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SUR LES R.EPRESEN:I'ATIONS TEMPEREES
D’UN GROUPE REDUCTIF P-ADIQUE

KAREM BETTAIEB
Présenté par Vlastimil Dlab, FRSC

ABSTRACT. We study the tempered representations of G(F), where G
is a reductive group over local field F. There are two kinds of irreducible
tempered representations which could be regarded as basic building blocks.
On one hand are the elliptic representations, whose character does not
vanish on the regular elliptic set of G(F), while on the other hand are the
essential representations, which cannot be properly induced from parabolic
subgroups. We establish that if representation = is not elliptic, then = is
a linear combination of representations which are properly induced from
elliptic representations. These results are well known if F = R (see [K-Z]),
but not in the case that F is p-adic.

1. Paramétrage de II(G). Soit G un groupe algébrique connexe réductif
défini sur un corps local non archimédien F de charactéristique 0. Notons G
I’ensemble des points F-rationnels de G. Dans la suite on fixe une composante
de Lévi F-rationnelle My d’un certain sous-groupe parabolique minimal P, de
G défini sur F. Un groupe de Lévi M de G est dit propre si M # G. On
dit que (M,0) est une paire discréte de G si M est un groupe de Lévi de G
contenant Mo et o une classe d’isomorphisme de la série discréte de M. Jusqu’a
la fin de ce chapitre fixons (M, o) une telle paire. La composante déployée de
M (resp. G) est notée Aps (resp. Ag et ap (resp. ag) “I'algdbre de Lie” de Ay,
(resp. Ag). Notons W (M) := WS (M) le groupe de Weyl de (G, M) et ig,m(0)
la classe de la représentation induite Zndp=pn () et R, := RS, le R,-groupe
correspondant. Pour r € R, on définit:

ay = {H €ap;rH=H} et Ryreg = .‘Rf,,eg = {r € Ry;a}y = ag}
Soit R, := RS I'extention centrale du Ro-groupe comme dans [A, section 2J:
1—»Z,—>R,—»§R,,—v1.

Il existe un caractére central x, de Z, tel que I’ensemble II,(G) des consti-

tuants irréductibles de ig (o) soit paramétré par I’ensemble H(ﬁ,,x‘,) des

classes d’équivalence des représentations irréductibles de R, ayant x, comme Z,-

caractére central [A, section 2]. La paramétrisation de II,(G) nous permet

de classifier I'’ensemble II(G) des classes d’isomorphismes des représentations

irréductibles tempérées de G qui est réunion disjointe des WS (Mp)-paires
Regu le January 13, 2003.
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discrétes (M, o) des ensembles II,(G), [H-C.1], [A, section 1]. On note O le
caractere de m € II(G) et ig,m(6,) le caractére de ig,ar(c). Aussi on note L(R,)
I’ensemble des sous-groupes de Lévi S de G contenant M tels que a}; = as pour
un certain r € R,. Le groupe R, est alors réunion disjointe des ensembles R g
S € L(R,). J. Arthur [A, section 2] fait correspondre une distribution-caractére
6C%(M,a,r) := ©(M, 0,r) appelée caractére virtuel de G qui se décompose sous
la forme:

1) O(M,o,r)= Y. 08,,(r)6x

7€M, (G)

ol 8, est le caractére de p, € N(R,, xo) associé & 7 € I, (G).
En inversant (1) on aura, pour tout 7 € II,(G):

(2) Or = |Rs|™? Z 0,, (r)0%(M, 0,7).

1'65%

2. Sur le groupe de Grothendieck de G. Un élément z € G est dit
régqulier si Dg(z) # 0 ou D¢ est le facteur discriminant standard défini dans
[H-C.2, section 15]. Un élément x € G est dit elliptique si son centralisateur
est compact modulo la composante déployée Ag de G. Une représentation dans
II(G) est dite elliptique si son caractére est non nul sur ’ensemble régulier ellip-
tique de G.

THEOREME 1. Toute représentation irréductible tempérée de G est com-
binaison linéaire d’induites d’elliptiques.

PrOOF.  Soit m € II(G). On sait que modulo conjugaison par W (Mp),
il existe une unique paire discréte (M,o) de G tel que m € II,(G). D’apres
I’expression (2), le caractére de m = 7, € II,(G), pr € II(Rs, xo) est égal 3, [A,
section 6):

(3) err = Imal-l E epn (,,.)eG(M’ g, 1‘)
reR,

Bl TR

SEL(R,) reRS

3,768

Pour r € %f,,eg, la décomposition du caractére virtuel ©¢(M, o, 1) est:

6°(M,0,r) = Y Bp(r)ic,s(Os)
S€ll,(S)
(voir [A, section 5]). Ainsi (3) est équivalente a:
@ = Y Y [l X 0 (F()]ics(®0).

SEL(R,) b€M,(S) rERS g
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Si 7 est non elliptique alors la somme de droite de (4) est réduite aux Lévi propre
de S € L(R,) car §,, est nul sur RS, ., [A, proposition 2.1]. De plus la somme
des § € II,(S) est réduite & son sous-ensemble formé d’éléments elliptiques car

sinon 6, est nul sur RS, . [

REMARQUES. (1) Ce théoréme est une généralisation de R. Herb [H] obtenu
dans le cas ou G = Sp(2n) et G = SO(2n).

(2) Kazhdan a montré seulement que si une représentation irréductible tem-
pérée de G est non elliptique alors elle est une combinaison linéaire d’induites
de tempérées [K].
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SHAPE EQUIVALENCE OF AH INDUCTIVE LIMIT SYSTEMS:
CUTTING DOWN BY PROJECTIONS

GEORGE A. ELLIOTT, FRSC,
GUIHUA GONG, AND LIANGQING LI

RESUME. Quelques résultats concernant le concept d’équivalence de
forme et sa compatibilité avec I’équivalence de Morita, qui entrent dans
la classification des C*-algébres simples limites inductives de type AH a
dimension bornée, sont de’montrées.

The purpose of this note is to generalize several results of [EG] (e.g., 5.6 and
5.20) concerning shape equivalence of AH inductive limit systems

A =lim(An = 2, Ming(C(Xns)), $nm) and
B = lim (By = @$2) Mn,)}(C(¥n)), ¥n,m)

to the case that

A= li_l.n (An = @:;1 Pn,:'M[n,i](C(Xn,i))Pn,h ¢n,m) and
B= li_l_P (Bn = @:-:1 Qn,iM{n,i} (C(Yn.i))Qn,i) ";bn,m)s

where: X, ;, Yn ; are connected finite simplicial complexes of dimension at most 3;
[n,4], {n,4},tn and s, are positive integers; My jj(C(Xn,)) (or M(n }(C(Yn,)),
respectively) are [n,i] x [n,i] (or {n,i} x {n,i}, respectively) matrix algebras
over the commutative C*-algebras C(X, ;) (or C(Y5 ), respectively); and P ; €
Mini)(C(Xn;3)) (or Qni € M(n3)(C(Ya,))) are projections. That is, we will
prove that the corresponding results of 5.6 and 5.20 of [EG] still hold if the
direct sums of full matrix algebras over C(X) are replaced by direct sums of
corner subalgebras of full matrix algebras over C(X) (obtained by cutting down
the algebras by projections).

1. All the spaces appearing in this note (including X, ; and Y, ; in the in-
ductive limit systems) are connected finite simplicial complexes of di-
mension at most 3. It is well known (see Remark 3.26 of [EG]) that if
p,q € PM,(C(X))P are two projections (where dim(X) < 3) with [p] =
[g] € Ko(PM,(C(X))P), then there is a unitary u € PM,(C(X))P such that
p = uqu*. More generally, if {p1,p2,...,px} and {q1,42,...,qr} are two sets of

Received by the editors on March 11, 2003.
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mutually orthogonal projections in PM,(C(X))P with
[pi] = [a:] € Ko(PMa(C(X))P),1<i <k,

then there is a unitary u € PM,(C(X))P such that p; = uq;u*,1 <:i< k.

2. All the inductive limit systems (A4, = @:;1 Py iMjy, 5(C(X1,i)) Prjiy $n,m)
are supposed to have simple limit C*-algebras A which are not isomorphic to
either M,,(C) or the algebra of compact operators K. It is well known (see [BDR))
that, passing to subsequences, one may assume that the connecting maps ¢n,m
are 12-full, i.e., rank¢}?, (P :)/rank(Py ;) > 12 for all 4, 5.

Definition 3. Two inductive limit systems A = lim(A,,¢nm) and B =
lim(By, %n,m) are said to be shape equivalent if there are sequences {k;}, {l;}
and homomorphisms &;: A, — By, and 7;: By, — Ag,,, such that the diagram

® kg, ks,
Ay, B4, = Ay, B2
4)) 161 " & ¥ |l ¥

wlz I3

Yy ,lg : Yig,1
17 Blz 2 Bl3 fat 1

By,
commutes at the level of homotopy, i.e.,

Prikipr ~n Mo and Yy, ~h Eig1 07

The above two inductive limit systems are said to be KK-shape equivalent if

KK(¢ki:ki+l) = KK(T],' ° 61) € KK(Akn AkH.l) and
KK(¢ls.li+1) = KK(&'+1 ° 771') € KK(BI." Bl¢+1)'

Obviously, shape equivalence implies KK-shape equivalence. For the simple
AH inductive limit systems with dim(Xp,;) and dim(Y;,;) at most 3, we have
the following converse.

