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Abstract. We solve the source free electromagnetic wave equation in

Friedmann-Robertson-Walker space-times for curvature K = 0 and K =
−1. Deriving a solution expression in the form of spherical means we deduce

and compare two properties of the Maxwell propagator, namely, decay rates

and continuity through the space-time singularity to that of the scalar wave
equation presented by Abbasi and Craig (2014).

Résumé. On résout l’équation des ondes électromagnétiques dans

l’espace-temps de Friedmann-Robertson-Walker pour les courbures K = 0
et K = −1. En obtenant une expression de la solution en termes de moyen-

nes sphériques, on déduit et compare deux propriétés du propagateur de

Maxwell, à savoir le taux de décroissance et la continuité à travers la sin-
gularité, à celles de l’équation des ondes scalaires présentée par Abbasi et

Craig (2014).

1. Introduction Friedmann-Robertson-Walker (FRW) metrics are
Lorentzian metrics which describe an expanding (or contracting) space-time sat-
isfying the symmetries of spatial homogeneity and isotropy. In addition, they
are metrics which possess a space-time singularity at time t = 0. These metrics
play a central role in general relativity and cosmology as they’re the simplest
models of the universe which contain a ‘big bang’ singularity.

Abbasi and Craig [1] derived three results about the scalar wave propagator for
the Cauchy problem in these space-times. In this paper we derive and compare
analogous results for the source free electromagnetic wave equation, of which
is a vector wave equation, to that of the scalar wave equation presented in [1].
First, we derive decay rates of the solution with compactly supported initial data.
Secondly, noting that all FRW spaces are conformally flat, Huygens’ principle
is obeyed for all cases considered as they are obeyed in the underlying product
metrics [6]. Lastly, we show that for 0 < t0 < t the limit of the wave propagator,

lim
t0→0+

W (t0, t)(f
µ, gµ) = W (0, t)(fµ, gµ)
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exists and gives rise to a well-defined solution for all t > 0 depending upon the
initial data (fµ(x), gµ(x)) emanating from the space-time singularity at t = 0.
Under the reflection t→ −t, the FRW metric gives a space-time metric for t < 0
with a singular future at t = 0. Due to the symmetry of the solution expressed
in terms of spherical averages the same solution formulae hold. Thus, analogous
to the results obtained by Abbasi and Craig [1] we have constructed solutions
Aµ(t, x) of the electromagnetic wave equation in Friedmann-Robertson-Walker
space-times which exist for all −∞ < t < 0 and 0 < t < +∞ where in conformal
coordinates, are continuous through the singularity at t = 0, taking on specified
data Aµ(0, ·) = (fµ(·), gµ(·)).

In FRW space-time, the general metric takes the form

(1.1) ds2 = −dt2 + a2(t)dσ2

where a2(τ) is the scale factor and dσ2 is the line element for each spatially
homogeneous time slice. These correspond to Euclidean space R3, and hyperbolic
space H3 for curvature K = 0 and K = −1 respectively in the cases considered
here. Under the coordinate transformation

dt

dτ
= a(t)

i.e.

τ =

∫
dt

a(t)
.

the metric (1.1) takes the form [1]

(1.2) ds2 = a2(τ)(−dτ2 + dσ2).

In this form, it becomes evident that the metric is a conformal change of the
underlying product metric. In addition, it can be shown that under this coor-
dinate transformation the FRW space-time is conformal to the upper half space
R+ × R3 = {(t, x) : τ > 0} with the Minkowski metric and time variable τ . In
terms of the transformed time variable τ the scale factor a(τ) takes the form [4]

a(τ) = τ2, K = 0

a(τ) = cosh(τ)− 1, K = −1

}

where the conformal time τ is related to the original time variable t by

t =
τ3

3
, K = 0

t = sinh(τ)− τ, K = −1

 .
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2. Conformal Invariance It is a well known result that Maxwell’s equa-
tions are conformally invariant. Indeed consider the source free action for the
electromagnetic field tensor given by

S =

∫ (
− 1

4
FµνF

µν
)√
−gdnx.

