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THE ORBIT BUNDLE PICTURE OF COTANGENT BUNDLE 
REDUCTION 

JERROLD E. MARSDEN, FRSC, AND MATTHEW PERLMUTTER 

ADSTOACT. Cotangent bundle reduction theory is a basic and well de-
veloped subject in which one performs symplectic reduction on cotangent 
bundles. One starts with a (free and proper) action of a Lie group C on a 
configuration manifold Q, considers its natural cotangent lift to T'Q and 
then one seeks realizations of the corresponding symplectic or Poisson re-
duced space. We further develop this theory by explicitly identifying the 
symplectic leaves of the Poisson manifold T'Q/G, decomposed as a Whit-
ney sum bundle, T'(Q/G) © jj* over Q/G. The splitting arises naturally 
from a choice of connection on the G-principal bundle Q —> Q/G. The sym-
plectic leaves arc computed and a formula for the reduced symplectic form 
is found. 

1. In t roduct ion and overview. 

A BRIEF HISTORY OF REDUCTION THEORY. Reduction theory for mechanical 
systems with symmetry has its origins in the classical work of Euler and Lagrange 
in the late 1700s and that of Hamilton, Jeicobi, Routh and Poincaré in the period 
1830-1910. The immediate goal of reduction theory is to use conservation laws 
and the associated symmetries to reduce the number of dimensions required to 
describe a mechanical system. For example, using rotational invariance and con-
servation of angular momentum, the classical central force problem for a peirticle 
moving in R3 (a three degree of freedom mechanical system) can be reduced to a 
single second order ordinary differential equation in the radial variable, describing 
a new, reduced mechanical system with just one degree of freedom. 

By 1830, variational principles, such as Hamilton's principle emd the principle 
of least action, as well as canonical Poisson breickets were fairly well understood 
and there were shades of symplectic geometry already in the work of Lagrange. 
Several classical examples of reduction were understood in that era, such as the 
elimination of cyclic variables, which we would call today reduction by Abelian 
groups, which was primarily due to Routh, as well as Jacobi's elimination of the 
node for interacting particles in K3 with SO(3) symmetry. 

Lie, by 1890, deepened the mathematical understanding of symplectic and 
Poisson geometry and their link with symmetry. Between 1901 and 1910, Poincaré 
discovered how to generalize the Euler equations for rigid body mechanics and 
fluids to general Lie algebras. 
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Interestingly, these methods, with some exceptions, remained nearly dormant 
since the time of Poincaré, for over half a century. Meemwhile, Cartan and others 
developed the needed tools of differential forms and analysis on memifolds, setting 
the stage for the modern era of reduction theory. Naturally, much attention was 
also going to exciting developments in relativity theory and quantum mechanics. 
This modern era began with the fundamental papers of Arnold [4] and Smale 
[73]. Arnold focussed on systems on Lie algebras and their duals, as in the works 
of Lie and Poincaré, while Smale focussed on the Abelian case giving, in effect, 
a modern version of Routh reduction. 

With hindsight, we now know that the description of many physical systems 
such as rigid bodies emd fluids requires noncanonical Poisson brackets and con-
strained variational principles of the sort studied by Lie emd Poincaré. One ex-
ample of noncanonical Poisson brackets on g*, the dual of a Lie edgebra g, are 
called, following Marsden and Weinstein [47], Lie-Poisson brackets. These struc-
tures were known to Lie around 1890, although Lie apparently did not recognize 
their importance in mechanics. The symplectic leaves in these structures, namely 
the coadjoint orbit symplectic structures, although implicit in Lie's work, were 
discovered by Kirillov, Kostant, and Souriau in the 1960's. 

To synthesize the Lie algebra reduction methods of Arnold [4] with the tech-
niques of Smale [73] on the reduction of cotangent bundles by Abelian groups, 
Marsden and Weinstein [45] developed reduction theory in the general context of 
symplectic manifolds and equivariant momentum maps; related results, but with 
a different motivation and construction (not stressing equivariant momentum 
maps) were found by Meyer [49]. 

T H E SYMPLECTIC REDUCED SPACE. The construction of the symplectic re-
duced space is now standard: let (P, fl) be a symplectic manifold and let a Lie 
group G act freely and properly on P by symplectic maps. The free and proper 
assumption is needed if one wishes to avoid singularities in the reduction pro-
cedure. Assume that this action has an equivariant momentum map J : P —> g*. 
Then the symplectic reduced space 3~1{p)/Gfl = P;, is a symplectic manifold 
in a natural way; the induced symplectic form fl^ is determined uniquely by 
7r*nM = t*n where 7rM: J - 1 ( ^ ) -> P^ is the projection and ill:J~1{p,) -ï P is the 
inclusion. If the momentum map is not equiveiriant, Souriau [74] discovered how 
to centrally extend the group (or algebra) to meike it equiveiriant. 

Coeidjoint orbits were shown to be symplectic reduced spaces by Meirsden and 
Weinstein [45]: in the reduction construction, one chooses P = T*G, with G 
eicting by (say left) translation and the corresponding space P/t is identified with 
the coeidjoint orbit O^ through p together with its coadjoint orbit symplectic 
structure. Likewise, the Lie-Poisson bracket on g* is inherited from the canonical 
Poisson structure on T*G by Poisson reduction, that is, by simply identifying g* 
with the quotient {T*G)/G. It is not cleiir who first explicitly observed this, but 
it is implicit in many works such as Lie [31], Kirillov [26], [27], Guillemin emd 
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Sternberg [18], and Marsden and Weinstein [46], [47], but is explicit in Meirsden, 
Weinstein, Ratiu, Schmid, and Spencer [48] and in Holmes and Meirsden [22]. 

Keizhdan, Kostant and Sternberg [25] showed that P^ is symplecticedly diffeo-
morphic to an orbit reduced speice P^ = J~l{Oll)/G and from this it follows that 
Pu arc the symplectic leaves in P/G. This paper was also one of the first to notice 
deep links between reduction and integrable systems, a subject continued by, for 
example, Bobenko, Reyman and Semenov-Tian-Shemsky [10] in their specteicular 
group theoretic explanation of the integrability of the Kowalewski top. 

The way in which the Poisson structure on PM is related to that on P/G was 
cleurifiod in a generalization of Poisson reduction due to Marsden and Ratiu [39], 
a technique that has also proven useful in integrable systems (see, e.g., Pedroni 
[59] and Vanhaecke [76]). 

