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ON CYCLES AND PRODUCTS OF IDEALS AND
CORRESPONDING INDEFINITE QUADRATIC FORMS

AHMET TEKCAN, ARZU OZKOC AND HATICE ALKAN

Presented by Pierre Milman, FRSC

ABSTRACT. Let & > 2 be an integer and let D = k2 + k + 1 be
a positive non-square integer. In this work, we derive some properties
(including cycles) of ideals Iy = [k,k — 1+ /D], Ia = [k + 1,k + /D]
and their product I. In the last section, we consider the indefinite binary
quadratic forms F,, Fr, and Fy of discriminant A = 4D which correspond
to I, I2 and I, respectively and we formulate the cycle of F7, and Fi,.

RESUME.  Soit k > 2 un entier tel que D = k2 + k + 1 ne soit pas le
carré d’un entier. Dans ce travail, on obtient quelques propriétés (incluant
des cycles) des idéaux Iy = [k,k — 1+ /D], Io = [k + 1,k + VD] et
de leur produit I. Dans le dernier paragraphe, on consideére les formes
quadratiques binaires indéfinies Fr,, Fr, et F; de discriminant A = 4D
qui correspondent respectivement aux idéaux Iy, Iz et I & fin de formuler
le cycle de Fp, et FT,.

1. Introduction. A real binary quadratic form (or just a form) F is a
polynomial in two variables x and y of the type

F = F(z,y) = ax® + bxy + cy?

with real coefficients a,b,c. We denote F briefly by F' = (a,b,c). The discrim-
inant of F is defined by the formula b? — 4ac and is denoted by A = A(F). F
is an integral form if and only if a,b,c € Z, and is called indefinite if and only
if A(F) > 0. An indefinite form F' = (a,b,c) of discriminant A is said to be
reduced if

(1.1) VA —2]a|| <b< VA

Most properties of quadratic forms can be given by the aid of the extended
modular group I' (see [11]). Gauss (1777-1855) defined the group action of I' on
the set of forms as follows:

(1.2) gF (z,y) = (ap® + bpq + cg*)z* + (2apu + bpv + bug + 2cqu)xy

+ (au? + buv + cv?)y?
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for g = (5 3) = [p;q;u;v] € T. Hence two forms F and G are called equivalent
if and only if there exists a g € I’ such that gF = G. If detg = 1, then F
and G are called properly equivalent, and if det g = —1, then F’ and G are called
improperly equivalent. If a form F is improperly equivalent to itself, then it
called ambiguous. Let p(F') denotes the normalization (it means that replacing
F by its normalization) of (¢, —b, a). To be more explicit, we set

p'(F) = (¢, —b+ 2cri, cr? — bry + a),

where

sign(c) {ﬁJ for |¢| > VA
sign(c)th”/ZJ for |¢| < VA

2|e]

r, = T‘i(F) =

for i > 0. The number 7; is called the reducing number and the form p'(F) is
called the reduction of F. Further, if F is reduced, then p’(F) is also reduced
by (1.1). In fact, p® is a permutation of the set of all reduced indefinite forms.
Now consider the transformation 7(F) = 7(a,b,¢c) = (—a, b, —c). Then the cycle
of F is the sequence ((7p)'(G)) for i € Z, where G = (A, B,C) is a reduced
form with A > 0 that is equivalent to F'. The cycle of F' can be derived by the
following theorem.

THEOREM 1.1 ([5]). Let F' = (a,b,c) be a reduced indefinite quadratic form
of discriminant A. Then the cycle of F is a sequence Foy ~ Fy ~ Fy ~ -+ ~ Fj_4
of length 1, where Fy = F = (ag, by, ¢p),

bi"’\/ZJ

(1.3) si= IRl = [ P50

and
Fip1 = (aiy1,biv1, cip1) = (leil, =bi + 2si]ci|, —(ai + bis; + ¢;57))

for1<i<Il-—2.

