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BOUNDING THE TORSION IN CM ELLIPTIC CURVES

DIPENDRA PRASAD AND C. S. YOGANANDA

Presented by M. Ram Murty, FRSC

RESUME. Nous donnons une borne supérieure pour l'ordre du groupe
de torsion d’un courbe elliptique & multiplication complexe defini sur un
corps de nombres quelconque. Ce résultat était établi par A. Silverberg en
utilisant le théoréme principale de CM. Nous présentons une démonstration
plus simple qui utilise seulement le théoréme de Deuring concernant les
nombres premiers supersinguliers et la théorie algébraique des nombres.

1. Introduction. In [6] A. Silverberg, using the main theorem of complex
multiplication of Shimura and Taniyama, has obtained a bound for the order of
a point of finite order in a CM abelian variety over a number field in terms of
only the degree of the number field and the dimension of the abelian variety. As
a corollary she obtains the following result for elliptic curves: Let E be an elliptic
curve over a number field K of degree d with CM by an order O in en imaginary
quadratic field k. Suppose P € E(K) is a point of order N. Then ¢(N) < dud
where p is the number of roots of unity in O and § = 1/2 or 1 depending on
whether k is contained in K or not. Her results also imply a bound on the full
torsion subgroup of CM elliptic curves.

The aim of this paper is to give an estimate on the order of the torsion sub-
group of a CM elliptic curve over a number field using only the result of Deuring
about supersingular primes, and elementary algebraic number theory. To state
our theorem, we need the following notation: if M = #* ...l is the prime fac-
torisation of M let M’ = lﬁ"‘*""/ 20U ghere 5, = 0 if Jji is even and
6,' =1if ji is odd.

THEOREM 1.1. Let E be an elliptic curve over a number field K of degree d
with CM by an order in an imaginary quadratic field k. Then if M is the order
of the torsion subgroup of E(K) we have:

1. o(MY<2d if KNk=Q;

2. o(M')<2d if k C K but k # Q(i),Q(w), (w being a cubic root of unity).

When k = Q(3), Q(w) our method gives an extra factor of 2¢(M)+1 where d(M)
is the number of distinct prime divisors of M.
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2 DIPENDRA PRASAD AND C. S. YOGANANDA

REMARK 1. A. Silverberg has remarked that one can easily give an estimate
to the order of the full torsion subgroup of a CM elliptic curve which is the
same as our case (i) from her theorem in [9]. Her estimate is better than ours in
case (ii). In case (i), this follows as the torsion subgroup on an elliptic curve is
always of the form Z/a x Z /b where a|b. If the torsion subgroup of E(K) contains
Z/r x Z/r for r > 2, it follows from [10] that the field of complex multiplication
(= k) must be contained in K. Therefore if KNk = Q, then the torsion subgroup
is either Z/N or Z/N x Z /2, where N is the maximum order of a torsion point,
achieving the same bound that we obtain for the order of the torsion subgroup
of E(K) from the maximal order of a torsion element.

There is a large amount of literature on the torsion subgroup of elliptic curves
over number fields. In [4] Merel has shown that the order of the torsion subgroup
of an elliptic curve over a number field K can be bounded in terms of only
the degree, d, of K over Q. The bound thus obtained (first by Merel and then
improved by Oesterlé) is exponential in d. The initial motivation for this note was
to investigate as to what could be the ‘right bound’ by looking at the CM case
when we discovered that Silverberg has already done this. We also refer to the
paper of Olson (8] which deals with elliptic curves with complex multiplication.

ACKNOWLEDGEMENT. We are grateful to Prof. J. Oesterlé whose wonderful
lectures on Merel’s work and his own refinement at the Mehta Research Institute
when he was visiting under the Indo-French programme, and at the ICTP, Trieste,
stimulated our interest in working out the CM case. We are grateful to Prof.
J. Alperin for providing us with the proof of Lemma 2.3 and to Prof. A. Silverberg
for Remark 1. This work was done while the second author was visiting Mehta
Research Institute whose hospitality he gratefully acknowledges.

2. Preliminary Lemmas.

LEMMA 2.1. Let k be a quadratic extension of Q and K an ezxtension of Q of
degree d with K Nk = Q. Then the set of primes p in Q which remain inert in
k and have the property that there is at least one prime of degree 1 in K above p
is of density at least 1/(2d).

PROOF. Let L be a Galois extension of Q containing K and k, and let G =
Gal(L/Q). Further let Hx and Hj be the subgroups of G corresponding to the
subfields K and k, respectively, of L. It is easy to see that the set of prime ideals
p in L, such that the prime ideal pN K is of degree 1 are precisely those for which
the corresponding Frobenius element o in G belongs to Hxk. The prime p =pNQ
is inert in k if and only if o does not belong to Hi. So, the primes p in Q as
desired in the lemma are precisely those for which there is a prime p in L above p
for which the Frobenius element belongs to (G \ Hi) N Hk. Since the cardinality
of (G\ Hx) N H is |Hk|/2, it follows from the Cebotarev density theorem that
the density of p in Q as desired in the lemma is at least 1/(2d). .
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LEMMA 2.2. Let K be a number field of degree d containing an imaginary
quadratic field k. Then the set of primes p in Q which are inert in k and have a
prime of degree 2 in K over p is of density at least 1/d.

PROOF. Let L be a Galois extension of Q containing K and G = Gal(L/Q).
Further let Hx and Hj be the subgroups of G corresponding to the subfields K
and k, respectively, of L. The set of primes p as desired in the lemma are precisely
those for which the corresponding Frobenius substitution o does not belong to
H; but whose square is in Hg. Since k is imaginary quadratic, the complex
conjugation does not belong to Hi. The following lemma combined with the
Cebotarev density theorem completes the proof of our lemma. .

LEMMA 2.3. Let G be a finite group, N a subgroup of G of indezx 2 in G and
H a subgroup of N. Suppose that there is an element of order 2, say c, in G
which is not in N. Then the set of elements in G which do not belong to N but
whose square belongs to H has cardinality at least that of H.

PROOF (DUE TO J. ALPERIN). We need to count elements n - c withn € N
whose square belongs to H. Clearly HcH is a subset of NcN = Nec. We will
prove that there are exactly |H| elements in HcH whose square belongs to H
which will prove our lemma. To prove this let A = HNcHc™?!, and let X ¢ H
be a set of left coset representatives of A in H so that every element of H can
be written uniquely in the form z - a with £ € X and @ € A. From this it is
easy to see that an element of HcH can be uniquely written in the form zch
with z € X, h € H. Now (zch)? = zchzch belongs to H if and only if chze
belongs to H which happens if and only if hz belongs to cHc™!. Since both z
and h belongs to H, we find that (zch)? belongs to H if and only if hz belongs
to A= HNcHc™!. For each z, this means that h belongs to Az~1. So for each
x, there are |A| many choices for h such that (zch)? belongs to H. Therefore the
total number of elements in HcH whose square belongs to H is

|H|

Al = = |H],
141 71 = VA

proving the lemma. (]

3. Proof of the main theorem. The proof of our main theorem will be
a simple consequence of the lemmas in the previous section, Cebotarev density
theorem, and the well known theorem about elliptic curves with complex multi-
plication that a prime p in K which is a prime of good reduction for E over K
is a prime of supersingular reduction if and only if p N Q = p is inert or ramified
in k (see (3]).

