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RENORMALIZATION OF Bi-cuBic CIRCLE MAPS

MICHAEL YAMPOLSKY
Presented by Pierre Milman, FRSC

ABSTRACT. We develop a renormalization theory for analytic homeo-
morphisms of the circle with two cubic critical points. We prove a renor-
malization hyperbolicity theorem. As a basis for the proofs, we develop
complex a priori bounds for multi-critical circle maps.

RESUME. On développe une théorie de renormalisation pour les
homéomorphismes analytiques du cercle & deux points critiques cubiques.
On démontre un théoreme d’hyperbolicité dans le cadre de renormalisa-
tion. Comme base des démonstrations, on développe des bornes complexes
a priori pour les applications du cercle dans lui-méme aux points critiques
multiples.

1. Imtroduction In this paper we develop a renormalization theory for an-
alytic critical circle maps with several critical points. The principal result is
a renormalization hyperbolicity theorem for bi-cubic circle maps, that is, ana-
lytic homeomorphisms of the circle with two critical points, both of which are
of cubic type. We construct periodic orbits for renormalization for such maps
(Theorem , and show (Theorem that these orbits are hyperbolic, with
two unstable directions.

The proof of Theorem [2.8] uses a new version of our complex a priori bounds
[14]. The proof of the bounds is of an independent importance, and we give it
for arbitrary multicritical circle maps, not just bi-cubic ones (Theorem [3.2]).

2. Preliminaries

2.1.  Multicritical circle maps and commuting pairs A multicritical circle map
f: T — Tis a C3-smooth homeomorphism of the circle T which has finitely
many critical points cg, ..., c; such that:

(2.1) f(x) = f(cj) = aj(xz — cj)qubj(ac), for z ~ ¢;,

where k; € 2Z + 1 and ¢; is a local C3-diffeomorphism. We will say that a
critical point described by the equation (2.1) has order k.
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The same definition becomes much simpler in the analytic category (C*): an
analytic multicritical circle map is an analytic homeomorphism of the circle with
at least one critical point.

A discussion of multicritical circle maps in the real setting has recently been
carried out in [6].

In what follows, we will always place one of the critical points of a multicritical
circle map at 0.

As discussed in some detail in |15], the space of critical circle maps is ill-
suited to define renormalization. The pioneering works on the subject (|11] and
[5]) circumvented this difficulty by replacing critical circle maps with different
objects:

DEFINITION 2.1. A C"-smooth (or C*) multicritical commuting pair ¢ = (1, )
consists of two C"-smooth (or C*¥) orientation preserving interval homeomor-
phisms 7 : I, = n(I,,), & : I¢ — &(I¢), where

1) I, = [0,£0), I = [n(0), 0]

(II) Both n and ¢ have homeomorphic extensions to interval neighborhoods V;,
Ve of their respective domains with the same degree of smoothness, that is
C" (or C¥), which commute, no & = £ on;

(III) & o n(0) € I;

(IV) each of the maps n and § has finitely many critical points in V,), V¢ respec-
tively, each of them of an odd integer order;

(V) the point 0 is a critical point for both 1 and &.

We note that the commutation condition (II) ensures that 7 and £ have the
same order of the critical point at 0.

Figure 1: A commuting pair

Given a multicritical commuting pair ¢ = (n,£) we can regard the interval
I = [n(0),£0n(0)] as a circle, identifying 1(0) and £ on(0) and define F : I — I
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by

B o ¢{(z) for x € [n(0),0]
(2.2) Fe= { Z(x) for € [0,571 n(0)]

The mapping £ extends to a C"- (or C*-) diffeomorphism of open neighborhoods
of n(0) and £ on(0). Using it as a local chart we turn the interval I into a closed
one-dimensional manifold M. Condition (II) above implies that the mapping F
projects to a well-defined C*-smooth homeomorphism F¢ : M — M. Identifying
M with the circle by a diffeomorphism ¢ : M — T we recover a multicritical
circle mapping

(2.3) fP=¢oF. 00t

The critical circle mappings corresponding to two different choices of ¢ are con-
jugated by a diffeomorphism, and thus we recovered a C"- (or C*) smooth
conjugacy class of circle mappings from a multicritical commuting pair.

2.2.  Commuting pairs and renormalization of critical circle maps The height
x(¢) of a multicritical commuting pair ¢ = (1, £) is equal to r, if

0 € [n"(£(0)), n" 1 (£(0))].

If no such r exists, we set x(¢) = oo, in this case the map n|I, has a fixed
point. For a pair ¢ with x(¢) = r < oo one verifies directly that the mappings
n|[0,77(£(0))] and 0" o £|I¢ again form a commuting pair.

Given a commuting pair ( = (n,£) we will denote by Z the pair (ﬁ\fn,afg)
where tilde means rescaling by a linear factor A = ﬁ
DEFINITION 2.2. We say that a real commuting pair ¢ = (n, §) is renormalizable
if x({) < co. The renormalization of a renormalizable commuting pair ¢ = (7, §)
is the commuting pair

—_~—

RC = (7 0 €I, 77][0, 77 (£(0))])-

The non-rescaled pair (7" o &|I¢,1|[0,17"(£(0))]) will be referred to as the pre-
renormalization pR¢ of the commuting pair ¢ = (17,€). Suppose {G}F=! is a
sequence of renormalizable pairs such that (; = ¢ and (; = pR{;—1. We call
(x = pR(;_1 the k-th pre-renormalization of (; and é; the k-th renormalization

of ¢ and write _
Gk = pRC, G = RC.

For a pair ¢ we define its rotation number p(¢) € [0,1] to be equal to the
continued fraction [rg,r1,...] where r; = x(R?¢). In this definition 1/cc is un-
derstood as 0, hence a rotation number is rational if and only if only finitely
many renormalizations of ¢ are defined; if x(¢) = oo, p(¢) = 0. Thus defined,
the rotation number of a commuting pair can be viewed as a rotation number in
the usual sense:
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PROPOSITION 2.1.  The rotation number of the mapping F¢ is equal to p(C).

There is an advantage in defining p(¢) using a sequence of heights, since it
removes the ambiguity in prescribing a continued fraction expansion to rational
rotation numbers in a dynamically natural way.

Let f be a multicritical circle map with a critical point at 0. Suppose that
the continued fraction of p(f) contains at least n + 1 terms; as usual, let px/qx
be the k-th convergent of p(f) for k <n+ 1, and let

I =10, f*(0)].

