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THE RIESZ INTERPOLATION PROPERTY FOR K,(A) ® K,(A)
LAWRENCE G. BROWN
Presented by G. Elliott, FRSC

ABSTRACT. We show that if A is a C*-algebra of real rank zero and
stable rank one, then the Riesz interpolation property holds in the ordered
group K()(A) ® K1 (A)

RESUME. Nous montrons que si A est une C*-algebre de rang réel zéro
et de rang stable égal & un, donc la propriété d’interpolation de Riesz est
valable dans le groupe ordonné Ko(A) @ K1 (A).

1. Introduction. The order structure on Ky(A) played a major role in
Elliott’s classification [E2] of AF algebras, and also of course in more recent
classification results, and the fact that Ky(A) has the Riesz interpolation prop-
erty when A is AF played a major role in the Effros—Handelman—Shen Theorem
[EHS], which characterizes the Ky-groups of AF algebras. Later Dadarlat and
Nemethi [DN] and Elliott [E3] introduced an order structure on Ko(A) @ K1(A),
and this was important in shape theory and in classification theory for non-simple
C*-algebras.

S. Eilers suggested that I try to prove that Ky(A) ©& K;(A) has the Riesz
interpolation property when A has real rank zero and stable rank one. Elliott
[E3] had proved this for the inductive limits arising in classification theory, and
in [E3, Theorem 3.2] had stated the full result with an incorrect proof. Eilers and
Elliott [EE] prove the result in some additional cases. The main ingredients used
in the proof presented below are different from those used in [EE]. I am grateful
to S. Eilers for suggesting the question and providing me with a preliminary
version of [EE].

2. Notations and preliminaries. We use mainly standard notations.
Thus, ~ denotes Murray—von Neumann equivalence of projections in a C*-
algebra, p < ¢ means p ~ r < ¢ for some r, [p] denotes the class in K(A)
of a projection p in A ® K, and K is the algebra of compact operators on a
separable infinite dimensional Hilbert space. When no confusion will arise, the
same letter ¢ is used to denote all inclusion maps.

Next we state, for ease of reference, several needed results, some of which are
partly folklore and probably all of which are already known. Minimal indications
of proof are given in a few cases.

2.1. (Cf. [Bl, 6.5.1]) If tsr(A) = 1, then by cancellation of projections, to each
« in Kg(A)4 corresponds a unique Murray—von Neumann equivalence class [p],

Received by the editors on December 2, 2004.
AMS subject classification: 46135, 46L80.
© Royal Society of Canada 2005.

33



34 LAWRENCE G. BROWN

for a projection p in A ® K. If I is the (closed, two-sided) ideal of A such that
I ® K is the ideal generated by p, then, in particular, I is an invariant of the
class a.

2.2. By Rieffel [R2], C*-algebras of stable rank one have K;-surjectivity. Thus
for v in Ko(A)4+ and B in K;(A), a @ S > 0 if and only if g is in . (K1(1)),
where I is the ideal of o as in 2.1 and ¢ is the inclusion of I into A (see also 2.10
below).

2.3. ([LR]) If tsr(A) =1, then ¢,.: Ko(I) — Ko(A) is one-to-one for each ideal
I of A.

2.4. ([LR]) fRR(A) =0, then ¢,: K;1(I) — K;(A) is one-to-one for each ideal
I of A.

2.5.  If I and J are ideals of an arbitrary C*-algebra A, then there is a cyclic
six-term exact sequence:

9, Ki(INJ) — Ky (1) & K (J) — K1 (I+J) 25
9y Ko(INJ) — Ko(I) & Ko(J) — Ko(I +J) 2

This follows easily from various standard cyclic six-term exact sequences. All
the maps shown, except for 9;, come from inclusion maps.

2.6. Iftsr(A) = 1, then the natural map from K;(I) ® K1 (J) to K1(I+J) is
surjective for all ideals I and J of A.

This follows from 2.3 and 2.5, together with the fact that the property of
having stable rank one passes to ideals ([R2, Theorem 4.4]).

2.7. If RR(A) = 0, then Ll*(Kl(Il)) N LQ*(Kl(IQ)) = L*(Kl(Il n IQ)), for all
ideals I; and I5 of A.

Note that if ¢1.(1) = tax(a2) in K7(A), then by 2.4 also ji.(ay) = jau ()
in K1(I; + I5). Then apply 2.5.

