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ABSTRACT. For any dynamical system, a hidden structure of its Lie
algebra of symmetries is disclosed. The structure is based on a new infinite
series of the canonically defined Lie subalgebras and on their commutator
relations.

RESUME. Pour n’importe quel systeme dynamique, une structure
cachée de son algebre de Lie de symétries est révélée. Cette structure
découle d’une nouvelle série de sous-algebres de Lie canoniquement définies
et de leurs relations de commutateurs.

The Lie algebra A of symmetries of a dynamical system
(1) =it ... 2

on a smooth manifold M consists of all vector fields U on M* that commute
with V: [V,U] = 0 [1], [2]. The Lie algebra A is infinite-dimensional for any
system (1) that has a non-trivial first integral a(z) since for any smooth function
F(z) there is a symmetry U = F(a(z))V. In [3], [4], we defined conformal
symmetries of a dynamical system (1) as vector fields U, satisfying the equation

(2) [V, Uc] = a(x)V,

where a(x) is a first integral of system (1). The conformal symmetries U, of (2)
form a Lie algebra A. D A and transform trajectories of system (1) into other
reparametrized trajectories. Both Lie algebras A. and A are modules over the
ring R of first integrals of system (1).

In this paper, we disclose hidden algebraic structures in the Lie algebra of
symmetries A and in the ring of first integrals R which are based on some prop-
erties of the Lie derivative operator Ly . An action of the Lie derivative Ly on a
vector field X and on a smooth function f(z) on the manifold M*? has the form
2): Ly X = [V, X], Ly f(z) = V(f(z)).

THEOREM 1. For any dynamical system (1), the Lie algebra of symmetries
A has a flag structure

(3) AD A DA D--- DA,
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where Lie subalgebras A, are ideals in A. The inclusions
(4) [Apa Aq] - Ap+q
hold. The Lie subalgebras A, are modules over the ring R of first integrals.

ProoF. Let A, be the linear subspace of symmetries U, € A that satisfy the
equation U, = L}, X, = [V,[V,--- [V, X,] -+ -], where X, is some smooth vector
field on M™. For any symmetry Up1 € Api1 we have Upyq = Lf/HXpH =
LV (LvXp41). Hence A, D A,pqq and we define A, = N, Ap-

For any two symmetries U, = L}, X, € A, and U, = L{, X, € A,, we have

plq!

(5) [Uvaq} = (p+CI)!

LY (X, X,

Indeed, equality (5) follows from the generalized Leibnitz formula

- n!

(6) Ly X, Y] = Z m[ﬂé){, Ly *Y]
k=0 ’

for n = p+ ¢ and the equations L"’/HX,, =0 and Lg/HXq = 0. The equalities (5)
prove the inclusions (4). Analogously for any symmetry U € A we find [U,U,| =
LY [U, X)), hence all subalgebras A, are ideals in A. For any first integral a(x),
the equation Ly a(z) = 0 and the Leibnitz formula yield a(z)U, = LY, (a(z)X)).
Hence R - A, C A, or all Lie subalgebras A, are R-modules. [ |

REMARK 1. Vector fields Zj satisfying equations [V, [V, [V, Zg] - - ] =
LY Z), = 0 were first introduced by Fuchssteiner in [5] and named symmetries of
order k. For k = 2, the vector fields Z satisfying equation [V, [V, Z]] = 0 were
named mastersymmetries [5]. The vector fields Z; do not form a Lie algebra in
general.

Let G be any Lie algebra and A(x) C G be the stabilizer subalgebra for z € G:
all elements y € A(x) satisfy the equation ad,y = [z,y] = 0.

