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MORITA EQUIVALENT SUBALGEBRAS OF IRRATIONAL
ROTATION ALGEBRAS AND REAL QUADRATIC FIELDS

NORIO NAWATA

Presented by George Elliott, FRSC

ABSTRACT. We determine the isomorphic classes of Morita equivalent
subalgebras of irrational rotation algebras. It is based on the solution of
the quadratic Diophantine equations. We determine the irrational rotation
algebras that have locally trivial inclusions. We compute the index of the
locally trivial inclusions of irrational rotation algebras.

RESUME. Nous déterminons les classes isomorphe de sous-algébres
d’algébres de la rotation irrationnelle qui sont Morita-équivalente a 1’algébre
ambiante. Il est basé sur la solution des équations diophantienne du second
degré. Nous déterminons les algébres de la rotation irrationnelle qui ont
des inclusions localement triviaux. Nous calculons ’indices des inclusions
localement triviaux d’algébres de la rotation irrationnelle.

1. Introduction Let 6 be an irrational number. An irrational rotation
algebra Ay is the universal C*-algebra generated by two unitaries u, v, with the
relation uv = e*™¥yu. It is simple and has a unique normalized trace. These
algebras have been classified up to C*-isomorphism and Morita equivalence [7,8].

C*-index theory in [10] is a C*-algebraic version of index theory for subfactors
by V. F. R. Jones [4]. Let N C M be II;-factors. If M is a hyperfinite factor and
the Jones index [M:N] is finite, then N is also a hyperfinite factor. Hence N
is isomorphic to M as a von Neumann algebra. In C*-index theory, there exist
many non-isomorphic subalgebras that are of finite index. We need to consider
isomorphic classes of subalgebras. K. Kodaka studied endomorphisms of certain
irrational rotation algebras [5]. Since Ay is simple, the ranges of endomorphisms
are isomorphic subalgebras of Ag. In this paper, we extend his results and study
those C*-subalgebras of Ay that are Morita equivalent to Ay.

Throughout the paper, we assume that a subalgebra has a common unit.

In Section 2 we determine the isomorphic classes of Morita equivalent subalge-
bras of irrational rotation algebras. For example, Morita equivalent subalgebras
of A5+\F are isomorphic to A, 5 or A5+\F Morita equivalent subalgebras of

10
A3+f “are isomorphic to A3+f, A3+f, A3+f, or A s. It is based on the solu-

tlon of the quadratic Dlophantme equatlons The isomorphic classes of Morita
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equivalent subalgebras of irrational rotation algebras are related to arithmetic
properties of real quadratic fields. We show that a part of the decomposition
of prime ideals in real quadratic fields is connected with the isomorphic classes
of Morita equivalent subalgebras of irrational rotation algebras. We expect that
there exists a connection with the real multiplication program by Y. Manin [6].

In Section 3 we determine the irrational rotation algebras which have locally
trivial inclusions, where an inclusion B C A of C*-algebras is called a locally
trivial inclusion if there exist a projection ¢ in A and an isomorphism ¢ of gAq
onto (1 —q)A(1 — q) such that B = {z + ¢(z) € A ; x € ¢Aq}. A is simple,
then gAq and A are Morita equivalent. Hence a locally trivial inclusion is a
construction of a Morita equivalent subalgebra.

In Section 4 we show that the index of a locally trivial inclusion of an irrational
rotation algebra is 4, which is equal to the minimal index (due to F. Hiai [3]) in
the case of a subfactor.

2. Morita equivalent subalgebras Let 7y denote a unique normalized
trace of Ag, and let My (Ay) denote the algebra of all k x k matrices over Ag. The
notation A = B means that A is isomorphic to B as a C*-algebra. We denote
by 7¢ the unique normalized trace on My (Ag). We refer the reader to K. R.
Davidson [1] for the basic facts on C*-algebras.

First we consider the condition that £ € N and n € R — Q such that Mj(A,)
is isomorphic to a subalgebra of Ay.

LEMMA 2.1.  If My (A,) is isomorphic to a subalgebra B of Ag with a com-
mon unit, then there exists a natural number n such that My (Ay) = Ane.

