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ABSTRACT. This survey discusses three aspects of the ways in which
probability has been applied to the theory of finite groups: probabilistic
statements about groups; construction of randomized algorithms in com-
putational group theory; and application of probabilistic methods to prove
deterministic theorems in group theory. It concludes with a brief summary
of related results for infinite groups.

RESUME. Cet article donne un apergu sur trois aspects des fagons dont
la probabilité est appliquée a la théorie des groupes finis: les faits prob-
abilistiques des groupes; la construction d’algorithmes aléatoires dans la
computation; et ’application des moyens probabilistiques pour obtenir les
théorémes déterministiques dans la théorie des groups. On termine avec un
bref sommaire de résultats se rapportant aux groupes infinis.

In the past 20 years, and particularly during the last decade, there has been
a growing interest in the use of probability in finite groups. It has been my
experience that many pure mathematicians still look on probability theory as an
“applied” subject (perhaps because of the way it is taught in our universities),
and are dubious about the validity of using probabilistic reasoning in their own
discipline. Kolmogorov’s axiomatization [51] of probability theory still seems to
be a well kept secret. However, no-one should be uncomfortable in a discussion
of the applications of probability theory to finite groups, since in these cases
the probabilistic statements can be always be simply understood in terms of
proportions.

In the current article I shall consider three aspects of the ways in which prob-
ability has been applied to problems in group theory. These are: probabilistic
statements about groups which give some alternative description of the structure
of the group and its elements (Sections 1 and 2); applications of probability to
construct algorithms in computational group theory (Section 3); and applica-
tions of probabilistic methods to prove deterministic theorems in group theory
(see Section 4). The last section (Section 5) deals with some related results in
infinite groups.

Since my focus is on group theory, I shall ignore several very important areas
where the primary interest is in probability theory such as random walks on
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2 JOHN D. DIXON

groups and amenable groups (but see Section 3.2). There is also interesting recent
work on probability and conjugacy classes of the classical groups (see [36] and
37)). \
There are two surveys by Shalev (see 74] and [76]) which partially overlap
with this paper.

1. Probabilistic questions about elementary properties of groups.

1.1. “Statistics” of the symmetric group. During the 1960’s Erdés and Tursn
published a series of papers [31], [32], [33] and [34] on the “statistics” of the
symmetric group S,. A typical result describes the probability distribution of
the logarithm of the order of a random element = from S,; they prove that
the distribution of In(ord(z)) is asymptotically normal with mean % In?n and
variance %lu3 n. This contrasts sharply with the classical result of E. Landau
that the maximum of In(ord(z)) is (1 + o(1))/nIn(n) (see [68]). The results of
Erdds and Turén have been refined and extended in a number of other papers such
as [17], [7], [29], (45], [30], [11] (see also [73]). All of these results are essentially
combinatorial and do not use significant group properties of S,. A little more
group theory is used to prove the results in [23].
Similar results for the finite classical linear groups are found in [35].

1.2. Group laws. An earlier example of a probabilistic statement about groups
describes how commutative a nonabelian group can be (I am not sure who first
made this observation):
o If G is a nonabelian finite group with k(G) conjugacy classes, then
{(z,9) €GxGlzy=yz}| _k(G) _5
IGI2 R
This can be interpreted as saying that, for any finite nonabelian group, the
probability that two elements chosen at random from G commute is at most
5/8 (the bound is achieved when G is nonabelian group of order 8). Elementary
extensions of this result can be found in [43], (77] and [78].

NoOTE. We are assuming (as we shall generally assume for finite groups
throughout this paper) that random elements are chosen independently with
the uniform distribution on G. Thus every pair (z,y) has the same probability
1/|GJ? of being chosen.

This suggests the following general question:

e Let w:= w(X3,Xo,...,X,,) be a nontrivial word. Does there exist a con-
stant 7 < 1 (depending on w) such that, if w = 1 is not a law for a finite
group G, then a random m-tuple (z;,z,...,Zmn) of elements from G sat-
isfies w(z1,z2,...,Zm) = 1 with probability < 5?

Of course the theorem quoted above is just the case when w(X,Y) =

X-1Y-1XY. Although the question has been answered positively in some special
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cases, for example, for some words representing nilpotent varieties and metabelian
varieties (unpublished work), the problem appears to be open in the general case.
For results related to nilpotent varieties see the recent paper [38].

Some related results are known. For example, [41] shows that if G is a finite
group which is not solvable, then the probability that two random elements gen-
erate a solvable subgroup is at most 11/30. A further result appears in [21] (see
Section 4.2). Both of these results require the classification of finite simple groups
for their proofs.

2. Generators.

2.1. Generating the symmetric group. In 1969 I was reading the classical book
of E. Netto [66] and came across the following claim (p. 90 of the English trans-
lation):
If we arbitrarily select two or more substitutions of n elements, it
is to be regarded as extremely probable that the group of lowest
order which contains these is the symmetric group, or at least the
alternating group. In the case of two substitutions the probability in
favor of the symmetric group may be taken as about %—, and in favor of
the alternating, but not symmetric, group as about %. In order that
any given substitutions may generate a group which is only a part
of the n! possible substitutions, very special relations are necessary,
and it is highly improbable that arbitrarily chosen substitutions |...]
should satisfy these conditions. The exception most likely to occur
would be that all the given substitutions were severally equivalent to
an even number of transpositions and would consequently generate
the alternating group.

Perhaps Netto was expressing his frustration after trying to generate interest-
ing subgroups of S, from random permutations. He gives no supporting evidence
for his claim.

Let A, denote the alternating group. Then Netto’s conjecture can be written:

- I{(z$ y) € Sn X Sn I (zyy) > An}l

-1 -
DPn ISnIn asn o0

where (z,y) denotes the subgroup generated by z and y. Since |Sy, : A,| =2 for
n > 2, we have (z,y) < An for exactly 1 of the pairs, so the rest of his claim
follows easily. Netto’s conjecture can be rephrased as “almost all pairs of elements
of S, generate either A, or S, as n — c0” or
e the probability p, that two elements chosen at random from S, generate
either A, or Sy, tends to 1 as n — oo.
Netto’s conjecture was proved in [22] where it is shown that p, > 1—2(Inlnn)~2
for all sufficiently large n. The proof consists of two main steps. Let x,y be ran-
dom elements of S,,. Then it is shown that:
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(i) the probability that (z,y) is a primitive subgroup of Sy, is 1—1/n+0(1/n2);
and
(ii) the probability that neither (z) nor (y) contains a p-cycle for some prime
p<n-—2is < 1.8(lnlnn)~2 for all n large enough.
The result now follows by applying a classical theorem of Jordan: a primitive
subgroup of S, which contains a p-cycle for some prime p < n — 2 must contain
Ap.
The result in [22] was progressively refined in [13] and in [12]. Finally, assuming
the classification of finite simple groups, Babai [5] proved that p, = 1—-1/n +
O(1/n?) as conjectured in [22).

2.2. Generating finite simple groups. It follows from Netto’s conjecture that al-
most all pairs of elements from A, generate all of A, as n — co0. At the end of
[22] the author made the conjecture that a similar result might be true for the
other finite simple groups. More precisely, as S runs through the finite nonabelian
simple groups:
o if z,y are random elements from S, then the probability that (z,y) =
tends to 1 as |S| — co.

