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CONVEXITY OF THE KREIN SPACE
TRACIAL NUMERICAL RANGE AND MORSE THEORY
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ABSTRACT. In this paper we present a Krein space convexity theorem
on the tracial-numerical range of a matrix. This theorem is the analogue
of Westwick’s theorem. The proof is an application of Morse theory.

RESUME. Nous présentons un théoréme de convexité pour une gamme
numérique généralisée des opérateurs sur un espace de Krein. Ce théoreme
est un analogue du théoréeme de Westwick. La preuve est une application
de la théorie de Morse.

1. Introduction. Let J denote a Hermitian involutive matrix, that is,
J* =J, J? = I,, with signature (r,n —r), 0 <r < n (i.e., with 7 positive and
n — r negative eigenvalues). We consider C" endowed with the indefinite inner
product induced by J:

[r,y] =y"Jz, =x,yeC"

Let M, be the algebra of n x n complex matrices. A matrix H € M, is J-
Hermitian if H# = H, where H# = JH*J is the J-adjoint of H. A matrix
U € M, is J-unitary if U#U = UU# = I,, the identity matrix of size n.
The J-unitary matrices form a locally compact connected group, denoted by
G = U(r,n — r) and called the J-unitary group. For C,T € M, the J-tracial
numerical range of T is denoted and defined as

WZ(T) = {Te(CUTU ") : U € U(r,n —1)}.

This set is a connected set in the Gaussian plane C and satisfies the symmetry
property W2 (T) = WL (C) (see [1], [2], [4] for other properties). In the case
r = n, the matrix J reduces to the identity matrix and the group U(n,0) = U(n)
is the unitary group, which is a compact group. In this case W (T) is simply
denoted by We(T') and called the C-numerical range of T. Hausdorff proved
the convexity of W (T') in the case C' is a rank one orthogonal projection. Using
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Morse theory, Westwick [8] proved the convexity of W¢ (T) for C' Hermitian and
in [5] Poon obtained an alternative proof by majorization techniques. In [7], Tam
generalized Westwick’s result for certain compact Lie groups. In this paper we
obtain a non-compact group analogue of Westwick’s convexity theorem applying
Morse theory (c¢f. Lemma 4.1). The eigenvalues of a J-unitarily diagonalizable
J-Hermitian matrix T' are real and will be denoted as

0+(T)={\ € C:T¢& = X for some £ € C", [£,£] > 0},
o_(T)={A € C:T¢ = X for some £ € C™, [£,£] < 0}.
The eigenvalues are said to be noninterlacing if
(1.1) maxo_(T) <minoy(T) or maxoy(T) < mino_(T).

Replacing < in (1.1) by <, the eigenvalues are said to be weakly noninterlacing.
The noninterlacing property plays a key role in the investigation of numerical
ranges associated with non-compact groups.

In the sequel we consider J = I,. & (—I,,—,). Our main result is the following.

THEOREM 1.1. Let C be a J-unitarily diagonalizable J-Hermitian matriz
with noninterlacing eigenvalues and let T € M, be a matriz such that for some

feR
Ty = cosO(T + T#)/2 + sin (T — T#)/(2i)

is a J-unitarily diagonalizable J-Hermitian matrix with noninterlacing eigenval-
ues:

o (C)={c1>-2¢}, 0 (C)={cry1 > >cn},
o (Ty)={\=>--2XN}, 0-(Tp) ={Ay1 > 2>},
Cp > C1 OT Cp > Cry1, Ap > A1 0T Ap > Apgq.

Then WZ(T) is a closed convex set in C contained in a closed cone {zo +1e™ :
7‘20,91§’I]§92} with 0 < 0y — 01 < 7.

