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Subgroups of the Group of Formal Power
Series with the Big Powers Condition

Alexander Brudnyi

Presented by Pierre Milman, FRSC

Abstract. We study the structure of countable subgroups of the
group G[[r]] of complex formal power series under the operation of compo-

sition of series. In particular, we prove that every finitely generated fully

residually free group is embeddable in G[[r]].

Résumé. Nous étudions la structure des sous-groupes dénombrables

du groupe G[[r]] des séries de puissance formelle sous l’opération de la
composition des séries. En particulier, nous prouvons que chaque groupe

qui est finement engendré et ω-résiduellement libre admet un plongement

dans G[[r]].

1. Main Result Let G[[r]] be the prounipotent group of formal power series
of the form r +

∑∞
i=1 cir

i+1, ci ∈ C, i ∈ N, under the operation ◦ of composi-
tion of series. In the paper we study the problem of the structure of countable
subgroups of G[[r]]. The problem is of importance, in particular, in connec-
tion with the classification of local analytic foliations and the holonomy of local
differential equations (see, e.g., [C], [CL], [EV], [IP], [L], [NY] and references
therein). The deep results of [EV] show that in contrast to free prounipotent
groups (see [LM, Cor. 4.7]) the group G[[r]] contains two-generator countable
subgroups which are neither abelian nor free (see also [NY] for further results
in this direction). In turn, in [Br, Problem 4.15] we asked with regard to the
center problem for families of Abel differential equations whether the fundamen-
tal groups of orientable compact Riemann surfaces are embeddable in G[[r]]. In
this paper we answer this question affirmatively. Our approach is purely group-
theoretical and can be applied to a wide class of prounipotent groups.

To formulate the main result of the paper we introduce several definitions.

Let G be a group and u = (u1, . . . , uk), k ∈ N, be a tuple of non-trivial
elements of G. We say that u is commutation-free if [ui, ui+1] := uiuju

−1
i u−1

j 6= 1
for all 1 ≤ i ≤ k − 1. In turn, u is called independent if there exists an integer
n = n(u) ∈ N such that uα1

1 · · ·u
αk
k 6= 1 for any integers α1, . . . , αk ≥ n.
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Definition 1.1. The group G satisfies the big powers condition if every
commutation-free tuple in G is independent.

The groups subject to the definition are referred to as BP -groups. The class
of BP -groups contains torsion-free abelian groups, free groups and torsion-free
hyperbolic groups. Also, subgroups and direct and inverse limits of BP -groups
are BP as well. On the other hand, e.g., nonabelian torsion-free nilpotent groups
are not BP (see [KMS, Thm. 1]). We recommend the paper [KMS] for the
corresponding references and other examples and properties of BP -groups and
their applications in group theory.

Let δ be an ordinal of cardinality ≤ c and

(1.1) G0 ≤ G1 ≤ · · · ≤ Gα ≤ Gα+1 ≤ · · · ≤ Gδ

be a chain of subgroups such that for each limit ordinal λ

Gλ :=
⋃
α<λ

Gα.

Suppose that for each successor ordinal α+1 ≤ δ one of the following conditions
holds:

(i) Gα+1 = Gα ∗Cα Fα, where Fα is a nontrivial subgroup of Gα, and either
Cα = {1} or Cα = CGα(u) = CFα(u)1 for some nontrivial u ∈ Fα;

(ii) Gα+1 is an extension of a centralizer of Gα.

Recall that an extension of a centralizer of a group G is the group
〈G, t | [c, t] = 1, c ∈ CG(u)〉 for some nontrivial u ∈ G.

Theorem 1.2. Gδ is a BP -group embeddable in G[[r]] if and only if G0 is.

Example 1.3. (1) Let G0 (∼= C) be a one-parametric subgroup of G[[r]] and
Gα+1 = Gα ∗G0 for all successor ordinals α+1 ≤ δ, where δ is of the cardinality
of the continuum c. Then Gδ is isomorphic to the free product of c copies of C
and due to Theorem 1.2 it is a BP -group embeddable in G[[r]].