This was a rash conjecture in 1969 since the proof that every finite simple group
is 2-generator is based on the classification of finite simple groups (announced in
1980). However it turned out to be very fruitful. Naturally the complete proof
of this conjecture was much more difficult than the special case where G = A,,.
The general proof follows a different approach (closer to the one used in [5] for
Netto’s conjecture). We shall describe this approach now.

In 1936 Philip Hall [44] introduced the Eulerian function ¢(G,d) which is
defined to be equal to the number of d-tuples from G which generate the finite
group G. (The ordinary Euler function ¢(n) counts the number of 1-tuples which
generate the cyclic group of order n.) He proved that his function has the form

¢(G,d)= ) w(G,H)|H*
H<G

where the sum is over all subgroups H of G and p denotes the Mébius function on
the lattice of subgroups of G. (Specifically p is defined recursively by u(G,G) =1
and Y pep<q #(G, K) = 0 for all subgroups H < G.) The zeta function {(G, s)
for G is then defined to be the reciprocal of the finite Dirichlet series

P(G,s) := ‘pl(gl,as) Z "'n(

> u(G,H).

n=1 H<ZG,|G:H|=n

Clearly, P(G,d) is the probability that a random d-tuple of elements from G
generates G, and for specific groups Hall’s formula may be used to compute this
probability exactly (see [1] and [46]). The general zeta function has a number of
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interesting properties, many of which are not well understood. See, for example,
[14].

A lot of information about G is usually required if we want to calculate P(G, s)
exactly. However, in many cases a useful estimate can be obtained by using just
the terms involving the maximal subgroups of G. If M is maximal in G, then
(G, M) = —1, and for all s > 0 we have the inequality

P(G,s) 21~ i @
m=2

where by, (G) is the number of maximal subgroup of index m in G. If we are
lucky, then sufficient knowledge of the maximal subgroups of G may lead to a
nontrivial estimate on P(G, d) for sufficiently large d.

For example, in the alternating group A, the maximal subgroups which are
not primitive are easily described, and the maximal subgroups of A, which are
primitive are known to have small orders (see [26, Section 8.5 and Theorem 5.6B]).
It is therefore possible to show that P(A,,2) — 1 as n = oco. This is the idea
behind the proof in [5] although it is not stated in exactly this way. Indeed it is
now known [55] that there are exactly n/2 + o(n) conjugacy classes of maximal
subgroups in A,, and Babai’s theorem follows easily from this because every
proper subgroup of A, has index at least n.

In [49] and [53] Kantor, Lubotzky, Liebeck and Shalev completed the proof of
the conjecture in [22] by showing that as S runs over the finite simple groups,
P(S,2) = 1 as |S| = oo. Their proof uses detailed knowledge of the maximal
subgroups of the various classes of simple groups and is, of course, dependent
on the classification. As we shall see later (Section 4.2), the theorem which they
proved has applications to problems which seem to have nothing to do with
probabilistic questions.

In the past few years much more has been proved about this problem and
related questions. For example, Liebeck and Shalev [56] proved a conjecture of
Kantor and Lubotzky for finite nonabelian simple groups S:

e If z is random element and y is a random involution from S then S = (z, y)

with probability approaching 1 as |S| — co.

Guralnick and Kantor [42] have also proved:

e In each finite nonabelian simple group S there is a conjugacy class C such

that for each fixed element z # 1 from S and a random element y from C,
the probability that (z,y) = S is at least 1/10.

3. Algorithms. A probabilistic algorithm is an algorithm which, at some
stages, does not prescribe a determined step but “tosses a coin” to decide what the
next step should be. The effect of introducing randomization into the execution
of an algorithm can often speed up the running time of the algorithm as well as
simplify its programming. Randomized algorithms of this type have been used
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over the past 40 years, and have become increasingly important in solution of
computational problems in combinatorics and algebra. A good general reference
is [65]. The paper [15] gives a good overview of probabilistic algorithms applied
to groups (see also [16] and [50)).

Of particular interest are Monte Carlo algorithms. These are randomized al-
gorithms whose reliability (probability of returning the correct answer) can be
increased arbitrarily at the expense of extra time. A Monte Carlo algorithm which
never returns an incorrect answer (but may sometimes return “fail” to indicate
that it cannot find the solution) is called a Las Vegas algorithm.

3.1. An ezample: the structure of U,. An example of a Las Vegas algorithm
which may be familiar is a pseudo-prime test. These are fast tests used to de-
termine when a large integer n is composite and to give convincing evidence for
primality when the integer is prime. The tests are based on recognizing distin-
guishing properties of the group U, of units of the ring Z/nZ. We take a few
moments to describe one of these tests here (see [72]).

Let n > 1 be an odd integer. Then we can represent the group U,, by the set of
integers k with 1 < k < n with greatest common divisor GCD(k,n) = 1 with the
operation - of multiplication modulo n. If n is prime, then U, is a cyclic group
of order n — 1 whose unique element of order 2 is n — 1. If n is not prime then:
either n is a prime power and so |U,| does not divide n — 1; or else n has at least
two odd prime divisors and so U,, at least two elements of order 2. Suppose that
n is not prime, and write n — 1 = 2'm where t > 1 and m is odd. We say that
an integer k with 1 < k < n is a witness to the compositeness of n if any of the
following hold:

(i) GCD(k,n) # 1;

(ii) & has order not dividing n — 1; or

(iii) k has even order 2h in Uy, but k" is not equal to n — 1.
We can check these three conditions as follows: a particular value of k is a witness
unless k™ = 1 or one of the elements k™, k2™, ..., k2" '™ is equal to n — 1. (The
usefulness of this criterion depends on the fact that there is a fast way to compute
powers of k modulo n; see, for example, [65].)

We now have a Las Vegas algorithm for checking compositeness of an odd
integer. Choose a random integer k from the interval 1 < k < n and test to
see whether k is a witness to the compositeness of n. If n is composite, then
it can be proved that a randomly chosen k will be a witness with probability
at least 1/2. If we find a witness, then we know that n is composite and so we
are finished. The test can never give us a proof that n is prime. However, if we
perform d independent repetitions of the test on n and do not find a witness, then
we should become increasingly convinced that n is prime since the probability
that this event happens for a composite n is < (1/2)%. This pseudo-prime test
(or a similar test) is widely used in programs such as Maple as an inexpensive
partial substitute for primality testing.
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A similar search for witnesses can be used to determine whether or not a given
finite set of matrices from GL(d,q) generates a subgroup containing SL(d, g) or
one of the other classical groups (see [67], [69], [70] and [75]).

3.2. Finding random elements. A problem which arises in many probabilistic
algorithms in group theory is:
o If we are given a set of generators for a group G, how can we efficiently
generate random elements of G?

In some cases this can be done easily; an important case is when the group
is given as a permutation group and a stabilizer chain and strong generating set
are known. However, in other cases, when we have less information about G or a
less structured generating set, the problem may be much more difficult.

In practice we do not require that the probability distribution be exactly uni-
form, but it should be close to uniform. Consideration of this problem leads to
the analysis of random walks on the group (more precisely, on the Cayley graph
associated with the set of generators) which can be described in terms of Markov
chains. Measuring the efficiency of the algorithms to generate near random ele-
ments then reduces to determining how fast the Markov chain converges. This in
turn uses some interesting linear representation theory (see [20] for an excellent
introduction). Along similar lines we note that [2] discusses the problem of ran-
dom walks on S,, and explains why 6 random riffle shuffles of an ordinary deck
of cards are not sufficient to randomize the deck, but 7 shuffles suffice.

