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EXACT CONTROLLABILITY OF THE WAVE EQUATION
IN FRACTIONAL ORDER SPACES
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ABSTRACT. We define norm estimates for the trace of solution of
the wave equation with initial conditions in irregular Sobolev spaces of
fractional order. Then exact controllability results are deduced.

RESUME. On établit des estimations de normes pour la trace de la so-
lution de I’équation des ondes avec des données initiales dans des espaces de
Sobolev non réguliers et a puissances fractionnaires. On déduit les résultats
de controlabilité exacte correspondants.

1. Introduction. Let Q be a bounded domain in R? with boundary I' =
99 of class C? and T a positive number. Let ¥ = ]0,T[ x 9 and v(z) be the
outward unit normal vector to z € I.

For any fixed 2° € R? with 2° = (29, 29), we shall use the following notations:

m(z) =z —2° (zcR?),
I'p={z €Tl :m(z) v(x) >0},
Iy={zel:m(z) v(z) <0},

and

EQ = ]O,T[ X FQ,

= =10,T] x T
We introduce the constants R(2°) = max, g "2 — 29))V2 and Ty =
2R(x9).

Consider the problem

v —Au=0in ]0,T] x Q,
yu=0onT,

u(0) = ugp in £,

u'(0) = up in 9,

(E)

where v is the trace operator.
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Recall that for (ug,u1) € Hg(2) x L?(2), this problem has a unique solution,

whose energy is
1
Ey = 5(””0”%&(9) + w72 (q))-

We have [1] the direct inequality

(1) /OT/F (%)Qdadt < ¢o(T)Ey

and, for any T > Ty, the inverse inequality

2) /OT/F (%)2d0dt > ¢1(T)Ey

where ¢o(T), ¢1(T) are positive constants. In this report, we generalize, for
nonregular initial states (ug,u1), estimation (2) of 9% in L?(0,T; L*(Iy)) into
an estimate in L?(0,T; H=%/%(Ty)), where 6 € [0,1]. Consequently, we give, by
HUM [1], the corresponding exact controllability result for initial conditions in
Sobolev spaces of fractional order.

2.  Main results.

2.1.  Norms estimations. Let 6 € [0,1]. For (¢o,p1) € D(Q) x D(Q) we set

ool = [ h2E] i @

where @ is a solution of the homogeneous wave equation (E) corresponding to
the initial state (@o, ¢1).
We denote by Fy the completion of D(Q) x D(Q) with | - ||%, norm.

THEOREM 2.1. There exists a positive constant Cp such that, for any 0 €
[0,1] and T > Ty, the solution ¢ of the homogeneous wave equation (E) with
initial conditions (o, 1) € Fy satisfy the following inequality:

CI T (I R I

where Cr is a positive constant.

To prove the theorem, we shall use the following lemma.

LEMMA 2.1. Let u be a solution of the homogenous wave equation (E) with
initial conditions ug € H>NHE(Q) and uy € H}(Y). Then we have the following
inequality:

g b5,

H=1/2(T)

dt > CpEy

where Fy = %(HAUOH%Q(Q) + HVu1||2L2(Q)) and C a positive constant.
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PROOF OF LEMMA 2.1. If ug € H?(Q)NHJ () and uy € H} (), setting v = u’;
v(0) := uy; v'(0) := Awug, one has a solution v of (E) with initial conditions u
and Aug. Applying inequality (2), we obtain

(5) /OT/F (0 — xo)u(a)(%fdadt > o(T)Es,

where ¢(T) is a positive constant.
For ¢ > 0 sufficiently small (such as T'— 2e — T > 0), we define a function
e € D(R) as follows:

(i) 0<p: <1,

(i) supp(pe) C 10,77,
(iil) @ejer— = 1.

Taking into account

/ o) [ - Owio)(Ge) dodr= [ o J - () (29) dorat,

then multiplying the left-hand side of (5) by ¢. and integrating we obtain
(6)
B

/ETE/F (cLlOmeWio)g, Gy + elOmowio) g ) dod = ()

ut

T Ou O’
_ / ou
/0 /Fg Ve (t)m(O')l/(U) ov Ov do dt

_ _;/OT/F gp;(t)m(a)y(a)%(%fdadt.

Thus (6) can be rewritten as

T Ou ou”
_/0 /FO @E(t)m(a)y(a)a 5 dodt > ¢(T)E;.

