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HIGHER DERIVATIONS AND HOCHSCHILD HOMOLOGY

A. BANERJEE

Presented by George Elliott, FRSC

ABSTRACT. Let K be a commutative ring and let A be a K-algebra.
A K-linear derivation D on A induces a morphism Lp on the Hochschild
and cyclic homologies of A, which is the analogue of the Lie derivative
in noncommutative geometry. In this paper, we extend this to higher (or
Hasse—Schmidt) derivations on A.

RESUME. Soit K un anneau commutatif et soit A une K-algeébre. Une
dérivation K-linéaire D de A induit un endomorphisme Lp de I’homologie
de Hochschild et de I’homologie cyclique de A, qui est I’analogue en géomé-
trie non-commutative de la dérivée de Lie. Dans cet article, nous générali-
sons cette construction aux dérivations d’ordre supérieur (ou dérivations de
Hasse—Schmidt) de A.

1. Introduction. Let K be a commutative ring and let A be a (not nec-
essarily commutative) K-algebra. Then the cyclic homology HC,.(A) of A, as
introduced by Connes [2] plays the role of de Rham cohomology in noncommu-
tative geometry. If D is a derivation on A, Goodwillie [4] (see also Rinehart [8])
showed that D induces morphisms Lp of degree 0,

(1.1) Lp: HC,(A) — HC.(A) Lp: HH.(A) — HH.(A),

on the Hochschild homologies HH,(A) and cyclic homologies HC,(A) of the
algebra A, which play the role of the Lie derivative in noncommutative geometry.

In this paper, we will extend the above mentioned result to higher derivations.
We recall that a sequence D = {d,, },>0 of K-linear morphisms d,,: A — A with
do = id is said to be a higher derivation if, for each n > 1, we have:

dp(ab) = zn:di(a)dn,i(b) Va,be A
i=0

Higher derivations, first introduced by Hasse and Schmidt [5], have also been
referred to as Hasse-Schmidt derivations in the literature. The study of higher
derivations on an algebra A, particularly when the ring K is a field of positive
characteristic, has been dealt with extensively in the literature (see Sweedler [10],
Weisfeld [11]) and has interesting consequences in field extensions and Galois
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theory (see [3], [12]). More recently, Mirzavaziri [7] has obtained a simple char-
acterization of higher derivations when K is a field of characteristic zero. For
other applications and generalizations of higher derivations, see [1] and [13].

Given a higher derivation D = {d,}n>0 on A, for each n > 0, we construct
morphisms

(1.2) L% HOW(A) — HC,(A), L%: HH,(A) — HH,(A),

of degree 0 that generalize the Lie derivative in (1.1). Thereafter, given two K-
algebras A and B carrying higher derivations D = {d,},>0 and E = {e,}n>o0,
we construct a higher derivation D ® E on A ® B. Then this is applied to show
that when A is a commutative K-algebra, the sequence of maps {L’ },,>¢ defines
a higher derivation on H H,.(A) with respect to the shuffle product.

Following this, we consider the Lie algebra .Z of ordinary K-linear derivations
on A and let H = U(Z) denote the universal enveloping algebra of .. Then in
the particular case when K is a field of characteristic zero, we show, using the
description of higher derivations in characteristic zero due to Mirzavaziri [7], that
the operators L7, in (1.2) can be obtained from the coproduct in H. Thereafter,
we show that if u € A is a given element, the sequence D, = {di}r>0 of K-
linear maps on A given by dy = id, dy = {(—1)*u*"'[u, -]}x>1 defines a higher
derivation on A. When K is a field of characteristic zero, we show that the maps
L%, n > 1 induced on HH,.(A) and HC.(A) by the higher derivation D, are
zero. This generalizes the fact that the Lie derivative on HH,(A) and HC,(A)
as in (1.1) induced by an inner derivation [u, -] on A is zero.