The general problem of generating random elements in a group is by no means
satisfactorily solved, and it is clear that naive methods of computing random ele-
ments are not adequate (see [6] and [71]). The problem is particularly important
when G is a group of matrices over a finite field.

We remark that Babai, Luks and Seress have introduced a simple technique
called random subproducts which can sometimes be used to substitute for the
problem of finding random elements. This is based on the following easily proved
proposition (see [15, Prop. 2.1]):

e If H is a proper subgroup of G and z,,...,Z, is a set of generators of G,
then with probability > 1/2 a random element from the set

{mi‘zg’---z,‘.}," | €1,€2,...,6m € {0,1}}

does not lie in H.

3.3. Recognizing S,. Let f(X) be a monic separable polynomial of degree n with
integer coefficients, and let G = Gal(f) denote the Galois group of the splitting
field of f where G is considered as a permutation group on the set of n roots.
For each prime p we can consider the factorization

f(X) = H(X)fo(X) -+ f+(X) (modp)
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where the f;(X) are monic irreducible modulo p. Suppose that p does not divide
the discriminant disc(f) of f (so the factors f;(X) are distinct) and let n; <
ng < .-+ < n, be the degrees of the factors. Then Frobenius showed that G
contains permutations with cycle type (ni,n2,...,n,) (see [82, Sect. 61]); and
later Chebotarev showed that, in a suitable sense, the proportion of p which give
rise to a particular cycle type is equal to the proportion of permutations in G
with that cycle type (see [81]). This theorem is used to help identify the Galois
groups of irreducible polynomials.

Van der Waerden also proved that “almost all” irreducible polynomials over
the rationals have the full symmetric group as their Galois group. It is therefore
worthwhile having a quick test to determine whether this is true for Gal(f). This
leads to the following heuristic. For a sequence of “random” primes p find the
associated cycle type (ni1,73,...,n,) which must appear in Gal(f) according to
Frobenius’ theorem. Try to determine whether the existence of these cycle types
in Gal(f) implies that Gal(f) is the full symmetric group. Recalling that two
elements of S, have the same cycle type exactly when they are conjugate in
Sh, and taking into consideration Chebotarev’s theorem, we have the following
(slightly idealized question) about recognizing when we have the full symmetric
group.

We shall say that a list ;,9,...,24 from a group G invariably generates G
if (y1,%2,...,%a) = G whenever y; is conjugate to z; in G for i = 1,2,...,d. We
then ask:

o Given d > 2 what is the probability that d random elements of S, invariably
generate S,?

This problem was first posed by John McKay (private communication). He
conjectured from numerical experiments that the expected number of random
elements required to invariably generate S, is a constant (about 5) independent
of n. It is shown in [25] that O((In7n)!/2) random elements are enough, and soon
after that Luczak and Pyber [59] improved this to show that for each £ > 0 there
exists a constant C' (depending on € but independent of n) such that C random
elements of S, invariably generate S, with probability at least 1 — . A good
value of C is still not known.

3.4. Other algorithmic problems. There are many other algorithmic problems in
which probabilistic methods play a part. For example, suppose that we are given
a permutation group G. How difficult is it to find an element of order p in G?
One answer is given by [47] where it is shown:
o If G is a permutation group of degree n, and p is a prime which divides |G|,
then the probability that a random element of G has its order divisible by
p is at least 1/n.
Thus there is a good probability that a randomly chosen element will have its
order divisible by p, and then some power of this element has order p. Surprisingly,
the proof uses the classification of finite simple groups.
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The paper [52] proposes a probabilistic algorithm for determining when a
linear group has a tensor product decomposition, [79] describes a probabilistic
algorithm to find the structure of a finite abelian group, and [64] considers the
discrete logarithm problem in GL(n,g).

4. Applications to deterministic theorems. A famous theorem of Georg
Cantor states that, because the set of real numbers is uncountable and the set .
of algebraic real numbers is countable, therefore the set of transcendental real
numbers is uncountable; in particular, transcendental real numbers exist. In 1947
Paul Erdés [28] popularized similar arguments (they had occasionally been used
earlier by other authors) to prove existence theorems in finite structures. This
extension of the pigeonhole principle is now called the probabilistic method (see
[3]) and has been used with great success in combinatorics. Recently probabilistic
methods have been successfully applied to problems in group theory.

The possibility of such applications was predicted by Paul Turén. In a letter
dated (Budapest. 16.3.1970) to the author, Turén concludes with:

My “Einstellung” with statistical group theory will be perhaps more
understandable by repeating how I came to the idea of statistical
group theory. My “old age dream” (an expression, imitating “Kro-
necker’s Jugendtraum”) is to disprove Burnside’s conjecture (if G is
finitely generated and for all elements x we have with the same n
z"™ = e then G is finite) by finding for such groups an appropriate
representation in a space so that one could find that in this space the
“points” belonging to finite groups form a “small” set. But I could
not find a good representation so far.

So far no-one has succeeded in tackling Burnside’s problem in this way, but in
recent years there have been a number of successful applications of probabilistic
group theory somewhat along the lines which Turén describes. We discuss some
of these.

4.1. The (2,3)-generator problem. The (2,3)-generator problem was open for
nearly a century. It arose from the study of groups acting on Riemann surfaces
and asks:
e Which finite simple groups S can be generated by two elements z,y of
orders 2 and 3, respectively?

The modular group PSL(2,Z) is isomorphic to a free product (z) * (y) of a
group of order 2 and a group of order 3. Therefore the (2, 3)-generator problem
is equivalent to: which simple groups S are homomorphic images of PSL(2, Z)?

It is easily verified that A, is (2, 3)-generated for all n > 8, but for the other
families of simple groups the problem is more complicated. In 1996 that it was
shown that the simple groups PSL(d,q) are (2,3)-generated for odd g except
when d = 2 and g = 9 (see [18] and [19]). At that time it was conjectured that,
with a finite number of exceptions, every finite simple group was (2, 3)-generated.



10 JOHN D. DIXON

A strengthened form of this conjecture was tackled by Liebeck and Shalev [54]
who proved:

e If S runs over the finite classical simple linear groups which are not of the

form PSp(4,q), then the probability that two random elements of order
2 and 3, respectively, generate S tends to 1 as |S| — oo. Moreover, the
corresponding probability as S runs over the groups PSp(4, ¢) with q # 2*
or 3% is 1/2.

Unexpectedly, it turned out that the groups from the two infinite families
PSp(4,2%) and PSp(4,3*) fail to be (2,3)-generated. However, Liebeck and
Shalev’s result shows that, except for these families, all finite simple classical
groups—with finitely many possible exceptions—are (2, 3)-generated (what the
exceptions may be is still unknown).

Since then Liibeck and Malle [57] settled the (2, 3)-generation problem for
exceptional groups of Lie type using more direct methods. They show that, except
for G2(2)’ and the Suzuki groups, all of these groups are (2, 3)-generated.

