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ON THE VOLUME OF UNIT VECTOR FIELDS
ON RIEMANNIAN THREE-MANIFOLDS

DOMENICO PERRONE

Presented by Edward Bierstone, FRSC

ABsTRACT. H. Gluck and W. Ziller [5] proved that the Hopf vector
fields, namely, the unit Killing vector fields, are the unique unit vector fields
on the unit sphere S3 that minimize the functional volume. The authors
proved this important and famous result by using the method of “calibrated
geometries” of Federer and Harvey-Lawson. In this paper, by using a
different method, we get an analogue of Gluck and Ziller’s theorem for a
compact Sasakian three-manifold with Webster scalar curvature w > 1.
Moreover, our method gives a new proof of Gluck and Ziller’s theorem. We
also extend a theorem of F. Brito [2] about the energy of unit vector fields.

RESUME. H. Gluck et W. Ziller [5] prouverent que les champs de Hopf,
c’est-a-dire, les champs vectoriels unitaires de Killing, sont les seuls champs
vectoriels unitaires sur la sphére unitaire S® que minimisent le volume fonc-
tionnel. Ils prouverent cet résultat important en utilisant la méthode des
“géométries calibrées” de Federer et Harvey—Lawson. Dans cet article, en
utilisant une méthode différente, nous obtenons ’analogue du théoréme
de Gluck et Ziller pour une 3-variété compact de Sasaki avec courbure
scalaire de Webster w > 1. En outre, notre méthode donne une nouvelle
démonstration du théoreme de Gluck et Ziller. Nous aussi étendons un
théoréme de Brito [2] concernant 1’énergie de champs vectoriels unitaires.

1. Introduction. Let (M,g) be a compact Riemannian manifold and
(T'M, gs) its unit tangent sphere bundle equipped with the Sasaki metric gs.
Furthermore, let X'(M) be the set of all smooth unit vector fields on M which
we suppose to be non-empty, equivalently, the Euler—Poincaré characteristic of
M vanishes. A unit vector field U € X*(M) determines a map between (M, g)
and (T'M,gs) and the volume of U is defined (see [5]) as the volume of the
submanifold U (M) of (T*M, gs). A formula for the volume of U is given by

vol(U) = /M Vdet(I+ (VU)o VU)u,

where v, is the canonical measure on (M, g) and V denotes the Levi-Civita
connection. It follows from that formula that vol(U) > vol(M) and equality holds
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12 D. PERRONE

if and only if U is parallel. But a parallel unit vector field doesn’t always exist,
since such a vector field determines two mutually orthogonal, complementary
and totally geodesic foliations. Therefore, Herman Gluck and Wolfgang Ziller
posed the following question [5, p. 179]: “If M admits no parallel vector fields, is
vol(U) bounded away from vol(M) for any U € X' (M)?” In the class of compact
Riemannian manifolds which do not admit a parallel vector field, the simplest
ones are the unit spheres of odd dimension. Then, they proved the following
theorem.

THEOREM (GLUCK AND ZILLER [5]). The unit vector fields of minimum vol-
ume on the unit sphere S® are precisely the Hopf vector fields, equivalently, the
unit Killing vector fields, and no others.

This much-cited theorem motivated the study of the volume, and later of
the energy of unit vector fields, on various Riemannian manifolds, mainly the
critical points of these functionals (see the abundant bibliography on the subject
for instance in the references of [4]). More recently, F. Brito [2] proved the
analogue of Gluck and Ziller’s theorem for the energy instead of the volume. He
proved the uniqueness part of his theorem by applying the uniqueness part of
Gluck and Ziller’s theorem. An interesting class of compact Riemannian three-
manifolds which do not admit a parallel vector field and in which a distinguished
unit Killing vector field appears in a natural way, is given by the class of compact
Sasakian three-manifolds where the Reeb vector field is a unit Killing vector field.
On the other hand, a Hopf vector field on the unit sphere S® is precisely the Reeb
vector field of a natural Sasakian structure on S2. Therefore, it is natural to
study the Gluck and Ziller question on a compact Sasakian three-manifold. Gluck
and Ziller proved their result by using the method of “calibrated geometries” of
Federer and Harvey—Lawson. In this paper, by using a completely different
method, we get an analogue of Gluck and Ziller’s theorem in the Sasakian case.
In fact, we obtain the following.