2.8.  Iftsr(A) = 1 and RR(A) = 0, then Ky(A) has the Riesz interpolation
property.

The Riesz decomposition property for equivalence classes of projections was
proved by Zhang [Zh], assuming only RR(A) = 0. The stable rank hypothesis
allows this to be re-stated in terms of the Ky-group [E3]. (Of course, Riesz
decomposition and Riesz interpolation are equivalent in ordered groups.)

2.9. Let m: A — A/I be the quotient map where A has real rank zero and T
is an ideal. Then of course every projection in A/T lifts to A. Also, as eAe has
real rank zero for any projection e, a pair of mutually orthogonal projections in
A/I can be lifted to orthogonal projections. And if u is a partial isometry in
A/I and p, q are projections in A such that 7(p) > vu* and 7(q) > w*u, then,
as by [BP] ¢lq has real rank zero and in particular has an approximate unit



THE RIESZ INTERPOLATION PROPERTY FOR Ko(A) & K1(A) 35

consisting of projections, u can be lifted to a partial isometry in pAg. (See proof
of Lemma 2.6 of [E1].)

2.10. (Cf. [Ex], [R1, Example 6.7]) Inclusions of full hereditary C*-subalgebras
induce isomorphisms of K-groups. Thus if B is a hereditary C*-subalgebra of
A ® K which generates the ideal I ® IC, then we can identify K;(B) with K;(I)
in a consistent way.

2.11.  If A has real rank zero, then any z in A can be approximated arbitrarily
closely by an element z’ that has closed range. In fact 2’ can be taken as xp for
a suitable projection p in (z*xAz*x)~. Thus if x is in gAr for some projections
q and 7, the partial isometry from the polar decomposition of x’ will be in gAr.

3. Riesz interpolation for Ky(A) ® K;(A).
LEMMA 3.1. Suppose RR(A) =0, tsr(A) =1, aq,...,an € K1(A4), I,..., I,
are ideals of A and
(1) a; = o modulo v (K1 (I; + 1;)), for each i, j.

Then there is 8 in K1(A) such that

(2) B = a; modulo 1. (K1(I;)), for each i.

ProOF. Use induction on n. The case n = 2 follows directly from 2.6. Now
assume n > 2, and the result is valid for n — 1. By 2.6, there is v; in K;(A4),
i=1,...,n— 1, such that

(3) ~vi = a; modulo ¢ (K (I;)) and 7; = a, modulo v, (K1 (1,)).

Apply the induction hypothesis to v1,...,y,—1 and Iy N 1I,,...,I,_1 N1,. Note
that 2.7 implies that (1) is satisfied for the 7’s. [ |

REMARK. A symmetrical proof shows that the same result is valid for K.

LEMMA 3.2. Let A be a C*-algebra of real rank zero.

(a) If o € K1(A), then there is a projection p in A such that pAp has no (non-
trivial) abelian quotients and o € 1 (K1(pAp)). In particular o € v, (K41 (1)),
where I is the ideal generated by p.

(b) If J is any ideal such that the primitive ideal space of J is compact, then J
is generated by a projection.

PrOOF. (a) Let J be the closed commutator ideal of A. Then A/J is a
commutative C*-algebra of real rank zero, and hence K;(A/J) = 0. Therefore
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a = 14(B) for some S in K;(J). Note also that if I is any ideal of .J, then I has
no abelian quotients.

Let (pj)jep be a net of projections which is a (not necessarily increasing)
approximate identity for J, and let I; be the ideal generated by p,;. Then {I; :
j € D} is directed upward. In fact, for any j;, j2, we have for sufficiently large
J that [[(1 = p;)psll, (L= pj)psll < 1. For such j, pj,,p;, < pj, and hence
1;,,1;, C I;. Let D be D with a modified order relation:

(4) j1<join D <= j; <join D and I; C I,

Then
J = limI;, and hence K;(J) = lim K1 (I;).
— —
JjED j€D

It follows that S is in ¢, (K1 (I}, )) for suitable jo.