Lemma 4. Let A = lim(An = @2, Pni Min3(C(Xn;))Pris$nm) and
B =1lim(Bn = @;Z; @n,iM(n,}(C(Yn,:))Qn,is¥n,m) be two simple AH inductive

limits as in §1 and §2. If the systems (An,Pn,m) and (Bn,¥nm) are KK-shape
equivalent, then they are shape equivalent.

PROOF.  Let &;: Ay, — By, and #;: By, — Ay,,, be homomorphisms induc-
ing a KK-shape equivalence. Since KK (¢, ,) = KK(m 0&) € KK (Ax,, Ax,),
by §1, there is a unitary u € Ay, such that ¢, i, (lAk‘) = u(m o 51(1,4,“ )u*.
Again we have KK (¢, x,) = KK(Aduomn o). Applymg Lemma 3.24 of [EG)
to each pair of partial maps,

k2? (Adu omo 51) )J A‘ — ¢k1 kz(lAm )A kx kz(lAm )s
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we obtain a unitary v € Ag, such that ¢, i, is homotopic to AdvoAduon, o&;.
Replacing 7 by the new map Adv o Adu o7, we make the first triangle in
the diagram (I) commute at the level of homotopy (instead of KK). One can
continue this procedure to construct the shape equivalence. [ |

5. A KK-shape equivalence between
A= h'_r;1(A,,,¢,.,m) and B = 1i_t}1(Bm Ynm)

induces an isomorphism of scaled ordered K-groups
a: (KO(A)1 KO(A)+’ D(A)’ KI(A)) = (KO(B)’ KO(B)+: D(B)» KI(B)))

where D(A) is the dimension range of A which is the subset {[p] € Ko(A) :
p € A is a projection}, and Ko(A)* is the semigroup generated by D(A) (see
§1.2 of [EG]). Note that for any stably finite C*-algebra A, (Ko(A), Ko(A)*) =
(Ko(ARK),Ko(A®K)*) and D(A) C D(A®K) = Ko(A®K)*.

6. Consider inductive limit systems
A = lim (An = @2 Min(C(Xn)), $nm) ond
= lim (An = @2y PaiMin(C(Xn,0)) Pats br.m)

with ¢n.m = q"s,,,m| A+ We will call the inductive limit system (An,#n m) a cut-

down of the system (Ay, $nm)- Obviously, A = U,,_1 bnoo(14,)Abn.co(14,),
if 14, is regarded as an element of A, (see §1.3 of [G] for details). In the rest
of this paper, we will always assume P,; # 0 for any n,i. In these circum-
stances, the inclusion map i: A — A (or i: A, — Ap, respectively) induces
a stable isomorphism AQ K 2 AQ® K (or A, ® K = A, ® K, respectively)
and induces the identity element [1] € KK(A® K, A®K) (or [1] € KK(A, ®
K, A, ® K), respectively). This inclusion also induces an order isomorphism
of Ko-groups (Ko(A), Ko(A)*) = (Ko(A), Ko(A)*) (or (Ko(An), Ko(An)*)
(Ko(Ay), Ko(A,.)’*')) But for the scale, we only have the inclusion D(A) C D(A)
(or D(An) C D(4,))-
Furthermore, if

C =@, QiM,(C(¥)@: is a cut-down of € = Bi, My, (C(¥))
with Q; # 0, then KK (A,,C) = KK(A,,C). If é: A, — € is a homomor-
phism, then KK (¢) = KK (4|4, ), regarded in KK(A,,C) (= KK(An,C)).
Theorem 7. Let A = lim (4, = @Dy Pri Min3)(C(Xni))Priybnm) and
B = lim (Bn = @®i2) @niM(5n,i}(C(Yn,:))@n,5y ¥n,m) be cut-downs of the sim-
ple AH inductive limit systems A = h'gl(fin =@, M §(C(Xn,)), $n.m) and
B = hln(ﬁ (45 Y M{,,,,-}(C(Y,.,,-)),zl.),,,m), respectively. If there is a shape
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equivalence between (An,q.ﬁ,,,m) and (Bn,‘l,l;n,m) which induces an isomorphism
a: (Ko(A), Ko(A)*, D(A)) — (Ko(B), Ko(B)*, D(B))

satisfying a(D(A)) = D(B), then there is a shape equivalence between the cut-
down systems (An,®nm) and (Bn,¥nm), which may be chosen to induce the

same isomorphism as o (identifying Ko(A) = Ko(A), Ko(B) = Ko(B)).

PROOF. By Lemma 4, it is enough to prove that the systems (A, ¢n,m) and
(Bn,%n,m) are KK-shape equivalent. Passing to subsequences, we may assume
that there is a homotopy intertwining

5 41,2 < d23 7 934 N
Ay 23 4, 323 4 =28 — A
| R R

=¥ A - v ~
Bl 1,2 B2 2,3 B3 3,4 . B

which induces a: Ko(A) — Ko(B). We will construct a diagram

Pky ke Pkg k. Pkg,k
Ak1 fut L Ak, Lo Aka fud L — — A
161 "V &2 q}) €3 "V

Yy Vig,t Vil
By, ing B, 23 B, il —~ B

which commutes at the level of KK-theory.
Let k) = 1. Consider [14,] € Ko(A1). Since a(D(A)) = D(B), one has

((@1,00)x 0 (11)) ([(Lay]) = (@ © ($1,00)4)([14,]) € a(D(A)) = D(B).

This implies that there are an !, and a projection P € By, C B,l such that
(%1, © 71(14,)] = [P] € Ko (B1,)- Hence by §1, there is a _unitary u € By, such
that uty 1, (11(14,))u* = P € By,. Consequently, (Adu o P11, ©71)(Ar,) € By,
Let &,: Ax, — By, be defined by £, = (Adu °¢1,zl o71)|a,,- Then KK(§1) =
KK (41, o11), where we identify KK (Ay,,Bi,) with KK (Ay,, By,). Similarly,
for By, there are A, and a unitary v € Ay, such that (Advogy, +1,k,0u1, )(B1,) €
Ag,. Set m; = (Adv o @y, 414, © 11, B, . ¢ B, = Ag,. Obviously,

KK(mo&)=KK(t,4+1,k, © i1, 0 V113 071) = KK (Pry kg) = KK (Bry k2)-

Hence we obtain the first commuting triangle of the desired diagram. The other
parts of the diagram can be constructed in the same way. [ ]

Proposition 8. Suppose that the inductive system

(An = D21 Mizn(C(Xn1)): bn,m)
has simple limit A with A 3 M,(C) or K. Then there are a subsequence (Ak,)
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of (An) and maps Yi, k,,,: Ak, — Ak,,, which are homotopic to the maps
Ok kst Ak, = Ak,y, Such that H_IP(Ak,‘,’lﬁkmkn +1) 8 simple and of real rank
zero.

PROOF. By Proposition 5.33 of [EG], there exist such A, and ¢k, k..,
making 4’ = lig(Akn, Ykn kns1) Of Teal rank zero. Since shape equivalence pre-

serves the ordered Ko-group, (Ko(A’), Ko(A')*) = (Ko(A), Ko(A)*) is a simple
ordered group by 6.3.6 of [Bl] applied to A. Consequently, A’ is also simple, by
2.2 of [GL).

As a consequence of Theorem 7, Lemma. 5.6 (see also 5.1-5.5) of [EG] can be
generalized to the following result.

Corollary 9. Let A = lim(An = @2 Pni Minj(C(Xn))Pai»$nm) and
B = lim(B, = @;=, @Qn,iM(5 i} (C(Yn,1))@n,is ¥n,m) be simple inductive limit
C*-algebras, where X, ;, Yy i are connected finite simplicial complezes of dimen-

sions at most 3 with finite cohomology groups H*(X,, ;), H3(Xn:), H2(Y, ), and
H3(Yn ). Suppose that

a: (Ko(A), Ko(A)*, D(A), K1(A)) — (Ko(B), Ko(B)*, D(B), K1(B))
1s an isomorphism of the scaled ordered K-groups. Then there is a shape equiv-
alence between (An, ¢n,m) and (Bn,¥n,m) which induces the isomorphism a.

ProoF. By Lemma 1.3.3 of [G], (Au,¢n,m) (or (Bn, ¥n, - _Tespectively)
can be regarded as a cut down system of (A,.,¢,,,m) (or (Bp,Wn,m) respec-
t1vely) as_described in Theorem 7. Obviously, one can further assume that

hm(A,,, $nm) and B = hm(B,,,d),.,m) are stable. Hence D(A) = Ko(A)* =

Ko(A)"' and D(B) = Ko(B)t = Ko(B)*. 1t follows that o induces an isomor-
phism

&: (Ko(A), Ko(A)*, D(A), K1(A)) — (Ko(B), Ko(B)*, D(B), K1(B)).
By Theorem 7, the proof of the result is reduced to the case of full matrix algebras
which is the case of Lemma 5.6 of [EG] according to Proposition 8. |

Similarly, the shape equivalence part of Lemma 5.20 (see also 5.18 and 5.19)
-of [EG] can be generalized:

Corollary 10. Let A = lim(An = @2, PaiMin 4(C(Xn;))Pa, bnm) and
A' = lm(A; = @2, PaiMin,i(C(Xn))Pajisnm) be simple inductive limits
with A, = A;, and let the connecting maps ¢nm and Pp ;, satisfy

(Bnm)s = (Ynm)s: Ku(An) — Ku(Am).
In particular,

(Ko(A), Ko(A)*, D(4), K1(4)) = (Ko(A'), Ko(A')*, D(A'), K1(4")).
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It follows that the systems (Ap,¢n,m) and (A, = An,¥nm) are shape eguiv-
alent. Furthermore the shape equivalence may be chosen to induce the above
isomorphism of K-theory.