Case 1. KNk = Q. We consider the set of rational primes p coprime to M
which are inert in k and have a split factor in K, i.e., there is a prime of degree 1,
say p in K which divides p. Denote by F, the residue field associated to the prime
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ideal p of K. Then the torsion subgroup of E over K will inject into Ep(Fp) which
has cardinality p+ 1 since p is a prime of supersingular reduction of E and F, is
a finite field with p elements; hence M|(p+1). By Lemma 2.1 the density of such
primes p is at least 1/(2d) whereas by Cebotarev density theorem, the density of
primes p which are congruent to —1 modulo M is 1/p(M). Therefore we must
have 1/(2d) < 1/p(M) and so (M) < 2d.

CASE 2. k c K. We consider primes p in Q such that p is inert in k and
has a prime factor p of degree 2 in K which is a prime of good reduction of E.
The elliptic curve will have supersingular reduction at such primes. The density
of such primes is 1/d from Lemma 2.2. Since F} is a finite field of order p?,
|E,p(Fp)| = 1+ p* + ap where a, = 0,+p, £2p. The possibilities a, = 0, +p arises
only for k = Q(i) and k = Q(w) respectively which we have omitted. Therefore
we find that |E, (F})| is either (p+1)? or (p—1)2. Hence p is congruent to either
1 or —1 modulo M’. The density of such primes p is 2/¢(M"’), and as before we

get
1 2

el
d = p(M')’
or ¢(M') < 2d completing the proof of the theorem.

REMARK 2. The technique of using supersingular primes can be used in some
situations to get better bounds for the order of the torsion subgroup when K,
the field of definition of E, is a non-normal extension. For instance, if L is a
Galois extension of Q with Galois group GLy(F,) which is disjoint from the
field of CM, k, and K is the fixed field of the diagonal torus, then [K : Q] =
g(g + 1). The set of primes p in Q with the property that there is a prime p in
K of degree 1 above p corresponds to those Frobenius substitutions in GLo(F,)
which have a conjugate which is diagonalisable over F. The set of elements in
GL,(F,) which are diagonalisable over F, can be easily seen to be of cardinality
[(g —2)(g—1)g(g +1)]/2 + (g — 1). Therefore the set of primes p which are inert
in k and have a prime in K of degree 1 above p is roughly of density 1/4. By the
arguments in Theorem 1.1 this implies that the torsion in E(K) is bounded by M
with (M) < 4, implying that the set of possible values of M is {1,2,3,4,5,6,8},
instead of the much larger bound depending on ¢ coming from Theorem 1.1.

4. A conjecture about torsion. In this section we make a few general
remarks and state a conjecture on the bound for the order of a torsion point of
an elliptic curve defined over a number field.

Let X be a curve over Q of genus > 2. Let d be the gonality of X, i.e., d is
the minimal integer among the degrees of maps from X to P! and assume that
d is realised for a map 7 defined over Q. It is clear that any element z of X (Q)
with 7(z) € P!(Q) is defined over a number field of degree < d and therefore
there are infinitely many points in X(Q) defined over number fields of degree
< d. Conversely, it has been proved by Debarre and Klassen in [2] that if X is
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a smooth plane curve then d is the maximal integer with the property that the
number of points in X (Q) defined over a number field of degree < d is finite. We
would like to believe that a suitably modified version of their theorem is valid
also for modular curves Xo(/N) and X;(N). More precisely, we believe that these
modular curves have no points, except for cusps, defined over an extension of Q
of degree < Bd, B a constant independent of N.

It has been proved in [1] that the gonality of Xo(NV) (resp. Xi(IV)) is at
least a constant times the degree of the standard map of Xo(N) to P?; in fact,
dp > (7/800)N (a similar bound but quadratic in N for X;(N)). Earlier heuristics
therefore lead us to the following.

CONJECTURE. Let E be an elliptic curve defined over a number field K with

a torsion point of order N in E(K). Then there is a constant C independent of
E and K such that p(N) < C[K : Q).
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ABSTRACT. When N > 1 is an integer, let B(N) denote a subset
of {0,1,...,N}, of smallest cardinality, satisfying the following condition:
every integer n satisfying 1 < n < N is expressible as n = b+ k2, for a b
in B(N) and an integer k. Let b(N) be the cardinality of a B(N) and let
a denote liminfy_,o0 b(N)/vN. We prove that if, for a & in the interval
(0,1) and all large integers N, the interval [0,6N] contains a B(N), then

a>2/( 1-:—6 + sin~1 V).

REsuME.  Pour un entier N > 1, soit B(N) une partie de {0,1,...,N}
de plus petit cardinal possible vérifiant : tout entier n satisfaisant 1 <
n < N sg'exprime n = b + k2, pour b dans B(N) et un entier k. Soit
b(N) la cardinalité de B(N) et soit a égal & liminfy_, o0 b(N)/VN. Nous
démontrons que si, un § dans I'interval (0, 1) et tout N assez grand, l'interval

[0, 6N] contient un ensemble B(N), alors a > 2/( 1_:" +8in~1 V3).

1. Introduction. Let N > 1 be an integer. By a minimal additive comple-
ment of the squares up to N we mean a subset B of the integers {0,1,...,N},
of smallest cardinality, such that every integer n, 1 < n < N, can be written as
n = b+ k?, for some b in B and some integer k. For each integer N > 1, we let
b(N) denote the cardinality of a minimal additive complement of the squares up
to N and finally, we write o to denote the liminf of the sequences b(N)/VN, as
N tends to infinity.

From the trivial inequality b(N)v/N > N, it follows that a > 1. Prompted
by a question of P. Erdés, a number of authors have worked on improving this
lower bound for a. The best known result at present being (independently) due to
L. Habsieger and J. Cilleruelo, who proved a > 4/ (see [1] for a more complete
history).

Heuristical reasoning suggests that the elements of minimal additive comple-
ment must themselves be small. Therefore we may ask the following question.
Can the lower bound 4/7 for a be improved under the assumption that there
exists a § in (0,1) such that for all large integers N there is a minimal addi-
tive complement of the squares contained in the interval [0,6N]? In this note

Received by the editors February 28, 2000.
AMS subject classification: 11B13, 11B99.
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we answer this question by proving the following theorem. This theorem is an
improvement over a result obtained (by a different method) by Zhai ([2]).

THEOREM 1. If, for a § in the interval (0,1) and all large integers N, there is
a minimal additive complement of the squares up to N contained in the interval
[0,6N), then one has the following inequality.