LAGRANGIAN REDUCTION. Routh reduction for Lagremgian systems is classi-
cally associated with systems having cyclic veiriables (this is edmost synonymous 
with having an Abelian symmetry group); modern accounts cem be found in 
Arnold [5] and in Marsden and Ratiu [38, §8.9]. A key feature of Routh reduc-
tion is that when one drops the Euler-Lagrange equations to the quotient speice 
associated with the symmetry, and when the momentum map is constredned to a 
specified value (i.e., when the cyclic variables and their velocities are eliminated 
using the given value of the momentum), then the resulting equations eire in 
Euler-Lagrange form not with respect to the Lagrangian itself, but with respect 
to the Routhian. In his classical work, Routh [68] applied these ideas to stability 
theory, a precursor to the energy-momentum method for stability (Simo, Lewis, 
and Marsden [71]; see Marsden [33] for an exposition emd references). Of course, 
Routh's stability method is still widely used in mechanics. 

Another key ingredient in Lagrangian reduction is the classical work of Poin-
caré [60] in which the Euler-Poincaré equations were introduced. Poinceiré realized 
that both the equations of fluid mechanics and the rigid body and heavy top 
equations could all be described in Lie algebraic terms in a beautiful way. 

TANGENT AND COTANGENT BUNDLE REDUCTION. The simplest case of cotan-
gent bundle reduction is reduction at zero in which case one chooses P = T*Q and 
then the symplectic reduced space formed at p = 0 is given by PQ = T*{Q/G), 
the latter with the canonical symplectic form. Another basic case is when G is 
Abelian. Here, {T'Q)^ S* T'{Q/G) but the latter has a symplectic structure 
modified by magnetic terms; that is, by the curvature of the mechanical connec-
tion. 

The Abelian version of cotangent bundle reduction was developed by Smede 
[73] and Satzer [70] and was generalized to the nonabeliem case in Abreiham 
and Marsden [1]. Kummer [29] introduced the interpretations of these results in 
terms of a connection, now called the mechanical connection. The geometry of 
this situation was used to great effect in, for example, Guichardet [17], Iwed [23] 
and Montgomery [50], [53], [54]. 
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Tangent and cotangent bundle reduction evolved into what we now term as the 
"bundle picture" or the "gauge theory of mechanics". This picture was first devel-
oped by Montgomery, Marsden and Ratiu [57] and Montgomery [50], [51]. That 
work was motivated and influenced by the work of Sternberg [75] emd Weinstein 
[77] on a Yang-Mills construction that is in turn motivated by Wong's equations, 
that is, the equations for a particle moving in a Yang-Mills field. The main re-
sult of the bundle picture gives a structure to the quotient spaces {T*Q)/G and 
{TQ)/G when G acts by the cotangent and tangent lifted actions. 

SEMIDIRECT PRODUCT REDUCTION. In the simplest case of a semidirect prod-
uct, one has a Lie group G that acts on a vector space V (and hence on its dual 
V*) and then one forms the semidirect product 5 = G®V, generalizing the 
semidirect product structure of the Euclidean group SE(3) = SO(3) (S)IR3. 

Consider the isotropy group Gan for some oo £ V*. The semidirect product 
reduction theorem states that each of the symplectic reduced spaces for the action 
of Gaa on T*G is symplectically diffeomorpkic to a coadjoint orbit in (gCDV)', 
the dual of the Lie algebra of the semi-direct product. This semidirect product 
theory was developed by Guillemin and Sternberg [18], Ratiu [62], [65], [66], and 
Marsden, Ratiu emd Weinstein [41], [42]. 

This construction is used in applications where one heis "advected quantities" 
(such as the direction of gravity in the heavy top, density in compressible flow 
and the magnetic field in MHD). Its Lagrangian counterpeirt was developed in 
Holm, Marsden, and Ratiu [20] along with applications to continuum mechanics. 
Cendra, Holm, Hoyle, and Meirsden [11] applied this idea to the Maxwell-Vlasov 
equations of plasma physics. Cendra, Holm, Marsden, and Ratiu [12] showed 
how Lagrangian semidirect product theory it fits into the general framework of 
Lagrangian reduction. 

REDUCTION BY STAGES AND GROUP EXTENSIONS. The semidirect product 
reduction theorem can be viewed using reduction by stages: one reduces T*5 
by the action of the semidirect product group 5 = G (s) V in two stages, first 
by the action of K at a point ao and followed by the action of Gao. Semidirect 
product reduction by stages for actions of semidirect products on general sym-
plectic manifolds was developed and applied to underwater vehicle dyneimics in 
Leonard and Meirsden [30]. Motivated peirtly by semidirect product reduction, 
Marsden, Misiolek, Perlmutter, and Ratiu [35], [36] gave a significant generediza-
tion of semidirect product theory in which one has a group M with a normal 
subgroup N C M (so M is a group extension of ^V) and M acts on a symplectic 
manifold P. One wants to reduce P in two stages, first by N and then by M/N. 
On the Poisson level this is easy: P/M = {P/N)/{M/N) but on the symplectic 
level it is quite subtle. 

Cotemgent bundle reduction by stages is especially interesting for group ox-
tensions. An example of such a group, besides semidirect products, is the Bott-
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Virasoro group, where the Gelfand-Fuchs cocycle may be interpreted as the cur-
vature of a mechanical connection. 

L A G R A N G E - P O I N C A R é AND L A G R A N G E - R O U T H R E D U C T I O N . Marsden and 

Scheurle [43], [44] showed how to generalize the Routh theory to the nonabelian 
case as well as showing how to get the Eulcr-Poincarc equations for matrix groups 
by the important technique of reducing variational principles. This approach was 
motivated by Cendra and Marsden [14] and Cendra, Ibort , and Marsden [13]. 
The work of Bloch, Krishnaprasad, Marsden, and Ratiu [9] generalized the Euler-
Poincaré variational s tructure to general Lie groups and Cendra, Marsden, and 
Ratiu [15] carried out a Lagrangian reduction theory tha t extends the Euler-
Poincaré case to arbitrary configuration manifolds. This work was in the context 
of the Lagrangian analogue of Poisson reduction in the sense tha t no momentum 
map constraint is imposed. 

One of the things tha t makes the Lagrangian side of the reduction story inter-
esting is the lack of a general category that is the Lagrangian analogue of Pois-
son manifolds. Such a category, that of Lagrange-Poincaré bundles is developed 
in Cendra, Marsden, and Ratiu [15], with the tangent bundle of a configuration 
manifold and a Lie algebra as its most basic examples. T h a t work also develops 
the Lagrangian analogue of reduction for central extensions and, as in the case of 
symplectic reduction by stages mentioned above, cocycles and curvatures enter 
in this context in a natural way. 

