il(c)) ® p1(c)
for all ¢ € C (recall that II : C' — D is the quotient map). Note that [h]|k, () =

(@1 010]| k¢, () + [p1]| k. () - Define bt = (@1 oII) + ¢t Recall that any w € U(C)
can be written as w = (w1, wg, w3) € DHCHBC} such that Hf (wy) is as described
in (e21.3)). Then

S

01 = [T o 1)

i=1

We compute (viewing g;., as a continuous function on T), for all w € U (also

using (£214) and (€2L1)),

(e21.8) Ai@) = ([ (g1 - 1)y )l (@)
=1

= B (m1 (@) @7 (D 9w Te:) B (I (w1 ()} (@)

=1

= a(@)b (m2(W))02 (72 (@)} (D 91,0 T5,)
i=1

= a2 (P iwls).
i=1

Put g, = ®1(D;_, gi,wle) ® (1 — po(lc)). Recalling B = A ® V, choose
mutually orthogonal and mutually equivalent projections {p1,pa, ..., Pngo } in 14 ®
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V C B such that 7(p;) > 1/(ng +1) > o and > %, 7(p;) < 1 — o for all
7 € T(A). Since 7(po(1l¢)) < o for all 7 € T(B), and B has strict comparison (see
9.11)), (1 — o(1¢))B(1 — ¢o(C)) contains ng mutually orthogonal and mutually
equivalent projections which are equivalent to pg(1l¢). By Lemma 6.4 of [71],
there exists g,,— € CU(B) such that cel(g,,gw,—) < (I/no)m < &/2.

Since [po] = [poo] in KK(C,B), by (3), [¢1]lx, () = ax. It follows from
that h.; = a.. Therefore (®1),1 = 0. Thus [®1] = [poo|p] in KK (D, B).
Define ®5 : Co®C1 — (e) @ ed)B(ed ®ed) by ®2 = (v00)|coac, - Define @ : C —
eoBeo by ®((f,9)) = <I>1(f) @ Pa(g) for f € D and g € Cy @ Cy. Thus (i) holds.

For w € U, put w” = ®o(11¢(w)) @ (15 — eg), where I1¢ : C — Cy @ C} is the
quotient map. Note, since B=A® V, by . 2.25] the subgroup generated {pg(p
p € B} is dense in the real linear span of {pp(p) : p € B}. Byi w” € CU(B
as @y has finite dimensional range. Thus, for w € U, let g, = g, Gw—, Then

cel(gw) < €. Moreover, by (e 21.8),
(e21.9) a(@) 1P @ 1)} (W) = (@) h(w)w” = g, = g gu— = Ju-
Thus (ii) holds. O

LEMMA 21.6 (see Lemma 7.5 of [71]). Let B 2 A®V, where A € By and
V' is an infinite dimensional UHF-algebra. Let U C U(B) be a finite subset
such that kP (F) is free abelian, where F is the subgroup generated by U, and
kP . U(B)/CU(B) — K;(B) is the quotient map. Let C = D @ Cy @ C; be as
defined in and lety: U(C)/CU(C) — U(B)/CU(B) be a continuous homo-
morphism such that v, := |k, () is injective (viewing K1(C') C U(C)/CU(C),
see (e21.1)). Suppose that j,L : F — U(C)/CU(C) are two injective ho-
momorphisms with j(F NUy(B)), L(FNUy(B)) C Uy(C)/CUC) such that
kPoyoL=kPoyoj=rPp.

Then, for any € > 0, there exists § > 0 satisfying the following condition:
Suppose that there is a homomorphism ¢ : C — B such that ¢t = v, p,q =
Yk, (), and ¢ = po @ @1 : C — B, where @y and @1 are homomorphisms such
that

(1) 7(wo(1e)) <6 for all T € T(B) and
(2) [¢o]l= [poo], where woo : C — B is a homomorphism with finite dimensional
image and pog is not zero on each summand of D,

then there is a homomorphism v : C — egBeqg (eqg = po(lc)) such that

(3) [¥] = [wo] in KL(C,B) and
(4) (¢ oi(w))" (¥ ® 1) (L(@)) = Gu where g € Up(B) and cel(gw) < € for
any w € U.
PrOOF. First, if 2 € F and m;(L(2)) = 1, then L(2) = mo(L(2)) ® m2(L(2)).
Therefore, xP o p*(L(2)) = kP o cpi(WQ(L(z)) is a torsion element as
mo (U (Cl)/CU(Cl)) is torsion. Since ,%119( ) is free abelian and kP oyo L = kP|f,
we have k2 o p*(L(2)) = 1. Since kP o ¢t o L is injective, L(z) = 1. This implies



A CLASSIFICATION OF FINITE SIMPLE AMENABLE Z-STABLE C*-ALGEBRAS, I 423

that 71| f, 7)) is injective. Note also m (L(F)) is free . Exactly the same reason
implies that 71|; ) is injective and w1 (j(F)) is free abelian.

Now we repeat the proof of Lemma 7.5 of [71]. Let x{ : U(C)/CU(C) —
K1(C) be the quotient map and G = (kP) 71 (, o s (U(C)/CU(C))). Consider
the short exact sequence

0 — Uy(B)/CU(B) = G i 7. 0 kS (U(C)/CU(C)) = 0.

Since Uy(B)/CU(B) is divisible, there exists an injective homomorphism

A 70 kY (U(C)/CU(C)) — G such that kP o A(g) = g for all g € 7. o
K7 (U(C)/CU(C)). Since 57 0y o L(f) = kT (f) = KT 0v0j(f) C pu1(K:1(C)) =
0. (K (C(U(C)/CU(C))) for all f € F, one obtains F' C G. Note that 7, 0x{ =
kP o~. Thus, for any f € F,

RPN o ywoni o L(f)™ (v o i(f))
= (wonrf o L(f)7'w7 (v o5(f))
= (87 oyo L(f) 7 (k7 0y 05(f)) = [15].
It follows that
(Aoveonf o L(f)) (¢t 0 j(f)) € Up(B)/CU(B) for all f € F.
Define ¢ : L(F) — Uy(B)/CU(B) by

¢(x) = (()\ 0y O Hf(x))_l (yojo L x)) for all z € L(F).
Since Uy(B)/CU(B) is divisible, there exists ¢ : U(C)/UC(C) — Uy(B)/CU (B

such that f\L(f) = (. Define « : U(C)/CU(C) — U(B)/CU(B) by a(z) =
(Ao, okS (x))C(z) for all z € U(C)/CU(C). Note that, for all z € U(C)/CU(C),

a(kf (2)) = (Ao 7w 0 kT ()C(KT (2)) = Ao 7w 0 kT (2) =7 0 KT (2)-

In other words, a, := 04|K1(c) = v.. Note also that

a(L(f)) =~voj(f) for all fecF.

Let W C U(C) be a finite subset such that the subgroup F’ C U(C') generated
by W satisfies F” = L(F). Let £ > 0. Choose § = ¢ as in associated U’ (in
place of U), F’ (in place of F), o as mentioned above, and L(F) (in place of
F). Suppose that ¢ = ¢y @ @1 as described. Applying one obtains a
homomorphism 1 : C' — egBeg such that [¢)] = [¢go] in KK(C, B) and

(@) (W@ p)(2) = . and cel(f:) <e,

where f, € U(B), for all z € L(F'). Then, for any w € U, let g, = f1(w), so that

(¢t o j (@)~ (¥ ® ¢)(@) = a(L(@) (Y @ 9)(L(W) = Gu and cel(gy,) < e.
This shows that 1 has the desired properties. O
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REMARK 21.7. The roles that Lemma and Lemma play in the proof
of the isomorphism theorem, Theorem below, are the same as those played
by Lemma 7.4 and 7.5 of [71] in the proof of Theorem 10.4 of [71].

