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ABSTRACT. Let S = {a;}52, be a real linear recurrence of degree n
with companion polynomial fg(z). Let Ng be the zero-multiplicity for S.
Assume that the roots of fg(x) are simple, real, and nondegenerate. When
n = 3, Smiley [2] and Picon [3] showed Ng < 3. When n = 4, we establish
the sharp bound Ng < 5. In general n, we prove Ng < 2n — 3.

RESUME.  Soit S = {a;}2, une suite définie par une relation de
récurence linéaire réels de degré n avec polynome charactéristique fg(x).
Désignons par Ng le zéro-multiplicité de S. Supposons que les racines de
fs(z) soient simples, réelles, et non-dégénérées. Dans le cas n = 3, Smiley
[2] et Picon [3] ont obtenu le resultat Ng < 3. Dans le cas n = 4, nous
démontrons la borne optimale Ng < 5. Enfin nous démontrons que, étant
donné un entier n quelconque, Ng < 2n — 3.

An n-th degree real linear recurrence is a sequence S = {a;}$2, of real numbers

defined by its initial values ag,aq,...,a,—1 € R and by the linear recurrence
relation

(1) a; = C1a;_1 + c2aj_2 + -+ + cpaj_p, forj>n,

where c1,¢s,...,c, are a fixed set of real numbers and ¢, # 0. If all the terms

of S are 0, we call S the zero sequence. To a recurrence S, we associate its
companion (or characteristic) polynomial

m

fs(x)=2a" — il — Cn—1T — Cp = H(x —a;),
=1

with roots a; € C. The sequence S is called simple if e; = 1 for all i. The
sequence S is called nondegenerate if ;/a; is not a root of unity for all 1 < <
Jj<m.

Let S be a nonzero sequence. The zero-multiplicity Ng is defined to be the
number of solutions £ > 0 to the equation a; = 0. If S is nondegenerate, then
Ny is finite by the Skolem—Mahler—Lech Theorem [6]. Ward [11] conjectured the
existence of a bound for Ng which depends only on the degree of S. Schmidt [8]
proved this conjecture by establishing the bound Ng < exp (exp(exp(?m In n)))
Schlickewei and Schmidt [7] subsequently improved the bound to

Ng < (2n)%"°.
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42 ZEROS OF A REAL LINEAR RECURRENCE OF DEGREE N > 4

We now examine the best possible bounds Ng for sequences S with low degree.
Let S be a nonzero, nondegenerate recurrence sequence of degree three. If we
assume a;, ¢; € Q, Beukers [1] showed that Ng < 6. If a;, ¢; € R and in addition,
S is simple and the roots of fg(z) are real, Smiley [2] showed Ng < 3. Picon [3]
and Kulkarni and Sury [4] subsequently gave alternate proofs of Smiley’s theorem
and Scott [9] extended the result to all real nondegenerate cubic recurrences such
that fs(x) has real roots. Ward [10] and Picon [3] also determined necessary
conditions on k for a; = 0.

In this paper, we generalize the work of [2], [4], [3] and establish an analogue
of Smiley’s result for simple, nondegenerate recurrences of higher degree. We
show:

THEOREM 1. Let S be a nonzero, simple, nondegenerate real linear recur-
rence of degree n. If the roots of fs(x) are real, then Ng < 2n — 3.

When n = 4, Theorem 1 gives the bound Ng < 5. For some general classes
of sequences S, we can improve this bound.

THEOREM 2. Let S = {a;}52, be a nonzero simple, nondegenerate real re-
currence of degree 4 such that the roots c; of fs(x) are real. Number the c; so
that |oq| < |ag| < |ag| < |aa|. Define €, = ai/|a;|. Assume that the following
two conditions are satisfied:

(i) If exactly two of the €; are negative, then ejea = —1.
(ii) If e1esezeq = —1, then ereq = 1.
Then Ng < 4.

The criteria in Theorem 2 are necessary and the bound of Theorem 1 is sharp.
For example, let S be defined by the initial terms (0,0, 1,0) and the recursion
relation

Ay, = —30p—1+ 20y—2 + 6ay_3 — 4ap_4.

The sequence begins (0,0,1,0,2,0,0,12,—44,...) and Ng = 5. We have
fs(x) =a* +32% — 227 — 62+ 4= (v — 1)(z + 2)(2* + 22 — 2).

The roots of the quadratic are approximately .73205 and —2.73205. Thus, S is
simple and nondegenerate and fs(z) has four real roots. The signs are €; = €3 =
1, e3 = e4 = —1. Hence condition (i) fails for sequence S.

While the bound Ng < 2n — 3 of Theorem 1 is sharp for n = 2, 3,4, it is not
clear whether it is sharp in general. Computational work when n = 5 has not
produced a simple, nondegenerate sequence S with Ng = 7 such that fg(z) has
real roots.
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1. Properties of S and A,. We will repeatedly use the following ele-
mentary lemma, whose proof we omit.