ProOF. Let ¢: M} (A,) — B be an isomorphism. Since the trace is unique
and a subalgebra has a common unit, 79(¢(z)) = T, (z) for any x € My(A4,).
By [8, Proposition 1.3], there exist an integer [ and a projection ¢; in My(A,)
such that 73, ,,(¢1) = n+1. Since ¢(g1) is a projection in Ag, n+1 € (Z+7Z6)N|0,1].
There exist integers mg, my such that n + 1 = metl +m. Hence A, = Aj, j0-
Define n := |mg|. Let ¢» and g3 be projections in Mj,(A,) such that 73 ,(g2) =

2 = mofEm and 7,,(gs) = =t = =mef=mi - Since o(g2) and p(g3) are
projections in Ag, we have meftmi 1=mof—mi ¢ (7.1 70)n[0,1]. Hence " and
L —4* are integers. This 1mphes k=1. Therefore Mi(Ay) =2 Ayy. O

We shall consider Morita equivalent subalgebras of Ag. Let GL(2,Z) denote
the group of 2 x 2 matrices with entries in Z and with determinant +1, and let

GL(2,Z) act on the set of irrational numbers by (24) 6 = ‘Clgis.

PROPOSITION 2.2. A C*-algebra B is isomorphic to a subalgebra of Ag with
a common unit and is Morita equivalent to Ag if and only if there exist n € N
and g € GL(2,Z) such that nf = g6 and B = Apy.

ProoFr. We assume that B is isomorphic to a subalgebra of Ay with a
common unit and is Morita equivalent to Ag. Since B is Morita equivalent to
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Ap and has a unit, there exist k¥ € N and gg € GL(2,Z) such that B =2 My (Ag.0)
by [9, Corollary 2.6]. Hence, there exists a natural number n such that B & A,
by Lemma 2.1. Therefore k =1 and A,p = Agy9. There exists an integer [ such
that nf = gof + [ or nf = —gof + [ by [8, Theorem 2]. Let ¢1,92 € GL(2,Z) be
g1 = (1), 92 = (7). Define g := g1go or g := g1g2g0- Then g € GL(2,%)
and nf = gf. Consequently, there exist n € N and g € GL(2,Z) such that
nd = gh and B = Apy.

Conversely, assume that there exist n € N and g € GL(2,Z) such that
nd = gb and B = A,y. We consider the subalgebra generated by u" and v.
Since u™v = e*™"yy", it is isomorphic to A,g. Since nf = g6, it is Morita
equivalent to Ay by [8, Theorem 4]. Consequently, B is isomorphic to a subal-
gebra of Ay and is Morita equivalent to Ag. O

We study the isomorphic classes of subalgebras of Ag. Note that if A, ¢ is
isomorphic to A,,¢ where ng and n; are natural numbers, then ng = n; by
the results of [7,8]. We consider the case where 0 is not a quadratic irrational
number.

THEOREM 2.3.  Let 0 be an irrational number. Assume that 6 is not a
quadratic number. If B is a subalgebra of Ag with a common unit and is Morita
equivalent to Ay, then B is isomorphic to Ay.

PROOF. On the contrary, assume that Ay had a non-isomorphic Morita
equivalent subalgebra. Then there exist n € N and g € GL(2,Z) such that
nf = gf and n # 1 by Proposition 2.2. There exist integers a, b, ¢, d such
that ad — bc = +1 and nf = Zgi's. Hence we have ncf? + (dn — a)f — b = 0.
Since 6 is not a quadratic irrational number and n is a natural number, ¢ = 0,
dn—a =0,b =0. By ad —bc = £1, ad = +1. Hence n = £1. This is a
contradiction. O

We consider the case where 6 is a quadratic irrational number. We may assume
that 6 satisfies k6% + 10 +m = 0 with a natural number k£ and integers [,m such
that ged(k,l,m) = 1. The equation is uniquely determined. Let D = 2 — 4km
be the discriminant of 6.