One obtains a multicritical commuting pair from the pair of maps
(fam+1|Ly, 9 |I,41) as follows. Let f be the lift of f to the real line satis-
fying f/(0) = 0, and 0 < f(0) < 1. For each m > 0 let I,,, C R denote the closed
interval adjacent to zero which projects down to the interval I,,,. Let 7 : R — R
denote the translation # — z + 1. Let n : I, = R, £ : I,,;1 — R be given
by n = 77Pm+t o fimit1 ¢ = 77Pm o f4m . Then the pair of maps (9|Ln, & Ini1)
forms a multicritical commuting pair corresponding to (f?+!|1,,, f%™|Iy+1).
Henceforth, we shall abuse notation and simply denote this commuting pair by

(2.4) (fImH L, [ [ Lpga)-

The m-th renormalization of f at the critical point 0 is the rescaled pair (2.4):

(2.5) (ftmst L, fOm [ Tg)-

G(m):{i}.

It is easy to verify that for a renormalizable pair

(2.6) P(RC) = G(p).

2.8.  Dynamical partitions and real a priori bounds Following the convention
introduced by Sullivan [12], we say that for an infinitely renormalizable mapping
f (or a pair ¢) a quantity is “beau” (which translates as “bounded and eventually
universally (bounded)”) if it is bounded for all renormalizations R™ f (R"¢), and
the bound becomes universal (that is, independent of the map) for n > ng for
some ng € N.

Denote G(x) the Gauss map

DEFINITION 2.3. Let f be a multicritical circle map which is at least n-times
renormalizable. The collection of intervals

(Pn(f) = {Inv f(In)v A fq”Jrlil(In)} ) {In+1; f(In+1)7 ey fqnil(]’n + 1)}

is called the n-th dynamical partition of f.
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The following standard fact is easy to verify:

PROPOSITION 2.2. The intervals of P, (f) are disjoint except at the endpoints.
Moreover, they cover the whole circle T.

Yoccoz [17] demonstrated:

THEOREM 2.3.  Suppose p(f) ¢ Q. Then

max |J| — 0.
Je?n(f) n—oo

This implies, in particular:

THEOREM 2.4. Suppose f is a muticritical circle map with p(f) ¢ Q. Then f
is topologically conjugate to the rigid rotation R,yy.

A stronger statement is also true [4]:

THEOREM 2.5. Suppose f has an irrational rotation number. Then the iterate
[\, decomposes as

fqn

Lnt1 = Y410 Prm © Uy O P10+ 011 0Py © Yo
where:

e m <[+ 1, wherel is the number of the non-zero critical points of f;
e pj is a power law p;(z) = 2%, b; € 2Z + 1;
e ; is an interval diffeomorphism with beau-bounded distortion.

Let ¢ be a conjugacy ¢o fop~! = R,(p)- As before, denote ¢o = 0,c1,...,¢
the critical points of f, listed in the counter-clockwise order. Let k; denote the
order of the critical point c;, and set

K(f) ={ko,..., ki}.

The points ¢(c;) divide the circle into [+1 arcs, let ag, a1, ..., a; be their lengths
listed in the counter-clockwise order, starting from the point ¢(0) and set

A(f) ={ao,...,a}.

We say that C(f) = (p(f), K(f), A(f)) is the marked combinatorial type of f. We
say that f and g have the same (unmarked) combinatorial type if C(f) = ocC(g),
where o is a cyclical permutation, and oC(g) = (p(f),cXK(g),0A(g)).
For a commuting pair ¢ with p(¢) ¢ Q we will defined the marked combina-
torial type
C(¢) = C(f?), where f? is given by 23),

and similarly for the unmarked combinatorial type.



62 MICHAEL YAMPOLSKY

To define the n-th dynamical partition P, (¢) for an n-times renormalizable
commuting pair ¢ = (n, &), we simply take the n-th dynamical partition of a map
f? as in (2.3), and pull it back to I, U I¢.

Both for multicritical circle maps and for commuting pairs we will denote by
P,, the set of boundary points of the n-th dynamical partition.

Theorem implies:

THEOREM 2.6. Suppose f has an irrational rotation number. Let Jy, Jo be
two adjacent intervals of the n-th dynamical partition P, (f). Then Jy, Jo are
K -commensurable where K = K (I, maxo<j<; k;) is beau.

2.4. Periodic renormalization types for bi-critical circle maps Let us now spe-
cialize to the case when the map f has only two critical points: 0 and ¢ with
orders ko and k; respectively. Suppose p(f) is irrational. We say that p(f) is of
periodic type if it is a periodic point of the Gauss map G. Let p be the period of
p(f), and assume that the orbit of ¢; never falls into the critical point 0. That
ensures that for each j € N the pair of maps pR7 f has exactly two critical points:
0 and ¢; # 0 with orders ko, k.

DEFINITION 2.4. We say that f is of a periodic marked combinatorial type with
period n, where p|n, if C(f) = C(R™f).

An equivalent way of defining a periodic marked combinatorial type uses dy-
namical partitions as follows; it will be useful in the applications.

DEFINITION 2.5. Consider the 2-nd dynamical partition of the renormaliza-
tion Rj+m( f) for 0 < m < p—1. Tt has v,, intervals, let us enumerate them
Py,..., P, from left to right. Let i = w; ,, denote the number of the interval P;
which contains c;in,. We say that f is of a periodic marked combinatorial type
if:

(1) the numbers
( i

are independent of j;
(2) there exists N < m such that for any j the two critical points of R’ f are
separated by an interval of Px (R f).

The equivalence of the two definitions is a straightforward consequence of
Theorem [2.3] and will be left to the reader.
Another straightforward consequence of Theorem is the following;:

PROPOSITION 2.7.  Suppose f and g both are of a periodic marked combinatorial
type. Suppose p(f) = p(g) and f and g have the same values of w,, . Then
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2.5.  Renormalization theorems for bi-cubic critical circle maps In the following
two statements we assume that the critical circle map has two critical points,
both of which are of order 3. We call such maps bi-cubic.

THEOREM 2.8. Let C be a periodic marked combinatorial type with period m.
Then there exists a commuting pair (. € C* such that the following properties
hold:

(2) R™(C) = Gos
(3) for all ¢ € C¥ such that C(¢) = € we have

anjC — C*

j—o0
in the uniform sense.

The next theorem talks about the hyperbolicity properties of the renormal-
ization operator at the periodic point (.. We will see in section [6] how to make
a canonical choice of the analytic diffeomorphism ¢ = ¢ in , so that the
correspondence

(2.8) frr¢=RNf oo Frog!

becomes a well-defined renormalization operator on the space of bi-cubic circle
maps, rather than commuting pairs. We will then show:

THEOREM 2.9. There exists a Banach manifold structure Cy on the space of
analytic bi-cubic critical circle maps, such that the following holds. The Banach
structure is compatible with the topology of uniform convergence. The remormal-
ization operator defined by is an analytic operator, defined on an open set
in this Banach manifold. The point f. = ¢¢, o (i 0 qbgkl is a hyperbolic periodic
point of this operator, with two unstable eigendirections.

