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CORDES CHARACTERIZATION FOR
PSEUDODIFFERENTIAL OPERATORS WITH SYMBOLS
VALUED IN A NONCOMMUTATIVE C*-ALGEBRA
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ABSTRACT. Given a separable unital C*-algebra A with norm || - ||, let
E denote the Banach-space completion of the A-valued Schwartz space on
R™ with norm || f|l2 = ||[{f, £)II'/2, (f,9) = [ f(x)*g(x) dz. The assignment
of the pseudodifferential operator B = b(z, D) with A-valued symbol b(z, &)
to each smooth function with bounded derivatives b € B4(R?") defines
an injective mapping O from BA(RQ") to the set H of all operators with
smooth orbit under the canonical action of the Heisenberg group on the
algebra of all adjointable operators on the Hilbert C*-module E. It is
known that O is surjective if A is commutative. In this paper, we show
that if O is surjective for A, then it is also surjective for My (A).

RESUME. Etant donné une C*-algebre A, séparable et avec unité, soit
E Vespace de Banach obtenu par complétation de ’espace de Schwartz
sur R" avec valeurs dans A par la norme induite par le produit interne
a valeurs dans A: (f,g) = [ f(z)*g(z)dz. L’association de I'opérateur
pseudo-différentiel B = b(z, D), ayant symbol b(z,£) & valeurs dans A,
a chaque fonction smooth b, & derivées bornées, define une application
injective O de l’ensemble de tous ces symbols dans l’ensemble de tous
les opérateurs ayant orbite lisse par ’action du group de Heisenberg sur
l’algeébre de tous les opérateurs adjointables sur le C*-module de Hilbert
E. 1l est bien connu que, si A est commutatif, alors O est surjective. Dans
cet article nous montrons que, si O est surjective pour une algebre quel-
conque A, alors elle est surjective aussi pour ’algebre des matrices k par k
a coefficients dans A.

1. Introduction Let A be a separable C*-algebra with norm | - || and unit
1, and let SA(R™) denote the set of all A-valued smooth (Schwartz) functions on
R™ which, together with all their derivatives, are bounded by arbitrary negative
powers of |z|, x € R". We equip it with the A-valued inner-product

(f.9) = / f(2)"g(a) d,
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which induces the norm || f||2 = ||(f, f)||*/?, and denote by E its Banach-space
completion with this norm. The inner product (-, -) turns F into a Hilbert
C*-module [5]. The set of all (bounded) adjointable operators on E is denoted
by B*(E).

Let BA(R?") denote the set of all smooth bounded functions from R?" to A
whose derivatives of arbitrary order are also bounded. For each b in BA(R?"), a
linear mapping from SA(R™) to itself is defined by the formula

(1.1) (Bu)(@) = s [ €. i) de,

where @ denotes the Fourier transform,
(€)= (2m) "2 [ e euty) dy.

The operator B := b(z, D) extends to an element of B*(E) whose norm satisfies
the following estimate. There exists K > 0 depending only on n such that

(1.2) IB|| < K sup{[|050¢b(x,&)||; (,€) € R*™ and o, 8 < (1,...,1)}.

This generalization of the Calderén—Vaillancourt Theorem [1] was proved by
Merklen [8], [9]; see also [4], [10], [11].
The estimate (1.2) implies that the mapping

(1.3) R*" > (2,() = B, =T_.,M_¢BM:T, € B*(E)

is smooth (i.e., C™° with respect to the norm topology), where T, and M are
defined by T,u(z) = u(z—z) and Mcu(z) = € %u(z), u € SAR™). That follows
just as in the scalar case [3, Chapter 8§].

DEFINITION 1.1. We call Heisenberg smooth an operator B € B*(E) for
which the mapping (1.3) is smooth, and denote by H the set of all such operators.