The following statement is well known. For the reader’s convenience, we
include a proof.

LEMMA 21.8. Let (Ay, nnt1) be a unital inductive sequence of separable C*-
algebras, and consider the inductive limit A = lim A,,. Assume that A is amenable.
Let F C A be a finite subset, and let € > 0. Then there is an integer m > 1 and
a unital completely positive linear map ¥ : A — A, such that

[ Pm.co 0 U(f) — fI| < € for all fe 9.

PROOF. Regard A as the C*-subalgebra of [[ A,/ A, consisting of the
equivalence classes of the sequences (x1,za,...,Zn,...) such that that there is
N with z,11 = pp(zn), n = N,N+1,.... Since A is amenable, by the
Choi-Effros lifting theorem, there is a unital completely positive linear map
®: A — J]A, such that m o ® = idy, where 7 : [[A, — [[An/ D A, is
the quotient map. In particular, this implies that

(€21.10) |7 0 @(a) — arl =0,

lim
k—o00

if a =7((a1,a2,...,ax,...)) € A.
Write F = {f1, fo, ..., fi}, and for each f;, fix a representative

fi=m((fixs fizs o fiskes o))

In particular

(e21.11) im g 00 (fik) = fi-
k—o0

Then, for each f;, one has

limsup ||@r,00 © Tk © B(fi) — fill

k—oco
= limsup [k,00 © Tk © R(fi) — Pr,00(fie)| (by (e21.11))
— 00
< lillcnsup T 0o ®(fi) — fixll =0 (by (e21.10)).
—00

There then exists m € N such that
¢m.co ©Tm o ®(fi) = fil <€, 1<i<L

This shows that the unital completely positive linear map ¥ := 7, o ® satisfies
the condition of the lemma. O
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THEOREM 21.9. Let Ay € By be a unital separable simple amenable C*-algebra
satisfying the UCT, and let A = A1 Q@ V' for some UHF-algebra U of infinite
type. Let C' be a C*-algebra constructed as in Theorem (denoted by A
there) such that EN(C) = EN(A). Then there is an isomorphism ¢ : C — A
which carries the identification of Ell(C) = Ell(A).

Proor. Let C = h;n(Cn, tnn+1) be as constructed in [14.10 (as
A=1li Ana n,n
i}n( VYront1)

with ¢y, n41 in place of ¥y, ,4+1 there), where ¢, 41 is injective, unital, and has
the decomposition ¢ty p41 = LESLH @ LS)ZH_l. Put ¢, = tneo, n = 1,2,.... By
14.13] we may assume that C' € B,o. Note also A € B,9. The proof will use the
fact that both A and C have stable rank 1 (see Theorem without further
notice. We will also use k¥ : U(B)/CU(B) — K;(B) for the quotient map for
any unital C*-algebra B with the property U(B)/Uy(B) = K1(B). We will fix
splitting maps: J¢ : K1(C) — U(C)/CU(C) and JA : K;(A) — U(A)/CU(A)
such that /1? o JCC = idg, (c) and ﬁf‘ o JCA =idg, (a) (see .

Let v : T(A) — T(C) be as given by the isomorphism ElI(C) = Ell(A), and
choose o € KL(C, A) with a=! € KL(A,C) lifting the K;-group isomorphisms
from the isomorphism Ell(C) = Ell(A) (see [2.4).

Let G € Go C --- C C and Fy C Fo C --- C A be increasing sequences of
finite subsets with dense union. Let 1/2 >g; > g9 > --- > 0 be a decreasing
sequence of positive numbers with finite sum. Let P.,, C K(C) be finite subsets
such that P.,, C Pepy1 (n > 1) and J,—; Pen = K(C), let Q.,, C K(A)
be finite subsets such that Q., C Qcpny1 (n > 1) and oo, Qe = K(A),
and let H(c,n) C Cs.q. and H(a,n) C A, 4. be finite subsets such that H(c,n) C
H(e,n+1) (n>1)and |, -, H(e,n) is dense in Cs 4., and H(a,n) C H(a,n+1)
(n>1) and J,—, H(a,n) is dense in Ay ,. We may assume that P, is in the
image of K (Ciy,(n)) under (), for some m(n) > 1.

We will repeatedly apply the part (a) of Theorem Let 689 > 0 (in place
of 9), Mo (951) in place of § and C in place of A), e o1 =0 (in place

e129¢,2
of o1 and o3), M ¢ K(C) (in place of P), ul ¢ U(C)/CU(C)) (in place of
U), and HM c Cua (in place of ) be as provided by the part(a) of for C
(in place of A), 1 (in place of €), and G; (in place of F). Here, UM is a finite
subset of U(C'). As in Remark we may assume that u ¢ JE(K1(0)).
We may also assume that the image of u&” in K;(C) is contained in 9’01). As

in Remark [12.12} we may also assume that U is in the image of U(C,,) for all
n > ng for some large ny > m(1) under the map ¢,. We may further assume

that P,y € P and H(c, 1) € H.
Denote by FY ¢ U(C) the subgroup generated by U, Wwe may write

(1)

F.

= (Fc(l))o ® Tor(Fc(l)) where (Fc(l))o is torsion free, as Fc(l) is finitely



426 GUIHUA GONG, HUAXIN LIN AND ZHUANG NIU

generated. Note E(l), (Fc(l))o, and Tor(FC(1 ) are in J.(K71(C)). Choosing a

smaller 082), we may assume that

c,1»

where u< ) generates (Fc(l))o and U((:ll) generates Tor(Fc(l)) —namely, we can
choose u( o and uil) so that UL ¢ ui}g : ugl); then, choosing smaller aé 2), one

can replace UL by ug}g uuﬁ}} . Note that for each u € UE f , one has uF € CU(C),
where k is the order of w.
Let a finite subset Sq(fc) C C and 5,(}0) > 0 satisfy the following condition: for

any SW 1)-multlphcatlve unital completely positive linear map L' : C — A’
(for any unital C*-algebra A’ with K (A’) = U(A’)/Uy(A")), (L')* can be defined
as a homomorphlsm on IV , dist((L)¥ (@), (L' (u))) < 002/8 for all u € UL,
and k{ o (L) (@) = [L'] o §([u]) for all u € ulM (see [2.17). Since Fc( ) ¢
Jo(K1(C)), and J.(K1(C))NUp(C)/CU(C) only contains the unit Ic, and since
(L")} is a homomorphism on FD , we have (L) (FY U (C)/CU(C)) = Tar €
Up(A")/CU(A). Moreover for any u € ui} with @ of order k, as u* € CU(C),
we may assume (see - ) that

(e21.12) dist((L(u¥)), CU(A)) < ot /8.

=

Put $VF = gM U gH and 6V = 1 min{dgl),dﬁ)}.

Recall that both A and C are in BuO- By Theorem [20.16} there is a 9&”*-55}”
-multiplicative contractive completely positive linear map L; : C' — A such that

(e21.13) [L1]|:P§1) = a|§,g1) and
(€21.14) |70 Li(f) — v(7)(f)] < oL/8 for all feHD for all 7€ T(A).
By choosing 9&1” large enough and 5£1)+ small enough, one may assume that

Lf is a homomorphism defined on (Fc(l)) (see . We may further assume
that, dist(L (@), (L1 (u))) < 022)/8 for all w € UL and w# o L = [L1] 0 k§ on

(Fc(l)). Since a|g, (¢ is an isomorphism, we may assume that Li{ |W is injective

C

as k¥ is injective on J,(K1(C)). In particular, Li| is injective. Moreover,

(Fo
ifue u< 1) and @ is of order k, one may also assume (see (e21.12))) that

dist(L; (u?), CU(A)) < '3 /8.