Denote by C*°(G) the commutative algebra of all C*°-differentiable complex-
valued functions on G = U(r,n — r). We consider the even-dimensional coset
space M = G/D, where

D = {diag(dy,...,d,) : d1,...,d, € C,|d1| = - =|dn| = 1}.
Let the real valued function fy on M be defined by

n

(1.2) folg) = hZIChAjWhj\QGth = Tr(CgTog™ "),
J=

where ¢, =1 for1<h<rande, =—-1forr+1<h<n.

This paper is organized as follows. The critical points and the Morse indices
of the function fy are investigated in Section 2. Global properties of fy and
of WJZ(T) are studied in Section 3. The proof of Theorem 1.1 is presented in
Section 4 using the results in Sections 2 and 3.
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2. Local properties of the function f;. To treat local properties of the
function fj, we introduce some notation and prerequisites. The Lie algebra of
G =U(r,n —r) is given as
®={XecM,: X*=-X}.
For1<ky<lp<rorr+1<ky<ly<n,let
Xioto = (OkkoOtly — OkioOtko)s  Yho,lo = #(OkkoOtiy + Okio Otk )
where dy; is the Kronecker symbol. For 1 < ko <r,r4+ 1<y <n, let

Vieoto = (Okko Oty + OkioOtke)s  Whoilo = ¢(OkkgOtly — Okio kg )-

Throughout, we consider the basis of the Lie algebra & constituted by the
matrices Xrg .10, Yko,lo» Vio.lo» Who,i, and the diagonal matrices

D, = diag(s,0,...,0),...,D, = diag(0,...,0,7),

which generate the Lie algebra ®. We shall use a canonical coordinate system
of the second kind,

exp(t1X1) exp(taXs) - - - exp(tp2 Xp2),

in a neighborhood of the identity I,,, where {X,2_,.1,..., X2} is the above
basis of @, and {X1, Xs,...,X,2_,} is the remaining system of vectors of the
basis of &.

For f € C*(G), consider a representation o of & on C*°(G) given by

tX N\ 01X o)
a(X)(f)(g) = —tim LD =10) _yp F0) = I9)

t—0 t t—0 t

The function space C*°(G/D) is identified with the space

{f €C>(G): f(gd) = f(g) for d € D}.
For S,, the symmetric group of degree n, let
Srn—r=10102:01(j) =7 (r+1<j<n),02(j) =5 (1 <j<r)}
PROPOSITION 2.1. Let H = diag(A1,...,A) and C = diag(cy,...,cp) be
such that cp, # cj, A # Aj for 1 < h#j < n. A point g = (un;) of G is a

critical point of fo if and only if (un;) is a permutation matriz associated with a
permutation in Sy, .
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PROOF. We take an arbitrary critical point g. A straightforward computation
shows that
—a(X)(fo)(9) = Te(X[gHg ™", C]) =0,

where [X,Y] = XY — Y X stands for the commutator. Thus, gH g~ commutes
with the diagonal matrix C, whose diagonal entries are pairwise distinct, and so

gHg_l = diag(Ao(lﬁ AR Ao’(n))?

for some o € S,,. For g = (up;), we have up;\; = Aynyun; and so up; = 0
unless \j = Ay(p). Therefore, up; = 1;0,,(n), where |n;| = 1. We notice that
gHg ' = dgHg='d™! for any d € D. Moreover, o belongs to S, ,_, because
g~ ! = Jg*J. The converse is clear. O

PROPOSITION 2.2. Let H = diag(\1,..., ) and C = diag(ey,...,cn) be
such that cn, # cj, A # Aj for 1 < h # j < n. The numbers of positive and
negative eigenvalues of the Hessian matriz of fo at each critical point are even.

PROOF. We analyze the Hessian matrix of the function fjy at a critical point.
For f € C*(G), the representation « of & satisfies

_ d d —sY —tX
a(X)a(V)(1)(g) = G f e e N g
For X = — X%, consider the expansion of f(e *X g) in powers of ¢

fole™" g) =Tx(CgHg™") —t Tx(C[X,gHg "))

+ gTr(C (X, [X,gHg™1]]) + O(t*).

