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Abstract. For an operator D a potential Q is null isospectral if
Spec(D +Q) = Spec(D). In this paper we study bundle maps Q on a ho-
mogeneous vector bundle over a homogeneous space that are null isospectral
potentials for a large class of invariant operators D, including elliptic self-

adjoint differential operators. This result includes and generalizes previous
results where D is the Laplace operator and Q is a complex valued function
rather than a bundle map. To illustrate these results we give the examples

of the Laplace and Dirac operators on S1.

Résumé. Soit ∆ l’opérateur de Laplace sur une variété différentiable
homogène compacte. On sait qu’il existe des fonctions Q non-nulles à
valeurs complexes telles que ∆ et ∆ + Q ont le même spectre. Nous
montrons ici que ce résultat s’étend largement. Si D désigne un opérateur

elliptique invariant et auto-adjoint opérant sur les fonctions à valeurs dans
un fibré vectoriel complexe homogène E il exist des fonctions Q non-nulles
à valeurs dans le fibré End(E) telles que D et D +Q ont le même spectre.

Les fonctions Q possibles se laissent calculer facilement dans le cas de S1

et l’opérateur de Dirac.

1. Introduction. Let M be a homogeneous space for a compact semi-simple
Lie group G and E a homogeneous vector bundle over M , with fibre a complex
vector space. The purpose of this paper is to give conditions on a bundle mapQ ∈
L2

(

End(E)
)

so that D + Q and D are isospectral for all suitable homogeneous
operators D on E, in particular for all self-adjoint elliptic operators.

If E is such a homogeneous bundle over G/H let L2
(

End(E)
)h

0
denote the

subspace of L2
(

End(E)
)

spanned by the highest weight vectors, excluding those
for trivial ones, for the action of G. The suitable operators are those satisfying
Condition 2.2, and are also homogeneous. This class includes elliptic self-adjoint
differential operators. Notice that if Q 6= 0 then D+Q is not homogeneous. The
main result is as follows.

Theorem 1.1. If Q ∈ L2
(

End(E)
)h

0
then Spec(D + Q) = Spec(D). For any

eigenvalue the eigenspaces may be generalized eigenspaces with those for D and

D +Q having the same dimension.
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The operator D + Q is not self-adjoint, but has a beautiful and complete
spectral theory (see [3]). One important difference from the self-adjoint case is
that we now have generalized eigenfunctions rather than ordinary ones.

Previously, in [4], the case of the Laplacian acting on complex valued functions
with a complex valued function as a potential was considered. In [2] the bundle
case was considered with a potential obtained from the group algebra. Both
of these isospectral results are special cases of the results in this paper. The
argument used in this paper closely follows that given by V. Guillemin and
A. Uribe in [4], while extending it to a significantly more general case.

The most natural operator to study after the Laplacian is, probably, the
Dirac operator. Using detailed results for the spectrum of the Dirac operator,
see [1], the result for the Laplacian was initially extended to the Dirac operator.
However, it was clear that the result held for a wider class of operators, and was
more properly viewed as depending on the bundle rather than the operator. The
potentials found here are null isospectral for all operators on the given bundle
that satisfy the conditions on the spectrum. Following the terminology of [4]

(with some misgivings on the part of the first author) we call L2
(

End(E)
)h

0
Fegan

potentials for E. In view of the example given in Section 4, for any particular
operator it is possible that the null isospectral potential for that operator forms
a larger class than is given here. However, such additional potential may well
not be null isospectral for all operators.

In Section 2 we summarize some well-known results on the tensor product of
representation spaces, and study the potentials on highest weight spaces. The

main result is for Q ∈ L2
(

End(E)
)h

0
.

Theorem 1.2. If Q ∈ L2
(

End(E)
)h

0
, then the highest weight space L2(E)h is

invariant under Q and Q is triangular on this space.

This is given as Lemma 2.3 and the terminology is explained in more detail.
Heuristically, using a basis of invariant sections the operator D can be thought
of as represented by a diagonal infinite matrix and Q by an upper triangular
matrix.