3. Holomorphic Commuting Pairs Below we define holomorphic exten-
sions of analytic commuting pairs which generalize de Faria’s definition from [2]
for the case of multicritical circle maps. We say that a multicritical commuting
pair ¢ = (n|z,,&|1.) extends to a holomorphic commuting pair 3 if there exist
three simply-connected R-symmetric domains D, U,V C C whose intersections
with the real line are denoted by Iy = UNR, Iy =V NR, Ip = DNR, and a
simply connected R-symmetric Jordan domain A, such that

¢ the endpoints of Iy, Iy are critical points of 7, £ respectively;

e D,U, VCA;UNV ={0} CD;thesets U\D, V\D, D\U, and D\V are
nonempty, connected, and simply-connected; I,, C Iy U {0}, I¢ C Iy U {0};

e the sets UNH,V NH, D NH are Jordan domains;
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e the maps n and & have analytic extensions to U and V respectively, so that
7 is a branched covering map of U onto (A \ R) Un(Iy), and £ is a branched
covering map of V onto (A \ R) U ¢(Iy), with all the critical points of both
maps contained in the real line;

e themaps n: U — A and {: V — A can be further extended to analytic maps
n: UUD—>Aand§ VuD — A, Sothatthemapy—nog_fonls
defined in D and is a branched covering of D onto (A \ R)Uv(Ip) with only
real branched points.

We shall identify a holomorphic pair H with a triple of maps H = (n, &, v), where
n:U—=A £V - Aandv: D— A We shall also call ¢ the commuting pair
underlying H, and write ( = (5. When no confusion is possible, we will use the
same letters n and £ to denote both the maps of the commuting pair (5¢ and
their analytic extensions to the corresponding domains U and V.

The sets Q3 = DUU UV and A = Ay will be called the domain and the
range of a holomorphic pair H. We will sometimes write {2 instead of Qq¢, when
this does not cause any confusion.

We can associate to a holomorphic pair H a piecewise defined map Sqg¢: Q2 —
A:

n(z), ifzeUl,
Sy (z) = ¢ &(2), ifzeV,
v(z), ifzeQ\(UUV).

De Faria [2] calls Sg¢ the shadow of the holomorphic pair K.
We can naturally view a holomorphic pair J as three triples

(U,£(0),m), (V;n(0),8), (D,0,v).

We say that a sequence of holomorphic pairs converges in the sense of Carathéodory
convergence, if the corresponding triples do. We denote the space of triples
equipped with this notion of convergence by H.

We let the modulus of a holomorphic commuting pair H, which we denote by
mod(H) to be the modulus of the largest annulus A C A, which separates C\ A
from €.

DEFINITION 3.1. For p € (0,1) let H(p) C H denote the space of holomorphic
commuting pairs H : Qg¢ — Ag¢, with the following properties:

(1) mod(30) > i
(2) Iyl =1, | > g and [n~H(0)] = p3

(3) dist(n(0),dVq()/ diam Vg > p and dist(£(0), OUs¢)/ diam Uge > p;

(4) the domains Ag¢, U NH, Vo¢ NH and Dgc NH are (1/p)-quasidisks.
(5) diam(Ase) < 1/ps

Let the degree of a holomorphic pair H denote the maximal topological degree
of the covering maps constituting the pair. Denote HX (1) the subset of H(u)
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consisting of pairs whose degree is bounded by K. The following is an easy
generalization of Lemma 2.17 of [16]:

LEMMA 3.1. For each K > 3 and p € (0,1) the space HX (1) is sequentially
compact.

We say that a real commuting pair ¢ = (1, &) with an irrational rotation number
has complex a priori bounds, if there exists p > 0 such that all renormalizations
of ¢ = (n,£) extend to holomorphic commuting pairs in H(u). The existence of
complex a priori bounds is a key analytic issue of renormalization theory.

DEFINITION 3.2. For a set S C C, and r > 0, we let N,(5) stand for the
r-neighborhood of S in C. For each r > 0 we introduce a class A, consisting of
pairs (1, &) such that the following holds:

e 7, £ are real-symmetric analytic maps defined in the domains
N;-([0,1]) and N,jy0([0, 7(0)])

respectively, and continuous up to the boundary of the corresponding domains;
¢ the pair
¢=

is a multicritical commuting pair.

0,10>&ljo,n(0))

For simplicity, if ¢ is as above, we will write ( € A,. But it is important to note
that viewing our multicritical commuting pair ¢ as an element of A, imposes
restrictions on where we are allowed to iterate it. Specifically, we view such
¢ as undefined at any point z ¢ N,.([0,£(0)]) U N,.([0,7(0)]) (even if { can be
analytically continued to z). Similarly, when we talk about iterates of ( € A,
we iterate the restrictions 7| x, (j0,¢(0))) and £|N,~m<o)\ ([0,n(0)]- In particular, we say
that the first and second elements of pR¢ = (7" 0, n) are defined in the maximal
domains, where the corresponding iterates are defined in the above sense.

For a domain Q C C, we denote by D(2) the complex Banach space of analytic
functions in €2, continuous up to the boundary of 2 and equipped with the sup
norm. Consider the mapping i: A, — D(N,([0,1])) x D(N,(]0,1])) defined by

(3.1) i(n,6) = (n,ho&oh™), where h(z) = z/5(0).

The map i is injective, since 1(0) completely determines the rescaling h. Hence,
this map induces a metric on A, from the direct product of sup-norms on
D(N,(]0,1])) x D(N,([0,1])). This metric on A, will be denoted by dist..(-, ).

We will denote A% the subset of A,. consisting of pairs whose degree is bounded
by L.

THEOREM 3.2 (Complex bounds for periodic type). Let C be a periodic
combinatorial type and L > 3. There exists a constant p > 0 such that the fol-
lowing holds. For every positive real number r > 0 and every pre-compact family
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S C AL of multicritical commuting pairs, there exists N = N(r,S) € N such that
if ¢ € S is a commuting pair with C(¢) = C, then pR™( restricts to a holomorphic
commuting pair 3, : Q, = A, with A,, C N.(I,) U N,(I¢). Furthermore, the
range A, is a Fuclidean disk, and the appropriate affine rescaling of 3, is in
H(p).

In the next section we will give a proof of this theorem which generalizes our
proof in [14]. For simplicity of notation, we will assume that the pair ¢ is a
pre-renormalization of a multicritical circle map f, that is

C= (g, fooe),

This will allow us to write explicit formulas for long compositions of terms 7
and &, which will greatly streamline the exposition. Theorem follows from
Theorem which we state and prove in the following section.