Under the conformal transformation g(x) → λ(x)g(x) = g̃(x), the electromag-
netic field tensor Fµν satisfies [3]

Fµν → Fαβg
αµgβν → λ−2(x)Fαβ g̃

αµg̃βν .

In addition the volume form transforms as

√
−gdnx→ λ

n
2 (x)

√
−g̃dnx.

It follows that the action S is invariant under conformal transformations for
n = 4, implying that in the case of FRW background metrics, the Maxwell
propagator satisfies the same properties in an FRW metric as it does in the
underlying product metric.

3. Electromagnetic Wave Equation for K = 0 Consider a flat FRW
space-time whose line element in conformal time τ is given as

ds2 = a2(τ)(−dτ2 + dx2 + dy2 + dz2)

conformal to the upper half space R+ × R3 = {(t, x) : τ > 0}.
Varying the action we obtain one of Maxwell’s equations in FRW space-time

for curvature K = 0

(3.1) − 1

4π
∂ν (gµµgννFµν) = − 1

4π
∂ν (Fµν) = 0.

Note that since the conformal factor drops out of the action, gµµ = gνν = ±1
(the underlying product matrix elements). The other can be realized by the
Bianchi identities. Substituting in the condition

Fµν = ∂µAν − ∂νAµ

where Aµ is the four potential, we obtain

(3.2) − 1

4π
∂ν

(
∂µ(gννAν)

)
+

1

4π
∂ν

(
∂ν(gµµAµ)

)
= 0.

We choose the four potential to be in the Coulomb gauge

1√
−g

∂ν

(√
−g(gννAν)

)
=

1

a4(τ)

(
∂ν

(
a4(τ)(gννAν)

))
= 0
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where ν = 1, 2, 3,

A0 = 0

since this gauge is conformally invariant under conformal transformations of the
space time metric with conformal factors of the form a2(τ) ( see Section VII
[2]). Upon this choice of gauge we obtain the wave equation for the spatial
components of the four potential Aµ (µ = 1, 2, 3) in flat FRW space-time

(3.3) − 1

4π
∂ν

(
∂ν(gµµAµ)

)
= 0.

3.1. The solution operator The initial value problem for equation (3.3) takes
the form

(3.4)

∂2τA
µ −∆Aµ = 0, τ > 0, x ∈ R3

Aµ(τ0, x) = fµ(x)

∂τA
µ(τ0, x) = gµ(x)


where ∆ is the ordinary Laplace operator on R3. We assume fµ(x) ∈ C2(R3)
and gµ(x) ∈ C1(R3) along with the condition that supp(fµ(x), gµ(x)) ⊆ BR(0)
for some R > 0 where BR(0) = {x ∈ R3 : |x| ≤ R}. Define the spherical means
operator to be

Mf (r, x) :=
1

4πr2

∫
Sr(x)

fµ(y)dSr(y)

whose center lies at x and radius r. The spherical means representation is given
by Kirchoff’s formula

(3.5) Aµ(τ, x) = ∂τ ((τ − τ0)Mf (τ − τ0, x)) + (τ − τ0)Mg(τ − τ0, x).

Carrying out the differentiation, the solution takes the explicit form

Aµ(τ, x) =
1

4π (τ − τ0)
2

(∫
Sτ−τ0 (x)

(τ − τ0)gµ(y)dSτ−τ0(y)

+

∫
Sτ−τ0 (x)

fµ(y)dSτ−τ0(y)

+

∫
Sτ−τ0 (x)

(τ − τ0)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ−τ0(y)

)
.(3.6)

3.2. Rate of decay

Theorem 3.1. Suppose fµ ∈ C2(R3) and gµ ∈ C1(R3), along with
supp(fµ, gµ) ⊂ BR(0). Then the solution decays to zero at a rate of O(τ−1).
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Proof. Consider initial data fµ ∈ C2(R3) and gµ ∈ C1(R3), along with
supp(fµ, gµ) ⊆ BR(0). Define constants

Cf := sup
x∈R3

|(fµ(x),∇fµ(x))| = |fµ(x)|C2(BR),

Cg := sup
x∈R3

|gµ(x)| = |gµ(x)|C1(BR).