The passage from the highest weight spaces to the whole bundle is carried out
in Section 3. In addition to showing the eigenvalues are the same, we also show
that so are their multiplicities.

In Section 4 we consider the special case when M = G and the bundle E is
given by a unitary representation π : G → Aut(E) on a complex vector space. We

can identify some elements of L2
(

End(E)
)h

0
. Let L2(G)σ denote a subspace of

functions with suitably large highest weights, with the details given in Section 4.

Theorem 1.3. If Q =
∑

qiTi ∈ L2(G)σ ⊗ End(E), with the sum over i ∈ N,

then Spec(D +Q) = Spec(D), and the eigenspaces have the same dimension.

Following this result we conclude with the example of the Dirac operator
on S1, where the bundle map Q is in fact just a complex valued function q.
In [4] the example of the Laplacian on S1 was computed explicitly, using the
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elementary theory of “regular singular points”. A similar calculation is given,
but for the Dirac operator it uses the even more elementary method of separation
of variables. However, the results are strikingly different. For the Laplacian,
Spec(∆+q) = Spec(∆) if and only if q is either a Fegan potential or its conjugate.
For the Dirac operator, Spec(D + q) = Spec(D) if the function q has integer
constant term in its Laurent expansion. Thus the Dirac operator has a larger
class of null isospecral potentials than the Laplacian. While the inverse problem
is understood for these operators on S1, it is still open on other spaces.

2. Operators on highest weight spaces. Let Vλ and Vµ be irreducible
representations of a semi-simple compact group G with highest weights λ and µ.
Let β be the weights of Vλ with weight vectors vβ , and α be the weights of
Vµ with weight vectors vα. Here each weight is repeated as many times as its
multiplicity and the weight vectors are chosen to be a basis for the weight space,
so for repeated weights they are the various distinct elements of this basis.

The tensor product decomposes into a sum of irreducible representations:
Vλ ⊗ Vµ =

∑

ν m(λ ⊗ µ, ν)Vν , where m(λ ⊗ µ, ν) is the multiplicity of the rep-
resentation with highest weight ν in the tensor product Vλ ⊗ Vµ. The weight
vectors are vβ ⊗ vα with weight β+α. The problem is to identify which of these
are highest weight vectors of irreducible representations. This was done implic-
itly in [5] and explicitly in [6]. The complete solution involves some delicate
combinatorial considerations and the reader is referred to the references for the
details. However, there are some statements that are fairly easy to see.

Let mτ (σ) be the multiplicity of the weight σ in the irreducible representation
with highest weight τ . The highest weights of the irreducible representations in
the sum are all of the form ν = λ + α, and the highest weight vectors are
vν = vλ +α = vλ ⊗ vα. Note that in the first summand, λ, is the highest weight
and the first factor, vλ, is the highest weight vector of Vλ. This does not say
that all weights of this form are highest weights of representations in the sum.
However, in the special case when λ+α is dominant for λ, the highest weight of
Vλ and all weights α of Vµ, then all of these do in fact occur, and furthermore
m(λ⊗ µ, λ+ α) = mµ(α).

If λ is sufficiently near to the walls of the Weyl chamber, λ+α is not dominant
for all α and not all of them occur. Obviously, if λ+α is not dominant it cannot
occur, m(λ⊗µ, λ+α) = 0. However, some of the dominant λ+α may not occur
owing to a “cancellation” with a nondominant weight. Thus m(λ⊗µ, λ+α) need
not equal mµ(α) and may even be zero. In all cases the weight λ+µ does occur
with multiplicity one and this representation has highest weight vector vλ ⊗ vµ.

