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SOME RECENT MATHEMATICAL DEVELOPMENTS 
IN GENERAL RELATIVITY 

NIKYKAMRAN, FRSC 

RéSUMé. Nous passons en revue un certain nombre de résultats récents 
portant sur l'étude analytique des équations d'Einstein en relativité géné-
rale. Parmi les questions qui sont considérées figurent le problème du col-
lapse gravitationnel et de la formation de singularités, ainsi que celui du 
comportement & long terme des solutions de l'équation de Dirac dans la 
métrique d'un trou noir chargé en rotation. 

1. Introduction. Einstein's genered theory of relativity is widely recog-
nized as one of the outstanding scientific achievements in the history of human-
ity. It carries a strong aesthetic appeal for physicists and mathematicians alike, 
and continues to occupy an important place in mathematics as the source of 
many developments in differential geometry and partied differential equations. 

Our purpose in this paper is to give a non-technical overview of some signif-
icemt recent advances in general relativity deeding with the mathematical study 
of the interaction of gravity with classical fields. These developments include 
definitive results due to Christodoulou, [3], [4], [5], on the very important ques-
tion of gravitationed collapse and singularity formation, emd striking theorems 
of Finster, SmoUer and S.-T. Yau on the existence of regular solutions emd the 
non-existence of black hole solutions when gravity is coupled to spinor and gauge 
fields, [10], [11], [12], [13]. We wiU also present the recent advances obtained by 
Finster, Kamran, SmoUer and S.-T. Yau, [7], [8], [9], on the long-term dynamics 
of spinor fields in the geometry of a charged rotating black hole. 

General relativity is geometric emd relativistic theory of gravitation. Space-
time is thus assumed to be a four-dimensioned C00 manifold M4, endowed with a 
pseudo-Riemannian metric g of Lorentzian signature (+, —, —, —). The tangent 
space at each point of space-time space-time is therefore isomorphic to Minkowski 
space-time and space-time is locedly Minkowskian. The world lines of massive 
test particles are time-like geodesic curves in {M4,g) whUe Ught rays propagate 
along nuU geodesies. The Jacobi equation shows how space-time curvature gov-
erns the behavior of a one-peu:ameter family of neighboring geodesies through 
the Jacobi field n connecting two infinitesimaUy close geodesies, 

(i) ^ + K ^ = o. 

The gravitationed field thus manifests itself through space-time curvature, and 
the requirement that one recover Newtonian gravity in the non-relativistic limit 
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leads to the Einstein field equations of gravitation, which are given by 

(2) Rij - ^Rgij = STrT-j, 

and which reduce to Poisson's equation in the Newtonian limit. The left-hand 
side of (2) is a symmetric tensor field which depends on the first and second 
derivatives of the components of the metric, and is divergence-free as a conse-
quence of the Bianchi identities. This tensor field is known as the Einstein tensor. 
The right hand-side of (2) is the energy-momentum tensor of the matter fields 
interacting with gravity, and is symmetric and divergence-free as a consequence 
of the field equations for the matter fields. The Einstein field equations thus 
need to be augmented with a set of field equations for the matter fields involved. 
For example, in the case of the interaction of gravity with electromagnetism, one 
obtains the source-free Einstein-Maxwell equations, 

(3) Rij = 87r(F<feF* - ^ F j u F * ' ) , 

(4) V,Fw = 0, V^-fc^O. 

The Einstein field equations (2) eure a comphcated system of non-linear partial 
differential equations, which are extremely difficult to anedyze in fuU generedity.1 

A great deal of research activity has thus been aimed at finding exact solutions 
of these equations. It is fair to say that one of the most important challenges 
facing mathematical relativists is to come up with solutions that describe equi-
librium configurations or dynamical behavior which are relevant to astrophysical 
situations requiring a genered relativistic treatment. In the remainder of this par 
per, we will be particularly concerned with and the phenomenon of singularity 
formation. 

FVom the classical work of Chandrasekhar, it is known that a star which is 
sufficiently massive should eventually coUapse gravitationaUy and settle into a 
configuration known as a black hole. Amongst the most remarkable properties of 
black holes, stand the fact they lead to a singularity in the geometric structure 
of space time, and a natural boundary for the outer region of space-time, known 
as an event horizon. It is a very striking fact that the equilibrium configurations 
of a charged black hole are described by known exact solutions of the Einstein 
field equations (2). In the next section, we present these exact solutions, and 
state the uniqueness theorem which characterizes them as black hole equiUbrium 
configurations. 

2. The black hole uniqueness theorem. Soon after the pubUcation by 
Einstein of the field equations (2), a one-parameter family of exact spherically 

1The celebrated theorem of Christodoulou and Klainerman on the non-linear stability of 
Minkowski space [6] is to this day perhaps the most general global theorem pertaining to the 
Einstein equations. 
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symmetric solutions of the vacuum field equations 

(5) Rij = 0, 

was discovered by by the astronomer Keurl Schwarzschild. This solution is given 
by 

(6) ds 2 = ( l - ^ ) d t 2 - ( l - ^ ' V - r ^ d ^ + s i n 2 ^ 2 ) . 

The Schwarzschild solution describes the external gravitationed field of a spher-
ically symmetric black hole in equiUbrium. The parameter M corresponds to 
the mass of the black hole measured from infinity and the event horizon is given 
by the null hypersurfeice r = 2M. The Schwarzschild solution admits a two-
peirameter family of charged generalizations which are solutions the source-free 
Einstein-Maxwell equations. These solutions, which are known as the Reissner-
Nordstrom solutions, are given by 

(^2=(l-^ + ̂ K-(l-^ + ̂ )"*!-'W + sin^V), 
and 

(8) Fi^diAj-djAu 

where 

(9) Aidx* := -Q-dt. 
r 

The pareimeters M and Q satisfy the inequedity2 

(10) M2 > Q2 

and correspond to the mass emd the electric charge of the black hole. We wiU 
only consider the non-extreme case in this paper, emd wiU simply refer to these 
solutions as the Reissner-Nordstrom solutions. The event horizon is given by the 
nuU hypersurfeice 

(11) r = r i : = M + v / M 2 - Q 2 . 

The celebrated black hole uniqueness theorems of Carter and Israel, [14], give 
a precise description of the exterior space-time geometry of a charged rotating 
black hole in equilibrium: 

2More precisely, this inequality defines the class of non-eifreme Reissner-Nordstrom solu-
tions. 
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THEOREM 1. Let {M4,g) be a time-orientable, causal, pseudo-stationary, 
axisymmetric and weakly asymptotically simple space-time solving the source-
free Einstein-Maxwell equations 

(12) Rij = 87r(FjfcF/ - j ^ F w F * ' ) , 

(13) VjFw = 0, V(iFifcl = 0. 

Suppose that the domain of outer communications £ of{M\,g) is homeomorphic 
to R2 x iS2 and that the boundary of £ is a global past event horizon H+ homeo-
morphic toRx S2. Then £ admits a global chart {t,r,0,(p) in which the metric 
is given by the Kerr-Newman solution of the Einstein-Maxwell equations, 

(14) ds2 = jfidt- asin2 9d(P)2 - u(Ç + dâ2) - ^{adt - (r2 + a2)d^)2, 

where 

(15) U:=r2 + a2cos29, ù. = r2-2Mr+ a2+ Q2, 

and wher£ 

(16) M2 > a2 + Q2. 