LEMMA 2.4.  Let 0 be a quadratic irrational number with k6% +10+m = 0 as
above. If B is a subalgebra of Ag with a common unit and is Morita equivalent
to Ay, then there exists a divisor n of k such that B is isomorphic to Apg.

Proor. By Proposition 2.2, there exist n € N and g € GL(2,Z) such that
nf = gf and B = A, 9. There exist integers a, b, ¢, d such that ad —bc = £1 and

nf = Zgig. Hence we have ncf? + (dn —a)f — b = 0. In the case § = —1-5]3@7 we

have

ne(l? — 21v/D + D) n (dn —a)(~1 + VD)

A%2 2%k —b=0.
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Since v/ D is an irrational number,

n nc(l? + D) — 2kdnl + 2kal n
LL:E(kd—lc)7 b= PTE: = —gme.
By ad — bc = +1, kd?> — ldc + mc? = :i:%. Consequently, % € Z. The case
0= 71516\/5 is proved in the same way. O

THEOREM 2.5.  Let 0 be a quadratic irrational number with k62 +10+m =0
as above. Assume that n is a divisor of k and k = an for a natural num-
ber a. Then there exists a subalgebra B of Ag with a common unit such that
B is isomorphic to Ang and is Morita equivalent to Ay if and only if either
na? — lzy + amy® = 1 or nz? — ley + amy® = —1 has integer solutions for x
and y.

PROOF. We assume that there exists a subalgebra B of Ay with a common
unit such that B is isomorphic to A,¢ and is Morita equivalent to Ay. Since Ay
and A,y are Morita equivalent, there exists a g € GL(2,Z) such that nf = ¢6.
Let a, b, ¢, d be integers such that ad — bc = +1 and g = (¢}4). In the

case 0 = %, by the proof of Lemma 2.4 we have a = nd — %C € 7Z and
b= —"¢ € Z. There exists an integer ¢ such that ¢ = ta. If not, it contradicts
ged(k,l,m) = 1. We have ad — bc = nd? — ldt + amt®. Since ad — bec = =1,
(z,y) = (d,t) is a solution of nax? — lxy + amy?® = 1 or na? — lzy + amy?® = —1.
The case 0§ = 715];/5 is proved in the same way.

Conversely, assume that either nz? —lzy+amy? = 1 or nx?—lry+amy? = —1

has integer solutions for « and y. Let (d,t) be a solution of this equation. Define
a:=mnd—1It, b:= —mt, c:= at, g := (‘CI Z). Then ad — bc = +1. Therefore
g € GL(2,Z). Elementary calculations show ¢gf = nf. By Proposition 2.2, there
exists a subalgebra B of Ay with a common unit such that B is isomorphic to
A,p and is Morita equivalent to Ay. O

There exists an algorithm for solving the quadratic Diophantine equations of
the theorem above, see for example [2]. Hence we can determine the isomorphic
classes of Morita equivalent subalgebras of irrational rotation algebras. We shall
show some examples.

EXAMPLE 2.6. Let 6 be an algebraic integer of a real quadratic field. If B
is a subalgebra of Ay with a common unit and is Morita equivalent to Ay, then
B is isomorphic to Ag.

EXAMPLE 2.7. Let § = 5?—5/5. If B is a subalgebra of Ay with a common

unit and is Morita equivalent to Ay, then B is isomorphic to Ay or Asg.

ExAMPLE 2.8. Let 0 = %. If B is a subalgebra of Ay with a common

unit and is Morita equivalent to Ay, then B is isomorphic to Ag, Asg, Azg, or
Agg.
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EXAMPLE 2.9. Let 6 = %ﬁ. If B is a subalgebra of Ay with a common

unit and is Morita equivalent to Ay, then B is isomorphic to Ag.

We shall show that the isomorphic classes of Morita equivalent subalgebras of

irrational rotation algebras are related to arithmetic properties of real quadratic
fields.