THEOREM 1. Let (M,g,&,n) be a compact Sasakian three-manifold with
Webster scalar curvature w > 1. Then, the Reeb vector field & minimises the
volume, vol(§) = 2vol(M), and the unit vector fields of minimum volume are
precisely the unit Killing vector fields eigenvectors of the Ricci operator with
eigenvalue 2, and no others.

We also extend a theorem of F. Brito [2] about the energy of unit vector fields
for compact Sasakian three-manifold (cf. Section 5, Theorem 3).

Moreover, our method gives a new proof of Gluck and Ziller’s theorem for a
compact Riemannian three-manifold of constant sectional curvature ¢ > 0 (cf.
Section 3).

REMARK 1. Regarding the Webster scalar curvature, the main result of
Chern and Hamilton [3] says that a compact contact three-manifold (M, n) ad-
mits a contact metric g whose Webster scalar curvature w is either > 0 or it is
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a constant < 0. Now, let (M, g,£&,n) be a compact Sasakian three-manifold with
Webster scalar curvature w > 0. Consider the deformation g; = tg+ (t2 —t)n®mn,
e =1tn, & = %5, where 0 < t <wp = inf{w(p) : p€ M} > 0. (g1, m4,&) is also a
Sasakian structure with Webster scalar curvature w; given by (see [1, p. 173]),
wy = %w > %wo > 1. Then, (M, g:,n:, &) is a compact Sasakian three-manifold
satisfying the conditions of Theorems 1 and 3.

2. Preliminaries on contact metric manifolds. In this section, we
collect some basic facts about contact metric manifolds. A (2n 4+ 1)-dimensional
manifold M is said to be a contact manifold if it admits a global 1-form 7 such
that n A (dn)™ # 0. Given 7, there exists a unique vector field &, called the Reeb
vector field or the characteristic vector field, such that n(¢) = 1 and dn(¢,-) = 0.
Furthermore, a Riemannian metric g is said to be an associated metric if there
exists a tensor ¢ of type (1,1) such that

n= 9(57 )7dn(7) = g('a¢')a¢2 = _12 +77®§

(n,9,€,), or (n,9), is called a contact metric structure and (M,n, g) a contact
metric manifold. We denote by V the Levi-Civita connection and by R the
corresponding Riemannian curvature tensor of (M, g) with the sign convention

R(X,Y)Z =-VxVyZ+VyVxZ+ V[ny]Z, VX,Y,Z € X(M).

Moreover, we denote by Ric the Ricci tensor of type (0,2), by @ the correspond-
ing endomorphism field and by r the scalar curvature.

A contact metric manifold is said to be a K-contact manifold if £ is a Killing
vector field. Moreover, the condition Q¢ = 2n& characterizes the K-contact
manifolds in the class of all contact metric (2n + 1)-manifolds. A contact met-
ric manifold (M,n,g,§, @) is said to be a Sasakian manifold, or a normal con-
tact metric manifold, if the almost complex structure J on M x R defined by
J(X,f%) = (d)X — f{,n(X)%) is integrable. Equivalently, a contact metric
structure (£,7, ¢, g) is a Sasakian structure if and only if

R(X,Y)E = n(X)Y —n(Y)X.

Any Sasakian manifold is K-contact and the converse also holds when n = 1,
i.e., in the 3-dimensional case. Sasakian manifolds have been studied extensively,
they may be viewed as odd-dimensional analogues of Kahler manifolds. The unit
odd-dimensional sphere is a classical example of Sasakian manifold. For a three-
dimensional Sasakian manifold, the Ricci tensor is given by (see Tanno [10], or
[1, p. 105])

(2.1) Ric =ag+bn®mn, where a,b are functions,

and the Webster scalar curvature w is given by (see Chern—Hamilton [3, p. 284]
or [1, p. 171])

(2.2) 8w = (r—Ric(§,&) +4) = (r+2).
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For the unit sphere S3, the Webster scalar curvature w = 1. We refer to [1] for
more information and details about contact metric geometry.

3. The main proposition. In [2], F. Brito proved the following proposi-
tion.

PROPOSITION.  Let (M, g) be a compact Riemannian three-manifold. Then

(31)  vol(U) > vol(M) + /

: oo (U )vy = /M (1 + %Ric(U, U))vg

for allU € X1 (M), where o2(U") is the second elementary symmetric function
of the second fundamental form of the distribution orthogonal to U.