2
(1) a> a%,%+sin‘1(\/3)

The right hand side of (1) is a continuous function of § taking the value 2
when 4 is 0 and the value 4/7 when § is 1. In particular, therefore, it follows
from Theorem 1 and the easily verified inequality 2 > « (see [2]), that if, for all
large N, there exists a minimal additive complement of the squares up to N all
of whose elements are o(N), then a = 2.

2. The basic lemma. Our method rests on the following lemma whose proof
is immediate from the definition of additive complements.

LEMMA 1. Let B be an additive complement of the squares up to N. Then the
Jollowing inequality holds for any function f(t) which is > 0 for allt > 0.

(2) Yo > fe+E)> Y f(n)

beB 0<k<vN—b 1<n<N

For an integer m > 1 and ¢ in [0, 1], we define ¢, (t) by the following relation

1=t (u 4 t)™
3 édm(t) = / ——du
For an integer m > 1 and t in [0, 1], we write g, (t) to denote —¢/, (t). With these
notations we apply Lemma 1 to the functions f,,(t) = t™, for integers m > 1, to
deduce the following corollary.

COROLLARY. Let B be an additive complement of the squares up to N. Let
B(N) be the cardinality of the set B. For any t in [0,1], let B(Nt) denote the
number of b in B that are < Nt. For any integer m > 1, the following inequality
holds. :

1
@ T+ [ gm0z

PROOF. For the functions fn(t) the right hand side of (2) is > N™+1/m + 1.
By the monotonicity of f,(t), the summation over k on the left hand side of (2)

is majorised by N™ + [ N=b g b+ z?) dz. Inserting these remarks into (2) and
writing the summation over b as an integral with respect to the measure S(Nt),
we obtain (5).

Nrn+1

1 ,vN=Nt
(5) B(N)N™ 4+ /0 /0 fm(Nt + z%) dz dB(Nt) > ==
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Making a change of variable 2 = Nu in the integral with respect to = on the
left hand side of (5) and dividing throughout by N™*! we obtain the following

inequality.
©) B 1 2 [ omo a2 2

The corollary now follows from (6) upon integrating by parts with respect to ¢
and noting that 4(0) = 0 and that ¢ (1) = 0 for any integer m > 1.

In Section 4, we will prove Theorem 1 by exploiting the above corollary with
the aid of certain properties of the functions g,,(t) and ¢, (t) described in Sec-
tion 3.

3. Some properties of gn,(t) and ¢, (2).

PROPOSITION 1.
(i) For any integer m > 1, gm(t) has a unique zero z,, in the interval (0,1).
Further, gm(t) is < 0 on [0,z) and is > 0 on (zm, 1].
(it) The sequence x,, tends to 1 as m tends to infinity.

PROOF. Let m be an integer > 1. Differentiating the expression (3) defining
¢m(t) we note that gn,(t) is given by the following relation.

-2 m(u + t)""'1

(7 Im(t) = 2 \/——- du
From (7) it is immediate that gm () — oo ast — 1 and that g,,(0) = —1/(2m—1).
Therefore gr, (t) has at least one zero in [0,1].

Now set t = cos? @ (with 6 in the interval [0,7/2]) and define, for each integer
m > 1, hy(8) = gm(cos? ) sec®™~1 4. It follows from (7), with u = cos? 8 tan? 9,
that h,, () is given by the following relation.

2m—1

(8) hm(0) = se;s_o -m / sec™ 1 dyp

Differentiating the expression (8) for h,(0), we see that hl (6) =
—sec®™ 9/2sin® 0. This implies that hp,(f) is strictly decreasing on [0,7/2].
Therefore, gm(t) has at most one root in [0,1). These remarks verify (i). (It
turns out that g, (t) itself is not monotonic for large values of m. This is why we
have considered the functions hy,(6) in order to prove (i).)

To verify (ii), we first observe the following inequality. To obtain (9) we note
that 1 —£ > u/(u+t), for t in [0,1) and u in [0,1 —¢].

1-t m(u+t)m—1 1-t m(u + t)m—-l ﬁ
/o 2 d"Z/o e Jeroa-o

_ Timu+ fym-1
= /o it &

(9)



ADDITIVE COMPLEMENTS OF THE SQUARES 9

Combining (9) with the obvious identity

1=t m(u+ )™ % _ m(l—tg_m!_‘)
1) fo Toict M Gmonvisi

we obtain (11), for any ¢ in [0,1).

1=t m(u +t)™? m(l -t

Since gm(zm) = 0, we obtain (12) from (7) and (11) applied with ¢t = z,,.

am— l)

1 5 m(l - m )
2V1-zp — 2m-1)/1-2,

Rearranging (12), we see that z,, > 1/ (2m)ﬁ5. Since z, < 1, (ii) follows from
this last inequality upon letting m tend to infinity.

(12)

PROPOSITION 2.
(3) imp—oo(m + 1)dm(t) = 1/2/1 =1 for all t in [0,1).
(it) When § is in [0,1), the inequality |(m + 1)¢m(t)| < 2/v1— 0 holds for all
t in [0,0) and all m > M, where M is a real number dependent only on 6.

(iii) When § is in [0,1) we have the followmg relation.

1-6 S dt
13 hm/ 1-vVt)(m+1 dt———————— —_—
(13) ( t)( )gm(2) 2 o/i=3 o 4/t1=0)
PrOOF. For a t in [0,1), let € > 0 be chosen such that 1 — ¢ > ¢. From
definition of ¢,,(t) given by (3) we have the following relation.

1-t—c ” m 1—t » m
(14) (m+1)¢m(t) = /0 (’"_‘*‘12)\(/6_”)“ " /H_c (m+12),(/ﬁ+t) s

By the dominated convergence theorem, the first integral on the right hand side
of (14) tends to 0 as m tends to infinity. The second integral on the right hand
side of (14) is bounded above (resp. below) by (1—(1—€)™*1)/2\/T =% — € (resp.
(1 - (1-¢)™*+1)/2y/T=%) for all m > 1. Now letting m tend to infinity for the
chosen ¢ and finally noting that this ¢ can be chosen to be arbitarly small, we
obtain (i).

When § is in [0,1), and € > 0 satisfies 1—4 > ¢, (14) and the preceding remarks
also imply (15), for any ¢ in [0, d].

1-6—¢ du 1

(18) |+ 1)ém(®)] < (m+1)(1 - O™ /o e

Choosing € small enough so that 1/4/1 —§ — e < 2/v/1 — ¢ and choosing a real
number M large enough so that, for this ¢, the first term on the right hand side
of (15) is < 1/v/1 — ¢ for all m > M, we obtain (ii) from (15).
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To verify (iii), we recall that g, (t) = —¢/,(t) and integrate by parts to obtain
(16). Note that ¢,,(0) = 1/2m + 1.

— (m+1)$m(6)(1 - V0)

/ (m+ 1)ém(®)
0 2Vt

(iii) now follows from (16) upon letting m tend to infinity and using (i), (i) and
the dominated convergence theorem.