The Lagrangian analogue of the bundle picture is the bundle {TQ)/G, a vector 
bundle over Q/G; this bundle was studied in Cendra, Marsden, and Rat iu [15]. In 
particular, the equations and variational principles are developed on this space. 
For Q = G this reduces to Euler-Poincaré reduction. A G-invariant Lagrangian 
L on TQ induces a Lagrangian / on {TQ)/G. The resulting equations inherited 
on this space, given explicitly later, are the Lagrange-Poincaré equations (or the 
reduced Euler-Lagrange equations). 

The above results develop what we might call Lagrange-Poincaré reduction. 
On the other hand, in the nonabelian Routh reduction theory of Marsden eind 
Scheurle [43] one imposes, as in symplectic reduction, a momentum map con-
straint . This was pu t into the bundle context by Jalnapurkar and Marsden [24] 
and Marsden, Ratiu and Scheurle [40]. We may call this Lagrange-Routh reduc-
tion. 

A P P L I C A T I O N S O F R E D U C T I O N T H E O R Y . Reduction theory for mechanical 
systems with symmetry has proven to be a powerful tool enabling advemces in 
stability theory (from the Arnold method to the energy-momentum method) 
as well as in bifurcation theory of mechanical systems, geometric phases via 
reconstruction—the inverse of reduction—as well as uses in control theory from 
stabilization results to a deeper understanding of locomotion. Methods of La-
grangian reduction have proven very useful in, for example, optimal control prob-
lems. It was used in Koon and Marsden [28] to extend the falling cat theorem of 
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Montgomery [53] to the case of nonholonomic systems. For a general introduction 
to some of these ideas emd for further references, see, for exeunple, Meirsden emd 
Ratiu [38], Leonard and Marsden [30] and Marsden and Ostrowski [37]. 

SINGULAR REDUCTION. Singular reduction starts with the observation of 
Smale [73] that z £ P is a reguleu point of J iff z has no continuous isotropy. 
Motivated by this. Arms, Marsden, and Moncrief [2] showed that the level sets 
J - 1 (0) of em equivariemt momentum map J have queidratic singuleirities at points 
with continuous symmetry. While such a result is easy for compact group actions 
on finite dimensional manifolds, the medn exeimples of Arms, Marsden, and Mon-
crief [2], [3] were infinite dimensional—hoth the phase speice emd the group. We 
wiU not be concerned with singular reduction in this paper; we refer to Ortega 
emd Ratiu [58] for further references and discussion. 

There eire of course many other aspects of reduction theory emd associated 
techniques that we do not attempt to review here, including resonant systems, 
nonholonomic mechanics, the method of invariemts, etc. 

T H E MAIN RESULT. The main new result of this paper is Theorem 4.3. This 
gives an expression for the reduced symplectic form on the symplectic leaves 
of {T'Q)/G, each of which is determined to be a fiber products of the form 
T*{Q/G) XQ/G Ô, where Ô is the associated coadjoint orbit bundle. The sym-
plectic structure restricted to the orbit bundle involves the curvature of the con-
nection, the orbit symplectic form, and interaction terms that pedr tangent vectors 
to the orbit with the vertical projections of tangent vectors to the configuration 
space. Our result may be viewed as a symplectic version of the global Poisson 
bracket formula on reduced cotangent bundles due to Montgomery, Marsden emd 
Ratiu [57] and Montgomery [51]; see also Blaom [8] and Zaalani [79] for related 
results. 

2. The symplectic leaves. Throughout the paper, we let a Lie group G act 
freely and properly on a manifold Q so that the natural quotient map ir:Q -> Q/G 
defines a principed bundle. Let .4 be a principal connection this bundle and let g 
denote the associated bundle to the Lie edgebra g, namely g = (Q x g)/G, which 
we regard as a vector bundle over Q/G. We recedl the following natural bundle 
isomorphisms (see Cendra, Holm, Marsden and Ratiu [12]): 

LEMMA 2.1 . There are bundle isomorphisms 

{2.1) aA:TQ/G-+T{Q/G)®g and ( c ^ 1 ) * : T ' Q / G - ^ T*(Q/G) ©g ' -

P R O O F . Given vq £ TqQ, denote its equivalence class in T{Q/G) by \vq]. We 
claim that the mapping a^: [vq] i-4 Tqir{vq) 0 [q, A{q){vq)] is weU defined and 
induces the desired isomorphism of TQ/G with T{Q/G) ® g. To see this, emd to 
help clarify notations in the sequel, consider another representative of the orbit 
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[vq], given by g • vq where we use concatenated notation for the tangent lifted 
action of G on TQ. We have Tg.qn{g • vq) = Tqir{vq) and 

[fl • 9,-4(9 • q){9 • "g)] = \uq, {<t>'gA)] = \g - q,AdgA{q){vq)] 

= M(<?)M. 
The inverse of this map is given by v^ ® \q,Ç\ i-̂  [hor, W|g| + Çqfa)] as is readily 
verified. We therefore have a vector bundle isomorphism. 

We next compute ( a ^ 1 ) ' : T ' Q / G -» T'{Q/G) 8 g*, the dual of the inverse 
map: 

(("unKl-KM^D)) = (Kl,[hov«M + &3(<7)l) 
= (o:v,horg •«(,)) + {aq,iQ{q)) 

= {\ioT*aq,ulq]) + {3{aq),t), 

where hor*: rq*Q -> T{q]{Q/G) is dual to the horizontal lift map horq:T[q](Q/G) -> 
TqQ so that we conclude («^^'(["q]) = (Uorja,, [9, J(aq)]). • 

This bundle isomorphism can be recast as follows (see Cushman emd Sniatycki 
[16]). Consider the maps 

A:T-Q -> T ' Q / G -» g*; <*<, -> [«,] -> [g,J(a,)l 

and 
F: T ' Q -4 T ' Q / G -» T*(Q/G); ag ^ [a,] ^ horj a , . 

Notice that the map ar/1-» hor J a , drops to T 'Q/G, since we have, for all Vj,) £ 
T[q]{Q/G), 

(horg.çd? • "</). VM) = {g • a „ horg.9 V[q]) = {a^g-1 - horg.9 Vj,)) 
= ( a , ^ - 1 • (ff • hor9 Vj,]) = (a, , hor, V(,j) 

where we use the fact that g • hor, = horg.,. 
We can write (o^1)* = P ® A. A peirtial inverse to the projection A is given 

in the next proposition. 

PROPOSITION 2.2. Consider the map, 

(2.2) a:Qx0' ^ T'Q/G 

given by (g, f) >-¥ A{q)*i'. This map is equivariant with respect to the diagonal 
action of G on Q x g* and the cotangent lifted action of G on T*Q, and so 
uniquely defines a map on the quotient, 

(2.3) à: g*-* T 'Q/G. 