Assuming g is critical, we get
t2
fole™¥ g) = Te(CgHg™") + 5 Tr(C[X, [X, gHg™]]) + O().

Let M(X,Y) = a(X)a(Y)(fo)(g9) = Tr(C[Y, [X,gHg™']]). Having in mind the
Jacobi identity and performing some computations, we find

a(X)a(Y)(fo)(g) = Te(C[Y, [X,gHg™']]) = Tx([C, Y][X, gHg™"]),

and so M(X,Y) = M(Y,X). For X = (zr1), Y = (yr), we have [C,Y] =
(ynj(ch —¢;)) and [X,gHg™'] = (xa;(Ao(j) — Ao(n)))- By straightforward com-
putations we obtain

M(X,Y) =Te(C[Y,[X,gHg™']]) = Tr((yhj(Ch — ) (xnj Ao (y) — Aa<h>)))

= MZ YriTie(ck — 1) Aok)y = Ao(@))-
I=1
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The matrix representation of M(X,Y"), relative to the fixed basis in &/, is
diagonal. In fact, for 1 < ky < lp < rorr+1 < ky < lp < n, an easy
computation leads to

M(Xioto, Xigir) = MYiotos Yary) = =20k0k1 01011 (Cho — €1o) (Ao (ko) — Ao(lo))-
For 1 < kg, k{, <r, r+1<ly, lj <n, we analogously have
M(Vigto Vi) = M(Wigigs W) = 20k01 01017, (Chiy = C1o) (Ao (ko) = Ao(lo))-

The off-diagonal entries of M(X,Y") vanish. Thus, the (n?—n)x (n? —n)-Hessian
matrix of the function fy at every critical point is nonsingular. Moreover, the

numbers of positive and negative eigenvalues of the Hessian matrix are even.
O

We recall, in passing, that the number of negative eigenvalues of the Hessian
is called the Morse indez.

3. Global properties of the function f, and W/ (H).

ProrosiTiON 3.1. Let C and H be J-unitarily diagonalizable J-Hermitian
matrices with respective eigenvalues

o (C)=A{e1,...,¢r},  0-(C)={crs1,---,¢n},
J+(H) = {)‘1"",>‘r}a U*(H) = {>‘T+17~~'a)‘n}

satisfying the conditions

Cr+12"'20n>012"'207‘7

AL >0 > Ay > > A

Then the superlevel set {U € U(r,n—7) : a < fo(U)} is compact for an arbitrary
real number a.

PROOF. Analogously to (1.2) we define a function g for the diagonal J-
Hermitian matrices C' = diag(c},...,c,), H = diag(A\},...,\,) with eigenval-
ues ¢j = - = ¢, =¢C1, Gy = =Cp =cypand N = - = A = A,
Ny = = XN, = A41. We show that the functions fo,go satisfy the in-
equality fo(g) < go(g) for g € G. To prove this inequality, we may assume that
Ccn > 0> ¢y, A\ > 0 > A\-y1 by adding suitable scalar operators to C' and H.
Observing that c; A\, —cpAj = (c1—cp)Ar—cn(Aj—Ar) (1 < h,j < 7), the function
90(U) — fo(U) can be expressed as a linear combination of |uy, ;|? (1 < h,j < n)

with nonnegative coefficients. Hence, the inclusion

(3.1) {[Ule M : fo([U]) > a} C{[Ul € M :go(U) > a}
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holds and the left-hand side of (3.1) is a closed subset of the set in the right-hand
side. It can be easily checked that

Cp —C1

(Ar — r+1)( Z |uh,J| )

h,j=1

go(U) = reshe + (n— r)epApyr —

so the right-hand side of (3.1) is compact for an arbitrary a and so is the left-hand
side. O

ProprosITION 3.2.  Let C' be a J-unitarily diagonalizable J-Hermitian ma-
triz with noninterlacing eigenvalues o1 (C) ={c1 > -+ > ¢}, 0-(C) = {¢cp41 >

- > ¢ent, ¢n > 1. Let H be a J-Hermitian matriz such that W(‘;’(H) =
(—o00,a0]. Then the matriz H is J-unitarily diagonalizable and its eigenvalues
are weakly noninterlacing.