4.2. Residual properties of free groups. A group G is called residually-C for a
class C of groups if for each z # 1 in G there is a normal subgroup N of G with
z ¢ N and G/N isomorphic to a group in C. It is well known that any free group
F of rank > 2 is residually finite; indeed F is a residually finite p-group for each
prime p. In 1969 Magnus [60] asked the question:
e Is it true that F residually-X’ for every infinite set X of finite nonabelian
simple groups?
Equivalently, is it true that for each = # 1 in F there exists a normal subgroup
N such that z ¢ N, and F/N, is isomorphic to one of the groups S in X'?
The problem is easily reduced to the case where F' has rank 2 since every
free group of rank > 2 is residually free of rank 2. After several partial solutions,
Magnus’ question was completely answered in the affirmative by Weigel in a series
of three long papers ([85], [83] and [84]). More recently, a stronger probabilistic
version of Weigel’s theorem has been proved in [21] (both theorems require the
classification of finite simple groups). We can explain the latter result as follows.
Let F be the free group on two generators X,Y and let w(X,Y) be a nontrivial
word in F'. In order to prove Magnus’ conjecture it is necessary to show that there
exists S € A and a homomorphism of F onto S such that w(X,Y) is not mapped
onto the identity of S. Equivalently, there exist z,y € S such that § = (z,y) and
w(z,y) # 1. In [21] the following is proved.
e Let w(X,Y) be a nontrivial word in F. Then, as S runs over the set of all
finite nonabelian simple groups, the probability that two random elements
z,y from S generate S and satisfy w(z,y) # 1 tends to 1 as || = co.
Weigel’s theorem clearly follows from this. The proof is simplified because we
already know (see Section 2.2) that z,y generate S with probability tending to
1, so it is enough to show that w(z,y) # 1 also with probability tending to 1 as
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|S| = oo. This is done by considering separately each family in a finite set of
infinite families of nonabelian simple groups.

We illustrate the proof for the family of alternating groups A, (the easi-
est case). Assume that w(X,Y) is a reduced word of length » > 1, and write
w(X,Y) = wy(X,Y) - we(X,Y) where wi(X,Y) € {X,X"1,Y,Y~1} for each
i. Suppose that s of these factors are X or X! and ¢ of the factors are Y or
Y ! and assume that n > r + 2. Let a9 be a fixed element from the set Q on
which A,, acts. Now for each (r + 1)-tuple (ag,a,...,a,) of distinct points in
Q, there exist (n — 3)!/2 values of z € Ay such that a; = a{*¥ for the indices
where w;(X,Y) € {X,X"1}, and (n — t)!/2 values of y such that a; = aEy)
for the indices where w;(X,Y) € {Y,Y~1}. Since a¥®¥) = a, # ap for such
choices of = and y, we must have w(z,y) # 1. Since there are (n—1)!/(n—r—1)!
(r + 1)-tuples of distinct points starting with ap, this guarantees that there are
at least 1(n — s)!(n — t)!(n — 1)!/(n — r — 1)! pairs (z,y) from A, for which
w(z,y) # 1. This latter number is asymptotic to [3n!]? and so the probability
that two random elements from A,, satisfy w(z,y) # 1 tends to 1 as n — co. In
particular, this gives a simple solution to Magnus’ question in the special case
whenever X is an infinite set of alternating groups.

5. Infinite groups and the ubiquity of free subgroups. When we con-
sider infinite groups, even the statement of probabilistic questions becomes a lit-
tle subtle. First we need a suitable probability distribution defined on the group.
For some groups this can be done very naturally. For example, there is a natu-
ral probability distribution on a profinite group defined in terms of the uniform
distribution on its finite quotients (its Haar measure). In this context Mann and
Shalev ([62] and [61]) have considered the problem (for integers k > 1):

o For which profinite groups G is there a positive probability that the (closed)

subgroup generated by a random k-tuple of elements from G is equal to G?

In particular, they show that, if G satisfies this condition for some k, then
G also satisfies the condition of polynomial maximal subgroup growth. Related
theorems are proved in [58], [8] and [48].

If we have no natural probability distribution on our group, it may still be
possible to make “almost all” statements in a sense similar to “almost all real
numbers are transcendental”. These are not probabilistic statements, but they
have much the same flavour as “probability 1” statements.

An early example of such a theorem is due to Epstein [27] who proved that

e If G is a simple Lie group, then almost all k-tuples from G generate a free

group of rank k.

In this case “almost all” means all but a set of measure 0 in the natural
measure on G. If G is not compact, this measure does not define a probability
distribution on G.

In 1990 the author proved in [24] a parallel result on the ubiquity of free
subgroups in the infinite symmetric group of countably infinite degree
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o If k > 2, then almost all k-tuples from Sym(N) generate a subgroup which
is free of rank k. Moreover, almost all of these subgroups are m-transitive
for every m > 1.

This gave a nonconstructive proof of the existence of highly transitive free
subgroups of Sym(N) (examples of such subgroups had been constructed earlier
in [63]). For G = Sym(N) there is no natural measure. However, we can define a
simple metric d on G by setting d(z,y) := 27t if zy~! fixes 0, 1,...,£—1 but does
not fix ¢. Under this metric G is a complete metric space and also a topological
group. In particular, the Baire category theorem holds in G¥, and so it makes
sense to consider meagre sets (= sets of the “first category”) as “null”. So in
this context we say that a subset of G* includes almost all k-tuples in G if its
complement is meagre.

The result above has been extended by Glass and others (see [39], [80] and
[40]). The proper setting for these theorems appears to be in the context of
metrizable topological groups which are Polish spaces (see [10]) since these are
precisely the spaces in which a Baire category theorem holds.

Other theorems on the ubiquity of free subgroups in other contexts are found
in [9] and [4].
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ON THE SPECTRAL THEORY APPROACH TO COUNTING
HYPERBOLIC LATTICE POINTS IN THIN REGIONS

C. J. MOZZOCHI

Presented by M. Ram Murty, FRSC

ABSTRACT. In this paper we establish rigorously for the modular group
the unexpected result that if one employs the spectral expansion of auto-
morphic kernels in the expected way exactly and precisely analogous to
the technique of Hoheisel for counting primes in short intervals, it is not
possible for one to get results concerning the counting of hyperbolic lattice
points in thin regions even as good as those obtained directly and routinely
from the spectral expansion for P(X) itself.

RESUME. Nous établissons rigoureusement dans cet article, pour le cas
du groupe modulaire, le fait surprenant que si 'on emploie le développement
spectral des noyaux automorphes de maniére précisément analogue a la
technique de Hoheisel pour le comptage des nombres premiers dans de
petits intervalles, il n’est pas possible d’obtenir des résultats concernant
le comptage de points entiers dans le plan hyperbolique dans des petites
régions qui soient méme aussi bons que ceux obtenus directement & partir
du développement spectral de P(X).

1. Introduction. For the hyperbolic circle problem the object is to estimate
for fixed 2 € H and w € H

P =#{rer|utmw < 272

where w is the center of the hyperbolic circle of radius 32 and

|21 — zo|?

u(z1,22) = 4Imz;Imz’

Several authors have carefully investigated this problem, for example, Iwaniec
5], Huber [4], Patterson (7], Phillips and Rudnick (8] and Chamizo [1], [2]. In
Section 2 we state explicitly some results of Iwaniec’and Chamizo.

For the problem of hyperbolic lattice points in thin regions the object, in
analogy with Hoheisel’s theorem for primes in short intervals, is to determine the
smallest exponent § where 0 < § < 1 such that

P(X+h)—P(X)~ch as X =00

Received by the editors February 2, 2000.
AMS subject classification: 11F03, 11F11, 11F12, 11F72.
© Royal Society of Canada 2002.
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where h = X% and c is a fixed positive constant.

We have not been able to find anything in the literature concerning this prob-
lem.

We note the following conventional definitions where s = o +it, 0 < 0 < 1,
t € R. For notation and definitions, see [5].