Nevertheless, the case of the equality in (3.1) it is not considered. In this
section we consider that case and prove the following proposition, from which
we will get Theorem 1.

MAIN PROPOSITION. Let (M, g) be a compact Riemannian three-manifold and
U a unit vector field eigenvector of the Ricci operator @ with eigenvalue A\. Then
the following properties are equivalent:

(a) the eigenvalue \ is constant along the integral curves of U and
1.
(3.2) vol(U) = (1 + 5 Ric(U, U))vg;
M

(b) U is Killing and A\ = const > 0.

Moreover, if (a) holds, then:

(i) U is parallel or, equivalently, the distribution UL is integrable and M is
locally a product of a two-dimensional integral manifold and the integral
curves of U, or

(ii) (M, g) is homothetic to a Sasakian manifold, more precisely, (g,&,m, @) is
a Sasakian structure, where g = c?g, £ = 1U, n = g(£,-), ¢ = —V¢ and
c=+/A/2>0.

PrROOF. Let U be a unit vector field. We consider a local orthonormal basis
{e1,e2,e5 = U} and put

V=VyU=>Y Vies, Vi=g(VuU,e),

3

3
Sij = g(VEiUv ej)v ”SH2 = Z Szzg

i,j=1
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Notice that V3 = S33 = 0 and S;3 = 0 for any ¢ = 1,2,3. The volume of U is
given by (see [7])

vl) = [ (4022 + (ISIE = 202) + VI

1/2
+ (811 Ve — S12V1)? + (Sa1Va — 522V2)Z) Vg,

where 03 := 02 (U+) = 3 ((divU)? — tr(VU o VU)) satisfies (see [9, p. 170])

1
/ O2Vg = 5/ Ric(U,U)wv,.
M M

Since
3 2
|S]|* = 5%, + 32 + Sta + 531, (divU)? = (Zg(veiU7 61)) = (S11 + S22)?,
i—1
and

3
tr(VU o VU) = 3 g(Ve, U er)g(Ve, U ;) = STy + S35 + 281291,
ik=1

we get
(IS]? = 202) = (S11 — S22)* + (S12 4+ S21)> > 0

and hence the inequality (3.1). Consequently,

1
vol(U) = / (1 + 5 Ric(U, U))vg
M

if and only if

(33) VUU = 0, 511 = 522 and 512 + S21 =0.

Now, assume that U is a unit vector field which is an eigenvector of the Ricci
operator: QU = AU. Then we prove (a) = (b), that is, U(A) = 0 and (3.3)
imply that U is Killing and A is a nonnegative constant. Since

(Lug)(es,ej) = Sij + Sii,
where Ly denotes the Lie derivative, we have to show that S1; = Sa2 = 0. Put
f1:= 511 = S22, f2:=512=-52, a=g(Vyer,e)
ﬁ:g(V6162761) and ’Y:g(v62€27€1).
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Then we have the following table of covariant derivatives:

Ve, U = fre1 + faea, Ve,U = —fae1 + frez, VyU =0,
Ve er = —f1U — Bey, Vese1 = foU —vyea, Vyer = aes,
Ve, ea = —foU + Bey, Veye2 = —f1U + ey, Vyes = —aeq,
ler, U] = fier + (fo — a)e2,  [e2, U] = (o — fa)er + frea,
[e1,ea] = =2foU + Be; + ves.

By using the table of covariant derivatives, we get:

(3.4) R(e1,U)U = Vy(fie1 + fae2) + fiVe, U + (fo — a)Ve,U
= (U(f1) + 11 = f3)er + (U(f2) + 2f1f2) e2;
(3.5) R(e2, U)U = Vy(—faer + fre2) + (= f2)Ve, U + fiVe,U
=—(U(f2) + 2f1f2)er + (U(f1) + [T — f3)ea;
(3.6)R(e1,e2)U = =V, (—faer + frea) + Ve, (frer + faea) + Ve, U + 9V, U
= (e1(f2) + e2(f1))er + (—er(f1) + ea(f2)) €2
Since
A=g(QU,U) =Ric(U,U) = R(e1,U,e1,U) + R(ez, U, es,U),

from (3.4) and (3.5), we obtain

(3.7 UG+ R~ =5
Since

R(e1,e2,U,e2) = Ric(e;,U) =0 and R(e1,ez,U,e1) = —Ric(eq,U) =0,
from (3.6), we obtain

(3.8) e1(f2) +e2(f1) =0 and ei(f1) —ea(f2) = 0.