- /0 (1= Vi) (m + 1)gn(t)dt =

4. Proof of Theorem 1. Choose m large enough so that z,, > 4. This is
possible by (ii) of Proposition 1, Section 3.

Let Nj be a sequence on integers such that b(Ni)/v/Nr = a as k —= co. For
sufficiently large integers k, we will apply the corollary to Lemma 1, Section 2 to
the integers Nj. and minimal additive complements By, of the squares up to Nj
contained in the interval [0,8Ni]. For a ¢ in [0,1] and an integer k, sufficiently
large, we write Bi(INit) to denote the number of b in B;. that are < Nit. From
(4) we then have (17).

8 1
@17 MTAZ:)'f"/O %\/Egm(t)dt-i-/‘; %ﬂgm(t)dtz ’m—l_-i-l

The hypothesis on § implies that Bx(Nit) = Br(Nk) for t in (4,1]. Therefore,
the second term on the left hand side of (17) is Bx(Nk)/v Nk f; s 9m (t) dt. Taking
limsup of both sides as k tends to infinity and noting that limsup;_, ., b(Nk)/Nk
is 0, im sup;,_, o Bx(Nk)/v Nk is a, we have (18).

(18) / A k(N"t)s/' tom(t) dt + / gm(t) dt > ——

k—voo m+1
By (i), Proposition 1, Section 3, gm(t) is < 0 on [0, z,,) and hence on [0, d].
Applying Fatou’s Lemma and recalling the definition of o, we see that the first

term on the left hand side of (18) is < @ [;™ Vigm(t) dt. Inserting this upper
bound into (18) and rearranging the terms we obtain the following inequality.

1 )
(19) a/o gm(t) dt+a/o (Vt—1)gm(t) dt > mi-l

The first integral on the left hand side of (19) is easily seen to be ¢, (0).
Theorem 1 now follows by multiplying both sides of (19) by m + 1 and taking
into account the preceding remark and Proposition 2, Section 3 while letting

m — 00. Note that 1—v/3/v/1 =8 = /1 - 6/(1+V35) and that fo dt/2/t(1—t)
is sin—! /3.
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5. Concluding Remarks. The method of this note may be easily adapted
to yield the results on the analogous question for higher powers. For the sake of
completeness, however, we record below the statement of the generalisation of
Theorem 1 of Section 1 for higher powers. Let p be a fixed integer > 2.

When N is an integer > 1, a minimal additive complement of the p-th powers
up to N is a subset B of the integers {0,1,...,N}, of smallest cardinality such
that every integer n satisfying 1 < n < N is expressible as n = b+ kP, for some b
in B and some integer k. Let b,(IN) denote the cardinality of a minimal additive
complement of the p-th powers up to N and let a(p) denote the liminf of the
sequence b(N)/N 1-%, as N tends to infinity.

THEOREM. If, for a § in the interval (0,1) and all large integers N, there
is @ minimal additive complement of the p-th powers up to N contained in the
interval [0,0N], then one has the following inequality.

(20) a(p) > ———F
d=iby (1) § o
(1-8)'"# tTP(1-t)P
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VALUES OF EULER POLYNOMIALS

B. SURY

Presented by M. Ram Murty, FRSC

ABSTRACT.  Recently, G. J. Fox [F] proved a theorem on the values
of Euler polynomials at rational numbers analogous to a similar result on
Bernoulli polynomials. The result on Bernoulli polynomials was originally
discovered by Almkvist and Meurmann [AM]. Another proof was given by
the author [S] and the object of this note is to point out that it actually
provides a very easy proof of a generalisation of Fox’s result.

RESUME. Nous démontrons un résultat aux valeurs des polynémes
d’Euler aux nombres rationnels. C’est analogue & un résultat connu pour
les polynémes de Bernoulli et generalise le nouveau travail de G. J. Fox.

The Bernoulli polynomials By, (t) are defined by the identity

XetX 0o n
X1 = L BT

The Euler polynomials E,(t) are similarly defined by the identity
2etX o] Xn
1= L B0

It will be seen also that the Bernoulli numbers B,, = B,(0) and the Euler num-
bers E, = E,(0) can be recovered from a Pascal-like triangle. Almkvist and
Meurmann [AM] proved that for a rational number r/s, the value s™(Bn(r/s) —
Bn(0)) € Z for every n > 0. Another simple proof of this was given in [S]. Fox
proves that the Euler polynomials satisfy s™(En(r/s) + (—1)"*"1Ey(0)) € Z for
every n > 0. Here, we shall notice that the proof in [S] gives an easy proof of
Fox’s result and also generalises it slightly. We prove:

[

THEOREM. For any arbitrary integer r, s"E,(r/s) € Z if s is even. If s is
odd, then s™(Eq(r/s) + (=1)""1E,(0)) € Z.

PROOF. Write a, = s"Ey(r/s). Then, Y a. X1 = ;"5;% On comparing the

coefficients on both sides of the identity 3" anZr(e*X + 1) = 2¢™X, one gets
a0 =1, 2(r™ — an) = Yrze (F)axs™* for n > 0.

Received by the editors March 7, 2000.
AMS subject classification: 11B68.
© Royal Society of Canada 2001.
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VALUES OF EULER POLYNOMIALS 13

If s is even, one can divide out by 2 and this immediately gives by induction
that a,, are integers for all n > 0.
Let s be odd and let us write b, = s™(En(r/s) + (—1)""Ex(0)). Then, one

n rX —1\r-1 .
can rewrite the above identity as —xﬁ' Y X 2—':§T11L, ie.,

rX _1\r-1 r=1
Z( 1)1 X z bn 'X :;((_!_]i) = 2(_1)r—1 (Z (_l)memx)_
=0 m=0

Comparing the coefficients of like powers of X, one obtains by = 0 or 2 according
as r is even or odd and for n > 0,

n-1

bkpn— r—1 Qn
Z Hin =2(-1)

where py = —1+2!'—3'+.--+(s—1) ' and ¢, = =142/ =38! +.. .+ (=1)""}(r—1).
Multiplying by n!, we get

bn + Z ( )bkpn—-k =2(-1)"""¢

k=0
which again gives immediately by induction that b, € Z. This proves the theorem.
REMARKS. It is clear that the E,(t) and the B,(t) are related by the relation

> B ZB,,(t)— 5 By &L

n=0 n=0 n=0

In fact, it may be of interest to point out here that the Euler numbers and the
Bernoulli numbers have as ancestors the so-called up-down numbers u,; these
can be read off from a Pascal-like triangle.

An up-down sequence of length n is a sequence of integers a; < a3 > a3 <
ag > ---an where the set {a;,as,...,a,} is a permutation of the set {1,2,...,n}.

For example, 1 < 3 > 2 and 2 < 3 > 1 are the only up-down sequences
of length 3. The up-down number u, is defined to be the number of up-down
sequences of length n. Therefore, us = 2 as above. One can also see that uq = 5,
us = 16 etc.

