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DIMENSION GROUPS AND MULTIDIMENSIONAL
CONTINUED FRACTIONS

GREGORY R. MALONEY

Presented by George Elliott, FRSC

ABSTRACT. We describe a class of dimension groups associated with
multidimensional continued fractions and show how a certain property of
a continued fraction is reflected in the structure of its dimension group.

RESUME. On décrit une classe de groupes de dimensions associés aux
fractions continues multidimensionnelles et on montre comment une cer-
taine propriété d’une fraction continue se reflete dans la structure de son
groupe de dimensions.

1. Introduction. A simplicial group is a direct sum of copies of the inte-
gers, viewed as an ordered group with the natural ordering. A dimension group
is an inductive limit of simplicial groups. The class of ultrasimplicial groups is
an interesting subclass of the class of dimension groups. A dimension group is
ultrasimplicial if it can be written as an inductive limit of simplicial groups in
which the embedding maps are eventually all injective. The question of which
dimension groups are ultrasimplicial has been studied for almost as long as have
dimension groups themselves; indeed, in [4], Elliott showed that all totally or-
dered dimension groups are ultrasimplicial, and that the class of ultrasimplicial
groups is closed under various natural operations.

Elliott’s argument about totally ordered groups was essentially a modified
version of the continued fraction algorithm for approximating real numbers with
rational numbers. Recognizing this, Effros and Shen used the continued frac-
tion algorithm to classify the simple free dimension groups of rank two in [3].
These groups are precisely the subgroups of the real numbers with the form
Z + Za, where « is an irrational number. Then in [2], Effros and Shen found
an explicit inductive limit representation, using injective maps, of the dimension
group Zag + - - -+ Zaw,, where aq, . . ., «,, are rationally independent. Their proof
used a multidimensional variant of the continued fraction algorithm called the
Jacobi-Perron algorithm.

To date, various classes of dimension groups have been shown to be ultrasim-
plicial (see [4], [3], [2], [6] and [5]); of these proofs, only the one appearing in [5]
does not rely on a variant of the continued fraction algorithm. This suggests a
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natural question: do all free finite rank ultrasimplicial groups arise from contin-
ued fractions? If not, what can be said about those groups that do arise from
continued fractions? This is the question considered here.

2. Continued fractions and continued fraction groups. Fix some n >
2, let Iy be a vector in R™ with non-negative entries, and let [ = R™ly denote the
ray that it generates. Let (I(k));o:1 be a sequence of n X n matrices, let A(0)
denote the n x n identity matrix, and for k¥ > 0 let A(k) denote the product
I(k)A(k — 1). Then let us call (1 (k))zoz1 a multidimensional continued fraction
expansion of [ if for all k£ the following conditions are satisfied:

(1) I(k) is a transvection matrix; that is, all of its diagonal entries are 1 and all
of its off-diagonal entries are 0 except for the entry at position (s, tx), which
is a positive integer; let us call it b;. Let us denote the transvection matrix
that has the number b at position (s,t) by IZ,.

(2) Letting A;(k),..., A, (k) denote the rows of the matrix A(k), we have

lo € Ak)* := {ijAj(k) ‘ ;> 0}.

(Ip is in the positive cone generated by A;(k),..., An(k).)

This definition appears in [1], along with an explanation of why it can be
viewed as a multidimensional generalization of the ordinary continued fraction
algorithm.

Let E = (I(k))72, be a continued fraction expansion of some ray [ C R". We
can associate a dimension group Gg to E in the following way: let Gg be the
limit of the sequence

" " z

which we will call the standard inductive limit representation of Gg. Here
Yr: Z"™ — Z™ is the map given by left multiplication by the matrix I(k). Let
us call Gg the dimension group of F, and let us refer to the class of all such
groups G as the class of continued fraction groups. Let us also include dimen-
sion groups Gg arising from finite sequences E = (I (k))gzl in this class. If
E is a finite sequence, then the group Gg is order isomorphic to the simplicial
group Z™.

3. Closure of the class of continued fraction groups under natural
operations. Recall that an ideal of a dimension group corresponds to a subset
of its Bratteli diagram (any Bratteli diagram representing the group will work)
that is hereditary and directed. A subset D of a Bratteli diagram is hereditary
if it has the property that, if v is a node in D and there is an arrow from v to
another node w, then w is also in D. To say that D is directed means that,
whenever D contains all of the nodes w for which there is an arrow from v to w,
D also contains v.
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In the Bratteli diagram for the standard inductive limit representation of a
continued fraction group there are exactly n nodes for each subgroup Z™. For
the k-th subgroup, call these n nodes (k,1),...,(k,n). Then there is an arrow
with multiplicity 1 from (k,j) to (k4 1,7) for all j, as well as a single arrow
with multiplicity by from (k,tx) to (k4 1, sx). In other words, the diagram looks
something like this:

o o) ) o] 0]
Y \
o ) ) o] 0] ..
b
\ / bs
o) 0] o o] 0] e
b3
by
o o (e} o o)

