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MORSE EQUI-SINGULAR DEFORMATION IN C
2

TZEE-CHAR KUO AND LAURENTIU PAUNESCU

Presented by Pierre Milman, FRSC

Abstract. The enriched complex line C∗ is C plus a set of infinites-
imals. The Morse stability notion is used for an equi-singular deformation

theorem in C{x, y} (= O2).

Résumé. On appelle la droite complexe enrichie C∗, la réunion de
la droite complexe C∗ avec un ensemble des infinitésimaux. La notion de
stabilité de Morse est appliquée au théorème de déformation equisingulière

dans C{x, y} (= O2).

A principle we believe in is that the study of a given f(x, y) ∈ C{x, y} can be
reduced to that of a polynomial in one variable. This is explained as follows.

First, apply a linear transformation, if necessary, so that f is mini-regular
in x, i.e.,

(0.1) f(x, y) =
∑

aijx
iyj = Hm(x, y) +Hm+1(x, y) + · · · , Hm(1, 0) 6= 0,

where m = O(f). Then, by the Newton–Puiseux Theorem,

(0.2) f(x, y) = unit ·
m
∏

i=1

(

x− αi(y)
)

, fx(x, y) = unit ·
m−1
∏

j=1

(

x− γj(y)
)

,

where αi(y), γj(y) are (convergent) fractional power series, Oy(αi), Oy(γj) ≥ 1.
Thus, the study of f(x, y) and the “polar” fx(x, y) are reduced to that of the

polynomials on the right hand side. Of course, the coefficients of the polynomials
are functions of y (as in the Weierstrass Preparation Theorem).

In this paper, the notion of Morse stability is “transplanted” into algebraic
geometry, and, in accordance with the principle, an equi-singular deformation
theorem in C

2 is formulated as a kind of the Morse Stability Theorem for poly-
nomials in one variable ξ. (Compare [2].)

To expose the ideas, consider the following two t-parametrized deformations:

(0.3) Qt(x, y) = x4 − 2t2x2yd + y2d, Pt(x, y) = x3 − y4 − 3t2xy2d,

where d ≥ 2, |t| < ǫ. Both are Milnor µ-constant [4] (topologically equi-singular).
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When the stability notion is introduced in Definition 1.3 and Definition 2.3,
we shall see that {Qt} is not equi-singular in our sense, because ξ4−2t2ξ2yd+y2d,
as a deformation of ξ4+ y2d, is not stable: the critical point ξ = 0 at t = 0 splits
into three, ξ = 0, ±tyd/2 when t 6= 0. The trivialization in the Main Theorem
does not exist for Qt.

The associated deformation of Pt is ξ3 − y4; being independent of t, it is
obviously Morse stable. Thus the Pham family Pt(x, y) [5] admits the trivial-
ization in the Main Theorem, which is much stronger than a mere topological
trivialization of the variety Pt(x, y) = 0.

The details of this paper can be found in [3].

Conventions. Throughout this paper, by “+ · · · ” we mean “plus higher order
terms”.

We say ϕ(w) is real analytic, w = u +
√
−1 v ∈ C, if it is so as a function of

(u, v) ∈ R
2.

Finally, ǫ > 0 is a sufficiently small constant,

IR := {t ∈ R | |t| < ǫ}, IC := {t ∈ C | |t| < ǫ}, IF := {t ∈ D | |t| < ǫ}.
(D is defined below.)

1. Newton–Puiseux analysis. The classical Newton–Puiseux Theorem
asserts that the field F of convergent fractional power series in an indeterminate y
is algebraically closed [6], [7].

Recall that a non-zero element of F is a (finite or infinite) convergent series

(1.1) α : α(y) = a0y
n0/N + · · ·+ aiy

ni/N + · · · , n0 < n1 < · · · ,
where N ∈ Z

+, ni ∈ Z, 0 6= ai ∈ C. We can assume GCD(N,n0, n1, . . . ) = 1.
The order of α is Oy(α) := n0/N , Oy(0) := +∞; the Puiseux multiplicity is

mpuis(α) := N . The conjugates of α are

α
(k)
conj(y) :=

∑

aiθ
kniyni/N , 0 ≤ k ≤ N − 1, θ := e2π

√
−1/N .

The following D is an integral domain with quotient field F and ideals M, M1:

D := {α ∈ F | Oy(α) ≥ 0}, M := {α | Oy(α) > 0}, M1 := {α | Oy(α) ≥ 1}.
Define |α| := ∑

2−ni/N |ai|(1 + |ai|)−1. Then d(α, β) := |α − β| is a metric
on D. If we fix N , then limm→∞

∑

ai(m)yni/N = 0 if and only if each ai(m) → 0
(point-wise convergence).