The relation with the Euler-Bernoulli numbers was discovered by Arnold [A]
and is the following. First, note that from the generating functions for the Euler
numbers E,, = E,(0) and the Bernoulli numbers B,, = B,(0), one gets the fact
that E, = 0 if n # 0 is even and B, = 0 if n is odd. On putting X = 2iy in the
generating function for the Euler numbers, one gets

ten(s) = 3 Bans (-1 (2
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On the other hand, one can break any up-down sequence at its largest or its
smallest term to get two sequences and it is a nice and easy exercise to see that
the resulting count gives the recursive relation

n
n
2Un41 = Z (l)utun-t-

1=0

Thus, the generating function U(t) = 300 un L} satisfies the differential equa-
tion 2U’(t) = 1 + U(t)2. Solving this with the initial condition U(0) = uo = 1,
one has

i u“ t" _ 14Sint

— n! Cost
On putting —¢ in place of ¢ and subtracting, one gets

tzn—l
tan(t) = Z U2n-1 m
y !

Therefore,

Bn

tanor = (—1)" 2 By = (-1l (@ - 1)

There is a way to read off the up-down numbers (and therefore the Euler and
Bernoulli numbers) is to form a triangle akin to the Pascal triangle. The triangle
looks as follows:

1
1 0
0 1 1
2 2 1 0
0 2 4 5 5
16 16 14 10 5 0
0 16 32 46 56 61 61

The entries in the triangle are explained as follows. Each entry in a row with an
odd (respectively even) number of elements is the sum of all the entries to the
left (respectively right) on the row above. The up-down numbers are at the two
extreme edges of this triangle—the right side has the numbers ueyen and the left
side has the numbers u,44.
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REMARK ON APPROXIMATELY JENSEN-CONVEX
FUNCTIONS

JACEK MROWIEC

Presented by Vlastimil Dlab, FRSC

ABSTRACT. Let X be a real vector space and D C X be a convex
set. It is shown that every e-J-convex function f:D — R is also Ce-Q-
convex, where C is a constant independent of f. It is also proved that every
e-W-convex and J-convex function is W-convex.

REsSUME. Que X désigne un espace réel des vecteurs et que D C X
soit un ensemble convexe. Il est montré que chaque e-J-fonction convexe
f:D — R est aussi Ce-Q-convexe, o C est une constante indépendante
de f. Il est aussi prouvé que chaque e-W-convexe et J-fonction convexe est
W-convexe.

Let X be a real vector space, D C X be a convex set and € > 0 be a fixed
number. A function f: D — R is called:

- e-convez if
(*) FOz+(1=-2y) SAf(z)+ (1 -Nf(y) +e

for all z,y € D and X € [0,1];
- £-Q-convez if it satisfies () for all z,y € D and A € QN [0, 1];
- g-J-convez if it satisfies () for all z,y € D and A =1/2, i.e.,

f(w+y) < f@) + 1)

5 2 g z,y€D.

If f satisfies the above conditions with € = 0, it is called convez, Q-conver and
J-convez (Jensen convex), respectively.

Of course, every e-convex function is e-Q-convex and every e-Q-convex func-
tion is e-J-convex. It is also well known that every J-convex function is Q-convex,
but need not be convex (cf. e.g. [4, p. 125]). We will show that similar result holds
for e-J-convex functions.

In the proof of our main result (Theorem 1) we will use the following Euler
theorem (cf. [9, p. 261]).

Received by the editors March 20, 2000.
AMS subject classification: 39B72, 26A51.
© Royal Society of Canada 2001.
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REMARK ON APPROXIMATELY JENSEN-CONVEX FUNCTIONS 17

THEOREM (EULER). Let ¢(n) denote the number of all natural numbers not
exceeding n and relatively prime to n. If natural numbers a and n are relatively
prime, then (a®™ — 1) is divisible by n.

COROLLARY 1. For any oddn > 1 there ezists a naturald <n (1 <d < n-1,
d = ¢(n)), such that (2¢ — 1) is divisible by n.

LEMMA 1 (c¢f. [7, LEMMA 1]). If a function f:D — R is e-J-convez, then
the following inequality holds:

p P
W A A 5(Zet (1-E)) < s+ (1- &) s+ Cotmie
z,y€D meN
where Cp(m) :=2(1-2"")<2,1<p<2™.
LEMMA 2. If a function f: D — R is e-J-convez, then:

@ A A f( m+—y) < 1)+ 222 1) + G,

z,y€D neN
where Cy(n) := &= and m := [log, n}. Moreover:
(3) 2(1-2"") < Ci(n) £4(1-27T).
PROOF (INDUCTION). Of course, inequality (2) holds for n = 2 (and for
n =1). Write

—Lm+ and bi= ——z+——
“n+1 T n+1? Ty e L

Then the following equations hold:

amibt B2l and p=Bd
n n

1
T+ —a.
n
For every n € N there exists a natural number m = m(n) such that:
(1.1) o< g PP,

For induction, assume that (2) holds for some n € N. So we have:

(1.2) f(b) <

=2 (e) + = f(a) + Crme

and

£(a) < Z5(8) + "2 1(0) + Calne.
By (1.2) we have:

1@ <2 (2210 + 11@) + Culme) + 2210 + Catae
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and then we get:

£(@) S (@) + =57 50) + Ciln+ e,

where C1(n+1) = Co(m+1) if n+1 = 2™ (from (1)) and Cy(n+1) = ;2;C1(n)
if n41 £ 2mH,
Assume that n + 1 < 2™+!, Then m = [log, n] = [logy(n + 1)] and

n n-1 2m 4+ 1 2m
Cl(n+1)=n_1.n—2-.-.. 2m .2m_1.01(2m)
n n 2m -1 n
= o1 0= my e =

Inequality (3) results from (1.1) and the formula on C;(n).

THEOREM 1. If a function f: D — R is e-J-convez, then it is Coe-Q-convez,
i.e.,

@ A A f( )< 2 f(a) + 222 f(4) + Gofm,ple,
z,y€D nl;jéenN

where Ca(n, p) < 104.
PROOF. Let us fix z,y € D.. We need only consider 2 cases.

CASE 1°. n is even.
If n = 2™, then (4) follows from Lemma 1. Assume therefore, that n £ 2™
and fix a p < n. Define

p

n—1 1 n-—
(2.1) c:= T4 -V and a:= ;z+ v

We conclude from Corollary 1 that there exist natural k, g such that (n—1)k =
27 — 1, where ¢ = ¢(n — 1). Now let b := %z + "n—‘kl-y. Combining these
equalities we obtain

_ kp (n-1)k+1- kp _kp, 29-kp
(22) a—(n—l)k+1b (n-1k+1 =0t ¥
and
1 k-1
(2.3) b=7c'$+ k

From Lemma 2, (2.1) and (2.3) we get

£ < 222 f(a) + f () + Ci(n)e
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and
) < -,léf(:c) + % (" ) & Oy le:
An easy computation shows that
o) f0) < T E g Bl (cl(k) + 1cl(n)) e
By (2.2) and (1):
10) < G 0+ SR 1) + Golgle.
Next by (2.4):
(2.5) £(@) < 2f(2) + =L 5) + Cy(n,p)e,
where
Ch(n,p) = Colg) + 22 (ol(k) L Ep (n))

Since C1(n) < 4 and Co(m) < 2 for any natural n, m, we conclude that
5(n,p) <2+8- '—;E
By symmetry in  and y we may assume that p < n/2. Then

" nk n
2(n,p) <2+4 - DkT1 <2+4 —7

The sequence (;27) is decreasing, for n = 2,4,8 by (1) and for n = 6 by (2)
there is better estlmatlon of constant Cj, so we put n = 10. Therefore C5(n,p) <
63.