THEOREM 2. The stabilizer subalgebra A(x) C G has the flag structure
(7) Alr) 2 Ay(z) 2 Az(z) 2 -+
where the Lie subalgebras A,(x) are ideals in A(x). The commutator relations
(8) [Ap(2), Ag(2)] C Apiq(2)

hold for any p and q.
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PrROOF. We define a subspace A,(z) C A(z) of elements y, € A(z) that
satisfy the equation y, = ad? f, for some f, € G. It is evident that A,y (z) C
Ap(x). Since the operator ad? satisfies the generalized Leibnitz formula (6), we
find ad?™[f,, f,] = (p + @) (p' ¢") [y, y,] and the inclusions (8) follow. [ |

REMARK 2. The inclusions (4), (8) imply several consequences. For exam-
ple, all quotient Lie algebras Ay,/Ap 4 are nilpotent for p,q > 1 and are abelian
for ¢ < p. Hence if for some N the Lie algebra Ay = 0 then all Lie algebras
Aq,...,An_1 are nilpotent and for ¢ > [(N + 1)/2] the Lie algebras A, are
abelian. If Lie algebra A; contains a simple Lie algebra G then G C A, for all
p and flag (3) is infinite.

THEOREM 3. The ring of first integrals R has a flag structure
9) RORI DRy 2+ 2Ry,
where all subrings Ry, are ideals in R. The inclusions
(10) Ry - R¢ C Rpqe

hold. The Lie subalgebras Ay (3) define differentiations of the rings Ry that
satisfy the relations

(11) A(R[) C Ry, Ak(R) C Ry, Ak(Rg) C Rk+g.

The subrings Ry C R define the Rg-module structures in Ay that satisfy the
relations

(12) Ry-AC Ay, Ry Ar CApyo.

PROOF. Let R, C R be a subspace of first integrals ax(x) that have the
form ay(z) = LY fr(x), where fi(z) is some smooth function on M. For any
first integral ax41 € Rpy1 we have apy1 = LI‘“,kaH = LI{:/(Lka-+1). Hence
Ry O Rjp41 and we define R, =, Rk.

Let U = L@Xk € Ar and ay = Lf/fg € Ry, and U € A be any symmetry.
Applying the generalized Leibnitz formula

n

=3 M(L@X)(Lem
2 i

for n = k 4 ¢ and using the equations L"C,HXk =0 and L€—+1fg = 0, we derive

k101
(k +0)!

Uk(ag) = (LY X3)(Ly fo) = Ly (X(fe), Ulae) = Ly (U(f2)).
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Hence the inclusions (11) follow. Analogously, for a € R, ay = LY f € Ry and
ap = Lf/ fe € Ry the Leibnitz formula implies

aap = LY (afy), axae= (lf]iﬂf)!LI;/H(fkfé)-

Hence the subrings Ry, are ideals in R and the inclusions (10) hold.
An application of the generalized Leibnitz formula

n

Ly (fX) =)

p=0

p!(f!_p)!waf)@wm

forn=k+0,UecA, U, = L"C/Xk € A, and ap = Lf/fg € Ry gives the equalities

k!
_ 7/ _ k+¢
ag-U—LV(ng), az~Uk = 7(]434—5)!11‘/ (fZXk)~

These formulae prove the inclusions (12). ]

REMARK 3. Let L be a linear operator in a linear space B over any field K.
Let By be M-eigenspace for L. We define By = Bx.oN (L — A\)*B. Hence we
obtain the flag structure

(13) Byxo2Bx12By22---.

The flag structures (3), (7) and (9) are special cases (for L = Ly and L =
ad,) of the hidden canonical flag structure (13) in the eigenspaces of any linear
operator L.

EXAMPLE 1. Let us show that both flags (3) and (9) can be infinite. Con-
sider a Hamiltonian system

OH . OH

14 .7;:_ ) i = )
(14) 2 9" %=

17L
H=— ? (Dia
2;pz+ (¢:)

where the potential ®(g;) is a homogeneous function of degree —2, ®(A\g;) =
A"2®(g;). For function F = pygy + - - - + Pn@n, the equations F = 2H and H = 0
evidently hold. Let V denotes the vector field (14). We have H = Ly F/2 €
Ry # 0 and hence H* € Ry # 0. Evidently H*V is a nonzero symmetry of
system (14) and H*V = (2¥K!)~1LY (FFV) € Aj # 0 for all integers k& > 0.
Hence both flags (3) and (9) are infinite. For example, this is true for the
integrable Calogero-Moser system (14) with potential ®(q;) = >_;,;(¢; — q;) "2

