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EISENSTEIN EQUATIONS AND CENTRAL NORMS
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Abstract. Central norms are given definition according to the infras-
tructure of the underlying order under discussion, which we define in the
introductory section below. We relate these central norms in the simple
continued fraction expansion of

√
D to solutions of the Eisenstein equation

x2 − Dy2 = −4, with gcd(x, y) = 1. This provides a criterion for cen-
tral norms to be 4 in the presence of certain congruence conditions on the
fundamental unit of the underlying real quadratic order Z[

√
D].

1. Introduction. As early as 1844, Eisenstein studied the equation cited
above. In this note, we look at it from a different perspective that intertwines
the continued fraction expansion with the fundamental unit of the associated
quadratic order and central norms when the equation under consideration has
solutions.

Typically the aforementioned equation is considered whenD is an odd positive
integer, not a perfect square. In that instance, we know that the equation
will have a solution only if D ≡ 5 (mod 8), in which case there is a solution
to |x2 − Dy2| = 4 with gcd(x, y) = 1, if and only if the fundamental unit of
Z[(1 +

√
D)/2] is not in the order Z[

√
D]. Moreover, the period length of the

simple continued fraction expansion of (1 +
√
D)/2 must be odd. Since we are

interested in central norms we are interested in even period lengths. Thus, we
look at the case where the Eisenstein equation is solvable for even D. Some nice
work relating these solutions to continued fraction expansions of

√
D has been

done by Kaplan and Williams in [1], for instance (see also [3, Exercise 2.1.14,
p. 59]). In the case where D is even and the equation

(1) x2 −Dy2 = −4 with gcd(x, y) = 1

has solutions, the aforementioned results tell us that D ≡ 4, 8 (mod 16)—see
[1, p. 170]. Moreover, if D ≡ 4, 8 (mod 16), the equation (1) has solutions if and
only if the period length of the simple continued fraction expansion of

√

D/4 is
odd. However, if equation (1) is solvable, then the period length of the simple
continued fraction expansion of

√
D is even. It is this scenario that we will study.

2. Notation and preliminaries. The symbol, ℓ(
√
D), will denote the

period length of the simple continued fraction expansion of
√
D where D > 1 is

an integer that is not a perfect square.
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Two important sequences are the following: A−2 = 0, A−1 = 1, Aj =
qjAj−1 + Aj−2 (for j ≥ 0), and B−2 = 1, B−1 = 0, Bj = qjBj−1 + Bj−2

(for j ≥ 0), where qj is the j-th partial quotient in the simple continued fraction

expansion of
√
D. In fact, Aj/Bj is the j-th convergent for

√
D.

We will also need the following facts (which can be found in most introductory
texts in number theory, such as [4]. Also, see [3] for a more advanced exposition).

(2) AjBj−1 −Aj−1Bj = (−1)j−1.

Also,

(3) A2
j−1 −B2

j−1D = (−1)jQj .

In particular,

(4) A2
ℓ−1 −B2

ℓ−1D = (−1)ℓ,

and (Aℓ−1, Bℓ−1) is the fundamental solution of the Pell equation

(5) x2 −Dy2 = (−1)ℓ.

When ℓ is even, Qℓ/2 is called the central norm, (via equation (3)), where

(6) Qℓ/2 | 2D.

In the following (which we need in the next section), and all subsequent results,
the notation for the Aj , Bj , Qj and so forth apply to the above-developed

notation for the continued fraction expansion of
√
D.

Theorem 1. Let D be a positive integer that is not a perfect square. Then

ℓ = ℓ(
√
D) is even if and only if one of the following two conditions occurs.

(i) There exists a factorization D = ab with 1 < a < b such that the following

equation has an integral solution (x, y).

(7) ax2 − by2 = ±1.

Furthermore, in this case, each of the following holds, where (x, y) = (r, s)
is the fundamental solution of equation (7).

(a) Qℓ/2 = a.

(b) Aℓ/2−1 = ra and Bℓ/2−1 = s.

(c) Aℓ−1 = r2a+ s2b and Bℓ−1 = 2rs.

(d) r2a− s2b = (−1)ℓ/2.
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(ii) There exists a factorization D = ab with 1 ≤ a < b such that the following

equation has an integral solution (x, y) with xy odd.

(8) ax2 − by2 = ±2

Moreover, in this case each of the following holds, where (x, y) = (r, s) is

the fundamental solution of equation (8).

(a) Qℓ/2 = 2a.

(b) Aℓ/2−1 = ra and Bℓ/2−1 = s.

(c) 2Aℓ−1 = r2a+ s2b and Bℓ−1 = rs.

(d) r2a− s2b = 2(−1)ℓ/2.

Proof. All of this is proved in [5].

3. Central norms and Eisenstein. Lagrange is attributed with having
proved that if D = p is an odd prime, and (x0, y0) is the fundamental solution of
the Pell equation x2−Dy2 = 1, then x0 ≡ 1 (mod p) if and only if p ≡ 7 (mod 8).
Related results may be found in [1, Lemma 3, p. 174]. The following are the
even analogues of this result applied to Eisenstein (rather than Pell) equations.