(In the application in [EGL], we only need the case that X, ; are of the forms
{pt},[0,1], S, Tr1 %, Tr11k, and S?, and 9y s satisfy the condition (*) in 4.1 of
[EGL), which corresponds to the conditions in 5.18 of [EG]. But the proof of 5.20
of [EG] (referred to below) holds for the above more general form for the case of
full matrix algebras.)

PROOF. By §1, one can modify the homomorphism %5, »+1 by conjugating by
a unitary to make the following true: ¥n,n+1(14;) = @n,n+1(14;) for any block
A of A,,. Then, as in the construction in 2.1.2 of [EGL], the two homomorphisms

Sotntts Unis
PriMin,(C(Xn 1)) Pais 6n.m) = &3hnis (Pt Min41,31(C(Xni1,5)) 8ot (Pot)
can be dilated to unital homomorphisms
¢ and ¥: M )(C(Xni)) — QMe(C(Xnn,;))Q

respectively, with the same projection Q. As a consequence (see §1.3 of [G] and
4.24 of [EG]), there are inductive limit systems

IEI‘(AH = @:;1 M(n,i]' (C(Xn,i))1($n.m) and
11_1}1(:&1, = A" = @:;1 MIn,i]’ (C(Xn,i))’ 1nz'n,m)

(_With the same A,) such that for each n, Ay, is a corner of A,, and Pagn =
®n,mla, and ¥n m = ¥n mla,. Obviously

(&n,m)t = (";n,m)t: K#(An) —* K-(Am)'

By Proposition 8, (fi,.,:f&,.,m) and (/in,tﬁn,m) are shape equivalent to inductive
limit systems of the kind (with real rank zero limit algebras) described in 5.18~
5.20 of [EG]. (Note that the only property of the inductive limit systems (besides
that the limit algebras are simple) actually used in the proof of Lemma 5.20 of
[EG] is that (@n.m)e = (Pn m)e: Ko(Ap) — K, (A,,,), see lines 7-8 on page 597
of [EG]. With this property, the maps id,: K.(4,) — K.(A!) give an inter-
twining at the level of K-theory (not KK-theory). Such 1dent1ty maps id,, can
be used to construct a shape equivalence because they take K. (A4%) to K.(4,2).)
Hence by Lemma 5.20 of [EG], (An, ¢n.m) and (An, ¥ ,m) are shape equxva.lent

The corollary follows by Theorem 7. [ |

(If one checks the proofs of Lemmas 5.6 and 5.20 carefully, one will notice that
the real rank zero property was not used in the proof. In fact, in the proofs, one
needs to pass to C*-algebras which are not simple and not of real rank zero. But
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the simplicity of the ordered K-groups is used in the proof. Hence, in principle,
one does not need Proposition 8 in the above proofs of Corollaries 9 and 10.)

To conclude this note, we announce the following classification theorem which
is proved in [EGL]. Suppose that A and B are unital simple AH algebras as
described in §1 and §2. Suppose that there is an order isomorphism

a: (Ko(A), Ko(A)", [14], K1(4)) — (Ko(B), Ko(B)*, [18), K1(B))

and there is an isomorphism between compact convex sets £: TB — TA such
that a and £ are compatible in the sense 7(a(g)) = £(7)(g) for any g € Ky(A)
and 7 € TB. Then there is an isomorphism ¢: A — B which induces « and &.

Corollary 9 and Corollary 10 are used in the proof of the above theorem.
These two corollaries are not used in the real rank zero case in [EG], because
in [EG], we are not assuming the C*-algebras are unital, so we can replace the
cut-downs of full matrix algebras by full matrix algebras themselves (see 4.24 of
[EG] and §1.3 of [G]). Notice that when a cut-down system is replaced by the
corresponding inductive limit system of full matrix algebras, the system (and
the limit algebra) may not be unital any more (see Remark 1.3.4 of [G]). The
techniques of [EGL] apply specifically to the unital case. On the other hand,
the classification theorem for the non-unital case follows as a corollary from the
unital case.
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A CONGRUENCE THEOREM OF GEODESICS
ON SOME NATURALLY REDUCTIVE
RIEMANNIAN HOMOGENEOUS MANIFOLDS

TOSHIAKI ADACHI AND SADAHIRO MAEDA
Presented by Vlastimil Dlab, FRSC

ABSTRACT. We establish a congruence theorem of geodesics on real
hypersurfaces of type A, which are naturally reductive homogeneous Rie-
mannian manifolds, in a nonflat complex space form by using submanifold
theory.

RESUME. Nous establissons un théoréme sur la congruence des géo-
désiques sur les hypersurfaces du type A, qui est des variétés homogéne
riemanniennes naturellement reductible, dans des espaces projectives com-
plexes et des espaces hyperboliques complexes s’aidant de la théorie des
subvariétés.

1. Introduction. Let M,(c) denote a nonflat complex space form of con-
stant holomorphic sectional curvature ¢ (# 0), which is either a complex n-
dimensional complex projective space CP"(c) of constant holomorphic sectional
curvature c or a complex n-dimensional complex hyperbolic space CH™(c) of
constant holomorphic sectional curvature c¢. It is well-known that there is no
isometrically immersed real hypersurface which is locally symmetric in a non-
flat complex space form M;(c) with n > 3. However it admits the following
real hypersurfaces which are typical examples of naturally reductive Riemannian
homogeneous manifolds (for details, see [N]): In CP™(c) we have

(A1) geodesic spheres of radius r (0 < r < 7//c),
(A2) tubes around totally geodesic CP¥(c) of radius r (0 < r < /,/c), where
1<k<n-2,

and in CH™(c) we have

(Ag) horospheres,

(A1) geodesic spheres of radius 7 (r > 0) and tubes around totally geodesic
CH™ 1(c) of radius r (r > 0),

(A2) tubes over totally geodesic CH*(c) of radius r (r > 0), where 1 < k < n—2.

These real hypersurfaces are called hypersurfaces of type A in nonflat complex
space forms. In intrinsic Riemannian geometry, naturally reductive homoge-
neous Riemannian manifolds are interesting objects. On a naturally reductive

Received by the editors on June 6, 2003.
AMS subject classification: Primary: 53B25; secondary: 53C40.
Keywords: Naturally reductive Riemannian homogeneous manifolds, real hypersurfaces,

nonflat complex space forms, geodesics, hypersurfaces of type A, normal curvature, structure
torsion.
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12 TOSHIAKI ADACHI AND SADAHIRO MAEDA

U v RE
geodesic sphere of radius 7 in CP"(4) | cotr — 2cot2r
tube of radius r around totally
geodesic CP* in CP™(4) cotr |—tanr | 2cot2r
horosphere in CH™(—4) 1 — 2
geodesic sphere of radius r in CH"(—4) |cothr — 2 coth 2r
tube of radius 7 around totally
geodesic CH™! in CP™(4) = |tadlr |Sealilr
tube of radius r around totally
geodesic CH* in CH™(4) cothr |tanhr |[2coth2r

Table 1: Principal curvatures.

homogeneous Riemannian manifold M, every geodesic is a one-parameter sub-
group of the isometry group Iso(M) of M. These hypersurfaces are also inter-
esting from the viewpoint of extrinsic geometry, that is, submanifold theory (see
Section 2). The purpose of this paper is to give a necessary and sufficient condi-
tion on congruence of geodesics on hypersurfaces of type A by using submanifold
theory (Theorem 2). For this purpose we make use of two geometric invariants
of geodesics. We also characterize hypersurfaces of type A in the class of all
real hypersurfaces in nonflat complex space forms in terms of these invariants
for geodesics.

2. Characterization of hypersurfaces of type A. Let M2"~! be an
orientable real hypersurface in a nonflat complex space form M,(c) and Ny a
unit normal vector field on M in My (c). The Riemannian connections V of My(c)
and V of M are related by VxY = VxY +(AX,Y)Ny and VxNpy = —AX for
vector fields X and Y tangent to M, where { , ) denotes the Riemannian metric
of M induced from the standard metric of My,(c), and A is the shape operator
of M in M,(c). Eigenvalues and eigenvectors of the shape operator A are called
principal curvatures and principal curvature vectors, respectively. It is known
that M admits an almost contact metric structure (¢,&,7,( , )) induced from
the complex structure of the ambient space My (c), which satisfies ¢ = —I+7Q¢,
7(€) =1 and (¢pX,4Y) = (X,Y) — n(X)n(Y), where I denotes the identity map
of the tangent bundle TM of M. They satisfy (Vx¢)Y = n(Y)AX — (AX,Y)¢
and Vx& = ¢AX. The Codazzi equation for the real hypersurface M in M,(c)
is expressed as

(VxA)Y = (VyA)X = (c/4){n(X)dY —n(Y)$X — 2(¢X,Y )¢}

We consider two geometric invariants for a geodesic v of unit speed on a
real hypersurface M2"~! in M,(c) with ¢ # 0. One is the normal curvature
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K(s) of v which is defined by k- (s) = (A¥(s),¥(s)), where 4(s) is the tangent
vector along v with respect to arclength s. We see by use of the first equality
in (2.1) that |k,| = ||V44| is the first curvature of v in the sense of Frenet
formula by regarding it as a curve in the ambient space Mp(c) if it does not
vanish anywhere. The other is the structure torsion p.(s) of v which is defined
by py(s) = (7(s),&4(s)), Where & is the characteristic vector field of the real
hypersurface M (see [AMY]).