2. Lie derivative for higher derivations. In this paper, unless otherwise
mentioned, we will always let K be a commutative ring and let A be a K-
algebra that is not necessarily commutative. For any n > 0, we let C,(A) =
A ® A®", the tensor products being taken over the ring K. For the sake of
convenience, an element (ap ® a; ® ---a,) € Cp(A) will often be denoted by
(ag,a1,...,a,). For any n > 0, we will let HH,,(A) and HC,,(A) respectively
denote the Hochschild and cyclic homologies of A. We also set HH,.(A) =
@ ,HH,(A) and HC.(A) = @,-,HH,(A). For details on Hochschild and
cyclic homology, we refer the reader to Loday [6].

DEFINITION 2.1. Let K be a commutative ring and let A be a K-algebra. A
sequence D = {d,, },,>0 of K-linear maps d,,: A — A with dy = id is said to be
a higher (or Hasse-Schmidt) derivation on A, if, for each n > 0, we have

dp(ab) = idi(a)dn,i(b) Va,be A
i=0

For instance, if d is an ordinary derivation and K is a field of characteristic
zero, the sequence d,, := {%}7 n > 0 is a higher derivation on A. However, this
is hardly the only example of a higher derivation in the literature. For several
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other natural examples and applications of higher derivations, see [3], [9], [10],
and [12].

It is well known (see [6]) that an ordinary derivation d on the algebra A
induces natural operators of degree 0 on HH,(A) and HC.(A). By abuse of
notation, we denote both of these operators by Lg:

Ly: HH.(A) — HH.(A), L4: HC.(A) — HC.(A).

The operator Ly plays the role of a Lie derivative in noncommutative geometry.
Our objective is to extend the operators Lq on HH,(A) and HC,(A) to higher
derivations D = {d,}n>0 on the algebra A. For some k > 0, we consider
(ag,as,...,a;) € Cx(A) and define, for each n > 1:

(2.1) L%(ao,al,...,ak) = Z (djo(ao),djl(al),...,djk(ak)).

~ (Josdrsensiv)
Jotjit+jk=n

For the sake of convenience, unless otherwise mentioned, we will often denote a
sum as in (2.1), taken over all ordered tuples (jo, ..., jx) of nonnegative integers
7i, 0 <4 < k, such that jo + --- + jx = n simply by

Z (djo(ao)’d]d (al),-- '7djk (ak)),

Jo+ji+Fjk=n

Moreover, we let LY = id be the identity map on C,(A). We will now show that
the maps L : Cy(A) — C,(A) induce morphisms on the Hochschild and cyclic
homology of A.

PROPOSITION 2.2. Let K be a commutative ring and let A be a K-algebra.
Let D = {d,}n>0 be a sequence of K-linear morphisms on A defining a higher
derivation on A. Then for each n > 1 the morphisms L}, defined in (2.1) induce
morphisms of degree O on the Hochschild and cyclic homologies of A:

LY HH.(A) — HH.(A), L}: HC.(A) — HC.(A).

ProoF. We choose n > 1. Then for each k > 1 let by: Cx(A) — Cr_1(A)
denote the standard Hochschild differential. Then by definition, for each k > 1,
b, = Zfzo(—l)ib}; where bl (ag,a1,...,ax) = (ao,...,a;,ait41,...,a;) for all
0<i<k—1and b(ag,ai,...,ar) = (ak,ap,a1,...,ar_1). Then we have, for
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0<i<k-—-1:

(2.2) L'yt (ag,...,ax)
= L%(ao, ey QA4 . ,ak)

= S (djlao),- .- dj(aiait), ... dj,_, (ax))

Jo++ik—1=n

> > (djo(ao),- - dj(ai)dj(aisr), - - dj, , (ax))

Jo+ - FIk—1=nj+j' =7
= Y (djg(ao), - dj(@i)dj (aisr), -, dj; (ar))
Gyt i =n

:biL%(aowwak)

As in (2.2)47 we can check that L%bF = bFL%. Hence, L'yb = Zfzo(—l)iL%b}; =
Zf:O(—l)lb}cL% = bL},. Hence, the higher derivation D induces morphisms
L% : HH.(A) — HH,(A) of degree 0 for each n > 1. Furthermore, if

tk: Ck(A) — Ck(A), tk(ao, N ,ak) = (—l)k(ak,ao, e ,ak,l)

denotes the cyclic operator on the cyclic set {Ck(A)}r>o defining the cyclic
homology of A (see [6, Section 2.1]), it is clear that L4, = t,L},. Hence the
operators L7 also induce morphisms LY,: HC.(A) — HC,(A) of degree 0 on
the cyclic homology of A. O