Consider the third term in expression (3.6).

1

4π (τ − τ0)
2

∣∣∣∣∣
∫
Sτ−τ0 (x)

(τ − τ0)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ−τ0(y)

)∣∣∣∣∣
≤ 1

(τ − τ0)2
∣∣(τ − τ0)

∣∣Cf
4π

∫
Sτ−τ0 (x)∩BR(0)

dSτ−τ0(y) ≤ CfR
2

τ − τ0
.

Note that |
∫
Sτ−τ0 (x)∩BR(0)

dSτ−τ0(y)| is bounded by 4π min{(τ−τ0)2, R2}. Sim-

ilar estimates hold for the remaining terms in (3.6). The results is that for τ
large, |Aµ(τ, x)| ≤ O(τ−1). �

Transforming back to the original time variable under the transformation
t = τ3/3, the decay rate is obtained as O(t−1/3).

3.3. The initial value problem at the singular time τ0 = 0 The Maxwell propa-
gator for Maxwell’s wave equation, W (τ0, τ1)(fµ, gµ), is defined to be the solution
operator

W (τ0, τ1)(fµ, gµ) := (Aµ(τ1, x), ∂τA
µ(τ1, x)), τ0 > 0, τ1 > 0

where Aµ is a solution to Maxwell’s wave equation. Again we have worked under
the condition that τ, τ0 > 0 due to the space-time singularity at time τ = 0 (the
image of t = 0). However, due to the solution being given by such an explicit
expression in the form of spherical means, we consider the limit

lim
τ0→0+

W (τ0, τ1)(fµ, gµ)

where we take the Cauchy hypersurface defined at the initial time τ0 to zero
while keeping τ1 fixed. We continue to work in the time variable τ as it is
asymptotically the image of t in a neighbourhood around the singularity t = 0 =
τ . Using the initial data in (3.4) and taking the limit as τ0 → 0 of expression
(3.5) we obtain

(3.7) Aµ(τ, x) = ∂τ ((τMf )(τ, x)) + τMg(τ, x)
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and upon carrying out the differentiation

Aµ(τ, x) =
1

4πτ2

(∫
Sτ (x)

(τ)gµ(y)dSτ (y)

+

∫
Sτ (x)

fµ(y)dSτ (y)

+

∫
Sτ (x)

(τ)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ (y)

)
.(3.8)

Theorem 3.2. For (fµ(x), gµ(x)) ∈ C2(R3) × C1(R3) the limit of the wave
propagator exists,

(3.9) lim
τ0→0+

W (0, τ)(fµ, gµ) = (Aµ(τ, x), ∂τA
µ(τ, x)),

it depends on fµ(x) as well as gµ(x), and satisfies

(3.10) lim
τ→0+

Aµ(τ, x) = fµ(x), lim
τ→0+

∂τA
µ(τ, x) = gµ(x).

Thus, the expression gives a solution to the wave equation over the full half-line
τ ∈ (0,+∞), with initial data (Aµ(0, x), ∂τA

µ(0, x)) = (fµ(x), gµ(x)) given at
the singular time τ = 0.

Proof. Consider expression (3.7). We find that

lim
τ→0+

Aµ(τ, x) = lim
τ→0+

Mf (τ, x) = fµ(x)

for continuous initial data fµ(x). In addition, after differentiating, it can be
expressed as

∂τA
µ(τ, x) = 2∂τMf (τ, x) + τ∂2τMf (τ, x) +Mg(τ, x) + τ∂τMg(τ, x)

from which we obtain as a limit

lim
τ→0+

∂τA
µ(τ, x) = lim

τ→0+
Mg(τ, x) = gµ(x)

where the terms involving partial derivatives vanish since Mf and Mg are even
in τ . �

This calculation shows that the Cauchy problem is indeed well posed for
τ0 = 0, where solutions of the Cauchy problem posed at τ0 > 0 and propagated
to times 0 < τ < τ0 will attain there initial data on the Cauchy hypersurface
as τ → 0+. The solution itself exists for the initial value problem consisting of
initial data (fµ(x), gµ(x)) posed at τ0, and propagated to future (past) times τ .
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4. Electromagnetic Wave Equation K = −1 Consider a hyperbolic FRW
space-time with line element in conformal time τ given as

ds2 = a2(τ)