(2) A group G is called fully residually free if for any finite subset X of G there
exists a homomorphism from G to a free group that is injective on X. The
notion was introduced in [B2] and since then extensively studied in connection
with important problems of group theory and logic. Deep results of [MR] and
[KM] assert that a finitely generated fully residually free group is embeddable
in a finite sequence of extensions of centralizers of the free group of rank two.
Hence, due to Theorem 1.2(b) and part (1) of the example a finitely generated
fully residually free group is a BP -group embeddable in G[[r]]. Since all non-
exceptional fundamental groups of compact Riemann surfaces (i.e., distinct from
the fundamental groups of non-orientable surfaces of Euler characteristic 1, 0 or

1CG(u) ≤ G stands for the centralizer of an element u of a group G.
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−1) are fully residually free (see [B1]), they are embeddable in G[[r]] 2. This
answers [Br, Problem 4.15].

(3) Let GZ[t] be the Lyndon’s completion of a finitely generated fully residually
free group G. The notion was introduced in [L] in order to describe the solutions
of equations in a single variable with coefficients in a free group. The recent result
of [MR] asserts that GZ[t] is the direct limit of a countable chain of extensions
of centralizers G ≤ G1 ≤ G2 ≤ · · · . Hence, Theorem 1.2(b) and part (2) imply
that GZ[t] is a BP -group embeddable in G[[r]].

Remark 1.4. (1) Let F ⊂ C be a subfield and GF[[r]] < G[[r]] be the subgroup
of series with coefficients in F. A minor modification of the proof of Theorem
1.2 (see Section 4) leads to the following result.

Theorem 1.5. Suppose the cardinality of G0 is less than c. Then Gδ is a
BP -group embeddable in GR[[r]] if and only if G0 is.

In particular, the Lyndon’s completion GZ[t], where G is a finitely generated fully
residually free group, is embeddable in GR[[r]].

(2) In view of our main result the following questions seem plausible.

Problem. (a) Is G[[r]] a BP -group?

(b) Suppose groups G1, G2 are embeddable in G[[r]]. Is G1 ∗ G2 embeddable in
G[[r]]?

(c) Let Q̄ be the algebraic closure of the field of rational numbers Q. Is a finitely
generated fully residually free group embeddable in GQ̄[[r]]?

(d) Is a finitely generated fully residually free group embeddable in G[[r]] ∩
Diff(R, 0)?

(Note that the proof of Theorem 1.2 uses the fact that the transcendence degree
of C is c.)

In a forthcoming paper we present some applications of Theorems 1.2 and 1.5
to the center problem for ordinary differential equations.

2. Auxiliary Results

2.1. In our proofs we use the following notion equivalent to the BP condition.
We say that a group G satisfies the separation condition if for any positive

integer k and any tuples u = (u1, ..., uk) and g = (g1, ..., gk+1) of elements from
G such that

[g−1
i+1uigi+1, ui+1] 6= 1 for i = 1, . . . , k − 1,

there exists an integer n = n(u, g) such that

g1u
α1
1 g2u

α2
2 · · · gku

αk
k gk+1 6= 1

2They are also embeddable in the group Diff(R, 0) of germs of real analytic diffeomorphisms
at the origin 0 ∈ R, see [CCGS].
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for any integers α1, . . . , αk ≥ n.
It was proved in [KMS, Prop. 1] that a group G satisfies the big powers con-

dition if and only if it satisfies the separation condition.

2.2. We also use some known facts about the prounipotent group G[[r]].
The Lie algebra g of G[[r]] consists of formal vector fields of the form∑∞
j=1 cjej , cj ∈ C, where ej := −xj+1 d

dx . Here the Lie bracket satisfies the
identities [ei, ej ] = (i − j)ei+j for all i, j ∈ N. Moreover, if vr is the formal
solution of the initial value problem

dv

dx
=

∞∑
j=1

cjv
j+1, v(0) = r,

then the exponential map exp : g→ G[[r]] sends the element
∑∞
j=1 cjej to vr(1),

where
(2.1)

vr(1) = r +

∞∑
i=1

( ∑
i1+···+ik=i

(i1 + 1)(i1 + i2 + 1) · · · (i− ik + 1) ci1 · · · cik
k!

)
ri+1.