We now restrict ourselves to hypersurfaces of type A which are the simplest
examples of real hypersurfaces in a complex space form. They have the principal
curvatures as in Table 1. In the table, TM = U & V & R{ is the splitting of the
tangent bundle into principal curvature vector subbundles, and 1 < k <n —2.
The dimensions of subbundles U,V are 2(n — k — 1) and 2k, respectively.

It is well-known that these real hypersurfaces are characterized in the following

way in terms of the structure tensor and the shape operator (see for example
[NR]).

PROPOSITION. Let M be a real hypersurface in My,(c) with ¢ # 0. The following
conditions are mutually equivalent:

(1) M is a hypersurface of type A. ;

(2) The structure tensor ¢ and the shape operator A of M in My(c) are com-
mutative: A = Ag.

(3) The covariant derivative of the shape operator A satisfies

(2.1) (VxA)Y = ~(c/4){{X,Y)¢ +n(Y)¢X}.

In this section we provide the following characterization of hypersurfaces
of type A in a complex space form in terms of geometric invariants for their
geodesics.

THEOREM 1. Let M be a real hypersurface in My(c) with c # 0. The following
conditions are mutually equivalent:

(1) M is a hypersurface of type A.
(2) For every geodesic v on M the normal curvature k., is constant along .
(3) For every geodesic vy on M the structure torsion p, is constant along ~y.

ProoF. (1) & (2). If M is a hypersurface of type A, then (2.1) yields
Viky = V4(AY,9) = ((V4A)7,¥) = 0 for every geodesic v on M, which leads
us to the second condition. Conversely, under the second condition, our real hy-
persurface M satisfies ((V x A)X, X)) = 0 for every tangent vector X of M. This
is equivalent to the condition ((VxA)Y, Z) + ((VyA)Z,X) + ((VzA)X,Y) =0
for arbitrary X,Y and Z tangent to M. On the other hand, by virtue of Codazzi
equation, we have

(VzA)X,Y)=(VxA)Z,Y) = £{n(2)(6X,Y)-n(X)($Z,Y)-20(Y)(#Z, X)}.
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Exchanging the roles of X and Y, we get
(VZA)Y, X)=((Vy 4)Z, X) = Z{n(2)(4Y, X) -n(¥)($Z, X) ~2n(X)($Z. ) }.
Summing these three equalities, we obtain

(VzA)X,Y) = -2 {n(X)($Z,Y) + n(Y)(6Z, X)}

for every X,Y and Z tangent to M. This is equivalent to the equality (2.1), so
that M is a hypersurface of type A.

(1) & (3). By Proposition, in order to see that M is a hypersurface of type
A, it suffices to show that the condition ¢A = A¢ is equivalent to the third
condition. As we find that pf, = V4(},€) = (4,V4€) = (¥,¢A%) for every
geodesic v on M, we obtain under the third condition that (X,¢$AX) = 0 for
each tangent vector X € TM. In particular, we see (X +Y,0A(X +Y)) =0
for every tangent vectors X,Y € TM. This guarantees (¢4 — A¢)X,Y) =0
for arbitrary tangent vectors X,Y € TM, hence we see $A = A¢. On the other
hand, if M is a hypersurface of type A, as A = A¢, we find by the equality
o5, = (¥, ¢A7) that the structure torsion p, is constant for every geodesic on M.

|

3. Congruence theorem on geodesics of type A hypersurfaces. In
this section we establish the following congruence theorem for geodesics on hy-
persurfaces of type A by use of two geometric invariants, normal curvature and
structure torsion. This is an extension of our preceding result in [AMY] of con-

gruence theorem for geodesics on geodesic spheres in a nonflat complex space
form.

THEOREM 2. Let 11,72 be two geodesics on a hypersurface M of type A in a
nonflat complex space form My(c). The following conditions are equivalent:

(1) These geodesics are congruent, that is, there exists an isometry ¢ of My(c)
satisfying that v1(s) = (@ 0 ¥2)(s + 80) for every s with some sy.

(2) They have the same absolute values of normal curvatures and structure tor-
sions.

By the result of [AMY] we only need to show this theorem when M is a real
hypersurface of type As. To do this we need the following lemmas.

LEMMA 1. Let M be a tube around totally geodesic CP* (1< k< n-—2) in
CP™. For arbitrary principal vectors u € Uz, v € V; and v’ € Uy, v' € V,, with
flull = llvll = llv'|l = |v']l = 1 at arbitrary points z, y, there exist isometries pt,
¢~ of CP™ with

() ¢*(M) =5~ (M) =M and g*(z) = ¢~ (z) =y,
(if) d@z(u) =o', dpz(v) =o' and dpf (&) = &, dp7 (6) = —y-
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PROOF. It is enough to study on CP™(4). Let w: §2"*! — CP™ denote
the Hopf fibration of a unit sphere $2*+! in C**! and M a hypersurface given
by

2 2 2
_ n+1 | lwol® + -+ fwi|* = cos®r, }
{‘w—(wo,wl,...,w,,)EC |wk+1|2+---+|wn|2=sin2r .
We see that @w=1(M) is isometric to M.

For the sake of simplicity we only treat thecasen =3,k =1land M = w(M).

At a point w = (wg, w1, w2, w3) € M; the tangent space of M, is represented as

ToM; = {(w,v) € {w} x C3? | Re(woTo + w1%1) = Re(was + wads) = 0}
= {(w, (V-lawp — aw,, vV —law; + aiy,
v —=1bwy — B3, vV —-1bws + ﬂﬁ)z)) I a,beR,a,fB € C},

where Re(a) denotes the real part of a complex number a. Let T,,S7 = Hy, &V,
denote the horizontal and vertical decomposition of the tangent space of S7 at
w with respect to the Hopf fibration. They are represented as H, = {(w,v)
wollp + w17y + walz + w3z = 0} and V,, = {(w, v=law) | a € C}. We denote
by (TwM;)t the orthogonal complement of T, M, in T,,S7. We find that the
horizontal lift Ny, € (TyyM;)L NH, of the unit normal ANjy at @(w) is of the
form N, = (w,( tanTwo, — tan rw, cot Twy, cotrws)). We set &y = —JN,
and denote by (£,) the real linear subspace spanned by £,. Here we denote
the complex structure of C* also by J. The horizontal part (€w)t NHy of the
orthogonal complement subspace ()t in T, M, is represented as () NHy
{(w, (=1, ao, —Bws, fid2)) | @, B € C} If we set U, = dw™ (Uw(w)) N 'H
and V,, = dw™ Y (Vo (w))NHuw, we see Ty MNH,, = (£4,)0U, @V, and U, and ¥,
are complex linear subspaces spanned by 7, = (w, (— secr;, sec i, 0, 0)) €
U, and ¢w = (w, (0,0, —csc r‘u‘;s,cscrwg)) €V, respectively.

Consider a point z = (cosr,0,sinr,0)(€ Ml). For arbitrary a, 8 € C with
|a| = |B8] = 1, the unitary matrix

seCTwy —QSecrw; 0 0
SeCTwW; QSecTwy 0 0
0 0 cscTwe —fcscws
0 0 cscrwy  fcescio

induces an isometry @} ; of S7 such that

() ¢Fs(2) =wand ¢,,B(M)
(ii) (d‘Pa,e)z(N ) =Ny and (d@] ﬁ)z((§z>l NH;) = (€w)l NHy,
(iii) (dp35)z(n:) = anw and (dd7 5)2(C2) = Blu-
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This guarantees the existence of an isometry ¢+ of CP™ with desirable con-
ditions. We can similarly construct an isometry ¢~ and get the conclusion.

For a tube M around totally geodesic CH* (1 < k < n —2) in CH", we
consider the Hopf fibration w: HZ"*! — CH™ of an anti-de Sitter space H>"! =
{w = (wo,w1,...,wa) € C™* | —|wol? + [wr|? + - + |wn|? = =1} in C™+1,
Since the hypersurface w=!(M) in H2"*! is isometric to a hypersurface given
by

lwo|? + - - - + |wi|? = cosh? 7, }

W=(Wo,Wiyse.0.,W GC"+1| H
{ (0: 1y ’ ﬂ) lwk+1|2+...+|wn'2=31nh2'l'

by just the same argument as in the proof of Lemma 1, we can obtain the same
result for this tube M.

LEMMA 2. Let M be a tube around totally geodesic CH* (1 <k <n-—2) in
CH™. For arbitrary principal vectors u € Uz, v € V and v' € Uy, v' € V,, with
[l = lv]| = |||l = |v'll = 1 at arbitrary points z, y, there exist isometries pt,
@~ of CH™ with

(i) ¢*(M)=¢~(M)=M and g*(z)=¢"(z) =y,
(i) dpE(u)=1', dpE(v) =0 and dpf (&) = &y, P (&) = —&y-

We here give the relationship between the normal curvature and the structure
torsion of a geodesic on a hypersurface of type A; and the decomposition of its
tangent vectors into principal curvature vectors.