(
−dτ2 +

dx2 + dy2 + dz2

z2

)
conformal to the upper half space R+×R3 = {(t, x) : τ > 0}. Varying the action
in this metric, we obtain as one of Maxwell’s equations in FRW space-time for
curvature K = −1

(4.1) − 1

4π
z3∂ν

(
z−3gµµgννFµν

)
= − 1

4π
z3∂ν

(
z−3Fµν

)
= 0.

The other can once again be realized by the Bianchi identities. Substituting in
the condition

Fµν = ∂µAν − ∂νAµ

we obtain

(4.2) − 1

4π
z3∂ν

(
z−3∂µ(gννAν)

)
+

1

4π
z3∂ν

(
z−3∂ν(gµµAµ)

)
= 0.

In order to obtain the wave equation in the case of curvature K = −1, we once
again impose the Coulomb gauge

1√
−g

∂ν

(√
−g(gννAν)

)
=

1

a4(τ)z−3

(
∂ν

(
a4(τ)z−3(gννAν)

))
= 0

where ν = 1, 2, 3,
A0 = 0

as this gauge is conformally invariant under conformal transformations of the
spacetime metric with conformal factors of the form a2(τ) (see Section 7 [2]).
Imposing these conditions, we obtain the wave equation for the spatial compo-
nents of the four potential Aµ (µ = 1, 2, 3) in hyperbolic FRW space-time

(4.3)
1

4π
z3∂ν

(
z−3∂ν(gµµAµ)

)
= 0.

Here we note that g00 = −1 and g11 = g22 = g33 = z2.

4.1. The solution operator The initial value problem for the four potential
takes the form

(4.4)

∂2τA
µ −∆σA

µ = 0, τ > 0, x ∈ H3

Aµ(τ0, x) = fµ(x)

∂τA
µ(τ0, x) = gµ(x)


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where ∆σ is the Laplace-Beltrami operator on H3. We assume fµ(x) ∈ C2(H3)
and gµ(x) ∈ C1(H3) along with the condition that supp(fµ(x), gµ(x)) ⊆ BR(x0)
for some R > 0 where BR(x0) = {x ∈ H3 : |x| ≤ R}. In addition we require that
BR(x0) ∩ (x, y, 0) = ∅ in accordance with Maxwell’s equations for the electric
and magnetic fields. This system has an explicit spherical means formula for
the solution given in [8], which is the hyperbolic analogue of the spherical mean
expression given previously, namely

(4.5) Aµ(τ, x) = ∂τ (sinh(τ − τ0)Mf (τ − τ0, x)) + sinh(τ − τ0)Mg(τ − τ0, x).

The geodesic spherical mean of a vector fµ(x) is given by the integral over the
geodesic sphere Sr(x) of radius r centred at x

Mf (r, x) :=
1

4π (sinh(r))
2

∫
Sr(x)

fµ(y)dSr(y)

where dSr(y) is the spherical surface area. We thus obtain

Aµ(τ, x) =
1

4π (sinh(τ − τ0))
2

(∫
Sτ−τ0 (x)

sinh(τ − τ0)gµ(y)dSτ−τ0(y)

+

∫
Sτ−τ0 (x)

cosh(τ − τ0)fµ(y)dSτ−τ0(y)

+

∫
Sτ−τ0 (x)

sinh(τ − τ0)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ−τ0(y)

)
.(4.6)

as our solution formula via spherical means on hyperbolic FRW space-times.

4.2. Rate of decay

Theorem 4.1. Suppose fµ ∈ C2(H3) and gµ ∈ C1(H3), along with
supp(fµ, gµ) ⊂ BR(x0). Then the solution decays to zero at a rate of O(e−τ ).

Proof. Consider initial data fµ ∈ C2(H3) and gµ ∈ C1(H3), along with
supp(fµ, gµ) ⊆ BR(x0). Define constants

Cf := sup
x∈H3

|(fµ(x),∇fµ(x))| = |fµ(x)|C2(BR),

Cg := sup
x∈H3

|gµ(x)| = |gµ(x)|C1(BR).