Applying the part (a) of Theorem a second time, let 6,(11) > 0 (in place
of §), Meca (in place of §), o a Y 0‘((1 5 > 0 (in place of o1 and o3), P ¢ K(A)
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(in place of P), Ug ud ¢ U(A)/CU(A) (in place of U), and HY € A, (in place
of H) be as provided by the part (a) of Theorem for A (in place of A),
€9 (in place of ), and F; (in place of F). We may assume that 5 < 6£1)+/2,
Ll( gl)'l‘) C 9(1)

(e21.15) JA o ki) c u,

and £ (u“)) [Ll](Tgl) c PV Here we also assume that UL ¢ U(A) is a finite
subset. As in Remark we may further assume that Uy c JA(KL(A)).
Moreover, we may assume that P, 1 C P and H(a,1) C HH

Denote by FY ¢ U(A) the subgroup generated by UM, Since ULV is finite,

we can write F\" = (Fél)) ® Tor(Flgl))7 where (F,)o is torsion free. Fix this

decomposition. Without loss of generality (choosing a smaller a&%), one may

assume that

U =ulyuul

a,l»
where u( (0 generates (Fél))o and US% generates Tor(Fél)) (then the condition

{j should be changed to the condition that JA o kft(L} (u&”)) is in the
subgroup generated by uM ). Enlarging P we may assume M 5 K1 ((F(l)) )
(in K7(A)). Note that for each u € ua 1, uF € CU(A), where k is the order of w.

Let uﬁﬂi C U(A) be a finite subset such that uﬁ}g' = L%(u&l)) and
uM =uMu u&% U{{L1(u)) : u € U((;l)}. Let F, 1 be the subgroup of U(A)
generated by UM’ Since AL (u“))) = {HA(< ( )>) uel 1)} and since J4o
AL (u&l))) is in the subgroup generated by udt F(l) +(Up(A)/CU(A))N
Fa 1-

Let a finite subset Sua C A and (5 a > 0 satisfy the following condition: for
any 9ua) de¢ (1 )—multlphcatlve contractive completely positive linear map L' : A —
B’ (for any unital C*-algebra B’ with K;(B') = U(B')/Uy(B’)), (L')* can be
chosen to be a homomorphism on F, 1, dist((L")* (), (L'(u))) < 0213/8 for all
we U, (L)} (Fux NU(A)/CU(A)) C Up(B')/CU(B'), and 5§ o (')} (1) =
[L'] o k§ ([u]) for all u € Uy’ (see 2.1% ). We assume that, for u € UL

a,l’

(e21.16) dist((L'(u?)), CU(B")) < 0}/8,

where k is the order of @ (see . Put 981” = 931) U 97%) and 6V =
s <)
min{dg ', dua }-
By Theorem [20.16| and the amenability of C, there are a finite subset G/, D
(1) , & positive number ¢/, < (5(1)+ a sufficiently large integer n > no, and a G/, -
5l multlphcatwe map ¥} : A — C,, such that, with afl g 1= mm{a (1)}/6

a,l’ cl

(e21.17) [en 0 Pp0uiz00) = 0 o o)
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and for all £ € HY U Ly (HY) and 7 € T(C).

(c21.18) 700 ®1(f) =7 D] < 7l /8

a,c,1

Moreover, one may assume that &} o L; is g5 multiplicative, (®))* is

a homomorphism defined on F, 1, dist((®})* (@), (®}(u))) < 02}271/8, and m?" o
(@) () = [®4](k{ (1)) for all u € ult’, Then, by (e21.17), since o |, (4) is
injective, (1)1 0 [®}] is injective on x{'(F, 1), which implies that [®}] is injective
on k7 (F,1). Since x4 is injective on Jg“(Kl (A)), we conclude that x5 o (®))}

is injective on F.", which implies that (®1)* is injective on FY. Write (@) o
L1)%:=(®,)* o L}, Then (@) o L)t is defined on F", since L} (F{Y) c Fy 1.

Ifue FY, then w e FY ¢ JC(K1(C)). Suppose that @ # 0. Then [u] # 0,
since k{ o J¢ =id, (). Then /<;‘14(L:{ (@) = [L1] o 6§ (@) = a([u]) # 0. It follows
that JAokf(LE(@)) # 0. Then (@) (JAok (L (1)) # 0 since JA o (LE(n)) C
E and (®)* is injective on @ Moreover, since £§ (@) c M, by (e21.17),
for any u € u&”,

(e21.19) & ((@DHI 0w (L] (@))) = [(@D](-1 (I 0 w1 (L1 (@)
= [(@D)(x1' (L1 (@) = [@4)([La) (=T (@) # .

Put z = Li(m) — JA o s (Li(@). Then z € Uy(A)/CU(A). Tt follows that
(1)*(2) € Up(Cy)/CU(Cy). TF (®4)F(L{ (W) = 0, then

R (@) T 0 v (L1@))= /T (@DHLT@)) — T ((81)1(2)) = 0,

which contradicts (e21.19). This implies that (®})*(L!(w)) # 0. In other words,
(9 o L1)* is injective on FV.
Furthermore, one may also assume (see (e21.16)) that, for u € ua 1s

(21.20) dist (1, 0 @} (u¥), CU(C)) < al'3/8,

where k is the order of @, and (by (e21.12)), as Ly( (1)+) c G and 6VF
6(‘1 +/2)

(e21.21) dist((tn, 0 @} 0 L1)(v*), CU(A)) < ' /8,

ifve uﬁll) and k' is the order of ©. It then follows from (e21.13]) and (e21.17)
that

(e21.22) [t 0 @] 0 LIH:PS}) = [id]|T£1);
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and it follows from (e 21.14) and (e 21.18) that

(€21.23) |0, 0@, 0Ly (f)—7(f)| < 200)/3 for all feHD for all 7€ T(C).

Recall that (Fc(l))o C U(C)/CU(C) is a free abelian subgroup, generated by

U()lg. Since we have assumed that U((:)lg is in the image of U(C,,)/CU(C,,), there

c

is an injective homomorphism j : (Fc(l))o — U(C,)/CU(Cy,) such that

foi—=idl——
(e21.24) i, 07 =id ‘(Fﬁ”)o'

Moreover, by (e 21.22]),

k§ otk o(® 0Ly ) —gr— = (tn)s1 0 [®) 0 L] 0 Kﬂ(

N O
", = F1omes

C
=K
O, = R,

Let § be the constant of Lemma with respect to C,, (in place of C), C

(in place of B), aSQ)/Q (in place of €), ¢} (in place of v), j, and (@} o LQHW
c 0

(in place of L). For any n’ > n, we have
0 1
(e 2125) by = (Ln/,oo o Lgl’),n’-l—l o an/) D (Ln/,oo o Liz’),n’+1 o Ln,n/)~

Denote Ln/,OOOng)’n,H Olpy, n by 2510) and tp/ oo OLS,)’n,H Ol n by 2511). By (e 14.13),
if n’ is large enough (in particular, depending on ¢ above), the decomposition

Ly = zsLO) &) 2511) satisfies
(1) r(zﬁf)(lcn)) < min{J, 02711)/6, 05}3/6} for all 7 € T(C), and

(2) z%o) has finite dimensional range, and is non-zero on each direct summand
of C,.