This is a fiber preserving bundle map which is injective on each fiber and satisfies 
Ao(T = id Ij-. 
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PROOF. Under the map a, g - {q, v) = {g • q, Ad^-, v) ^ A{g - ^ ' ( A d ^ - , i/). 
However, for ail v £ TS.,Q, 

{A{g • qy{Ad*g-l v),v) = (Adj . . u,A{g • q)v) = (i/,Adg-. A{g • q)v) 

= {»,{%->)* A{g^q)v) = {v,A{q){Ti,g-.v)) 

= {g-A{q)*v,v), 

from which we conclude equivariance of a. Also, for each [q, V\£Q*, 

A{à{\q,u\))=A{[A{qYu]) = [q,3{A{qyu)] = [q,u\, 

since, for all £ € g, ( J ( > l ( 9 ) V ) ^ ) - {v,A{q){iQ{q))) - (i/.O-
We next determine the image, under (a^1)* of the symplectic leaves of the 

Poisson manifold T 'Q /G , which we know from the symplectic correspondence 
theorem (see Weinstein [78], Blaom [7]) are given by J _ 1 ( 0 ) / G for each coadjoint 
orbit O in g*. 

THEOREM 2.3. We have {a^Y{3-x{0)/G) = T*(Q/G) x Q / G Ô , where Ô = 
(Q x 0)/G is the associated bundle using the coadjoint action of G onO. 

PROOF. From the definition of the bundle isomorphism a^, 

{a-Jy{3-\0)/G) = {(r(a,),A(Q,))|J(a,)eO} 
= { ( h o r ; a „ [ ç , J ( a , ) ] ) | J ( a , ) e O } . 

First we characterize the sets r,*Q D J_1(C)), using the connection A. Denote by 
J „ the restriction of J to T,*Q, and let aq: g H+ r , Q , be the injective infinitesimal 
generator map. Using the fact that J , = cr*, we have for all Ç e g 

(2.4) {3{<*q + AMU) = KCoto)) + (M,0 = (M.0 

where the second equality holds since a , £ V0, the annihilator of the vertical 
sub-bundle of TQ. We conclude that 

T , * Q n J - ^ O ) = {V,0 + AM \p£0}. 

Recedl that since a* is surjective, T O J - 1 ( (9) = Q, where TT-Q:T*Q -> Q is the 
cotangent bundle projection. Now apply hor* to eeich fiber over Q in J _ 1 ( C ) . 
That is, for each g G Q, we consider 

(2.5) h o r ^ J - ^ n ^ ' Q ) . 

First, note that for all Xlq] £ T[,](Q/G), 

(2.6) ( h o r ^ g ) ) , ^ , , ) = {p,A{q){horq{Xlq]))) = 0 
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so that hor* (.4^(9)) = 0. Furthermore, since hor, is injective, hor*:T,*Q -» 
T|*|(Q/G) is surjective with ker hor* = H0, where H0 denotes the annihilator of 
the horizontal subbundle of TQ. Thus, as a linear map, hor*: V0 -» T(*|(Q/G) is 
an isomorphism. Consider the set of pairs, {(P(a,), A ( Q , ) ) ) J ( a , ) £ O}. Each 
a , can be uniquely expressed as /?, + A^q) for some /?, £ V0 and p. £ O. For 
a fixed /i, let /?, range over Vg. This generates the set T,*j(Q/G) x [q,p\ since J 
vanishes on V0. The result now follows by varying p £ Ô. m 

3. Orbit reduction. Let us recall the characterizing property of the reduced 
symplectic forms in the orbit reduction setting of Kazhdan, Kostant and Stern-
berg [25]. 

THEOREM 3.1. Let p be a regular value of an equivariant momentum map 
3.P —> g* of a left symplectic action of G on the symplectic manifold (P, fi) and 
assume that the symplectic reduced space P^ is a manifold with TT̂  a submersion. 
Let O be the coadjoint orbit through p. in g^.. Then 

1. 3 is transversal to O so J""l(0) is a manifold; 
2. 3~1{0)/G has a unique differentiable structure such that the canonical pro-

jection iro'.3~l{0) —¥ 3~1{0)/G is a surjective submersion; 
3. there is a unique symplectic structure Clo on 3~1{0)/G such that 

(3.1) tj,fi = Trafic, + J JjwJ, 
where i.o-J~l{0) -^ P is the inclusion, 3o = 3\3~1{0), and WQ is the 
"+ " orbit symplectic structure on O. 

By considering a momentum shift we can realize a bundle isomorphism be-
tween 3~1{0) and the space V0 x O. Since it will be shown that this isomorphism 
is G equiveiriant, it determines a unique diffeomorphism between V0 x O/G and 
3~X{0)/G. We will characterize the symplectic form on the former by pulling 
back the "characterizing" symplectic form on J _ 1 ( 0 ) . Furthermore, it will be 
shown that V0 x O/G is diffeomorphic to T*(Q/G) ® Ô, so that the reduced 
symplectic form can be expressed on this space as well. Since 3~l{0) C T*Q, 
the reduced symplectic form is determined by the restriction of the canonical 
symplectic form in T*Q to J - 1 ^ ) , which in turn is determined by the restric-
tion of the canonical one-form to J_1(C?). 

LEMMA 3.2. There is a G-equivariant bundle isomorphism, 

(3.2) xV0*O^3-1{O) 

that uniquely determines a diffeomorphism, x on the quotient spaces so that the 
following diagram commutes 

V0xO A J - ^ O ) 

*c j J, f o . 
{V0xO)/G -^ 3-1{0)/G 
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PROOF. The map x is given by 

(3.3) x(o;„ u) = aq + .4(g) V. 

This map takes values in J _ 1 ( 0 ) , as is seen from the proof of the previous 
theorem. From the characterization of the fibers of the bundle 3~1{0) -> Q, it 
follows that this map is onto. Since it is a momentum shift, it is clearly invertible 
with inverse 

(3.4) a , i-> a , - A{q)*3{aq). 

We check G-equiveiriance as follows: 

X(fl • {otq, f)) = X(fl • 0!„ff • i/) = 5 • a , + A{g • qy{g • v) 

= 9-<*q+9- {AQ)*") = 9 • (x(a9, Ĵ )) 

where the third equality uses the inveiriance properties of the connection. • 
Because x is G-equivariant, the pull beick by x of the G-invariant form on 

J _ 1 ( C ) , TTQQO, given by x*(7rô^o)) is a G-invariant form on V0 x O. In fact, 
the form drops to the quotient by the diagonal G action since 

(3.5) x*{*hno) = *hrn0, 
where TTQ.V0 x O -> V0 x O/G denotes the projection. This follows since the 
diagram in the preceding theorem is commutative. 