Now, by using (3.7), (3.8) and the condition U(X) = 0, we get

3
;61‘ ei(f1) = U(f22 - fi- %) +erea(fz) —e2er(f)

= —=2fU(f1) +2f2U(f2) + [e1, e2](f2)
= =2f1U(f1) + Bei(f2) +vea(fa).
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Moreover,

(VuU)(f1) =0, (Veer)(f1) =—fU(f1) — Beafr),
(Ve,e2)(f1) = —fAU(f1) +veir(fr).

Then, if A is the Laplace—Beltrami operator acting on functions, we get

3

A(fr)=—tr V2 f1 = _Z(eiei<f1) — (Ve,e)(f1)) =0,

i=1

that is, fi is a harmonic map. Since f; is a smooth function globally defined
on M and M is compact and connected, then f; must be a constant. On the
other hand f; is a divergence (divU = 2f;), therefore f; = 0 and hence U
is Killing. Moreover, it follows from (3.7) and (3.8) that fs is constant and
A\ = 2f2 = constant > 0. Conversely, if U is Killing and A = const > 0, we easily
get (3.3) and hence (3.2).

Now, we show the second part of proposition. Let (M, g) be a compact Rie-
mannian three-manifold and U a unit vector field eigenvector of the Ricci opera-
tor @ with eigenvalue ), satisfying (a). Suppose fo < 0and put ¢ = — fo = \/A/2
(if fo > 0, we put ¢ = f2). By the table of covariant derivatives, we have

Ve, U= —cez, Ve,U=ce;, VyU=0.

If fo = 0, we have that U is parallel and hence we get (i). If fo < 0, we consider
the tensors

§:C297 fnga U:CQ(Uv) and QD:_Vga

where V is the Levi-Civita connection of g and g. These tensors satisfy the
following properties:

(3.9) (&) = cg(U,€) = 1.

1 1
pler) = Ve, § = —ValU=e, p(ea) = —Ve, € = Ve U=—a

and hence

W} (X)=-X VX € kern.
Then we get
(3.10) Pr=-—T+n®E
Moreover, since ¢ = —V¢ is skew-symmetric, we obtain

(3.11)  2(dn)(X,Y) = Xn(Y) = Yn(X) —n([X,Y])
Xg(f,Y) - Yg(va) - g(§7 [X’ Y]) = 2§(X7 _ng)
ZQQ(X,(,OY)
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and

(3.12) GpX, oY) = —g(©*X,Y) = =g (- X + n(X)¢,Y)
=g(X,Y) —n(X)n(Y).

Due to properties (3.9), (3.10), (3.11), and (3.12), the tensors (g, &, 7, ¢) define a
contact metric structure on M [1, p. 36]). Moreover, such structure is Sasakian
because £ is Killing and M is three-dimensional. O

As an immediate consequence of the Main Proposition, we get the Gluck and
Ziller’s theorem that can reformulate in the following way.

THEOREM 2. Let (M,g) be a compact Riemannian three-manifold of con-
stant sectional curvature ¢ > 0. Then the unit vector fields of minimum volume
on M (equal to (14 ¢)vol(M)) are precisely the unit Killing vector fields, and
no others.

4. Proof of Theorem 1. Let (M,g,n,&, ) a compact Sasakian three-
manifold. Then the Reeb vector field ¢ is a Killing unit vector field eigenvector
of the Ricci operator with Q& = 2£. Moreover, in such case, the Ricci operator
is given, see (2.1), by

(4.1) Q=al+bn®¢ where a,b are functions.

Since a + b = Ric(&,&) = 2, r = tr @ = 3a + b, by using the Webster scalar
curvature w defined by (2.2), we obtain @ = 2(2w—1) and b = 4(1 —w). Besides,
the eigenvalues of @ are Ay = 2 = Ric(£,£), \a = A3 = 2(2w — 1). Thus, if
w > 1, we obtain Ric(U,U) > 2 for any U € X!(M). We have to show that

vol(U) > vol(¢) = 2vol(M) VYU € X' (M),

and
vol(U) = vol(§) if and only if U is Killing and QU = 2U.