Let H be a closed subgroup of the compact semi-simple group G, then M =
G/H is a homogeneous space. If π : H → Aut(E) is a representation on a
complex vector space E then construct the homogeneous bundle E = G ×H E
over M with fibre E. Denote the L2 sections of E by L2(E). The left action
of G on itself induces an action on L2(E) denoted by νs. Decompose the space
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of sections into isotypic components

(2.1) L2(E) =
∑

Eλ,

where each Eλ consists of multiple copies of the irreducible representation Vλ

with highest weight λ and is finite dimensional. The sum is an L2 Hilbert space
completion.

Definition 2.1. For any representation U of G, let Uh be the subspace of U
spanned by the highest weight vectors.

Condition 2.2. Require that the spectrum of D is discrete, with ±∞ as
the only accumulation points, and has finite dimensional generalized eigenspaces
that span a dense subset the space of sections L2(E).

Note that an elliptic self-adjoint differential operatorD satisfies this condition.
However, other operators, for example pseudodifferential, may also satisfy the
condition.

Let D be a homogeneous operator on E. Then D is equivariant under the
action of G and so each Eλ is invariant under D. Further the highest weight
spaces Eh

λ and L2(E)h are both invariant under D.

A potential on E is Q ∈ L2
(

End(E)
)

. Thus there is an operator D + Q on

L2(E). Restrict the choice of Q to Q ∈ L2
(

End(E)
)h

0
, that is Q is a highest

weight potential with no component in the trivial (λ = 0) representation space.

Lemma 2.3. If Q ∈ L2
(

End(E)
)h

0
, then

(a) Q
(

L2(E)h
)

⊂ L2(E)h, and
(b) Q(Eh

λ) ⊂
∑

µ>λ E
h
µ.

Proof. Decompose L2
(

End(E)
)h

0
=

∑

Uh
ξ into isotypic components. Then

Q =
∑

Qξ, where Qξ ∈ Uh
ξ . If s ∈ Eh

λ , then

(2.2) Q(s) ∈
∑

Uh
ξ ⊗ Eh

λ .

By the results on the tensor product of representation spaces summarized earlier
in this section, we have V h

ξ ⊗ V h
λ ⊂ V h

ξ+λ. Thus Q(s) ∈
∑

V h
ξ+λ, where the

terms are repeated as many times as the multiplicities require. This proves (a).
Further, setting µ = ξ + λ gives Q(Eh

λ) ⊂
∑

Eh
µ for µ > λ, proving (b). �

Remark 2.4. Part (a) states that Q preserves the highest weight spaces. Part
(b) states that Q increases the weight of the representation space when applied
to a section. Notice that the range of the summation in (b) is over µ strictly
greater than λ. This property is referred to as “Q is triangular”.
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3. Spectra with potentials. The space L2(E)h is invariant under both D
and D + Q. Since D is self-adjoint it has a complete and well-known spectral
theory: the eigenvalues of D are real and discrete, and the eigenvectors span a
dense subset of L2(E)h and the eigenspaces are finite dimensional. Further, the
eigenvectors are ordinary eigenvectors, that is Ds = αs. The operator D +Q is
not self-adjoint but still has a complete spectral theory. This is given in [3]. In
the present case the result, found in chapter V, section 10, is as follows.

Proposition 3.1. If D satisfies Condition 2.2, then
(a) The spectrum of D+Q is discrete and only has ±∞ as points of accumulation.

(b) For every ε > 0, all but finitely many eigenvalues, β, lie in the sectors

−ε < arg β < ε and π − ε < arg β < π + ε.
(c) For an eigenvalue β, the generalized eigenspace is finite dimensional. The

generalized eigenspace is the set of all sections s such that (D+Q−β)ks = 0
for some positive integer k.

(d) The generalized eigenspaces span a dense subset of L2(E)h.

Remark 3.2. This is stated for operators on L2(E)h; it also holds for operators
on L2(E).

Theorem 3.3. Spec(D +Q) ⊂ Spec(D) on L2(E)h.

Proof. Let s be an eigensection for D+Q with eigenvalue β. Now using the
decomposition of L2(E)h =

∑

Eh
λ we can write s as a sum of components

(3.1) s =
∑

sλ.