Now let (g) be a net of projections which is an approximate identity for I,
and such that g, > pj;, for each k. We know that I;, has no abelian quotients and
claim that g1, qr = qrAg, has no abelian quotients for k sufficiently large. To
see this, let X be the maximal ideal space of the abelianization of p;,I;,p;,. Thus
X is a compact Hausdorff space which may be regarded as a subset of I o (It is
a closed subset of I jo-) If Ty is an irreducible representation of I;, corresponding
to x in X, then dimm, > 1. It follows that rank(m;(qx)) > 1 for sufficiently
large k. Since U, = {z € X : rank(m,(qx)) > 1} is open, there are kq,...,k,
such that X C (J] U,. For k sufficiently large, g, < i for i = 1,...,n. Thus
for such a k, qr1;,qr has no abelian quotients.

(b) Let (p;) be an approximate identity of projections for J, and use the
previous notations. Since {prim(l;)} is an open cover for prim.J, and since
{prim(I;)} is directed upward, it follows that primI; = prim J for some j.
Hence I; = J. [ ]

LEMMA 3.3. If A is a C*-algebra of real rank zero, and if p and q are projections
generating the same ideal I, then there is a projection r in A such that r < p,
r < q, and r generates I as an ideal.

PROOF. Set
E ={(s,t) : s and t are projections, s <p, t < ¢, and s ~ t}.

For each (s,t) in E, consider the ideal I(, ) generated by s (or, equivalently,
by t). Let us first show that I =\ ;) cp I(s,1)- If this is false, then there is a
proper ideal J of I such that s,¢ € J for all (s,t) € E. Let 7: I — I/J denote
the quotient map. Then 7(p)(I/J)m(q) is non-trivial. Thus by 2.11 there is a
non-zero partial isometry @ in w(p)(I/J)w(q), and by 2.9 @ can be lifted to a
partial isometry w in pIq. This is a contradiction, since it implies (uvu*, u*u) € E
and v € J.
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Now since prim I is compact, there are (s1,t1), ..., (Sn,tn) in E such that T is
generated by {si,...,$,}. We construct recursively projections rq,...,r, such
that r; <p, r; < ¢, and i, generates the same ideal as {s1, ..., s} for each k. To

start we may take r; = s1. Now if r has been constructed for k < n let J; denote
the ideal generated by 74 and m: I — I/J), the quotient map, let ry ~ 7, < g,
and let u be a partial isometry such that u*u = sx41 and wu® = tp41. Since
m,(p) = mk(p — 1) and i (q) = mk(g — 7},), there is by 2.9 a partial isometry v
in (¢ —r,)I(p — rg) such that m(v) = mp(u) = mp((q — r,)u(p — r%)). We then
can take ryy1 = ri + v*v. Finally, we take r = r,. [ ]

LEMMA 3.4. Let A be a C*-algebra with compact primitive ideal space, real
rank zero, and with no abelian quotients. Then there are full projections p, q in
A such that pg = 0.

PROOF. Set
E ={(s,t) : s and t are projections, st =0, and s ~ t}.

For (s,t) in E denote by I(s,t) the ideal generated by s. We first show that
A= \/(S,t)ej I(s,t). If this is false, there is a proper ideal J such that s, ¢ € J for
all (s,t) € E. Let m: A — A/J be the quotient map. Since A/J is a non-abelian
C*-algebra of real rank zero, there is a projection 7 in A/J which is not central.
Then by 2.11 there is a non-zero partial isometry @ in (1 —7)(A/J)7, and @ can
be lifted by 2.9 to a partial isometry u in (1 — r)Ar, where r is a lift of 7. This
is a contradiction, since (u*u,uu*) € E.

Now since prim A is compact, there are (s1,t1),..., (Sn,t,) in E such that A
is generated as an ideal by {s1,..., s, }. We recursively construct pi,...,p, such
that pj generates the same ideal as {s1,...,s;} and pr < 1 — pg. To start we

take p; = s1. Now if p; has been constructed for k < n, denote by Ji the ideal
generated by pr and 7p: A — A/Jy the quotient map, let pp ~ qx < 1 — py,
and let u be a partial isometry such that u*u = sgx41 and wu® = t541. Since
the restriction of 7y to (1 — pr — qr)A(l — px — qx) is surjective, there is by 2.9
a partial isometry v in (1 — px — qr)A(1 — pr. — q) such that 7w (v) = mp(u) =
Tk (1—pr—qr)u(1—pr—qx)) and v*v-vv* = 0. Then we can take py11 = pr+v*v,
to complete the recursion, and finally p = p,. [ |

THEOREM 3.5. If A is a C*-algebra of real rank zero and stable rank one, then
the ordered group Ko(A) ® K1(A) satisfies the Riesz interpolation property.