LEMMA 3. Let M be either a tube of radius v around totally geodesic CP*
(1 € k < n—2) in CP™(4) or a tube of radius r around totally geodesic CH*
(1 £ k < n-2) in CH"(-4). For a geodesic v on M, we denote by ¥(s) =
u(8) 4+ v(8) + py&y(s) € Uqy(s) ® Vo(s) ® REy(s) the decomposition of the tangential
vector into principal vectors. We then find the norms ||u(s)|| and |lv(s)| are
constant along v, and these only depend on normal curvature, structure torsion
of a geodesic and the radius of tube.

PROOF. For a geodesic y on a tube of radius  around CP¥, as we have
Ky = (A%(8), () = p%(cotr — tan) + cot rlu(s)|I* — tanrilv(s)|*

and 1= [4(s)]I2 = p2 + lu(s)||? + llv(s)II?, we find [lu(s)||? = sin r — py cos?r +
Ky sinTcost and ||u(s)||? = cos®r — pysin®r — k., sinrcosT.

Similarly, for a geodesic 4 on a tube of radius r around CH*, we have
lu(s)? = —sinh®r — pycosh®r + K, sinhrcoshr and [lv(s)|[> = cosh®r +
pysinh? r — k. sinhr coshr. Hence we obtain the assertion. |

PROOF OF THEOREM 2. Since M is an orbit of some subgroup of Iso(M(c)),
for every ¢ € Iso(M) there is an isometry @ of M(c) with @|ar = ¢. Therefore
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it is trivial that the first condition implies the second. We hence show the
converse. If a hypersurface M is of type Ag or A,, it was already shown in
[AMY] that geodesics are congruent if and only if they have the same absolute
values of structure torsion. If M is of type As, we see by Lemma 3 that the
decompositions §i(s) = ui(s) + vi(s) + p1&y,(s) into principal vectors satisfy
llurll = lluzll, flvall = ||lv2|l- Hence, by Lemmas 1 and 2, there is an isometry ¢
of M with 41(0) = dy(¥2(0)), which guarantees that y; = @ 0 7. |

REMARK. We say that two geodesics 71, y2 parameterized by their arc-length s
are congruent in the strong sense if there exists an isometry ¢ of My (c) satisfying
71(8) = (poyz2)(s) for all s. For geodesics on a hypersurface of type A in a nonflat
complex space form, congruency in the strong sense is equivalent to congruency.

REFERENCES

[AMY] T. Adachi, S. Maeda and M. Yamagishi, Length spectrum of geodesic spheres in a
non-flat complex space form. J. Math Soc. Japan 54(2002), 373-408.

[N] S. Nagai, The classification of naturally reductive homogeneous real hypersurfaces
in complez projective space. Arch. Math. (Basel) 69(1997), 523-528.

[NR] R. Niebergall and P. J. Ryan, Real hypersurfaces in complex space forms. In: Tight
and Taut Submanifolds, (eds., T. E. Cecil and S. S. Chern), Cambridge University
Press, 1998, pp. 233-305.

Department of Mathematics Department of Mathematics
Nagoya Institute of Technology Shimane University

Gokiso, Nagoya, 466-8555 Matsue, Shimane, 690-8504
Japan Japan

e-mail: adachi@math.kyy.nitech.ac.jp e-mail: smaeaeda@math.shimane-u.ac.jp


mailto:adachi@Tnath.kyy
http://ac.jp
http://ac.jp

C. R. Math. Rep. Acad. Sci. Canada Vol. 26, (1), 2004 pp. 18-24
ON THE CLASSIFICATION OF TAI ALGEBRAS
ZHUANG NIU
Presented by George A. Elliot, FRSC

ABSTRACT. It is shown that unital simple separable nuclear TAI alge-
bras which satisfy UCT (the Universal Coefficient Theorem) can be classi-
fied by their ordered K-group and space of tracial states.

REsUME. Nous classifions la classe des algébres nuclaires sparables
simples unital de TAI qui satisfont UCT (le théoréme universel de coeffi-
cient) par leur K-groupe de order et espace des états tracial.

1. Introduction TAI algebras were first introduced by Huaxin Lin [Lin2].
Roughly speaking, this is the class of C*-algebras which can be approximated
by interval algebras in trace (or in “measure”). This class has been shown to
contain many examples, for instance, the unital simple AH algebras with very
slow dimension growth, and the unital simple AH algebras with slow dimension
growth and with real rank zero (these are in fact TAF algebras).

Recall that a unital simple separable C*-algebra A is a TAI algebra if for any
finite subset F C A, any € > 0, and any a € A* \ {0}, there exist a nonzero
projection p € A and a sub-C*-algebra B = @f=1 M, (C([0,1])), with p = 1p,
such that

1. |lzp—pz|l <e, ze€F,
2. dist(pzp,B) <e, z € F, and
3. 1 —p is equivalent to a projection in (aAa)~.

In [Lin3], Lin showed that if a unital simple separable C*-algebra satisfies the
properties (1) and (2) above, then it has property (SP), which states that every
nonzero hereditary sub-C*-algebra contains a nonzero projection.

Concerning the classification of this class of C*-algebras, much work has been
done by Huaxin Lin in [Lin2]. Lin introduced the concept of KK-attainability
for TAI algebras: Denote by P(A) the set of projections in

® Mo(4aCr) e B M.(A® 5Cx)
k=1 =1

where C, is a fixed commutative C*-algebra with Ko(Cx) = Z/kZ and K;(Ci) =
0. A C*-algebra A is said to be KK-attainable (for simple TAI algebras) if for
any unital separable simple TAI algebra B, any o € Homy (K(A), K(B))* and
any finite subset P C P(A) with [14] € P, there exists a sequence of completely

Received by the editors on April 21, 2003.
AMS subject classification: 46L35, 46L80.
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positive linear contractions L,: A — B ® K such that

|Ln(a)Ln(b) — Ly(ab)|| — 0
for all a,b € A as n — o0, and

[Lallp = alp

for all sufficiently large n. Lin also gave many interesting examples of C*-algebras
which are KK-attainable; for instance, every separable locally continuous trace
C*-algebra, and hence every AH-algebra, is KK-attainable. For this class of
C*-algebras, Lin showed in [Lin2] that:

THEOREM 1.1. Let A and B be two KK-attainable unital simple separable
nuclear TAI algebras which satisfy UCT. Suppose that there is an isomorphism

(KO(A)v KJ'(A), [lAli K, (A)vT(A)) = (Ko(B), K(-)*-(B)’ [lB]’ K, (B)v T(B))
Then A= B.

Therefore, an interesting task left for the classification of the general TAI
algebra is to see which ones are KK-attainable. This is the main purpose of
this paper. We will show that every unital simple separable nuclear TAI alge-
bra which satisfies UCT is KK-attainable, and thus, all such algebras can be
classified by their invariant. The basic idea is similar to that of Huaxin Lin’s
work for TAF algebras [Linl]. In that paper, he showed that every simple sep-
arable nuclear TAF algebra which satisfies UCT is KK-attainable (for simple
TAF algebras), by constructing a suitable completely positive linear contraction
from a given such TAF algebra to the unital simple AH algebra of real rank
zero with slow dimension growth which has the same K-group. In this paper we
shall show that we can also construct such a map from a unital simple separa-
ble nuclear TAI algebra to the corresponding AH algebra of real rank zero with
slow dimension growth which has the same K-group. Since by [EGL] or [Lin2],
such an AH algebra is KK-attainable (for simple TAI algebras), we can see that
KK-attainability will also hold for this class of TAI algebras. To be precise, we
have:

THEOREM 1.2. Let A be a unital separable simple nuclear TAI algebra which
satisfies UCT, and suppose that B is a unital simple AH algebra of real rank zero
with slow dimension growth such that

(KO(A)’K(-)F(A)f [lA]a KI(A)) = (KO(B)aK(-).-(B)’ []-B]» KI(B))

Choose a € Homy(K(A), K(B))* giving rise to this isomorphism (see [DL]).
Then, for any finite subset P C P(A), there is a sequence of completely positive
linear contractions L,: A — B such that

1. ||[Ln(a)Ln(b) — Lyp(ab)|| = 0 for alla,be A asn — oo,

2. [Lp)lp = alp for all sufficiently large n.
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2. The proof of the main result First we give a lemma which has a
conclusion similar to the conclusion of Lemma 2.2 of [Linl] but applies to more
general C*-algebras.

LEMMA 2.1. Let A be a separable unital C*-algebra that has property (SP),
and let A’ be a sub-C*-algebra which contains the unit of A. Suppose that there
is a surjective homomorphism h' from A’ to some finite dimensional C*-algebra
F. Then for any finite subset F C A, and any € > 0, there is a monomorphism
h: F — A with e = h(1F) such that for allz € F,

1. |lex — ze|| < €, and
2. |ho h'(z) —exze| <e.