Call the lowest weights in equation (3.1) the “lowest highest weights”, using
the partial ordering µ > λ if and only if µ−λ is positive. Applying D+Q to sλ,
and noting that sλ is an eigensection of D, gives

(3.2) (D +Q)sλ = Dsλ +
∑

µ>λ

aµsµ = αλsλ +
∑

µ>λ

aµsµ,

where αλ is the relevant eigenvalue of D. Now (D + Q)s = βs, so by the
uniqueness of the expansion β = αλ for all αλ occurring. Thus only one αλ occurs
in the sum of lowest highest weights and the spectrum of D +Q is contained in
that of D. �

It is clear from this proof that if sβ is an eigensection for D +Q, with corre-
sponding eigenvalue β, then there is an expansion sβ =

∑

sλ, then all the terms
with a lowest highest weight are eigensections of D for the same eigenvalue, β.

Theorem 3.4. Spec(D) ⊂ Spec(D +Q).

Proof. Let α be an eigenvalue of D. Then by construction there is a corre-
sponding eigensection sλ. Since the eigensections of D + Q span L2(E)h, this
can be written as an expansion sλ =

∑

sβ .
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Consider the lowest highest weight terms of each sβ , then by the uniqueness
of the series (and the fact that the action of Q increases weights) one of these
is sλ. As in the proof of the previous theorem, it follows that β = α for one of
the β and so α is an eigenvalue of D +Q. �

Since the group G acts on L2(E) so does the Lie algebra g: if X ∈ g then
ν(X) is the action on L2(E). The complexification of g is gC = g+ ig and, since
E is complex, this action extends to one by the complexification:

(3.3) ν(X + iY )s = ν(X)s+ iν(Y )s.

A homogeneous operator D commutes with the action of G, and hence with the
actions of both g and gC. Let n ⊂ gC be the nilpotent part of the complexification,
then u ∈ L2(G)h if and only if ν(X)u = 0 for all X ∈ n. Since L2

(

End(E)
)

=
L2(G)⊗H End(E), this remark generalizes.

Proposition 3.5. An element u ∈ L2
(

End(E)
)h

if and only if ν(X)u = 0 for

all X ∈ n.

Lemma 3.6. For Q ∈ L2
(

End(E)
)h

0
, D+Q commutes with the action of n by ν.

Proof. As observed above D commutes with this action, so it only remains
to show that Q also commutes. Let s =

∑

sλ and Q =
∑

Qξ. If X ∈ n, then
ν(X)Qξ = 0 since Qξ ∈ V h

ξ . Then for X ∈ n, we calculate:

ν(X)(Qs) = ν(X)
(

∑

Qξs
)

=
∑

(

ν(X)Qξ

)

s+
∑

Qξν(X)s

=
∑

Qξν(X)s

= Q
(

ν(X)s
)

.

(3.4)

A key step in passing from L2(E)h to L2(E) is the next lemma. �

Lemma 3.7. If s ∈ L2(E) is a common eigensection of ν(X) for all X ∈ n,

then s ∈ L2(E)h.

Proof. Since X ∈ n is nilpotent, any eigenvalue of ν(X) is 0. The result now
follows from Proposition 3.5. �

Now to complete the passage from L2(E)h to L2(E).

Theorem 3.8. Spec(D +Q) = Spec(D) on L2(E).

Proof. Let β be an eigenvalue for D + Q on L2(E) with corresponding
eigenspace Eβ . Since D + Q commutes with νs(X) for all X ∈ n, Eβ is an
invariant space of n. By Lie’s theorem, Eβ has a common eigenvector sβ and,
by the last lemma, sβ ∈ L2(E)h. Thus β is an eigenvalue of D + Q on L2(E)h

and hence an eigenvalue of D, since Spec(D +Q) = Spec(D) on L2(E)h, by an
earlier result. The reverse inclusion of spectra follows similarly. �
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Following the argument of [4], let B be an operator on a Hilbert space H, hav-
ing a discrete spectrum with ±∞ as the only accumulation points and such that
the generalized eigenvectors span H. Let β be an eigenvalue with corresponding
generalized eigenspace Hβ , which is required to be finite dimensional. Since the
generalized eigenspaces of B span H, pick an orthonormal basis {x} of eigenvec-
tors. Define an operator PΓ : H → H by PΓu = 1

