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THE LEAST PRIME IN A CONJUGACY CLASS

V. KUMAR MURTY, FRSC

ABSTRACT.  We discuss the generalization to number fields of Linnik’s
famous theorem on primes in arithmetic progressions. We formulate two
conjectural bounds, both of which capture all known cases. We also for-
mulate some natural conjectures on the zeros of Artin L-functions which
would imply these bounds.

RESUME. Nous nous intéressons a la généralisation aux corps de nom-
bres du théoréme célebre de Linnik sur les nombres premiers dans une
progression arithmétique. Nous formulons deux conjectures sur des bornes
qui toutes les deux couvrent tous les cas classiques connus. Nous formulons
aussi quelques conjectures naturelles sur les zéros de fonctions L d’Artin
qui impliquent les bornes ci-dessus.

1. Introduction. A classical theorem of Dirichlet asserts that given an arith-
metic progression a (mod k) with (a,k) = 1, there are infinitely many primes
p = a (mod k). The problem of estimating the least such prime is an extremely
difficult one. Let us denote by P(k,a) the least such prime. It is known that the
Riemann Hypothesis for Dirichlet L-functions implies that

P(k,a) < ¢(k)*(logk)®

where ¢(k) denotes Euler’s function. A famous conjecture of Chowla [2] asserts
that
P(k,a) < k'*e.

As there are ¢(k) coprime progressions a (mod k) and the ¢(k)-th prime is >
o(k) log ¢(k), we know that

max P(k,a) > ¢(k)log ¢(k).

Thus, Chowla’s conjecture is close to the best possible. A deep theorem of Linnik
[7] asserts that there is an absolute constant ¢ > 0 such that

P(k,a) < k°.
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130 V. KUMAR MURTY

The present article is about generalizations of this result to number fields.

Let K be a number field and L a finite Galois extension of K. For any prime
ideal p of K which is unramified in L, and a prime ideal q of L which divides
p, we have the Frobenius automorphism (q, L/K) which is an element of G =
Gal(L/K). It is the unique element of G which on the residue field of q induces
the map = — z™P. (For basic properties of Frobenius automorphisms, see Lang
(6, Ch. X, §1].) The set

{(a,L/K) : qlp}
forms a full conjugacy class in G which we denote Frp, = Fr,(L/K).
Let C be a conjugacy class in G. We define
nc(x, L/K) = #{p degree one : Nx/qp < z,p unramified in L,Fr, = C}.

Here, p ranges over degree one primes of K, that is over primes p of K with the
property that Ng /qp is a rational prime. By the Chebotarev density theorem, we

know that as z — oo,

ro(z, L/K) ~ %mw

where 7 (z) denotes the number of prime ideals of K of norm < z. In particular,
nc(z, L/K) is positive for sufficiently large .
We are interested in estimating the least value of z for which

me(z,L/K) > 0.

Let us denote this value of z by P(C, L/K). Note that z is necessarily the norm
of a degree one prime of K which is unramified in L. Let us also set

P(L/K) = mgx P(C, L/K).

Consider the case K = Q and L a cyclotomic field, say L = Q({), where
is a primitive m-th root of unity. Then
(Z/m)* ~ Gal(L/K)
with the map given explicitly by
a (mod m) = ((m = ().

If C denotes the element of the Galois group corresponding to a (modm) under
the above isomorphism, then P(C,Q(¢m)/Q) is the least prime p = a (modm)
and by the theorem of Linnik [7] quoted above, we have

1) P(C,Q(¢m)/Q) < m°.

Since dy, is approximately m™, this led Lagarias and Odlyzko [9, p. 415] to
conjecture the following generalization of Linnik’s theorem.
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CONJECTURE 1.1. There is an absolute constant ¢; > 0 such that
P(L/K) < (logdp)®.

Here d, denotes the absolute value of the discriminant of L/Q.

There is a large body of literature on generalizations of Linnik’s theorem to
number fields. (See for example, Rieger [18] and Fogels [3].) In particular, Fogels
showed that there exists a constant c; = c¢(ng) > 0 with the following property.
Let f be an integral ideal of K and « a residue class modulo f. Then, there exists
a prime ideal p of K with p = a (modf) and

Nk/qp < (dxNf)*.

Note that corresponding to f, there is an Abelian extension L of K, namely the
f-ray class field, whose Galois group corresponds to the the ray classes modulo f.
In particular, the degree of L/K is equal to the ray class number h(f). Moreover,
if we assume for simplicity that f is a prime ideal, then

dp = i (NpHO-.
Thus, the above bound of Fogels can be stated in our notation as
P(L/K) <« d2"/me,

The constant c; here is not absolute but depends (in an unspecified way) on the
degree ng of the base field.

There are other results, but for the most part, they deal with Abelian exten-
sions only and give estimates in which the dependence on the fields involved is
not made explicit.

The first effective results which addressed the general case are due to La-
garias and Odlyzko. Assuming the GRH, that is the Riemann Hypothesis for the
Dedekind zeta function {1(s), they showed that

(2) P(L/K) < (logdg)?.

Unconditionally, Lagarias, Odlyzko and Montgomery (8] showed that there is an
absolute constant c3 > 0 such that

3) P(L/K) < dp.

They remark that this is probably the best result that can be proved by present
techniques since in the case K = Q and L = Q(v/d) a quadratic extension, and
C # {1}, the best result known (due to Burgess [1]) is

(4) P(C,L/K) < di".
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An old conjecture of I. M. Vinogradov asserts that for any € > 0, the right hand
side in (4) can be replaced by d§,.

In this paper, we shall reexamine the problem of estimating P(C, L/K). We
formulate two conjectures (Conjecture 2.1 and Conjecture 5.1) which we believe
are the natural generalizations of Linnik’s theorem and which fit more accurately
than (3) with the known cases of cyclotomic fields (1) and quadratic fields (4).
The first conjecture will involve the discriminant d;, of the field and the second
conjecture will be formulated in terms of the Artin conductors of the characters
of Gal(L/K).

2. Conjectures in terms of the discriminant.

CONJECTURE 2.1. There are absolute constants a,b > 0 so that
P(L/K) < &2/ (logdy,)®.

Here,ng = [K : Q] and ny, = [L: Q).

REMARK. As pointed out by Odlyzko, a factor such as (logdr)? is necessary
as one sees by considering a field K and a sequence of fields L/K for which the
root discriminant exp{ﬁ logdL} is constant.

If we assume the GRH, we should actually expect a better estimate than the
one cited above (2).

CONJECTURE 2.2. Assume the GRH. Then
1

P(C,L/K) < |

(log dL)z.

The new feature in this conjecture is the appearance of the size of the conjugacy
class. Indeed, it is reasonable to expect that if we are seeking primes whose
Frobenius class is a large conjugacy class, it should be easier to find them.

3. The zeta function and Artin L-functions. The Dedekind zeta func-
tion factors [15, Chapter 2] into L-functions associated to irreducible characters
of Gal(L/K). Thus

¢(s) =[] L(s,x)¥™.

As is generally seen in analytic number theory, factorization of a zeta function
usually leads to stronger estimates. The difficulty in using the above factoriza-
tion, however, is that it has not been proved that the individual factors L(s, x)
are holomorphic. The assertion that they indeed are holomorphic is Artin’s Con-
jecture (AC). The one exception to this is that the L-function corresponding to
the trivial character, namely the zeta function (x(s) has a (simple) pole at s = 1.