REMARK 4. For any system (1), the same method proves that flag (9) is
either infinite or trivial, Ry = 0, and if flag (9) is infinite then flag (3) is either.
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ExaMPLE 2. The Kepler problem has the Hamiltonian function

GMm
VE+B+6

Using the Delaunay variables, Poincaré constructed in [1] the action-angle coor-
dinates I;, ¢; where the Hamiltonian H; (p, ¢) < 0 has the form H;(I) = —KI; 2,
K = G?M?m?3/2. In this coordinates, the dynamics of the Kepler problem is

1
an@=;#ﬁ+£+ﬁ%—

(15) =0, I,=0, I3=0, ¢ =2KI7% $3=0, ¢3=0.

Thus the ring of first integrals R consists of arbitrary functions f(I;, @2, ¢3).
Applying the Lemma on Symmetries of [3], we obtain that all symmetries U of
system (15) are

0 0 0 0
1 _m2 9 3 1 2 3
(16) U U812+U8[3+f3301+f8902+f

9
O3 ’

where U2, U3, f1, f2, f3 are arbitrary smooth functions of I;, 2, p3. Applying
Proposition 10 of [3], we find that system (15) has no symmetries Uz = L2, X»
(that means Ay = 0) and if U; = Ly X; then vector field X; (a mastersymmetry
[5]) has the form

3 0 < B
_ i 9 i 9
X1 ;F ar; +;G 0,

where F7 and G7 are arbitrary functions of I;, 2, p3. Hence we find
(17) Uy=LyX, =[V,X1] =6KF'I;*0/0p, = 3F'I;'V.

Thus for the Kepler problem at H; < 0, the formulae (16) and (17) prove that
the Lie algebra of symmetries A is a free module of rank 5 over the ring R
and the Lie subalgebra A; C A is a free module of rank 1, and As = 0. Since
formula (17) has form (2) with first integral a(z) = 3F'I; ', we obtain that for
the Kepler problem any mastersymmetry X; is a conformal symmetry.

PROPOSITION 1. Let system (1) be any Hamiltonian system

. 9H . 0H
p’L_ aq,L? ql_apl)

(18)

on a symplectic manifold M?" which is integrable in the Liouville sense and
has compact invariant submanifolds. Then flag (3) has the form A D A; D0,
Ay = 0, and the Lie subalgebra Ay is abelian. If the two Lie algebras coincide,
A = Ay, then system (18) is almost everywhere non-degenerate in the Poincaré—
Kolmogorov sense [1], [6].
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PROOF. In Theorem 10 of [3], we proved that for any integrable system (18)
the equation L, X = 0 implies L3 X = 0, where X is a vector field on M?".
Hence any symmetry Us = L2, X2 € As necessarily vanishes and Az = 0. Since
[A1, A1] C Ag, the Lie subalgebra A; is abelian.

In Theorem on symmetries [3] we proved that an integrable Hamiltonian sys-
tem (18) is almost everywhere non-degenerate in the Poincaré-Kolmogorov sense
if and only if its Lie algebra of symmetries A is abelian. Since the equality A = A,
implies that A is abelian we obtain that the system (18) is non-degenerate almost
everywhere. [ ]

REMARK 5. Suppose the system (18) is non-degenerate in the Poincaré—
Kolmogorov sense [1], [6] almost everywhere. This means that in the action-angle
variables I;, ¢; the system has the form

(19) I;=0, ¢;= il

2
|5l o

Any symmetry U of system (19) has the form U = >°;_, Sk(1;)0/0p) with
arbitrary functions Si(/;) and the Lie algebra A is abelian [3]. For any symmetry
Uy = Ly X, the vector ﬁeld Xiis X1 =300, fJ( )0/01; [3]. Hence we find

9
(20) Uy =[V,X] = ij o, 81}3 o
k,j=1

Suppose that the Hessian in (19) is degenerate at some N points x; where its
rank is n — r; < n. Then the symmetries U; (20) at the points x; belong to
the subspaces of dimensions n — r;. Hence the Lie subalgebra A; # A and the
quotient Lie algebra A/A; has dimension D > rq + -+ - + ry.
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