Furthermore, the electromagnetic field is given by 

(17) Fij = dtAj - djAu 

where 

(18) Aidx1 := -Q^j{dt -asin2 9d(p). 

The Kerr-Newman geometry thus depends on three essential parameters M, 
a and Q, which correspond to the mass, the angular momentum per unit mass 
and charge of the black hole measured from infinity. The nuU hypersurface 

(19) r = n := M + ^/M2 - a2 - Q2 

is the globed past event horizon H* for the Kerr-Newman metric.4 In the limit 
a = 0, the Kerr-Newman solution reduces to the spherically symmetric Reissner-
Nordstrom solution (7). 

3Likewise, this inequality defines the class of non-extreme Kerr-Newman solutions. 
4The hypersurface r = ro := M - y/M2 -a2 -Q2 is the Cauchy horizon for the Kerr-

Newman metric. 
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3. Gravitationed collapse and singularity formation. The celebrated 
singularity theorem of Penrose, and Hawking, [14], give necessary conditions for 
the formation of a singuleirity. We state Penrose's theorem, where the necessary 
conditions involve the importemt concept a trapped surface: 

THEOREM 2. A space-time {M4,g) cannot be null geodesically complete if: 

(i) Rijtfki > 0 for all null vectors k. 
(ii) There is a non-compact Cauchy surface in (M^g). 
(iii) There is a closed trapped surface in {M4, g), that is a space-like two-surface 

T such that the two families of null geodesies orthogonal to T are converging 
atT. 

Penrose's theorem does not give any details on the dyneimical aspects of 
the formation of singuleurities and event horizons in terms of the Cauchy data. 
Our objective in this section is to briefly review some importemt results of 
Christodoulou [3], [4], [5] on the dynamics of relativistic gravitationed collapse 
emd singularity formation. FVom a classical theorem of G. D. Birkhoff, [14], we 
know that edl the spherically symmetric solutions of the vacuum Einstein field 
equations 

(20) Rij = 0, 

are necessarily static, and given by the one-parameter family of Schwarzschild 
metrics, 

(21) ds2 - ( l - ™)dt2 - ( l - ^ ) " 1 d r 2 - r2{(W2 + sin2 9d<p2), 

describing the external gravitationed field of a spherically symmetric black hole 
in equilibrium. It follows that any study of the dynamics of gravitationed coUapse 
and singularity formation wiU require the couphng of the gravitationed field to 
some eidditioned matter field. In a series of extremely deep papers, Christodoulou 
has given definitive answers to these questions in the case in which the gravita-
tioned field is coupled to a massless scalar field. We now proceed to describe one 
of Christodoulou's earUer results, [3]. 

Using advanced nuU coordinates (u, r, 9, tp), every spherically symmetric space-
time metric can be written in the form 

(22) ds2 = e-^du2 - 2e''+xdudr - r2{dJ92 + sin2 9d>p2), 

where 

(23) A = A(u, r), 1/ = v{u, r). 

The hypersurfaces u = const are future-pointing nuU geodesic cones, and the 
cross-sections r = const > 0 of these cones are diffeomorphic to two-spheres. 
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We consider the Einstein field equations describing the interaction of a grav-
itational field with a massless scalar field, 

(24) Rtj - ^Rgij = 8w(drfdj* - \gijdk(Pdk(p), 

(25) s y V i V ^ = 0, 

in the spherically symmetric geometry (22). The Cauchy data for this system can 
be expressed in terms of a single scedar mass function m{r) on the future-pointing 
null geodesic cone CQ given by u = 0. We have: 

THEOREM 3. Let r2 > n > 0 6e such that 

(26) o < J : = ^ - l < i , 

and suppose that 

(27) 2(m(r2) - min)) > ^ ( l + S ) " 1 ^ - n ) , 

where 

(28) V{6):=log{±)+5-6. 

Then: 

(i) A trapped region forms in the future, terminating at a strictly space-like 
singular boundary B. 

(u) iVear B, we have 

(29) RijkiRijkl > ^ . 

More recently, [4], [5], Christodoulou has shown that naked singularities can 
indeed occur when one considers more general Cauchy data, but that these sin-
gidarities are unstable in the sense that the set of Cauchy data leading to this 
type of behavior is of codimension at least two in the space of initial data of 
bounded variation and of codimension at least one in the space of absolutely 
continuous initial data. 

4. The coupling of gravity to spinor and gauge fields. In a series 
of groimd-breaking papers, [10], [11], Finster, SmoUer and S.-T. Yau have ob-
tedned definitive results on the difficult questions of the existence of particle-Uke 
solutions emd black hole solutions to the sphericedly symmetric Einstein-Dirac-
Maxwell emd Einstein-Dirac-Yang Mills equations, as well as the qualitative be-
havior of these solutions in terms of the various coupling constants that appear 
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in the theory. We state a few key results in the Einstein-Dirac-MaxweU case, 
emd refer the reeider to the paper [13] emd the references therein for the Einstein-
Dirac-Yang Mills case. 

Consider the Einstein-Direic-Meixwell equations 

(30) Rij - ±Rgij = SirTij, 

(31) {iy>Dj - m)ip = 0, VfcFJ* = e^ip. 

where T^ is the sum of the energy-momentum tensor for a Dirac spinor field and 
the Maxwell energy-momentum tensor, for a sphericedly symmetric and static 
metric 

(32) ds2 = T-2df2 - A-^ r 2 - r2{dB2 + sin2 9d<p2). 

We first consider the question of the existence of global singularity-free solu-
tions of these equations. 

THEOREM 4. The Einstein-Dirac-Maxwell equations with boundary condi-
tions under which the metric (32) is asymptotically Minkowskian 

(33) rlim(A(r),T(r)) = (l , l) , 

and has finite ADM mass, 

(34) lim r ( l - A ( r ) ) < o o , 

admits stable regular spherically symmetric and static solutions for (^j)2 « 1. 

The following theorem shows that there are essentiaUy no black hole solu-
tions of the Einstein-Dirac-MaxweU equations for which the Dirac spinor is not 
identically zero: 

THEOREM 5. Consider the Einstein-Dirac-Maxwell equations with boundary 
conditions given as follows: 

(i) Asymptotic flatness, 

(35) lim (T, A) = (1,1). 
r—•oo 

(ii) There exists p > 0 such that the hypersurface r = p is a regular event 
horizon, 

(36) lim(T,A) = (oo,0), 
r-»p 

(37) T-2A-1 , r 2A1 € C°°{[p,oo)). 
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(in) The electromagnetic field is bounded near the event horizon, 

(38) FijF** = 2(p2AT2 

where 

(39) |(£(r)| < cx, forp<r<p + e. 

Suppose furthermore that near the even horizon, the metric function A has a 
power law behavior, 

(40) A(r) = c ( r - p r + 0 ( ( r - p ) ' , + 1 ) , r > p, 

where c > 0, s > 0. Then 

(i) If 0 < s < 2, the only solutions of the Einstein-Dirac-Maxwell equations 
are the two-parameter family of Reissner-Nordstrom solutions (7) of the 
Einstein-Maxwell equations, that is the Dirac spinor ip is identically zero. 