LEMMA 2.3. Let A and B be two given K-algebras. Let D = {d,}n>0 and
E = {en}n>0 be two higher derivations on A and B respectively. For each
n>1, set

(2.3) (D®E),: A®B—A®B a®@b— Y di(a)® en_;(b)
1=0

and set (D ® E)y = id: AQ B — A ® B. Then the sequence D @ E :=
{(D ® E)p}n>o0 is a higher derivation on A® B.

PrROOF. We choose elements a,a’ € A and b,0’ € B. Since the morphisms
{dn}n>0 and {e,}n>0 are K-linear, it follows that the morphisms (D ® E),
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in (2.3) are well defined. Then we have

(D@ E)p(ad @bb) = Y di(aa’) @ e; (D)

i+j=n
= > (Y w@din@)e( D ep®en)
itj=n il4i’=i 3'+3"=j

- > (dila) @ej (b)) - (din(a) @ ejr (b))
i 4§ 45 =n

Y (D@ E),(a®b)- (DO E)u,(d V).

ni1+n2=n

U
Let A and B be two K-algebras. For any k > 0 and given (ag,a1,...,ar) €
Ck(A), a permutation o € Sy, acts on (ag, a1, ..., ax) as follows (see [6, 4.2.1.1]):

g - (ao,al, ‘e .,ak) = (ao,a071(1),...,ao.fl(k)).

Then, if p,¢q > 0 are integers and S, ; C S+, denotes the set of (p,q) shuffles,
i.e., the collection of all ¢ € S,4, such that (1) < 0(2) < --- < o(p) and
oclp+1)<olp+2) < <o(p+q), we know that the shuffle product (see [6,
4.2.1.2))

Shp,q((am e 7ap) ® (bo7 e ,bq))

= Z sgn(o)o - (ap ®bp,a1 @1,...,4p ®1,1®b1,...,1®by)
0€ESp. q

induces a product shy, q: HH,(A) @ HHy(B) — HH,14(A® B) on Hochschild
homology groups. In particular, when A is a commutative K-algebra, the
multiplication u: A ® A — A is a morphism of K-algebras and hence the
shuffle product composed with the map induced by p gives an inner shuffle
product map shy, : HH,(A) ® HH,(A) — HH,4(A). The shuffle products
shy .« HH,(A) @ HH,(A) — HHp4(A), p,q > 0 together induce a multipli-
cation sh”: HH,(A) ® HH,(A) — HH,.(A) on the Hochschild homology ring
HH.(A).

PROPOSITION 2.4. Let A and B be two given K-algebras. Let D = {d,,}n>0
and E = {en}n>0 be two higher derivations on A and B respectively. Then for
any p, ¢ > 0, the sequence of morphisms {L?D®E)}n20 on HH,.(A® B) satisfies

n

L?D@E) (Shp,q(x ® y)) = ZShp-,q (LZD(x) ® L?;_i(y))a
=0

where x € HH,(A) and y € HH(B). In particular, if A is a commutative
K -algebra, the sequence of morphisms {L's}n>0 defines a higher derivation on
the Hochschild homology ring HH,(A) with respect to the shuffle product.
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PROOF. For any n > 1 and a, a’ € A, we have d,,(aa’) =", d;i(a)d,—;(a’)

and hence we note that d,,(1) = 0. Then from the definition of (D ® E) in (2.3),
it follows that (D® E),(a®1) =d,(a)® 1 and (DR E),(1®b) =1® e, (b) for
any a € A, b € B.