COROLLARY 2.10.  Let 0 be a quadratic irrational number with p6? + 10 +
m = 0. Assume that p is a prime number and l, m are integers such that
ged(p,l,m) = 1. We denote by K := Q(0) an algebraic field generated by 6.
The ring of integers of K is denoted by Ok. If Ag has a non-isomorphic Morita
equivalent subalgebra, then pOg is not a prime ideal in Ok, that is, p splits
completely or is ramified in K.

PRrROOF. Since Ap has a non-isomorphic Morita equivalent subalgebra,
Ay is isomorphic to a Morita equivalent subalgebra of Ay by Lemma 2.4. By
Theorem 2.5, either pz? — lzy + my? = 1 or px? — lzy + my? = —1 has integer
solutions for x and y. We denote one of them by (d,t). We have

(pd — ét + @t) (pd — ét - @t) = +p.

It is easy to see that

l vD l vD
d— —t+ 2t pd — ~t — ~—t
p 9 + 2 y P 2 2 GOKa
l vD l vD

Hence pOk is not a prime ideal in Ok, that is, pOk splits completely or is
ramified. U

3. Locally trivial inclusions In Section 2, we considered a subalgebra
generated by u”, v, and the isomorphic classes of the subalgebra. In this section,
we shall show that there exist other Morita equivalent subalgebras of certain
irrational rotation algebras.

Let B C A be C*-algebras. An inclusion B C A is called a locally trivial
inclusion if there exist a projection ¢ in A and an isomorphism ¢ of ¢Aq onto
(1 —¢q)A(1 — q) such that B = {x + p(z) € A; x € gAq}. It is easy to see that
B is isomorphic to gAq. Hence if A is simple, then B is Morita equivalent to A.

K. Kodaka [5] determined the irrational rotation algebras which have a locally
trivial inclusion B C Ay with B = Ay. He showed that there exists a projection
q in Ay such that Ag = qAgq = (1 —q)Ag(1l —q) if and only if the discriminant of
0 is 5. We determine the irrational rotation algebras which have a locally trivial
inclusion B C Ay. We do not assume that B is isomorphic to Ag.
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Let ¢, d be integers with ged(c,d) = 1. We also assume ¢ # 0. Let Vy(d, ¢ ; k)
be the standard module defined in [9] where k is a natural number. It is an

M (A a0+t )-Ap-equivalence bimodule constructed in [9] for any integers a, b such
cO+

that ad — bc = 1. Since Vp(d,c ; k) is a finitely generated projective right
Ap-module, it corresponds to a projection in some My (Ap). We also denote it
by Vo(m,1; k). Let Trp := 79 ® Tr be the unnormalized trace on My (Agy) where
Tr is the usual trace on My (C). The following lemma is based on a proof by
K. Kodaka [5, Lemma 7].

LeEmMMA 3.1.  If q is a proper projection in Ag such that T9(q) = k(cd + d)
where k is a natural number and ¢, d are integers such that ged(e,d) = 1, then
qApq = Mk(Aag+s) for any a,b € Z such that ad — bc = +1.

co+

PROOF. By [9, Theorem 1.4], Trp(Vp(d,c; k)) = k(cO+d). Let e; be a rank
one projection in My (C). Then qAy is isomorphic to (¢®e1) My (Ap) as a module.
Since Tryp(q®e1) = k(cd+d) = Tro(Vy(c,d ; k)), gAp is isomorphic to Vyp(c,d ; k)
as a module by [5, Lemma 6]. Since qAy is the gAgg-Ag-equivalence bimodule,
qApq = Mk(A%) for any a,b € Z such that ad — bc = £1 by [9, Theorem 1.1,

Corollary 2.6]. O
Let

g 7{7K(2d71):|:\/K274K )
te 2cK ’
Kd® - Kd+1 EZ}

K,c,d€Z, K > 5, ged(e,d) =1, p

g 7{27K(2d71)7 K2 +4 )
27 2cK ’

K,c,d€Z, K #0, ged(e,d) =1,

Kd?> - Kd—2d+1
- + eZ}.

LEMMA 3.2.  If an irrational rotation algebra Ag has a locally trivial inclu-
sion, then 6 € S1 U Ss.