(u) If s> 2, then the Einstein-Dirac-Maxwell equations have no solution. 

5. The Dirac equation in Kerr-Newman geometry. Our objective in 
this section is to present a few recent results on the dynamiced behavior of Dirac 
spinor fields in the space-time geometry of a cheurged rotating black hole, which 
give a strong indication that singularity formation and the presence of Dirac 
spinor fields eire in some sense mutually exclusive. The scope of our results 
is Umited by the fact that we are not considering the fuUy coupled Einstein-
Dirac MaxweU equations, but rather the Dirac equation in the background of the 
Kerr-Newman geometry. However, our results are now valid in em axisymmetric 
background, and not just a spherically symmetric one. 

A most remarkable feature of the Dirac equation in Kerr geometry is that it 
admits a complete separation of variables into ordinary differential equations. 
This very important discovery was made by Chandrasekheur in 1976, [2], emd 
subsequently interpreted by Carter and McLenaghan [1] in terms of the particular 
first-order generedized symmetry of the Dirac operator arising from the complete 
separability of the HamUton-Jacobi equation for the geodesic flow of the Kerr 
metric.5 We briefly recall the form of the ordinary differential equations that 
arise from the separation of variables. 

After performing the regular and time-independent transformation 

(41) j> = Sip, 

where 

(42) 5 = A< diag((r-tacos1?)i,(r-tacost?)*,(r+tocost?)*,(r+tacosi9)5), 
5This separability property also holds true for the charged Dirac operator in the Kerr-

Newman geometry. 
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the Dirac equation can be written as 

(43) 

with 
/ imr 

n- 0 
K - y/EV. 

\ o 
/—am cos i9 

A = 0 
0 

I "£-

{n+A)i> 

0 
-imr 

0 
VÂV+ 

0 
om cos ?9 

0 

= 0 

y/EV+ 0 \ 
o VÂV-

—imr 0 
0 imr ) 

0 £+ \ 
- £ _ 0 

- a m cost? 0 
0 am cos ^ 

and the differentied operators 
d 1 ^ a 1 f/ 2 2N c» d . ^ 1 

9 COtl? .[ . n 9 1 0 1 

Employing the ansatz 

(X.{r)Y.{$)\ 

(44) ' l '(t,r,i?,^) = e- , w te- i < f c +3) ¥ ' kGZ, X+(r)r+( t?) 
X+(r)y_(tf) 

Vx_(r)y+wy 
we obtedn the eigenvedue problems, 

(45) TWl = A*, A * = - A * , 

under which the Direic equation (43) decouples into the system of ODEs 
/ \ftLV+ imr - A\ / X + \ 
V-tmr - A yfKV- ) \X-J (46) ( :~~\ - ^ ' • ] { ^ ] = o 

, . ( C+ -amcost?-t-A\ / y + \ _ 
K > Vamcos?9-|-A -£_ jyy.)-^ 

where V± and C± are the radial and anguleir operators 

(48) v± = ^r±^ [u;(r2 + a2)+(k+l^a + eQr] 

(49) d cota r . „ k+i-\ 
£± = 7r^ + —^—T aa;sini?+-^—I- . 

L sinwJ ôi? ' 2 L sini 
We now consider the Cauchy problem for the Dirac equation with Cauchy 

data supported outside the event horizon, [8]. 
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THEOREM 6. Consider the Cauchy problem for the Dirac equation in the 
Kerr-Newman geometry, 

(50) {i^Dj-m)rP{t,x) = 0, iP{0,x) = M^ 

where the initial data ipo is in L2((ri,oo) x S2) and in Lf£c near the horizon, 
i.e., {ipofa)} < c for x € (ri,ri + c) x S2. Let 6> 0 be given, let R> ri+6 and 
consider the compact space-like hyper-surface Ks^ of £ given by 

(51) KS<R := {{t, r,9,(p)\ri+6<r<R, t = const.}. 

TTien the probability for the Dirac particle to be inside KS,R tends to zero as 
t —^ oo, that is 

(52) Um / {hi^){t,x)ujdp = 0, 

where uj denotes the future-pointing normal to KS,R and dp denotes the induced 
volume element on KS,R. 

The proof of theorem is based on a representation of the Dirac propagator 
which was established in [8], and which is given by: 

THEOREM 7. For every Cauchy data ipo G C§?{R x S2)4 we have 

1 /•+oo 2 

(53) iP{x,t) = ^ E / e~<Wt E *£6>a u m (*M w n I ô> du,. 
'*k,neZJ-°0 a,b=l 

The integer k is the quantum number corresponding to the projection of 
the angular momentum on the axis of symmetry emd n is a generedized toted 
angular momentum quantum number arising from the separation of vaxiables. 
The coefficients t^n are generedized transmission coefficients and the ipaUn are 
solutions of the Dirac equation which arise from the separation of variables and 
behave for [wj > m Uke incoming spherical waves for a = 1 and outgoing spherical 
waves for a = 2. For |w| < m, the ipaWn are Unear combinations of both incoming 
and outgoing spherical waves near the event horizon. 

Theorem 6 impUes that the Dirac spinor ip decays to zero in L^c, or equiv-
edently that the Dirac particle must eventuaUy either disappear into the black 
hole, or escape to infinity. One would like to determine the Ukelihood of these 
possibiUties in terms of the energy spectrum of the Cauchy data, as well as the 
actual rate of decay of the Dirac spinor in a compact region of space. Both of 
these questions were addressed in [9], under two assumptions. First, we require 
that the charge e of the Dirac particle be smedl in the sense that 

(54) mM > |eQ|. 
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This condition is equivedent to saying that far from the black hole, the grav-
itationed attraction between the the Dirac particle and the the black hole wiU 
dominate the electromagnetic intereiction. Indeed, since the Kerr-Newman met-
ric is asymptoticedly flat, the gravitational and electromagnetic interactions can 
be approximated far from the black hole by their Newtonian limits, given by 
mM/r2 and eQ/r2 respectively. 

Next, we assume that only finitely many angular modes are present in the 
initial data, meaning that 

(55) |fc|<*0. I ^ o , 

in the Fourier expansion (53).6 

We now summarize the medn results, beginning with the rates of decay. 

THEOREM 8. Consider the Cauchy problem as in Theorem 6, with initial 
data normalized by {ipo | ipo) = 1- Suppose that the smedl charge condition (54) 
and the boundedness condition (55) on the angular modes of the Cauchy data 
are satisfied. Then we have: 

(i) If for any k and n, 

(56) l i m s u p | ( ^ n | ^ o ) | ^ 0 , 

ui\,m 

or 
(57) lim inf |(V2

fcwn | ^ ) | ^ 0 , 
mS—m 

then, as t —» oo, 

(58) \iP{x, t)\ = ct'5/6 + 0( t-5 / 6-£) , 

where c = c{x) ^ 0, ond € < 1/30. 
(ii) If for all k,n and a = 1,2, {ipaUn \ ipo) = 0 for all OJ is a neighborhood of 

+/ — m, then for any fixed x, ip{x, t) decays rapidly in t. 