PROOF. Write F = @z_.l ni(C) and set I = kerh’. Choose an approxi-
mate unit {E,} of I. Let {f; (k)} be a system of matrix units of F, choose u( )in
the preimage of f %) for each j and k, and set z(k) (u(k))‘u“) For any z € F,
we can writez =}, ., Ak (a:)z(k)+o, for some A" 5(z) € Cand o, € I. Fix these
coefficients, and choose E, large enough that (1 — E;)o, and (1 — ,,)uu 0z
are sufficiently small, and for each k, (1 — E‘,,)a:(k) is sufficiently close to every
1- ,,)ul,)(ug >, (1 - En)u(k) (k) is sufficiently close to (1 — )uﬁ’f),
1- E,,)ugI ('“1_7))‘ are sufficiently small if i # j or | # k. What is more, we may

assume that E, is quasi-central (page 83, [Ped]), so that uh)(l - n)u(k)

(ug?)‘(l E,.)u(k) are almost zero for each %, j, and ! # k. (We stipulate all the
errors to be within £/64(3" n;)2.)

Take a = (1 — E,.)zgll)(l — E,) in A’, and b = f(a) where f is a positive
continuous function which is 1 at 1 and 0 outside the small interval [1 —¢,1+¢].
Since the image of a is a nonzero projection, the spectrum of @ must contain 1;
hence b # 0. Since the algebra A has the property (SP), we may choose a nonzero
projection p in (bAb)~. We claim that pa is almost p. Indeed without loss of
generality, we may assume that p = bcb for some cin A. Then pa—a = be(ba—b),
but (ba — b)(ba — b)* = (f(z)(1 - z))2(a) < (f(z)e)?(a) = £2b%. Hence we get
(pa — p)(pa — p)* = be(ba — b)(ba — b)c*b < ez(bcbbc‘b) = &2p, and therefore
[lpa — pl| < |lep|| = e. Setting w2 = p(1 - E, )um , We see that wyw}, =
p(1— En)uﬁ,) (u(l)) (1-E.)p=:pap=cp (where = means close to within &),
and hence we can find a partial isometry v}, which is close to w;2 to within 6¢
such that v{,v}," = p.

Continuing in this way, setting wy; = p(1 — n)uh , we get wyjwy; <e P,
and hence we get n; partial isometries {v};};; such that p = v};(v};)* and
lv; — wiill < 6e for each i. Write pj; = (v};)*v}; for ¢ > 2 and set p}, = p. If
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i # j and neither % or j is 1, then

Péil’;'j = (‘Uii)'v'li(”ij)'”ij
~e1ze () (1 = Ea)(p(1 = En)ul? (u$)* (1 = En)p)(1 — En)ul

~16¢ 07
and

P11Pii e Papy;
aore p(1 = Bn)ul? (D) (1 - E,) (@) (1 — Ea))p(1 — En)ul?
~ge 0.

In other words, {pj;};X, are almost mutually orthogonal. Therefore we can find
mutually orthogonal projections p;; such that p;; is very close to pj;, and so
there exist partial isometries {vﬁ)},,z which are close to {v{;}X, and hence
to {wy;};2, such that (v(l)) v(l) = p;; and v(?(v(:))* = p for each i. We can
also see that the error can be made smaller than any given positive number by
choosing € suitably.

We can carry out the same argument for the all components of F, to find
partial isometries {vh)}, & such that the projections p (v1 vgf) are mutu-
ally orthogonal and ”1 ) is close to Pi )(1 o~ ,,)uh) Without loss of generality,
we may assume that the distance between them is less than £/4(3;ni). Set

(k) (v(k))‘vlJ) for each i, j, k; then

8168 = () 8 ()0 = () py M

t] Jl = vl] Py
k k k)\x_ (k (k)\«, (k
= Wy v P WPy v} = wE) P

= ezl .
What is more, if j # m or k # I, we have

eFe® — g’:))t (k)( 0] Dy O _ (v(k) vg’;)pggc)p(l) (’U(l))'vﬁz =0.

‘IJ mn

Thus, we get a system of matrix units e ) in A of the same type as F, and the
map h: f;; "), efJ) will give a monomorphlsm from F to A.

In what follows, we shall show that h satisfies the requlrements of the lemma.

Set e = h(1r). Notice that by our choice of E, and e" , 0ze and eo, are

arbitrarily small, and so we only need to verify the inequalities for each :c( ). We
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have

_(zp(l) (k) (Z(v(‘) * (l) (’f)
* * k
e (O () (1 - Ep(1 - En)ul) @)
* k k
mesea (u$?)* (1 = En)p{P (1 — En)ulf @{?)*u{¥
k k)\=_ {k
Reses () (1 = En)p{P (1 = En)ul® () u(?
Reses (D) (1 = En)p{Y (1 - Bn)u®).

The same argument shows that z;;e ~¢/2 (uh)) 1- En)p(k) 6! —En)ugl;). Hence
the first inequality holds.
To see the second inequality, note that h o A’ (z(k)) = e(k) and that

* k *
ezis)e mepe (u)* (1~ En)pip (1 — En)ulf) (uP)* (1 - Ea)pP (1 - En)ul®

Resa (W) (1 - En)pPp (1 - Ea)ul®

(k))* (k) _ (k)

This completes the proof of the lemma. |

Let us return to the proof of Theorem 1.2. By [Lin3], every separable simple
TAI algebra A can be embedded into the asymptotic sequence algebra

I_IMni (C)/ @ M, (C)

for some sequence of natural numbers {n;}. Hence by [BEl, BE2], as A is
nuclear, it is strong NF. In other words, A is the closure of | J A, where A, is
an increasing sequence of residually finite dimensional (RFD) sub-C*-algebras of
A. For any given finite subset P of P(A), we may assume that A; is sufficiently
large that P is in P(A;). Choose a finite subset ¥ C A; and § > 0 such
that for any completely positive linear contraction L from A; to B which is
F-é-multiplicative, [L]|p is well defined. By Theorem 4.1 of [Linl], there exist
two completely positive linear contractions &, ®®: A » B ® K such that & is
F-§-multiplicative, the image of & is contained in a finite dimensional sub-
C*-algebra, (9|4, is a homomorphism, and

[@]lp = alp + [2©]]p.

Using Lemma 2.1, we get a homomorphism % from the image of ®© to A.
Denote the composed map ho®©®: A; — A by H. H will play a role similar to
that played by map H of the §2 and §4 of [Lin1].
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By a construction similar to that of 2.4 of [Linl], we may choose an increasing
sequence of finite subsets 7y C F, C -+- C F C --- (with F C F;) in the unit
ball of A with union dense in this unit ball, a decreasing sequence of positive
numbers {d,} (with 6, < d,—1/4 and 8, < 6/2), a sequence of projections {g.}
in A, a sequence of sub-C*-algebras F,, of A with 15, = gn, where F, is an
interval C*-algebra, and a sequence of homomorphisms hn4+1: F, — Fp4 such
that

- lgnz — zgn|| < 8,/4 for each z € Fy,

. dist(gnzgn, Fn) < 0,/16 for each z € Fy,

. 7(1 = gn) < 1/2™*! for every tracial state 7 on A,

. Fat1 D Sn, where Sy, is a set of standard generators of F;,, and

. |Lnt+1(@)—hns1(a)|| < 61/16" for all a € {Ln(Frn)}U{Sn}, where L,: A — F,
is a completely positive linear contraction such that L,|r, =idr,.

Tt b W N~

With the same argument and the same notation as in the §2 of [Linl], we
have for any p € P,

s(k)
7([p]) = klln;lo Zagk)tr([tﬁj]([p])) uniformly on T(A),

where tr is the standard normalized trace on projections in interval algebras.
What is more, we have ag-k) > 0 and ag-k) — aj > 0 uniformly on T(A) ( as

k — o0), in other words, a,g.k) converges to a positive element a; in Aff(T(A)).

Since A is nuclear, every state on Ko(A) comes from a trace on A, and therefore
we can look at both ag-k) and a; as positive elements in Aff(S};)(Ko(A))), such
that a{®) — a; > 0 in Af(Spy)(Ko(A))).

The image of p: Ko — Aff(S1)(Ko)) by evaluation is dense [Bla], so Lemma
3.4 of [Lin1] still applies, as by the same argument as the proof of Theorem 4.3
of [Linl] with T(A) replaced by Sj;;j(Ko(A)), we can eliminate & and fix &
to get a completely positive linear contraction from A to B ® K which is F-
d-multiplicative and acts in the same way as a on P at the level of K-theory.
Since B is KK-attainable ([Linl], [Lin2]) and a is invertible, it is easy to see
that A is also KK-attainable (for simple TAI algebras) by the definition. Hence
by Theorem 1.1, the unital simple nuclear separable TAI algebras which satisfy
UCT can be classified by their K-group together with their simplex of tracial
states.
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UNIFORM BANACH GROUPS AND STRUCTURES
EFSTRATIOS PRASSIDIS AND ANTHONY WESTON
Presented by George A. Elliot, FRSC

ABSTRACT. If a Banach space is uniformly homeomorphic to a locally
bounded linear space, then the uniform homeomorphism induces a group
structure on the Banach space. Such group structures provide examples of
uniform Banach groups and were first studied by Per Enflo.

This paper focuses on uniform Banach groups induced by uniform home-
omorphisms with two questions in mind. Are the resulting group struc-
tures uniformly dissipative with respect to the norm on the Banach space?
Can a Banach space be uniformly homeomorphic to a non-normable locally
bounded linear space? Our main result answers these questions Yes and
No (respectively) if it is assumed that the Banach space has non-trivial
(metric) type. The second answer generalizes a theorem of Enflo.

RESUME.  Si un espace de Banach est uniformément homéomorphe
& un espace linéaire localement borné, alors ’homéomorphisme uniforme
induit une structure de groupe sur '’espace de Banach. De telles structures
de groupe fournissent des examples de groupes de Banach uniformes ont
été étudiées pour la premiere fois par Per Enflo.