PROOF. There exists a projection ¢ such that gAgq = (1 — ¢)Ag(1 — q).
By [8, Proposition 1.3], there exist integers ¢, d and a natural number k& such
that 79(q) = k(cf + d) and ged(c,d) = 1. Since gAgq = (1 — q)Ap(1 — q), ¢ # 0.
By Lemma 3.1, gAgq =2 Mk(A%) for any a,b € Z such that ad —bc = £1. Fix
a,b € Z such that ad — bc = 1. Since Mk(A%) is isomorphic to a subalgebra
of Ay with a common unit, ¥ = 1 by Lemma 2.1. By Lemma 3.1 and qAyq =
(1 — q)Ap(1 — q), there exist integers s, t such that s(1 — d) + t¢ = £1 and
ab+b _ _s64t _ Therefore we have

cO+d = —cO+1—-d°

(s+a)ct* + ((s+a)d+ (t+b)c—a)f + (t+b)d —b=0
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We shall consider the case s(1 —d) +tc = 1. Define K := s+ a. Since ad — bc =
1, s(1 —d)+tc =1, and ¢ # 0, we have t + b = % € Z. Therefore

_ _ VEKZ_ 2 .
K(2d 12)CiK KZAK and K4 *ch“ € 7Z. Since

0<7(q) < 1,0 < ch+d= KKK V2]§(2_4K < 1. Hence K > 5. Consequently,
0 € S1. In the case s(1 — d) 4+ tc = —1, similar calculations show that § € Ss.
U

elementary calculations show 6 =

LEMMA 3.3.  If0 € 51 USs, then Ay has a locally trivial inclusion.

PrROOF. We assume that 6 € S;. There exist integers ¢, d, and K such that

ged(e,d) = 1, K > 5, KE=Kd+l ¢ 74y g = “KCIDEVEEAR g0 | > 5,
0<ch+d=EELE 4K Vg;_“( < 1. By [8, Proposition 1.3], there exists a projection
q in Ag such that 79(q) = ¢ + d. Because ged(c, d) = 1, there exist integers a, b
such that ad —bc = 1. Define s := K —a and ¢ := w. We shall show that
t is an integer. Elementary calculations show t = —b + %. Hence we only
need to show that £4=K+¢ js an integer. Since ged(c,d) = 1, it is sufficient to
show that ¢(Kd— K +a) is an integer. We have ¢(Kd— K +a) = b+ M

by simple calculations. Since M € Z, %(Kd — K + a) is an integer.

Therefore t is an integer. It is easy to see that s(1 —d) +tc = 1. By Lemma 3.1,

we have gApq = Aa99+2 and (1 —q)Ap(l—q) = A okt It is easily seen that
O+ —c -

Zg_ts = %. Therefore qAgq = (1 — q)Ag(1 — q). Consequently, Ay has a

locally trivial inclusion. In the case § € Sy, similar calculations show Ay has a
locally trivial inclusion. O

We shall determine the locally trivial inclusions of irrational rotation alge-
bras.

THEOREM 3.4. We have the following.

(i) Let § = —KQEVIVEEAR uh Koeod € Z, K > 5, ged(e,d) = 1 and

2cK
w € Z. Then the irrational rotation algebra Ag has a locally trivial

inclusion Axg C Ag.

(i) Let § = —KQID-VRIAR oy K oed € Z, K > 5, ged(e,d) = 1 and

2cK
Kd*-Kd+l ¢ 7. Then the irrational rotation algebra Ag has a locally trivial

inclusion Agg C Ag.

(iii) Let § = —KQI=DI2=VEPH iy K e d € 7, K # 0, ged(c,d) = 1 and

2cK
w € Z. Then the irrational rotation algebra Ag has a locally

trivial inclusion A C Ay.

(iv) Let 8 be an irrational number not of the form in (i), (ii) and (iii). Then the
irrational rotation algebra Ag has no locally trivial inclusions.
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PrOOF. In (i), by Lemma 3.3, Ap has a locally trivial inclusion Aa9+b C Ay
for any a,b € Z such that ad — bc = £1. Fix a,b € Z such that ad—bc- 1.