Contrary to what one would have expected at first, the rate of decay obtedned 
in Theorem 8 is slower than the rate of decay oft-3/2 one obtains for the solutions 
of the Dirac equation in Minkowski space, corresponding to compactly supported 
initied data, [9]. Indeed, in the Kerr-Newman geometry, the Dirac spinor should 
behave near infinity like a solution of the Dirac equation in Minkowski space, 
where pointwise decay occurs at the rate of *-3/2. On the other hand, near the 
event horizon, the Dirac particle should behave like a massless particle, and its 
wave function should have rapid decay. One would thus have expected the rate 

Note that this finiteness assumption is not required in Theorem 6. 
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of decay in the Kerr-Newman geometry to interpolate the two rates, and thus to 
be at least as fast as t~3/2. 

The probabiUty p for the Dirac particle to escape to infinity is given by 

(59) p = lim / ipjiipfaxfyjdp. 
t-to° Jr>R 

It is easy to see that the probabUity p is mdependent of iî. Indeed, let iÎ2 > 
iîi > ri and let 

(60) Pa := Um / ^rfip{t,x)i>jdp, a = 1,2. 
*-"» Jr>Ra 

By Theorem 6, we have 

(61) Pi — P2 = Ihn / ipl^it, X)VJ dp = 0, t-»oo JRi 

which proves our claim. 
In [9], it is shown that p is given by 

(62) P = ^ E E / {\- 2l*»n|2) l ^ " I ^>l2 dw-

Using this expression, the following theorem is then shown to be true: 

THEOREM 9. Consider the Cauchy problem as in Theorem 6, with initial 
data normalized by {ipo | ipo) = 1- We have: 

(i) If the outgoing initial energy distribution satisfies {ip2un \ ipo) i1 0 for some 
UJ such that \u)\ > m, then p > 0. 

(ii) If the initial energy distribution satisfies for o = 1 or a = 2, {ipaun | ^o) ^ 0 
for some w such that |w| > m, then p < 1. 

(in) If the initial energy distribution is supported in the interval [—m,m], then 
p = 0. 

(iv) If for any k and n, 

(63) l imsup | (^ n |Vo) I^O, 

or 

(64) Uminf | ( ^ n |^o>|^0, 

then 0 < p < 1. 
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(v) We have p= 1 if and only if for all k and n the following conditions hold: 

(65) ( ^ n | ^ o ) = 0 , if M < m , 

(66) {ip?Jn\ipo) = -2t'gn{iPfn\iP0) if M > m . 

Finedly, we will mention some results, [12], [7], on the non-existence of time-
periodic solutions of the Dirac equation: 

THEOREM 10. The Dirac equation does not admit any time-periodic L2 so-
lutions in the none-extreme Reissner-Nordstrom or Kerr-Newman geometries. 

These theorems are of a different nature from the preceding ones, in the sense 
that they deal with solutions which are supported across the event horizon, and 
thus defined in a weedc sense. 

6. Linear stability. The Uneeir perturbations of a Kerr black hole by a 
massless spin s field are governed by the Teukolsky equation, [2], 

(67) 

d 
a cost? 

- [(r2 + a2)Ql + aQl-ir- M ) s ] - Mr + iacos9)— 

m29- ^ + ^ - j - ( a s m 2 (9^ + — +zscos^) 
dcos9 sm 0 \ at d(p / _ 

Just like the Dirac equation, this equation can be reduced to ordinary differential 
equations by separation of variables. It is a tantalizing problem to try to prove 
rigorous decay results anedogous to the ones given in the preceding section for 
the Dirac equation. 
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A NEW CONSTRUCTION OF SALEM POLYNOMIALS 

PIROSKA LAKATOS 

Presented by Vlastimil Dlab, FRSC 

ABSTRACT. An earlier result of the author on the zeros of reciprocal 
polynomials is applied to give a new construction of Salem numbers. 

RéSUMé. Cet article applique un résultat précédent de l'auteur sur les 
zéros des polynômes réciproques pour répondre à la question de la construc-
tion des nouveaux nombres Salem. 

1. Definitions and preliminary results. A monic reciproced polynomied 
with integer coefficients having exactly one zero (of multipUcity 1) outside the 
unit circle is called a Salem polynomial [2]. 

A 5o/em number is a real algebraic integer o; > 1 of degree > 4, all of whose 
conjugates, apart from a and a - 1 , lie on the unit circle. 

Here we give a new construction of Sedem polynomieds and therefore (in case 
of their reed zeros are positive) a construction of Sedem numbers. This is based 
on the following result of the author [4]. 

All zeros of the (real reciprocal) polynomial 

m 
(1) um{z) = u(ro.j.a)(*) = l{zm + zm-1 + --- + z + l) + ^ak{zm-k + zk) 

fc=i 

of degree m where Z e K, / ^ 0, m 6 N, m > 2, a = (oi , . . . , a^]) G R'^' are on 
the unit circle if 

I?) 

(2) KI>2EM-

Write vm{z) := zm + zm~l -\ 1- z + 1. It has been proved in [2] that for any 
sequence of positive integers mi,m2,. . . , ma, s > 3, the polynomied 

(3) g{z) = {z + l)f[vmi{z)-*iL,[vmk-i{z) n vmi{z)) 
t = l fc=l t=l,t94fc 

is either cyclotomic or Salem. 
The polynomied (3) is cyclotomic only if s = 3 and (mi -I-1)-1 + (m2 + 1 ) - 1 + 

{mz + I ) - 1 > 1 or s = 4 emd mi = m2 = ma = m^ = 1. 
Received by the editors on January 27, 2003. 
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To determine the location of zeros of reciproced polynomials we apply Cheby-
shev transformation. This transformation projects the unit circle on the real 
interved [-2,2). 

A polynomial p of the form p{z) = ^ = o aj*j {* e C) where n € N, ao, . . . , 02n 
G K and aj = a2n-j (j = 0, . . . , n — 1) is called a real semi-reciprocal polynomial 
of degree at most 2n. If a2n 7̂  0 we caU p a real reciprocal polynomial of degree 
2n. Denote by 'R,2n the set of all reed semi-reciproced polynomials of degree at 
most 2n. 

If p G 72.2n, p ^ o {o = the zero polynomial), then there is an integer k, 
0 < fc < n, such that a2n = 02n-i = • • • = a„+fc+i = 0 = dn-it-i = • • • = OQ but 
On+fe = an_fc ^ 0 hence 

(4) p{z) = zn [an+fc {*k + -^)+--- + On+i ( z + - ) + an] • 

Let Tj be the j-th Chebyshev polynomial of the first kind, emd Cj be the j-th 
normalized Chebyshev polynomial of the first kind defined by Cb(:c) = îo(x), 
Cj(x) = 2^(1) for j > 0 . 