We fix integers p,¢ > 0 and some (p, ¢)-shuffle ¢ € S, ,. If we choose any
= (aop,a1,...,ap) € Cp(A) and y = (bo, b1, ...,bq) € Cq(B), we can verify that

O’-L?D®E)(ao®bo,a1 ®1,...,0p®1,1®b1,...,1®by)
o Y. ((D®E)(a®b), (D®E)j, (a1 ®1),...
= e (D@ E), (a4, ©1),(DRE);  (1&b),...
., (D®E);,,, (1®byiq))
= Y Y (dyla) @ejp(be) dy(ar) @1, djy (ap) @11,
B e i 18 e (br)s-. 1@ eju(by)).
Now, adding over all o € S, ; (with signs), we have
Lips ) (shyq(z @ y))
= Liper) (shp.q((ao, a1, .., ap) @ (bo,b1,...,by)))

= Z sgn(c)o - Lipgpy(ao ®bo,a1 ®1,...,a, ®1,1@b1,...,1®by)

0ESp.q
= > D> senlo)g Y (dylao) @ejy(bo). .., dylap) @1,
ni+na=noc€S, 4 j6+--~+j;:n1

3o iy =na

1® ejur (bl), s 1l® ejf{(b(I))

= Z shyq (LY (ao, ..., ap) @ L (bo, - .., by))

ni+nz2=n

= Z shy.q (L () © L (y))-

ni+nz2=n

In particular, suppose that A = B and D = E. Then if A is a commutative
K-algebra, the multiplication u: A ® A — A is a morphism of K-algebras and
for any k > 0, we denote by Cy () the induced morphism Cy(u): Cr(A® A) —
Ci(A). We note that, for any n > 1, we have L, o C(p) = Ci(p) © Lipg -
Then for any fixed integers p,¢ > 0 and =z = (agp,a1,...,ap) € Cp(4), y =
(bo,b1,...,bg) € Cy(B), we have

L (sh*(x @ y)) = L (Cpyq(p) 0 shy 4(z @ y))

= Cptq(p) 0 L?D@D) (Shp,q (z® y))
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Y Cprgln) oshyg (L (2) @ LF (y))

ni+nes=n

= Y (IR @e L), O

ni+nz2=n

Let D be a K-linear derivation on A in the ordinary sense. Then, as men-
tioned before, D induces a morphism Lp: Cy(A) — C.(A) of degree 0 on the
Hochschild complex (C* (4), b) of A. Further, we note that given derivations D
and Dg on A, we have L(p, p,) = Lp, o Lp, — Lp, o Lp,. Let £ denote the Lie
algebra of all K-linear derivations on A and let H = U(.Z) denote the universal
enveloping algebra of .Z. Then .Z has a Lie algebra action on (C* (4), b). Hence,
for each element h € H = U(.Z), there exists a morphism Ly : Ci.(A) — C,(4)
of degree 0 on the Hochschild complex of A. If A denotes the coproduct on H
and for any [ > 0 and any h € H, we denote A'(h) =3 ha)@h) ®@- - @ hgi1),
we note that the equation

(24)  Lp(ag,...,a;) = Z(h(l)(ao), e ,h(l+1)(al)) Y(ag,...,a;) € Ci(A)

holds for all h € . C 'H and hence for all h € H = U(.Z). The morphisms Ly,
on the Hochschild complex descend to morphisms Ly : HH,(A) — HH,(A) of
degree 0 on the Hochschild homology groups of A.

Let D = {di}x>0 be a higher derivation on A. For the rest of this paper, we
will assume that the ground ring K is actually a field of characteristic zero. In
this case, Mirzavaziri [7] has recently shown that each di, & > 1 actually lies
in the Hopf algebra H generated by K-linear derivations on A. More precisely,
Mirzavaziri [7] has shown that, corresponding to D, there exists a sequence
{0n}n>1 of ordinary derivations on A such that

(2.5) dk:zk:( 3 (ﬁm>5’“m5”>

=1 Nyt =k J=1

where the sum in (2.5) is taken over all positive integers r; with Z;’:l r; = k.
Hence, it follows from (2.4) that for each k > 0, dj, € H induces a morphism
Lg, on HH.(A). We will now show that Ly, = L%, where L% : HH,(A) —
HH,(A) is the morphism induced by (2.1). Since K is a field of characteristic
zero, we will often speak of Z and QQ as subrings of K.