Consider the third term in expression (4.6).

1

4π sinh(τ − τ0)

∣∣∣∣∣
∫
Sτ−τ0 (x)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ−τ0(y)

)∣∣∣∣∣
≤ 1

4π sinh(τ − τ0)
Cf

∫
Sτ−τ0 (x)∩BR(x0)

dSτ−τ0(y) ≤ Cf sinh2(R)

sinh(τ − τ0)
.
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Note that |
∫
Sτ−τ0 (x)∩BR(x0)

dSτ−τ0(y)| is bounded by

4πmin{sinh2(τ − τ0), sinh2(R)}.

Similar estimates hold for the other terms in (4.6). The result is that for large
τ , |Aµ(τ, x)| ≤ O(e−τ ). �

Returning to the original time variable defined by the transformation t =
sinh(τ) − τ , the decay rate obtained from the asymptotics of the expression is
O(t−1).

4.3. The initial value problem at the singular time τ0 = 0 We proceed similarly
as was done for Maxwell’s wave equation in FRW space-times with flat spatial
geometry. Consider the Maxwell propagator W (τ0, τ1)(fµ, gµ) defined to be

W (τ0, τ1)(fµ, gµ) := (Aµ(τ1, x), ∂τA
µ(τ1, x)), τ0 > 0, τ1 > 0

where Aµ is a solution to Maxwell’s wave equation. As in the case of spatially
flat FRW space-times, we worked solely under the condition that τ, τ0 > 0 due
to the space-time singularity at time τ = 0. However, given the explicit nature
of the wave propagator on H3 we can consider the limit

lim
τ0→0+

W (τ0, τ1)(fµ, gµ)

where as previously we work in the time variable τ , taking the Cauchy hyper-
surface defined at the initial time τ0 to zero while keeping τ1 fixed. From this
we obtain

(4.7) Aµ(τ, x) = ∂τ (sinh(τ)Mf (τ, x)) + sinh(τ)Mg(τ, x)

which has the explicit form

Aµ(τ, x) =
1

4π (sinh(τ))
2

(∫
Sτ (x)

sinh(τ)gµ(y)dSτ (y)

+

∫
Sτ (x)

cosh(τ)fµ(y)dSτ (y)

+

∫
Sτ (x)

sinh(τ)

(
x− y
|x− y|

· ∇
)
fµ(y)dSτ (y)

)
.(4.8)

Theorem 4.2. For (fµ(x), gµ(x)) ∈ C2(H3) × C1(H3) the limit of the wave
propagator exists,

(4.9) lim
τ0→0+

W (0, τ)(fµ, gµ) = (Aµ(τ, x), ∂τA
µ(τ, x)),
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it depends on fµ(x) as well as gµ(x), and satisfies

(4.10) lim
τ→0+

Aµ(τ, x) = fµ(x), lim
τ→0+

∂τA
µ(τ, x) = gµ(x).

Thus, the expression gives a solution to the wave equation over the full half-line
τ ∈ (0,+∞), with initial data (Aµ(0, x), ∂τA

µ(0, x)) = (fµ(x), gµ(x)) given at
the singular time τ = 0.

Proof. Consider expression (4.7) obtained by taking the limit as τ0 → 0. We
find that

lim
τ→0+

Aµ(τ, x) = lim
τ→0+

Mf (τ, x) = fµ(x)

for continuous initial data fµ(x). In addition, after differentiating we can express
it as

∂τA
µ(τ, x) = sinh(τ)Mf+2 cosh(τ)∂τMf+sinh(τ)∂2τMf+cosh(τ)Mg+sinh ∂τMg

from which we obtain as a limit

lim
τ→0+

∂τA
µ(τ, x) = lim

τ→0+
Mg(τ, x) = gµ(x)

where the terms involving partial derivatives vanish since Mf and Mg are even
in τ . �

Similar to the case K = 0, we see that the Cauchy problem is indeed well
posed for τ0 = 0. The solution exists for the initial value problem consisting of
initial data (fµ(x), gµ(x)) posed at τ0, and propagated to future (past) times τ .