The elements of H are the smooth vectors for the canonical action of the Heisen-
berg group on B*(E).
We therefore have a mapping

(1.4) Oq: BAR™) — H
’ b +— b(z,D).
It is a standard result that in the scalar case (A = C), O 4 is injective. For general
A, injectiveness follows from the scalar case by a duality argument. Cordes [2]
proved that O 4 is surjective in the scalar case. We have shown [7] that this also
happens if A is unital and commutative.
In this paper we show that if O 4 is surjective, then Oy, (4) is also surjective.
We show that by first noticing that the Hilbert C*-module Fj for the matrix case
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is a Banach-space direct sum of k2 copies of E. Then it follows that a bounded
operator on Fj, (regarded only as a Banach space) is smooth under the action of
the Heisenberg group if and only if it is a matrix whose entries are operators on
E that are also smooth under the Heisenberg group. When we impose that such
a matrix be an adjointable M} (.A)-module homomorphism, then we get precisely
the pseudodifferential operators of the form (1.1).

Given a skew-symmetric n x n matrix J and F € BA(R"), let us denote
by Lg the pseudodifferential operator a(z, D) € B*(E) with symbol a(x,§) =
F(x — JE). Let us further denote by Rp the pseudodifferential operator with
symbol b(z,§) = F(x + J€) defined similarly as in (1.1), except that b(x,¢&)
multiplies 4(§) on the right. At the end of Chapter 4 in [10], Rieffel made a
conjecture that may be rephrased as follows: any B € H that commutes with
every Rg, G € BA(R"), is of the form B = Ly for some F € BA(R").

Using Cordes’ characterization of the Heisenberg-smooth operators in the
scalar case, we have shown [6] that Rieffel’s conjecture is true when A = C.
The second author [8, Theorem 3.5] proved further that Rieffel’s conjecture is
true for any separable C*-algebra A for which the operator O 4 is a bijection.

The assumption of separability of A is needed to justify several results about
vector-valued integration [9, Apéndice].

2. Adjointable operators Let us denote by Fj the Hilbert C*-module
obtained using the procedure described in the first paragraph of this paper with
A replaced by My (A), the C*-algebra of k-by-k matrices with entries in A.

Using that the norm ||((aij))1<i,j<k|loo = max{|la; ;|| ; 1 < ¢,j < k} is equiv-
alent to the C*-norm || - || of Mg(A) (|| |lc < || ]| < k2| |lsc), one easily proves

that a given function f = ((fi;))1<ij<k: R™ — My (A) belongs to SM+(A)(R")
if and only if each f;; belongs to SA(R™).

PROPOSITION 2.1.  For each (I,m), 1 <1,m < k, the maps
Py SMRY) 2 ((fis)r<ijek — fim € SHR™)

and
I SAR™) 5 f— ((0udjmf))1<ij<k € SMA(R™)

(Opg =1 ifp=q and §py =0 if p # q) extend continuously to
Py Er— FE and Ij,: FE— Ej.

Moreover, | Pyl =1 and I, is an isometry.

ProOOF.  For each f € SA(R™) and each (4,7), we have:

([ 1)@ Ton(£)(2) ) = iy [ FGa) f (o)
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and then,
Him ()13 = 1(@imbimDr<ig<kll - 1113 = I £115-

This shows that I, is an isometry.
Given f = ((fij))lgi,jgk e SMu(A) (Rn), we have:

1Par (01 = | [ i) (o) | < D> [ @) gt da
j=1

(we have used that ||a|| < ||a + b]| if @ and b are two positive elements of any
C*-algebra, and that the integral of a positive valued function is also positive).
The right-hand side of the previous inequality equals

|([ f@rs@ae) | <] [ s s@ar| <[ f@r ) a]

This shows that ||Pny|| < 1. The equality holds because, for any g € S*(R™),
Poi(Imi(9)) = g and ||glla = [[Tmi(g)]]2- U

PrROPOSITION 2.2.  The map

(2.1) By 3 f— (Py(f)i<ig<k € 1@? E
i<k

is a Banach space isomorphism. The right action of My (A) on Ey is then given
by matriz multiplication, while the My (A)-valued inner-product on Ey, is given

by

k

22 (Uihsiize (<) = (U a)))