It is not hard to check that an ideal of a continued fraction group must arise
from a subset S of {1,...,n} with the property that, beyond a certain index ko,
there is no arrow with its beginning ¢; in S and its end s out of S. By dropping
to a subsequence (which does not change the inductive limit), we may suppose
that kg = 1. Then the ideal is the inductive limit of the subdiagram containing
the nodes {(k,j) | k € N,j € S} and the arrows that both begin and end at
these nodes.

The inductive limit structure of such a subdiagram is exactly that of a con-
tinued fraction group. The embedding of the k-th subgroup into the (k+ 1)-st is
given by left multiplication by the submatrix obtained from I(k) by removing all
rows and columns with indices not in S. The result of removing simultaneously
the j-th row and the j-th column from an n x n transvection matrix is either an
(n—1) x (n— 1) transvection matrix or the (n — 1) X (n — 1) identity matrix. In
either case, the new inductive limit decomposition is that of another continued
fraction group.

The situation for quotients of continued fraction groups by ideals is exactly
the same. One may obtain a diagram for the quotient of a dimension group by an
ideal simply by taking a diagram for the original dimension group and removing
the subdiagram corresponding to the ideal, as well as any arrows that end in this
subdiagram. Then the diagram for the quotient of a continued fraction group
by an ideal contains exactly those nodes not in the set S that defines the ideal.
By the argument used above, such a diagram has the inductive limit structure
of another continued fraction group.

This discussion results in the following theorem.
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THEOREM 1. The class of continued fraction groups is closed under passing to
ideals and quotients by ideals.

Next let us consider direct sums and lexicographic direct sums of continued
fraction groups.

Recall that, if (G,GT) and (H, H") are ordered groups, then their ordered
group direct sum, denoted G @ H, has the abelian group G® H as its underlying
group, with order defined by the positive cone {(g,h) | ¢ > 0,h > 0}. The
lexicographic direct sum, denoted G ®jex H, also has G & H as the underlying
group, but the positive cone is {(g,h) | g > 0} U {(0,h) | h > 0}.

THEOREM 2. If (G,G") and (H,H™) are continued fraction groups, then so is
G Prex H.

PROOF. Let us prove the theorem by constructing for the lexicographic direct
sum a Bratteli diagram that is obviously the diagram of a continued fraction
group.

Write G = liﬂ(Gk, ¢r) and H = @(Hkﬂ/)k), where Gy, = Z™ and Hy, = Z"?
for all k.

Denote by (I(k)):;l and (J(k)):;l the continued fractions that give rise to
G and H respectively (that is, the maps ¢y and v, arise from left multiplication
by I(k) and J(k) respectively). We may suppose by breaking the inductive limit
into smaller steps that (k) and J(k) are transvection matrices in which the only
non-zero off-diagonal entry is 1. This is because every transvection matrix is a
power of such matrices (that is, 12, = (I})?).

Then consider the following diagram:

1 id id @2 id id

Gy Go Go Go G3 Gs Gs
N 2,
H,y H, H, Hy Hy Hy —— Hj
id W1 id id W2 id

Here, the map pg is given by left multiplication by the ny X n; matrix the
entries of which are all 2¢. Then the matrix of partial embeddings for the step

id
Gk e Gk

<

Hk E— Hk
id
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is the (n1 + n2) X (n1 + n2) matrix

I, 0

Jj<ni1<i

ok ok
I,

Q.k - 2.16
which is clearly a product of transvection matrices.

Since ¢y and i can be represented by transvection matrices, so too can
the embeddings ¢ @ id and id ®v. Therefore the given diagram represents a
continued fraction group; let us call it F. We can write F' as a direct limit of the
groups G, ® Hj, = Z™*"2 under the maps 0, where 0}, is the composition of the
three maps ¢y, @ id, id @y, and the third map with the embedding matrix (x).
It remains to be shown that F' is indeed the lexicographic direct sum.

H is an ideal of F', and G is the quotient, so as a group F' = G® H (indeed, an
ideal of any dimension group is a group direct summand, although not necessarily
an ordered group direct summand). Let Oipoo: Fi, = F, ¢roo: Gk — G, and
Ykoo : Hr — H denote the maps into the inductive limit. Then, because ¢y, ¥,
and 6y are all group isomorphisms, so t00 are ¢xoo, Ykoo, and Oieo. Then

D1 OV 0100

id
GEBH Gl@H14>F14>G@H

is an isomorphism of groups; let us denote it by v. We will show that, when

G @ H is given the lexicographic ordering, 7 is in fact an isomorphism of ordered

groups.