Mollin [3] considered the arithmetic of ideals in his book. Let D # 1 be a
square free integer and let A = %), where r =2 if D =1 (mod 4), and r = 1,
otherwise. If we set K = Q(v/D), then K is called a quadratic number field
of discriminant A and O is the ring of integers of the quadratic field K of
discriminant A. Let I = [a, 8] denote the Z-module oZ & BZ, i.e., the additive
abelian group, with basis elements « and f consisting of {ax + Sy : z,y € Z}.

Note that Oa = [1, H?}/E}. In this case wa = % is called the principal
surd. Every principal surd wa € Oa can be uniquely expressed as wa = ra+yp3,
where z,y € Z and «, § € Oa. We call o, 8 an integral basis for K. If % >0,

then o and (8 are called ordered basis elements. Recall that two basis of an ideal
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are ordered if and only if they are equivalent under an element of I'. If I has
ordered basis elements, then we say that I is simply ordered. If I is ordered,
then

N(ax + By)

is a quadratic form of discriminant A. In this case we say that F' belongs to I
and write I — F. Conversely let us assume that

G(z,y) = Az? + Bay + Cy? = d(az?® + bzy + cy?)

be a quadratic form, where d = 4 ged(A, B, C) and b? —4ac = A. If B2 —4AC >
0, then we get d > 0, and if B> —4AC < 0, then we choose d such that a > 0. If

=08 = {[a’ YR fora >0,

[a, b—;/Z]\/E for a < 0 and A > 0,

then I is an ordered Oa-ideal. Note that if @ > 0, then [ is primitive and if

a < 0, then % is primitive. Thus to every form G, there corresponds an ideal I

to which G belongs and we write G — I. Hence we have a correspondence
between ideals and quadratic forms.

THEOREM 1.2. If I =[a,b+ cwal, then I is a non-zero ideal of O if and
only if ¢|b, cla and ac|N(b+ cwa) [3)].

Let § denote a real quadratic irrational integer with trace t = § + 6 and norm
n = §0. Given a real quadratic irrational v € Q(6), there are rational integers P
and @ such that v = %“S with Q|(6 + P)(6 + P). Hence for each v = %‘5 there
is a corresponding Z-module

(1.4) I, =[Q, P+
(in fact, this module is an ideal by Theorem 1.2 and an indefinite quadratic form

n+tP+P2)y2

(15) Fy(w,y) = Qo+ w)lw +7y) = Q" + (14 2P)ay + (5

of discriminant A = ¢ — 4n. The ideal I, in (1.4) is said to be reduced if and
only if

(1.6) P+§>Q and —-Q<P+d6<0

and is said to be ambiguous if and only if it contains both PTH and %rg’ so if

and only if % €.
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Let [mo; g, ma, ..., m;—1) denote continued fraction expansion of v = PTM
with period length [ = I(I). Then the cycle of I is [, = IS ~ I} ~ - ~ Ify’l of

length [, where

02 — P2,

Qi

o {Pz‘ +4
' Qi
for ¢ > 0 (see also [1,2,4,6,7]).

Let § = /D and let I; = @1, Py +\/ﬁ] and Iy = [Q2,P2+\/5} be two ideals.
Then the product of I; and I is an ideal I = (S)[Q, P + v/D], where

(1.7) J7 Pip1=mQ; — P, and Qi1 =

S = ng(Q17Q27P1 +P2)>

(1.8) Q= Q;§27

pP= %[UQgPl +VQ.1Py + g(Ple + D)] (mod 2QY),

and U, V and W are integers such that

w
UQ2+VQ1+7(P1+P2)=S

2. Cycles and product of ideals. In [8-10,12,13], we considered some
properties of quadratic irrationals v = %‘6, quadratic ideals I, and indefinite
quadratic forms F,. In the present paper, we aim to derive some properties of
ideals

21) L=[kk-1+VE2+k+1] and L=[k+1,k+Vk+k+1]

and their product I = I1 15, where k > 2 is an integer.