4. Complex a priori Bounds

4.1.  Power law estimate Let f be an analytic multicritical circle map with a
periodic combinatorial type € as above. Let U be a T-symmetric annulus which
is contained in the domain of analyticity of f. Suppose 0 is a critical point of f
of an odd integer order k = 2m + 1 and denote R™ f the n-th renormalization of
f at 0 as above. Note that in what follows, rather than working with the map
of the circle f, we will work with the appropriately translated lifts of f 7 SO
all of our estimates will be for maps defined in a neighborhood of the real line
rather than T.

Given an interval J C R, let C; = C\(R\J) denote the plane slit along two
rays. Let C; denote the completion of this domain in the path metric in C;
(which means that we add to C; the banks of the slits).

The following theorem is a generalization of the main estimate of [14]:

THEOREM 4.1. There exist positive constants Ry, b, ¢ depending only on C such

that the following holds. Let f be as above, and R > Ry. Then there existsng € N

which depends on f and R such that for all n > ng we have the following.
Denote

RY(f) = (0,€)-

There exist subdomains V,, D I,, Ve D I¢ such that the map n is a branched
covering

V77 — DrN CTI(L;)’
and similarly for £&. Furthermore, for any z € V;, U Ve we have
(4.1) R f(2)| = el2]* +0,

where the left-hand side stands for n on V,, and £ on Vg.
Finally, the constant ng can be chosen to depend only on R in any family of
maps which is pre-compact in the compact-open topology on U.
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Fix an integer M > 0 and n > M. Let
Hm = [fqm+1 (0)7 fqm*qnwrl(o)}7

and let D,,, denote the Euclidean disc D(H,,). Assume that D,; C U. Consider
the inverse orbit:

(42)  Jo= (L), o = f L), T g1y = F(T).
For a point z € Dy, we say that

(43) z20 = Z,Z,l,...,Z,(anrlfl)

is a corresponding inverse orbit if each z_ (1) is obtained by applying to z_j a
univalent inverse branch of f|y where U is a sub-interval of J_(;1).
We derive Theorem [4.1] from the following assertion:

LEMMA 4.2.  There exists M > 0 which depends only on f, and can be chosen
uniformly in a compact family, such that for allm > M and any z € Cyanta(g,yN
Dy the following estimate holds:

diSt(Zf(qnﬂfl)vf(In)) < CdiSt(Z7In)
|f(Ln)] - IS

where z, is as in and C is a universal constant.

(4.4)

4.2.  Poincaré neighborhoods By symmetry, J is a hyperbolic geodesic in Cj.
Consider the hyperbolic neighborhood of J of radius r that is the set of all points
in C; whose hyperbolic distance to J is less than r. One verifies directly that a
hyperbolic neighborhood is the union of two Euclidean discs symmetric to each
other with respect to the real axis, with a common chord J. We will denote such
a neighborhood Dy(J), where 8 = 6(r) is the outer angle the boundaries of the
two discs form with the real axis. An elementary computation yields:

(4.5) r = logcot(0/4).

Note, that in particular the Euclidean disc D(J) = Dy /2(J) can be interpreted
as a hyperbolic neighborhood of J. These hyperbolic neighborhoods were intro-
duced into the subject by Sullivan [12]. They are a key tool for proving complex
bounds due to the following version of the Schwarz Lemma:

LEMMA 4.3. Let us consider two intervals J' C J CR. Let ¢ : C; — Cy be an
analytic map such that ¢(J) C J'. Then for any 0 € (0,7), ¢(Dy(J)) C Do(J").

The above invariance statement becomes quasi-invariance if the domain of ¢ is
not the whole double-slit plane, yet is large enough relative to the size of J. Let
us state this as a Lemma below. Denote Dg = {|z] < R}.
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f Dq(\/]»/ﬁ\\\
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Figure 2: An illustration of Lemma [4.3
LEMMA 4.4. For every sufficiently large R > 0 there exists 6(R) > 0 with
O(R) — 0 and (RO(R))~! — 0 as R — oo such that the following holds. Let
¢ :DrN (C[fl,l] - C

be a univalent and real-symmetric function satisfying ¢(£1) = +1. Then for
every 6 > 6(R) we have

¢(Do([-1,1])) € Dia—p-1-0)0([=1, 1)),
where § € (0,1) is a fized constant.

While superficially similar to [3, Lemma 2.4], it is a much stronger statement:
we do not assume that ¢ is conformal in all of D (since this will clearly not be
the case in our applications). Before proving this statement, let us formulate a
lemma (see [13, Lemmad]):

LEMMA 4.5.  Suppose Q is a Jordan subdomain of D such that
1
0 C {|z| > 1 — €} where e > 3

There exists C > 0 such that the following holds. Let h : Q2 — I be the Riemann
mapping normalized by h(0) = 0 and h'(0) > 0. Then

h='(z) - 2] < Ce,
for all |z] < 1/2.
Combining this with the Cauchy Integral Formula, we obtain
(4.6) g'(0) <1+ De,

where D is a universal constant.
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PrRoOF OF LEMMA 4l We start with an exercise in conformal mapping. Let
G(z) denote the branch of 1/z which is defined in C \ Ry and preserves R~;
and let

1—=2
142z
Then, the composition ¥ = —F oG o F' is a conformal mapping of C[_; ;) onto I
which preserves the interval [—1,1]. Easy estimates show that the image of 0Dg
under ¥ is contained in e-neighborhoods of 4-i with e = O(R™1). Let us denote

F(z)

0= \II(DR N (C[fl,l])'

The hyperbolic metric of 2 at a point a is obtained by the pull-back of the
Fuclidean metric by the composition h, o M, where M, is the M&bius map
(z—a)/(1 —az) and h, is the conformal map of Q, = M, () onto the unit disk
with he(0) =0, R, (0) > 0.

Fix K > 0. For z with dists(z,[-1,1]) < K,

00, C {|z| > e(a)} with e(a) = O(R™Y)

(this estimate could be much improved for z near £1, but we will not require
it). Using ([4.6)), we see that K-neighborhood of [—1,1] in the hyperbolic metric
of €2 is contained in the K’-neighborhood of [—1, 1] in the hyperbolic metric of
D with

K' =K1 +O0(R™)).

