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ABSTRACT. Ljunggren proved that for a nonsquare positive integer d,
the quartic Diophantine equation X2 — dY* = 1 has at most two solutions
in positive integers, and gave precise information on the location of these
solutions in the case that two such solutions actually do exist. Inspired by
recent work of P. Samuel, we show that in the case that d > 3 is prime,
there is at most one positive integer solution to X2 —dY 4 = 1, and that it
arises from the fundamental solution of the Pell equation X2 —dY?2 = 1.

RESUME.  Ljunggren a montré que pour un nombre entier positif de
nonsquare d, I’équation X2 — dY* = 1 a au plus deux solutions dans des
nombres entiers positifs, et a fourni I’information précise sur I’endroit de ces
solutions dans le cas que deux telles solutions réellement existent. Inspirer
par les travaux récents de P. Samuel, nous montrons cela dans le cas que
d > 3 est une nombre premier, il y a au plus une solution positive de
nombre entier X2 —dY? = 1, et qu’elle résulte de la solution fondamentale
de I’équation de Pell X2 — dY?2 =1.

1. Introduction. Ljunggren [5] proved that the Diophantine equation
(1) X?—dy*t=1

has at most two solutions in positive integers, and gave precise information on
the location of the solutions when two solutions exist. This general theorem
has recently been improved substantially in [3]. Specifically, in that paper the
assumption of the existence of two solutions has been removed, and a conclusion
similar to that in Ljunggren’s result has been proved.

We first define some notation that will be used throughout the paper. For a
positive nonsquare integer d, we denote by €5 = T + U+/d the minimal unit in
Z[/d] of norm 1, and for k > 1, we define Ty, + UpV/d = (T + UVd)*.

THEOREM A (Togbe, Voutier, Walsh 2004).

(1) There are at most two positive integer solutions (x,y) to equation (1). If
two solutions y1 < yo exist, then y3 = Uy, y3 = Us, except only if d = 1785
or d=16-1785, in which case y% =U,, yg =U,.

(2) If only one positive integer solution (z,y) exists to equation (1), then y? =
Uy, where Uy = lv? for some squarefree integer I, and either | =1, 1 =2, or
I =p for some prime p =3 (mod 4).
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P. Samuel [9] has proved a number of interesting related results in the case
that d is prime, or twice a prime, but for equation (1), with d a prime, these
results fall short of what is the best possible result. Therefore, the purpose of
the present paper is to establish a sharp result on the solutions of equation (1)
in the case that d is prime, and hence improve upon Theorem 5.2 in [9]. Serious
obstacles stand in the way of proving a similar result in the case that d is twice
a prime, and so we do not deal with that case.

THEOREM 1. If p is a prime number, and x and y are positive integers sat-
isfying % — py* = 1, then = + yz\/ﬁ = €, except for p = 3, in which case
7+ 22V/3 = €2 is the only solution in positive integers to x? — 3y* = 1.

We remark that this result is sharp in the sense that there are primes p for
which the minimal solution to X? — pY? = 1 is of the form z + y*\/p. In
particular, if p is any prime of the form z* & 2, then the minimal solution to
X2 —pY? =1is (z* £ 1) + 22V/2* £ 2. This evidently suggests that there are
infinitely many such primes.

2. Preliminary results. In this section we will collect those results which
will be needed in the course of proving Theorem 1, although the following lemma
is used implicitly in the proof of Theorem 1, and it is stated here to provide the
underlying framework of the proof.

LEMMA 1. Let d > 1 be a squarefree integer, and let eq = T + U~/d denote
the minimal unit (> 1) in Q(v/d). Then

€d = T2a

where

_aym+byn

= NG ;
¢ € {1,2}, a,b are positive integers for which U = 2ab/c, m,n are positive
integers for which d = mn, m is not a square if c =1, and a*m — b*n = c.

PROOF. This is well known; for example, see Nagell [8].

LEMMA 2. Let a and b be odd positive integers such that aX? — bY? = 2
_ Vva+t+

15 solvable in odd integers X and Y. Let 7,3 = ﬂU\/B denote its minimal

solution with V and U odd positive integers, and

skr1 _ Vers1Va + Uzpp1 Vb E>0
Ta,b - \/i ( = )
If (x,y) is a positive integer solution of the quartic equation aX? — bY* = 2,
then either y* = Uy or y* = Us.
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PROOF. This has recently been proved in [6], improving upon previous work of

Ljunggren.
The following is a beautiful generalization of the aforementioned result of
Ljunggren on the equation 22 —2y* = —1. The extensive details of the proof are

in [2], or alternatively in [10], as this result was proved independently by Yuan.

LEMMA 3. (Chen—Voutier and Yuan) Let d > 3 be a squarefree integer such
that the Pell equation X2 — dY? = —1 is solvable in positive integers, and let
T = v+ uVd denote its minimal solution. The only possible integer solution to
the equation X2 —dY* = -1 is (X,Y) = (v, /u).

LEMMA 4. The equations x> —2y* = 1 and 2* — 2y = 1 have no solutions in
positive integers, the only positive integer solution to the equation x* —2y? = —1
is (z,y) = (1,1), and the only positive integer solutions to the equation x*—2y* =
-1 are (z,y) = (1,1), (239, 13).