2πi

∫

Γ
(z−B)−1u dz, where Γ is a

simple closed curve in the complex plane traced in an anticlockwise direction such
that no eigenvalue of B lies on it. The trace of PΓ is tr(PΓ) =

∑

〈PΓx, x〉 with the
sum over all x in the basis. For x ∈ Hβ of unit length, 〈(z−B)−1x, x〉 = (z−β)−1.
Thus tr(PΓ) = 1

2πi

∑

β

∫

Γ
1

(z−β) dz, so by Cauchy’s integral formula tr(PΓ) is

the sum of the dimensions of the eigenspaces,
∑

dim(Hβ), for all β inside the
curve Γ. This also shows that PΓ is of trace class since this sum is over a finite
set of eigenvalues.

Apply this to each member of the family of operators Bt = D+ tQ, where D
and Q are as in the previous sections. Let β be an eigenvalue of D and let 2r be
the distance from β to its closest neighbouring eigenvalue. Since Spec(D+tQ) =
Spec(D), β is an eigenvalue of Bt for all t. Let Γ be the circle centred at β
with radius r. Then, for all t, none of the eigenvalues of Bt lie on Γ and the
only eigenvalue inside Γ is β. Define Pt by Ptx = 1

2πi

∫

Γ
(z − Bt)

−1x dz; then
tr(Pt) is the multiplicity of the eigenvalue β for the operator Bt. Now tr(Pt) is
continuous in t and integer valued, so it is constant and the multiplicities of β
as an eigenvalue of both D and D +Q are the same.

Theorem 3.9. The dimensions of the eigenspaces are equal: dim
(

Eβ(D+Q)
)

=

dim
(

Eβ(D)
)

.

4. The group case. In this section we consider the special case of M = G
and E is a representation space of G. The bundle E is trivial and so E = G×E
and L2

(

End(E)
)

= L2(G)⊗ End(E). Thus a potential decomposes as

(4.1) Q =
∑

qiTi,

where the qi are functions on G, Ti ∈ End(E), and the sum over i ∈ N converges
in the L2 sense. We introduce the following definition.

Definition 4.1.
(a) A weight µ dominates a weight λ if µ− λ is a dominant weight, and strictly

dominates if µ− λ is a non-zero dominant weight.
(b) A weight µ dominates (respectively strictly dominates) a representation E

if µ dominates (strictly dominates) every weight of E.

Remark. This is a partial ordering different from the usual partial ordering.
Usually it is required that µ− λ be positive for µ > λ, a less restrictive ordering
than that µ−λ be dominant. If µ dominates λ then µ > λ in the usual sense, but
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the converse need not hold. In the proof of Lemma 2.3 (b), we actually proved
that Q(Eh

λ) ⊂
∑

Eh
µ with the sum over µ dominating λ, but we make no use of

this stronger condition.

Definition 4.2. For a representation space E, let L2(G)σ be the span of the
highest weight vectors for those weights that strictly dominate E.

Theorem 4.3. If qi ∈ L2(G)σ and Q =
∑

qiTi, then Q ∈ L2
(

End(E)
)h

0
.

Proof. If µ strictly dominates λ then

(4.2) V h
µ ⊗ Vλ ⊂

∑

V h
µ+α,

where the sum is over all weights α of Vλ. This follows from the well-known
results on tensor products of representations summarized in Section 2. The
theorem is now immediate. �

Corollary 4.4. If qi ∈ L2(G)σ, then Spec(D +
∑

qiTi) = Spec(D), and the

eigenspaces have the same dimension.