Then, by Lemma 21.6] there is a homomorphism h : C,, — eoCey, where ey =
(0)

. (Llg, ), such that

3) A =[] in KL(C,,C), and

(4) for each u € US& one has that

(e21.26) (i o (@)L (h @ DY@ 0 L) (@) = 7a

for some g, € Uy(C') with cel(g,) < USQ)/Z

Define @1 = (h & 1511)) o ®f. By (e21.17) and (3), and, by (e21.18) and (1),

and

(e21.27) @] -

—1
«
PO UL (PD) |9’§3)U[L1](?’§”)

(e21.28) m(®1(f)) — v (1) ()] < 0)/3 for all feHP.
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Note that @ is still G5V -6 - multiplicative, and hence (e 21.20) and (e 21.21)
still hold with @/ replaced by ®;. That is, for u € U'")

a,l»

(e21.29) dist((®1(w))*, CU(C)) < al3/2,
where k is the order of u, and

(21.30) dist(((®1 0 L) ()", CU(A)) < o1,

if v € UY and if & is the order of T. By (e21.22), (3), and, (e21.23), and (4),
c,1

one has

(e 2131) [(I)l o L1]|ﬂ>£1) = [id”?g) and

(€21.32) |ro®; 0 Ly(f) — 7(f)| < o) for all feHD for all 7€ T(C).

Moreover, for any u € u%, one has (by (e21.24]) and (e 21.26))

(62133) ((1)1 OLl)i(ﬂ) = (LEL O'](ﬂ)) 'giu:ﬂ'giu%o_(lz)) u.

<,

Let w € ug}f, with order k. By (e21.30), there is a self-adjoint element b € C

with [|b]] < USQ) such that

(u*)*({(®1 0 L1)(w)))" exp(2wib) € CU(C)
(where we notice that (u*)¥ € CU(C)), and hence
(u*)((®1 0 Ly (u))) exp(27ib/k))* € CU(C).

Note that
(u*)((®1 0 L1(u))) exp(2wib/k) € Up(C)

and Uy(C)/CU(C) is torsion free (Corollary [11.7)). One has
(w)(®1 0 Ly (u))) exp(2nib/k) € CU(C),

In particular, this implies that

(e21.34) dist((®1 0 L)} (a),@) < o3 /k for all @€ UlY.

Combining this with , we have

(e21.35) dist((®; o Ly)F(a), @) < o'y for all ue UL,
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Therefore, by (e21.31)), (e21.32)), and (e 21.35)), applying part (a) of Theorem
we obtain a unitary U; such that

[|UF (@10 L1(f))Ur — f|| < &1 for all f e G.
Replacing @1 by Ad(U;) o @1, we may assume that
[|®1 0 L1(f) — f]| < &1 for all f e Gy.

In other words, one has the diagram

id
—
A

which is approximately commutative on the subset §; to within £;. We also notice
that, by (e21.27), [®;] is injective on mf(F,gl))7 which implies that £§ o &} is
injective on Fél), since F{V JA(K1(A)). Tt follows that @f is injective on FY,

We will continue to apply the part (a) of Theoremm Let 682 > 0 (in place
of 9), Pco (in place of 9), Ué?l),UE?Q) > 0 (in place of o1 and o3), P K(CO)

(in place of P), u® c U(C)/CU(C) (in place of U), and HP c Cya (in place of
) be as provided by the part (a) of Theorem for C' (in place of A), e3 (in
place of ), and Gz (in place of F). We may assume that u? ¢ U(C) is a finite
subset. We may also assume, without loss of generality, that 5§2) < 5&1)+ /2,
1(987) € 6,

Q

C

Ly

R

)

(e21.36) J¢ o k€@t UuUM)) cu®?.

By [12.12) we may assume that U? C JE(K1(C)) and U is in the image
of U(Cy,) under ¢, for all m > ny; > ng. We may also assume, without loss
of generality, that Hf(ug)) u [@1](33((11)) c P¥. We may further assume that
Peo C P and H(c,2) ¢ HP.

Denote by F£2) C U(C) the subgroup generated by u£2). Since u&” is finite,
we may write F? = (Fc(2))0 @ Tor(Fc(z)), where (FC(Z))O is torsion free. Fix this

. . 2)

decomposition. Choosing a smaller 0,5, we may assume that

u® =u® uu?

c c,1»

where ufg generates (FC(Z))O and uf{ generates Tor(Fc(Z) (then the condition

)
c21. shou e changed to the condition that oK a 1s In the
(e21.36]) should be ch d h dition that J¢ gqﬁu(l) is in th
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subgroup generated by @) Note that, for each u € ufl), one has u* € CU(C),
where k is the order of u. _ L

Let uE?,Z C U(C) be a finite subset such that uﬁfl’ = <I>§(u£?>) and
u® = uPu U((fpl U{{P1(u)) : u € uM } Let F. 2 be the subgroup of U(C)
generated by u? ) Since K1 (qﬂ(u(”)) = (k{1 ((®1(n))) 1 u € u(”} and since JS o
KT ( (@i(u( ))) is in the subgroup generated by uﬁf), Feo= F(2)+(Uo( C)/CUC)N
Fos.

Let a finite subset Sq(fc) C C and 6(2) > 0 satisfy the following condition: for

any g3 5(2)—mult1phcat1ve unital completely positive linear map L' : C — A’
(for any unital C*-algebra A’ with K (A’) = U(A")/Us(A")), (L')} Can be defined

as a homomorphlsm on F.o, dist((L)* (), (L' (u))) < min{a,(lli, .. 2 /12 for all
weu® | (L) Fo.oNU(C)/CU(C)) C Uy(A)/CU(A"), and k1" o (L) () =
[L'] o K§ ([ ]) for all u € ul ) (see 2.17). Moreover, we may also assume that

(€21.37) dist((L' (u*)), CU(A")) < 01 /8,

ifue ug"} and if k is the order of w (see .
There are a finite subset §o9 C C' and a positive number &g > 0 such that, for
any two Gg-dp-multiplicative contractive completely positive linear maps LY, LY :

C— A, if
|LY (c) = LE(c)|| < do for all ¢ € Go,
then
(L]l @ = [L5]]pe
and
[0 Li (h) — 7 0 Ly ()] < min{o?, 0{11}/12

for all h € HP U B (HY) and for all 7 € T(A). Put §P = P ug? Ug,
and 5£2)+ = min{é(z) 6,820 ,00}/4.
Let M. = max{||g|| : g € 9&2)+}. Note that, by Lemrna there exist a large

m > n; and a unital contractive completely positive linear map Lo : C — Cp,
such that

(€21.38) [tm © Loa(g) — gl| < 6PF/8(M, + 1) for all g e G+,

Then Ly is 9(2)+ 5(2)+/4 multiplicative. Let us now fix such an m > n;.