The map exp is bijective. We denote its inverse by log : G[[r]] → g. Then for
h = r +

∑∞
i=1 hir

i+1, hi ∈ C,

(2.2) log h =

∞∑
i=1

Pi(h1, . . . , hi) ei,

where Pi ∈ Q[x1, . . . , xi], i ∈ N.
In turn, let w(X1, . . . , Xn) be a word in the free group with generators

X1, . . . , Xn. For some a1, . . . , an ∈ g we set

w̃(a1, . . . , an) := w(exp(a1), . . . , exp(an)).

Then the formula for the composition of series and (2.1) imply that

(2.3) w̃(a1, . . . , an) = r +

∞∑
i=1

Qi(a1, . . . , an)ri+1,

where Qi is a polynomial with rational coefficients of degree i whose set of
variables is the union of the first i coefficients of the series expansions of ak,
1 ≤ k ≤ n.

We also use the following fact.

Lemma 2.1. Elements exp(a1), exp(a2) ∈ G[[r]] with nonzero a1, a2 ∈ g com-
mute iff a1 = λa2 for some λ ∈ C.
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Proof. If exp(−a2) exp(a1) exp(a2) = exp(a1), then passing to the logarithm
we get

ad(exp(a2))(a1) = a1,

where ad is the differential at 1 of the map Ad(exp(a2))(g) := exp(−a2)g exp(a2),
g ∈ G[[r]]. Multiplying both parts of the previous equation by t ∈ C and taking
the exponents we obtain that exp(−a2) exp(ta1) exp(a2) = exp(ta1) for all x ∈ C.
This implies

[a1, a2] := lim
t→0

1

t

(
ad(exp(ta1))(a2)− a2

)
= 0.

Further, if ak =
∑∞
j=jk

cjkej , where cjkk 6= 0, k = 1, 2, then

0 = [a1, a2] =

∞∑
n=1

∑
i+j=n

ci1cj2[ei, ej ] =

∞∑
n=1

 ∑
i+j=n

ci1cj2(j − i)

 en.

Thus,

(2.4)
∑
i+j=n

ci1cj2(j − i) = 0 for all n ≥ 1.

In particular, cj11cj22(j2− j1) = 0, i.e., j2 = j1 and there exists a nonzero λ ∈ C
such that cj11 = λcj22.

Assume now that we have proved that cj1 = λcj2 for all j1 ≤ j < n. Let us
prove that cn1 = λcn2 as well. Indeed, due to (2.4) and our hypothesis we obtain

0 =
∑

i+j=n+j1

ci1cj2(j − i) = cn1cj12(j1 − n) + λcj12cn2(n− j1)

+
∑

i+j=n+j1, i>j1

λci2cj2(j − i)

= cn1cj12(j1 − n) + λcj12cn2(n− j1).

Since cj12(j1 − n) is not equal to zero, this gives the desired statement. Hence,
we obtain by induction that a1 = λa2.

The converse statement is obvious. �

A subgroup H of a group G is called malnormal if H ∩ g−1Hg = {1}, g ∈ G
implies g ∈ H. A group is called CSA if every maximal abelian subgroup is
malnormal.

As a corollary of Lemma 2.1 we obtain:

Proposition 2.2. Any subgroup of G[[r]] is CSA.

Proof. Let H ⊂ G[[r]] and A ⊂ H be a maximal abelian subgroup of H.
Without loss of generality we may assume that H is nontrivial. Then A contains
a centralizer CH(h) of a nontrivial element h ∈ H. Due to Lemma 2.1, each
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g ∈ H such that [g, h] = 1 is of the form exp(λ log(h)) for some nonzero λ ∈ C.
Then A = 〈exp(λ log(h)) : λ ∈ C〉 ∩H = CG[[r]](h) ∩H := CH(h).

Further, suppose (g−1Ag) ∩ A 6= {1} for some nontrivial g ∈ H. Let us show
that g ∈ A.

We have g−1hg = exp(µ log(h)) for some µ ∈ C. Let h = r +
∑∞
j=p hpr

p+1

with hp 6= 0. Let Gp+1 < G[[r]] be the normal subgroup of series of the form
r +

∑∞
j=p+1 cjr

j+1, cj ∈ N, and ϕp+1 : G[[r]] → G[[r]]/Gp+1 be the quotient

homomorphism. Then ϕp+1

(
CG[[r]](h)

)
belongs to the central subgroup and

is isomorphic to C, where the isomorphism sends ϕp+1(exp(λ log(h))) to λhp,
λ ∈ C. Hence,

ϕp+1(g−1hg) = ϕp+1(h) = ϕp+1(exp(µ log(h)))

which implies that µ = 1. Thus [g, h] = 1 and by Lemma 2.1 g ∈ CG[[r]](h)∩H :=
CH(h).