Together with [£.5] and the Schwarz Lemma, this implies the claim.
O

Easy induction combined with real a priori bounds implies (cf. [3, Lemma
2.5)):

LEMMA 4.6. For each n > 1 there exist K,, > 1 and 6,, > 0 with K,, — 1
and 0, — 0 as n — oo such that the following holds. Let 8 > 6,, and let
0 <1t <j < gns+1 be such that the restriction

P70 (L) — f(1)

is a diffeomorphism on the interior. Then the inverse branch f’(j*i)|fj(1n) i
well-defined over Do(f7(I,)) and maps it univalently into the Poincaré neigh-
borhood Dy, (f*(In))-

4.8. Proof of complex a priori bounds Let J = [a,b], a < b. For a point z € C,
the angle between z and J, m is the least of the angles between the intervals
[a, 2], [b, 2] and the corresponding rays (a, —oc], [b, +00) of the real line, measured
in the range 0 < 6 < 7. In what follows, a beau bound € >/0\0n the angle will
appear; we will say that a point z_; of e-jumps if (z_;, J_;) > e. We will
also say that such points have a good angle.
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The next statement shows that for points with a good angle the normalized
distance to the intervals of cannot increase by more than a fixed multiple.
It is taken from [14]. However, its proof is somewhat modified, since for a
multicritical circle map the orbit may pass through critical values.

LEMMA 4.7.  We work with the notations of Lemma [£2] Fiz ¢ > 0, B > 0.
Let J = J_;, J' = J_j be two intervals of the inverse orbit for k > 1,

and let z, 2’ be the corresponding points of (@ Assume that (z,J) > €1 and
dist(z,J) > B|J|. Then

i .
dlst(zl,.]) < Cdlbt(Z,J)
/'] |7

for some constant C = C(e1, B)

PROOF. Suppose, f has [ critical points, not counting 0. Since the orbit
forms a part of the dynamical partition of the circle of level n, there are at most [
critical points for the iterate f*~*| ;.. Hence, there exists a sub-interval K’ C J’
which is commensurable with J’ such that f*~%: K’ +— K is a diffeomorphism.
By the same reasoning as in [14], the smallest closed hyperbolic neighborhood
cl Dy(K) enclosing z satisfies diam Dy(K) < C(e, B) dist(z, K). The claim now
follows by Lemma [4.6] O

We now formulate an analogue of Lemma 4.2 of [14].

LemMA 4.8. Let J = J_p,J_j_q,,, = J' be two consecutive returns of the

backward orbit to I, for m > M, and let ( and (' be the corresponding
points of the orbit . Suppose ¢ € Dy, then either (' € D, or (¢',J') > e,
and dist(¢’, J') < C|I,,|, where the quantifiers e and C' are beau.

PROOF. The proof is a very slight modification of the proof of Lemma 4.2 of
[14], the only difference being that the iterate fZm+! restricted to H,, may have
at most [ critical points in the interior. We refer the reader to Figure [3] for an
illustration.
Let
ﬁm = f_(qm_l)(HM)

and let D,, be the connected component of f~(@»=1(D,,) which intersects the
real line over the interior of H,,. Note that the iterate f9»~! has at most [
critical points in H,, and they divide it into commensurable parts. Hence, by
Lemma the domain ﬁm C Dy, (fIm) where 6; is beau.

To fix the ideas, suppose that f~9+1(0) < f(0). Let H,, denote the interval
[f?m+1(0),0] and let D,, be the domain which intersects the real line over the

interior of H,, and such that

f : ﬁm — Dm \sz(())
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points with a ""good aqg]e"

£

Figure 3: An illustration to the proof of Lemma [4.§

is a branched covering (this is a precise way of saying that D,, is a pull-back
of D,, by the “branch” of f~! defined in Clpimir-am+1(gy poy)- Since f has a
critical point of order k > 3 at 0, the boundary of D,, forms angles w/k <m/3
with the negative real axis. In particular, there exist ai, as in H,, which divide
it in commensurable parts, so that

Dy C Do, (If 7+ =% (0), G2]) U Dsqs([ar, 0)),

where 65 is beau.

Again using Lemma for the pull-back D}, of D,, by the iterate f4m+1=dm
along the real line, we see that there exist aj, ag which divide [0, f9m~%+1(0)]
into commensurable sub-intervals such that

D;n C DQS([()?(ZZ]) U D137r/24([a17 fq7n7q7”+1(0)})7

where 63 is beau, and the proof is completed.
O

The next statement is a direct analogue of Lemma 4.4 of [14]. The proof from
[14] is again adapted mutatis mutandis to our situation, in the same way as the
preceding proof. We will leave the details to the reader.
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LEMMA 4.9. Let J be the last return of the backward orbit to the interval
I, before the first return to Lyni1, and let J' and J" be the first two returns of
to Imy1. Let ¢, ¢, ¢" be the corresponding moments in the backward orbit
, ¢ = f1m(¢"), ¢ = fam2(C"). S
Suppose ¢ € D,y,. Then either (¢", Im+1) > € and dist(¢”, J") < C|Ln41|, or
¢" € Dpyy1; where the constants C and € are beau.

ProoF oF LEMMA 2.  We start with a point z € Dj;. Consider the largest
m such that D,, contains z. We will carry out induction in m. Let Fy,..., P_
be the consecutive returns of the backward orbit to the interval I,, until
the first return to I, 1, and denote by z = (g, ...,(_r = ¢’ the corresponding
points of the orbit . Note that the intervals P_; are commensurable with
Jo. By Lemma ¢—; either e-jumps and dist(¢_;, P—;) < C|I,], or ¢’ € Dy,.
In the former case we are done by Lemma[£.7] In the latter case consider the
point ¢” which corresponds to the second return of the orbit to I,+1. By
Lemma either (C”,/Im\H) > e, and dist(¢”, Im+1) < C|Imt1], or ¢ € Dy
In the first case we are done again by Lemma [£.7] In the second case, the

argument is completed by induction in m.
O

5. Proof of Theorem [2.§

5.1.  Quasiconformal conjugacies between holomorphic pairs Let us first quote
the following (see [4./8]):

THEOREM 5.1.  Suppose (1, (2 are two commuting pairs with

p(C1) = p(C2) ¢ Q and €(C1) = C(C2)-

Then for n > 1, the renormalizations R"(; are K, -quasi-symmetrically conju-
gate, and the constant K, is beau.

Combining this with Theorem and using the standard pull-back argument
(see e.g. [2L|14]), we obtain:

THEOREM 5.2. Let € be a periodic combinatorial type and L > 3. There exists
a constant K > 0 such that the following holds. For every positive real number
r > 0 and every pre-compact family S C AL of critical commuting pairs, there
exists N = N(r,S) € N and K > 1 such that the following holds. Let (1,(s € S
be two commuting pairs with

p(C1) = p(¢2) ¢ Q and C(¢1) = C(¢2) = C,

and H:, is the holomorphic commuting pair extension of pR™(; constructed in
Theorem then K} is K -quasiconformally conjugate to 32.
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For bi-cubic critical circle maps we can refine this statement further by show-
ing that the quasiconformal conjugacy is actually conformal on the filled Julia
set:

THEOREM 5.3.  Suppose f is a bi-cubic critical circle map, p(f) ¢ Q, and let H
be a holomorphic pair extension of R™ f. Then any Beltrami differential p which
is R-symmetric, H-invariant, and with support supp(u) C K(H) is necessarily
trivial:
pn = 0.
a.e.