PROOF. We are given v; = a; @ 5; in Ko(A4) ® K1(A), for i = 1,...,4, such
that 1,72 < v3,7v4. We wish to find é such that v1,v2 < § < v3,74. First apply
2.8 to obtain « in Kop(A) with ay,as < a < asz,ay. Let I1, Is be the ideals
associated to the elements o — a1, @ — ag of Ko(A)4, as in 2.1, and let I3, Iy
be the ideals for a3 — o, &g — . Thus the ideals for agz — a1, az — as, g — aq,
ay —ag are Iy + I3, Iy + I3, Iy + Iy, and I + I4. Since 3 — 71,73 — 72,74 — V1»



38 LAWRENCE G. BROWN

Y4 —72 > 0, we see from 2.2 that 83 = 51 modulo ¢, (K7 (I1 +I3)), etc. We would
like to find 8 in K;(A) such that 8 = 8; modulo ¢, (K (I;)). Unfortunately, two
of the six conditions in (1) of Lemma 3.1 are missing, and so we will have to
modify a before using 3.1.

Since 81 = B3 mod 1. (K1(I1 + I3)) and B2 = B3 mod 1. (K7 (I3 + I3)), then
51 = 62 mod L*(Kl(l]_ —|—12 +13)) Slmllarly, 61 = ﬁg mod L*(Kl(l]_ —|—[2 +I4))
With the help of 2.7 we see in this way that

B1 = 82 modulo ¢, (K1(11 + L+ (Iz3N I4))), and

)
) B3 = B4 modulo v, (K1(I3 + Iy + (I; N 13))).

Now 2.6 implies that 8y — B2 = B’ + 8" where 8’ € 1. (K ([1 + I)) and
B" € 1 (K1(I3N1y)). Let p be a projection in A® I such that [p] = az — «, and
apply Lemma 3.2 (a) to 8”7 and A; = p((I3 N I4) ® K)p. Note that p is full in
I3 ® K, and hence A; is full in (I3N14) ® K. Hence by 2.10 we may consider 5
as an element of K;(A;). We obtain a projection p; generating an ideal J; ® K,
where J; C I3N 1y, p1 < p, and 8" € 1,(K1(J1)). Next, let ¢ be a projection in
A ® K such that [¢q] = a4 — a, and apply Lemma 3.2 (b) to A} = ¢(J1 ® K)q.
(Note that prim J; is compact.) We obtain a projection ¢; < ¢ which generates
Al as an ideal.

Now Lemma 3.3 gives us a full projection r; in J; ® K such that 1 < py
and 1 < ¢1. Thus if Ay = (A ® K)ry = r1(J1 ® K)ry, we may by 2.10 and
2.4 consider 8 as an element of K;(A3). Applying 3.2 (a) again, we obtain an
ideal J, C Jp such that Jy; ® K is generated by ro for some projection ro < 7y,
B" € 1.(K1(J2)), and ro(J2 ® K)rq has no abelian quotients. Finally, Lemma 3.4
gives a projection r < r9 such that both r and ro — r are full in Jo ® K.

Now we replace a by o’ = a + [r]. Since r < p and r < ¢, it follows that
o < az,ay. Then we obtain ideals I7, 15, I}, I} from o/, as above, and (5) still
holds for these new ideals. Clearly, for j =1, 2, Ij'- = I; + J3. Therefore 51 = 52
modulo ¢, (K (I 4+ 14)). Also since [ro — 7] < [p] — [r], [¢] — [r], and since r is in
the ideal generated by ro — r, we see that I =I5 and I = I4.