Let ¢ : U(C,,)/CU(Cyn) = K1(Cyy,) be the quotient map. We may then as-
sume that LO,2 is defined on F. 5 and injective on F? (see the discussion regard-
ing injectivity of (®))*—with o~ replaced by [id¢]) and that dis‘c(L(]-:J 2(@), ) <
mm{acl, T 1}/12 for all u € U, Tt follows that (Lo o ®1)k:= L02 o ®t s
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defined and injective on (Fa(l)) (see the discussion of the injectivity of (®} o L})).
Moreover,

(21.39) K{™ o (Lo.2 0 @1)(9) = [Loz 0 ®1](w1(9)), g € (Fa')o,

and by (e21.27)), for any g € (Fél))o (note that P 5 k1.4((Fa)o)(in K1(4))),

(€21.40) o [ty] 0 [Lo o ®1)(kf(g)) = o [um o Loz] o [@1](ki(g))
(e21.41) = ao[®i](k'(9) = K1 (9)-
Hence,

a0 [tm] 0 K{™ 0 (Lo © 1) (g) = @0 [tm] 0 [Lo2 0 ®1] (k1 (9)) = K1 (9)

for all g € (Fél))g, which also implies that a o [¢,,,] is injective on [Lgo o
<I>1](/$’14((F£1))0)) and [Lo 2 o ®1] is injective on x{( F(l) ). By (e21.39), x{ Om o
(Lo2 0 ®1)* is injective on (Fé )) Note that x4 ((F(l)) ) is free abelian. There-
fore 7 o (Lo o ®1)* is injective on (Fé )) (recall that m; is defined in .
It follows from Lemma (where B is replaced by A, C' is replaced by C,,,

F is replaced by (Fél))o, « is replaced by a o (i1,)s0, and L is replaced by
(Lo20®1)%) that there is a homomorphism 3 : U(C,,)/CU(C,,) — U(A)/CU(A)
with 3(Uo(C,y,)/CU(Cyy)) C Ug(A)/CU(A) such that

(e21.42) Bo(Loso®) (f)=f for all fe (FM),.

Put m = (Logo®;)* ((F(1 )o). Since (F(l))o C JA(K1(A)), the equations

(e 21.39) and also imply that £$™ o (Lo2 0 ®1)* is injective on (Fél))o.

In particular, m is free abelian and nlcm is injective on m It follows that

T |m is injective (see[21.1|for the definition of ). Let uglzm cU(Cp,) bea
)

finite subset whose image in U(C,,)/CU(C,,) generates FCE e.m. We may assume
that,

(€21.43) (Lo 0 ®1) (u“)) C ulel m-

Let 0 > 0,¢ > 0 (in place of §), and the finite subset §. C C, (in place of G)
be as provided by Lemma with respect to af% /4 (in place of €) (and Cy, in

place of C, A in place of B, u,& ¢m in place of U, Fy, c)m in place of F, and S in

place of a). By Theorem [14.10| and Remark [14.11] m just as in the decomposition
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of ¢y, in 1) one may write ¢, = ( ) @ zgn), where zgn) is a homomorphism

(1 =0,1), Y has finite dimensional range, and NS
summand of C,,. Moreover,

is non-zero on each direct
e21.44) 7(9(1¢ < min 0,0(2), (11 /12 for all 7 € T(C).
m m c,1 a 1

Let E’ be a finite set of generators (in the unit ball) of the finite dimensional
C*-subalgebra. 1.3 )(C ) containing W9 )(1Cm)~ Since C' is simple,

(e21.45) 000 = inf{r(tm(a*a):a € E', 7 € T(C)} > 0.

Put HPT = HP Ud (H) U{a*a:a e B
By Theorem [20.16], there is a §”-6”-multiplicative map L} : C' — A such that

(e21.46) [ng]\fpgz) = Ol|3322)
and
(€21.47) 7o Ly(f) —v(r)(f)| < min{o, oo0, 0 7, 0L} /12

for all f € fH((:QH_ and for all 7 € T(A), where §” C C is a finite subset and
8" > 0. We may assume that

G" 5 G0 UGPT Uip(Ge) and 6" < min{dy, 62+, 6"} /2.
Fix a finite subset 9 CcC,and0< (5( ) < min{ogg, do}/2. We may assume

that B’ C 252)( &231) Since every finite dimensional C*-algebra is semiprojective,

since zﬁ,ﬂ C.,,) is finite dimensional, and since L is chosen after C,, is chosen
) 2 9

with sufficiently large §”” and small 6", we may assume, without loss of generality,
that there exists a homomorphism hq : C,, — A with finite dimensional range
such that

(€21.48)  [[ho(g) — Ly 01 (g)|| < min{65”, /2, 0% /6,0 /6}
for all g € Scm7

(€21.49) [|(1 = ho(1e, VLY 01D (g)(1 = ho(1e, ) — Lb o D (g)|| < 5(2)
for all g € 9 and

(€21.50) 7(ho(1e,,)) < mln{a/Q,U /6,0 /6} for all 7€ T(A).
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Let 1, : Cpy = (1 — ho(1le,,))A(1 — ho(le,,)) be defined by

Im(c) = (1 = ho(1e,, )Ly 0D (g)(1 — ho(1c, ) for all ¢ € Cp,.

Since m is now fixed and « is a homeomorphism, by (e21.47), (e21.48) and
, we may assume that L} is injective on 152) (Cp,). Since 17(72) is non-zero on
each summand of Cy,, by (e 21.48), (e21.47)), and (e 21.45), we may also assume
that hg is non-zero on each direct summand of C,,,. Note that Ljo1,, = hj EBI,(%),
where h( = L} olY) and 1§ = =L o1y, (Note that hy, is close to hg by 8).)

Choosing a sufficiently large 9’ " and small 0", we may assume that (L} o Lm)i
and (lfﬂ))i are defined on a subgroup of U( m)/C’U( C,) containing (Lo o

©)H(EM)),  ml((Loz o @) ((FM)0),  m(U(Cw)/CU(Cn)), and
72(U(C)/CU(Cyn)). Moreover, for all u € UL,

(e21.51) dist((Lb 0 ty) (@), (Lh 0 Ly (u))) < 0&%/4 and

(e21.52) dist (I, (), (b ())) < 043/4.

Then, by Lemma (with ho & l%) in place of ¢, hy in place of ¢g, and
lg) =L}o qu}b) in place of 1), there is a homomorphism g : C),, — e(Aef, where
eq = ho(lc,,), such that

(i> ["/}O] = [hO] in KK(Om7A)7 and

(ii) for any u € U((;()), one has

(e21.53) B((Lo2)* o ® (@)~ (o & 1) ((Lo2)* o @1 (@) = gu

for some g, € Up(A) with cel(gy) < 0(1)

Define Ly = (o ®11,) 0 Lo : Cry — A and LE = (09 @ I5)F 0 (Lo 2)*. Then
[La)lpe = [Lh]] 5 and, by (€2147) and ([2L50),for all f € 7 U@, (HS)

(¢21.54) I7(L2(f) = +(7)(f)] < min{o?, 03} /6.
Also, for any u € Ua 0, by (e21.53) and ( m, one then has

(e21.55) (Lzo0 (bl)i(ﬂ) = B(Lé 0° ‘I’Ji(ﬂ)) “Gu=U-gu~_ u for all ue US%.
; o)

)

Moreover, since [®4 }(fP(l) ) C P(Z) by (e 21.46| m, ), m, and by (e21.47] m,
and by (e 21.50)),

(e 21.56) [Lg o (I)1H{P‘(11) = [id”i?fll)’ and
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(€21.57) |ToLyo®y(f)—7(f)| <ol for all feHY and for all T T(A).

Note that Lo is still 9(2 -6(2 -multiplicative and Ls o ®q is 921”—6,(11”—

multiplicative. One then has that for any u € uf}} (with k the order of @),

dist((Zz 0 @) (@), CU(A)) < o)

)

(see (e21.16)). Therefore, there is a self-adjoint element h € A with ||h] < aé}%
such that
(u*)*((Lg o @1 (u)))* exp(27ih) € CU(A),

and hence

(u*)((Ly 0 @1 (u))) exp(27mih/k))* € CU(A).