THEOREM 2.1.  Let I; and I be the ideals in (2.1). Then

(1) I is reduced for every k > 2.

(2) I is ambiguous if and only if k = 2.

(3) If k = 3t 4+ 1 for an integer t > 1, then the continued fraction expansion of
v s [1,1,6¢+2,1,1,2¢], and the cycle of I is

IV = [3t4+ 1,3t + V92 + 9t + 3] ~ I} = [3t + 2,1+ /92 + 9t + 3] ~
I =[13t+1+ V9 + 9t +3] ~ I} = [3t + 2,3t + 1+ V92 + 9t + 3] ~

of length 6.
(4) The ideal Iy is reduced for every k > 2.
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(5) The ideal Iy is not ambiguous for every k > 2.
(6) If k = 3t + 1 for an integer t > 1, then the continued fraction expansion of
vo is [1,1,2t,1,1,6¢ + 2], and the cycle of I is

I9=[3t+2,3t + 1+ V92 + 9t + 3] ~ I3 = [3t + 1,1 + /92 + 9t + 3]
=[3,3t + /92 + 9t + 3] ~ I3 = [3t + 1,3t + /912 + 9t + 3]
Iy =[3t+2,1+V9%2 4+ 9t + 3] ~ I3 = [1,3t + 1 + /92 + 9t + 3]

of length 6.

PROOF. (1) Note that k? + k + 1 > 1 since k > 2. So
BPAk+1>1k+Ek+1>E 4 (k—1)? —2k(k—1)
& D>Qi+ PP —2PQ
s P +vVD> Q.

On the other hand k*+1 < 3k+k®+1< (k—1)2 <k*+k+1e P —VD <0
and

4% -4k +1> K 4+k+1e (k-1 4+ +2k(k—1) >k +k+1
& PP+ QF +2PQy > D
& P —VD > —Q.

So we get P, +vD > @ and —Q1 < P, — vD < 0, that is, I is reduced, by
(1.6).
(2) Let I; be ambiguous. Then by definition QQ% must be an integer. So

%eZ@LﬁZQ_%eZ@k:Q. Conversely, let & = 2. Then
1

?Q—Pll =1 € Z. So I is ambiguous.

(3) Recall that for z = u + vV/d with u 4+ vV/d is a quadratic irrational,
if x > 1 and —1 < T < 0, then the continued fraction that represents z is a
purely periodic continued fraction. We proved in (1) that I; is reduced, that is,

P, ++vD > Q and —Q; < P, — /D < 0. Hence

P,
P1+\/7>Q1<:> 1+\/7 >1
1
and /B
P, —+vD
—Q1<P-VD<0& 1< Y2 <.

@1

So 71 has a purely periodic continued fraction. Now let I; = I = [3t + 1,3t +
V9t2 + 9t + 3]. Then by (1.7), we have mo = 1 and hence P, = 1 and @1 = 3t+2.
Similarly, we obtain Table 1.
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) 0 1 2 3 4 5
P; 3t 1 3t+1|3t+1 1 3t
Q; | 3t+1|3t+2 1 t+2(3t+1| 3
m; 1 1 6t + 2 1 1 2t

Table 1

Therefore, the continued fraction expansion of v, is [1,1,6¢ + 2,1,1,2¢], and
the cycle of I1 is I = [3t+1,3t+v9t> + 9t + 3] ~ I{ = [3t+2,1+/9¢2 + 9t + 3]
~E =13t 1+ + 9+ 3] ~ P =[3t+2,3t+ 1+ V2 + 9t + 3] ~ I} =
[3t + 1,1 +/9t2 + 9t + 3] ~ I} = [3,3t + /92 + 9t + 3].