With z + \ = x,vie have zi + •£ = Cj{x) {j = 1,2,...), and hence by (4) 
(5) 

k k k 
Pi*) = 2" E an+jCjix) = an+kzn Y[{x - aj) = an+kzn-k Y[{z2 - ajz + 1), 

j=o j=i j=l 

where a^ G C (j = 1, . . . , k) are the zeros of the polynomial 2j=o an+jTj{x). 
The Chebyshev transform of a non-zero polynomied p G ^n having the fac-

torization (5) is defined by 
fc 

Tp{x) = an+fc JJ(ar - aj), 
3=1 

whUe for the zero polynomial p we put Tp{x) = 0. 
It is clear that T maps ^n into the set Vn of edl polynomials of degree < n 

with real coefficients. In fact, we have the foUowing: 

PROPOSITION 1. The Chebyshev transform T is an isomorphism between the 
(real) vector spaces 7̂ 2n and Vn. 

Our basic tool is the foUowing lemma {cf. [2]). 

LEMMA 1. Let f{z) be a monic integral reciprocal polynomial and let f{z) 
be defined by 

tf \ j fiz) if the degree of f is 2n, 
~ \f{z){z +1) if the degree of f is2n-l. 

Then f{z) is a Salem polynomial if and only if the Chebyshev transform Tf{x) 
of f{z) has n-l zeros in the interval [—2,2]. 
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2. The construction. Write V2n{z) = " ^ y / ^ . Similarly, if uTn{z) is a 
reciprocal polynomial of the form (1) and m = 2n-l-l, we write Û2niz) = ""â+i • 

LEMMA 2. Supose that (2) holds with strict inequality. 

(i) The values of the polynomial Tu2n{x) alternate sign at the zeros ofTv2n{x). 
(ii) The values of the polynomial TÛ2n-2{x) alternate sign at the zeros of 

Tv2n{x). 

PROOF. It is easy to see that Ti;2„(i) = I7n(§) = n"=o(a: - ^i) ai1^ 
Tv2n{x) = Uni*) + £/n-i(f) = n"=i(« - lj) where ft- = 2 c o s ^ , 7i = 
2 cos ̂ p j for j = 1,2,..., n and Un is the n-th Chebyshev polynomied of the 
second kind (for the details see [4]). 

In [4], we found that 

(6) TU2n(x) = z[f / n ( | ) + f / „ - i ( | ) ] + Ê 2 û f c T n _ f c ( | ) , 
fc=i 

(7) TÙ2n-2{x) = lUn-i ( | ) + E û* [^n-fc-l ( | ) " Un-k-2 ( | ) ] • 
fc=l 

Substituting the corresponding zeros into (6), (7) we have, after some calcula-
tions, that 

(8) ro2„(ft) = 2 ( l ( - l ) ^ + f > c o s ^ ^ ^ 

^ - D ^ + E f c i ^ f c c o s 2 ^ ^ - 2 ^ 1 ^ 
TÙ2„-2(7j) = 2 -

2 cos ôf 2n+l 

By the strict inequality (2), we get that sgnTn2n-2(7j) = sgnisgn(-l)J + 1 and 
sgnTu2n{Pj) = sgn/sgn(-l)-'+1 proving Lemma 2. • 

THEOREM 1. Let mi, m2,.. . , ma and Zi, Z2 > • • • > ŝ be arbitrary positive inte-
gers and for i = 1,2,...,s; mj > 2 let a^ = (OJI, .- . ,0^^.]) be vectors with 
non-negative integer components such that 

(9) li > at where (7» = 2 E atfc 
fc=] 
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holds while for mj = 1 let at be the zero vector. Further let 

um({z) := uimitlitai){z) = li{zm* + z"1'-1 + .-- + Z + 1) 

+ E aik{zmi-k + zk) if mi > 2 
fc=i 

«mi W := "(m,,!,^)^) = li{z + 1) if m = 1. 

Define the polynomials 

(10) f{z) = / ( m i m,),(l,.....J.).(Bi,...,a.)(«) 
S B 8 

= {z + l)'[[vmi{z)-zY,{vmk-liz) J ] Vmi{z)} 
i=l k=l j=l1t/fc 

where 

umi-i{z) := U(mj_iii<ia4)(z) if mi > 2 

umi-i{z) := k if mi = 1. 

Then f{x) is a Salem polynomial unless one of the following conditions hold, in 
which case the polynomial is cyclotomic: 
(a) s = l,li = lorli=2 and mi > 1 
(b) s = 2, ii = Z2 = 1» nil > 1 and m2 > 1 

s = 2, /i = 2 or fi = 3, k = 1 and mi = m2 = 1 
s = 2, Zi = 2, k = 1 and mi = 1, m2 = 2 
s = 2, Zi = 2̂ = 2 and mi = m2 = 1 

(c) s = Z,li=l2 = h = l and {mi +1)-1 + (m2 + l ) - 1 + (ma + l ) - 1 > 1 
s = 3, Zi = 2, Z2 = Z3 = 1 ond mi = m2 = ma = 1 

(d) s = 4, Zi = Z2 = Z3 = Z4 = 1 and mi = m2 = ms = 014 = 1. 
PROOF. We may assume that mi, m2,.. . , ms are arranged such that all odd 

mj's are listed first, i.e., mi = 2ni-|-1, nj > 0 for 1 < t < r and m» = 2ni, nj > 1 
if r + 1 < t < s for some 0 < r < s. Teiking out the feictor z + l corresponding 
to the zero —1 of f{z), we have 

f{z) = {z + iy+1f[v2ni f l ^ 
t=l t=r+l 

r r s 

-2(2-i-l)r-1E(U2nfc H V2"* II V2n') 
k=l i=l,i7tfe t = r + l 

-Z{z+ir+1 E fan^fi^nt f l V2nl) 
fc=r+l i = l i=r+l,»5*fc 

= {z + ly-'iiz + l)2fi{z) - zf2iz) - z{z + l)2h{z)) 
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with suitable polynomials / i , /2, /s-
Write d = 52'i=1 ni then the degree of f is N = "^Ui ^ i + 1 = 2d+r + 1 . Let 

Fix) = { 
' TI{'xXi ={x + 2)Tfi{x) - Thix) -{x + 2)Tf3{x) if ris odd 

( x + 2 ) - î -

?&% = {x + 2)Tfi(x) - Tfoix) -{x + 2)Th{x) if r is even. 
k (x+2) 

Applying Proposition 1 we can rewrite F as 

r a r r 8 
F(x) = (x + 2)J]T{;2„i J ] T t ^ - E ^ n * H T i ^ H Tv2n) 

i = l i=r+\ fc=l «=l,i7tfc t=r+ l 
s r s 

- (X + 2) E {T'Û2nk-2^{'Tv2ni H ^ n i ) -
fc=r+l t=l i=r+l,»?Sfc 

By Lemma 1 we have to show that Tf has [^^•] — 1 zeros in [-2,2], or that F 
has [^^•] - 1 — [§] = d zeros in the interval [-2, +2] apeirt from the exceptional 
cases (a)-(d) when each of the d + 1 zeros of F are in [—2, +2]. 