Theorem 2.8 follows from the two above statements and McMullen’s Tower
Rigidity argument (see [3,[16]). The proof of Theorem will occupy the rest
of this section.

5.2.  Zakeri’s models for bi-cubic circle maps Note that for a bi-cubic critical
circle map f the combinatorial type C(f) is expressed by a single number. Con-
sider the family of degree 5 Blaschke products

(5.1) B(z) = e*™23 (12_;;) (lz—qqz) , where [p| > 1, [¢] > 1.

The following is shown in [18]:

THEOREM 5.4. Any Blaschke product which is topologically conjugate to an
element of the family by a conjugacy which preserves 0, oo, and S' has the
form B o R where B is an element of the family and R(z) = ez, r € R.

THEOREM 5.5. Let p ¢ Q and ¢ € (0,1). Then there exists a unique Blaschke
product B(z) of type such that the following is true:

. o(Bls) = p; |
» B(2) is a bi-cubic critical circle map (one of the critical points is at €0 = 1)
and the unmarked combinatorial type of B is given by (p,{3,3},{c,1 —c}).

We now prove:

LEMMA 5.6. Theorem holds under the assumption that f = B is as in
Theorem [5.5]

ProOOF. Extend p by the dynamics of B to a B-invariant, S'-symmetric Bel-
trami differential supported on

Ukz0B~*(K(¥)) = J(B)

(the equality is implied by the standard properties of Julia sets, cf. e.g. [9]).
Complete it to a B-invariant Beltrami differential A; in C by setting it equal to
oo on the complement of the Julia set of B. For ¢ € [0, 1], set

)\t = t)\17
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so that A9 = o¢. By Ahlfors-Bers-Boyarski Theorem, there exists a unique
solution 9, : C — C of the Beltrami equation

w:Uo =X\

which fixes the points 0, 1, and oo and continuously depends on t. By S'-
symmetry, the rational map

G=toBoy’
is a Blaschke product. By Theorem [5.4] and Theorem [5.5]
G =B.

Hence, for every ¢t and m, the map v, permutes the discrete set B~™(1). Since
1o = Id and ¢; continuously depends on ¢, 1) fixes the points in each B~ (1).
By the standard properties of Julia sets,

UmzoB=m(1) = J(f).

Hence, for all ¢ € [0, 1],
Uil ypy = 1d.

By Bers Sewing Lemma, -
oYy =t =0 a.e.

g

Proor oF THEOREM B3l By Theorem and complex a priori bounds,
there exists a critical circle map B such that the renormalization R*(B) extends
to a holomorphic commuting pair § which is K-quasiconformally conjugate to
H. Denote 9 such a conjugacy. The claim will follow from the above consider-
ations if we can show that 9y = 0 a.e. on K (). Indeed, assume the contrary.
Then (¢~1)*0g is a non-trivial invariant Beltrami differential on K(G), which
contradicts Lemma [5.61 O

6. Cylinder Renormalization of Bi-cubic Maps

6.1. Some functional spaces Firstly, let us denote 7w the natural projection
C — C/Z. For an equatorial annulus U C C/Z let Ay be the space of bounded
analytic maps ¢ : U — C/Z continuous up to the boundary, such that ¢(T) is
homotopic to T, equipped with the uniform metric. We shall turn Ay into a
real-symmetric complex Banach manifold as follows. Denote U the lift 7= (U)
C. The space of functions ¢~> : U — C which are analytic, continuous up to
the boundary, and 1-periodic, d~>(z +1) = gzg(z), becomes a Banach space when
endowed with the sup norm. Denote that space Ay . For a function ¢:U—C/Z

denote ¢ an arbitrarily chosen lift m(é(7~1(2))) = ¢. Observe that ¢ € Ay if
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and only if ¢ = ¢ — Id € Ay. We use the local homeomorphism between A
and Ay given by R R
prrmo(p+Id)on!

to define the atlas on Ay. The coordinate change transformations are given by
d(2) = ¢(z+n)+m for n,m € Z, therefore with this atlas A is a real-symmetric
complex Banach manifold.

Let us denote f the critical circle map

1
f(z)=2— 7 sin(27z) mod Z.

DEFINITION 6.1. Let U = (Uy, Uy, Us) be an ordered triple of R/Z-symmetric
equatorial annuli. We denote Cq the space of triples ¢; € Ay,, i = 1,2,3 such
that:

e fop(Uy) @Uy and fogpyofop(Uy) €Us;
* ¢1(0) =0;

e and each ¢; is univalent in some neighborhood of the circle.

Clearly, Cy is an open subset of Ay, X Ay, X Ay,, and thus possesses a
natural product Banach manifold structure. Note that the composition

(6.1) Yio) = p3ofogaofod : U — Us

is a bi-cubic circle map in Ay,. We note:

PROPOSITION 6.1.  The correspondence I' : Cy — Ay, given by

(Bi) = 960

is analytic.

DEFINITION 6.2. Given an element v € Cy we say that it is cylinder renor-
malizable with period k if the following holds. Denote f = I'(v). Then,

e there exists m € N such that the rotation number p(f) has at least m+1 digits
in its continued fraction expansion, and k = g¢,,;

e there exist repelling periodic points p1, ps of f in U; with periods k and a simple
arc [ connecting them such that f¥(I) is a simple arc, and f*(I) NIl = {p1, p2};

e the iterate f* is defined and univalent in the domain Cy bounded by ! and
f*(1), the corresponding inverse branch f~%| fr(cy) univalently extends to C';
and the quotient of Cy U f*(Cy) \ {p1,p2} by the action of f* is a Riemann
surface conformally isomorphic to the cylinder C/Z (we will call a domain C
with these properties
a fundamental crescent of f*);
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e for a point z € Cy with {f7(2)};en N Cy # @, set Re,(z) = f*)(z) where
n(z) € N is the smallest value for which f™*)(z) € Cy. We further require
that there exists a point ¢ in the domain of R¢, such that f(c) = 0 for some
m < n(c).

Denote f the projection of R¢, to C/Z with ¢ — 0. Evidently, it is a bi-cubic
circle map. We will say that f is a cylinder renormalization of f with period k.

The relation of the cylinder renormalization procedure to critical circle maps is
easy to see:

PROPOSITION 6.2 ([15]). Suppose f is a critical circle map with rotation number
p(f) € R\ Q. Assume that it is cylinder renormalizable with period q,. Then
the corresponding renormalization f 18 also a critical circle map with rotation
number G™(p(f)). Also, Rf (in the sense of pairs) is analytically conjugate to
fRn+1f.