LEMMA 1. Let S = {a;}32, be an n-th degree linear recurrence defined by
(1) and suppose that aq, ..., are the roots of fs(x). Then

(a) For any k € Z, there is a sequence T = {b;}32, satisfying the same recur-
rence relation as S such that b; = a;+y, when min(i,i + k) > 0.

(b) The sequence T = {(—1)%a;}2, is an n-th degree linear recurrence such that
fr(=z) = (=1 fs().

(¢) There is an n-th degree linear recurrence sequence T = {b;}2, and j € Z
such that

(i) Jfr(z)=—a"fs(1/x)/cn,
(il) Np > Ng, and
(ili) a; =0 if and only if bj—; =0 for all j > i > 0.

Additionally, in (a), (b), and (c), if S is simple (resp. nondegenerate, fs(x) has
real Toots), we can also require T to be simple (resp. nondegenerate, fr(x) has
real Toots).

Let S be a nonzero simple linear recurrence of degree n. Let {a;} be the
roots of fg(z). It is well-known that there are constants 8; € C such that ax =
Z?:l Biak, for all k > 0. Assume that ry,79,...,7, are distinct non-negative
integers such that a,, = 0. Since (81, 52,...,8,) # 0, we have det(a,’) = 0.
Define

S1 S1 S1
it oxyt Ty
82 52 So
x3? x? ..
Ap(T1y. 581, 8n) = .
S S Sn
O P et
Then S vanishes at r1, ..., 7, if and only if
(2) Ap(ag,...,n;71,...,1mn) = 0.

Sometimes, it is convenient to simplify this. For example, if we let w; = a;41/0q,
$;i =riy1 — 11, for 1 <4 <n—1, then (2) is equivalent to

Ap(lywry . ywn-1;0,81,...,8,—1) = 0.

We will use the following well-known lemma (see [5, p. 43]) to prove the general
bound Ng < 2n — 2.

LEMMA 2.  Let {w;}1q, {si}1 be two increasing sequences of positive real
numbers. Then Ay (w1, ..., Wn;81,.--,8,) > 0.
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PROPOSITION 1. Let S = {a;}32, be a nonzero simple, nondegenerate real
linear recurrence of degree n and assume that the roots of fs(x) are real. Let
{r1,...,rn} be a set of distinct non-negative integers with the same parity. If
Opy =Qpy =+~ =ap, , =0, then a, # 0.

PROOF. Let ay,...,q, be the roots of fg(z). Assume that a,, = 0 for
1 =1,...,n. We can renumber the r; so that r; is the smallest. Let s; = ;4.1 —7r1,
fori=1,...,n— 1. Then from (2), we have

A=Ay(a1,...,an;0,81,...,8,-1) =0.
But as the s; are even integers, we also have
A=A, (2. ..,0%0,51/2,...,8,.1/2) #0,

by Lemma 2. Hence we have a contradiction and a,., # 0. ]

COROLLARY 1.  Let S be a nonzero simple, nondegenerate real linear recur-
rence of degree n. If the roots of fs(x) are real, then Ng < 2n — 2.

2. General bound: Ng < 2n — 3.

DEFINITION 1. A function f(s) is of exponential type with order n if there
is a decreasing sequence of n distinct positive real numbers «; such that f(s) =
Yo, Ajas, for some nonzero real numbers A;.

Since {a}} is a linearly independent set of functions, the order of f(s) is well-
defined. To every function f(s) of exponential type of order n, we associate
a signature ey € {£1}". If f(s) is given as in Definition 1, we define e; =
(e1,€2,...,€,), where ¢; = 1 has the same sign as A;.

LEMMA 3.  Let f(s) = > 1, A;as be a function of exponential type of order

n with signature ¢ = (€1,...,€,). For each j such that 1 < j < n, the function
d f(s) Q;
= 5 a2
J 1<i<n
1#]
is a function of exponential type of order n — 1 with signature (€},... e, _1),
where €, = €; if i < j, and €, = —e; 1 if i > J.

PROPOSITION 2.  Let f(s) be a function of exponential type of order n > 1
with signature € = (€1,...,€,). If there is an i such that ¢; = €;41, then there
are at most n — 2 distinct real numbers z such that f(z) = 0.
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ProOOF.  We use induction. When n = 2, the hypothesis implies that f(s)
is always nonzero. Hence the proposition holds. Now assume that the theorem
holds for functions of order n — 1 > 2. Given f(s) in the proposition, choose
j # 1,4+ 1 such that 1 < j <n. By Lemma 3, g;(s) is a function of exponential
type with order n — 1. The signature of g;(s) inherits the signature property of
the hypothesis. Thus g;(s) vanishes at at most n — 3 distinct real numbers. By
Rolle’s theorem, if f(s) vanishes at k distinct real numbers, g,(s) will vanish at
at least k — 1 distinct real numbers. Hence k —1 <n —3 and k < n — 2 and the
proposition is proved. |

We can now prove the sharp bound Ng < 2n — 3.

