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GENERALIZING STEIN’S LEMMA
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ABSTRACT. We generalize Stein’s lemma. That is, we do not assume
a specific probability distribution. We also provide new additional results
for the covariance and the variance.

RESUME. Nous généralisons le lemme de Stein. Autrement dit, nous ne
supposons pas une distribution de probabilité spécifique. Nous fournissons
également de nouveaux résultats supplémentaires pour la covariance et la
variance.

1. Introduction Stein’s lemma is a very useful result that is widely used
in many applications (see, for example, Alghalith (2017) and Shushi (2018). In
1973 Charles Stein presented the following identity, known as Stein’s Lemma,
under the assumption of the normality of X

Ef (X)(X — ux) =% Ef (X),

where px is the mean of X and ox is its standard deviation (assuming E f’ (X)
exists).

There were some generalizations of the lemma. For example, Hudson (1978)
obtained this identity for exponential distributions. Landsman (2006) and
Landsman et al. (2015) generalized the identity to elliptical distributions. Ad-
cock (2014) generalized it to the multivariate extended skew-t distribution.
Shushi (2018) assumed truncated elliptical random vectors. Adcock et al. (2019)
introduced a lemma for generalized skew-elliptical random vectors.

In this note, we generalize and extend Stein’s lemma. That is, we do not
assume any probability distribution. Furthermore, we provide new additional
results for the covariance and the variance. These results are as important and
useful as Stein’s lemma.

2. The Method

Theorem. For a differentiable function f(x) and two random variables X
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andY (where p # 0 is the arithmetic mean as a simple average of f' (X) defined
below; we also assume all the moments exist)

(i) Var (f (X)) = p?Var (X)

(i) Cov (f (X),Y) = uCov (X, V)

(#4i) Cov (f (X),X) = uVar (X)

(i) Bf (X)(X — EX) = pVar (X).

ProOoOF. First, we obtain a Taylor’s expansion of the derivative of the function
to be evaluated

(1) fwi) = f"(¢) + R(i,c),

where R is the remainder (error), and x; is an outcome. Thus
(2) R(xic) = f'(2:) = [/ (o).

There is a constant ¢* that minimizes the sum of the errors, as follows

Mcin Zl R? (x4, ¢)
We can show that the second order condition holds. The first-order condition is
(3) —2f" (c*)z R (x4, ¢* _0=>Z (zi,¢") = 0.
The first-order condition implies that

!
@ pley =2l

n
where n is the number of outcomes; so that, for a large n, p is the arithmetic mean
(simple average) of f’ (x;) (i is a constant). For a continuous random variable,
the simple average is the midpoint of the interval of the outcomes [z, 2,,], thus
the simple average is *=5*:. We note that for asymmetrical distributions the
arithmetic mean and the expected value are not generally equal. For symmetric
distributions, both the simple average and expected value are the midpoint of
the interval of outcomes (graphically the midpoint of the horizontal axis). For
example, under a normal distribution, both the expected value and the simple
average is the midpoint of the interval (—oo, +00) which is equal to zero. How-
ever, clearly, for asymmetrical distributions such as the log-normal distribution,
the expected value is not the midpoint (simple average) of the interval (0, +00) .

Now consider this Taylor’s expansion at the point of approximation c*

() fa)=f () + R(i, ") = p+ R(xic").

IThere is no loss of generality from assuming p # 0, since the results can be achieved by
a simple transformation of the function, such as ¢’ (X) = f/(X) + ¢, ¢ # 0. Then, the same
results will be obtained for f (X).
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Or equivalently,

(6) fi@)=p+R(x,c).

Integrating yields

(7) jf’ (u)du:judu+/$R(w,c*)du

since >, R (z;,¢*) = 0 (which implies that [ R (z,c*)du = 0); also [ f’ (u) du =

f(z)— f(a) and f,udu = p(x — a) . Therefore

(8) fx)=f(a)+pr—a).
Thus,
(9) fX)=F(a)+p(X —a),

since (8) holds for each outcome. Clearly, from (9)
Var (f (X)) = p2Var (X),
Cov (£ (X), X) = uVar (X),
Cov (f (X),Y)=puCov(X,Y),
Ef(X)(X — EX) = uVar (X).
O

ALTERNATIVE PROOF. Consider this Taylor’s expansion around an outcome
X

(10) FAX + ) — f (i) = f (25) dX,
Taking the summation yields

(11) > @X a) = f @) =) f (i) dX.

7

n 3 F (@)
We note that »_ f/ (z;) dX = Xoe S fi(wy) = | - (X—¢)=pu(X—-c¢

n

if/(l'i)
as n — 00, where c is a constant, the arithmetic mean of f"is yu = - as
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n — oco. Similarly, >, [f (dX + ;) — f (x;)] = W S 1 = f(X) — «, where

« is a constant. Thus (11) can be rewritten as
(12) fX)=a+p(X—q).

The results are directly derived from (12). O

In conclusion, the results are intuitive and they will be extremely useful in
many disciplines, since they express an arbitrary function in a linear form. For
example, the form of the value function (or the utility function) is usually un-
known; however, by using our results, the expected utility function can be ex-
pressed as EU (W) = a+ uEW, where W is the random wealth, « is a constant,
and p is defined as before, and Var (U) = p?Var (W). Our results also can be
conveniently used in non-linear regressions. In many cases, the functional form is
unknown or cumbersome. The regression equation can be conveniently linearized
using our method. Furthermore, our method can be used in optimization, since
it will enable us to obtain explicit optimal solutions by substituting our results
in the first-order condition.
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