CASE 2°. nis odd.
Let us denote a by formula a := £z + 2=y and

1 n-1
(2.6) 7 = —n:+——y

Then a = Lm + 2=Py;. Since n — 1 is even, we put in (25) n—1,p— 1,1
in the place of n, p, Yy, respectively, and we get

(27) £a) < B2 () + 222 f(31) + Cytm ~ 1, - e

By Lemma 2 and (2.6) we have

(28) F) < 25@) + P22 (0) + Culme.
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Therefore from (2.7) and (2.8):

@ < B3 1)+ 528 (L1 + 2210 + e

+Cy(n—1,p—1)e.

Hence
£(@) < 2f(2) + =L £(y) + G4 (m, e,
where
(2.9) 2(n,p) = Cyn~1,p— 1) + =Ly (n).

From (2.9) and (3) we obtain:
2(n,p) < Ca(n—1,p— 1) + Ci(n) < 104.
Now it suffices to admit C; := C} when n is even, C := C4 when n is odd.

REMARK 1. In 1952 D. H. Hyers and S. Ulam (cf. [3]) proved that if f: D — R,
where D is a convex subset of R", is e-convex than there exists a convex function
g such that |f(z) — g(z)| < kne, € D, where k, is a constant depending only
on the dimension of the domain (cf. also [1], [5]). In [1] Cholewa showed that
analogous result for e-J-convex functions is not true (cf. also [2]). However the
domain of the function in this counterexample is a Q-convex subset of R™. For
convex domain in R™ this question is still open. The above Theorem 1 reduces
the problem of the stability of J-convex functions to the problem of the stability
of Q-convex functions.

Now, let us recall that a function f: D — R is said to be &-W -convez (cf. [6),
(7, 8]) if

(%) /\ /\ fltz+ (1 —-t)y) + f((1 - t)z + ty) < f(z) + f(v) + 26,

z,y€D tel0,1]

where £ > 0.

Functions satisfying (x*) with € = 0 are called W-convez (Wright-convex).
The stability problem for W-convex functions is also open. However, we have the
following result:

THEOREM 2. Let X be a real vector space and D be a conver subset of X. If
the function f: D — R is J-convez and e-W -convez, then it is W -convez.
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PROOF. Let t € [0,3]. Then:

fltz+ (1 -t)y) + f(ty+ (1 —t)z)
= 732tz + (1-2t)) + dv) + £ (3 @ty + (1 - 20)2) + }a)
< if(2tz+(1-2t)y) + 3f(@w) + 37 (2ty + 1 — 2t)z) + 1 f(=)
= L[f(2tz + (1 - 2t)y) + F(2ty + (1 — 2t)z)] + 3 [f (=) + f())
< 3f(@) + fy) + 2] + 3[f(=) + F ()] = f(z) + F ) + 261,

where €, = Ze.

By symmetry in z and y, the above extends to all ¢t € [0,1]. Therefore f is
€1-W-convex. Iterating this scheme we get that f is e,-W-convex forn =2,3,...,
where €, = Yen—1 = s-¢. Since &, — 0 as n — 0o, we obtain the conclusion that
f is W-convex.
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A REMARK ON INHOMOGENEOUS CAUCHY PROBLEMS

SERGIO AMAT AND SONIA BUSQUIER

Presented by Vlastimil Dlab, FRSC

ABSTRACT. In this paper, a local existence and uniqueness theorem is
presented for some inhomogeneous Cauchy problems. It is shown that we
can choose the initial condition in the whole space, and not in a subset, like
in the classical theorems.

RESuME. Dans cet article, nous présentons un théoréme d’existence et
d’unicité local pour un probldme de Cauchy non-homogene. Nous démon-
trons que la condition initiale peut &tre choisie dans tout I’espace et qu’au-
cune restriction & un sous-espace n’est nécessaire comme c'est le cas dans
la théorie classique.

1. Inhomogeneous Cauchy problems. We consider the following Cauchy
problem:

(1.1) up = Au(t) + f(t,u(t), to<t<ty
(1.2) u(to) = up
where —A is a w-sectorial operator (0 < w < ) and 0 € p(A).

J:W C [0,00[ x X = X, X a Banach space, such that V(t,u) € W there exist
V Cc W (W is open), constants C(t,u,V) > 0 and 0 < v < 1, verifying

(1.3) 1£(s1,31) = f(s2,42)|| < C(ls1 — 52" + lln — 22ll),

(31, yl)’ (32ay2) ewW.

DEFINITION 1.1. Let A:D(A) C X — X be a closed linear operator on a
Banach space X and 0 < w < 7. A is w-sectorial if
(i) o(A) C Sy ={2€C:|argz| < w}.
(ii) There exists a constant M > 0 such that, for z ¢ S,,

Iz - 4)~'z] < %uxu, Vo € X.

DEFINITION 1.2. A function u(2): [to,21[ — X is a solution of (1.1) and (1.2)
if it verifies

Received by the editors August 7, 2000.
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1) u(t) € C([to, t1[; X) N C(Jto, t1[; X) and u(to) = uo.
2) u(t) € D(A) and (t,u(t)) € W Vo <t < t;.
3) ue = Au(t) + f(t,u(t)) Vio <t < t,.

DEFINITION 1.3. A semigroup U(t), 0 £ t < oo, of bounded linear operators
on X is a strongly continuous semigroup of bounded linear operators if

(1.4) ltlﬂ)lU(t)a: =z, VzelX

A strongly continuous semigroup of bounded linear operators on X will be called
a semigroup of class Cj.

THEOREM 1.4. For all (to,up) € W, the initial value problem (1.1) and (1.2)
has a unique local solution.

PROOF.
STEP 1. Let (to,uo) € W be fixed. We choose € > 0 and é > 0 such that

(1.5) V ={(t,z) € [0,+00[ x X :tg <t < tpo+¢,|lz — zo]| < 0}
and
(1.6) £t u) = f(s, )l S C(|t — 8" + |lu - v]))

Y(t,u), (s,v) € W with C = C(to, uo, V).

Let U(t) be the semigroup with generator —A. Then there exists My > 0
(0 < a <1) such that
(L.7) AU @) € Mat™®, t>0.