Since ¢ is Killing and Q¢ = 2¢, the Main Proposition gives vol(§) = 2vol(M).
By using the condition Ric(U,U) > 2 = Ric(¢,€) and the inequality (3.1), we
get

vol(U) > /M (1 + %Ric(a U))vg > vol(€).

If U is a unit Killing vector field and QU = 2U, by the Main Proposition, we
have vol(U) = vol(§). Now, let U be a unit vector field such that vol(U) = vol(§),
that is,

/ (Ric(U,U) —2)vy =0 with Ric(U,U) > 2.
M
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Then Ric(U,U) = 2 = Ric(£,§) and hence (a + bn?*(U)) = (a + b), that is,
(4.2) (n*(U)—1)b=0.

Since vol(U) = 2vol(M) = [,,(1+ % Ric(U,U))v,, we get (3.3). Then, as in the
proof of the Main PI‘OpOblthn U is Killing iff the function f; := %divU = 0.
Now, let A; be the open subset of M where the function b # 0, and let A5 be
the open subset of points p € M such that b = 0 in a neighborhood of p. Then
A1 U Ay is an open dense subset of M. On A;, using (4.2), we have n*(U) = 1,
from which we get U = ££, and thus U is Killing and QU = 2U. In particular,
fi=0on A;. On A,, using (4.1), we have that the metric g is Einstein and
thus QU = 2U. Then, by the proof of the Main Proposition, we get that f; is a
harmonic function on Ay. Therefore, f; is a harmonic function on A; U A and
thus on M. Since M is compact and connected, f; must be a constant and thus
f1 = 0. Thus, U is a unit Killing vector field with QU = 2U. O

5. The energy of unit vector fields. Let (M, g) be a compact Rieman-
nian manifold of dimension n. The energy of a unit vector field U € X(M) is
defined as the energy of the map U: (M,g) — (T'M,gs). It follows that the
energy E(U) is given (see [12])

1

BU) =5 [ U1, = 5 wol(M.g)+ 5 [ 1VUIPo,

E(U) is equal, up to constants, to B(U) = [, [[VU|*vg which is known as the
total bending of U (see Wiegmink [11]). In [2] F. Brito proved the following:

THEOREM ([2]). The unit vector fields of minimum energy on the unit sphere
53 are precisely the Hopf vector fields and no others.

If (M, g) is a compact Riemannian three-manifold, Brito also shows that
(5.1) / VU, > / Ric(U,U)v, VYU € X'(S?).
M M

Now, examining the proof of (5.1), and by using the notations introduced in
Section 3, we find that

IVU|]? = ZHVQUH%ZHVﬁUHQ St + S5, + S, + S5

=205 + (S11 — S22)? + (S12 + S21)? > 209,

where the equality holds if and only if ViU = 0, S11 = Saa, S12+ 521 = 0. Since
2 [y, 02vg = [, Ric(U, U)vy, we get that (see (3 3))

/M VU ||?v, = /M Ric(U,U)v,
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if and only if vol(U) = vol(M) + %IM Ric(U, U)v,. Therefore, the Main Propo-
sition holds also for the energy by replacing the equation (3.2) by the following:

E(U) = /M@ + %Ric(U, U))vy.

Consequently, as in the volume case, we obtain an analogue of Brito’s theorem
for a compact Sasakian three-manifold.

THEOREM 3. Let (M,g,£,m) be a compact Sasakian three-manifold with
Webster scalar curvature w > 1. Then, the Reeb vector field & minimises the
energy, E(§) = 3vol(M), and the unit vector fields of minimum energy are
precisely the unit Killing vector fields eigenvectors of the Ricci operator with
etgenvalue 2, and no others.

REMARK 2. (1) Brito [2] proved the uniqueness part of his theorem by
applying the uniqueness part of Gluck and Ziller’s theorem. As a consequence of
the main proposition, we get (by a direct proof) Brito’s theorem in the following
form. Let (M,g) be a compact Riemannian three-manifold of constant sectional
curvature ¢ > 0. Then, the unit vector fields of minimum energy on M (equal to
(% + ¢) vol(M)) are precisely the unit Killing vector fields, and no others.

(2) In [8] the authors proved that the Reeb vector field & of a compact
Sasakian (2n+ 1)-manifold, n > 1, of constant sectional curvature +1, minimises
the energy if and only if M is not simply connected.
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