Given U ⊂ D, open, and φ : U → F. We say φ is Puiseux–Lojasiewicz bounded
if every α ∈ U has a neighbourhood N (α) with constants K(α), L(α) > 0, such
that

mpuis

(

φ(ξ)
)

≤ K(α)mpuis(ξ), Oy

(

φ(ξ)
)

≥ −L(α), ξ ∈ N (α).

For example,
∑

y1/nξn and
∑

y−nξn are not Puiseux–Lojasiewicz bounded.
In this paper we only study functions which are Puiseux–Lojasiewicz bounded.
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Definition 1.1 We say φ is differentiable at α ∈ U , with derivative φ′(α) ∈
F, if

φ′(α) = lim[φ(α+ δ)− φ(α)]/δ as δ → 0(δ ∈ D).

If φ′(γ) = 0, γ is a critical point, with multiplicity

mcrit(γ) := max{k | φ(i)(γ) = 0, 1 ≤ i ≤ k}.

Cauchy’s Theorem. If φ′(α) exists at every α ∈ U , then all derivatives φ(k)(α)
exist,

(1.2)

∮

z∈C

φ(µ) dµ = 0, φ(k)(α) =
k!

2π
√
−1

∮

z∈C

φ(µ)

(µ− α)k+1
dµ, k ≥ 0,

where µ := α + zδ, δ ∈ D, dµ := δdz, C a sufficiently small contour around
0 ∈ C.

Moreover, φ is F-analytic in the sense that if α+zδ ∈ U , |z| < r, z ∈ C, then

(1.3) φ(α+ zδ) = φ(α) + · · ·+ (1/k!)φ(k)(α)(zδ)k + · · · , |z| < r,

where mpuis

(

φ(k)(α)
)

≤ K(α), a constant.

Consider a given φ : M1 → M1, which extends to a differentiable function
U → D, U open. Taking α, δ ∈ M1, ξ := zδ, we have the “Taylor expansion” of
φ at α:

(1.4) φ(α+ ξ) =
∑

αkξ
k, ξ ∈ M1, αk := (1/k!)φ(k)(α) ∈ D.

In this paper we always assume φ is mini-regular in ξ, say of order m, i.e.,

(1.5) Oy(αm) = 0, Oy(αk) + k ≥ m for 0 ≤ k ≤ m− 1.

By the Newton–Puiseux Theorem, φ has m roots in M1 (counting multiplicities),

(1.6) Z(φ) := {ζ ∈ M1 | φ(ζ) = 0} := {ζ1, . . . , ζd}, m =
∑

mi,

where mi := m(ζi) is the multiplicity of ζi. Of course φ has m− 1 critical points
in M1.

In M1, define µ ∼φ ν if and only if either µ = ν or else

Oy(µ− ν) > Oy(µ− ζi) = Oy(ν − ζi), 1 ≤ i ≤ d.

The equivalence class of µ is denoted by µφ, with height and Lojasiewicz
exponent

h(µφ) := max{Oy(µ− ζi) | ζi ∈ Z(φ)}, L(µφ) :=
∑

Oy(µ− ζi),
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respectively. The quotient space is M1,φ := M1/∼φ.
Let µφ(y) denote µ(y) with terms ye deleted, e > h(µφ). We call µφ(y) ∈

M1 the canonical coordinate of µφ ∈ M1,φ; µφ and µφ(y) are often identified ;
O(µφ − νφ) is well-defined.

For example, if φ(ξ) := ξ2 − 2y3, µ(y) := y3/2 + y7/4, then µφ(y) = y3/2,
h(µφ) = 3/2.

Let φ be as above. By an F-analytic deformation of φ we mean

(1.7) Φ(ξ, t) := φt(ξ) :=
∑

Ai(t)ξ
i ∈ F{ξ, t}, Φ(ξ, 0) = φ(ξ),

where Ai(t) ∈ D{t}, t ∈ IF, and Φ is mini-regular: Oy

(

Ai(t)
)

+i ≥ m, 0 ≤ i ≤ m.
In M1 × IF, define (µ, t) ∼Φ (ν, t′) if and only if t = t′, µφt

= νφt
. The

quotient space is M1 ×Φ IF := M1 × IF/∼Φ.
If γ is a critical point of φ, we call γφ ∈ M1,φ a blurred critical point. The

multiplicity mcrit(γφ) is, by definition, the total number of µ ∈ M1 such that
φ′(µ) = 0, µφ = γφ.

Example 1.2 For f = (x2 − y3)2 − 8xy5, φ has three critical points: γ± =
±y3/2+y2+· · · , and γ0 = −2y2+· · · , wheremcrit(γ

+
φ ) = mcrit(γ

−
φ ) = mcrit(γ0) =

1.