If we assume both the GRH and Artin’s holomorphy conjecture (AC), then a
slightly weaker version of Conjecture 2.2 can be proved.
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THEOREM 3.1. Assume both the GRH and AC. Let n = np/ng = [L : K].
Then

2
P(C,L/K) < %(n logn + logdy)>.

All of the above can be formulated for conjugacy sets (i.e., a union of conjugacy

classes). In the case that C = G — {1}, an estimate which is sharper than that of
Conjecture 2.2 was proved in [12]. Indeed, it was shown that assuming the GRH,

logdy, 2
P(G-{1},L/K .
@ {1, 1/K) < (%)
It would be of interest to consider whether this could be true in general. That is,
given any conjugacy set C, is it true that

2
P(C,L/K) < (1°gdL) ?
IC|

4. Conjectures on zeros of the zeta function. All proofs of Linnik’s
theorem require delicate information about zeros of (Abelian) L-functions. It
is therefore reasonable to expect that such information about Dedekind zeta
functions or about Artin L-functions would enable us to establish the analogue
of Linnik’s theorem in our general setting of the least prime in a conjugacy class.

We formulate two conjectures about zeros of the Dedekind zeta function near
s = 1 which would suffice to imply Conjecture 2.1. The first of these is [14,
Conjecture 3.2].

CONJECTURE 4.1. There is an absolute constant ¢s > 0 such that the region
Csny,

Csnp,
>1
? logd;,

=" logdy’

l¢] <

contains at most one zero of ((s). This zero, if it exists, is real and simple.

Let us set
Ni(o,T) = #{p: C(p) = 0,0 < Rp < 1,9p| < T}.

We know that n
N.(0,T) ~ —2£Tlog T.

CONJECTURE 4.2. There is an absolute constant A > 0 such that for any
€ >0, and o > 1/2, we have
Ni(o,T) <e (d}‘/"LT)(’\"")(l"”).

It should be possible to deduce Conjecture 2.1 assuming Conjectures 4.1
and 4.2.

In terms of what can be proved in the direction of Conjectures 4.1 and 4.2, we
have the following result about zeros near s = 1.
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THEOREM 4.1. In the region 4.1, there is no zero of multiplicity > ni/ 3,

Regarding the conjecture on the zero-density estimate, Heath-Brown [5] has
shown that

Ni(0,T) e TC¥90-)(1og T)

for ny > 3 and an absolute constant 4 > 0. In its present form, this estimate is
essentially unusable for our purposes since the implied constant depends on the
field in an undetermined way. It is probable that one can prove

Ni(0,T) € (dT)Pe+90=% (logd, T)".

5. Conjectures in terms of Artin conductors. Again, exploiting the
factorization
Ce(s) = [T Lis,x)X®
X

we can formulate refinements of the conjectures of the previous sections. Associ-
ated to each x is the Artin conductor A,. It is given by

Ay = d5VNY,.

Here f, is an ideal of K which is supported on primes at which x ramifies. Let p
be a prime of K and let Gy denote the inertia group at any prime q of L dividing
p. There is a descending filtration

Go2G12G2- -

in which G; is defined to be the subgroup of G which acts trivially on O /q**!.
(Here, Oy, is the ringer of integers of L.) If V' is the representation space under-
lying x, then the power of p dividing f, is given by

5] ———y
n(p,x) = ) 1= codimV*®i,
Z,-: |Gol
The factorization of the zeta function into the Artin L-functions is mirrored in
the conductor-discriminant formula

dy =[] 4.

We now state a conjectural estimate for the least prime in a conjugacy class
in terms of Artin conductors. In the next section, we shall state some natural
hypotheses on zeros of Artin L-functions from which this is likely to follow.

Let us set

A= A(L/K) = max A,
and
d = max x(1).

CONJECTURE 5.1. There is an absolute constant ¢ > 0 so that
P(L/K) <« A°.
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REMARK. Let us compare this with the classical Linnik theorem. Here K = Q
and L = Q({n). Every character of the Galois group of L/K has conductor
dividing m. Moreover, there exist characters whose conductor is equal to m, and
so A=m.

REMARK. It is not unreasonable to expect that Conjecture 5.1 can be proved
for Abelian extensions L/K using existing technology.

REMARK. Suppose L/K is unramified. Then, for every x, we have A, = d’,‘((l)
and Conjecture 5.1 asserts that there is an absolute constant ¢ > 0 such that

P(L/K) <« d$8.

We have the following implication between Conjecture 2.1 and the above con-
jecture. Denote by k(G) the number of conjugacy classes of a finite group G.

PROPOSITION 5.1. Conjecture 2.1 implies that there are absolute constants
c1,¢ce > 0 such that
P(L/K) <« A% k(G)*.

PROOF. The conductor-discriminant formula states that
logdy, = Zx(l)log Ay.
From this, we see that
logdy, < |G|¥k(G)* (log 4)

where k(G) denotes the number of conjugacy classes of G. Thus, with n = |G|,
we have

(5) %logd;, < (k—(nq-)-) ’ (log A) < log A.

Now, there exists a character x; for which
|G :
1)> | ———
x1(1) = ( k(G)

Y _x(1)*=1Gl.

By Minkowski’s theorem, if K # Q, we have logdyx > ng. Hence, for any x, we
have

since

log Ay > x(1)logdk > x(1)nk.

In particular,

log Ay, > xa(1) 2 (%)5 .
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On the other hand, if K = Q, then again by Minkowski’s theorem and using the
conductor-discriminant formula, we have

np < logdp, = Zx(l)logAx.

Hence, there exists a character x for which

6] \*
log Ay > ( 5G))
Thus, in all cases,

logA > (kl(iG!))% .

Thus,
logd;, < k(G)(log A)2.
Hence
d¥/"(logdy)? < A%k(G)®(log A)* < A° k(G)°2.
This proves the result.

6. Conjectures on zeros of Artin L-functions. Now consider three state-
ments about zeros of Artin L-functions.

CONJECTURE 6.1. There is an absolute constant 0 < ¢; < 1 such that
I1L(s, x) does not vanish in the region

1- =
log(A(J¢| + 2)dnx)

o<1

except possibly for one zero. If this zero exists, it is real and simple.
We will also need a hypothesis about the exceptional zero in case it occurs.
CONJECTURE 6.2. Set

A(t) = log A + dnk log(|t] + 2).

There are absolute and effective constants 0 < ¢, c3 < 1 such that the following
holds. If po is a zero (real or complex) of an L(s, x) then any other zero p = o+t

of an L(s, x) satisfies
log T=polam

f<l-c A(t)

For the next statement, let us set

N(X’ a, T) = #{p : L(p, X) =0, PRPI 20, Is‘pl < T}'
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CONJECTURE 6.3. There is an absolute constant x > 0 such that for o > 1/2,
we have

Y N(x,0,T) < (AT)*09).
X

The bound (5) shows that Conjecture 4.1 implies Conjecture 6.1 and Conjec-
ture 4.2 implies Conjecture 6.3.