Note that
(u*)({Lg o ®1(u))) exp(2wih/k) € Uy(A)

and Uy(A)/CU(A) is torsion free (Corollary [11.7). One has that
(u*)({Lg o @1 (u))) exp(2wih/k) € CU(A).
In particular, this implies that
dist((Ly o ®1)*(u),u) < 0'((;%.
Combining this with , one has
(e21.58) dist((Lz 0 ®1)F(u), u) < o'y for all ueULD.

Then, with (e21.56), (e21.57), and (e21.58)), applying Theorem [12.11} one
obtains a unitary W € A such that

[[W*(La o @1(f))W — f[| <ez for all fe€Fy.
Replacing Ly by Ad(W) o Lo, one then has
[|La o @1(f) — f|| < e for all f e F.

That is, one has the following diagram

12

Q

h><—

al\l
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with the upper triangle approximately commuting on §; to within £; and the
lower triangle approximately commuting on &7 to within 5. Recall that Lo is

9((12)+_532)+-mu1tiplicative,

(e 2159) [L2]|T512) = Oz|?g2), and
(€21.60) |7 (La(f)) — v(1) ()] < 07 /6 for all f e HP (see (€21.54)).
Note, by the choice of G and 652" and by (e 21.46]),

(e21.61) k$ o Li|—5— = [La] oﬁf|( =aoki

(F&)o F)o (FP)o'
This implies that L} is injective on (Fa(2))0.

Just as 5£2)+, SEQH, afl), an), ngQ), and 9{9) were chosen during the con-
struction of Lo, the construction can continue. By repeating this argument, one
obtains the following approximate intertwining diagram

C C C C
<I>1 <I>2 <I>3
A A A A ,
id id id

where

[|®y, 0 L(g) — gl| < €2n—1 for all g € G,,
||Ln+1 O(I)n(f) - fH < €2q for all f € gjnv n= ]-721"'3

[Lan»g") = 04|Tgn), [(I)n“:})g") = a_1|93£n)7
(Lo (f)) = 7() ()] < 0% /3 for all fe 3™, for all 7€ T(A), and
H®,)(9) — v () (9)| < o™ /3 for all g€ H™, for all t € T(C).

a,l a

By the choices of G,, and &, and the fact that Zf;l €n < 00, the standard
Elliott approximate intertwining argument (Theorem 2.1 of [30]) applies, and
shows that there is an isomorphism L : A = B with inverse ® such that [L] = «,
and L induces vy as desired. O

THEOREM 21.10. Let Ay, By € By be two unital separable amenable simple C*-
algebras satisfying the UCT. Let A = A; ® Uy and B = By ® Us, where U
and Uy are two UHF-algebras of infinite type. Suppose that Ell(A) = Ell(B).
Then there exists an isomorphism ¢ : A — B which carries the isomorphism
Ell(A) = Ell(B).
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PrROOF. By Theorem there is a C*-algebra C, constructed as in Theo-
rem [14.10} such that Ell(C) = Ell(A4) = Ell(B). By Theorem one has that
C = A and C & B. In particular, A = B. O

COROLLARY 21.11. Let A and B be as in [21.10, If there is a homomorphism
I': Ell(B) — Ell(A) (see 2.4]), in particular, T(Ko(B)+ \ {0}) C Ko(A); \ {0},
and T'([1g]) = [14], then there is a unital homomorphism ¢ : B — A such that
@ induces T

PrRoOOF. By Theorem [21.10] we may assume that B = C' for some C' as con-
structed in Theorem So, without loss of generality, we may assume that
B=2C.

The proof is basically the same as that of Theorem 21.9] but simpler since we
only need to have a one-sided approximate intertwining. In particular, we do not
need to construct ®;. Thus, once Ly is constructed, we can go on to construct
Lo.

Nevertheless, we will repeat the argument here. First we keep the first para-
graph at the beginning of the proof of Theorem 21.9]

Now, since C' satisfies the UCT, by hypothesis, there exist an element o €
KL(C,A)*" such that a|k,cy =Tk, (), i = 0,1, and a continuous affine map
v:T(A) = T(C) such that

ra(v(®)(z) = rp(t)(a(z)) for all z € Ko(C) and for all t € T(A).

Note that I'([1¢]) = [1a].

Let 91 C G2 C --- C C be an increasing sequence of finite subsets with dense
union. Let 1/2 > €1 > 3 > -+ > 0 be a decreasing sequence of positive numbers
with finite sum. Let P., C K(C) be finite subsets such that P., C P, 41 and
U, Pen = K(C), and H(c,n) C Cs4. be finite subsets such that H(e,n) C
H(e,n+1) and |~ H(c,n) is dense in Cj 4.

We will repeatedly apply the part (a) of Theorem Let 589 > 0 (in place
of 9), Mo (in place of § and in place of A), 02}1), 02712) > 0 (in place of o1
and o3), M ¢ K(C) (in place of P), ul ¢ U(C)/CU(C)) (in place of U), and
H c ., (in place of H) be as provided by the part (a) of for C' (in
place of A), 1 (in place of ), and G (in place of F). Here ULV is a finite subset
of U(C). As in Remark we may assume that u ¢ JE(K1(C)). Without
loss of generality, we may assume that the image of Ut in Ky (C) is contained
in inl). As in Remark we may also assume that, for all n > ng for some
large ng > 1, there is a finite subset \7%1)0 C U(Cy) such that u = Ln(vgl)
under the map ¢,,. We may further assume that P.; C TPEI) and H(e, 1) C 3{9).

Let Fc(l) be the subgroup generated by uﬁ”. To simplify notation, let us
assume that ch(Fc(l)) is equal to the subgroup generated by P N K, ().

Put K{c) = K?(Fc(l)). Write oz(K?c)) =Kicar® Tor(a(K{?)))C K1(A), where

(&
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K ¢,q,r is free abelian. There is an injective homomorphism jo : Kq cq.f — K(l)

such that o o j, = idk, ., ,- We may write KEC) = jo(Ki,ca,f) ® Kéc), where
Kélg is the preimage of Tor(« (Kflc) )) under a. Recall that we assumed that
FY ¢ JE(K1(C)). Therefore, FY = J(K{\)) = JC (ja(K1 e.0.p)) & J (KSY).