Next we perform a similar process starting with (B3 — (84, which is in
L (K1 (I5 + 1)) + t (K1 (11 N 15)). This time we replace o/ by o < o/, ob-
taining four new ideals 17, Iy, I3, I, where I} = I for j = 1,2 and I} is
large enough for j = 3,4 to yield that 83 = 84 modulo ¢, (K1 (I + I})). Since
all the hypotheses of Lemma 3.1 are now met, there is 8 in K;(A) such that
B = Bj modulo v.(K:(I})) for j = 1,...,4. Then if § = o” @ B, we have
Y1,72 < 6 < 73,74, as desired. [ ]

4. Concluding remarks. Consider the set G of pairs (p, u) where p is a
projection in A® K and v a unitary in p(A® K)p. One can define an equivalence
relation ~ on Gy; which is analogous to Murray—von Neumann equivalence:

(p,v) ~ (q,w) if there is u in A ® K such that u*u = p,

(6)

uu® = ¢, and wvu® is homotopic to w in U(g(A ® K)q).
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Also we write (p,v) < (¢, w) in Gy if
(7) p<q and w=wv+v" for some unitary v’ in (¢ — p)(A® K)(q — p).

Then we write (p,v) < (¢, w) to mean (p,v) < (r,u) ~ (¢, w) for some (r,u)
in Go1. If Dg1 = Go1/ ~, then < induces a possibly improper partial ordering
on the semigroup Dgi. All of this is in agreement with the definitions made by
Elliott in [E3, p. 182], though described a little differently.

Since Zhang [Zh] proved Riesz decomposition for equivalence classes of projec-
tions, assuming only RR(A) = 0, it is natural to ask whether Riesz decomposition
holds in Dy in this generality. Or, failing that, is there a property weaker than
stable rank one which, together with real rank zero, implies Riesz decomposition
in Dp1? These are only questions, not conjectures. It is still unknown whether
real rank zero implies K;-surjectivity. It is not clear whether K;-surjectivity is
actually related to Riesz interpolation for Ko(A) @ K1(A), but K;-surjectivity
does occur in all proofs known to me.

When A has stable rank one, Dg; can be identified with (Ko(A) @ K;1(A))+.
Thus when A also has real rank zero, the Riesz decomposition property holds for
Dy;. This restatement of Theorem 3.5 is more operator theoretic in tone, but it
also is more complicated than one might guess. If we wanted to prove the basic
result in this notation, we might first apply [Zh] to obtain p ~ p1 & p2, p1 < g1,
p2 < g2. In order to deal with the Ki-components, we would need to consider
the ideals J; and Js5 generated by p; and ps and the ideals K7 and K> generated
by g1 — p1 and g2 — p2. The intersections J; N Ko and Jo N K7 would then play
the same roles as I; N Iy and I3 N I in the proof presented above.

REFERENCES

[BL] B. Blackadar, K-Theory for Operator Algebras. Springer-Verlag, New York, 1986.

[BP] L. G. Brown and G. K. Pedersen, C*-algebras of real rank zero. J. Funct. Anal. 99
(1991), 131-149.

[DN] M. Dadarlat and A. Nemethi, Shape theory and (connective) K-theory. J. Operator
Theory 23 (1990), 207—-291.

[EE] S. Eilers and G. A. Elliott, The Riesz property for the Ki-group of a C*-algebra
of minimal stable and real rank. C. R. Math. Acad. Sci. Soc. R. Can. 25 (2003),
108-113.

[EHS] E. G. Effros, D. E. Handelman, and C.-L. Shen, Dimension groups and their affine
representations. Amer. J. Math. 102 (1980), 385-407.

[E1] G. A. Elliott, Deriwations of matroid C*-algebras, II. Ann. of Math. 100 (1974),

407-422.

(E2] , On the classification of inductive limits of sequences of semisimple finite-
dimensional algebras. J. Algebra 38 (1976), 29-44.

(E3] , On the classification of C*-algebras of real rank zero. J. Reine Angew.

Math. 443 (1993), 179-217.

[Ex] R. Exel, A Fredholm operator approach to Morita equivalence. K-theory 7 (1993),
285-308.

[LR] H. Lin and M. Rgrdam, Eztensions of inductive limits of circle algebras. J. London
Math. Soc. (2) 51 (1995), 603—613.

[R1] M. A. Rieffel, Induced representations of C*-algebras. Advances in Math. 13 (1974),
176-257.



40 LAWRENCE G. BROWN

[R2] M. A. Rieffel, Dimension and stable rank in the K-theory of C*-algebras. Proc.
London Math. Soc. (3) 46 (1983), 301-333.

(Zh)] S. Zhang, A Riesz decomposition property and ideal structure of multiplier algebras.
J. Operator Theory 24 (1990), 209-225.

Department of Mathematics
Purdue University

West Lafayette, IN 47907-2067
USA

email: lgb@math.purdue.edu