It is likely that Conjecture 5.1 will follow if we assume the truth of Conjec-
tures 6.1, 6.2 and 6.3.

In the direction of Conjecture 6.1, the best result that is known is the following
[13]. Assuming Artin’s conjecture, there is at most one zero of [] L(s, x) in the

region
(5]

L Blog(A(t + 2

where d is the maximum of the character degrees. In the direction of Conjec-
ture 6.2, the best result that is known (assuming Artin’s conjecture) is due to
Mahmoudian [10]. It states that the the estimate of Conjecture 6.2 holds with
A(t) replaced with

<o<l1

Ay(t) = d(logA + dng log((It] + 2))).

There does not seem to be any result in the direction of Conjecture 6.3.

7. Some functorial properties. In this section, we establish some proper-
ties of P(C, L/K) when we pass to subgroups or quotients of G = Gal(L/K).

PROPOSITION 7.1. Let M be a subfield of L containing K. Let H be the sub-
group of G fixing M. Let C be a conjugacy class which has a non-trivial inter-
section with H. Then either

P(C,L/K)=  min  P(Co,L/M)

or the right hand side divides the discriminant Ndys i . In the above,the minimum
ranges over conjugacy classes Co of H which are contained in C N H.

PROOF. Let p be a degree one prime of K, unramified in L, with Fr,(L/K) =
C, and let b be a prime of L dividing p. Then, (b, L/K) € C and every element
of Fr, is of the form g(b, L/K )g~! for some element g € G. By assumption, one
of these lies in H, say (b, L/K) itself. Let Cy denote its conjugacy class in H. Let
q be the prime of M below b. Then Frq(L/M) = Cp and N xq = p. Moreover,
q is unramified in L. Hence

Conversely, suppose q is a degree one prime of M, unramified in L and with
Frq(L/M) a class, say Cp, in C N H. Let p be the prime of K over which it lies.
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Then p is a degree one prime of K|, and if it is unramified in L, then Fr,(L/K) =
C. Hence
P(C,L/K) < P(Co, L/M).

On the other hand, if p ramifies in L, it must also ramify in M and thus the right
hand side divides the different.

PROPOSITION 7.2. Let H be a normal subgroup of G and let M denote its fized
field. Suppose that C is a conjugacy class of G with the property that CH C C.
Then either

P(C,L/K) = P(C,M/K)

or the right hand side divides the discriminant of L/K. In the above, C denotes
the image of C in Gal(M/K) = G/H.

PROOF. The condition CH C C ensures that the image C of C in G/H is
still a conjugacy class. Let p be a prime of K with Fry(L/K) = C. Let q be a
prime of M dividing p and b a prime of L dividing q. Then

(b, L/K)|m = (3, M/K).

On the other hand,
Hence, (g, M/K) € C and so Fr,(M/K) = C. Thus,
P(C,M/K) < P(C,L/K).
The reverse inequality follows in a similar way except if P(C, M/K) ramifies
in L.

8. Examples. If we assume Conjecture 5.1 for Abelian extensions and use
the properties of the previous section, we can get sharper bounds than (3) in
some cases. We indicate some examples in this section.

EXAMPLE. Let p be a prime and a a rational integer which is not a p-th
power. Let o be a p-th root of a. Let K = Q and L = Q((p,a). Then we can
identify

Gal(L/K) ~ {(’6 ’1’) ueF,ve IF,,}.
The subgroup in which v = 1 forms a conjugacy class, C say. Then
P(C,L/K) = P(1,Q((,)/Q) < p°
by Linnik’s theorem. Note that
dp = pPP~gr-1,

Thus,
P(C,L.K) < d/™.
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EXAMPLE. Let ¢ be a rational prime. Let K = Q and L an extension with
Gal(L/K) = GL2(Z/¢). Such extensions arise from elliptic curves, and more
generally from modular forms. Indeed, let E be an elliptic curve over Q without
complex multiplication. Let L be the field obtained by adjoining the coordinates
of all points of order dividing £ in E(Q). Then it follows from a result of Serre
that for ¢ sufficiently large, the field L is of the above type.

For each prime p not dividing the conductor N, we set as usual

ap =p+1—#E(Fp).
Now fixing a and b, we can ask for the least prime p = P(a,b) such that
ap =a (mod¥), p=b (modé).
The discriminant dj, satisfies
£ logtN < logdy < £4logéN.
Thus, Conjecture 1.1 predicts that
P(a,b) < (£*log¢N)".

The theorem of Lagarias, Montgomery and Odlyzko (3) gives only the exponen-
tially weaker bound
P(a,b) < exp{c3f*(log ¢N)}.

The Artin conductors can be estimated and one finds that
log A <« Llog{N.
Thus, Conjecture 5.1 predicts that
P(a,b) < exp{cflog¢N}.

Using the functorial properties described in the previous section, we can ac-
tually prove the above estimate in some cases. Suppose that the roots of the
quadratic polynomial

T2 —aT+b

lies in Z/€. Then the conjugacy set of matrices of trace a and determinant b
intersects non-trivially the subgroup B of upper triangular matrices. Moreover,
the set of upper triangular matrices of trace a and determinant b is stable under
right multiplication by unipotent matrices (that is, matrices in B with diagonal
entries equal to 1). Denote by U the set of unipotent matrices in B. It is in fact
a normal subgroup of B. Thus, if we let M be the subfield of L fixed by B and
N the subfield of L fixed by U, then N/M is Galois and even Abelian, the group
being the set of diagonal matrices.
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Now, if we assume Conjecture 5.1 for Abelian extensions, then by the proper-
ties of the previous section, it follows that

P(a,b) < exp{cflog{N}

and we see that this is the bound predicted by Conjecture 5.1 and it is an im-
provement over the bound given by (3).

9. Proofs of Theorem 3.1 and Theorem 4.1. In this section, we give
proofs of two of the results stated in Sections 3 and 4.

ProoF oF THEOREM 3.1. This follows along standard lines so we just sketch
it. If we assume both AC and GRH, then we have by [16, Corollary 3.7] the
estimate

ro(z, LK) = :—g—: Liz + O(|C| nxcz? log Mz)

where

1
logM = log-ni + —logdk + E log p.
nKg Nk
PEP(L/K)

Here, P(L/K) is the support of Nx/qdL/x-
Now consider the function

1

ko) =iz = (1)

for y > z > 1. Then the inverse Mellin transform

k() = k(u; z,9) = 2%” (2) k(s)u=*ds

is given by the formula (see [8])

; -};logg“g fz2<u<azy
(W)=1 liogL ifay<u<y?
0 otherwise.

Let us set | o

Fe(s) = g} O) (-360)
where the sum ranges over the irreducible characters x of G and L(s, x) denotes
the Artin L-function associated to x. Then the integral

(6) 2—:{; /(‘2) Fe(s)k(s;z,y) ds
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can be evaluated in two different ways. On the one hand, it is equal to

log Np -
(7 Z T ——k(Np™;z,y) + O ( log = )
p™:p unramified in L

where the error term comes from ramified primes. On the other hand, moving
the line of integration to the left, we see that (6) is equal to

c 2 Px=1 _ gox—1\2
a1 (be2) - @ XL (55

where p, runs over all (trivial and non-trivial) zeros of L(s, x). Assuming AC
and GRH, we know that the Riemann Hypothesis holds for each L(s, x) (see [4,
Corollary 1]). Moreover, the number N(t, x) of zeros p, of L(s, x) with |y, —t| < 1
satisfies the estimate [16, (3.5.5))

N(t,x) < log Ay + x(1)nk log(|t| + 2).