This completes the proof of the proposition. �

3. Proof of Theorem 1.2

3.1. First, we prove the particular case of the theorem for the ordinal δ of
cardinality 2, i.e., the following result.

Theorem 3.1. (a) Let H1 and H2 be nontrivial subgroups of a BP -group H0 ⊂
G[[r]]. Then the group H1 ∗C H2, where either C = {1} or H1 ∩ H2 6= {1}
and there is a nontrivial u ∈ H1 ∩ H2 such that C = CH1

(u) = CH2
(u), is a

BP -group embeddable in G[[r]].
(b) An extension of a centralizer of a BP -subgroup of G[[r]] is a BP -group
embeddable in G[[r]].

Proof. (a) Let S ⊂ R be the transcendence basis of C over Q. It is known
that S is of the cardinality of the continuum. We write S = S0 t Sc0, where
S0 and Sc0 are of the cardinality of the continuum, and choose some s, t ∈ Sc0.
Then a bijection S → S0 extends to an embedding σ : C ↪→ C such that s and
t are algebraically independent over σ(C). The isomorphism C ∼= σ(C) induces
an isomorphism G[[r]] ∼= Gσ(C)[[r]], where the latter is the subgroup of G[[r]] of
series with coefficients in σ(C). Thus without loss of generality we may assume
that H0 ≤ Gσ(C)[[r]].

Let C ≤ H1 ∩H2 be as in the statement of the theorem. First, we consider
the case C 6= {1}. Then C ≤ CG[[r]](c) := 〈cα : α ∈ C〉 for a fixed c ∈ C \ {1};
here we set for brevity cα := exp(α log(c)).

Lemma 3.2. The group H̄2 := c−sH2 c
s satisfies H̄2 ∩H1 = C.

Proof. Since C ≤ CG[[r]](c), C ≤ H̄2 ∩ H1. Suppose that there exists some
u ∈ (H̄2∩H1)\C. Then u = c−svcs for some v ∈ H2 \C. Since s is algebraically
independent over σ(C) and the coefficients of the series expansion of u belong to



26 Alexander Brudnyi

σ(C), the latter identity implies that u = c−αvcα for all α ∈ C (see (2.2),(2.3)).
Thus for α = 0 we have u = v and from here for α = 1 we obtain that [u, c] = 1.
Then Lemma 2.1 implies that v = u ∈ CG[[r]](c) ∩H2 = C, a contradiction that
proves the lemma. �

Let H̃ ≤ G[[r]] be a subgroup generated by H̄2 and H1. Consider the epi-

morphism ϕ : H1 ∗ H2 → H̃ such that f(h1) := h1, h1 ∈ H1, and f(h2) :=
c−sh2 c

s ∈ H̄2, h2 ∈ H2. Since c−sC cs = C, ϕ descends to an epimorphism
ϕ̃ : H1 ∗C H2 → H̃.

Lemma 3.3. ϕ̃ is an isomorphism.

Proof. Let h ∈ H1∗CH2 be such that ϕ̃(h) = 1. Then there exist h1, . . . , h2k,
where h2i−1 ∈ H1, h2i ∈ H2, 1 ≤ i ≤ k, such that h = h1 ∗ · · · ∗ h2k (here ∗
stands for the product on H1 ∗C H2). Thus we have

ϕ̃(h) = h1c
−sh2c

s · · ·h2k−1c
−sh2kc

s = 1.

Since s is algebraically independent over σ(C) the latter implies a similar identity
with an arbitrary α ∈ C instead of s (see (2.2),(2.3)). In particular, for all n ∈ Z,

(3.1) h1c
−nh2c

n · · ·h2k−1c
−nh2kc

nh2k+1 = 1, h2k+1 := 1.

Since the element on the right belongs to the BP -group H0, by the separation
condition (see Section 2.1) there exists 1 ≤ j ≤ 2k − 1 such that[

h−1
j+1c

(−1)jhj+1, c
(−1)j+1]

= 1.