3.1. The two-form on V0 x O. We proceed to characterize the structure of the 
two-form x'fah^o) o n ^ x ®- ^y construction, 

(3.6) X'frotoo) = X*Lhn - X*Jo"o-

THE SECOND TERM. We claim that 

(3.7) X*3h"o = ^ o . 

where ^.V0 x O -¥ O is projection on the second factor. This follows since for 
aU Ç € g, 

( Jo o x ( a „ ^ ) , 0 = {aq + A{qyu,iQ{q)) = {aq,tQ{q)) + {A{qyu,iQ{q)) 

= 0+(i / tC) , 

so that 3o 0X = ^2-
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THE FIRST TERM. The first term is a little more complicated and splits into 
a sum of terms. We begin by considering the pull back by x of the restriction to 
J _ 1 ( 0 ) of the canonical one-form, and then we compute the exterior derivative 
of this one-form. 

LEMMA 3.3. Wc have. 

(3.8) x*'.Ô© = < ^ l , e + a7, 

where LVit: V0 -¥ T ' Q is indasion, B is the canonical one-form on T*Q, TTI: V0 x 
O -> V0 is projection on the first factor, and w £ Q}{V0 x O) is given by 

(3.9) Tz{aq,u){Xnti,XÏ) = {v,A{q){TajT.Q{Xaii))) 

for {Xaq,X%) £ T{QiitV){V0 x O), where X$' £ TvO denotes the infinitesimal 
generator for the left action of G on O, X% = — adî/ v. 

PROOF. Let 11-> (a,(t) , Ad*X|) _ti, v) be a curve in V0 x O, through the point 
{aq,u) such that ^ | (=o«,( t ) = Xaq £ T^V0. Since ft\t=0 Ad^ p _ t€, u = X$', we 
get 

(3.io) xt>-he{a<ru){xnq,xi') = /.àeK +.4(9)'./)(r(a,.„)X(xa,,*«')). 

Now, 

T^^Xc^X*,') = fo\t=Q{x{aq{t),Mlxp_U:.u)} 

= | | t = 0 K W + ̂ (9r{Ad:xp_tt^)) 
= X n . / - 4 (<7 )* (ad^ ) 

where we use the fact that the curve t 1-4 4((7)*(Ad*xp_^, v) lies in the single 
fiber, T,*Q for all t. Thus, the right hand side in (3.10) becomes 

ih^q + A{qyu){T{a^)X{Xaii,Xt') 
= e(a, +4(ry)V)(TK)(/)X(X0„XI«')) 
= e(a, + 4(</)V) {Xaii - 4(g)*(adf !/)) 
= {a(l + A{qyiy,TTT.Q-Xaq) 
= ( Q ^ T T T - Q • Xav) + {v,A{q){TrT.Q • XQq)) 
— 7rJ/,^oO + W. 

The third equality holds because, for all t, 

rT'Q{aq{t)+A{qy{Adlxp_ti. v)) = TT.Q{aq{t)). 
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Computing the exterior derivative, 

X ' t o ( - d e ) = -d{n*iL*v0Q + ro) = T T ^ O Î Î - dw, 

so that 
X'(irofio) = x'tÔft - x ' J o ^ o = vUvoSl -dw- TT^WJ. 

The form w isw = {TT-Q X id)*a, the pull beick to K0 x O of the one-form Q 
on Q x O defined by 

(3-11) a ( g , i / ) ( X „ ^ ) = {u,A{q){Xq)). 

We eire implicitly restricting the domedn of TT-Q to the sub-bundle V0. 

3.2. Computation of da. The philosophy of the computation will be to medce use 
of the connection to decompose tangent vectors to Q in terms of their horizontal 
and verticed parts. Of course we expect the curvature of the connection to appear 
in the resulting formula. However the presence of the pairing with v, which varies 
over the coeidjoint orbit O must be dealt with ceurefully. 

We begin with an elementeiry but useful fact concerning the Jacobi-Lie bracket 
of vector fields on the cartesiem product of two manifolds. 

LEMMA 3.4. Let M and N be two smooth manifolds of dimension m and n 
respectively and consider their Cartesian product M x N. Suppose we have two 
vector fields {XM,XN) and {YM,YN) onMxN, each with the property that 
the tangent vector to M is independent of N, and that the tangent vector to N is 
independent of M. Then, the Jacobi Lie bracket of these two vector fields is also 
of this type. In fact, we have, 

(3.12) [{XM,XN),{YM,YN)] = {[XM,YM]M,[XN,YN]N). 

This is readily proved using the local coordinate expression of the bracket. 
To determine d a € Î22(Q x O), it suflBces, by bUineeirity and skew symmetry, 

to compute its value on pairs of tangent vectors to Q of the type 
• hor,, hor, 
• hor,, ver, 
• ver,, ver,. 

To carry this out, we will extend each temgent vector to be horizontal or 
verticed in an entire neighborhood of the point in question emd use the fact that 
d a is a tensor. 

C A S E 1. Xq,Yq £ Hor ,Q. We consider_{Xq,X$'), {Yq,Y?') £ T{q<l/){Q x O). 
Extend Xq to the horizontal vector field XQ £ HorQ and similarly extend Yq 

to YQ. We extend the second components of each tangent vector in the obvious 
way to be infinitesimal generators of the given Lie edgebra element. That is we 
extend X* to ££, and similarly for Y* . Denote by X, the extended vector field 
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on a neighborhood of Q x O given by {XQ,Ç'0), and similarly for Y. We then 
have 

da{q,u){{Xq,Xt'),{Yq,Yy)) 

(3.13) = {Xq,XÏ) • a(YQ,T,'0) - {Yq,Y?') • a{XQ,&)-a([X,Y]){q,u). 

Notice that the first term vanishes since, if we take a curve t i-* (q(t),^(t)) 
through the point {q,i>) such that (ç(0),i>(0)) = {Xq,X$'), we have 

d_ 
dt t=0a{q{t),v{t))(YQ{q{t)),rfo{v{t))) = - \ {v{t),A{q{t)).YQ{q{t))) 

(3.14) = 0 

since for all t, YQ{q{t)) £ Hor,(t) Q. Similarly, the second term vanishes. Now, 
by Lemma 3.4, we have [X,Y]QXO = {[XQ,YQ]Q,[Ç'0,T]'0]0) leaving 

(3.15) da{q,v){{XqtX$'),{Yq,Y?')) = -{u,A{q){[XQ,YQ]{q))). 