Dans cet article nous étudions deux problémes concernant les groupes de
Banach uniformes induit par des homéomorphismes uniformes. Les struc-
tures de groupe induites de telle fac(cedilla) on sont-elles uniformément
resultantes dissipatives par rapport & la norm sur ’espace de Banach? Un
espace de Banach peut-il étre uniformément homéomorphe & un espace
linéaire localement borné qui n’est pas normable? Oui et notre résultat
principal répond & ces questions Oui et Non (respectivement) si on suppose
que l'espace de Banach soit de type (métrique) non trivial. La deuxiéme
résponse généralise un théorém d’Enflo.

1. Introduction The topology of a linear topological space is locally
bounded if and only if it is induced by a quasi-norm. A prominent open prob-
lem in the uniform theory of metric linear spaces asks whether a non-normable
quasi-Banach space can be uniformly homeomorphic to a Banach space. Ex-
amples of quasi-Banach spaces include the L,(u)-spaces, 0 < p < 1, endowed
with the usual quasi-norm. Enflo [E3] showed that L,[0,1] is not uniformly
homeomorphic to L4[0,1] if 0 < p < 1 < g < co. Enflo obtained this result
by introducing an invariant he called “roundness” and by showing that a non-
normable quasi-normed space cannot be uniformly homeomorphic to a Banach
space with roundness greater than one.

This paper obtains new results in the spirit of Enflo [E3] by treating round-
ness as a prototype of the Banach space notion of type via the intermediary of
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metric type, and by executing a detailed analysis of the structure of uniform
Banach groups that are induced by a uniform homeomorphism. The advantage
of (metric) type is that it has been studied very extensively over the past thirty
years and is a considerably more general notion than that of roundness. Our
main result shows that if a Banach space X with (metric) type greater than one
is uniformly homeomorphic to a locally bounded linear space Y, then the uni-
form Banach group structure induced on X by the uniform homeomorphism is
uniformly dissipative and Y is normable. Consequently, a non-normable quasi-
normed space cannot be uniformly homeomorphic to a Banach space with type
greater than one. Since many linear spaces are known to be non-normable or
to have type greater than one, our result implies new theorems on uniform non-
equivalence. The seminal reference on the non-linear classification of Banach
spaces is Benyamini and Lindenstrauss [BL).

2. Roundness and (Metric) Type The notion of roundness was intro-
duced in Enflo [E1] where it is applied to prove that an infinite-dimensional
Ly(p)-space is not uniformly homeomorphic to Ly(n) if 1 < p,g <2 and p # q.

DEFINITION 2.1. Let p € [0,00]. A metric space (X, d) has roundness p if
p is the supremum of the set of all gs with the following property: for any four
points zgo, Zo1, 11, Z10 € X we have

d(z00, z11)? + d(zo1, Z10)? < d(zo0, T01)? + d(zo1,711)?

+ d(z11,210)? + d(z10, Zoo)?.

Definition 2.1 can easily be rephrased in terms of 2-cubes. Recall that the unit
cube in R™ (n € N) is the set of n-vectors {0,1}". An n-cube N in an arbitrary
metric space (X,d) is a collection of 2" (not necessarily distinct) points in X
where each point in the collection is indexed by a distinct n-vector € € {0,1}"
from the unit cube. A diagonal in N is a pair of vertices (z., z5) such that € and
d differ in all coordinates. An edge in N is a pair of vertices (z¢, zs) such that
¢ and ¢ differ in precisely one coordinate. An n-cube N has 2"~! diagonals and
n2"! edges. If f = (z,y) is an edge or diagonal in N, we will let I(f) denote
the d-length of f in X. In other words, I(f) = d(z,y).

Enflo [E1] showed that for any n-cube N in a metric space (X, d) with round-
ness p we have l(dmin) < 17'/P-1(€max), Where dmi, denotes a diagonal of minimal
d-length in N and enax denotes an edge of maximal d-length in N.

Enflo [E1] computed directly the roundness of L,-spaces as being p whenever
1 < p £ 2. Lennard, Tonge, and Weston [LTW1] used inequalities of Clarkson to
show that Ly-spaces have roundness p’ (the conjugate exponent of p) whenever
p 2 2. The roundness of many other classical Banach spaces has not been
computed and it does not present itself as an easy problem to do so. A theme
of this paper is that there are situations wherein roundness can be supplanted
with the exceptionally well understood Banach space notion of type via the
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intermediary of metric type. Metric type was introduced by Bourgain, Milman,
and Wolfson [BMW] as the correct metric space analogue of type and is defined
as follows.

DEFINITION 2.2. A metric space (X, d) has metric type p if there is a con-
stant B > 0 such that for all n € N and all n-cubes N in X we have (3_1(d)?)'/2 <
B-n¥~% . (T1(e)?)/2, the sums being taken over all diagonals and edges in N
(respectively).

REMARK 2.3. For an n-cube N in a metric space (X,d) that has metric
type p (with constant B) it follows that {(dmin) < B - n!/? - [(emax) Where (as
before) duin is a diagonal of minimal d-length in N and emax is an edge of
maximal d-length in N. It is this similarity to roundness (modulo the constant
B) that suggests the possibility of supplanting roundness with metric type in
some non-isometric settings.

Obviously any Banach space that has roundness p will have metric type p
with constant B = 1. It is basic that a Banach space which has metric type
p € [1,2] necessarily has type p. A theorem due to Bourgain, Milman, and
Wolfson [BMW)] shows that the supremum of types of a Banach space cannot
exceed the supremum of its metric types. Consequently, a Banach space has
type > 1 if and only if it has metric type > 1. A theorem of Maurey and Pisier
[MP] shows that a Banach space X is of type p for some p > 1 if and only if
it does not contain eﬁ"’ s uniformly. For a Banach space X the type supremum
px can exceed the roundness of X. For example, if p > 2, L,[0, 1] has type 2

with roundness p’ < 2. In particular, spaces such as e&z) Doo {2 are seen to have
roundness one and type greater than one.

3. Uniform Banach Groups and Intrinsic Metrics The notion of a
uniform Banach group was introduced and studied in Enflo [E2-3].

DEFINITION 3.1. A uniform Banach group G is a Banach space (X, || - |[)
equipped with a group operation X x X — X: (z,y) — z.y which is uniformly
continuous (as a function of two variables) and such that the zero element of the
Banach space is the identity element of the group. We say that the group G is
modelled on the Banach space (X, | - ||).

ExaMpPLE 3.2. If X is a Banach space, F is a locally bounded linear space,
and ¢: X — F is a uniform homeomorphism such that ¢(0) = 0, then the
operation z.y = ¢~ }(é(z) + ¢(¥)) (z,y € X), introduces an abelian uniform
Banach group structure G that is modelled on X. We say that G is the “uniform
Banach group induced by ¢”.

DEFINITION 3.3. A uniform Banach group G modelled on a Banach space
(X, - |I) is said to be dissipative if ||z"|| = oo for all z # 0, and G is said to
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be uniformly dissipative if for every € > 0 and every K > 0, there is a constant
N = N(g, K) such that ||z"|| > K whenever ||z|| > ¢ and n > N.

We show in Theorem 4.2 (vii) that if (X, || - ||) is & Banach space with (metric)
type p > 1 and if ¢: X — F is a uniform homeomorphism as in Example 3.2,
then the uniform Banach group G induced by ¢ is uniformly dissipative. This
surprising new result indicates that such uniform homeomorphisms ¢ exhibit
similar radial behaviour to linear isomorphisms. (Note, in this context, that
z" = ¢~ (nd(z)).)

An important property of uniform Banach groups is that they admit G-
invariant metrics which are uniformly equivalent to the norm. If G is a uniform
Banach group modelled on a Banach space (X, || - ||), one such metric is given
by d(z,y) = sup,, ,¢q |lw-z.z — w.y.z||. This metric d satisfies d(z,y) > ||z — y|
for all z,y € X, and it is uniformly equivalent to the norm because multipli-
cation is assumed uniformly continuous in a uniform Banach group. Moreover,
for any G-invariant metric d, uniformly equivalent to the norm and satisfying
d(z,y) > [lz — y|| for all z,y € X, we can introduce an intrinsic (or, chain)
metric d as follows. An ordered sequence {z;}2, of n + 1 points in G is
called a one-chain between given points z and y in G if z = z9,y = z,, and
d(zi,ziy1) < 1for all 4, 0 < i < n—1. We then define the intrinsic distance
dy(z,y) = inf 3° d(z;, Zi41), where the infimum is taken over all one-chains {z;}
between z and .

REMARK 3.4.  Obviously the intrinsic metric d; is G-invariant and uniformly
equivalent to the norm (because d is) and satisfies dr(z,y) > d(z,y) > ||z — ¥||
for all z,y € G. Moreover, as noted by Enflo [E3], there are constants C; and
K such that

(1) di(z,y) < Cillz — y|| whenever ||z —y|| > 1, and
(2) di(z,y) < Killz — y|| whenever df(z,y) > 1.

4. Main Results We begin with a technical result.

THEOREM 4.1.  Let G be an abelian uniform Banach group modelled on
a Banach space (X, || - ||) with (metric) type p > 1 and let d; be a G-invariant
intrinsic metric as in Remark 3.4. Then, there is a constant K > 0 such that for
each z € G with dr(z,0) > 1 we can find a u = u(z) € G satisfying dr(u?,2) < K
and |2dy(u, 0) — dr(u?,0)| < K - d/?(z,0).