Now Lemma 2.1 implies that h−1
j+1chj+1 ∈ C := CGs(c), s = 1, 2. Hence, due to

Proposition 2.2, hj+1 ∈ C. If k = 1, this and (3.1) imply that ϕ̃(h) = h1h2 = 1,
h2 ∈ C, and so h1 ∈ C as well. In particular, h = h1 ∗h2 ∈ C ≤ H1 ∗CH2. Since
ϕ̃|C is identity, h = 1 in this case.

If k > 1, then

hjc
(−1)jhj+1c

(−1)j+1

hj+2 = hjhj+1hj+2 ∈ G s
2
, s = 3 + (−1)j .

Therefore

h = h̃1 ∗ · · · ∗ h̃2k−2, where h̃i = hi if i 6= j, and h̃j := hj ∗hj+1 ∗hj+2.

Here h̃2i−1 ∈ H1, g̃2i ∈ H2, 1 ≤ i ≤ k − 1.
Applying such reductions k−1 times and using at the end the above considered

case of k = 1 we obtain that h = 1.
This proves that ϕ̃ is a monomorphism and, hence, it is an isomorphism (as

ϕ̃ is an epimorphism by definition). �
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Thus we have proved that H̃ is a subgroup of G[[r]] isomorphic to H1 ∗C H2

for C 6= {1}.
Now suppose that C = {1}. Let us take c := exp(se1+s2e2) ∈ G[[r]]\Gσ(C)[[r]]

and set
H̄2 := c−tH2c

t.

Then similarly to Lemma 3.2 we get the following statement.

Lemma 3.4. H̄2 ∩H1 = {1}.

Proof. If there exists some nontrivial u ∈ H̄2 ∩ H1, then u = c−tvct for
some v ∈ H2. As in the proof of Lemma 3.2 this implies u = v ∈ H2 ∩ H1. If
H2 ∩H1 = {1}, then we obtain a contradiction. For otherwise, as in the proof
above the separation condition and Proposition 2.2 imply that u = cα for some
nonzero α ∈ C. Hence, log(u) = αse1 + αs2e2. Since the coefficients of the
series expansion of log u belong to σ(C), the latter yields αs, αs2 ∈ σ(C); hence

s = αs2

αs ∈ σ(C). This contradicts the algebraic independence of s over σ(C) and
completes the proof of the lemma. �

Let H̃ ≤ G[[r]] be the subgroup generated by H1 and H̄2. Consider the

surjective homomorphism ϕ : H1 ∗ H2 → H̃ such that ϕ(h1) = gH1, h1 ∈ H1,
and ϕ(h2) = c−th2c

t, h2 ∈ H2.

Lemma 3.5. ϕ is an isomorphism.

Proof. Let h ∈ Ker(ϕ). Then h = h1∗· · ·∗h2k for some h2i−1 ∈ H1, h2i ∈ H2,
1 ≤ i ≤ k (here ∗ stands for the product on H1 ∗H2). Thus we have

ϕ(h) = h1c
−th2c

t · · ·h2k−1c
−th2kc

t = 1.

Since t is algebraically independent over σ(C), arguing as in the proof of Lemma
3.3 we obtain that there exists 1 ≤ j ≤ 2k − 1 such that[

h−1
j+1c

(−1)jhj+1, c
(−1)j+1]

= 1.

Now Lemma 2.1 implies that h−1
j+1chj+1 ∈ CG[[r]](c). Hence, due to Proposition

2.2, hj+1 ∈ CG[[r]](c), i.e., hj+1 = cα for some α ∈ C. Then arguing as in
the proof of Lemma 3.4 we obtain that α = 0. Hence, hj+1 = 1 and so h =

h̃1∗· · ·∗h̃2k−2, where h̃i = hi if i 6= j and h̃j := hj ∗hj+1∗hj+2. Here h̃2i−1 ∈ H1,

h̃2i ∈ H2, 1 ≤ i ≤ k − 1.
Applying such reductions k − 1 times we obtain at the end that h = 1.
This completes the proof of the lemma. �

Thus we have proved that in this case H̃ is a subgroup of G[[r]] isomorphic
to H1 ∗H2.