P 1<ij<k

Proor.  Using that P, I}, equals the identity on E for every (I, m), that
PyIpg = 01if [ # p or m # ¢, and that >, Ij; Py, equals the identity on Fy,
it follows that

k

k

D E > ((fij)icij<k — Z I (fim) € Eg
,j=1 l,m=1
is an inverse for the map defined in (2.1). The statements about the action
of My(A) and about the inner-product follow by density, since they hold on
SMi(A)(R™). O

Let L(E}) denote the algebra of bounded operators on the Banach space Ej.
In order to describe which elements of L£(F}) belong to B*(Ey) (i.e., which of
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them are adjointable M}, (.A)-module homomorphisms), it is convenient to define
an isomorphism

k k2
(2.3) D E~PE,
i,5=1 p=1

using the bijection ¢: {1,...,k} x {1,...,k} — {1,2,...,k?} defined by listing
the pairs (I,m) column after column,
oL, 1) =1,..., (k1) =k o(1,2) =k +1,...,6(k,2) = 2k,
L o(LE) =k —(k=1),...,0(k k) = k>

The composition of the two isomorphisms defined in (2.1) and (2.3) induces the
isomorphism

k)2
(2.4) E,.~@E,
p=1
which, in turn, induces
(2.5) L(Ep) 3T — ((PyT14))1<p,q<k2> € Mi2(L(EW)).

Here, abusing notation, we have written P, and I, where we really meant Py-1 )
and I¢71(q).

Since its proof is purely algebraic, the following theorem could be stated for
general rings and modules.

THEOREM 2.3.  Using the isomorphism (2.5) as an identification, a given
T = ((Tpq))1<p.g<k2 € L(Ey) is a (right) My(A)-module homomorphism if and
only if

T 0 0
(2.6) T=1|. . .
0 0 --- T

where T is a k-by-k matriz of bounded (right) A-module homomorphisms and 0
denotes the k-by-k zero block.

ProoF. Given T = ((Tpq))1<p,q<k2 € L(Ek), each T,y = P,T1, is obviously
bounded. If T is an My (A)-module homomorphism, then T, is an A-module
homomorphism since, for every a € A and f € E, we have

a 0 --- 0
0 a --- 0
1y(fa) = 1,(f)
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1 < k2, consider the integers I; and Iy defined by
and [ = kl; + l3. The product of two matrices can

Given an integer [, 1
0<h<k-1,1<[p <
then be expressed by

<
k,

ayr Qi+ 0 Q14 (k—1)k by biyx - b1+(k71)k
az Agyk Qg (k—1)k by batk r bap(k—1)k
ag Ak 0 Qg (k—1)k b brtk o brr(e—1)k
€1 Cit+k " Cly(k—1)k
C2 Co4k " Cop(k—-1)k
- . . . . 5
Ck  Cktk ' Chi(k—1)k
with
k
c = E Al k(G—1)bj 1kl -
j=1

This formula holds if the two matrices that we multiply belong to My (.A) or if the
left one is an element of Ej, regarded as a matrix by (2.1). With this notation, if
agiven T' = ((Tpq))1<p,q<k2 € L(Ek) is an My (A)-module homomorphism, then
for every (ai1)1<i<k2 € E) (we now refer to the isomorphism (2.4)) and for every

bi btk o big—1)k
by bark r bapr—1)k
C UM e g (a),
b bryk 0 b1k

we have, for every 1 < p < k2,

k2 k E k2
(2.7) SN Tpagng-vbicks = > > Tpatw(j—1),10bkp, +-
=1 j=1 j=11=1

We now apply this equality, for each a € E and each (¢,7), 1 < ¢,7 < k? to
a; = dga and b; = ;1. The only nonvanishing term in the left-hand sum
will satisfy lo + k(j — 1) = ¢ (hence j — 1 = g1 and ls = ¢2) and kly +j =7
(hence I; = ry and j = r9); hence | = kry +¢g2 and j = ¢ + 1 = 5. The
only nonvanishing term in the right-hand sum will satisfy [ = ¢ and kpy +j =r
(hence p; =7 and j = r2). Equation (2.7) then becomes

prkT1+Q25Q1+1,T2 = p2+k(7”2—1)7q5p177“1 :