Here,
Ay = d)I(((l)NK/Qfx

where f, is the Artin conductor of x (see (16, §2.4]). Hence,
Px—=1 _ ppx—1 e 1
Z (2—1—) <z ! Z = (log Ay + x(1)nx log(j + 2))
P Px — =17
X J
and this is
< 71 (log Ay + x(1)nk).

Hence,
IC] = —=< (ny"l_xPx-l)2
= (o] —_
61202\

< :—f;:l 5 (@) g Ay + x(1n)

is

Now, by orthogonality of characters,
_ Gl
Ix(C)P?
Z =T
Moreover, using the estimate of [16, Proposition 2.5], we have

log Ay + x(1)nk < x(1)(logdk + ng log M).
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Hence, using these estimates and the Cauchy-Schwarz inequality, we deduce that

ICl =~ yPx —gpxl Ic)t 1
@?X(C)pz =1 < |G| —IGI (logdk + nk log M).

Now choose

|G|
z=—5nglogM
c|#

and y = az for a large constant a > 0. This forces

Z (C)Z(y”x l—zﬂx 1)"’

where § is the implied constant in the error term of (7). We can aslo estimate
the contribution of prime powers to the main term of (7) and show that it is
negligible. Hence, there exists a prime p with Fr, =C and

Il ( x) S lcl

1.9

Np <y =0’ |C’| (IGI log M)>.
By [19], Proposition 5, (7), we know that
2
> logp< =logdy.
peP(L/K) "

Hence,
|Gllog M < nlogn + ni logdg +2logdy, < nlogn + logdy.
K

This completes the proof of Theorem 3.1.

PROOF OF THEOREM 4.1. Let p = B+ iy be a zero of multiplicity m. For
o > 1, we have the inequality

m
o-p

which follows from Stark [20]. Indeed, write ny, = [L : Q] = ry + 2r; where
1 (resp. T2) denote the number of real (resp. complex) embeddings of L. The
function

1 1
(8) < .OTI + 2 logd;

s(s — 1)d3/? (x=*/2T(s/2)) ™ ((27)~°T(s)) L (s)
is entire and is of order one. Thus it has a Hadamard factorization of the form

eAt+Bs l'I (1 _ %) e*/P.

P
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Logarithmically differentiating this and using the fact that the zeros of the above
function have real part in [0,1], one derives an inequality [20, pp. 139-140, (9)
and (10)] for o > 1,

1 1 .1 1 ng r1 (s/2) I(s)
< bl -2 2 -
;a—p < a—1+210gdL+(a' 2 logw)+2 T(s/2) +7r2 T(s) log2 ).

Now the inequality stated above (8) is an easy consequence of this. Choose o =
1+ (clogdr)™!. Then we get

m 1 1
1- -2 .
h< (c+% c) logdr

The quantity in parentheses on the right is positive when

c>(2m-2)"L

Subject to this condition, it is maximized (as a function of ¢) by taking

_1+ym
T 2(m-1)
This gives
com3/?

B<1~- ogdy

Hence, if

CsnL
>1- —
s logdy,

then
m < ni/ 3.

10. Some other bounds. Denote by k(G) the number of conjugacy classes

of G. We have '
P(L/K) > k(G)log k(G).
This follows from the fact that the k(G)-th prime is > k(G) log k(G).

REMARK. If we take into account the fact that our primes are in fact the
norms of degree one primes of K, then it is possible that we can obtain a lower
bound of the form nxk(G)log k(G). However, we do not pursue that here.

It is a result of Pyber [17] that for any group G of order n > 4, we have

logn
(loglogn)8”

In particular, let us apply this to G = Gal(L/K). By Serre [19, p. 128], we know
that

k(G) >

logdy < nlogdkx +ng Z logp+nglogn
pEP(L/K)
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where np = [L:Q], nxk = [K : Qland n = [L : K] = ny/nk. (In the notation of
an earlier section, the right hand side is ny log M.) Then

log logdy
k( G) > nkllong .
(loglog —LLn:log =P

In particular, if K = Q and we consider a family of fields L which are ramified
at a fixed set S = P(L/Q) of primes, then,

loglogdy

k(G) >s (logloglogdy)®

and
loglogd,,

(logloglogdr)?"
Stronger lower bounds for k(G) are known for nilpotent groups. It is a result
of P. Hall that

P(L/Q) >s

k(G) > (logn)
Thus for any nilpotent extension L/Q which is unramified outside S, we have
P(L/Q) >s loglogdy.

The Frattini subgroup of a group G is the intersection of the maximal sub-
groups of G. If G is a solvable group of order n > 4 with trivial Frattini subgroup
then a result of Pyber [17] states that

logn
HO) 2 e ot |

for some ¢ > 0. In particular, if L/Q is a solvable extension with trivial Frattini
and unramified outside S, then there is a constant ¢; = c3(S) such that
P(L/K) > (log dy,) o i
On the other hand, there exists a conjugacy class C with
IC| 2 |GI/K(G).
Hence, by Theorem 3.1, we see that the GRH and AC together imply that for
this C,

2
P(C,L/K) <« nxlg(lG) (nlogn +logdr)?.

Again assuming K = Q for simplicity, and using the bound for dy, in terms of n,
and M, we have for this C,

P(C,L/K) < nk(G)(lognM)2.

A slightly better bound can be obtained as follows.
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PROPOSITION 10.1. Assume the GRH and AC. Then there exists a conjugacy
class C C G such that
P(C,L/K) < B(log B)?

where
B =ngny(log M)2.

In particular, if K = Q and we fiz a set of primes S and consider Galois exten-
sions L which are unramified outside S, then

P(C,L/K) <s (logdr)(loglogdL).

PROOF. We have the estimate [16, Proposition 3.6]

2
> |—é| (¢c(m) - %w) <« nka(log Mz)?(log z)°.
CccG

If Yo (z) = 0 for all C, then the left hand side is

1ICR , 1,
2 EieE” = e

This implies that
z < n%|G|(log z)*((log M)? + (log z)?).

This proves the first part.
Now if K = Q and we fix the ramification locus S, then

log M «glogn =logny < loglogdy.

Moreover,
nplog M < logdy,.

This proves the second part.
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A METRIC SYMBOL FOR PAIRS OF POLYNOMIALS OVER
LOCAL FIELDS

ALEXANDRU ZAHARESCU

Presented by M. Ram Murty, FRSC

ABSTRACT. We define a metric symbol (%) for pairs (f, g) of polyno-

mials of prime degree over a local field and prove an irreducibility criterion,
a transitivity property and a reciprocity law.

RESUME. Nous définissons un symbole métrique (%) pour une paire

(f,9) de polyndmes de degré un nombre premier & coéfficients dans un
corps local. Nous démontrons un critére d'irreductibilité, une proprieté de
transitivité et une loi de réciprocité.