(4) Note that k% +k > 0 since k > 2. So we have
B4 k+1>2k -2k +2k -2k +1 o k> +k+1> (k+1)> + k% — 2k(k + 1)
& D> Q3+ P —2PQ,
& Py+VD > Q..
Also it is easily seen that k2 < k> 4+ k+1< P <D < P, —+/D <0 and
3k +3k >0k +k” +2k+ 142k +2k > K>+ k+1
S+ k+1D)2+2k(k+1) >k +Ek+1
& P34+ Q3 +2P2Qy > D

& Py — VD> —Q,.
Hence P> + VD > Qs and —Q2 < P, — /D < 0. Therefore I is reduced.
(5) ?Q—P; = kz—ﬁ =2- k%-l is not an integer since k > 2. Therefore I5 is not
ambiguous.

(6) Since Iy is reduced, 7, has a purely periodic continued fraction. Let
I =19 = [3t + 2,3t + 1+ +/9t2 + 9t + 3]. Then mo = 1 and hence P; = 1 and
@1 = 3t + 1. Similarly we obtain Table 2.

i 0 1 2 3 4 5

P 3t+1 1 3t 3t 1 3t+1

Q;|3t+2|3t+1]3 |3t+1]3t+2 1

m; 1 1 2 1 1 6t + 2
Table 2

So the continued fraction expansion of o is [1,1,2¢, 1,1, 6t + 2] and the cycle

of Lis I9 =[3t+2,3t+1+V92 +9t+3]~ I =[3t+1,14+V92+9t+ 3] ~
2 2
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I3=03,3t+ V2 + 9t + 3| ~ I3 = [3t+ 1,3t + V2 + 9t + 3] ~ I3 = [3t+2,1+
VOt2 + 9t + 3] ~ I3 = [1,3t + 1 + /912 + 9t + 3]. O

From this theorem we can give the following result.

COROLLARY 2.2. I? and I} are the ambiguous ideals in the cycle of I; and
I3 and I3 are the ambiguous ideals in the cycle of I.

Now consider the product of I; and Is.

THEOREM 2.3. The product of Iy and Iy is I = [k* + k,k®> +k — 1 +
VE?+Ek+1].

Proor.  Applying (1.8), we get
S = ng(Ql,QQ,Pl + Pg) = ng(k,k‘ + 1,2k — 1) =1
and Q = —Qg% = Lk;rl) = k2 + k. Hence
(2.2)
1 w
= [UQzP1 +VQIP + (PP + D)} (mod 2Q)

— U

= |Uk+1)(k—1)+V(k)(k)+ %(kQ —k+ k4 k4 1)} (mod 2(k” + k))

Uk* —1) + VE* + ¥(2k2 + 1)] (mod 2(k* + k)),

—

where U, V, W are integers such that
w
(2.3) U(k+1)+V(k)+7(2k—l) =1.
One solution of (2.3) is (U,V,W) = (1 — k, k,0). So (2.2) becomes
P= [(1 —k)(k* — 1) + k(k*) + g(%z + 1)] (mod 2(k* + k))
=k +k—1] (mod2(k®+k))
=k +k-1

Therefore, the product of I; and I is I = [k*> + k,k*> + k — 1+ VE2 + Kk +1].

O

EXAMPLE 2.4. Let t = 5. Then v, = $5£¥213 — [T1732/1,1,10] and the
cycle of Iy = [16,15 + +/273] is

IY = [16,15 + V273] ~ I = [17,1 + V273] ~ I} = [1,16 + V/273] ~
I} = [17,16 + V273] ~ I} = [16,1 + V273] ~ I} = [3,15 + V/273].
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Similarly 7, = 10521 = [T71770,1,1,32] and the cycle of I = [17,16 + v/273]

1S
I9 = [17,16 + V273] ~ I3 = [16,1 4+ V273] ~ I = [3,15 4+ V/273] ~
I3 = [16,15 + V273] ~ I3 = [17,1 + V273] ~ I3 = [1,16 + v/273].
The product of I; and I is T = [272,271 + +/273].