Pick (g,h) € G & H. We must test three cases: (1) g ¢ GT, (2) g = 0, and

(3) g >0.

(1) Suppose g ¢ G*. Then, letting gr = dr2(9), gx ¢ G for all k. But gy, is the
first coordinate of 6,1 o~(g,h), so v(g, h) is non-positive in every subgroup
F, = G, ® Hi, of F, and so is non-positive in F' itself.

(2) Suppose g = 0 and let hy = 11),;010(h) Then, because g = 0, the second
coordinate of 9,;010 ov(g,h) is hg. If h € HT, then eventually hy, € H,j, and
so (0,hy) € Ff =G @ H,". If h ¢ HT, then hy, is not in H,;! for any k, and
so (0,hy) ¢ F," for any k. Therefore v(0,h) € F* if and only if h € H*.

(3) Now suppose that g > 0 and h € H. We wish to show that v(g,h) € FT.
Since g € G, there exists some index kg such that, for all k > kg, g > 0
(that is, gx is a vector of non-negative integers, at least one of which is strictly
positive). Let hj, € Hj be such that 0,1 o~y(g,h) = (gk,h). (In general,
h}. # hy, because of the contributions from the maps p.)
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If hjfo has all positive entries, then we are done, so we may suppose that
M < 0 is the least entry of h} . Then the vector ix,hj —has least entry
no less than 2M (recall that the only non-zero off-diagonal entry of the
transvection matrix J (ko) is b = 1). Since g, has all non-negative entries
and at least one strictly positive entry, the entries of pg,gr, are all greater
than or equal to 2%0. Thus the least entry of Plot1 = Yrohy, + PEGk, 18 MO
less than
M + 2K0 = 2(M + 2F0—1),

Likewise, the least entry of hj_, is no less than
2(2(M + 2k~ 1)) 4 2k = 4 (M + 200).
Continuing in this fashion, we see that the least entry of A} ; s o less than
2]’(]\/‘,'_|_21c0—~-j—2)7

which is eventually strictly positive. Therefore, eventually, (gro+j, o1 ;) €

F,joﬂ.,and so (g,h) € FT. O

Note that a very similar argument, using the diagram

1 id P2 id @3
Gl G2 G2 GS GS

H,y H, H, H, Hj

can be used to prove the following proposition.

THEOREM 3. If (G,GT) and (H,H") are continued fraction groups, then so is
the ordered group direct sum G & H.

4. Convergence. There are two basic notions of convergence for continued
fractions, called strong convergence and weak convergence. Let E = (I (k)):il
be a continued fraction of a ray | C R™. Most sources define strong convergence
by saying that E is strongly convergent if the rows of the matrices A(k) =
I(k)I(k — 1)---I(1) converge to | as k — o0o. Let us use a slightly weaker
definition: let us say that F is strongly convergent if, for all j < n, the sequence
of row vectors (Aj(k))iozl of A(k) admits a subsequence that converges to .
Let us say that F is weakly convergent (or, alternatively, directionally con-
vergent), if the rows of the matrices A(k) tend to [ directionally; that is,

. Aj(k) lo
lim — L =
koo [|[A;(R)[1 (ol
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for all 7 < n.

It is natural to wonder if these notions of convergence can be expressed in
terms of the dimension group Gg. The answer turns out to be “no” for strong
convergence and “yes” for weak convergence.

Weak convergence of E corresponds to a property of the state space of Gg.
Recall that a state of Gg is a normalized positive linear functional on Gg (that
is, a positive map from Gg to R that is normalized on an element v € G, called
an order unit). Then weak convergence has the following meaning in terms of
dimension groups:

THEOREM 4. A continued fraction E = (I(k)):il is weakly convergent if and

only if the corresponding dimension group Gg admits a unique state.

PROOF. The proof relies on the fact that the sequence A(1)* D> A(2)* D
A(3)* D --- is a decreasing sequence of cones, and F is weakly convergent if
and only if the intersection of this decreasing sequence is equal to the ray [.

We will prove the theorem by showing that, as a cone, the set of linear func-
tionals on G is equal to (), A(k)". Then Gg has a unique normalized positive
functional if and only if the cone of positive functionals is singly generated (i.e.,
it is a ray), which happens if and only if (), A(k)™ = I, which happens if and
only if E' is weakly convergent.

Let 7 be a linear functional on Gg. Then we may view 7 as a row vector
in (R™)*.