Finally, in both cases groups H̃ are BP by Theorem 4 and Corollary 6 of
[KMS] whose conditions are satisfied due to [KMS, Prop. 5] and our Proposition
2.2.
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This completes the proof of part (a) of the theorem.

(b) Let G be a BP -subgroup of G[[r]] and C = CG(u) for a nontrivial u ∈ G.
As in the proof of (a) we assume that G ≤ GF[[r]], where F is a proper subfield
of C and s ∈ C \ F is algebraically independent over F. Consider a subgroup

G̃ ≤ G[[r]] generated by G and us.

Lemma 3.6. G̃ is isomorphic to the group Gt := 〈G, t | [c, t] = 1, c ∈ CG(u)〉.

Proof. Consider the epimorphism ϕ : G ∗ Z→ G̃ such that ϕ(g) = g, g ∈ G,
and ϕ(n) = uns, n ∈ Z. Since [ϕ(1), c] = 1, c ∈ CG(u), ϕ descends to an

epimorphism ϕ̃ : Gt → G̃. Let us show that ϕ̃ is a monomorphism. This will
complete the proof of the lemma.

Let g ∈ Ker(ϕ̃). Then g = g1 ∗ tα1 ∗ · · · ∗ gk ∗ tαk , where gi ∈ G, αi ∈ Z,
1 ≤ i ≤ k (here ∗ is the product on Gt). Thus we have

(3.2) ϕ̃(g) = g1u
α1s · · · gkuαks = 1.

If k = 1, then we obtain that g1 = u−α1s. Since s is algebraically independent
over F and the coefficients of the series expansion of g1 belong to F, this implies
that α1 = 0, hence, g1 = 1 and g = g1 ∗ tα1 = 1.

For otherwise, by the same reason (3.2) implies that

g1u
α1n · · · gkuαkn = 1, n ∈ Z.

The expressions on the right belong to the BP -group G, hence, due to the
separation condition (see Section 2.1) there exists 1 ≤ i < k such that

[g−1
i+1u

αigi+1, u
αi+1 ] = 1.

If both αi, αi+1 6= 0, then arguing as in the proof of part (a) we obtain that
gi+1 ∈ CG(u). This reduces the length of the word representing g from k to
k − 1. The same is true if αi = αi+1 = 0 and i + 1 < k. Finally, if αk = 0,
then the separation condition provides a similar commutativity relation with a
new i < k − 1 which leads to the word reduction for g as well. Applying this
reduction procedure k − 1 times and using the above considered case k = 1, we
get that g = 1, i.e. ϕ̃ is an injection. �

To complete the proof of part (b) note that Gt is a BP -group due to [KMS,
Thm. 4].

�

3.2. Proof of Theorem 1.2

Proof. Let S ⊂ C be the transcendence basis of C over Q. We write S =
S0 t S1 t S2 t S3, where all Si are of the cardinality of the continuum. Then
a bijection S → S0 extends to an embedding σ : C ↪→ C such that S \ S0 is
the transcendence basis of C over σ(C). The isomorphism C ∼= σ(C) induces an



Subgroups of the Group of Formal Power Series 29

isomorphism G[[r]] ∼= Gσ(C)[[r]]. Thus without loss of generality we may assume
that G0 ≤ Gσ(C)[[r]].

Further, since the ordinal δ is of cardinality ≤ c, there exist injections τi : δ → Si,
1 ≤ i ≤ 3.

To prove the result we use the transfinite induction based on Theorem 3.1.

Specifically, we prove that for each λ ≤ δ, Gλ is a BP -group and there is
a monomorphism ϕλ : Gλ → GFλ [[r]], where Fλ ⊂ C is the minimal subfield
containing σ(C) and all τi(γ), γ ≤ λ, i = 1, 2, 3, such that ϕλ|Gα = ϕα for all
α < λ.

For λ = 0 the result holds trivially with ϕ0 = id. Assuming that the result
holds for all ordinals < λ let us prove it for λ.

First, assume that λ is a limit ordinal. By the definition,

Gλ :=
⋃
α<λ

Gα.

Since all Gα, α < λ, are BP -groups by the induction hypothesis, their union Gλ
is a BP -group as well.

Now, we set

ϕλ(g) := ϕα(g), g ∈ Gα, α < λ.