To determine the number of zeros of Tf we use: 

LEMMA 3. Let $i, 'J'i, hi (i = l,2,...,s) and ho be polynomials with real 
coefficients such that ho,hi,...,hs are positive on the interval {a,b], ho{a) = 0 
ond for each i = l,2,...,s 

(A) aZZ zeros of Qi are single, and $i(6) > 0, 
(B) ypj alternates sign at the zeros of $i, and Vi is positive at the largest zero 

of Si, 
(C) for each i = 1,2,...,s such that hi{a) ^ 0 and ^ ( a ) ^ 0; ^ alternates 

sign on {a} U {zeros o/$i}, ond t/$i ftas no zeros on (o, 6], then ^!i > 0. 
Let M be the number of zeros of the product $i • • • $ s on (a, 6), counted with 
multiplicity. Then the function 

S 8 8 

*=/ion*'-E('ifc*fc n *•) 
i = l fc=l i=l!i#fc 

ftas M zeros in [a, b]. 

Lemma 3 can be proved following the arguments of Proposition 4.1, Corol-
laries 1, 2 of [2], pp. 246-249. Condition (7) of Corollary 1 was changed to (C) 
to accomodate our situation, this again causes just a small deviation from the 
arguments of [2]. 

In the sequel let $ = F, ho = x + 2, 

' \Tv2ni ' \ x + 2 ' \rÛ2„i-2 if7- + l < t < S . 

file:///Tv2ni
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The number of zeros (counted with multiplicity) of the product $1 • • • $3 is easily 
seen to be Y!,i=in* = d. AU these zeros are in (—2,2), denote by ad the leirgest 
one. 

Choose [o, b] to be [-2, ay + e] where 0 < e < 2 - ad- We show that the 
conditions of Lemma 3 are satisfied. Obviously hi are positive on (—2, ad + e] 
and M - 2 ) = 0. 

(A) All zeros of Tt^rti and Tv2ni in (-2,Qd-|-e) are single. Since T t ^ n ^ ) = 
^ ( 1 ) + £^,-1(1) = 2 ^ + 1 > 0, ^2^ (2 ) = Uni{l) = ^ + 1 > 0 and T ^ , , 
Tv2ni ha v e n o zeros in [ad + e, 2] they are positive at the point ad + e. 

(B) is ensured by Lemma 2, and also by Lemma 2 we have sgn Tu2ni = 1 > 0 
at the largest zero of TÛ2n1 and sgn TÛ2ni-2 = 1 > 0 at the largest zero of T^nj • 

To show that (C) is edso satisfied we remeirk first that *i(-2) = Tu2n( (—2) = 
0 (1 < t < r) if and only if x + 2 is a factor of it, t.e., if and only if - 1 is a double 
zero of U2n<, emd this holds if only if (see [4, Theorem 1]) 
(11) 

n* 
Zt = 2 E aik and sgn(-l)fc+1 = 1 for all fc = 1, . . . , ^ for which aik / 0. 

fc=i 

By Zi > Oj, (11) cannot be satisfied. Thus hi{-2) ^ 0 and *i(-2) ^ 0 holds if 
and only if Z < i < r. 

Let us fix a subscript i with Z < t < r. 

CASE 1. $i = Tv2ni has no zeros on {-2,ad + e]. This holds if and only if 
mi = 1, ni = 0. Then we have ty = Tu2nj = Zi > 0 as required by (C). 

CASE 2. mi > 1. By Lemma 2, ty alternates sign at the zeros of ty. By 
Lemma 1 the smallest zero of ty is 0ni = 2cos ^ - ^ 5 . To show that (C) holds in 
this case it is enough to prove that 

(12) sgnty(-2)^sgnty(/Jn i). 

FVom (8) s g n t y ^ J = sgnTtt2n<(/3nJ = (-l)n*+1, and by (6) 

ty(-2) = Tn2„4(-2) = li[Uni{-l) + Uni-i{-l)] + E2oifcrn i_J fc(-l) 
fe=i 

= lii-l)ni + E 2aifc(-l)n<-fc = (-l)ni (^ + 2 E ^(-l) f c) 
fc=l * : = 1 

and the expression in the last parenthesis is positive by Zi > Oi, proving that 
(12) is satisfied. 

Since e > 0 was eirbitrary we have proved that F has d zeros in the interval 
[—2, ad] • The polynomial F is of degree d+1 its d-f 1-th zero can only be outside 
this interved. 
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The exceptioned cases of the statement eire the cases, when F has d + 1 zeros 
in the interval [—2,2], i.e., when F{2) > 0 since sgnF(û;d) = —1. A simple 
calculation shows that 

f ( 2 ) - i f i i n . + D n < * • . + 4 - 1 ' ' " ^ ^ V i f ' 1 ^ 

i=l i=r+l L fc=l K K ' 

_ ^ nfcZfc + Y^ill Oik 

iii 2nk+1 y 
The first sum in the bracket is > 53fc=i 'fc/^ the second > X)fc=r+i ' * / 3 - Using 
this, one cem prove that if s > 4 then ^(2) > 0 impUes that Zi = • • • = Zs = 1. 
However, s > 5 and Zi = • • • = Zs = 1 is not possible since then two sums are at 
least s/4 > 1 making .F(2) > 0 impossible. This is how we get the exceptional 
case (d). Similarly, if s = 3 then .F(2) > 0 implies Zfc < 2 (fc = 1,2,3), if 
s = 2 then .F(2) > 0 implies that Zfc < 3 (fc = 1,2), finaUy if s = 1 then F{2) > 0 
impUes that Zi < 4. For a given s (= 3,2,1) we list the possible values of Zi , . . . , Z,, 
and using the condition F{2) > 0 we can select the suitable cases (a)-(c). • 

REMARK 1. We remark that the cases s > 3 and Zfc = 1 (fc = 1 , . . . , s) are 
known for example from [5]. In this way our result gives a new method for the 
description of trees with maximum eigenvedue < 2. 

REMARK 2. The sets defined in [5], [3] and [6] are very likely proper subsets 
of the set defined by polynomieds of Theorem 1. For example, the Salem number 
~ 1.673324849 defined by the polynomial 

ZU _ z12 _ zn _ Z1Q _z9_ 2z8 _ 327 _2Z6_Z5_Z3_Z2 + 1 

= {z + l)t;i(z)ui2(z) - z(2uii(z) + z5 + z6)(z + 1) - ZVi2{z) 

which is of the form (10) of Theorem 1 (with equality in the first condition of 
(9)), is not in the previously known sets. This holds since previous sets were 
defined by help of graphs. Due to the discrete nature of graphs there are "gaps" 
in these sets. The Sedem number above is in such a gap. 

REMARK 3. In some cases the polynomials of the form (10) are Sedem poly-
nomials even if um 4_i do not satisfy condition (9) but their zeros are on the unit 
circle. For exeimple let s = 1, mi = 16, Zi = 2 and 

u15(z) = 2u15(z) + z5 + z6 + z9 + z10; / i(z) = (z + l)t>i6(z) - ZU15(Z). 