These are all trivial except for the last equation, which Ljunggren first solved
in [4].

3. Proof of Theorem 1. The case p = 2 is dealt with by Lemma 4. Let p
be an odd prime, and let 2 and y be positive integers satisfying 22 —py* = 1. The
proof of Theorem 1 falls into two cases, depending on the parity of z. Consider
first the case that = is even, then ged(x + 1,2 — 1) = 1, and the factorization
(x+1)(z—1) = py* implies that there are coprime odd positive integers u and v
for which (z+1,2—1) = (pu*,v*) or (v*, pu*). Thus, we have that v* —pu* = 2.
If v* — pu* = 2, then from Lemma 2, it follows that

v2—|—u2\/}3 _
\/ﬁ 1

with ¢t = 1 or t = 3, while if v* — pu? = —2, then again from Lemma 2, it follows

that
vV +ulp

VR

with ¢t = 1 or t = 3. In both cases, the possibility ¢ = 3 is ruled out by
noticing that the coefficient V3 from Lemma 2 can be written in terms of V; as
V3 = 2aV;3 — 3Vi = Vi(2aV? — 3), which we claim can never be a square. If it
were, then since ged(Vi,2aVE — 3) = 1 or 3, it would follow that either V; and
2aV? — 3 are both squares, or both three times a square. Since a and V; are
odd, we see that 2aV;? — 3 = 3 (mod 4), hence is never a square. Suppose now
that g and h are integers for which V; = 3¢? and 2aV;? — 3 = 3h2. Then one
deduces that 6ag* = 1 4+ h2, which is also not possible since 1 + h? cannot be
divisible by 3. Therefore, ¢t = 1, forcing = + yz\/ﬁ to be the minimal solution to
X2 —pY?2=1.

If 2 is odd, then the factorization (z + 1)(x — 1) = py* leads to the following
four possibilities, for positive integers u, v:

p?
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i) x+1=2u*z—1=_8pv? which implies that u* — 4pv* = 1;

(

(i) x+1=8u* z —1=2pv* which implies that 4u* — pv* = 1;
(iii) 4+ 1 =2pu*, 2 — 1 = 8v*, which implies that pu* — 40v* = 1;
(

iv) z+1=8pu*,x — 1 = 2v*, which implies that 4pu* — v* = 1.

In case (i), we notice that either u? — 1 = 2w* or u? +1 = 2w* for some positive
integer w. By Lemma 4, it follows that u = 1, in which case v = 0, or u = 239,
in which case the equation u* — 4pv* = 1 does not hold for any prime p.

In case (ii), we see that either 2u? — 1 = w? or 2u? + 1 = w* for some positive
integer w, and so again by Lemma 4, it follows that w = 1, in which case p = 3,
x = 7, leading to the only counterexample 7 + 4+/3 = €2.

In cases (iii) and (iv), the result follows immediately from Lemma 3.

ACKNOWLEDGEMENTS. The second author gratefully acknowledges support
from the Natural Sciences and Engineering Research Council of Canada.

REFERENCES

1. M. A. Bennett and P. G. Walsh, The Diophantine equation b>X* — dY? = 1. Proc.
Amer. Math. Soc. 127 (1999), 3481-3491.
2. J. H. Chen and P. M. Voutier, A complete solution of the Diophantine equation z2+1 =
dy* and a related family of quartic Thue equations. J. Number Theory 62 (1997), 71—
99.
3. A. Togbe, P. M. Voutier and P. G. Walsh, Thue’s hypergeometric method applied to
a family of quartic binary form equations, and an application to Ljunggren’s equation
2?2 — dy* = 1. Submitted.
4. W. Ljunggren, Zur Theorie der Gleichung 2 +1 = Dy*. Avh. Norske Vid. Akad. Oslo
1942 (1942), 1-27.
, Einige Eigenschaften der Einheiten reeller quadratischer und reinbiquadratis-
cher Zahl-Kérper usw. Oslo Vid.-Akad. Skrifter (1936), no. 12.
6. F. Luca and P. G. Walsh, Squares in Lehmer sequences with Diophantine applications.
Acta Arith. 100 (2001), 47-62.
7. L. J. Mordell, Diophantine Equations. Academic Press, New York, 1969.
8. T. Nagell, On a special class of Diophantine equations of the second degree. Ark. Math.
3 (1954), 51-65.
9. P. Samuel, Résultats élémentaires sur certaines équations diophantiennes. J. Théor.
Nombres Bordeaux 14 (2002), 629-646.
10. P. Yuan, Rational and algebraic approrimations of algebraic numbers and their appli-
cation. Sci. China Ser. A 40 (1997), 1045-1051.

Department of Mathematics Department of Mathematics
Aristotle University of Thessaloniki University of Ottawa
University Campus 585 King Edward St.

541 24 Thessaloniki Ottawa, Ontario

Greece K1N-6N5

email: poulakis@ccf.auth.gr email: gwalsh@mathstat.uottawa.ca