Then due to the induction hypothesis, ϕλ is a well-defined monomorphism of
Gλ to G[[r]]. Moreover, the coefficients of the series expansions of elements of
ϕλ(Gλ) belong to ∪α<δFα. Clearly, the latter is a subfield of Fλ which proves
the required statement in this case.

Next, assume that λ is a successor ordinal, i.e., λ = α+1 for an ordinal α < λ.
We apply Theorem 3.1 as follows.

If Gα+1 = Gα ∗Cα Fα, where Fα is a nontrivial subgroup of Gα, and either
Cα = {1} or Cα = CGα(u) = CFα(u) for some nontrivial u ∈ Fα, then we choose
in Theorem 3.1(a) H0 = H1 = ϕα(Gα), H2 = ϕα(Fα) and s = τ1(α+1) ∈ S1, t =
τ2(α+ 1) ∈ S2. Then the proof of the theorem implies that Gα+1 is embeddable
in G[[r]] and the corresponding monomorphism of Lemma 3.3 ϕ̃ denoted in our
case by ϕα+1 extends ϕα and is such that the coefficients of series expansions
of elements of ϕα(Gα+1) belong to the minimal subfield of C containing Fα and
τ1(α+ 1), τ2(α+ 1) which is clearly a subfield of Fα+1.

If Gα+1 is an extension of a centralizer of Gα, then we set in the proof of
Theorem 3.1(b), G = ϕα(Gα) and s = τ3(α + 1). Due to the theorem, Gα+1

is embeddable in GC[[r]] and the corresponding monomorphism of Lemma 3.6
ϕ̃ denoted now by ϕα+1 extends ϕα and is such that the coefficients of series
expansions of elements of ϕα(Gα+1) belong to the minimal subfield of C con-
taining Fα and τ3(α + 1) which is a subfield of Fα+1. Moreover, in both cases
Gα+1 is a BP -group. This completes the proof of the inductive step and, hence,
of Theorem 1.2. �
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4. Proof of Theorem 1.5 Repeating word-for-word the proof of Proposi-
tion 2.2 one obtains that any subgroup of the group GR[[r]] is CSA and, more-
over, maximal abelian subgroups of a nontrivial H ≤ GR[[r]] have the form
CH(u) = CGR[[r]](u) ∩ H = 〈exp(λ log(u)) : λ ∈ R〉 ∩ H for nontrivial u ∈ H.
One uses this to prove the following version of Theorem 3.1.

Let F ⊂ R be a subfield such that the transcendence degree of R over F is at
least two.

Theorem 4.1. (a) Let H1 and H2 be nontrivial subgroups of a BP -group H0 ⊂
GF[[r]]. Then the group H1 ∗C H2, where either C = {1} or H1 ∩ H2 6= {1}
and there is a nontrivial u ∈ H1 ∩ H2 such that C = CH1

(u) = CH2
(u), is a

BP -group embeddable in GR[[r]].
(b) An extension of a centralizer of a BP -subgroup of GF[[r]] is a BP -group
embeddable in GR[[r]].

Proof. Suppose S = S0 t Sc0 ⊂ R is the transcendence basis of R over Q,
where S0 is the transcendence basis of F over Q. By the definition of F there exist
some s, t ∈ Sc0 algebraically independent over F. Starting with these elements
we repeat literally the proof of Theorem 3.1 replacing σ(C) by F, C by R and
G[[r]] by GR[[r]] to get the required statement. �

Proof of Theorem 1.5. Since the cardinality of G0 is less than c, the field
F ⊂ R generated by coefficients of series expansions of elements from G0 has the
cardinality less than c as well. Suppose S = S0 t Sc0 ⊂ R is the transcendence
basis of R over Q such that S0 is the transcendence basis of F over Q. Since
S is of the cardinality of the continuum, Sc0 := S \ S0 is of the cardinality of
the continuum as well. Hence, we can write Sc0 = S1 t S2 t S3 ⊂ R where all
Si, 1 ≤ i ≤ 3, are of the cardinality of the continuum. From now on the proof
repeats literally that of Theorem 1.2 with σ(C) replaced by F, C by R and G[[r]]
by GR[[r]]. We leave the details to the reader. �
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