Define m := % By the proof of Lemma 3.3, we have m € Z. Elementary

calculations show that “gjr'g —m = K6. Consequently, Aa69+3 > Akyg. The proofs
cO+

of (ii) and (iii) are similar. (iv) is immediate by Lemma 3.2. d

The case studied by K. Kodaka in [5] is (iii) with K = £1. We shall show
some examples.

EXAMPLE 3.5. Let 6 be an algebraic integer of a real quadratic field. If the
discriminant of # is not 5, then Ay has no locally trivial inclusions.

EXAMPLE 3.6. Let 0 = %. Then Ay has locally trivial inclusions
Ap C Ay and Asy C Ap.

ExXaMPLE 3.7. Let 8 = 3+T‘/§. Then Ay has a locally trivial inclusion
Agp C Ap.

4. The index of the locally trivial inclusions In this section, we com-
pute the index of the locally trivial inclusions of irrational rotation algebras. We
refer the reader to Y. Watatani [10] for the basic facts of C*-index theory.

Throughout this section, we assume that ¢ is a projection in Ay such that
qAeq = (1 — q)Ap(1 — q). Let ¢ denote an isomorphism of gAyg onto
(1 —q)Ag(1 —q). We may assume 79(q) > 1/2. Let B := {x + ¢(z) ; z € qAgq}.

We define a conditional expectation E: Ag — B by

E(z) = % (qzq+ (1 — @)z(1 — ) + p(qzq) + ¢ (1 — @)z(1 — q))).

Then by an easy computation, we see that F is faithful.
The following lemma is well known.

LEMMA 4.1.  Let q1, g2 be projections in Ag. If T9(q1) > 719(q2), then there
exists a unitary element w in Ag such that q1 > w*qow.

We shall show a key lemma.

LEMMA 4.2.  There exist a projection qo in (1 — q)Ag(1 — q), a natural num-
ber n, orthogonal projections q1,. .., q, in qAgq, and unitary elements w1, . .., wy
in Ag such that ¢ = q1 +q2 + -+ qn and ¢; = w; (1 — q)w;, (0 < i < n) and
gn = wZ(Iown-

PROOF.  Since we assume 79(q) > 1/2, 79(q) > 19(1—¢q). It is easy to see that
there exists a unique natural number k such that 0 < 79(q)—k79(1—¢q) < 179(1—q).
Define n := k + 1. By Lemma 4.1, there exist a projection ¢; in gApq and a
unitary element wy in Ay such that ¢; = wi(1 — ¢)w;. Similarly for (1 < i < n)
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since T9(1 — q) < 79(q) — (i — 1)79(1 — q) = 79(¢ — g1 — - - — gi—1), there exist a
projection ¢; in (¢—q1 — - —qi—1)A9(¢—q1 — - - — ¢;—1) and a unitary element
w; in Ag such that ¢; = w} (1 — ¢)w;. Define ¢, == ¢—q1 — -+ — gn—1. Since
To(1 — q) > 79(gn), there exist a projection ¢qo in (1 — ¢)Ag(1 — ¢) and a unitary
element w, such that g, = w}gow,. Therefore we obtain the conclusion. O

The lemma above and simple calculations show the following lemma.

LEMMA 4.3.  We have the following.
(1) The fa’mdy {(uhu){)"'w(un+37u;k7,+3)} =

{(V2a.v20),(V2(1 - 0),V2(1 - 9)), (V2 (1 - q)wng, VEqui (1 - 0)),
(V20i(l =), V2 (1= Q). (VEw; 4 (1= ), V2 (1= gJw,-),
(\@wZCIo,\/iQOwn)}

is a quasi-basis for E.
(ii) Index E = 4.

We obtain the following theorem by Lemma 4.3 and [10, Theorem 2.12.3].
THEOREM 4.4. Let B C Ay be a locally trivial inclusion. Then [Ag: Blo = 4.

REMARK 4.5. The index of the locally trivial inclusions of irrational rota-
tion algebras is equal to the minimal index (due to F. Hiai [3]) in the case of
subfactors.
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