PRrROPOSITION 2.5. Let K be a field of characteristic zero and let A be a K-
algebra. Let D = {di}r>0 denote a higher derivation on A. For each k >
1, let Lq,: HH.(A) — HH,(A) be the morphism induced by (2.4) and let
Lk HH.(A) — HH.(A) be the morphism induced by (2.1). Then for k > 1
we have Lg, = L’fj.



40 A. BANERJEE

PROOF. Since K has characteristic zero, we know from (2.5) that each dy,
k > 0 lies in H and that there exists an infinite sequence {4, },,>1 of derivations
on A determining D = {dj}r>0. Hence, from the definitions of Lg, and Lk in
(2.4) and (2.1) respectively, it suffices to show that for any { > 0, we have
(2.6) Alldy) = > djy@dj, @@ dj,.

Sl di=k

It is clear that the equation (2.6) holds for k = 0 and k£ = 1. Given [, we suppose
that (2.6) holds for all 0 < k < K. From [7, Proposition 2.1], we know that

(2.7) (M 4 1)dprqq = Z Omatdpr—m VM >0.

Hence Al(dx 1) = ﬁ Zm:O AY(8,41)AN(d ), from which it follows that

(2.8) Al(dK_H) Z(Z(Sm+1)( Z dj0®dj1®"'®djl>,

m=0 Zi:o ji=K—-m

where A!(6,,41) = Z;:o b . and 01 | refers to the term 1@ 1® -+ ® dppy1 @

-+®1 (41 in the p-th position) appearing in the expression for A!(6,,11). Let
(46541, ---,7;) be a tuple of nonnegative integers with jo+j1 +---+j = K +1
and p be a chosen position such that j;, > 1. Then we note that

i1

Sy @ ®@djy o ® - ®djy)
=

i

Jp—1

= Z (dj(/) ®--® 57n+1dj;)—m—1 QK& d]L’)
m=0

_]p (d/ ®dj1,1®®d]l/)’

where the second equality above follows by applying (2.7) with M = j, —1. Asp
varies from 0 to [ and (jj, j7, ..., ;) varies over all tuples of nonnegative integers
satisfying jo + - -- + j; = K + 1, we note that

ZKj(iéﬁm)( > dyed, 0 0d;)

m=0 p=0 Zi:oji:K—m

Jp—1

=X Z D O [y ® @ djm1 @ © dyy)

Sty ii=K+1 p=0,j,>1 m=0

l
= > Y gy @ ®dy @ @dy).

St o di=K+1 p=0,j;,2>1
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Hence, the total number of times (djé R ® dj; R ® djz') appears in the sum
above is 22207]-1,)21 Jp = Z;:o Jp = K + 1. Considering the factor of 1/(K + 1)
appearing in (2.8), it now follows that Al(dy 1) = ZZZOJ” —x41 % ®@dj @
e ®dyr O

It is well known (see [6, Section 4.1]) that if u € A is a given element, the Lie
derivative on HH,.(A) and HC,(A) induced by the inner derivation [u, -] on A
is zero. We will now generalize this to higher derivations.

LEMMA 2.6. Let A be a K-algebra and letuw € A. Let dy =id: A — A and let
dp: A — A be defined by d,,(a) = (—=1)"u""[u,a], Va € A. Then the sequence
D, = {dn}n>0 forms a higher derivation on A.

PrOOF. We choose some a,b € A. It is clear that the morphism d; =

—[u, -]: A — A is a derivation on A. Further, for any n > 2, we have:

i dl(a)dn_l(b)
=0

= (=1)"u""[u,a]b + i(—l)”u"fl*l[u,a]ul*l[u7 bl + (=1)"au™ u, b]
=1

— (—1)"um u, alb + (1) aub — (~1)"au™ — (~1)"u"abu
+ (=D "au" bu 4 (—1)"au™ " [u, b]
= (—=1)™u"ab — (=1)"au"b — (—1)"u" tabu + (=1)"au™b = d,(ab). O

PROPOSITION 2.7.  Let A be an algebra over a field K of characteristic zero and
let we A. Let D, = {d,}n>0 be the higher derivation on A defined by setting
do =id: A — A and d,, = (=1)"u""[u, -]: A — A. Then for each n > 1,
the morphism L, is zero on Hochschild homology.