1. Introduction. Let (K,v) be a local field and let g be a prime number.
We consider pairs of monic polynomials f, g € K[X] of degree g. For such a pair
we define a metric symbol (ﬁfl) by the following rule:

(;) - { s Z(R(f,g)) > “Lv(A(f))

where A(f) denotes the discriminant of f and R(f,g) denotes the resultant of
f and g. Although the above definition is not symmetric in f and g this metric
symbol has some nice properties. We have the following:

THEOREM 1.
(i) (Irreducibility criterion): If f is irreducible and (%) = 1 then g is also
irreducible.
(ii) (Transitivity): If f is irreducible and ($) = (%) = 1 then (}) = 1.
(iii) (Reciprocity Law): If f and g are irreducible then:

9\ _ (£
( f ) - (g)
As an application we show that for any positive integer n the diophantine
equation
(11) (X24Y2-22-n)24+4(Y -2)(YZ?-X%Y -Y%Z+nZ) =0

satisfies the local-global principle. More precisely we have:
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THEOREM 2. Let n > 0 be an integer. The following are equivalent:
(i) Equation (1.1) has solutions in Z.

(i) Equation (1.1) has solutions in Z, for any prime p.

(iii) Equation (1.1) has solutions modulo 16n°.

(iv) n is a square.

2. Proof of Theorems 1 and 2. As in the Introduction, let (K,v) be a
local field. We denote by K a fixed algebraic closure of K and continue to denote
by v the unique extension to K of the valuation v on K. Let Gx = Gal(K/K).
For the general theory of local fields, see [Ar], [B-Ch] or [S]. In particular, we will
need the following well known

LEMMA 3 (KRASNER'S LEMMA). Let o, € K, a separable over K and as-
sume that
v(B - a) > v(o(a) - a)
for any o € Gk for which o(a) # a. Then K(a) C K(B).

For a proof, see [Ar, Ch. 2, Section 6, Theorem 8]. We will also need the
following:

LEMMA 4. Let f € K[X] be irreducible, separable and of prime degree q. Then
the distance between any two distinct roots of f is the same.

PROOF. Let S = {6,,02,...,0,} be the set of roots of f. Denote:

d= lsmi'lJpsqv(G,- - 0;).

For any j € {1,2,...,q} consider the set
Aj = {0, € S;v(0; - 0_-,) > 6}

It is easy to see that any two such sets A;, and A;, are either equal or disjoint.
Moreover all these sets A; have the same number of elements. Indeed, if A;, has
more elements than Aj, let ¢ € Gk be such that o(8;,) = 6;,. On one hand we
know that o induces a permutation on S. On the other hand ¢ is an isometry so
it will send any element of A;, to an element of A;,. Hence o induces an injection
Aj, — Aj, which contradicts the above assumption on 4;, and Aj,. Thus all the
sets A; have the same number of elements, say e, and we obtain a partition of
S in subsets with e elements each. Since ¢ is a prime number it now follows that
e =1,s0 A; = {6;} for any j. In conclusion v(f; — 8;) = § for any i # j which
concludes the proof of the lemma.

We now proceed to prove Theorem 1.

Let us first express the condition (%) = 1 in terms of distances between the
roots of f and g. Let f,g € K[X] be monic polynomials of degree g. Denote by
01,...,0, the roots of f and by m,...,7, the roots of g. We have

(2.1) o(R(9) =v( I G:i-m)= 3 v(:=ny)

1<i,j<q 1£4,j<q
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(2:2) oa) =v( I G:-6))= Y v(6:-0).

1<i#j<q 1<i#j<q

The condition (%) =1 can be written as follows:

(23) 3 2 W-m)> o Y w6

1<4,5<q l<t¢1<q

The Left Hand Side of (2.3) is the average value of v(6; — 7;) while the Right
Hand Side is the average value of v(f; — ;). Thus the condition (%) =1 can be
interpreted as saying that in average distances between the roots of f and g are
smaller than distances between distinct roots of f. We now proceed to prove (i).

Let f be irreducible and (%) = 1. This implies in particular that A(f) # 0 so
f is separable. By Lemma 4 all the terms in the RHS of (2.3) are equal. Therefore
there is a term in the LHS of (2.3), say v(6; — m ), which is larger then any term
in the RHS of (2.3). In other words 7, is closer to #; than any conjugate of 8,
and from Krasner’s Lemma it follows that K(6;) C K(n;). Since [K(6,) : K] =¢
it now follows: K(6;) = K(m) and g is irreducible.

(ii) Let f be irreducible and (-}) — (g) = 1. From (i) we know that g and h
are also irreducible. Let 6y, ...,6, be the roots of f, n1,...,n, be the roots of g
and 7i,...,7q be the roots of h. From Lemma 4 it follows that for any i # j we
have v(6; — ;) = & say, and similarly for g and h: v(n; —1;) = &g, v(7i —7;) = 6
for any 1 < i # j < q. From (i) we also know that there is a pair (6;,m) say,
for which we have: v(6; — m) > d5. Now let o be any element of Gk such that
o(61) # 6,. Since o is an isometry one has: v(a(61) — o(m)) = v(61 — m) > 6;.
It follows then immediately that v(m — a(m)) = v(6, — o(61)) = 65.

This proves two things: firstly, that é; = J, and secondly it shows that for
any root o(6,) of f there is a unique root of g which is closer to (6;) than any
conjugate of o(6,), and this root is o(n;). Applying the above reasoning to the
pair (g, h) it follows that §, = &, and moreover for each root 7; of g there is a
unique root of ~ which is closer to n; than any other root of g.

We deduce that for each root 8; of f there is a unique root of h which is closer
to 71 than any other root of f. From this it follows easily that the corresponding
inequality (2.3) for the pair (f, k) holds true and hence we have (%) =1.

(iii) Let f and g be irreducible. There are two cases: either (%) = (5) =-lor
at least one of them equals 1. In the second case we know from the proof of (ii)
that d; = dg4. In combination with Lemma 4 this shows that A(f) = A(g) and so
(%)= ('gf) directly from the definition of the metric symbol. This completes the
proof of Theorem 1.

REMARK. If one uses the same definition to extend the metric symbol to
pairs of polynomials of any degree one loses the nice properties from Theorem 1.
For example, property (i) from Theorem 1 fails for the following polynomials of
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degree 4 over K = Q,, where p # 2: g(z) = (2% — p)? and f(z) is the minimal
polynomial of § = a? + pa, where a* = p. Then v(R(f,g)) > 3v(A(f)), f is
irreducible of degree 4 while g is not irreducible. For p = 2 one can take the same
f and g where this time § = o? + 16a, o = 2.

Various metric results concerning distances between the roots of polynomials
of any degree over a local field can be found in [P-Z,1], [P-Z,2], [A-P-Z] and [O].

ProOOF OF THEOREM 2. Note that if n is a square one can take Y = Z and
X = y/n in (1.1). Thus (iv) implies (i). Clearly (i) implies (ii) and by the Chinese
Remainder Theorem (ii) implies (iii). It remains to show that (iii) implies (iv).

Let X =a,Y = b, Z = c be a solution of (1.1) modulo 16n3. We consider the
polynomials f(z) = 22 — bz + %‘—'ﬁ and g(z) = 2% —cz + #. Then A(f) = n,
A(g) = a® and 16R(f, g) equals the Left Hand Side of (1.1) where X, Y, Z are
replaced by a, b and c respectively. Therefore n® divides R(f, g).

