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MEYER’S FUNCTION AND THE WORD METRIC ON
THE HYPERELLIPTIC MAPPING CLASS GROUP
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ABSTRACT. In this short note, we bound the value of Meyer’s function
of the hyperelliptic mapping class group Ay by a constant times the distance
to the identity, measured in any word metric on Ay. We also construct an
example which shows this bound is asymptotically sharp.

RESUME. Dans cette note courte, nous avons borné la valeur de la fonc-
tion de Meyer de ’hyperelliptic qui dresse une carte de groupe de classe par
un temps constant la distance a l’identité, mesuré dans tout mot métrique
sur le groupe. Nous construisons aussi un exemple qui montre que ce lien
est brusquement asymptotique.

1. Introduction. Meyer’s function of the hyperelliptic mapping class
group is a kind of secondary invariant associated with the signature cocycle [5].
It is related to several interesting invariants in algebraic or geometric context,
including Hirzebruch’s signature defect, the Atiyah—Patodi—Singer eta-invariant
and its adiabatic limit, the special value of the Shimizu L-function, the von Neu-
mann rho-invariant, the Casson invariant and so on (see [1], [8] for example).

The purpose of this note is to show an elementary property of Meyer’s function
¢: Ay — Q. To this end, we first review the notion of word norm of a group.

For a given finitely generated group G and a finite set S of generators for G,
we denote by || - || the induced word norm on G. Namely, ||z|| is the length of
the shortest word in S*! which equals z. Different choices of finite generating
sets for G give word norms whose ratios are bounded by a constant.

THEOREM 1.  There exists a constant C > 0 so that |¢p(z)| < C|z|| for
every x € Ay. This bound is sharp in the sense that there exists an infinite set
{z,} C A, and a constant K > 0 so that |¢(xy,)| > K|z, || for all n.

Our motivation comes from a relation between Meyer’s function and the Cas-
son invariant of integral homology 3-spheres [6], and a recent result due to
Broaddus—Farb—Putman [3] which gives a bound of the value of the Casson
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invariant by a constant times the distance-squared to the identity, measured in
any word metric on the Torelli group.

2. Signature cocycle and Meyer’s function. Let X, be a closed ori-
ented smooth surface of genus g. The mapping class group M, is defined to
be the group of path components of Diff; ¥, which is the group of orientation
preserving diffeomorphisms of 3, equipped with the C"°°-topology.

For z,y € My, let E, , be the oriented X4-bundle over the thrice-punctured
2-sphere with monodromies x,y and xy on the boundary components so that
OE,, = MyUM,U—M,,, where M, = %, x1/(p,0) ~ (z(p),1). We then define
T(x,y) to be the signature o(E; ,) of the 4-manifold E, ,. From the Novikov
additivity, it gives a group 2-cocycle of My, and is called the signature cocycle.
As shown in [5], 7 can be calculated by using just homological information. In
particular, the range of |7| is bounded by 2g.

We fix an involution ¢ € M, with 2¢ + 2 fixed points. The centralizer A, =
{x € My | x = wx} is called the hyperelliptic mapping class group of ¥, with
respect to ¢. The conjugacy class of A, in M, does not depend on a choice of «.
It is known that A, = M, if g =1,2 and A, # M, if g > 3.

Since H*(A4,Q) = 0 for * = 1,2 (see [4]), there exists a uniquely defined map

o: Ay —Q

such that ¢ = 7, which is called Meyer’s function of the hyperelliptic mapping
class group. See [8] for a through exposition of Meyer’s function.

3. Proof of Theorem 1. Let S be a finite generating set of A, (see [2])
and write x = s1--- s, (s; € ST!) for a given element z € A,, where [|z| = n.
The relation d¢ = 7 on A4 implies

n n—1

¢(l‘) = ¢(81 o sn) = Z ¢(Sz) - Z T(Si, Sit1 " Sn)

i=1 i=1
Since S is finite, there exists a constant C; > 0 so that |¢(s)| < Cy for every
s € ST, Thus we have

n n—1
()] <Y lo(si)l + D [7(siy 8141+ 5n)| < Cin+29(n — 1) < (29 + C1) |z
=1 i=1

If we put C = 2g + C; > 0, we obtain the first assertion.

We now consider the latter claim. Let {(1,...,{2g+1} be the finite generating
set of Ay due to Birman and Hilden, and put y = (G Gon)H2 for 1 <
h < g—1. This is a BSCC-map of genus h, a Dehn twist along a bounding
simple closed curve on 4. In particular, y acts trivially on H;(X,,Z), so that
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7(y,y*) = 0 for any i. It is also known that ¢(y) = —4h(g — h)/(29 + 1)
(see [6, Example 2.6]).
If ||ly|| = K71, then clearly ||y™]| < Kin. We then obtain

n—1
; 4 4h(g — h)
ny| _ _ N = |— h(g —h)n| > —Z—|ly"|l.
65| = [no(w) > 7l T LRk B ety (A
If we put K = % > 0, we get the desired infinite set {y™ | n > 1} C Ay.

Because y has infinite order in A (in fact, y is an element of the Torelli group).

REMARK 2. The first assertion of Theorem 1 holds for any quasi-homomor-
phism (namely, its deviation from being a homomorphism is bounded) of a given
finitely generated group.

REMARK 3. Let ®: A; — R be the homogenized quasi-homomorphism
defined by ®(x) = lim, %n) Proposition 2.1 in [7] shows that the difference
®—¢: A, — Ris described in terms of the von Neumann rho-invariant p (M, )
for the Z-covering Z — M, — M, associated with a surjective homomorphism
m M, — mSt = Z. Hence the value of the von Neumann rho-invariant is also
bounded by a constant times the distance to the identity.
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