However, since XQ and YQ axe horizontal vector fields, it follows that 

(3-16) A{[XQ, YQ]) = - CmvA{XQ, YQ) 

so that 
(3.17) da{q,v){{Xq,Xt'),{Yq,Yy)) = {u,CurVA{Xq,Yq)). 

CASE 2. Xq £ Hor, Q, Yq £ Ver, Q. Using the same notation for vector fields 
as in the previous case, we let XQ denote the horizontal vector field extending 
Xq. Let r] = A{q){Yq). Since Yq is vertical we have 7?Q(g) = Yq. Then T/Q is a 
vertical extension of Yq. With these extensions, we have 

da{q,u){Xq,Xi'),{Yq,Yy) 

(3.18) = {Xq,Xt') - a{r,Q,V'0) - iYq,Y!')a{{XQ,Ç'0))-a{q,v){[X,Y]). 

Consider the first term. Let t t-» (g(É),j/(()) be a curve through {q,i/) with 
(9(0),^(0)) = ( X „ - a d ^ i / ) . T h e n 

{Xq,Xt')-a{VQ,V'0) = ^\t^a{q{t)Mt)){vQ{q{t)),VoHt))) 

The second term vanishes since a{XQ,£'0) = 0 for XQ £ HorQ. Recall that 
for XQ a horizontal vector field, we have, for all T; e g, 

(3.19) [ ^ Q . ^ J e H o r Q . 
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This fact, together with Lemma 3.4, gives 

(3.20) a{q,u){[X,Y]) = {^A^IXQ^Q])) = 0, 

so that 
(3.21) da{q,u){Xq,Xt'),{Yq,Yy) = (-ad*, v,r,). 

CASE 3. Xq,Yq £ Ver,Q. Let ^ = A{q){Xq) and T/ = A{q){Yq). We choose 
extensions to be vertical globally. Thus, X Q = ^Q and YQ = 7/Q. Then we compute 
each term in the expression for da . 

The first term will again be 

(3-22) (-ad^i/ .r ,) 

since a{q,v){vQ,Vo) = i^v), »e-, HnQ,n'0)a'Q xO-*Ris independent of Q. 
The second term is computed similarly to be (ad*, i/,^). For the last term, 

recedl that for left actions, G x Q -> Q, we have 

(3.23) [tQ,VQ\ = -\Ç,v]Q 

so that 

a{q,u){[X,Y]) = {u, A{q){^Q,VQ])) = -{^A^M^QM) = -{^,V]). 

Therefore, 

(3.24) da{q,v){Xq,XÏ),{Yq,Y?') = (^[r,^']) + {u,[r/,i]) + {u,[Ç,r,]). 

We now collect these results to obtain a formula for the two form relative to 
a decomposition of the tangent vectors to Q into their horizontal and vertical 
projections. 

THEOREM 3.5. Let {Xq,X$'), {Yq,Y?') £ TM{Q x O). Let 

t = A{q){Xq) and v = A{q){Yq) 

so that 
(3.25) X , = ÇQ(g) + Hor, X „ Yq = T,Q{q) + Hor, Yq 

where Hor, denotes the horizontal projection onto the horizontal distribution. We 
then have 

da{q,v){{Xq,XÏ),{Yq,Y2')) 
(3.26) = {u, [r/,^]) + {u, [n,i'\) + {v, [̂ ,7,]) + {u,CnrvA{q){Xq,Yq)). 
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P R O O F . The proof is a straightforward computation: 

da{q,u){{Xq,Xf;'),{Yq,Y?')) 

= d a f o v)[{ÇQ{q) + Hor, Xq, Xf,'), {r,Q{q) + Hor, Yq,K/)) 

= da{q,u)(UQ{q), ix5') + (Hor,X„ ^ 5 ' ) , (^(g), ±Y?') 

+ ( H o r , r „ ^ ' ) ) 

= da(9,l/)^(^(g), 1x5'), (^(9), 5 ^ ' ) ) 

+ da(7, u) ^Q{q), ix5'), (Hor, 7,, ±Y?')\ 

+ da{q, ̂ ) ((Hor, X„ ^Xf), [^{q), ±Y?')] 

+ da{q,^)((Hor,X„ ix5'), (Hor, V,, ^Y?')) 

= {", [\v',t] ) + (", K, »?]) + to K. /̂l) + («/, [v, l^] ) 
- (acl*.r), i / ,0 + (-ad*è?, ^r/) + ( I / ,Curv^(X„r , ) ) 

= (̂ (V,C]> + ^[7?,n) + (̂ [C,'?]> 
+ ^,Curv^(g)(X„r,)) 

where we have used the relations determined in the previous section. • 
4. The reduced form. Recall that 

x'frhno) = X*to" - X'Jo"5 
— ir^iyaQ, — dw — TT^WJ 

(4.1) = Trjtyofi - (TT'Q x id)*da - Tr^wJ. 

We have already established the G-invariance of this form. Notice that the first 
term is independently G-invariant since, if we denote the action of G on V0 x C? 
by ^ ^ x0 and the eiction of G on T 'Q by tp, we have 

(^v",*0)'7r1vv,<)n = nwifyoQ = jrj^„v;n 

since TTI O ^ J " x 0 ( a „ j / ) = g . aq = il>g o ni{aq,i/). Thus, the sum of the last 
two terms is G invariant. Furthermore, the G invariance of the last two terms as 
forms on V0 x O, is really G invariance of a form on Q x £> since 

(TT-Q x i d ) o V ^ n x 0 ( a „ y ) = ( T T . Q xid){gaq,gv) 

= {9q,9v)=i>(*x0{q,v) 
= i>^0o{TT.QXid){aq,u). 
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4.1. The part that drops to Ô. We begin with the proof of the vanishing of the 
two-form d a + TT^W^ on verticed vectors. 

PROPOSITION 4.1. The two form, d a + Tr̂ wJ on Q x O vanishes on vertical 
vectors of the bundle Q x O -* Ô. It therefore uniquely determines a two form 
on 6. 

PROOF. For the two form d a + TrjwJ on Q X O to drop to the quotient, Ô, 
we must have both G invariance of the form and also the property that it vanish 
on the vertical fibers. To see this, fix ^ G g and let {Yq, y / ) £ T{qiU){Q x O). As 
usual, let r? = A{q){Yq). Since the action of G on Q x C? is the diagonal action, 
we have 

(4.2) C Q X O M = ^ | t = o ( e x p ^ . 9 , A d : x p _ t ç i / ) = (£Q(<7) ,X«). 