Definition 1.3 We say Φ is almost Morse stable if the following holds:
Each blurred critical point γφ admits a continuous deformation

(1.8) τ : IF → M1 ×Φ IF, t 7→
(

τt(γφ), t
)

, τ0(γφ) = γφ,

such that τt(γφ) ∈ M1,φt
is a blurred critical point (of φt), and

(1.9) mcrit

(

τt(γφ)
)

= mcrit(γφ), L
(

τt(γφ)
)

= L(γφ).

(We can show that (1.9) implies h
(

τt(γφ)
)

= h(γφ).)

Example 1.4 For Pt(x, y) in (0.1), Φ(ξ, t) = ξ3 − y4 − 3t2y2dξ and γφt
= 0

is the unique blurred critical point, mcrit(γφt
) = 2. With τt = id, Φ is stable.

Attention: φt has two critical points ±tyd when t 6= 0; but γφt
is unique.

Another example: Ψ(ξ, t) := ξ3 + ty3 − y4 is not almost Morse stable, (1.9) is
not satisfied.

2. Main theorem. A real analytic map-germ ρ :
(

[0,∞), 0
)

→ (C2, 0) is
called an analytic arc [4]; we call the image set-germ, Im(ρ), a geo-arc. The
complexification of ρ is ρC(z) := ρ(z), z ∈ C.

Given k ∈ Z
+, define ρ(k)(s) := ρ(sk). Then Im(ρ(k)) = Im(ρ), the same

geo-arc.
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Take f(x, y) ∈ C{x, y} as in (0.1), φ(ξ) := f(ξ, y). Take Ft(x, y) := F (x, y, t) ∈
C{x, y, t} such that Φ(ξ, t) := Ft(ξ, y) is a deformation of φ(ξ) in the sense
of (1.7).

Main Theorem, Part I. Suppose the deformation Φ(ξ, t) is almost Morse
stable. Then there exists a t-level preserving homeomorphism

(2.1) H : (C2 × IC, 0× IC) → (C2 × IC, 0× IC),
(

(x, y), t
)

7→
(

Ht(x, y), t
)

,

which is real bi-analytic outside {0} × IC. The following hold.
(1) F

(

Ht(x, y), t
)

= f(x, y), t ∈ IC, i.e., F (x, y, t) is “trivialized” by H.
(2) There exists c > 0, c ≤ ‖Ht(x, y)‖/‖(x, y)‖ ≤ 1/c, t ∈ IC.
(3) If ρ(s) is an analytic arc, then for some k ∈ Z

+, Ht

(

ρ(k)(s)
)

is a “geo-arc

wing” in the sense that Ht

(

ρ(k)(s)
)

is real analytic in (s, t). In particular,
the flow Ht carries geo-arcs to geo-arcs.

Now the geometric implications. Take a holomorphic map-germ A : (C, 0) →
(C2, 0), A(z) 6= 0 if z 6= 0. The image set-germ, Im(A), or the geometric locus
of A, has a well-defined tangent line T (A) at 0. We call Im(A) an infinitesimal
at T (A) ∈ CP 1.

For example, the curve-germs x2 − y3 = 0, x2 − y5 = 0 are infinitesimals
at [0 : 1].

The set of infinitesimals is CP 1
∗ , and, as in Projective Geometry, CP 1

∗ =
C∗ ∪ C

′
∗,

C∗ := {Im(A) | T (A) 6= [1 : 0]}, C
′
∗ := {Im(A) | T (A) 6= [0 : 1]}.

The geometric locus of z 7→ (az, bz) is identified with [a : b] ∈ CP 1, hence
CP 1 ⊂ CP 1

∗ .
Given α ∈ M1, let A(z) :=

(

α(zN ), zN
)

, α∗ := π∗(α) := Im(A). We use
π∗ : M1 → C∗ as a coordinate system on C∗, and furnish C∗ with the quotient
topology.

The contact order is: Cord(α∗, α∗) := ∞, and if α∗ 6= β∗, then

(2.2) Cord(α∗, β∗) := max
j

{Oy(α− β
(j)
conj)} = max

k,j
{Oy(α

(k)
conj − β

(j)
conj)}.

This is also the smallest number L [1] such that

d(x, y) ≥ a‖(x, y)‖L, x ∈ α∗, y ∈ β∗, ‖x‖ = ‖y‖, a > 0.

The Puiseux (characteristic) pairs of α∗ [7], which describes the iterated torus
knot of the curve-germ α∗, is denoted by χpuis(α) or χ(α∗).

The enriched complex plane is C∗ with the above structures. (The Riemann–

Zariski surface is much larger than C∗, e.g,, x = y
√
2 defines a point in the

former, but not in the latter.)
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In C∗, define α∗ ∼f β∗ if and only if either α∗ = β∗, or else

Cord(α∗, β∗) > Cord(α∗, ζ∗) = Cord(β∗, ζ∗) ∀ζ ∈ Z(φ).