Now choose a prime divisor p of n. Since

Up (R(f, 9)) 2 3'Up('n) = 3vp(A(f))

it follows from the definition of (%) over Q; that (%) = 1. Let’s assume that f is
irreducible over @,,. Then from Theorem 1 (i) it follows that g is irreducible over
Q,. But g is not irreducible over Q, since A(g) is a square. Therefore f is not
irreducible over Q, and hence A(f) = n is a square in Q,. This is true for any
prime divisor p of n, so n has to be a square in Z.
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SUR LE COMPORTEMENT ASYMPTOTIQUE DU NOYAU
ASSOCIE A UNE DIFFUSION DEGENEREE

SERGIO ALBEVERIO, ASTRID HILBERT ET VASSILY KOLOKOLTSOV

Présenté par Vlastimil Dlab, FRSC

ABSTRACT. We consider the asymptotic behaviour for small time of the
heat kernel describing the motion of a brownian particle on a Riemannian
manifold perturbed by a multiplicative noise. Asymptotic developments
for the heat kernel and the trace are given and the first order terms are
explicitely calculated.

RESUME. On étudie le comportement asymptotique pour les petits
temps du noyau associé a un systéme décrivant le mouvement d'une par-
ticule en mouvement sur une variété Riemannienne sous l’action du flot
géodésique perturbé par un bruit multiplicatif. Les développements asymp-
totiques du noyau et de sa trace en puissances du temps sont donnés en
général et avec des formules explicites pour les deux premiers termes.

1. Quelques méthodes d’estimation reliés & notre étude. Le probléeme
d’estimer le noyau de la chaleur des diffusions non dégénérées respectivement
dégénérées par une borne gaussienne et d’obtenir un développement asympto-
tique a été discuté dans plusieurs travaux, voir par exemple [15], [6], [1], [12],
[4], [13]. Pour des opérateurs qui satisfont & une hypothése de Hérmander uni-
formément faible les estimations uniformes pour le noyau de la chaleur ont
été données par Léandre [13], par des méthodes d’analyse stochastique. Pour
les générateurs hypoelliptiques gaussiens, D. Manankiandrianana d’une part et
M. Chaleyat, L. Elie d’autre part (voir les références de [11]) ont classifié la struc-
ture des processus associés et donné les fonctionnelles d’action aussi bien que les
fonctions “distances” appropriées.

Il a été remarqué par Maslov [14] que pour une classe d’équations pseudo
différentielles (appelées équations du type “tunnel”) données par une classe
d’opérateurs pseudoelliptiques linéaires sur R", qui contient par exemple les
opérateur elliptiques du deuxiéme ordre, le noyau (la solution fondamentale)
p(t, 2,20), 2,20 € R™, t > 0, peut étre représenté asymptotiquement pour des
temps suffisamment petits et avec h (la “constante de Planck”) sous la forme

1

(1) Pl 20) = Gy exp [—%S(t,z, 20)] (2 20) (1 + O(ht)),
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avec une fonction positive S(t, 2, zp), appelée entropie dans [14]. Dobrokhotov
et al. (7] présentent une construction effective du développement asymptotique
complet du type WKB (avec une phase imaginaire) comme série de puissances
en t et h du reste multiplicatif 1+ O(ht) dans (1) pour le noyau correspondant &
P’opérateur de Schrédinger —3A + V(z) avec un potentiel V' régulier. Dans leur
livre “Idempotent Analysis and its Applications” Kolokoltsov et Maslov (voir les
reférences dans [11]) ont appliqué cette méthode pour obtenir un encadrement et
un développement asymptotique du noyau associé & une équation du deuxiéme
ordre dégénérée avec des coefficients de diffusion constants. Le cas de coefficients
de diffusion non constants est plus compliqué pour ce qui concerne I’étude du
comportement asymptotique ainsi que ’établissement de bornes rigoureuses.

Dans ce travail nous appliquons la méthode WKB avec une phase imaginaire
au traitement des equations d'une diffusion dégénérée, dont le générateur est
donné par un opérateur regulier du premier rang avec des coefficientes qui sont
des fonctions non constantes. Ce génerateur definit un processus de Feller sur
T*M, le “flot géodesique stochastique”. Il ne depend que la structure Rieman-
nienne et en temps petits les coefficients du développement de la trace du noyau
correspondant sont des invariants de la variété (comme dans le cas du mouve-
ment Brownien sur une variété compacte). Il faut remarquer qu’en général T* M
peut étre noncompact, donc a priori 'existence méme de la trace pour le modeéle
consideré n’est pas claire. Une formule bien connue de H. Weyl décrit le com-
portement asymptotique des valeurs propres associées au probléme de Dirichlet
pour le Laplacien dans un domaine borné. Ce comportement est relié au com-
portement asymptotique de la trace tr(exp[At]) pour les petits temps. En fait,
~ cette formule de Weyl fournit le terme principal d’un développement de la trace
en puissances de t, dont les coefficients dépendent des propriétés géométriques
du domaine (voir par exemple [9], [8] et ses références). Les résultats obtenus
par Greiner géneralisent ces développement au cas des opérateurs différentiels
sur des variétés (relativement) compactes. Notre résultat va au dela de ce con-
texte et n’est pas dérivable des résultats précédents. En fait sa preuve contient
beaucoup d’ingrédients nouveaux et est assez compliquée nous n’en donnons ici
qu’une exquisse. Les détails vont étre publiés ailleurs.

2. Mouvement stochastique sur une variété riemannienne. La dy-
namique d’une particule brownienne soumise & une force déterministe est donnée
par le systéme d’équations stochastiques pour (z(t),y(t)) € R? x R¢

(2) dr =ydt dy= K(z)dt+ dw,

ou la fonction K décrit la force déterministe et w est le mouvement brownien
standard dans R?. Dans le cas K = 0 la position z(t) est simplement I'intégrale
du mouvement brownien. Beaucoup d’articles donnent une étude mathématique
des systémes (2), ainsi qu’une extension de ces études au cas de la théorie des
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équations aux dérivées partielles stochastiques, voir par exemple (3], [2], [10],
[16]. Pour I’étude d’une particule en mouvement sur une variété Riemannienne
M de dimension n avec une métrique correspondente & une matrice g il est utile
de plonger M dans R™, m > n, par une inclusion r, ayant autant de dérivées
qu’en demande 'ordre de I'approximation du développement asymptotique. En
introduisant des coordonnées locales (z,y = g(z)i) sur le fibré cotangent T* M,
les équations définissant ce modele s’écrivent
(3) dz = %—Iy{(m, y)dt dy= —%—Z(z, y)dt + 'aa_z (r(z), dw)
ou H(z,y) := % (G(z)y, y) est 'Hamiltonien donné par le flot géodésique standard
sur M, G(z) := g~!(z) et w est maintenant le mouvement brownien standard
sur R™. Le systéme (3) décrit donc le flot géodésique sur M perturbé par une
force du type bruit multiplicatif, donnée par un bruit blanc avec un coefficient
de diffusion dépendant de la position de la particule. L’existence et unicité de la
solution de (3) est garantie si on assume que la deuxiéme dérivée de g existe et M
est compacte (les fonctions coefficients sont donc bornées et Lipschitz-continues).
On voit immédiatement [11] que (3) est invariant par rapport au choix de
coordonnées locales ainsi que par rapport aux rotations dans 1’espace R™. La
diffusion dégénérée (3) sur T* M correspond & I’equation de la chaleur.