If every element of G has a unique square root and if the square root map

is uniformly continuous, then there is a constant C so that every v € G with
dr(v,0) > 1 satisfies

|2d1(v,0) — d;(v%,0)] < C - dY?(v,0).

Theorem 4.1 is due to Enflo [E3, Theorem 5.2.1] in the case that the Banach
space X has roundness p > 1. Enflo’s arguments, in light of Remark 2.3, carry
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over to the more general setting of (metric) type without significant difficulties.
No proof of Theorem 4.1 is therefore given.

THEOREM 4.2. Let ¢: X — F be a uniform homeomorphism such that
#(0) = 0 where X is a Banach space with (metric) type p > 1 and F is a quasi-
normed space. Let G denote the uniform Banach group structure on X induced
by ¢. Let d and d; be the G-invariant metrics introduced prior to Remark 3.4.
Forz € X andt € R define 2t = ¢~ 1(t#(z)) and N(z) =limsup,_, {w}.
Define vector space operations on G as follows: Addition is the group operation
(z,y) — .y and multiplication of z by the scalar t is given by 2°. Then

(i) (G,N(-)) is a normed space.

(ii) For each z € G we have lL;Jl < N(z) £ di(2,0).
(iii) The identity map (X,|| - ||) = (G,N(-)): z = z is a uniform homeomor-

phism.

(iv) The normed space (G,N(-)) is linearly isomorphic to the quasi-normed
space F.

(v) The quasi-normed space F is normable. That is to say, there exists a norm
M(-) on F (uniformly) equivalent to the given quasi-norm ||-||. The norm

is given by the formula M(y) = N(¢~*(y)), y € F.

(vi) The uniform Banach group G is uniformly dissipative for large distances,
meaning that for every € > 2 and every K > 0, there is a constant N =
N(g, K) such that ||z"|| > K whenever ||z|| > € andn > N.

(vii) The uniform Banach group G is uniformly dissipative.

PROOF. A direct calculation shows that (2!)* = 2% for all z € G and
s,t € R. Using this, a routine change of variable argument establishes that
N(zt) = |t| - N(2) for all z € G and t € R. Another simple check shows that
(z.y)t = zt.yt for all z,y € G and ¢ € R. And hence d;((z.y)¢,0) = ds(z*.4%,0) <
dr(z*,0) + d;(y*,0) (for all z,y € G and t € R) by G-invariance. Thus we have
N(z.y) < N(z)+ N(y) for all z,y € G.

The G-invariance of d; also implies that d;(z2¢,0) < tds(z,0) for all z € G and
t € N. And, for a fixed z € G, the map R — (G,d;): t = 2t = ¢~ 1(td(2)) is
uniformly continuous. Hence, for each fixed z € G, there is a constant C, such
that dy(z%,0) < tds(z,0) + C; for all t € R. By definition of N(-), this implies
that N(z) < d;(z,0) for all z € G.

Remembering that X has (metric) type p > 1, we may apply Theorem 4.1 to
infer there is a constant C so that |d;(v2,0) — 2d;(v,0)| < C - (1 V d(v, 0))1/"
for all v € G. So, if dy(v,0) > 1, then for every n € N we see that

ldz (2", 0) — 2"ds (v,0)| = 2 2"~ (dy(v*',0) — 2d;(v*' ", 0))

=1

n X oL
<Y 2" di (0, 0) - 2d; (v, 0)

j=1
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<Y ovic(1vdiw? ™, 0)) P
Jj=1

n
<2°CY 27 (2 1ds(v,0)) /*
j=1

< 2"Kd;(v,0)V/?,
for some constant K. Since 1 — 1 2> 0 it follows that

N(v) > limsup2~"d;(v*",0) > ds(v,0) — Kd}/?(v,0) > 22 dz(v 0

n—oo
provided d;(v,0) is sufficiently large — say; d;(v,0) > L. So if ||v|| = L, whence
dr(v,0) > L, we see that N(v) > éﬁ;ﬁl >i= Jl%ll But then d;(v,0) > N(v) >
1I12:_|1 for all v € G because N(-) is positive homogeneous. This completes the
proof of parts (i) — (iii).

The identity map X — G: z + 2 is a uniform homeomorphism by part (iii),
and ¢: X — F is a uniform homeomorphism by assumption. Hence the map
¢: (G,N(-)) — F is a uniform homeomorphism that is — moreover — linear
by definition of the vector space operations on G. In other words, the map
¢: (G,N(-)) — F is a linear isomorphism. This establishes part (iv).

Denote by ||| - || the quasi-norm on F and define M(-) as above. To derive
the triangle inequality for M fix z; = ¢(z1) € F and 2, = ¢(z2) € F, and note
that

M(z1 + z2) = N(¢7' (21 + 22)) = N(67(8(21) + 8(2))) = N(z1.72)
< N(z1) + N(z2) = N(¢7 (21)) + N(¢7 (22)) = M(21) + M(22).

To see that M is positive homogeneous fix 2 = ¢(z) € F and a € R, and note
that

M(az) = N(¢™(az)) = N(¢7'(ad(2))) = N(z*)
= la|- N(z) = |e| - N(¢7(2)) = le| - M(2).
Also note that for any y € F' we have, by part (iv), the following estimates:

M(y) =N @) <ll¢7'll-llyll  and
vl = g6 W < ll6ll - N(67'(®)) = ligll - M(y)-

Hence the norm M(-) is (uniformly) equivalent to the quasi-norm [ - ||. This
completes the proof of part (v).
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To prove part (vi), let € > 2 and K > 0 be given. Consider an arbitrary z € G
such that ||z|| > €. By Part (ii) of this theorem, we have 1 < Jl%]l < N(z) <
d(z,0). So for any m € N,

mll-'cll

dr(z™,0) 2 N(z™) =m- N(z) > >m>1.

We may choose a constant K; > 1 so that dj(z,w) < K - ||z — w|| whenever
dr(z,w) > 1. (See Remark 3.4.) This gives, in particular, df(z™,0) < K; - ||z™||
for all m € N.

Let N be the smallest natural number k such that ke > 2K, K, and note that
if n > N then

dr(@™0) o N@") _n-N@) _ n-llzl  ne

>
":1: "_ K - K, K, - 2K, _2K1

To prove (vii), let € > 0 and K > 0 be given. Consider an arbitrary z € G
with ||z|| > e. By Part (ii) of this theorem, N(z) > H%ll > 5. Let M be
the smallest natural number k such that k- § > 2K; where K; > 1 is as
in Part (vi) of this theorem. Then N(z*) = k- N(z) > #¢ > 2K, for all
k > M. In particular, 2K; < N(zF) < d;(z¥,0) < K - ||z¥||, and so we
have ||z¥|] > 2 for all kK > M. We now concentrate on M and consider the
constant N = N(2,2KK)) as given in Part (vi) of this theorem. Then we have
Il(@*)*| = |=™"|| > 2K K; whenever n > N. In particular, we see that for any
k > MN we have KK; < 1270 < N(@MN) < N(z*) < di(z,0) < K, - ||:z:’°||
and so, ||z*|| > K, est;abhshmg uniform dissipativity.

)

COROLLARY 4.3. If a locally bounded linear space (F,|[| - ||) is uniformly
homeomorphic to a Banach space (X, || - ||) with (metric) type p > 1, then there
erists a norm on F that is uniformly equivalent to the quasi-norm ||| - ||. In par-
ticular, a non-normable quasi-Banach space cannot be uniformly homeomorphic
to a Banach space with non-trivial type.

ProoF.  This follows from Theorem 4.2 (v) modulo a translation of the
uniform homeomorphism. [ |

The (supremal) type of many Banach spaces has been computed. The fol-
lowing families of Banach spaces are all known to have type greater than one:
commutative Ly(u)-spaces with p € (1,00), Schatten-von Neumann classes C,
and other non-commutative Lp-spaces with p € (1,00), Lorentz L, o-spaces if
both p,q € (1,00), and Orlicz spaces Ly with an appropriate condition on the
Orlicz function ® (see Corollary 4.4 below). Examples of non-normable quasi-
normed spaces include the various L,(1) and H, spaces with p € (0,1), and
Orlicz spaces Ly with an appropriate condition on the Orlicz function ¥. Corol-
lary 4.3 in tandem with some of these examples leads to new results such as the
following:
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COROLLARY 4.4.  Consider locally bounded Orlicz spaces Ly and Ly corre-
sponding to (possibly different) non-atomic finite measure spaces. If there is a
constant K and a p > 1 such that

D(As) > K - Mp' - (s)

for s > 0 whenever A > 1 and if htmg}f ﬂtﬂ = 0, then Ly is not uniformly
homeomorphic Ly.

PROOF. L has type p by a theorem of Kaminiska and Turett [KT]. Ly
is non-normable since it has a trivial dual by a theorem of Rolewicz [R]. Hence
these spaces are not uniformly homeomorphic by Corollary 4.3. | |

REMARK 4.5. In relation to Corollary 4.4, it should be noted that an Orlicz
space L is locally bounded if and only if limy—.o lim;,co 55 = 0. This is a
theorem of Rolewicz [R].

It remains an open problem whether a non-normable quasi-normed space can
be uniformly homeomorphic to a Banach space with type supremum one.
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