PROOF. We assume that the maximum value ay is attained as Tr(CgHg™1).
This assumption implies that Tr(X[gHg*,C]) = 0 for an arbitrary X € &, so
that [gHg™!,C] = 0. The condition ¢, > c; implies that gHg™! = H; & Hs,
where Hi, Hy are Hermitian block matrices of sizes r and n — r, respectively.
Thus, gHg~! is J-unitarily diagonalizable as VgHg 'V =1 = diag(A1,..., ),
where V is a J-unitary matrix of the form V = V; @ V5, the blocks Vi, V5 being
unitary of sizes r and n — r, respectively. The weak noninterlacing property of
the eigenvalues follows from Theorem 1.1(iii) in [1]. O

PROPOSITION 3.3. Let C' = diag(cy,...,c,) with 04(C) = {c; > -+ >
e}, 0-(C) = {er41 = -+ > cn}, ¢ > 1, and let H = diag(Aq, ..., \,) with
o (H) = (0 > > A}, 0 (H) = Dogs >+ 2 Ak, A > Arg, 50 that

n
{Tr(CgHg™ ") :geU(r,n—1)} = (—oo, Zl cj)\j].
j:
Then, for K J-Hermitian, the set

W= {Tr(CgKg™"):g€U(r,n—r),Tr(CgHg ") = > ¢}

Jj=1
is connected.
Proor. Let H = (M 1,,) & - ()\' n,), where the \’ are all distinct.
Consider C =C1&---dCy, J = J - @ Js, and let K be the J-Hermitian

block matrix
Ky oo Ky,
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where Cj,J;,K;; € M,,, j = 1,...,s. If Te(CgHg™ ') = D=1 ¢, then
g =WV, where W,V € U(r,n—7), WOW ! = C and VHV~! = H. Obviously,
V=Vi® &V V; €M, and V;J;V = J;. Moreover,

ViKn Vit o ViKY
VKV~ = : :
‘/;Kslvl_l T ‘/sKssvsil
and
n
Tr(CgKg™') = > Tx(C;V; K, V).
j=1
Thus
(3.2) W = WZH(EKq1) + WP (Kaz) + -+ + W (Kos).

Since each summand in the Minkowski sum in the right hand side of (3.2) is
connected, the result follows. O

4. Proof of Theorem 1.1.

LEMMA 4.1 (cf. [3], [6]). Let M be an m-dimensional connected C*-mani-
fold (m > 2) and let f be a real-valued C*°-function on M. Assume that f
satisfies the following conditions:

(i) the function f attains a minimum value;

(ii) the set {x € M :a < f(x) < b} is compact for every —oco < a < b < +00;

(iii) the number of critical points x1,xa,...,x, of f is finite, and the critical
values f(x1), f(x2),..., f(xn) are all distinct;

(iv) the Hessian matriz of f at each critical point x; is non-singular;

(v) the number of the negative eigenvalues of the Hessian matriz of f at each
critical point x; is neither 1 nor m — 1.

Then the level set {x € M : f(x) = a} is connected for every a € R.

Some critical values of the function fy given by (1.2) at distinct critical
points may coincide. Then we apply a perturbative method. We choose a
vector (y1,...,yn) satisfying >, yx(Cor) — ¢r(r)) # O for any distinct pair
0,7 € S n—r. We can find ¢ty € R with sufficiently small modulus such that
Ak + yxto satisfy the condition (iii) of Lemma 4.1.