o
b—tu = [,h'u.
8\ 1< /8G() 8  hg 6
@ =({ca@mz)-; 2 () 5t 3 2 ) gy,

ot h = 1. Cette équation est indépendante de l'inclusion r de M dans R™. La
solution reflete seulement les propriétés intrinséques de la géométrie de la variété
Riemannienne M, en particulier la trace du noyau de la chaleur correspondant
est invariante par rapport aux transformations mentionnées ci-dessus. Suivant
la méthode WKB nous definissons un Hamiltonien H sur T*M x T*M tel que
H(=z, y,—h%,—h%) = L;. L'Hamiltonien H est de dimension 4n et régulier
du premier rang (dans le sense définit dans [11]). Pour transformer 'opérateur
L}, sous la forme d’une somme de carrés des champs de vecteurs (forme étudiée
dans [4], [13]) il faut appliquer un changement d’échelle qui dépend de z. Dans
un petit voisinage du point de départ les conditions qui permettent de faire ce
changement d’échelle sont semblables 4 celles d’une condition d’Hérmander faible,
voir [13] et ses références (car un changement d’échelle ne change pas 'ordre du
développement asymptotique).

3. Résultats. Soit p(t,z,y, To, Yo) le noyau associé a ’équation de la chaleur
(4) pour h = 1. Pour examiner le comportement de p pour les petits temps dans
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un voisinage U du point initial zg,y9 € M nous introduisons des coordonnées
locales (5] sur la variété M qui sont normales dans U. Pour ces coordonnées nous
avons dans U: zo = 0, det g(z) = 1 et (en utilisant la convention habituelle de
sommation sur les indices répétés)

(5) 9u(z) = 8 + gijz's’ + O(lal*),
pour Vz € U et certains coefficients réels g,?, avec Y ;g =0et k=1 gk =R,
ol R est la courbure au point zo.

THEOREME 3.1. Pour yo quelconque fize et z, y — yo et t suffisamment petits
nous avons

n

127
(6) p(ta Y, O’ '!/0) = (27!')—"t2'; exp[_S(ta z,Y, yO)]‘P(t: z,Y, yO)

\

ou

6 6
S(t2,3,90) = lal’[L+ O(lal) + Olly = wl*)) + 5 (2,3 + %0 + O(I=*))

™) + o2l + G40,4) + lsof? +O(iaP) + O(ly - woP)]
et
®) olt,2,3,%0) = 1+ O] + Iy ~ 3ol + ).

Nous allons indiquer les techniques nouvelles et les étapes les plus importantes
de la preuve. Tout d’abord le générateur changé d’échelle £, de (4) est associé
a I'Hamiltonien modifié #H(z,y, —ha%, —h%). Théoréme 2.3.1 [11] montre que
les solutions des systémes dynamiques donnés par ’équation de Hamilton-Jacobi
respectivement de Hamilton associées & H sont les mémes. Ceci est une consé-
quence du fait que pour ¢ < o, pour un certain top > 0, il y a des polydisques
suffisamment petits tels que l'application (po, go) — (X, Ya) (¢, Zo, %0, Po, 90) est
un difféomorphisme ou (zo, %o, Po, go) sont les valeurs initiales de ’unique solu-
tion (X3, Y, Py, @) de 'equation hamiltonienne donnée par H. De plus ces
polydisques contiennent des polydisques centrés en (X3, Y#)(t, zo,%°,0,0), voir
Théoréme 2.3.4 [11]. Aprés une translation et un changement d’échelle par un
polyndme de t, insérés dans le développements de (z,y)(t) et de 'entropie corre-
spondants, on obtient, ordre par ordre, un systéme fermé d’équations algébriques
pour I’entropie. Une procédure analogue appliquée 4 ’équation du transport four-
nit le développement de la fonction ¢ en puissances de ¢.

La solution des équations hamiltoniennes correspondantes & H avec condition
initiale (zg, yo,0,0) est donnée par

(9) E=xzo—yt+O0(?) F=y+O0(t) p=0() §=O(@).

Nous ne suivons pas la procedure générale donnée par les Théorémes 2.3.1, 2.3.4
[11] mais adaptons ici une méthode directe qui permet un calcul plus simple
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des coefficients paraissants dans (6)—(8). Cherchons d’abord un développement
asymptotique pour la solution de ’équation de la chaleur associée & £. Son ap-
proximation du premier ordre se trouve dans (1) et est donnée par la méthode
WKB sous la forme (¢, z, ¥, yo) exp[~h~1S(t, z,y, yo)] avec des développements
asymptotiques pour @, et S. Pour développer les algorithmes dessous nous ap-
pliquons la représentation des solutions de l'equation aux dérivées partielles
linéaire suivante

(10) Af(s,y)—(e,y)M( €. ZLiew )=F(e,y)

ou M est une d x d matrice avec des blocs de la forme (} 2) avec des valeurs
propres 1 et 2 et £,y € RY.

LEMME 3.2. Soit F un polynéme homogéne de degré q sur R%*? et A un nom-

bre positif. Les uniques solutions de (10) sont des polynémes d’ordre q, combi-
naisons linéaires des mondmes &'y”’, ot les I, J sont des multiindezes dans
{0,...,q}, tels que |I| + |J| = q (|| décrivant la somme des composantes du
multiindex). Plus précisement le coefficient de 'y’ est donné par

oF .
XY sEoamd

i+ Hlg=0o ji+-+ja=x = >1 Jd

ovo=\I|,k=|J| et p€{l,...,0}, respectivement v € {1,...,k}, sont égales
auz sommes partielles des multiindezes I, respectivement J, qui sont en relation
a la transformation qui diagonalize M. De plus AJS sont des constantes. Pour
1 < g < 4 ces constantes sont connues explicitement:

q=1: Aoo—% A =0 AR =-1 A%8=%

q=2: Aoo—% AR =5 AB=2%, Alj=37 Al=3
Apl %’ A11=2—loa Aoo—g A58=I—3 Azo—%

q=3: Aoo—fi—o AR = 56 Aoz—%m AB=% AR=%
Af=30, Aii=% Al=1% A6%=§_53’ A%%='793
Ap=5 Ahb=7% Ah=1% Al=3% Ai=%
Af = 25 Aoo—_a_? AR=8 AR=33 A8=18

q=4: Agg_'g%a A01=s% A ﬁ A8§=+0 A04—‘;;'25
A},g:% Als"z_%(i A%)?:ﬁ Aﬁ;=% Aoz—'—'('ol
AB =g Aos—ﬁ:) AB=35 Afl=% AR=34
A =g Al=7% All=1% Al=57 AB=3%
A = 3p A22'% A = 32 A?(%:%bz AR = 55
Aao—:ﬁ% A 395 Ajl ?—3 Ag%‘:% A3l %
AR =% Alo—_assl Azo—g-g‘ AR = ¢ AR =38
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Nous avons en général
o4 K-V m-n+x9p—1 l—p+v—pgpo
an l p ( 1) 2 ( 3) 6
A ZZEC o-uCr-uCy A+2¢—-l-m-n—p