Theorem 2. Let D = 4c where c is an odd integer that is not a perfect

square, and ℓ′ = ℓ(
√
2c). Also assume that (x0, y0) is the fundamental solution

of equation (1). Then the following are equivalent

(i) Aℓ′−1 ≡ 1 (mod 2c).
(ii) ℓ = ℓ(

√
D) is even, Qℓ/2 = 4, ℓ/2 is odd, ℓ′ is even with Qℓ′/2 = 2, and

ℓ′/2 is even.

(iii) The Diophantine equation

(9) X2 − 2cY 2 = 2

has a solution.

Proof. First we assume that part (i) holds. If ℓ′ is odd, then by equation (3),
Aℓ′−1 ≡ −1 (mod 2c), a contradiction, so ℓ′ is even. By Theorem 1 either 2c = ab
with 1 < a < b and equation (7) holds, or 2c = ab with 1 ≤ a < b equation (8)
holding. We will assume only the former case, and prove that Qℓ′/2 = 2. The
other case is argued similarly. It follows from part (i) of Theorem 1 that

(10) 1 ≡ Aℓ′−1 ≡ r2a+ s2b ≡ (−1)ℓ
′/2 + 2s2b (mod 2c).

If ℓ′/2 is odd, then it follows from equation (10) that b | 2, which is impossible.
Hence, ℓ′/2 is even, so from equation (10), a | 2s2. Therefore, it follows from
equation (2) and part (i) (b) of Theorem 1 that a = 2. Thus, by part (i) (a) of
that theorem, Qℓ′/2 = 2.
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If x0/2 is odd, then by equation (1), D/4 is even, a contradiction. Thus x0/2
is even, so 4(x0/4)

2 − Dy20/4 = −1. It now follows from Theorem 1 that ℓ is
even, Qℓ/2 = 4, and ℓ/2 is odd since x0 = Aℓ/2−1.

Now we assume part (ii). Since Qℓ′/2 = 2 and ℓ′/2 is even, then it follows
from equation (3) that part (iii) holds.

Now we assume part (iii) and complete the proof by showing that part (i)
holds. By part (ii) of Theorem 1, ℓ′ is even, Aℓ′−1 = (A2

ℓ′/2−1 + B2
ℓ′/2−12c)/2

and Qℓ′/2 = 2. Thus, 2Aℓ′−1 ≡ A2
ℓ′/2−1 (mod 2c), and A2

ℓ′/2−1 − B2
ℓ′/2−12c = 2,

which implies that A2
ℓ′/2−1 ≡ 2 (mod 2c). Hence, Aℓ′−1 ≡ 1 (mod 2c).

Example 1. If D = 68 = 4·17 = 4c, then ℓ = 2, Qℓ/2 = 4, ℓ′ = 4, Qℓ′/2 = 2,
Aℓ′−1 = 35 ≡ 1 (mod 2c). Also, 62 − 2c = 2, and 82 −D = −4.

Remark 1. The case D ≡ 8 (mod 16) has no analogue for Theorem 2. The
reason is that for D = 8c, c odd, ℓ(

√
2c) is necessarily odd when there is a

solution to equation (1).

Remark 2. When D = 2c for c odd, if x0 6≡ ±1 (mod 2c), then Qℓ/2 6= 2.
This follows from Theorem 1. We will use this fact in what follows.

We provide the following as a consequence of the above. This generalizes the
main result in [6].

Theorem 3. Let D be a positive integer that is one of the following types.

(i) D = 2c where c ≡ 3 (mod 8) and c is divisible only by primes congruent to

1 or 3 modulo 8.
(ii) D = 2c, where c ≡ 1 (mod 8) and c is divisible only by primes congruent to

1 or 7 modulo 8, with at least one prime congruent to 7 modulo 8 among

them.

Suppose that (x0, y0) is the fundamental solution of x2 −Dy2 = 1, with x0 6≡
±1 (modD). Then

(11) 2x2 − cy2 = (−1)(c−1)/2

is not solvable for any integers x, y, but

(12) 2x2 − cy2 ≡ (−1)(c−1)/2 (modn)

is solvable for all n ≥ 1.

Proof. This follows by the same proof as in [6] where the fact that Qℓ/2 6= 2
is achieved via the above rather than by assuming D is a certain Richaud–Degert
type, where ℓ = ℓ(

√
2c).
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Example 2. If D = 372198 = 2c = 2 · 3 · 17 · 41 · 89, a non-Richaud–Degert
type, then Qℓ/2 6= 2 so equation (11) is not solvable. However,

2x2 − 186099y2 ≡ −1 (modn)

is solvable for all n ≥ 1.

See also the related work by Kimura and Williams, [2], which motivated the
more general work in [6].
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