Now, we prove Theorem 1.1. First we show the simple connectedness of
WZ(T) under the assumptions of the theorem. Consider the case ¢, > ci,
Ar > Arq1. The remaining cases reduce to this one by replacing C' by —C' and/or
Ty by Ty+r. By a rotation in the Gaussian plane C, we assume that § = 0 and
so H =Ty = (T +T%)/2 is a J-unitarily diagonalizable J-Hermitian matrix
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with noninterlacing eigenvalues A, > A.y1. Define the following sequences of
J-Hermitian matrices:

Cr = diag(cl™,...,c{™),  Hy = diag(A{™,...,Al™),

where cSZn) =cp, >C = c&m), )\Sm) =\ > Ay1 = )\511)1 form=1,2,3,.... Sup-
pose that |C§Lm) —cp| =0, |)\§Lm) —Ap| — 0 as m — oo cglm) # cgm), )\ELm) # )\gm)

for each m, 1 < h < j < n and assume that the critical values ZZ:1 cgm))\((;?,z)

for any distinct permutations o € S, ,,_, are distinct. By Proposition 3.1 the set
{geU(r,n—7): Te(CpgHng ") >b}U{g e U(r,n—r): Tr(CgHg™ ") > b}

is contained in a compact set B for any b € R. The pairs {Cy,, Hy,} satisfy
the conditions of Propositions 2.1 and 2.2. It follows that these pairs satisfy
the conditions of Lemma 4.1. By Lemma 4.1, each set {g € U(r,n —r) :
Tr(CrogHmg™t) = a — 1/2™} is a compact connected set. Hence for T, =
Hp+i(T—T%)/(2i) € My and a € R, Z,,, = {z € WZ (T) : R(2) = a—1/2™}
is a closed interval. For every a < >_)'_ ¢y )\, the set {z € WA(T) : R(z) = a}
is compact. Let

bo =min{y € R:a+iy € Wa(T)}, co=max{y€R:a+iyc W(T)},

1
by, = min{y eER:a- om +iy € WCJm(Tm)},

1 .
Cm = max{y eR:a—- om +iy € Wém(Tm)}.
Let us take an arbitrary 0 < ¢y < 1 and choose a point U,, in B satisfying

1
Tr(Co U T Ut ) = a — o T i(tobm + (1 — to)em)

for each m. Since the set B is compact, we consider a subsequence U,,, of U,
converging to a point Uy of B. Then as k — oo

Tr(Cr Uiy T Uy t) = Tr(CUTUG ") = a+i(tobo + (1 — to)co).
Hence the set
(4.1) {z e WZ(T) : R(2) = a},

is also a closed interval. We set ag = >, _, ¢, \p. Since the set (4.1) depends
continuously on a, then

Wé(T) ={x+iy: —co<x<ag,d1(z) <y < pox)}
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for some continuous real-valued functions ¢;(x) < ¢o(x) defined on the half-line
(=00, ap], and so it is simply connected.

Now we prove that the boundary of WZ(T), OWZ(T), is convex. The set
WZ(T) has a point zy with R(29) = ap and the line R(z) = ag is a support
line of WJZ(T). If OW{(T) is not convex, there exists a tangent line at some
point z; € OWE(T) expressed as R(z1 e~¥1) = by for some 61,by € R satisfying
R(z2 e 1) < by, R(23e7%1) > by, where 29,23 € WZ(T). Then we find a point
z4 on the arc of OW{(T) joining 29,21 and a support line ¢y passing through
z1, R(ze7) = ay, such that WZ(T) N £y, is not connected. However the last
condition of ¢y contradicts Proposition 3.3. So W{(T) is convex. We take a
point xg < ag at which ¢1, ¢ are differentiable. Then we have ¢4(xo) < ¢} (zo)
and the cone {z+iy € C: ¢} (xo)(z—x0)+P1(x0) < y < dh(xo)(z—20)+P2(0)}
satisfies the last assertion of Theorem 1.1. This completes the proof of the
theorem. O
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