Let t; such that

2
. 6 1
(18) == <“‘“‘{€’ <Z M;(B+60)||A-%II) }

where B = max¢o<ecto+e || £ (2, uo)l-
U(t) is strongly continuous, then we can choose the t; such that

§
(1.9) U~ to)uo —woll < 5, (to <t <)

STEP 2. Let Y = C([to,t1[; X) with the norm |||y]|| = max, <i<t, [ly(t)]l. We
define $: Y — Y as follows:

®()() = Ut~ o+ [ Ut )7 (,3(6) ds,

where U(t — to)up € C([to, +o0[; X) N C*®(Jto, +00[; X).



24 SERGIO AMAT AND SONIA BUSQUIER

Moreover
t+h t
t Ut+h—3s)f(s,y(s)) ds - /t Ut —s)f(s,y(s)) ds
(1.10) = ft(U(t+h—s) —U(t-9))f(s y(s))ds
to

t+h
+ U(t+h - s)f(s,y(s)) ds.

to

But, y is continuous and for (1.5) and (1.6) there exists N > 0 such that
(1.11) |7 v@)|| S N, te [to,ta).

It is well known that V3 (0 < 8 < 1) there exists Mg > 0 such that
(1.12) |(UR) - D)U(t - 5)|| < MphP||APU(t - 5)].

Then applying (1.7) and (1.12) we have
(1.13) |(Uk) = D)U(t - s)|| < MghPCp(t—s)~P, h>0.

Thus,

/ (Ut+h—s)-U(t- ) (s,u(s)) ds
to

t
(1.14) - ”/,0 (Uh) - 1)U(t - 5)f (s,5(s)) ds

< MghPCsN / (t—s)"Pds
to
< (Mff%N) (b —t)'"PH, 0<B<1,

and finally, for (1.7),

t+h

t+h
U(t+h—3s)f(s,y(s)) ds 5N/t U+ h—s)|ds

t+h
(1.15) =N / AP ABU(t + h — s)|| ds

t
NCs\ ,1-8y 2-8
< (15) w-*pa-ai

Taking 8 = §, we have ®(y(t)) € C([to, t1]; X) N C¥([to, t1]; X).
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Left continuity is similar:

t—h

Ut~ 5)1(o,u(e) ds = [ Ut 9)1(o,3(6)) do
$—h o ¢
- ft (Ut = h— ) = Ut — 5)) f(5,u(s)) ds — /: | Ue- ) (e u(e) ds

t—h t
= /t (I = U(R)U(t ~ b — 8)f (5,(s)) ds - /: | U-a)f () ds

(1.16)
and both terms are bounded as above.

to

STEP 3. Let J = {y € Y : y(to) = uo, maxy<e<t, [y(t) — uo|l < 8}, with
J # 0 (y(t) = uo, Vt € [to, t1]).
Since J is closed and X is a Banach space, J is a complete metric space.
We are going to prove:
a) &:J > J.
b) @ is contractive.
For a):
a-1) ®(y)(to) = uo
a-2) Applying (1.6), (1.7), (1.8) and (1.9), we have
I2(@)®) - wl t
= "U(t —to)uo — up + /t Ut - s)f(s,y(s)) ds"
0

<10t~ to)ua — vl + | [ 42480 (e = 5)(1(s10(6) = F(5,0)) s

(L7} tA'ﬁAﬁU(t— 8)f(s,uo) ds
< g + I 4™P|Ms(Cs + B) / (t-9)ds
<3 pamon, (C“'ﬂ)(t W' <6 (B=3).
b)

2@ (%) - ®(320)||
“/ U(t - s)[f(s,31(5)) = f(s,2(5))] ds

~1 43U (t - 8)[f(s,11(5)) — £ (s, 92(s))] ds
ty
< / 1A~ A2 Ut - 9)l|[[£(5,92(5)) — £ (5, 2(s)) | ds
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< lla~}imyc / (t - )~} [lya(s) — ya(s)l ds
(1.18) <4t ||M;oi“f_izﬁnm (s) — a(s)I
2

1
< Sl = welil.

Then (fixed point theorem), there exists a unique y € J such that o(y) =y,
i.e.,

y(t) =U(t - to)uo + /: Ut - 3)f(s,y(s)) ds.

Moreover y € C#([to,t1); X) therefore there exists a constant Cta > 0 such
that

ly(®) —y(s)l < Cylt—sl?, s € [to, ta].
On the other hand, f(¢,y(t)) is locally Holder continuous:

(1.19) |7 (t,3(2)) = £(s,u()]| < C(It = ol + lly(e) ~ w(s)])
(1.20) SC(lt—sl"+CC,y lt~sl?), (0<v<1).

STEP 4. We consider

(1.21) ug = Au(t) + f(t,y(t)), to<t<ty,
(1.22) u(to) = uo.

The solution of this problem is
t
u(t) =U(t - to)uo + / U(t - s)f(s,y(s)) ds.
to

Moreover, u(t) € C([to, t1]; X) N C*(Jto, t1[; X). If y(t) = u(t), then u(t) is the
solution of problem (1.1). Since, ®(y(t)) = y(t), then y(t) = u(t).

UNIQUENESS. We suppose that w(t) and v(t) are two solutions of (1.1). Then

w(t) =U(t — to)up + /t Ut —s)f(s,w(s)) ds

and .
ot) = Ult = toJuo + | Ult = 5)f(5,0(6)) ds

are solutions of the problems

(1.23) ue = Au(t) + f(t,w(t)), to<t<ty,
(1.24) u(to) = uo,
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and
(1.25) uy = Au(t) + f(t,0(2)), to<t<ty,
(1.26) u(to) = uo,
respectively.
Thus, w(t) and v(t) are fixed points of ®. It follows that w(t) = v(t). .

Then we can choose the initial condition in all the space, and not in a subset
of it like in the classical theorems [8].
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CATALAN’S EQUATION WITH A QUADRATIC EXPONENT

TAUNO METSANKYLA

Presented by M. Ram Murty, FRSC

RESUME. On démontre que I'équation de Catalan zP — yqz = %1
(p et g premiers distincts impairs) n’a que de solutions sauf si z = 0 et
p9~! = 1 (mod ¢3). Ceci est analogue & un résultat récent de Mihiilescu,
et la démonstration, basée sur la théorie des corps cyclotomiques, est aussi
similaire. On donne de plus un court supplément élémentaire.

1. Introduction. According to Catalan’s conjecture, the Diophantine equa-
tion
M —yN =1 (zy#0,M>1,N>1)

has no solution except zM = 32, yV = 23, For an update survey on the status
of this conjecture, see Mignotte’s article [6]. In particular, we know that the
conjecture is true in case M or N is even, so that M and N can be assumed odd.

The most interesting case, which also would suffice to settle the conjecture in
full, is that of the equation zP ~ y? = 1, where p and q are different odd primes.
On the other hand, Mignotte [5] has proved that if z™ — yV = +1 with M < N,
then M is a prime and N, if not a prime, is a product of two prime factors, say
q1 and go. The aim of the present note is to prove the following result about the
case q; = qs.