PROOF.  We may verify directly that ufu, -] = (1/2) - ([u, [u, -] + [u?, -]). Let

k be a fixed integer and suppose that for all 2 <[ < k, we have:

(a) The operator u[u'~!, -] on A can be expressed as a Q-linear combination of
the operators of the form

{fus, o= oou, fu, -] L)) s >0, m>1, Y s, =1—1} and [u', -].
i=1
(b) There exists some & € Q C K, & > 0 such that the operator u!~![u, -] —

&[u!, -] on A can be expressed as a Q-linear combination of the operators of
the form

29) e e L fu, ]l s> 0, m > isi=1—1}.
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We will now show that this implies that (a) and (b) are also true for I = k+1.
We start by noting that

(2.10) uFlu, -]+ ufu®, -] = W]+ W [y, )
Applying (b) with [ = k, it follows that u*~[u, -] — &[u”, -] can be expressed
as a Q-linear combination of operators of the form
(2.11) {[usm, [t [ooouw® u, ] )] s >0, m>1, > s =k — 1}.

i=1
Since each s; > 0in (2.11), we have 2 < s,,, +1 < k. Applying (a) with [ = s,,, +
1, it follows that for each [u®=,[u®™—1,[...u"",[u, -]...]]] appearing in (2.11),
w[us™ [ut™=1 .. u®, [u, -]...]]] can be expressed as a Q-linear combination of

operators of the form
/7 ’ m/
O O 7 (7 e R VA R O | S | R (R L A S e
i=1

and  [us L [utmmr [l [u, -] L))

From the above, it follows that there exist elements a;,¢,....,, € Q such that

uFlu, -] — &uuF, -] = w(uFu, -] — &[uF, -]) may be expressed as:
(212)  wP[u, -] = Gufu®, ] =D agye, [u i [ ]
where the sum in (2.12) varies over all tuples of positive integers (t1,...,tm)

with Y% t; = k and 1 < m < k. Since & > 0 by assumption (b), it follows
that & # —1. Then, solving the equations (2.10) and (2.12) for u[u¥, -] and
u¥[u, -], we can prove (a) for [ = k+ 1 and show that there exists £;.; € Q such
that u*[u, -] — &4 1[uFtL, -] can be expressed as a Q-linear combination of the
operators in (2.9) with I =k + 1.

It remains to show that £;41 > 0. On inspecting these equations further, we
note that &x41 = &/ (§k + 1). Since & > 0, we have €41 > 0. This proves (b)
forl=Fk+1.

From Lemma 2.6, we know that D, = {dj}x>0 is a higher derivation on A.
Since K is a field of characteristic zero, it follows that each d € H, the Hopf
algebra generated by derivations on A. By induction, we have shown that any
dy = (—=1)ku*~1[u, -] € H may be expressed as a Q-linear combination of oper-
ators of the form
(2.13)

m
{lwm, = [ ow u, -] )), s >0, m>1, > s; =k —1} and [u®, -].
i=1
Further, each of the terms in (2.13) also lies in the Hopf algebra H. Then from
Proposition 2.5 it follows that each L’fDu = Lg, can be written as a Q-linear
combination of operators:

m
{Lusm oLysm10---0Lyss 0oLy, > 8, =k—1, s; >0, m > 1} and L,k
i=1
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where every Ly, t € Z, t > 0, denotes the morphism on HH,(A) induced by
the inner derivation [u’, -]. Since it is well known (see [6, Section 4.1]) that each

L, is zero, it follows that each L’fju is also zero.

REMARK 2.8.

O

(1) Tt is clear that results similar to Proposition 2.5 and Propo-

sition 2.7 hold with the Hochschild homology groups HH,(A) replaced by the
cyclic homology groups HC,(A).

(2) For given u € A, the higher derivation D,, = {dj} defined by dy = id and
dp = (—1)*uF~1[u, -] is an example of an inner higher derivation in the sense of
Roy and Sridharan [9].

10.

11.

12.

13.
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