,C

Put (Fc(1 Yo = JE (ja(Ki,ca,r)) (this is one of the differences from the proof of
, which is free abelian. Note that a| (FD) is injective. Without loss of

generality (choosing a smaller 6C ), we may assume that

(¢21.62) uM =ulyuuly,

)

where Ugg generates (F" )o and U( 1 generates J¢ (K. (2 ) (another difference

from the proof of 21.9). Let ko be an integer such that z¥o = 0 for all x €
Tor(a(KSg)). Let VC}O C U(C),) be a finite subset such that Ln(VS())) = u%

Since (Fc(l))o is free abelian, there exists an injective homomorphism jg :
(FM)g = JC (K1 (Cy)) such that JE o1f 0 jo = id

FO) In particular, JE o i},

is injective on ](]((Fc( ))0) It follows that 7r1| is injective.

o(EM)o)
Let a finite subset 9 C C and 5uc) > 0 satisfy the following condition:

for any 9&10) (1) w-multiplicative unital completely positive linear map L' : C —
A’ (for any umtal C*-algebra A’ with K;(A") = U(A")/Us(4")), (L')* can be

defined as a homomorphlsm on FV, dist((L)* (@), (L' (u)) )>) < 002/4 for all
uwe U, and ko (L (@) = [L'] o k§([u]) for all u € ult (see Since
FY ¢ J.(K1(C)), and J.(K1(C))NUy(C)/CU(C) only contains the unit 1 and

since (L) is a homomorphism on FY | we have (L')i(Fc(l) NUL(C)/CU(C)) =
1ar € Up(A')/CU(A’). Moreover, we may also assume that, if [L']| A
kY (Fe

[aH,ﬁc(F*(l)), and if u € uc {, then

(e21.63) dist((L' (u))*, CU(A)) < o /4,

where 1 < k < kg is the order of a([u]) (this is another difference from the the
proof of [21.9). Put gV = M U glY and 681 = min{sl?, 51

Recall that both A and C are in B,,g. By Theorem there is a 9&1)+—5£1)+
-multiplicative contractive completely positive linear map L, : C — A such that

(621.64) [L1]|1P£1) = a|iP(C1) and
(e21.65) |7 o Ly (f) — v(7)(f)| < a§13/4 for all f e H for all 7€ T(A).

Choosing 9C L+ large enough and 5 * small enough one may assume that Li

is a homomorphism defined on (F¢ FO ) (see . We may further assume that
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dist(LE (@), (L1 (w))) < 082)/8 for all u € UM and ko LY = [Ly] o k§ on (Fc(l)).

C

Since « is injective, we may assume that L{\W is injective as K
c 0

wC((FEY)o)
is injective on J.(K;(C)).
Moreover, if 1 < k(< ko) is the order of a([u]), we may also assume (see

(e21.12))) that
(€21.66) dist((L1 (u))*,CU(A)) < o'3/4 for all such u e ULY.

Furthermore, we may assume that there exists a finite subset 9&12 C C,, such

that 1, (54%,) = GV

We now construct Lo. We will continue to apply the part (a) of Theorem
Let 6% > 0 (in place of 4), ®cce (in place of 9), agl),ofz) > 0 (in
place of o1 and o9), PP K(C) (in place of P), u® c U(C)/CU(C) (in place
of U), and HP c Cua (in place of ) be as provided by the part (a) of Theorem
for C (in place of A), €2 (in place of ¢), and Gz (in place of F). We may
assume that uf) C U(C) is a finite subset. We may also assume, without loss
of generality, that (5£2) < (5£1)+/2, Sng C 99 and

(e21.67) u cul®.

By Remark we may assume that U C JY(K1(C)) and there exists an
integer ny > ng such that u® c tm (U(Cy)) for all m > max{ny,n} > ng. We
may also assume, without loss of generality, that 92” C 99, 3’((;1) UPe2 C iPEQ),
u ¢ u?), HP U H(c,2) C 9—(9, and 62 < 68V We may further assume that
P2 Lm(Tﬁf,Z) for some finite subset :szc) of K(Cy,), and HP ¢ Lm(ﬂ{gg) for
some finite subset 9{,(;22 of Cy, (for all m > max{ni,n}).

Let Fc(z) be the subgroup generated by Ug).iVVithout loss of generality,
to simplify notation, we may assume that /if(Fc(z)) is the same as the sub-
group generated by P N K,(C). Put Kﬁ) = ISJ?(FC(Z)). Write a(Kﬁ)) =
Ko caf5 ® Tor(oz(Kf?)), where Ky .4, ¢ is free abelian. There is an injective
ﬁ) ((12) = idKQ’C’M. We may
write Kﬁ) = j((f)(KQ’C,a,f) ® K§227 where K2(20) is the preimage of Tor(a(Kfc)))

under a. Recall that we assumed that F'°) C JE(K1(C)). Therefore F® =
TEELD) = IE (o Kaear) @ IE(52). Put (B )o = JE (jo(Kaeap)): this

c

homomorphism j((f) : Ko a5 — Ky, such that aoj

group is free abelian. Without loss of generality (choosing a smaller (5£2)), we
may assume that

(e21.68) u® =uluu?,

)
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where ufg generates (Fc(2))0 and U£21) generates JC (K (2)) (then the condition
|D should be changed to the condition that UM be contained in the sub-
group generated by u?), which also implies Fc(l) C Fc(2)). Let ko be an integer
such that 2% = 0 for all x € Tor(a(K{}c))).

Let a finite subset 97(120) C C and (5(2) > 0 satisfy the following condition: for
any 9226) 5(2) multiplicative unital completely positive linear map L' : C — A’
(for any unital C*-algebra A’ with K;(A’) = U(A")/Uo(A")), (L')* can be defined

as a homomorphism on F\», dist((L) (@), (L' (u))) < min{at(lli, £22) /12 for
all w € UP', (L) ED N Uo(C)/CU(C))=Tar € Ug(A')/CU(A), and #f o

(LY @) = [L'] o k¥ ([u]) for all u € u® (see 2.17). Moreover, we may also
assume that, if [L’]\KIC(EQ)) = [a]|n§(ﬁ(2>)’

(€21.69)  dist((L'(w))*, CU(A")) < 013 /4 for all ue U

where k is the order of a([u]) (see Definition [2.17).

There are a finite subset Gy C C and a positive number g > 0 such that,
for any two Gop-dp-multiplicative unital completely positive linear maps LY, LY :
C — A, if

LY (c) — L5 (c)|| < &o for all ¢ € Go,

then
(L]l p@ = [L5]]pe and
70 LY (h) — 70 L(h)| < min{o?),0{)}/12 for all h e HP for all 7€ T(A).
Put 2% = 5 U SR UGy and 62T = min{s?), 6%, 5,0 /87} /8.

Since (Fc( ))0 is free abelian, there exists an injective homomorphism 7j; :
(FC(Q))O — JE (K1(Cy,)) such that JE oik 0y = id

. In particular, JE o},
) -

(FP)o

is injective on jl((Fc(Q)) ). It follows that mq] is injective. Let v

A ((FP)0)
U(Cy,) be a finite subset such that Lm(Vc(z)) = ufg and V% jl((Fc(l))o).
To simplify notatlon without loss of generality, let us assume that there exists
a finite subset 9c ¢ C Oy, for bome m > ny such that Lm( ) =gt ux®.
Let M. = max{||g| : g € gAF or g€ SC,C)}. Note, since C,,, and C are both
amenable, there exists a unital completely positive linear map Lgo : C — Cp,

such that for all g € 99”

(€21.70) [em © Lo2(g) — gll < 6% /8(M, + 1)
and for all c € 9&20) U \7?) U anm(\?g))

(e21.71) | Log 0 tm(c) — || < 62F/8(M, + 1.
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Then Lo 5 is §$2 -6 /4-multiplicative. Let kS : U(Cy)/CU(C) = K1(Cra)

be the quotient map. We may then assume that Li 0.2 1s defined on W and in-

jective on @, and that dist([%g( ), ) < mln{oc 1,0, 1}/12 for all u € UL
Note that J& o uf, ol = J& o} is injective on jo((Fc( ))0). It follows

that ¢}, is injective on jo((Fc(l))o). Also, (m1)]

m is injective. Let

hom Go(FE)0))

B' = (k)" be defined on i, ,,, (jo(FL)o)).
Let 0 > 0, 8/, > 0 (in place of 0) and the finite subset G/, C C,, (in place of G)
be as provided by Lemma with respect to af% /167 (in place of €), Cy, (in

place of C), A (in place of B), V.2 (in place of U), ¢ m(]o((Fc(l))o) (in place of
F), and Lf o1} o' (in place of a). By Theorem [14.10| and Remark [14.11} as
in the decomposition in (e 21.25)) of ¢, in the proof of Theorem one may

. 0 1 7 - . . 0 .
write ¢y, = zgn) &) zgn), where 15 is a homomorphism (i = 0,1), %  has finite
. . 0) . .
dimensional range, and zgn) is non-zero on each non-zero direct summand of C,,.
Moreover,

(€21.72) 7D (1¢,,)) < minf{o, 0, o'} /12 for all 7€ T(C).