£=0 m=0 n=0

Dans cette expression les coefficients explicites, respectivement cg' , représentent
des coefficients binomiales, respectivement les composantes d’une matrice diago-
nale par blocs avec des blocs de la forme ((1,~2)*(—1,3)*) associés & la transfor-
mation de la base, ou (-, )’ sont les colonnes de la matrice. Suivant la méthode
WKB nous introduisons I’Ansatz (1) dans ’équation de la chaleur associée & Lj,
en séparant les ordres differents du paramétre de développement h. En comparant
les termes d’ordre zéro nous arrivons & 'équation de Hamilton-Jacobi

) 53 +(Ctem 2) 3 2 <a§§f) A PECT

: J=1

Comparant les termes du premier ordre on obtient l’equatxon de transport:
3<p 1 6G(z)
2 + (cem >"2§< e 1) 5y
6

(42 +(0e5y52) + 3 (59m5) =0

Introduisant des coordonnées normales [5] en méme temps que les approxima-
tions (5) et (9) dans I’équation de Hamilton-Jacobi nous n’arrivons pas & un
systeme fermé d’équations algébrique comme dans le cas nondégéneré. Donc
nous changeons I'échelle de fagons que Z(¢,£,y) = S(t,t(¢ + %),y + 7, Z0,%),
ou (&,,p,q) est la solution du systéme hamiltonien associé & #. D’aprés ce
remplacement I’equation Hamilton-Jacobi prend la forme (avec z; := (y; — y?))

6)31

3(6 — w) ~ 508 (6~ 12)(6 — 9)z — ylPd) + O(E) 2o
- 5 (o4 60300 + (&~ )5))) + O 5

(13) + (% "!le(Ek & - + O(ta)) . gz =0

36:

Introduisant ¥ = X_;¢ ! + $g + ;¢ + - - - dans (13) nous pouvons séparer (13)
dans un systéme d’équations pour les termes de méme ordre en t. Nous arrivons
comme ¢a & des équations du type mentionné dans le Lemme 3.2. Les équations
homogenes ont solution égale & zéro. Nous commencons avec ’équation fermée en
E_1 (ordre t~1). L’équation correspondante & ¢ ne dépend que de £_; (calculé au
premier étape) et ;. Sa inhomogénéité est une somme de polynémes homogenes
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d’ordres 2, 3, 4. La linéarité en F' des solutions des equations différentielles per-
met d’appliquer le Lemme 3.2. Cette procedure va marcher pour tous les ordres
en t. Pour éviter des formules trop longues nous nous bornons & donrer ici le
développement jusqu’a l'ordre 1. En utilisant la symétrie de g,_,,, 31 est donné
par: 2.5¢5/yyJyPyp + O(t), en coordonnées normales. Pour la solution de (13)

nous trouvons le développement asymptotique:

662 + 6y + 2y7
t

y =
14 i, - 59 3
+ t(—ﬁgt,’j Y AYOUEYs ~ 55053 Vo.kU0.Es + 5053 Yokv0.Ext;

T & 24
9,,, Yo,iY0,1&iyk + gf,’jlyo,j Yo,1£ik

5 5
k.l kol 3 ki
+ ﬁg""' Yo,i%0,i 1Yk + %g,-,,- Yo,i¥%0,56k Yt + 59 ¥0,iY0,5 €kl

2
159,,, Yo,5Y0,1¥iYk +

7 9 3
+ J5 00y Yosbivys — 1590 YouEikivn — 590 VouEitsE

1 ,
~ 59 Yo, E Yk —

3 k4 1 k4 5 k.l
~ 5% &yyys + 79: 5 &ilivye + 79!‘,}-’&&&3}1 +9;; EiEjEkEz)
+ O(t?).

La transformation qui fait passer de ¥ & S nous donne (7) et en coordonnées
normales S = 6t~1|y°| + O(t3). Pour résoudre ’équation de transport nous rem-
plagons ¢ par ¥(t, £, y) = t%p(t, t€, y+17,0,3°) et assumons un développement en
t pour 9 = 14+t +t292+- - -, oll @ = 2n garantit que le terme constant est égale

a 1. En procédant de la méme fagon comme pour I’équation de Hamilton-Jacobi
nous obtenons:

P=1 +t2( ( gk Ik — 56‘#‘"6” 569’“&)6’

6
ggf,’jlyo.jﬁiﬁkyl - 39f,3~lyo,j§i§k§z

1,7 ik ,i 3 i, 3 jai
+ 5 (gotiw.s - 59k,jyo,j = 5gIkaYs ~ pgTkaYs
3 i kol
~ gIkili T 9ii yO,l)yk
507 i 1 3 i 3 i
+ 3(1_09‘!”' Yo,j — gg:e:jyo,j = BEQL,J,-?JJ’ = %.‘ﬂ::?h
3 ..
(14) ~ g 9ki¥%i ~ gf;-'yo,z)&k
3
1409:,_1 gJyk
3
59,,, beik +3 g. Y + 20!1:;[&111 + -9,;’,- 6y

1 4y 5 & 1
- gy,-.-yo K9 — 69. Fyokél + 210%3 UkYs +

1 1 1 3
309,,.1;0 kYo, + 159,,, Yo0,iY0,k — 309k,,y0 kyO,J) + O(t%).
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La transformation qui fait passer de ¥ & ¢ nous donne (8). De plus nous pouvons
écrire un développement complet pour les fonctions ¢ et S (nous utilisons ici
des bornes uniformes pour les coefficients des terms négligés, en particulier pour
les termes donnés par le développement de Duhamel). Le produit de (8) et du
developpement de exp(S) donne le developpement de p d’ordre 2. Sur la diagonale
nous obtenons (zg = 0)

p(t,0,90,0,30) = t~*" exp[—6t"|yo|’](1
+1? (—2—18569123/01:1/0;' = 2_18%9;;J;y0ky0j as ;Sldyiijyowo]'
(15) - %gffywyok + %yﬁjyowoi) (1+0(%).
Les calculations étaient réalisées par MAPLE. D’une fagon semblable nous con-
struisons un développement de p & tous les ordre. En reliant p(¢,z,y,z,y) &

p(t,0,y0,z,y) et intégrant sur T*M on obtient (en utilisant la compacticité de
M et des bornes données dans [11]):

THEOREME 3.3. Sous les hypothéses du Théoréme 3.1, on a le développement
asymptotique suivant par rapport au petit parametre t:

T(t) :

/ p(t,z,y,z,y)dzdy’
T*M

12%

] _(27r)"t2n (VOIM + a3t3 + 0,4t4 4+ Fat’ + O(tu'*'l)),

ot Vol M est le volume de M. Le premier coefficient non trivial az (proportionnel
d la courbure Gaussienne de M) est donné par le coefficient de t> dans (15).
Toutes les coefficients a;j, j = 3,4,... sont des quantités invariantes de M qui
peuvent étre calculés par la méthode décrite en précédence.

Nous remarquons pour finir qu’on peut obtenir, comme d’habitude, des esti-
mations pour les temps finis en considérant des convolutions multiples des ex-
pressions asymptotiques pour les petits temps.
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