F,(u) := F(s,1 - s;1,~u)
h(t) :=4n /oo F,(u)k(u) du,
0
K(z,w) = E k(u(z,yw)).

~yel

K(z,w) is called the automorphic kernel. The spectral expansion of the auto-
morphic kernel is given by:

THEOREM 1.1. Let K(z,w) be an automorphic kernel given by a point-pair
invariant k(z,w) = k(u(z,w)) whose Selberg/Harish-Chandra transform h(t) sat-
isfies

h(t) is even,
h(t) is holomorphic in the strip |Imt| < % + €,
h(t) < (Jt| +1)27¢ in the strip.

Then,
K(z,w)= 3 3 hts)us(2(w)
(1) +Z 4—11r- /oo h(r)E, (z, % + ir) E, (w, % + ir) dr

which converges absolutely and uniformly on compacta.

For a proof cf. [5, p. 113].

By the definition of K(2,w) it is immediate that questions about P(X) reduce
to evaluating K(w, 2) by means of Theorem 1.1 for a properly chosen function
k(u).

2. Preliminary results. In the sequel the following theorems and lemmas
will be utilized.

THEOREM 2.1. LetT > 1 and 2 € H. We have

S @+ X [ [ (x5 +4)

Its1<T a

2
dt < T? + Typ(2)
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where
— -1
¥r(z) = maxmax(Imo; " y2)
and where the implied constant depends on the group I' alone.

For a proof cf. [5, p. 110].
In the sequel to simplify the notation we denote the sum (1)

>+ / h(t)
TS|t <T2
and we let
t; be the smallest ¢; in [T}, T3),
F(t) =t* +t.

LEMMA 2.1. Let H(t) be decreasing and such that |h(t)| < H(t). Then

T,
>+ / h(t) < f H(t)(¢ +1) dt + H(To)F(Ty) + HT)F(Ty) + H(t1)F(ty)
Ty <|H<T; o
where the implied constant is a function of z, w and I.

The proof follows in a straightforward way by Cauchy’s inequality and partial
summation.
For each X we define k(u) = k. (u)

k(u)
1
} } u
X-2 XtY-2
0 Y 2

where X > 2Y > 2.

LEMMA 2.2. The Selberg/Harish-Chandra transform of k(u) defined above
satisfies

2) h(t) = w1/2%-__l-_%)x-’ +0(Y + X/?)
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if 1 < 8 <1 where the implied constant depends on s, and
3) h(t) < |s|~3/?(min(|s|, T) + log X) X /2
if Res =} where T = XY ! and the implied constant is absolute.

(Cf. [5, p. 191].)
THEOREM 2.2. Let T be a finite volume group. For X > 2 we have

(4) PX)= > '/ Ilzis’ 5 i))u,(z)ﬁj(w)X” + O(X?/3),
$<s<t

This follows in a straightforward manner from Lemma 2.1 and Lemma 2.2.

(CF. [5, p- 192]).

In the folklore it is believed that % can be replaced with %, which would be
best possible.

In [1] and [2] Chamizo shows that Z can be replaced with 1 on average over
a large enough number of radii X or starting points z (or by symmetry, centers
w).

3. Restriction to the modular group. Using Theorem 1.1 with k(u) de-
fined as above and using the fact that for the modular group we only have to
consider sp = 1, which corresponds to the lowest eigenvalue Ao = 1 with constant
eigenfunctions ug(2) = ug(w) = |F|~/2 so it contributes 7|F|~1X = 3X to the
main term. Hence in this case if the error in the circle problem is O(X?®), one
can take h = X?%+¢ for every € > 0, in the problem of hyperbolic lattice points in
thin regions.

By direct estimation and calculation, by our choice of k(u) we have by Theo-
rem 1.1 for the modular group

|P(X + h) — P(X) — 3h|
< |M(X + h) — M(X)| + |Ey(X)| + |Ey(X + h)|
(5) +1E2(X)| + [B2(X + k)| + | Es(X)| + | E3(X + R)| + | Eo(X)|
+Ea(X + h)| + |Es(X)| + |Es(X + R)| + | Es(X)] + | Ee(X + h)].

Let s = % + it. Suppose one could show for each ¢ > 0 and for each ¢; > 0
there exists Xo(e, €1) such that if X > Xo(e,6), X K u K X, 1<t < X1/2-a

(6)

X€
tvVu
where the implied constant depends only on € and ¢;.

Then we obtain the desired asymptotic formula with h = X2/3+es,


file:///E2iX
file:///E3iX
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4. Observations. It can be shown cf. [5, p. 26],
T e
Fy(u) = % / (1 +2u + 2(u(u + 1))1/2 cosO) ’ do.
0

We assume the hypothesis of (6). Then integrating by parts once and rear-
ranging terms combined with the trivial observation E(X) <« X¢/2~! uniformly
in t and u, we obtain for X > Xj(e)

2—¢
tv/u

forany e >0 for X K u< X and 1 <t < X1/2-¢,
We see no way to improve this estimate vis-a-vis restrictions on s, ¢ and u.
We define I(t,u) := [ eitP(®0)q(u, 6) db.

THEOREM 4.1. For any fized u if P'(u,0) has no zero in [a,b], then

i eiP(u,q) q( a) ieitP(u,b) q( b) 1
Itv) = =pae ~ Py +°<E>t"°°

Fy(u) <

cf. Section 11.3 in [6].
It is not difficult to see that Theorem 4.1 implies that (6) is not true.

ACKNOWLEDGEMENT. I would like to thank Henryk Iwaniec for suggesting
that I investigate this problem, for several helpful conversations, and for one
crucial suggestion.
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GROUP ACTIONS AND THE FUNCTIONAL EQUATION OF
THE MEAN SUN

HARALD FRIPERTINGER

Presented by J. Aczél, FRSC

ABSTRACT. A generalization of the functional equation g(s+t)z(u) =
g(s)z(t + u) (Vs,t,u € R) of the mean sun is studied, where a group G
acts on a set X, (R, +) is a not necessarily commutative group and both
z: R = X and g: R — G are unknown functions, which will be determined
by the equation.

RESUME. Une généralisation de 1’équation fonctionnelle g(s + t)z(u) =
g(s)z(t + u) (Vs,t,u € R) du soleil moyen est examinée, oli une groupe
agit sur un ensemble X, (R,+) est un groupe, mais pas nécessairement
commutatif, et z: R — X et aussi g: R = G sont des fonctions inconnues
lesquelles seront déterminées par I’équation fonctionnelle.

Local solar time is measured by a sundial. When the center of the sun is on an
observer’s meridian, the observer’s local solar time is zero hours (noon). Because
the earth moves with varying speed in its orbit at different times of the year and
because the plane of the earth’s equator is inclined to its orbital plane, the length
of the solar day is different depending on the time of year. It is more convenient
to define time in terms of the average of local solar time. Such time, called mean
solar time, may be thought of as being measured relative to an imaginary sun
(the mean sun) that lies in the earth’s equatorial plane and about which the
earth orbits with constant speed. Every mean solar day is of the same length.!

In [5], [2] it is shown that the mean sun satisfies the functional equation

MO +t,8)Ty(s) = MO\, ¢)Ty(s +t) VYs,t,A€R,-7/2< ¢ < /2

where y(s) is a vector of length 1 which is the direction from the center of the earth
to the sun at the time s (one day corresponds to 27) expressed in a geocentric
coordinate system. As a basis of this system we can choose two orthogonal vectors
in the equatorial plane and one vector along the axis of the earth. M (], ¢) is the

matrix
—sinA —singdcosA cos¢cosA
M\, @)= | cosA —singsinA cos@sinA
0 cos¢ sin ¢

Lhttp://www.infoplease.com/ce6/society/A0845838.html
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Then M (), ¢)y(s) is the direction from the earth to the sun expressed in a local
coordinate system on the surface of the earth in the point of longitude A and
latitude ¢.