We then have 

(da + 7r2'W+)(g, u){{iQ{q), X$),{Yq, y / ) ) 

= da{q, u) ( ( ^ ( q ) , X5), (y„ y / ) ) + a;+(- ad* v, - ad;, v) 

= fc K> C]> + (", [J/, i]) + (^ K, »?]) + ^(ad^* !/, ad;, u) 
= (^[V^]> + (^K,7/'1>=0. 

Notice that the curvature term in the formula for d a vanishes since it is evaluated 
on a verticed vector ^Q(<7). • 

4.2. The part that drops to T*{Q/G). We now characterize the first term of 

(4.3) TTJ tJ,ofî - (TT-Q x id)*da - Tr^wJ 

as the pull back relative to P of the canonical form on T*(Q/G). 

PROPOSITION 4.2. Denote by 

(4.4) nA:V0^T{Q/G) 

the map given by a , (-> hor^a, £ T V Q / G ) . Note that this is simply the map 
P restricted to V0. Let © denote the canonical one-form on T ' Q and © Q / G the 
canonical one-form on T ' (Q/G) . We then have 

(4.5) 7r^©Q/G = i'v„e 

from which it follows that 
(4.6) T ^ Q / G = ^ « « . 
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P R O O F . Let XQii £ T^V0. We have 

^*A^QIG{XQ,I) = ©Q/G(hor*a,) 

= (hor9 OL^TTQ/G O TirA XaJ. 

We need to compute the derivative of the composition, 

(4.7) TQ/GonA:V0^Q/G. 

Let t i-> a,(t) £ V0 be a smooth curve through a , such that à,(0) = XQ . Let 

1 
dt 

d 

9 ( 0 = TT-Q(a,(0)-Then 

t=TQ/G°^A{aq{t)) = ^ | t = 0
T Q / G ( h o r ; ( 0 ( a , ( t ) ) ) 

[9(t)] = T7roTTT.Q-Xa, . 1 
dt t=0 

Thus, 

( 4 . 8 ) ( h o r ; a „ T T Q / G O T T T ^ • X a q ) = ( a , , h o r , O T T T O T T T . Q • X a q ) . 

O n t h e o t h e r h a n d , w e h a v e 

tv..O(a,)(XQJ = (a,,rrT-Q-X„,) 
= («, , Hor, TrT.Q • XQq + Ver, TTT-Q • XQ,) 

= ( a „ H o r , T T T . Q • X 0 , ) 

= ( a„hor , OTTT O TTT-Q • Xc,) 

where the third equality follows from the fact that a , annihilates vertical vectors. 
• 

4.3. A final piece of diagram chasing. Recall that we have the following maps: 

V 0 x 0 ' r ^ X K i Qx0Jlç,ô. 

Define the map 0 as follows: 

(4.9) 4>{aq,v) = (ho^oTr^TTGO^.Q x id)). 

It is easy to see that 0 is G-invariant, so that we have the following commutative 
diagram. 

V0 xO * 
T*{Q/G)XQ/Gd 

{Va x 0)/G 



50 JERROLD E. MARSDEN AND MATTHEW PERLMUTTER 

It is straightforward to check that the map 0 is invertible and therefore deter-
mines a bundle isomorphism. 

THEOREM 4.3. Denote byu)TM\ the reduced symplectic fonn on the symplectic 
reduced space T ' (Q/G) XQ/G Ô. We then have the formula 

Wrecl = QQ/G - P 

where /? is the unique two fonn on O detcnumed by 

• K Q P = d a + T T ^ W Q 

and, as in Theorem 3.5, 

da{q,v){{Xq,Xi'),{Yq,Y?')) 

(4.10) = {u, [v1,® + (i/, [v,?]) + W, {CM) + {u,CurvA{q){Xq, Yq)). 

P R O O F . The two-form Wrcd is the unique two-form on T*(Q/G) XQ/G Ô such 
that 4>*wred — X*^o, where x ' ^ o (see equation (3.5)) is the unique two-form on 
{V0 x 0)/G such that 

^cX*^o = irltyoil - {TT'Q x id ) 'da - TT^WJ. 

We then have 

TTc '̂Wred = TTit^ofi - {TT-Q X id)*da - TT^o-

However, since 4> o TTG = (j), wc have 

(4.11) 0*Wred = ^ityM - {TT'Q x id)*da - TV^UQ 

from which we can read off a;rc,i: 

0*wred(a„ i>){{Xaq,Xv), (yrt,(, y,)) 
= a;red(hor;a„[(7,t/]) 

x ((T(lior*o7r1)(XQi(,X1/),T(7rGOTT.Q x id)(XQ,/,X(/)), 

(T(hor*o7r1)(ya, / ,y/),T(7rGorr.Q x i d ) ( y a „ y , ) ) ) . 

Note that T(hor* o7ri)(XQ,,Xv) = TTT^X,, , and 

T(7rG o {TT-Q x \d))(Xaq,Xv) = T ^ T T G • {TTT.QXnq,X„). 

The right hand side of equation (4.11) becomes 

i2(a,)(X0.i,yft.() - {TT-Q x id)*7r^(Xa, / ,ya. () 
= nQ/G{nA{aq)){TirAXaH,T*AYav) 

- 0{{q, HKîto.tO^o • ( ^ T - Q X Q , ( , X1/),T(,i)/)7rG • (Trr.Qya,,y,)), 

from which the the claim follows. • 
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5. The ex t r eme cases. The obvious extreme cases are Q — G and G 
Abelian. We first consider the case Q = G. Then, Q/G reduces to a point, emd 
the associated bundle is simply the coadjoint orbit through I/Q. Ô = Q x O/G = 
G x O/G ~ O. Consider a tangent vector to the coadjoint orbit through a point 
i/, given by - adç, i/. Represent this tangent vector with the curve through f, 
11-4 Ad*Xp _^, v. We must find a lift to G x O of such a tangent vector. The pro-
jection, 7rG:G x O -> C is given by {g,u) i-» g~li/ since [g,i>] = [e,^"1!/]. More 
generally, consider a curve through {e,v) £ G x O denoted hy t t-t {g{t),i/{t)). 
Let Ç = 5(0). Since 4(e) (5(0)) = g{0), this is consistent notation. The projection 
of this curve to O is given by 

(5.1) *G{9it)Mt))=9(t)-1Ht) = Ad;(t)i/(«) 

and therefore wc require 

| | t = 0Ad;( 0Kt) = - a d ^ , 

which implies 
(5-2) Ad; ù{o) + ad;{0) 1/ = - adf i/, 

from which it follows that 

i>(0) = - adç, v - adç v. 