The equivalence class of α∗, denoted by α∗/f , is called a blurred point. (If
ζ ∈ Z(φ) then ζ∗/f := {ζ∗}, a singleton.) The quotient space is C∗/f := C∗/∼f .

We call αφ(y), or any conjugate α
(k)
φ,conj(y), a canonical coordinate of α∗/f .

If φ′(γ) = 0, then γ∗/f is called a blurred critical point and the multiplicity,
mcrit(γ∗/f ), is the total number of µ ∈ M1, counting multiplicities, such that
φ′(µ) = 0, µ∗/f = γ∗/f .

Define height h(α∗/f ) := h(αφ), Puiseux pairs χpuis(α∗/f ) := χpuis(αφ), and
contact order

Cord(α∗/f , β∗/f ) := Cord(α∗, β∗) if α∗/f 6= β∗/f ; Cord(α∗/f , α∗/f ) := ∞.

Example 2.1 Let f(x, y) := x2 − 2y3. Then x2 − y3 = 0 and (x2 −
y3)2 − 2xy5 = 0 define the same blurred point α∗/f in C∗/f , with αφ = ±y3/2,

χ(α∗/f ) = { 3
2}.

Note that χ(y3/2 + y7/4 + · · · ) = { 3
2 ,

7
4}. That is, in general, χ(α) 6= χ(αφ).

For the function f in Example 1.2, γ+
∗/f = γ−

∗/f , mcrit(γ
+
∗/f ) = 2.

Main Theorem, Part II. In addition, we have:
(4) Take α∗/f ∈ C∗/f , and any ρ such that Im(ρC) ∈ α∗/f . Let δ∗ ∈ C∗ denote

the unique curve-germ containing the geo-arc Im(Ht ◦ ρ). Then ηt(α∗/f ) :=
δ∗/Ft

is independent of the choice of ρ, and hence ηt : C∗/f → C∗/Ft
is well-

defined. The mapping

(2.3) η∗ : C∗/f × IC → C∗ ×F IC, (α∗/f , t) 7→
(

ηt(α∗/f ), t
)

,

is a homeomorphism, preserving height, contact order, and Puiseux pairs.
(5) If γ∗/f is a blurred critical point in C∗/f , then ηt(γ∗/f ) is one in C∗/Ft

,

mcrit(γ∗/f ) = mcrit

(

ηt(γ∗/f )
)

.

Take φ = id: ξ 7→ ξ. We call V := M1,id the value space, and V∗ := C∗/ id the

geometric value space. If µ(y) = uyh+· · · , u 6= 0, µid is completely determined by
the pair (u, h). We can identify µid with (u, h). We also write 0id := 0ν := 0y∞,
the “zero” element of V.

The valuation function on M1,φ is, by definition,

val : M1,φ −→ V, val(ξφ) := φ(ξ)id.

Example 2.2 If φ(ξ) = ξ4(ξ − y)5, ε 6= 0, h > 1, then val(εyh + · · · ) =
(−ε4, 4h+ 5), val

(

(1 + ε)y + · · ·
)

=
(

ε5(1 + ε)4, 9
)

, val(0) = val(y) = 0V .
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The coordinate map π∗ : M1 → C∗ induces πφ and πV in the diagramme

M1,φ
val−−−−→ V

πφ





y





y

πV

C∗/f
val∗−−−−→ V∗

where val∗ is the unique mapping such that the diagramme is commutative.

Definition 2.3 We say an almost Morse stable deformation Φ (see Defini-
tion 1.3) is Morse stable if the following also holds. Let γφ, γ

′
φ be blurred critical

points such that

val(γφ) = val(γ′
φ), O(γφ − γ′

φ) ≥ h(γφ) = h(γ′
φ).

Then these properties are preserved along the deformation:

val(γφt
) = val(γ′

φt
), O(γφt

− γ′
φt
) ≥ h(γφt

) = h(γ′
φt
).

Main Theorem, Part III. Suppose Φ is Morse stable. Then the following
holds.
(6) Let γ∗/f , γ

′
∗/f be blurred critical points (in C∗/f ) such that

val∗(γ∗/f ) = val∗(γ
′
∗/f ) and Cord(γ∗/f , γ′

∗/f ) = h(γ∗/f ) = h(γ′
∗/f ).

Then these equalities are preserved by ηt, i.e., val∗
(

ηt(γ∗/f )
)

= val∗
(

ηt(γ
′
∗/f )

)

and
Cord

(

ηt(γ∗/f ), ηt(γ
′
∗/f )

)

= h
(

ηt(γ∗/f )
)

= h
(

ηt(γ
′
∗/f )

)

.
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