In the present paper we investigate a generalization of this equation for fixed
¢. To be more precise we will deal with the following problem:

Let (G, ) be a group acting on a set X (cf. [1], [3], [4], [6]) and let (R, +) be a
not necessarily commutative group. Find all functions z: R - X and ¢: R - G
which satisfy
(1) g(s + t)z(u) = g(s)z(t +u), Vs,t,u€R.

The group R is a generalization of R, the matrices expressing the change of
the coordinate system are now elements of the group G and X represents a
generalization of the set of all vectors in R3.

To begin with we will collect some properties of the functions g and z. Later
we determine all solutions g and « of (1). In a first step we replace g by another
function h: R — G defined by

h(r) := g(0)~*g(r).
It is easy to prove that h(0) =1 € G and
(2) h(s)z(u) =z(s+u) Vs,u€R.

LEMMA 1. If the functions x:R — X and h: R — G satisfy (2) then for
arbitrary go € G the function g: R — G defined by g(r) := goh(r) satisfies (1).

PROOF. g(s+ t)z(u) = goh(s + t)z(u) = goz(s +t + u) = goh(s)z(t + u) =

g(s)z(t + u). "
Furthermore the function h satisfies
(3) h(s + t)z(u) = h(s)h(t)z(uw) Vs,t,u € R,

since h(s + t)z(u) = g(0)~g(s + t)z(u) = g(0)~1g(s)z(t + u) = h(s)h(t)z(u).
For the rest of the paper we will work with h instead of g. For z € X let G
denote the stabilizer of z, i.e.,

Gz :={g€G|gz =1z},

which is a subgroup of G. From (3) we deduce that (h(s)h(t))'lh(s +1) € Gzu)
for all v € R and all s,t € R. In other words

(R(s)h()) (s +1) € () Gawy =: C.
u€ER

Using this for t = —s we see that there exists g, € G such that h(s)~* = h(—s)gs
and for s = —t there is g; € G such that h(t)~! = gih(-?).
Let H := (h(R)) and G := G N H then the following lemma holds.

LEMMA 2. The subgroup G of H is normal.
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PROOF. It is clear that G is a subgroup of H. We only have to prove that it
is a normal subgroup. From the definition of H we know that

H= {Hh("‘)j‘ In €N, €R,j; € {1,—1}}.
i=1

So it is enough to prove that h(r)Gh(r)~! < G and h(r)~'Gh(r) < G for all
r € R.Let r,u € Rand g € G then thereisa g/ € G such that h(r)gh(r)'z(u) =
h(r)ggih(=r)z(uv) = h(r)ggiz(—r + u) = h(r)z(-r +u) = z(r — r + u) = z(u)
since gg/. € G stabilizes each element of the form z(t). This means, since g was
an arbitrary element of G, that

h(r)Gh(r)™' < Gry Yu€R
s0 h(r)Gh(r)~! < GNH = G. For the second part of the proof similar arguments
can be used. .
This permits to define a function ¢ from R to the factor group H/ G by
o(r) := h(r)G =: h(r).
LEMMA 3. The mapping ¢ is a surjective group homomorphism.
PROOF. For s,t € R we know from (3) that h(s)h(t) € h(s + t)G. So

@(s+1t) = h(s + t)G = h(s)h(t)G = h(s)Gh(t)G = p(s)p(t).

In order to prove that ¢ is surjective let

Y= (f[ h(r.-)j‘) G= f_[h(r,-)j-' € H/G.
i=1

=1

Then
. n n —s n ) n n
v= Hh(ri)J‘ = H h(ri)" = H w(r:) = H e(Fi-m)=¢p (ZJ‘ . Ti)
L i=1 i=1 i=1 i=1
md Z:‘:l j! “Ti € R- a

Even the following result is true.

LEMMA 4._ If a subgroup N of G(q) is a normal subgroup of H then N is a
subgroup of G.
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PROOF. It is enough to prove that N is a subgroup of Gy for all u € R,
because then N is a subgroup of G. By assumption N < H, so N < G. From
(2) it is clear that z(u) = h(u)z(0) for all u € R, 50 Gzu) = Ghr(u)z(0) =
h(u)Gz(oyh(u)~!. Since N is a normal subgroup of H it is obvious that N =
h(z)Nh(u)™! < h(u)Gzoyh(u)™! = Gy). .

So far we derived necessary conditions for solutions of (2). Conversely consider
a group G acting on a set X.Let Hbea subgroup of G, zo an arbitrary element
of X and G a normal subgroup of H such that G is a subgroup of the stabilizer
Gy, Then the factor group H/G acts on the orbit H(zo) := {hzo | h € H} in
the following way:

(4) H/G x H(zo) = H(zo) (h,kzo) — (hk)zo.

In order to prove that this action is well defined consider an arbitrary g € G.
Since G is a normal subgroup of H there exists g’ € G such that gk = kg’. From

(hg)kzo = h(gk)zo = h(kg')zo = (hk)g'zo = (hk)zo

we derive that the action of  on H(z) does not depend on the special choice
of the representative of h. Furthermore it is clear that 1kzq = lkzo = kzo and
(hlhz)kl‘o = hlhzkwo = (hlhg)kzo = hl(hzk)xo = hl(hzk.’b‘o) = hl(hgkmo) for
all hy,ho € H /G Moreover G is a subgroup of all the stabilizers Gpy, for all
h € H since

G = hGh™ < hGzoh™! = Ghg,.

LEMMA 5. Letp: R — H/G be a homomorphism. When defining the two func-
tions ¢ and h by z(r) := ¢(r)xo, and h(r) being an arbitrary element in the coset
@(r) for r € R then h and z satisfy (2).

PROOF. h(s)z(u) = p(s)p(u)zo = p(s+u)zo =2z(s+u) foralls,u € R. =
These results are summarized in the following:

THEOREM 6. The functions z: R — X and h: R — G satisfy (2) if and only
if there exist o € X, a subgroup H of G, a normal subgroup G _of H which is a
subgroup of the stabilizer G, and a homomorphism ¢: R - H/G such that

z(r) =p(r)zo and h(r)€p(r) Vr€R

where the natural action of the factor group H/G the orbit H(zo) is described by
(4)-
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MAXIMAL ABELIAN SUBALGEBRAS OF Oy

E. J. BEGGS AND P. GOLDSTEIN

Presented by G. A. Elliott, FRSC

ABSTRACT. We consider maximal abelian subalgebras of O, which
are globally invariant under the standard circle action. It turns out that
these are all contained in the fixed point algebra of the circle action. Then
we consider shift invariant maximal abelian subalgebras of the fixed point
algebra, which are also invariant under a “second shift” map, and show that
these are just infinite tensor products of diagonal matrices in the standard
UHF picture of the fixed point algebra.

RESUME. Nous considérons les sous-algébres maximales abéliennes d’0O,,
qui sont globalement invariantes sous l'action standard du cercle. Il se
trouve qu’elles sont toutes contenues dans l'algébre des points fixes sous
P'action du cercle. Nous considérons ensuite les sous-algébres maximales
abéliennes de 'algébre des points fixes qui sont invariantes sous le shift et
“deuxiéme shift” opérateur, et démontrons qu'elles sont seulement les pro-
duits tensoriels infinis des matrices diagonales dans la forme UHF standard
de I'algébre des points fixes.