We now can see that if ¢ +1 # ro and p1 = 71, then T}, p(ry—1),q = 0. This
proves that for each (p, ¢), Tpq = 0 unless p = pa+kqi. In other words, if p; # g1,
then T, , = 0. Therefore, all blocks outside the diagonal in (2.6) indeed vanish.
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Finally, letting ¢1 +1 = 72 and p; = 71, we get Ty ipi+qo = Tpotkqr,g OF
Thpr+po.kpr+g2 = Lkqi+ps,kqi+q2» Proving that all blocks along the diagonal in
(2.6) are indeed equal.

We have proved that any module homomorphism on Ej, is of the form (2.6).
To see that the converse is also true, we only need to remark that under the
description of E} given by Proposition 2.2, the action of a T as in (2.6) on E}, is
given by left multiplication by 7. O

THEOREM 2.4. A gwven T = ((Tpq))1<pq<iz € L(Ek) belongs to B*(Ey) if
and only if it is of the form (2.6) with T € M;(B*(E)).

_ PROOF. Given T' and S in L(E}y) of the form (2.6), with corresponding
T = ((Tij)h<ij<k and S = ((Sij))1<ij<k, and given f = ((fij))1<ij<k and
9= ((9ij))1<ij<k in By =~ ealgi,jék E, by (2.2) we have

k k
(28) <Tfa g>’L] = Z <Ij}mfmiaglj> and Z <fmias’lmglj> = <fa Sg>1]
l,m=1 l,m=1

From this it follows that if each T}; is adjointable and if S;; = T7; for all (i, j),
then S is the adjoint of T'.

Conversely, suppose that T is adjointable and that its adjoint is S. The
equality of the two sums in (2.8) for particular choices of f and g will imply that
each Tij is adjointable. U

3. Heisenberg-smooth adjointable operators The mapping (1.3) may
be defined for any B in £(F) or in L£(Fj). It thus makes sense to talk about
Heisenberg-smooth operators in £(E) or in L(E}). Given B = ((Bpq))1<p.q<k? €
L(E}), we have

Bz,C = (((qu)z74))lﬁp,qﬁk2 = ((Psz,C[q))lﬁp’qSk"‘

(it is enough to check these equalities on the dense subset of Schwartz functions).
We then get the following.

PROPOSITION 3.1. A given B = ((Bpq))1<pq<k2 € L(Ey) is Heisenberg-
smooth if and only if each Bpy € L(E) is Heisenberg-smooth.

This leads to our main result.

THEOREM 3.2. If the unital separable C*-algebra A is such that the map O 4
defined in (1.4) is a bijection, then the map Oy, () is also a bijection.
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PrOOF. Given any Heisenberg-smooth operator B € B*(Fy), we must show
that it is of the form B = b(x, D) for some b € BM<(A)(R2"). Let ((Bpg))1<p.g<k?
be the matrix that corresponds to B by the isomorphism (2.5). By Proposi-
tion 3.1 and by the assumption that O 4 is surjective, each By, is a pseudodif-
ferential operator of the type defined in (1.1). By Theorem 2.3, B is of the form
(2.6). That is, there exist b;; € BA(R?"), 1 < 4,5 < k such that with

b11(£177D) blg(l’,D) blk(l’,D)
r boi1(z,D) boo(xz,D) -+ box(x,D)
bei(z, D) bra(z,D) - bpp(x, D)
we have .
T Q . 0
o 7 - 0
B:
o0 --- T

This implies that B and b(x, D) are equal, if b € BM+(A) (R2") = My (BA(R?™))
is given by b = ((bij))1<i,j<k. Indeed, the equality of the two operators can be
easily verified on SMr(A) (R™). O
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