From Theorem 2.3, we can give the following result.

THEOREM 2.5.  The ideal I is not reduced and is not ambiguous for every
k> 2.

PrROOF. Note that k* + 2k® — 2k2 — 3k > 0 since k > 2. Hence
E* 42k —2k* 3k >0 k* + 2K — k2 -2k + 1> K>+ k+1

Sk 4+k—1>Vk2+k+1

& P-vD>0
which is a contradiction to (1.6). So I is not reduced.
2
If I is ambiguous, then % must be an integer. But clearly % = Q(k%fk_l) =
2 — kzi-s-k is not an integer since k > 2. Therefore I is not ambiguous. O

3. Corresponding indefinite quadratic forms Fy,, F;, and F;. Inthe
previous section, we consider some properties of I, Is and also their product I.
In this section, we obtain some properties of indefinite quadratic forms Fr,, FT,
and F; which correspond to I, Is and I, respectively. For the ideals I; and I,
we have the following indefinite quadratic forms

(3.1) Fy, = (k,2k—2,-3) and Fy, = (k+ 1,2k, —1)
by (1.5). Hence we can give the following theorem.

THEOREM 3.1.  Let Fy, and Fy, be the quadratic forms in (3.1). Then

(1) Fy, is reduced and ambiguous for every k > 2.
(2) If k =3t +1 fort > 1, then the cycle of Fy, is

Fro = (3t + 1,6t,—3) ~ Fa = (3,6t,—3t — 1) ~
Fra = (3t+1,2,-3t — 2) ~ Fpa = (3t + 2,6t +2, 1) ~
Frs = (1,6t +2,-3t — 2) ~ Fys = (3t +2,2, -3t — 1)

of length 6.
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(3) Fy, is reduced and ambiguous for every k > 2.

(4) If k =3t + 1 fort > 1, then the cycle of Fy, is
Fro = (3t +2,6t +2,~1) ~ Fp3 = (1,6t +2,~3t — 2) ~
Fpz = (3t +2,2, -3t — 1) ~ Fjy = (3t + 1,61, —3) ~
Fps = (3,61, ~3t — 1) ~ Fjs = (3t + 1,2, 3t — 2)

of length 6.

PrOOF. (1) Note that k > 0. So 4k +4 > —8k +4 & 4k? + 4k + 4 >
4k? — 8k + 4 < VAk2 + 4k +4 > 2k — 2 & /A > by. Further 4k + 4 > 0 since
kE>2 Sodk+4>0e 4k? +4k + 4 > 4k* o V4k2 + 4k + 4 > 2k, that is,
V4k? + 4k + 4 — 2k > 0. On the other hand 3k — 5 > 0. So

4k(3k —5) > 0 < 12k* — 20k +4 > 4
& 16k* — 20k + 4 > 4k* + 4

&4k — 2> \4k2 + 4k + 4
& 2k — 2> |\/4k? + 4k + 4 — 2k|

&by > VA = 2aq]|.

Hence we get ‘\/Z, 2la]| < by < VA, that is, Fy, is reduced by (1.1).
Now let g = [p; q;u;v] € T. Then for Fy, = (k,2k — 2, —3), we have

kp® + (2k — 2)pq — 3¢> = k
(3.2) 2kpu + (2k — 2)pv + (2k — 2)uq — 6qv = 2k — 2
ku® 4+ (2k — 2)uv — 3v? = -3

by (1.2). It is easily seen that (3.2) has a solution for p = 1, ¢ = 0, u = 0 and
v = —1, that is, gF, = Fy, for ¢ = [1;0;0;—1] € . Note that detg = —1.
Therefore, Fy, is improperly equivalent to itself and hence is ambiguous.

(2) Let Fro = (3t + 1,6t,—3). Then by (1.3), we get so = 2¢ and hence
Fpi = (3,6t, =3t — 1). Similarly we can obtain Table 3.