1. Introduction. Here we are concerned with certain abelian subalgebras of
the Cuntz algebra O,, = C*(s1,...,85). Asusual, for p =y - - - ik, i; € {1,...,n},
we let || = k be the length of u and denote s;, - - - s, by s,. The set of all finite
words in {1,...,n} is denoted by W(n). The fixed point algebra of the standard
circle action wy(s;) = ts;, i = 1,...,n,t € T on O, is called the “zero grade”,
8. Let o(z) = )i, sizs} be the canonical endomorphism on Op. The C*-
subalgebra D of O,, defined as

&) D= C*{sushin € Wn)}

is an abelian subalgebra of O (cf. [3]) and o(D) C D. In fact, D is maximal
abelian in both O3 and O, (cf. [4, 2.18]). Let 9: O, = M, ® O, be the isomor-
phism (cf. [2]), given by

81TSy *+* S]TSn
2 z% | ol

SjZ8) *+* SpZSy
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and define a unital endomorphism 6:0,, - O,—the “second shift”—by the
formula
(3) g(z) = Z 8i8)8; T5;SkS] -
14,k
This map is determined by the following diagram

On L M, 00,

(4) 7] id | ®c
-1

0, & M, 00,
and it follows easily that G(1) = 1 and G(sisus;s}) = sio(sus})s], for all
kv € W(n), |u| = |v|. Finally, for 4 = [u;]};=; a unitary in M,(C), let
U= ZM- Uij8;8]. Then U is a unitary in O,,, and the map s; — Us;,i=1,...,n
extends to an isomorphism of Oy, denoted ay.

The subject of the present work is to give a characterisation of D in the above

terms. More precisely, we prove (proofs of the following two theorems are at the
end of Section 4):

THEOREM 1.1. Let A be a mazimal abelian subalgebra of Oy, such that w(A) C
A, 0(A) C A and 6(A) C A. Then there is an automorphism ay of O, de-
termined by a unitary U € M,(C), such that ay(A) = D. Furthermore, ay
commutes with w, o and &.

THEOREM 1.2. Let A be a marimal abelian subalgebra of O, such that ANOY
is mazimal abelian in 0%, 0(A) C A and 6(A) C A. Then there is an automor-
phism ay of Oy, determined by a unitary U € My(C), such that ay(A) = D.
Furthermore, ay commutes with w, o and &.

The paper is organised as follows. In Section 2, we show that an algebra which
is maximal in the class of abelian algebras that are invariant under the action of
the circle is indeed maximal abelian. In Section 3, we describe maximal abelian
subalgebras that are invariant under two shift maps. Both Sections 2 and 3 are
done in a slightly more general setting. Finally, in Section 4, we apply these
results to the particular case of O,, and easily obtain the stated characterisation
of the abelian subalgebra A.

ACKNOWLEDGEMENTS. The authors would like to thank G. Elliott,
D. E. Evans, R. Exel, S. Stratila, S. Wassermann and N.-C. Wong for useful com-
ments, and the referee for several helpful remarks that substantially improved the
paper. This research was supported by an EPSRC Research Assistantship (P.G.).

2. Maximal abelian T-invariant *-subalgebras. Take a C*-algebra B,
and let w: T — Aut(B) be a homomorphism that is continuous in the topology
of pointwise convergence. This means that for each b € B the map t — w,(b)
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is continuous, and the triple (B, T,w) is called a C*-dynamical system (cf. [6,
7.4.1]). Consider the class of *-subalgebras A of B which are abelian and globally
T-invariant, and consider a subalgebra which is maximal in this class. OQur task
is to show that such an algebra is actually maximal abelian.

The main result of this section is 2.5. For convenience we assume that B is a
subalgebra of B(H) for some Hilbert space H. Some of the results and techniques
used in this section are standard in the Arveson spectral theory for the action of
a compact abelian group (cf. [1]). Furthermore, Theorem 2.5 remains valid for a
general abelian compact group G instead of T. We are grateful to the referee for
pointing out these facts.

DEFINITION 2.1. Let (B, T,w) be a C*-dynamical system, and define B, =
{b € B : w(b) =t"b, for all t € T}. Let w,: B — B be defined as

n(b) = /T twy(B) dt,

where dt is the Haar measure on T (i.e., normalised Lebesgue measure). Then
each By, is a closed linear subspace in B, each my, is a linear contraction with image
By, By is a subalgebra and g is a conditional expectation to By. Furthermore,
we have 7y, (b) = 0n,mb, b € By,

Let A be an abelian, T-invariant *-subalgebra of B. It follows immediately
that the commutant A’ N B of A in B is a T-invariant *-subalgebra of B, and
the image of A’ N B under m, is contained in A’ N B. Throughout this section,
we assume that A is maximal among abelian T-invariant *-subalgebras of B.

PROPOSITION 2.2. The image of A' N B under n, is contained in A for all
n € Z.

PROOF. Suppose that b € A’ N B. By considering b + b* and i(b — b*) we
may suppose that mp(b) is Hermitian and fixed by the circle action. Hence, the
algebra generated by A and mo(b) is an abelian circle invariant *-subalgebra of
B, and so mo(b) € A by maximality. For n # 0, 7,(b) € A, and 7, (b)m,(b)* and
Tn(b)*mn(b) are Hermitian circle invariant elements of A’ N B. By the first part
we then have 7y, (b)7, (b)*, Tn(b)*7n (b) € A. The next lemma shows that 7, (b) is
normal, and the above maximality argument applied to the algebra generated by
A, 7n(b) and 7, (b)* yields m,(b) € A. .

We initially proved the next lemma using polar decomposition. The following
much simpler proof is due independently to S. Wassermann and N.-C. Wong:

LEMMA 2.3. Let z € B commute with both xz* and z*z. Then = is normal.

PrROOF. We need to show that xz* — z*z = 0. Since zz* — z*z is selfadjoint,
that is equivalent to (zz* — z*z)? = 0. Now, the assumption implies z*zzz* =
z(z*z)z* and zz*z*c = z*(zz*)z, and we are done. [

PROPOSITION 2.4. A'NB C A”.
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PROOF. As pointed out by the referee, this follows from Proposition 2.2 and
norm-convergence of the Cesaro means of the Fourier expansion. For details, see
(1, 2.2.33], or [5, Theorem VIII.2.2]. Alternatively, we can use a Fourier series
argument in the following, more pedestrian, way. Take b € A’ N B. For any
€,n € H we define a continuous function f: T — C by f(t) = (£, we(b)(n)). We get
Fourier coefficients f, = (£, 7(b)(n)), where 37" t"f, — f(t) in the L?(T)
topology as m — oo. Since B C B(H), we can put 7 = ¢(k) for some ¢ € A’ and
k € H. Then, as m,(b) € A, we see that f, = (£, cma(b)(x)) = (c*€, T (b)(K)).
Now we can write

m
Y £ (CEOB)(R) = Eawd)(R), teT, m—oo
n=-—m
in the L%(T) topology. The two limits are the same in L(T), so (£, cw:(b)(x)) =
(€, we(b)c(x)) almost everywhere in T. By continuity they are the same at ¢t = 1,
so cb = be. =

THEOREM 2.5. Let (B, T,w) be a C*-dynamical system, and suppose that A is
a mazimal among abelian T-invariant *-subalgebras of B. Then A is a mazimal
abelian subalgebra of B.