Then / i (z) = (z + l)<I>4(z)ty2(z)5i(z) where gi{z) is the Salem polynomial of 
the smallest known Salem number. 
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This holds since the Chebyshev transform of fi (z)/(z + 1) has 7 zeros on 
the interval [-2,2]. The polynomial gi is em irreducible feictor of many Salem 
polynomials of the form 

(13) (z + l)vm.i{z) - z(2t;m_2(z) +zi + j + z7""2"* + z"1"2^) , 

for example if m = 20, t = 3, j = 6; m = 21, t = 2, j = 9; m = 25, t = 1, j = 10. 
Also, the majority of the smedl Salem numbers Usted in parameter set for the 
Sedem polynomials of the 8 smedlest Sedem numbers 

# 1 2 3 4 5 6 7 8 
m 17 19 17 16 15 19 13 25 
t 5 3 3 3 3 1 4 0 
j 6 5 5 6 5 7 5 8. 

It may be of interest to show that the construction defined in Theorem 1 yields 
edl smedl Salem numbers. 
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SUMMATORY FUNCTIONS OF ELEMENTS 
IN SELBERG'S CLASS II 

WENTANG KUO 

Presented by M. Ram Murty, FRSC 

RéSUMé. Soit F{s) une série de Dirichlet, F{s) = Y^n=iann~'> 
SRs > 1. Définissons la fonction de sommation S(x) comme étant 5In<:r a n • 
Supposons que F{s) satisfait les conditions suivantes: tout d'abord, pour 
tout « > 0, |an | = 0(ne). Ensuite, F admet des continuations ana-
lytiques et des équations fonctionelles. Plus précisément, il existe une 
fonction A(s) = Q'U £(«<« + yi), Q > 0, ai > 0, SR-y* > 0, telle que 
F(s)A(s) = ijF{l - s)A(l - s), H = 1. De plus, assumons que F(s) 
est entière. Cet article donne une estimation de S{x) sans conditions 
additionelles. L'estimation triviale est S(a:) = 0 ( x 1 + ' ) , Vc > 0. Soit 
9 = g^y < 1, d = 253ot. Assumons que d > 2. Le théorème principal 
est S{X) = 0{Q1-e-txe+-'t), Vï > 0,7 > 1. 

1. Introduction. Let ^ ( s ) be a Dirichlet series, i.e., F{s) = 53 n = i On"" 
The summatory function S{x) is defined as follows 

S{x) = ^ an, i > 1-
n < i 

We suppose that F{s) extends to a meromorphic functions for 3î(s) > 1. If 
F{s) has only a simple pole at s = 1 on the line of 3î(s) = 1 and satisfies some 
conditions on coefficients, the celebrated Tauberian theorem (see [5]) gives us 

S{x) = KX + R{x), R{x) = o{x), for some constant K. 

To find the exact order of the error term R{x) is, in genered, a difficult problem. 
It is difficult to deal with general Dirichlet series. However, almost edl inter-

esting Dirichlet series admit anedytic continuation or meromorphic continuation 
to the entire complex plane and satisfy a functional equation. More precisely, 
we assume that there is a function 

A(s) = Qs H r ( a i s + ji), Q > 0, a* > 0, 

such that 
F(s)A(s) = wF{l - s)Â{l - s). 

where w is a complex number with [wj = 1, F{s) = F{s), and A(s) = A(s). 
Received by the editors on January 23, 2003. 
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In [1], Chandrasekharan and Narasimhan proved an O-theorem and an Çl-
theorem for the error term R{x). In [4], R. Murty used such theorems to get an 
estimation of eigenvalues of Hecke operators. 

Now we assume that F{s) is entire and satisfies Ramemujan hypothesis, i.e., 
for all e > 0, [onl = 0{n€). The medn term in the summatory function disappears. 
By the Reimanujan hypothesis, the trivial estimation of S{x) is 0 (x 1 + e ) , Ve > 0. 
Define rp to be the smedlest vedue of Ç such that 

S{x) = 0{xi+l), Ve>0 . 

To determine Tp is not an easy job. If we cem find some upper bound 9 of 
rp less than 1, then the Dirichlet series 2 n > i a n n - s ^ U converge in 5R(s) > 9 
{cf. Lemma 5.) The importance of this fact is that we can estimate the size of 
F{s) inside the the critical strip, which cannot be inferred from the functional 
equations. 

Let d = 2 53 ai be the degree of F{s) and Q the conductor appearing in the 
functional equation. In [2], Ram Murty and the author used Perron's formula, 
with the necessary estimates for the functions coining from convexity properties 
of entire functions of finite order, to get that 9 = d/d + 2 works. The argument 
is done very efficiently and clearly. More precisely: 

THEOREM ([2, THEOREM 4]). Keep all assumptions in this section. We have 

In the paper, the author use the non-trivied results in [1] to get the better 
result. The medn theorem of this paper is: 

THEOREM (THEOREM 4). Keep all assumptions in this section. Then for 
d > 2, we have 

V€>0 , V 7 > 1 , S{x) = 0{Q1-e+£xe+T), & = ^ l = l - - l T < l . 
a-f-1 d-l-1 

Except for [2], all old literatures, such as [6], concentrate only on the exponents 
of x for the case of modular forms. Our medn contribution is write down the 
general theorem for Selberg's class, and more importantly, the dependence of the 
conductor, which was never done before except in [2]. FVom our work, a totally 
new phenomenon is observed as foUows: whatever the method we use, the sum 
of two exponents is always equal to 1 + e. 

The orgemization of this paper is foUowing. We set up the notations in the 
second section and state some results and tools in the third section. And then 
we prove our main theorem in the fourth section. In the fined section we make 
some concluding remarks. 

ACKNOWLEDGMENTS. The author would Uke to thank Professor Ram Murty 
for useful discussions. 
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2. Notations. In this paper, we consider a set S' of complex functions 
F{s) satisfying the following conditions: 

(i) (Dirichlet series) 

n=l 

a Dirichlet series absolutely convergent for 3ÎS > 1; 
(ii) (Ramanujem hypothesis) Ve > 0, an = 0{nl) and the constant only depend-

ing on F and e; 
(iii) (Anedytic continuation) F{s) extends to an entire function of finite order; 
(iv) (Functional equation) it has a functioned equation of the form: 

$(s) = w*(l - s), 

where u GC, |a;| = 1, 
m 

$(s) = A(s)F(s), A(s) = Qsnr(ais + 7i), 
«=i 

and *(s) = $(5). Here Q > 0, aj > 0, ^{ji) > 0, and m is a non-negative 
integer. The number Q is called the conductor. We define 

m m 
Â(s) = J ] r (a i s + 7i), and A(s) = Qa]l r (a i s + 7i) = Q8À(s). 

t= i t= i 

REMARK. Here our conditions are the same as the Selberg class <S defined in 
[7], except for the Euler product condition and the admission of poles at s = 1. 

Let df be the degree of F defined by 

dp = 2 2 j a : i -
i= l 

Define the summatory function Sp{x) of F{s) by 

Sp{x) = Y^ On-
n<2 

Sometimes we drop the subscript F if there is no confusion. 
We shedl adopt the following notation: 

/•c+ioo 
f{s)ds:= j 

/(c) 

where f{s) is any complex valued function on C. 

/ /(s)ds:= / /(s)ds, 
J(c) JC—too 
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3. Preliminaries. In this section we state the results and tools needed in 
our proof. The main tool is the method of contour integration. 

The following lemma is steindeud contour integration (see for exeunple, [5]). 