The next property of cylinder renormalization is the following:

PROPOSITION 6.3 ([15]). Let f = I'(v) be renormalizable with period k = gy,
with a cylinder renormalization f corresponding to the fundamental crescent Cy,
and let W be any equatorial annulus compactly contained in the domain Uy of
f- Then there is an open neighborhood G of v such that every u € G the map
g =T'(u) is renormalizable, with a fundamental crescent Cy C U which depends
continuously on u in the Hausdorff sense. Moreover, there exists a holomorphic
motion xu : 0Cy — 0Cy over G, such that x4(f(2)) = g(x4(2)). And finally,
the renormalization § is contained in Ayy .

To define cylinder renormalization as an operator acting on triples in Cqy, let
us first note the following simple statement:

PROPOSITION 6.4. Set U = (Ul, Us, Ug), and suppose, that there exists a triple
Vv € Cy such that T'(V) = f as above. Then such an element v is unique.

The next proposition shows that u — ¢ is well-defined:

PROPOSITION 6.5. In the notations of Proposition let C!'] be a different
family of fundamental crescents, which also depends continuously on u € G in
the Hausdorff sense. Then there exists an open neighborhood G' C G of f, such
that the cylinder renormalization of u € G' corresponding to Cj, is also §.

A key property of the cylinder renormalization is the following:

PROPOSITION 6.6. In the notations of Proposition the dependence u — §
is an analytic map G — Aw .

PRrROOF. By the Theorem of Bers and Royden [1], the holomorphic motion x4
extends to a holomorphic motion x, : Cy U f*(Cy) — C,Ug"(C,) over a smaller
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open neighborhood G’ with the same equivariance property. As shown in [10],
the holomorphic motion induces an analytic family of quasiconformal maps

Uy :C/Z=(CrUfHCp)/f* = C/Z=(CaUg"(Cy))/g".

Applying the theorem of Ahlfors and Bers, we see that the projection 7y : 079 U
g*(C,) — C/Z depends analytically on g. Let D C C; U f~%(C}) and n € N be
such that W € 7;(D), and f € Cw is the projection of the iterate f"|p. The
iterate g"|p projects to m, 0 g" = § € Cy for all g sufficiently close to f, and
the claim follows. O

The following is an immediate corollary:

PROPOSITION 6.7. In the above notation, the correspondence v +— ¥V is a locally
analytic operator from a neighborhood of v € Cy to Cy.

PROPOSITION 6.8. Let f and g be two bi-critical circle maps which are analyt-
ically conjugate

pof=go¢

in a neighborhood U of the circle. Suppose that f is cylinder renormalizable
with period k = g,, and let C¢ be a corresponding fundamental crescent of f.
Suppose Cy U f(Cy) €U. Then, g is also cylinder renormalizable with the same
period and with a fundamental crescent Cy = ¢(Cy); and denoting f and § the
corresponding cylinder renormalizations of f and g respectively, we have

f=g

Proor. The domain Cj is a fundamental crescent by definition. Denote C},
C’!’] the closures of the two fundamental crescents minus the endpoints. The
analytic conjugacy ¢ projects to an analytic isomorphism

¢:ChU )/ fF ~C/Z — CLugF(Cl) /g ~ T/,
which conjugates f to g. By Liouville’s Theorem, gZA) is a translation; since it fixes
the origin, it is the identity. O

6.2. Cylinder renormalization operator The cylinder renormalization of a bi-
cubic commuting pair is defined in the same way as that of an analytic bi-cubic
map.:

DEFINITION 6.3. Let ¢ = (n,£) be a bi-cubic holomorphic commuting pair
which is at least n times renormalizable for some n € N. Denote D,, the domain
of the pair ¢. Denote

Cn = (nnv’gn) Eprn(C) : Dnn — C.

We say that ( is cylinder renormalizable with period k = ¢ if:
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e there exist two complex conjugate fixed points p;, p, of the map 7, with
p € +£H, and an R-symmetric simple arc [ connecting these points such that
I C Dy, and n, () Nl = {p},py };

e denoting C the R-symmetric domain bounded by ! and 7(l) we have C C D,,,
and the quotient of C'U n(C)\{p,', p;, } by the action of (, is a Riemann surface
homeomorphic to the cylinder C/Z (that is, C is a fundamental crescent of 7).

Clearly, the action of ¢ induces a bi-critical circle map f with rotation number
p(R™(¢) on the quotient

(Ce Un(Co) \Apn . pu 1)/ Cn ~ C/Z;
we call f the cylinder renormalization of (.

THEOREM 6.9. Fix a periodic marked combinatorial type C, and let f € Ay
be a bi-cubic map of this type. Then, there exists N = N(C,U) such that the
following holds. For every n > N, setting k = q,, f is cylinder renormalizable
with period k. Moreover, there exists a fundamental crescent Cy € U (which
moves analytically with f) with period k such that f*(Cy) C U, and, denoting f
the corresponding cylinder renormalization of f, we have

fEAU.

Similarly, let { be any bi-cubic holomorphic commuting pair of type C. Then,
there exists k = k(¢) = gn such that ¢ is cylinder renormalizable with period k,
and the cylinder renormalization is a bi-cubic map of type C.

The proof is a direct consequence of complex a priori bounds, and follows
mutatis mutandis the proof of Lemma 4.10 of [7], so we will not reproduce it
here.

PROPOSITION 6.10. Let € be a periodic marked type with period p and let (. be
a periodic point of R with this period. Then, there exist n € N, an equatorial
annulus Uy, and a triple U = (U, Uz, Us) such that the following holds:

(1) m such that (. is cylinder renormalizable with period m and the renormal-
ization f. € Ay, has combinatorial type C;

(2) the bi-cubic map f. is cylinder renormalizable with period k; its renormal-
ization is equal to f. and is defined in Uy D U,;

(3) the map f. has a decomposition v, € Cy.

The last property implies that there exists a neighborhood V(v,) C Cy such
that cylinder renormalization with period £ is an analytic operator to Cy.. We
call this operator cylinder renormalization operator corresponding to the type C
and denote it

Rcyl : V(V*) — Cu.
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7. Constructing the Stable Manifold of v. We will now specialize to
real-symmetric maps, and consider the real slice Cﬂﬁ of the space Cy consisting
of maps with real symmetry, with the induced real Banach manifold structure
(cf. [715]). We proceed with the above notation. Let p, be the rotation number
of the combinatorial class € and define

D, = {v € C}, such that p(T'(v)) = p.},
and
S, = {v € C}, such that C(I'(v)) = €} C D..
As we have shown,

PROPOSITION 7.1. There exists a neighborhood Y of v, in Cgﬁ such that for
every v € Y N S, fRJyl(v) is defined for all j, and

C

ij

cyl (V) — Vi

uniformly in'Y .
Below we shall demonstrate that the local stable set of v, is a submanifold of
C%:

THEOREM 7.2. There is an open neighborhood W C Clﬁ of v such that S, "W
is a smooth submanifold of C]}EL of codimension 2. Moreover, for v € S, denote
f=T(v), and let ¢; be the unique smooth conjugacy between f and f. which
fizes 0. Then the dependence v — ¢y is smooth.