Let C[G] = {
∑

αXX : X ∈ G only finitely many αX 6= 0} be the group
algebra of G. Then if π : G → Aut(E), the linear maps Ti are given by Ti = π(xi)
for some xi ∈ C[G]. Consider potentials of the form

(4.3) Q(x) =
∑

λ∈Λ,k∈K

〈πλ(x)vλ, uλk〉π(x
k),

here vλ is the highest weight vector of Vλ (the irreducible representation with
highest weight λ), uλk is a vector in Vλ, Λ is the set of dominant weights, and
K is a finite set of integers. Then Theorem 4.3 yields.

Theorem 4.5. If λ dominates kτ for all λ and k occurring in equation (4.3)

and all highest weights τ of E, then Q ∈ L2
(

End(E)
)h

0
.

Proof. The condition λ dominates kτ implies that highest weights of Q dom-
inate E, and vλ being a highest weight gives that Q is a sum of highest weight
vectors. Notice that E need not be irreducible and so the highest weight vectors,
τ , of E need not be unique. �

This is a generalization of [2, Theorem 1.1] since the sum needs only be L2

convergent rather than finite.
To illustrate, let G = S1 and use the coordinate z = eiθ regarding S1

as the unit circle in the complex plane. The spin representation is the triv-
ial action of S1 on C, the spin bundle is the trivial one dimensional bundle
S = S1 × C, and the spinors are just complex valued functions. The Dirac
operator is D = 1

i
d
dθ

= z d
dz
, which has eigenvalues n ∈ Z, with multiplicity 1

and corresponding eigenfunctions zn = einθ. The potential is then a function
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Q = q =
∑

n≥1 ane
inθ =

∑

n≥1 anz
n. To find the eigenvalues of D + q, it is

necessary to solve the equation Df + qf = λf . This is the first order ordinary
differential equation z df

dz
= (λ − q)f , which is solved by separating the vari-

ables. Let p = q
z
=

∑

n≥1 anz
n−1 . This is an analytic function with an integral

P =
∫

p dz =
∑

n≥1
anz

n

n
. Set R = ce−P , for c a constant, then the solution of

the equation is f = Rzλ = czλe−
∫

q

z
dz. Since f and q are analytic functions,

it follows that λ = n ∈ Z. Thus the eigenvalues of D + q are the integers, each
with multiplicity 1, that is, Spec(D) = Spec(D + q).

The condition that the Fourier series of q only contains positive powers of eiθ

ensures the regularity of R. It is clear that this is too strong a condition. The
same result holds providing the constant term in the Laurent series of q is an
integer, and fails if q has a noninteger constant term. This is rather different
from the case of the Laplacian on S1, see [4], when the potential q does not
change the spectrum if the Laurent series of q consists of only positive powers or
only negative powers, but fails if there are both positive and negative powers.

References

1. H. D. Fegan and Brian Steer, Spectral Symmetry of the Dirac Operator in the Presence
of a Group Action. Trans. Amer. Math. Soc. 335 (1993), 631–647.

2. H. D. Fegan, Homogeneous Bundles and Universal Potentials. Canad. Math. Bull. 29
(1986), 398–405.

3. I. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators. Trans. Math. Monographs 18, American Mathematical Society, Providence,
RI, 1969

4. V. Guillemin and A. Uribe, Spectral Properties of a Certain Class of Complex
Potentials. Trans. Amer. Math. Soc. 279 (1983), 759–771.

5. B. Kostant, A Formula for the Multiplicity of a Weight. Trans. Amer. Math. Soc. 93
(1959), 53–73.

6. R. Steinberg, A General Clebsch–Gordan Theorem. Bull. Amer. Math. Soc. 67 (1961),
406–407.

Department of Mathematics, Lehigh University, Bethlehem, PA 18015, USA
e-mail: hdf3@lehigh.edu

Mathematical Institute, 24–29 St Giles, Oxford OX1 3LB, England
e-mail: Brian.Steer@maths.ox.ac.uk