Let E’ be a finite set of generators (in the unit ball) of the finite dimensional
C*-subalgebra zSS’(Cm). Then

(21.73) oo == inf{7((e)*¢') : ' € E', 7 € T(C)} > 0.

Put P = 1P U <I>1(9'C((11)) U{a*a:a € E'}.

Recall that both A and C' are in class B,o. By Theorem for any finite
subset §” D 9£2)+ and 0 < 0" < 6§2)+, there is a G”-6” -multiplicative map
LY : C — A such that

(e21.74) [Lallpe = alpe
and
(e21.75) 70 L5(f) =1 (1)) < min{o, 000, 077, 0111/12

for all f € U'C£2)+

and for all 7 € T'(A), where §” C C'is a finite subset and §” > 0. We may choose
that
G" 5 G0 UGPT Uip(Ge) and 6" < min{dy, 62+, 6"} /2.

Fix any finite subset SCm C Cp, and any 0 < 5((]2) < min{ogg, do}/2. We

may assume that E' C 252)( §2m) Since every finite dimensional C*-algebra
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. . 0 . . . . . .
is semiprojective, z&n)(Cm) is finite dimensional, and since L} is chosen after

C), is chosen, with sufficiently large §” and small ¢, we may assume, without
loss of generality, that there exists a homomorphism hg : Cp,, — A with finite
dimensional range such that

(21.76) lho(g) — Ly 0 1l9 (g)|| < 652 for all g € G2)

c,m?

(e21.77) (1 ~ ho(le, ) Lh 0o (9) (L — ho(lc,)) — Ly 0183 (9)]] < &5
for all g € 9&2% and

(€21.78) T(ho(1c,,)) < min{a/2,a$£/3,afﬁ/3} for all 7€ T(A).

Let Iy, : Cpy = (1 — ho(1le,,))A(1 — ho(1c,,)) be defined by

Im(c) = (1 —ho(le, LYo zg)(g)(l —ho(1lg,,)) for all c € Cp,.

One may assume that (L})* is a homomorphism defined on (Fp@) (see .
We may also assume that dist((L5)* (@), (L5)(u))) < Ug,zg)/S for all u € U,

A — c (@ g
and s o (L4)* = [L] o k§ on (F.”). Since a‘ﬁf(ﬂ)
c

assume that (Lg)ﬂw is injective as kY is injective on J.(K1(C)). Moreover,
c 0
if 1 < k(< ko) is the order of a([u]), we may also assume (see (e21.12))) that

is injective, we may

(€21.79)  dist((Lj(u))*, CU(A)) < o) /4 for all ue UL).

Since m is now fixed and v is a homeomorphism, by (e21.74)), (e 21.76)), and

(e21.73)), we may assume that L} is injective on z,(ﬁ)(cm). Since 14 is non-zero
on each direct summand of C,,, by (e21.76)), (e21.76), and (e21.73), we may
also assume that hg is non-zero on each direct summand of C,,.

Choosing sufficiently large §” and small 6”, we may assume that

(L 0 ty)* and (lﬁé))i are defined on a subgroup of U(C,,)/CU(C,,) containing
hom(@o(FP)0)). molihmGo(F)0)), mU(Cn)/CU(C)),  and
m2(U(Cyn)/CU(Cyy)). Moreover, for all u € Ln,m(\?((:)lg),

(e21.80) dist((L} 0 1) (@), (Lh © 1y (u))) < 05 /4 and
(e21.81) dist (1, (u)), (L (w))) < 0 /4.

Then, by Lemma [21.5| (with L} o1, in place of ¢, and L} o L%) in place of 1),
there is a homomorphism v : Cy, — ey Aeg, where e = ho(1¢,,), such that

(i) [too] = [o] in KK (Chn, A), and
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(ii) for any u € Lfl,m(\?glg), one has
(e21.82) (L} o}, 0 /()™ (o @ U))@)) = Tu

for some g, € Up(C') with cel(g,) < U&%/Gélﬂr.
Define LY = (1o @ 1},) 0 Lo : C — A and (L§)* = (b @ I%))" o L} . Then

[L3]lpe = [La][ 5@ - Therefore
(e 21.83) [LIQ/H?g) = a|fP(02)'

We also have from 1|e 21.74|) and 1|5 21.77|)

(c21.84) |7(L(f)) = v(r)(f) < min{o, 0T }/3 for all f e H.

For u € US&, write u = ,,(v) for some v € \79), Then, by (e21.71),

(e21.85) L@ = Li(n(0) = LI 0 8/ (mm(0)) and
(€21.86)  Li(u) = (o & 15)) (Lao(w)) = (o & 15)) (L2,0(tm © tn,m (v)))
%asg/lﬁﬂ— (,(/)O @ lrln)(bn,m(v))'

It follows from (je 21.82)) that, on the one hand, for u € US&,

(e21.87) dist(LL (@), (LY)* (@) < o'

On the other hand, for u € UL, by (e 21.66) and (e 21.69), there exists h €

c,1

Ayq with |[]] < 63 /2 such that

((L1(w)*)*(Lg (w)) " (exp(2mh/k))" € CU(A).

Note that [L1(u)] = [LY(u)] for u € UM, Then, since Up(A)/CU(A) is torsion
free (see Corollary [L1.7)),

((La(u))" (L3 (w)) (exp(2mh/k)) € CU(A).
Then, for v € Ug’ll),

(e21.88) dist(L} (@), (LY)* (@) < o'

Now, combining (e 21.64)), (e21.65)), (e21.83), (e21.84)), (e21.87), and (e 21.88),
applying Theorem we have a unitary u € A such that

(€21.89) |[Aduo LY (c) — Li(c)|| < 1 for all ¢ € F.
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Put Ly = Adwu o LY. We obtain the diagram

id
—

Q

L1 Lo

b Q
AP

—
id

which is approximately commutative on G; to within ;. Note that, by (e 21.83)),

we have
(e 21.90) [LgHng) = 04|€P£2),
(€21.91) I7(La(f)) = A1) (f)] < 03)/3 for all feHP.

We also have that the restriction 7| (FP0) is injective. By the choice of 9&2”,
Ji c )o
6§2)+, US&, and uf{, this process can continue.

Repeating this argument, one obtains the following approximate intertwining

diagram:

id id id
C
Ly l
A

C C C
L |-
A A : A

where
[lida © Ly (g9) — Lpt1 0ide(g)]| < g2n—1 for all g€ G,, n=1,2,....

Moreover, [Ln]|?gn) = alym and [7(Ln(f)) — ~(T)(f)] < US?/S for all f €

J—an). By the choices of G,, and F,, and the fact that ZZOZI €n < 00, the standard
Elliott approximate intertwining argument (Theorem 2.1 of [30]) applies, and
shows that there is a homomorphism ¢ : C' — A such that [p] = a and 7(p(f)) =

O

Y(7)(f) for all f € A,,. and T € T(C).
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