PROOF. [Proof of Theorem 1] We use proof by contradiction. Assume that
there are 2n — 2 non-negative integers r = 71,...,79,_2 such that a, = 0.
By Lemma 2, we can assume that rq,...,7,_1 is an increasing sequence of
even integers and r,,...,72,_2 is an increasing sequence of odd integers. Let
a1, Qa,...,q, be the roots of fs(x). By Lemma 1(b), we can assume that at
most [n/2] of the roots are negative. After renumbering we can assume that
lai], - .., |an| is an increasing sequence. Define w; = |a;| and ¢; = a;/w; for
1 < i < n. Define f(s) by

1 T1 71
Wi Wa Wn
f(S) = Tn—1 T;L—l Tn—1
Wy Wo w
awi  €w; EnWsy

Expanding f(s), we have

f(s) = en/anZ - €n716n71w271 + -+ (—1)"_16161w‘f,

where f3; are positive real numbers by Lemma 2. The signature of f(s) is e; =

(€ns —€n—1,-.-,(=1)"re1). By (2), f(ra) = f(rnt1) = -+ = f(ran—2) = 0.
Suppose that all the roots are positive. Then ¢; = 1 for all i. By Lemma 2,
f(rn) # 0 and we obtain a contradiction. Hence we can assume that ¢; = —1

for at least one value of 7. Since ¢; = 1 for at least one i, there exists j with
0 < j <mn—1such that ¢; = —¢;41. Then, by Proposition 2, f(s) can vanish at
at most n—2 distinct real numbers, which contradicts the fact that f(s) vanishes
at the n — 1 distinct numbers s = r,,...,72,_2. Hence, the theorem is proved.

|

3. Proof of Theorem 2. We now prove Theorem 2. The proof relies on
Rolle’s Theorem and is similar to the methods of [3] and the proof of Theorem 1.
Let aq, ..., a4 be the roots of fg(z), numbered so that 0 < |a;| < |az| < |as| <
|ag|. Without loss of generality, we can assume that at most two of the «;
are negative. Lemma 2 shows Ng < 4 if the «; are all positive. Assume now
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that a, = 0 for five non-negative integers » = r1,...,r5. By Proposition 1 and
Lemma 1(a), we can assume that r;1 < 7o < r3 are even integers, and that
ry < r5 are odd integers. Both (i) and (ii) of the hypothesis still hold after
these simplifications. We now consider two cases. In both cases, we obtain a
contradiction, thus proving the theorem.

Case 1: There is only one negative root ;. By part (ii) of the hypothesis, we
can conclude that either oy or as is negative. For ¢ = 1,2, 3, we define w; > 0
and ¢; = £1 by the equation w; = €;a;4+1/a;1. By our assumptions, e3 = 1 and
{€1,e2} = {1,—1}. Hence ¢ = —ey. We define s; = r;y; — 1y for i = 1,2,3,4,
and define

1 1 1 1

S1 S1 S1

3) fe=]) “n v @
1

S9o So So |
Wy Wy Wa
qwj €ws wj

By (2), f(s3) = f(s4) = 0. Expanding f(s), we have

f(S) = Al’gwg — EQ(ALS(/J; + Ag’goff) — B,

where
1 1 1 1 1 1
R S1 S1 _ S1 81 S1
Aij=|1 w' wj'l, B=|w]' wy' w3'|.
S92 S92

S92 EP) S92
W™ Wyt Wa

By Lemma 2, A; 2, A1 3, Aa 3, B are all positive. Whether e; = 1 or —1, f(s)
has at most one zero, contradicting f(s3) = f(s4) = 0.

Case 2: There are exactly two negative roots ¢, ap. By Lemma 1(b), we can
assume that k = 4. Part (i) of the hypothesis still holds and thus j is 1 or 2. Let
€ be the sign of ;. Define

1 1 1 1
S1 S1 S1
f(S) - 1 w£2 wgz w??z 9
Wy Wy W3
€ —ew] w; —wj

where w; = aj1/|ail, 8i = riy1 — r1, for i = 1,2,3,4. By logic similar to that
which derived (2), f(s3) = f(s4) = 0. Expanding f(s), we have

f(s) = —w3A1 2 —w3A1 3 — ewjAg 3 — €B,

where A; j, B are positive numbers defined as above. Regardless of €’s sign, f(s)
has at most one zero, contradicting f(s3) = f(s4) = 0. ]
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