5. Concluding Remarks The calculations in this paper give significance
to the Maxwell propagator applied to data (fµ(x), gµ(x)) posed at τ = 0 for
curvature K = 0 as well as K = −1. It is interesting that the Cauchy problem
for the electromagnetic wave equation in these space-times is indeed well posed
for τ0 = 0, where solutions exist for initial data given by vector like functions
(fµ(x), gµ(x)) posed at τ0 and propagated to future (past) times τ . This is in
stark contrast to the scalar wave equation in which the full Cauchy problem
for both cases of curvature was not well posed for τ0 = 0. Solutions of the
general Cauchy problem posed at τ0 > 0 and propagated to times 0 < τ < τ0
became singular as τ → 0+. However, it was found that there remained a full
function space of initial data, depending upon one scalar function g(x) for which
the solution existed for the initial value problem consisting of data (g(x), 0)
posed at τ0, and propagated to future (past) times τ [1]. Returning to the
electromagnetic wave equation, the result obtained is a well defined solution
for τ > 0 emanating from the space-time singularity at τ0 = t0 = 0. Under
time reflection τ → −τ , the Friedmann-Robertson-Walker space-times are also
solutions of Einstein’s equations for which the initial value problem can equally
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be run backwards in time from τ = 0 [1]. We thus obtain a global solution whose
evolution is continuous across the space-time singularity at τ = 0 (the image of
t = 0 as the transformed time variable in both cases K = 0 and K = −1 behaves
asymptotically as t ∼ τ3/3 for τ → 0 [1]). This is interesting as the result shows
that light can propagate continuously through a big bang singularity of the type
in our universe and is analogous to that obtained by Abbasi and Craig [1] for
the scalar wave equation. Note however, that there is a possible loss of regularity
of the solution. Namely, if fµ ∈ C2 and gµ ∈ C1 initially, then the solution
expression guarantee’s only that fµ ∈ C1 and gµ ∈ C at a later time. This can
be attributed to focussing effects present when n > 1 [7].

Secondly, given the explicit nature of the solution one can read off the decay
rate. For the case of curvature K = 0 the time variable t is related to the
conformal time variable τ by t = τ3/3. It follows that the solution decays as
O(t−1/3). This is in contrast to the decay rate obtained for the scalar wave
equation on FRW space-times for curvature K = 0, of which was found to be
O(t−1) (identical to that of Minkowski space-time). The results is that for K = 0
the electromagnetic wave equation (being a vector wave equation) obeys a slower
decay rate than that of its scalar counterpart. For the case of curvature K = −1
there is not a clean inversion formulae as the time variable t is related to the
conformal time variable τ by the relation t = sinh(τ)− τ . In order to determine
the decay rate one must look at the asymptotic’s of the solution. Doing so, the
solution decays as O(t−1) as the solution expression is bounded for large τ by
e−τ . This decay rate is once again found to be slower than that of the scalar
wave equation, which was calculated to be O(t−2) [1]. It is interesting to note
that the decay rate for the electromagnetic wave equation in FRW space-times
of curvature K = −1 is identical to that of the electromagnetic wave equation
in Minkowski space-time and to that of the scalar wave equation in FRW space-
times of curvature K = 0.

Finally, noting that both Huygens’ principle of finite propagation speed as well
as Huygens’ sharp principle (that solutions lie on the boundary of the light cone)
are satisfied in the underlying product metrics considered, it follows that both
principles are satisfied on the FRW space-times considered here [6]. Conversely,
although Huygens’ principle of finite propagation speed is indeed satisfied for
the scalar wave equation on these space-times, Huygens’ sharp principle is not.
Rather, in the case of K = 0 the solution at a point is seen to persist indefinitely,
spatially constant with value related to the average value of the initial data and
with asymptotically diminishing magnitude in time. In the case of K = −1 the
solution in the interior of the light cone is not locally spatially constant, but is
dictated by a kernel which is dependent upon the geodesic radius r [1].
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