PROOF. From Proposition 2.4, A’ N B is an abelian T-invariant *-subalgebra
of B which contains A. Maximality of A yields A = A' N B. "

The following example—due to R. Exel—shows that the previous theorem
does not hold for a dynamical system (B, G,w) with G non-abelian:

EXAMPLE 2.6. Consider the adjoint action of SU; on M2(C). The subalgebra
consisting of the complex multiples of the identity is maximal among the class of
abelian SU;-invariant *-subalgebras. However, it is not maximal abelian, as it is
properly contained in the diagonal matrices.

3. Maximal abelian *-subalgebras of O, contained in the zero grade.
Let B be a unital C*-algebra with a given isomorphism 9: B —+ M, ® B with
¥(1) = I, ® 1, I, being the identity matrix in M,,. We define isomorphisms
Ym:B — (M,)®™ ® B (m > 0) recursively, beginning with 19: B — B the
identity, ¥, = 1, and continuing by defining ¥,,+1 to be the composition

id®™ @y

B (Ma)Pm @ B %% (a,)em+ g B,

where id: M, = M, is the identity map. Now we define an algebra map #n,:
M2™ — B by km(z) = ;' (z®1). Since (1) = I, ® 1 we get the commutative
diagram
M@™ B
lider.  |ids
M@m+1 "ni g
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We can define shift maps oy,: B — B (m 2 1) by the composition

Ym-1 d@m—l f

i !
B —— (M,,)"D"‘"1 ®B ——— (M,,)Q"' ® B— B,

where f: B - M, ® B is the algebra map f(b) = I, ® b.

Let E;; € My, be the matrix with entry 1 in row i column j, and zeros else-
where. Define a linear map e;j: M, — C by e;;(Exi) = 8irdj1. Now we can define
a map Xmij: B — B (m > 1) by

-1

id®™-! Qe;;Qidp L
(M.)®™'® B —, B.

B (M,)®™ ® B

PROPOSITION 3.1. For allb € B and y € M, ® B, (e;; ® idp)(f(b).y) =
b.((es; @ idB)(y)) and (es; ®idp)(y-f(b)) = ((es; ® idB)(y))-d-

PROOF. Take y =71 @ y2 € My ® B. Then

(es; ® idB)(£(b).y) = (es; ®idB)((I ® b)(11 ® ¥2)) = (ei; ® idB) (31 ® bye)
= e;(y1)byz = b.((es; ®idB)(v)).

The other identity is proved in the same manner. u

COROLLARY 3.2. For all b,c € B, Xmij(a'm(b).c) = bxmij(c) and
Xmij (c'a'm(b)) = Xmij(c)-b.

PROPOSITION 3.3. Suppose that A is a mazimal abelian *-subalgebra of B,
obeying the condition om(A) C A. Then for all 1 < 4,5 < n, xmij(4) C A.
Furthermore, 01(A) C A implies ¥m(A) C M3™ ® A.

PROOF. For the first part, take a € A, and note that o, (a’).a = a.om(a’), for
all a’ € A. Applying Xmi; to this we get a’.xmij(a) = Xmij(a).a’, s0 xmij(a) € A
by maximality. For the second part, note that ¥(a) = >_;; Ei; ® x1ij(a), so
¥(A) C M, ® A. The rest follows by induction. "

DEFINITION 3.4. Take a character ¢: A — C, and extend it to a state ¢: B —
C. Then we define a map ¢p: B = M2™ by

id®™ ®¢
_—

B M®™ ® B MB®™,

Since ¢m(1) = 1, it follows from [6, 3.1.6] that ¢, is a contraction. On the
other hand, using Proposition 3.3, this is clearly a unital homomorphism when
restricted to A. We denote by D the image of ¢1: A = Mj,.

PROPOSITION 3.5. Ifo1(A) C A, then dm41(A) C Mn®pm(A). If52(A) C A,
then (id ®ei; ® id®™ 1) pm41(4) C ¢m(A) form > 1.
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PROOF. For the first inclusion, we can write ¢, +1 as

id ®¢m
ALY M@ A —5 MB™H,

so we see that ¢m41(A) C My ® ¢m(A). For the second inclusion, note that
(id ®ei; @ 1d®™ ) 0 Pmt1 = dm 0 X2i5: B = ME™, and use x2:;(4) C A. .

COROLLARY 3.6. If 01(A) C A and 02(A) C A, then ¢,(A) C D®™.

PROOF. This is proved by induction. First note that ¢;(A) = D. Now assume
that ¢,(A) C D®™, By the previous proposition we see that ¢m41(4) C D ®
M, ® D®™~! and ¢p41(4) C M,, ® D®™, .

Define C C B to be the closure of the union of the subalgebras £, (M2™) (for
B = O,,, C is just the zero grade) and let D> stand for the closure of the union
of £ (D®™) for m > 1.

PROPOSITION 3.7. Given ¢ € C and ¢ > 0, there is an m > 1 so that
|&m (#m(c)) — | < e

PROOF. There is an m > 1 and an z € M®™ so that |[c— K (z)| < €/2. Since
#(1) = 1 we get ¢m (km(z)) = z, and since ¢y, is a contraction, ¢y (c)—z| < €/2.
Finally as &, is a contraction, |&m (¢m(c)) — £m(z)| < €/2. .

THEOREM 3.8. Suppose that ANC is mazimal abelian in C. Then ANC = D®
and D is mazimal abelian in M,(C).

PRrROOF. Corollary 3.6 and Proposition 3.7 show that AN C C D. Since
D% is abelian and A N C is maximal, it follows that AN C = D*. Hence, D is
maximal abelian in M,(C). m

4. Maximal abelian T-invariant #-subalgebras of O,. In this section,
we apply results from Sections 2 and 3 to maximal abelian subalgebras of O,
that are invariant under the standard circle action. The notation is as in the
introduction. The next lemma is probably well known, but we couldn’t find a
reference:

LEMMA 4.1. Let z be in OF (i.e., wi(z) = t*z), for k # 0. If z is normal,
then z = 0.

PROOF. Suppose k£ > 0. Let y = z(s})* € 09, and let 7 be the faithful
normalised trace on OF 2 M, (C). Then yy* = zz*, y*y = s¥z*z(s?)*, and
T(yy*) = 7(y*y) imply 7(zz*) = n~*r(z*z). If zz* = z*z, then 7(z*z) =
n~*r(z*z), hence 7(z*z) = 0. M

THEOREM 4.2. If A is @ marimal among abelian T-invariant *-subalgebras of
O, then A C 08.
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PROOF. By the previous lemma, mx(a) = 0 for all @ € A and k # 0. By
Fourier analysis we get

m

Y g, mla)(m) = (€ wel@)m), teT

k=-m

in the L%(T) topology as m — oo. But then (§,w:(a)(n)) is constant on T, so
wt(a) = a. .

PROOF OF THEOREM 1.1. By Theorem 4.2, A C O3. The result then follows
from Theorem 3.8, with B = 09, 0 = 71 and & = 03, while u is any unitary in
M,,(C) that diagonalises subalgebra D. =

PROOF OF THEOREM 1.2. We apply Theorem 3.8, with B = Oy, and o and
& as in the previous theorem. That shows that D™ C A. Since D* is maximal
abelian in O, (cf. 4, 2.18]), A = D™. .
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