LEMMA 1. Ifkis any positive integers, c > 0, then 

2mJ(c)s{s + l)---{s + k) \o if0<x<l. 

DEFINITION 2. Let F{x) be a smooth function in x. For y > 0 and 0 < r 6 
Z, define the r-th finite difference Aj;F(x) of jF(a;) 

^(x) = i>l)r-" f ' W + «2/) 
t,=o ^ ' 

rx+y i-tt+y rtr-i+w 
= / dfi / d t 2 . . / F^{tr)dtr. 

Jx Jtl Jtr-l 

It is easy to get the following estimations from the definition of Aî;F(a;): 

A r F ( a ; ) = > ( | F ( x ) | ) , 

The main ingredients of our proof is the following results in [1]: 

THEOREM 3._([1, (4.5), (4,11)]) We adopt the notations in Section 2 and 
Section 3. Let Â(s) = fEU Tfos + 7*). Suppose that d>2. For 0 < r e Z, 
and c 6 K, de^ne 

1 /• r ( i - s )À(s ) 
27r ty ( c ) r ( r - | -2-s )A( l -s ) 

Then for suitable choices c and r, we have 

J{x) = 0{x*+a^T-*d), and jW(x) = 0(x5-èd). 

4. The Medn O-Theorem. Now we state the main theorem. 

THEOREM 4. Let F{s) be the Dirichlet series ^=1 ann~a that satisfies the 
conditions in Section 2. Suppose that d>2. Then 

Ve > 0, Vy > 1, Six) = 5 > „ = O^-6-^6^). 
n<x 

Here 
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PROOF. We follow the Une of proof in [1]. Set 

(1) Ar{x) = - 5Z a n ( x _ n ) r ' Aoix) = Y2an = six)-r< 
n<x n<x 

By Lemma 1, for c > 1, we have 

Using the entireness of F{s) and moving the line of integration to SR(c) < 0, we 
change the variable from s to 1 - s and apply the functioned equation to get 

Mx) = w • - ^ / r ( 1 " s ) é ( 5 ) xr+i-aQ2a-lF{s) ds. 
n y 27rt J(c) r ( r + 2 - s)A(l - s) W 

Let 
i{x) = ±f Q2,-i r(i-s)Â(.) xr+l_ads 

2niJ^ r ( r - i - 2 - s ) A ( l - s ) 

By the Dirichlet series expression of F{s), we cem rewrite Ar(x) as 

(2) Arix) = Ujri£;I{nx). 
n = l 

Two different expressions (1), (2) of Ar{x) are the core of this proof. We apply 
AJ on (1). 

A-Ar(x) = S > n
 A*{X- ^ + ± ^ ( - i r - h Y, -n{x + vy-nY 

n<x «=0 ^ ' x<n<x+vy 

= Aoix)yr + o{yr ^ |an|) 
x<n<x+vy 

where we use Ay(x - n)r/r! = yr. Since Ao(x) = 5(x), we get 

(1') XyAr{x) = yrS{x) + 0(yT ^ K l ) . 
x<n<x+vy 

On the other side, apply AJ on (2), 

A J A r ( x ) = W ^ - ^ : A J ( / ( n x ) ) . 
n = l 
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To estimate Aj(7(nx)), we use Theorem 3. By Theorem 3, for suitable r, we 
have 

I{x) = OiQ^+i - x H ^ - è * ) , and/(r)(x) = 0(Qi • x ^ " ^ ) . 

Therefore, 

A'Kx) - H l ' t o l ) - l0{Qir+* xi+^r-i*), 
v ( ) " \0iyrmx)\) - {Ofr - Qi • x W * ) . 

We invoke the Ramanujan hypothesis on F{s) and write the summation to two 
parts; one is from 1 to A and the other is from A to infinity. For e > 0, 

A A 

Z^Iinx) = 0fefQl.x*-i£;nr.nt-i)=0{y'-Qixi-iA*-i+')1 
n = l n= l 

and 
oo 

E ^/(nx) = 0(5: Q™ • v**1*'-*^^-*) 
n=A n=A 

= OiQ$r+l'xi+<tT-r-tAt+±rr-$+t). 

Set A = y-dQ2xd-1. We have 

(2') AJAr(x) = 0(2/ r- î+^-d £Q1 + 2 ex^-H(d-i)^. 

Combining (1') with (2') and using the Ramanujan hypothesis, for e' > 0, y = 
0{x), we have 

Six) = 0(j/-5 + e-<V+^xi{-H(d-l)e) + 0{y • x£'). 

Ameizingly, r disappears in the end. 
To minimize the sum, we equalize j/~^+3-d£Q1+2£xï_è+(d-1)£ and y • x*'. 

Taking 
y = x*-Ql3, 

where 
f - ^ - K d - ^ e - e ' 1 + e 

i + | + de ' P i + ^+de" 
Then it follows that 

S(x) = 0{y - x£') = 0{xa+e' • Q") = 0(x3Tr+Te"Qrii-£"). 

Here e" is emy positive number emd 7 is emy positive number greater than 1. 
This ends the proof. • 
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5. Concluding Remarks. In this section we discuss some applications. 

LEMMA 5. Let F{s) be a Dirichlet series. Assume that its summatory func-
tion S{x) is 0{xs). For 3t{s) > S, the series 

n=l 

convenues. Note that we do not assume that the F{s) converges absolutely for 
U{s) > Ô. 

PROOF. Let Fx{s) be 52n<x an/n~s. It suffices to prove that i ^ s ) converge 
uniformly when x tends to infinity. Let s = c + it. By definition, 

Fx{s) = j*J;dS{t), 

where S{t) is the summatory function. By partied summation, 

= A{s) + 0{xs-c) + 0^1™-^ dt) = A(s) + 0{xs-c), 

where 

A{s) = sfJ£dt. 
Therefore, ^ ( s ) converges to A(s) uniformly when x tends to infinity. This 
proves our assertion. • 

Immediately, we have the following corollary. 

COROLLARY 6. // F{s) G S' and d>2, then for 3is>9 = {d- l)/(d + 1), 
the series 

n=l 

converges. 

We have severed remeirks in the end. 
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(i) In [6], Rankin got the better result in the case of L-functions attached to 
cusp forms. More precisely, for cusp forms, whose d is 2, for emy positive e, 
he proved 

Six) = 0{x^-l^2+l\logx)-s+t) = Oix^ilogx)-6^) 

where 6 = {8- 3\/6)/10 = 0.065153... . Unfortunately, Rankin's method 
cannot be appUed on Selberg class because it reUes on a better estimate of 
coefficients, namely 

a„ = 0(d(n)), d(n) = 2 l , 
m|n 

and the work of Moreno emd Shahidi [3] on a non-trivial estimate of the 
fourth moment of coefficients. However, using the property of Euler prod-
ucts, it might be possible to improve the result. 

(ii) An interesting observation is foUowing: whatever the methods we use, the 
sum of the exponents of Q and of x is edways equal to 1 -|- e. It wiU be very 
interesting to see how to break this bound. 

(iii) Our theorem computes the conductor dependence. It wiU be useful in the 
study of average values of famiUes of elements of the Selberg class. We hope 
to undertake this study in forthcoming research. 
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