THEOREM. IfzP — 7" = +1 then
z=0, p*!'=1 (mod¢®).

This result should be compared with a recent theorem by Mihiilescu [7] stating
that a solution (z,y) of the equation 2P — y? = 1 is possible only if

z=0, p?"!=1 (mod ¢?),
y=0, ¢ !'=1 (mod p?).
Of course, the latter pair of congruences follows from the former, since the

equation may be written as (—y)? — (—z)P = 1. Previously, Inkeri and others
had arrived at these same congruences under various class number conditions.
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Mihailescu was able to eliminate these conditions by using the Stickelberger re-
lation in a cyclotomic field. Our proof will be a straightforward adaptation of his
argument; in particular, readers not acquainted with [7] can readily reconstruct
the proof therein, in fact in a somewhat simplified form.

No pair of odd primes p and g, with p < g, is known to satisfy the congruence
p9~! =1 (mod ¢3). Numerical search has revealed that this congruence is never
true for p < ¢ < 108 [1, p. 1362).

For earlier results about Catalan’s equation with composite exponents we refer
to Ribenboim’s comprehensive monograph (8] and just quote the following:

-y =31k>1 = y=0,¢""'=1 (modp?).

This is an elementary result proved by Hyyrd [2]; his proof can also be found
in [8). Note that the latter congruence (but not the former) also follows from
Mihdéilescu’s theorem.

Hyyrd’s result provides an interesting addition to the above theorem. We will
conclude the paper by proving that result directly in the special case k = ¢ in a
simple (elementary) way, different from Hyyrd’s.

2. Beginning the proof of the theorem. It suffices to consider the equa-
tion

(1) zP — y"2 =1
Assume that (z,y) is a solution. First of all, a well-known result tells us that
zP -1
QIm, p|ya ged (2 -1, —:v-_l) =Pp

Let v, denote the p-adic valuation (with vp(p) = 1). From
vp(a® = 1) = v, (y") 2 ¢* > 2
it then follows that vp(z — 1) > 1 and vp(f_'ll) = 1. This leads to the equations
zP -1
() =1
where a and u are coprime integers, p f u.

Let ¢ be a primitive p-th root of 1. We modify the first equation in (2) by
factorizing zP — 1 and p in the cyclotomic field Q(¢), obtaining

2 2_, 2
=pu?, z-1=p? 'a®, y=pay,

Since z = 1 (mod p), the quotients %5%; belong to Z[(], the ring of integers
of Q(¢), and the principal ideals they generate are pairwise coprime (e.g., (3,
p. 144)). Therefore,

® (F2¢) =




30 TAUNO METSANKYLA

for some ideal A.
Denote by o, the automorphism of Q(¢) defined by { — ¢¢ (¢=1,...,p—1).
By Stickelberger’s relation, the element

6= Z ! e 2[Gal(Q()/Q))

annihilates the ideal class group of Q(() (see, e.g., [4], where the relation is proved
in a special case, sufficient for the present context). Thus we may write

=(7), v€Z[(.

This together with (3) gives the following equation between elements of Q(¢):

' Jad 9 2
@) -0 _

where € is a unit.
Define ¢! € Z by the conditions cc™! = 1 (mod p), 0 < ¢~! < p. We intro-
duce the notation A = (1 — ¢)? and compute

p-1 - p-1 o
=Tl r=0¢" =¢",
c=1 c=1
(5) A= -1 =2¢7T

where the bar denotes complex conjugation.
Since —1 and ¢ are g*-th powers in Z[(], the equation (4) implies that

(1-¢'z7) =ea?, ac Z([¢).

Now take complex conjugates. By (5), A/A = £(, and by a well-known property
of algebraic numbers, €/¢ is a root of unity in Z[¢]. Hence we get

(1-¢a)’ =eAB”, Bez((].
These relations give us a key equation containing a difference of two g2-th powers:
(1-¢7'2)° — (1~ (2)’ = eX(?” — B7).
To deal with the left hand side, we write

p—1 p—-1
A-¢af =J[a-¢Ta)r =1-23 <" +2%, ¢ez.
c=1 : c=1

So our equation becomes, with the notation n = Y"?_1 ¢¢¢™’

(6) ea? - B7) =z(n-7) + 2%, weZ[].
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3. The proof completed. Let Q be a prime ideal factor of g in Q(¢). This
ideal does not divide (), since () is a power of (1 — ¢) which is above p. Hence
(6) together with Mihiilescu’s result ¢?|z gives

of = ,qu (mod Q2).
By a general principle, this congruence implies that
) a? =B (mod Q%).

Indeed, first note that o = a, ﬁ"! = (mod Q), where f denotes the residue
field degree of Q. Raise these congruences to the ¢2-th power to obtain con-
gruences modulo Q3, then combine these new congruences with the relation
ql+3 ﬁql+2 (mod Q3)
By (7) and (6),

(8) z(n—-7)=0 (mod Q3).
But
s S o S
n=T=) e =3 (™ =23 cH("#0 (mod g)
c=1 c=1 c=1

(note that {¢,¢?,...,¢{P"1} is an integral basis of Q(¢)). Consequently, we may

choose Q in such a way that 7 — 7 # 0 (mod Q). With this choice, (8) implies

that z =0 (mod Q)°. Since ¢ is unramified, we finally obtain z = 0 (mod ¢3).
To prove the latter congruence of the theorem, look at (2) and write

9 z= (1)"2'1 - l)a"2 +a? +1.

Since, again by [7], p?~! = 1 (mod ¢?), we find that a9 = —1 (mod q 2). By
the same principle as above, this congruence holds modulo ¢3, so that (9) yields
T~ =1 (mod ¢®). On the other hand, p?~1) =1 (mod ¢3). These two con-
gruences together imply that p?~! =1 (mod ¢°).

4. An elementary supplement. We will show by elementary means that
for a possible solution (z,y) of

—y7 =+l

one has y = 0, ¢! = 1 (mod p?). As mentioned in the introduction, this is
a special case of a result in [2]. The following short reasoning provides a direct
proof for this particular case.

It suffices to assume that (z,y) is a solution of the equation z? — 39 = 1. We
factorize
y+1 ¥ +1
y+1 41

¥ +1=(y+1)-
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and find, iterating a standard argument (e.g. Section 2), that the factors on the
right hand side are of the following form:

I+l L T+l

y+1 T a1 g

(10) y+1=g""%a?,

with a,u,v € Z, ¢ [ uv. Since p|y, the last two equations give
1-y=quP, 1=qv* (mod p?).

Hence y = g(v? — wP) (mod p?). This implies that 4» = v (mod p), thus,
(mod p?). Therefore, y =0 (mod p?).
The first two equations in (10) yield y? + 1 = ¢°~!(au)?, so

y? = (¢°~! — 1)(au)? + (au)? - 1.

Again, from p|y we have (au)? =1 (mod p) and so (mod p?). This gives ¢P~! =
1 (mod p?).
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