Our first step will be to show that
THEOREM 7.3. The set D, is a local submanifold of CY. of codimension 1.

As before denote py/qx the reduced form of the k-th continued fraction conver-
gent of p,. Furthermore, define Dy, as the set of v € Cy for which p(g) = pi./qx
and 0 is a periodic point of g with period g, where g = I'(v). As follows from
the Implicit Function Theorem, this is a codimension 1 submanifold of Cy;. Let
us define a cone field € in the tangent bundle of Cy given by the condition:

E={veTCy] in{gDFu(m) > 0}.
xe
LEMMA 7.4. Let v € Dg, and denote Ty Dy, the tangent space to Dy at this
point. Then T,Dp N E = @.

PROOF. Let v € € and suppose {v;} C Cy is a one-parameter family such
that
v = v+t +o(t),

and set f =T(v) and f; = I'(vy), so that
7 lofion=n"tofor+tDIT(v)+ ot).

Then for sufficiently small values of t, 71 o fyom > 7~ o fom. Hence f*(0) #
f%(0) and thus f; ¢ Dy. O
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Elementary considerations of the Intermediate Value Theorem imply that for
every k there exists a value of € (0,1) such that the map fy = RyoI'(vy) € Dx.
Moreover, if we denote 0 the angle with the smallest absolute value satisfying
this property, then 6, — 0. Set

Vi = (¢1, $2, Ro,, © ¢3).

For k large enough, v, € Cy N Dy. Let Ty, =T, Dy. Fix v € €. By Lemma@
and the Hahn-Banach Theorem there exists € > 0 such that for every k there
exists a linear functional hy € (T'Cy)* with ||hg|| = 1, such that Ker hy, = T}, and
hi(v) > €. By the Alaoglu Theorem, we may select a subsequence h,, weakly
converging to h € (T'Cy)*. Necessarily v ¢ Kerh, so h # 0. Set T'= Ker h.

Proof of Theorem [7.3] By the above, we may select a splitting T7Cy =T @ v - R.
Denote p : TCqy — T the corresponding projection, and let v : Cy — TCy be
a local chart at v,. Lemma together with the Mean Value Theorem imply
that po : Dy — T is an isomorphism onto the image, and there exists an open
neighborhood U of the origin in 7', such that p o ¢(Dy) D U. Since the graphs
D,, are analytic, we may select a C''-converging subsequence Dy; whose limit is
a smooth graph G over U. Necessarily, for every g € G, p(g) = p«. As we have
seen above, every point g € D, in a sufficiently small neighborhood of v, is in
G, and thus G is an open neighborhood in D,. O

We now proceed to describing the manifold structure of S, C D,. Let ¢y #0
denote the non-zero critical point of f. Define a cone field £; in T'Cy; consisting
of tangent vectors v in T, Cy such that setting v = DI'v, we have

v'(cy) > 0.

Furthermore, for k > n+2, let Dy ,, C Dy, consist of maps f such that f has the
same combinatorics as € up to the level n, and the n-th renormalization R™(f) is
uni-critical (that is, two critical orbits collide). Elementary considerations again
imply that for every f € S, there exists a sequence { fi (&)} converging to it.

Since the n-th renormalization of f € Dy, 5, is a uni-critical circle mapping, we
can apply the results of [16] to conclude:

THEOREM 7.5. All maps f € I'(Dg,n) are smoothly conjugate. Moreover, letf
be an arbitrary base point in Dy . Then, for f € Dy, the conjugacy ¢¢ which
realizes

profoe;'=f
and sends 0 to 0 can be chosen so that the dependence f — ¢y is analytic in S,,.

‘We note:

PROPOSITION 7.6.  The set Dy, ,, is a local submanifold of Dy, of codimension 1,
and the cone field &, lies outside of its tangent bundle.
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PROOF. The first statement is a straightforward consequence of Implicit Func-
tion Theorem considerations. By Theorem a vector field v € DI'T\ Dy, ,
satisfies the cohomological equation

v=wof— flw

where f = T'(v) and w is a smooth vector field on the circle. In particular,
v'(cy) = 0. O

We also note:
PRrROPOSITION 7.7.  The cone field €1 intersects Ty, D, at every point v.

PrOOF. Evidently, £; has non-zero intersection with & and —& at every point
v. The claim follows. O

Applying the proof of Theorem mutatis mutandis (replacing Dy — D,
with Dy, k) — S«), we obtain the statement of Theorem

8. Hyperbolicity of v, Let us denote
L = DfRCyl |v* .

We have (see [7]):

PROPOSITION 8.1. The linear operator £ is compact.
In this section we establish:

THEOREM 8.2. The linear operator £ has two unstable eigendirections.
Together with Theorem this has the following corollary:

THEOREM 8.3. The renormalization fized point v, is hyperbolic. It has two
unstable eigendirections. Its local stable manifold Wlsoc(v*) coincides with S,
and is an analytic submanifold of codimension 2.

The following was shown in [7] (see also [15]):

PROPOSITION 8.4. There exist constants a; > 0 and A1 > 1 such that for every
S EOTvClﬁ and n € N we have

[|1L£7v|| > a1 A} irelﬂfQDFz/(x).

We also have:

PROPOSITION 8.5. There exist constants as > 0 and Ao > 1 such that the
following holds. Let v € Ty, D. N &;. Set v = DT'v and vi = DTL"(+v) for
n € N. Then,

max(|(v,;)' (exp,, 1.)

) (emn, £.)1) > a2A3 |V (er. )]
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PrROOF. The composition f +— f™ transforms the vector field v into 0,,. An
easy induction shows that

o er) = L (fuler )/ er),

By real a priori bounds, the derivative & 5: (f(cy,)) is uniformly bounded below

by Co > 0 for n = ¢,,. Let ®, stand for the uniformizing coordinate of the
fundamental crescent of the n-th cylinder renormalization of f,. Then, either
for u = v;7, or for u = v,; (depending on the sign of the remainder terms), we

can bound below the value of |u/(cxr 1.)| by

: (b/ C /
min &, (2)Colv'(cy. )

By Koebe Distortion Theorem combined with real a priori bounds, min,eg @/, (x)
grows exponentially with n, and the claim follows.
O
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