L [ omiono) (2 dodr < cori,
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In the same way, by duality , we have

T " "
ou Ou ou
: o Y 1
/0 /row (@) 5 02/ Youllarrawo) 1700 l=r2ry)
where ¢y is a positive constant. Thus
au//
E H H ‘ a dt > ¢(T)E,.
Co 0+C2/ YYo= H2(Ty) Y o 17200 = o(T)Er

Indeed, an application of Young’s inequality gives, for all § > 0,

s 28 00 [ 2 ) 2 15

By using the estimate ||7a lrr1r2(rg) < cllullaz(q) (¢ a positive constant), one
has

T "

Co 1) ou” 2
B+ 2 7H—
@ 0+2</0 517 aw

H—l/Z(FO

T
)dt+602/ el dt) > o(T)Ey.
0

For a suitable choice of 4§, there exists a positive constant Cr such that

T
6u// 2

7 E H

(7) Co 0+C3/0 Ly H1/2(T)

dt > CrE;.

To finish the proof of the lemma it is enough to show the existence of a constant
a such that Ey < af|y2L o ||H 12 (1)
By contradiction, we suppose that there exists a sequence (¢y,), solutions of

o — Ap, =01in )0,T[ x Q
©n(0) = @on, ¢, (0) = Y1,

where (¢o.n, P1.n) € (H?(Q) N HE(Q)) x HE (), satisfying

— 0.
H—l/Q(FO)

||V<P0n||(L2(Q 2 + [, n||L2 @ =1 and HW’ By

Using inequality (5), we deduce that (¢g,n, ¢1,,) is bounded in (H?(Q)NHE(Q)) x
H}(2). There exists a subsequence (pg.n,%1.,) Which converges weakly in
(H?(Q) N H () x HY(Q) — (Ho, 1) and thus, by compactness, strongly in
HY(Q) x LA(9).

Calling ¢ the solution corresponding to the initial data (¢, ¢1), we have

8Acp

)

P

R ENT R p— A .
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which is impossible by a classical unicity result.

PROOF OF THEOREM 2.1. Let (¢o, 1) € L2(2) x H~1(2) and ¢ be the corre-
sponding solution of (E).
Let us introduce the function defined by

// T)drds —ty — 2

where y and 2z belong to H}(Q) and verify —Ay = ¢; and —Az = g, respec-
tively.
By applying the preceding lemma to u, one has

(8) LB e = Crllioliay + lenlia)

Inequalities (2) and (8) give Theorem 2.1 by interpolation.

2.2.  Ezxact controllability. Denote by Ar the Laplace-Beltrami operator.
The following exact controllability results is a consequence of inequality (3):

THEOREM 2.2. There is a time Ty such that if T > Tpy, then for any given
0 € [0,1] and initial data (yo,y1) € (HY(Q) x H~Y(Q)), there exists v €
L?(0,T; H-9/%(Ty)) such that, if y is the solution of the problem

y' —Ay=0 in]0,T[ x Q,
vy =0 on I'g,
vy = (=Ar)~%?v on Ty,
y(0) = yo on Q,
Yy (0) = on Q.

then, at T, y(T) =y'(T) = 0.

PROOF OF THEOREM 2.2. To prove this theorem, one will apply HUM [1]. One
begins with ¢o € Hi~%(Q), o1 € H=?(Q).
Let ¢ € C(0,T; Hy~?(2))NC(0,T; H~?(R2)) be the unique solution of prob-

lem

' —=Ap=0 in]0,T[xQ,

90(0) = Yo in Q?

¢'0)=¢1  inQ,

vo =0 on ]0,T[xT
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Let £ be the unique solution defined by transposition of the following equation

€ —AE=0 in]0,T[xQ,
§T)=0  inQ,
&(T)=0 in Q,
v =n on |0, T[ x T,
where n € L?(0,T; Hg/Q(I‘O)). Setting v = 'y%gp and taking n = (—Ar)~%?v,

we have
¢ € C(0,T;HY(Q)NCH0,T; H71(Q)) and £(0) € HY(Q),£(0) € H71(Q).
Under the hypothesis of Theorem 2.1, one has Fy ¢ H}~%(Q) x H=%(Q) and
thus HY~! x HY C F}. We define

N\: Fo— Fj

(@0, 1) — (£(0); =£(0)).
It is checked that

</\(9007 901)7 ((POa (‘01)>F9 . = /E<(_AF)_9/2U’U>Hg/2(F0),H’9/2(F0) do dt
e

= [l 0,2 0-072(r)

and that A\ is an isomorphism. Thus for any T' > Ty and any (yo,y1) € Fy, there
exists a (¢o, p1) € Fy such that A(vo, v1) = (y1, —Yo)-
Let ¢ and & be the functions defined previously with £y = yo and & = y;.
According to the unicity of solution, one has y = £. Thus y(T) = y'(T) = 0.
This proves the theorem.
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