So the cycle of Fy, is Fro = (3t +1,6t,—3) ~ Fpi = (3,6t, =3t — 1) ~ Fp2 =
(3t + 1,2, -3t — 2) ~ Fjs = (3t + 2,6t +2,—1) ~ Fys = (1,6t +2, -3t — 2) ~
Fps = (3t +2,2,-3t — 1),
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) 0 1 2 3 4 5

a; | 3t+1 3 Jgt+1 | 3t+2 1 3t+2

b; 6t 6t 2 6t+2| 6t+2 2

C; -3 —3t—1| -3t—2 -1 —3t—2| -3t—-1

S; 2t 1 1 6t + 2 1 1
Table 3

(3) It can be proved in the same way that (1) was proved.

(4) Let Fro = (3t + 2,6t + 2,—1). Then we get so = 6t + 2 and hence
Fp= (1,6t + 2, —3t — 2). Similarly we can obtain Table 4.

7 0 1 2 3 4 )

a; | 3t+2 1 St+2 | 3t+1 3 3t+1

b; |6t+2| 6t+2 2 6t 6t 2

Ci —1 —3t—-2| -3t—1 -3 —3t—-1|-3t—2

s; | 6t +2 1 1 2t 1 1
Table 4

So the cycle of Fy, is Frg = (3t + 2,6t +2,—1) ~ Fpp = (1,6t +2, -3t — 2) ~
Fz = (3t +2,2,-3t — 1) ~ Fys = (3t + 1,6t,~3) ~ Fys = (3,6t,~3t — 1) ~
Fpz = (3t +1,2,-3t — 2). 0

EXAMPLE 3.2. Let t = 5. Then £ = 16 and hence the cycle of Fj, =
(16,30, —3) is
Fro = (16,30, -3) ~ Fpp = (3,30, -16) ~ F2 = (16,2, —17) ~
Frs = (17,32, -1) ~ Fpa = (1,32, -17) ~ Fps = (17,2, -16)
and the cycle of Fr, = (17,32,—1) is
Fro = (17,32,-1) ~ Fpp = (1,32, -17) ~ Fpz = (17,2, -16) ~
Fr3 = (16,30, —3) ~ Fpa = (3,30, -16) ~ F3 = (16,2, —17).
From Theorem 3.1, we can give the following result.

COROLLARY 3.3. If k =3t+1 fort > 1, then all forms Friin the cycle
of Fr, and all forms Fr; in the cycle of Fr, are ambiguous for 0 < ¢ < 5.

Recall that I = [k? + k,k®> + k — 1+ Vk? +k+1]. So the corresponding
quadratic form is Fy = (k? + k,2k? + 2k — 2,k? + k — 3). Then we can give the
following theorem.
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THEOREM 3.4.  The quadratic form Fy in is not reduced but is ambiguous.

ProoF. Note that k3 + 2k% — 2k — 3 > 0 since k > 2. So

4k(k +2k* =2k —3) >0
& 4k* 4 8K3 — 8k? — 12k + (4k® + 4k + 4) > 4k* + 4k + 4
& Akt 4 8Kk3 — 4k? — 8k +4 > 4k* + 4k + 4
S22k +k—1)> VA2 + 4k +4
sb>VA

which is a contradiction to (1.1). Consequently, F7 is not reduced.

Now let g = [p; ¢;u;v] € T. Then the system of equations

(K +k)p* + 2k + k= V)pg + (K> + k= 3)¢* = k* + k

2k + k)pu +2(k* + k — 1) (pv +uq) + 2(k* + k — 3)qu =2(k* + k — 1)

B+ k) +2(k* +k— Duw + (K> +k—=3)v* =k* + k-3

has a solution for p = 3, ¢ = =2, v = 4 and v = —3. So gF; = [} for
g =[3;—2;4;-3] € T with det g = —1. Therefore F; is ambiguous. O

10.

11.
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