As groups, Gy and Gg are both isomorphic to Z™, and the inductive limit
map ¢reo: G — G is given by left multiplication by

Ak - =1()7 1) 1(k—1)~1
Indeed, these maps make the following diagram commutative:

I(1) 1(2) 1(3)
Gy Gs Gs

l I(1)~tr2)—!

GE.

Let e, ..., e, denote the standard basis vectors of R". Then A(k—1)" ey, ...,
A(k —1)"Le, generate the positive cone of the image of G} in Gg. Therefore T
is positive on the image of G in G if and only if

TA(k—1)"e; >0

for all j < n.
We can write 7 as a linear combination of the rows of A(k — 1):

T=a1A1(k — 1) —I——i—anAn(k: - 1).
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But the row vector A;(k — 1) is equal to et A(k — 1), so
T=aef Ak — 1)+ +ae, A(k — 1) = (a1€} +--- + ael)A(k — 1).
Then 7 is positive on the image of G in G if and only if, for all j < n,

TA(k—1)""e; >0
(are} + - +anet)A(k — 1Ak —1)"te; >0
(arel + -+ anel)e; >0

CLjZO.

In other words, 7 is positive on the image of Gy, in G if and only if 7 lies in
A(k —1)*. Therefore a functional 7 on G is positive on G if and only if it
lies in the intersection (), A(k)™. O

The following example shows that, even in dimension n = 3, the isomorphism
class of the continued fraction group Gpg is insufficient to determine if E is
strongly convergent; that is, there exists a ray  C R? and two continued fraction
expansions F; and FE5 of [ such that Fs is strongly convergent to [, F; is not,
and Gg, 2 Gp,.

ExAMPLE 1. Consider the continued fraction expansion F; with replacement
matrices

1 0 6
0 1 0| ifk=1 mod 3,
0 0 1]
(1 0 o]
I(k)=<10 1 0| ifk=2 mod 3,
0 6 1]
[1 0 0]
6 1 0 ifk=0 mod 3.
0 0 1]
Define the matrix )
00 1
B:=1|1 0 6
0 1 0
Then notice that
1 0 0]t o 0]t o 6
B =16 1 0|0 1 o||o 1 of,
00 1[0 6 1]]0 0 1
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so the group Gg, is isomorphic to the direct limit
B B B B
73 573 57 51

The matrix B has characteristic polynomial f(x) = 2® — 62 — 1, which has
roots a1 ~ —2.36147, a0 ~ —0.16745, and a3 ~ 2.52892. The associated left
eigenvectors are, respectively,

v :=[1 a1 &3], wv:=[1 as 3], v3:=[1 az ai].

This expansion converges weakly to the line generated by vs, its left Perron—
Frobenius eigenvector. To see this, first write the standard basis vector e! as

et1 = C1V1 + CoV2 + C3V3.
Notice that, since a1, as, as, and their squares are all pairwise rationally inde-
pendent, the coefficients c; are all non-zero.

Recall that E; converges weakly to v if the rows of A(k) = I(k)I(k—1)---I(1)
converge directionally to vs. This happens if and only if the rows of B¥ converge
directionally to v3, and the rows of B are equal to e!B*, e}B* and e}B*.
Moreover,

eﬁBk = cla’fvl + 020/2“1)2 + c;:,agvg”

so |let B¥|| tends to czaf|jvs]|, and so the directional limit is

i e = (2 ) o+ 20 o 2 () )
k—>0003a3||1}3|| k—oo \ C3 \ (3 ||’Ug|| C3 \Q3 ||’l)3|| C3 \(Q3 H’Ug”
l[vs|l’

and likewise for ef, and ef.

Recall from the proof of Theorem 4 that the unique state on Gg, is given
by left multiplication by vs. Since f(z) is irreducible, the numbers 1, as, and
a3 are rationally independent, and so in fact this state is injective, and G, is
isomorphic to the subgroup Z + Zasz + Za3 of R. Indeed, this is true for any
expansion E that is weakly convergent to vs.

However, the expansion F; is not strongly convergent. To see this, notice that

t Rk k k k k k
elB = C10{ V1 + Coix Vg + C3(3V3 R C1 V1 + C303V3

for large k (Jaz| < 1), and the vectors ¢;afv; grow without bound in the direc-
tions +v;. Therefore the distance between e§Bk and Rvs grows without bound
as k — oo.

In [1], it is shown that a vector having rationally independent entries admits an
expansion that is strongly convergent in the sense described above. In particular,
there is some strongly convergent expansion Eo of RTv3. Again, the group Gg,
is isomorphic to the subgroup Z + Zas + Za3 of R.

In other words, Gg, = Gg,, yet Es is strongly convergent and E; is not.
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