Equations (4.1) and (4.10) give 

Wred(^)(-adj, iy,ad;, 1/) 

= ÎÎQ/C - ^(e, v){{(., X«'+«), (7/, y / ^ ) ) 

= - ( d a + 7r2*u;+)(e,./) ((Ç, X5'+«), (7,, yi7'+'')) 

= - ( ( ^ [V + n\) + (1/, [r/,Ç' + Ç]) + («/, fc T,]) 
+ Curv>t(e)(^, 7;) + {v, \C + ç, r,' +,,])) 

= - ^ K , . » / ' ) > , 
where the last equality follows from the fact that the curvature term vanishes on 
vertical vectors and an expansion of the Lie algebra brackets. 

For G Abelian, the fibers of the Ô bundle collapse emd we are left with just 
T*(Q/G). The reduced symplectic form, from equations (4.1) and (4.10) is then 

(5.3) wrcd = i\- {v, Curv.4) 

since all breickets vanish. 
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CHARACTERISTIC POLYNOMIALS OF ABELIAN VARIETIES 
OVER ¥p 

CHANTAL DAVID 

Presented by M. Ram Murty, FRSC 

AnSTRACT. Let PA(X) be the characteristic polynomial of an abelian 
variety A defined over the finite field Fp. As the roots of P/\ ( i ) are Weil 
numbers, the triangle inequality gives upper bounds on the coefficients of 
PA{X). We show in this paper that there are also lower bounds on the 
coefficients of a polynomial P(x) of the correct type which implies that 
P(x) is the characteristic polynomial of an abelian variety over Fp. 

RÉSUMÉ. Soit PA{X) 1° polynôme caractéristique d'une variété abeli-
enne A sur le corps fini Fp. Comme les racines de PA(X) sont des nombres 
de Weil, l'incqualité du triangle donne des bornes supérieures sur les coeffi-
cients de PA(X). Nous montrons dems cet article qu'il y a aussi des bornes 
inférieures sur les coefficients d'un polynôme P ( i ) qui impliquent que P(x) 
est le polynôme caractéristique d'une variété abelienne sur le corps fini Fp. 

1. Introduction. Let A be an abelian variety of dimension g over the finite 
field Fp, and let (/> be the FVobenius endomorphism of A over Fp. Let PA{X) be 
the characteristic polynomial of (j) acting on the Tate module Te{A) for any i ^p. 
Then, PA {X) is a monic polynomial of degree 2g with coefficients in Z. It was 
shown by Tate [4] that PA{X) characterizes A up to Fp-isogeny, i.e., that two 
abelian varieties A and B over Fp are Fp-isogenous if and only if PA{X) = PB{X). 

We write 
pA{x)= n i*-**)-

i=l , . . . ,29 

By the Weil's Riemann hypothesis, [TTJI = y/p fori — l,..., 2g. We then call a Weil 
number over Fp an algebraic integer TF such that |a(7r)| = y/p for all conjugates 
of TT. Also, the roots of PA{X) come in pairs {Tt,p/it), and PA{X) writes as 

(1) PAW = x29 + a ix 2 3 - 1 + • • • + agx9 + pag-ix9+l +---+ p9-1a1x+p9. 

We also say that the polynomial PA{X) is the isogeny class of A. 
By the triangle inequality, 

(2) K l < ^ ) p " / 2 forn = l , . . . , . g . 
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If A is an elliptic curve, i.e., g = 1, then ai = a p (£ ) and the triangle inequality 
is the Hasse inequality 

\ap{E)\ < 2JÏ. 

Moreover, the triangle inequality is effective in this case, as it was shown by 
Deuring [1] that for any integer |a| < l^/p, there is an elliptic curve E/W? such 
that PE{X) = x2 — ax + p. This is not true for g > 1. For example, let P{x) = 
x4 + 3px2 + p2. This is a polynomial of the form (1) satisfying (2), but the roots 
of P{x) eire not Weil numbers over Fp, and then P{x) is not the isogeny class of 
any abelian variety over Fp. 

We show in this paper that there exists constants such that the triangle in-
equedity is effective for all dimensions g. This result also gives a lower bound for 
the number of isogeny classes of abeUan veirieties of dimension g over Fp. 

THEOREM 1.1. Fix any integer g > 1. For any integers ai,...,ag and any 
prime p, let P{x) be the polynomial 

P{x) = x29 + aix29'1 +•-- + agx9 + pa 3 _ ix 9 + 1 + • • • + p ^ a i x + p9. 

Then, there exists positive constants Cg{n) (not depending on p) such 

\an\ < Cg{n)p^2 forn = l,...,g 

implies that P{x) is the isogeny class of an abelian variety over Fp. 

COROLLARY 1.2. Let g be a positive integer. For any prime p, let Ig{p) be the 
number of¥p-isogeny classes of abelian varieties of dimension g over Fp. Then, 
there exists positive constants Ag and Bg depending only on g such that 

J49p9(ff+l)/4 < ^ ( p ) < Bflp9(9+l)/4. 

PROOF. The lower bound is from Theorem 1.1, and the upper bound from 
the triemgle inequedity. • 

2. Honda's Theorem. 

THEOREM 2.1 (HONDA [2]). Let q = pa for some positive integer a, and let 
n be a Weil number over ¥q with minimal polynomial m{x). Then, there exists 
an elementary abelian variety A over Fq such that PA{X) = Tn{x)e, where e is 
the least common denominator of the invariants iv for each place v above p in 
E = Endvq{A)®Q and 

( | ifvis real; 

I^dll otherwise 
where fv is the residual degree at v. 
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This version of Honda's Theorem is from [5, Theorem 1]. Then, over Fp, the 
correspondence between Weil numbers emd abeliem varieties can be stated as a 
correspondence between polynomials and abelian varieties. More precisely, we 
have the following corollary. 

COROLLARY 2.2. Let P{x) e Z[x] a polynomial of degree 2g of the form 

P{x) = x29 + d x 2 » - 1 + . . . + agx9 + pag-ix9+1 + •. • + p ^ a j x + pP 

such that the roots of P{x) are Weil numbers over ¥p. Then, P{x) = PA{X) for 
some abelian variety of dimension g over ¥p. 

P R O O F . Write P{x) = (x2 - p)2ni'P1(x)n> • • • PJ.(x)n'- where no 6 N and for 
i = l,...,r, Pi{x) is an irreducible polynomial with no real root, and rij a positive 
integer. By Honda's Theorem, there are elementary abelian varieties Ai,...,Ar 

over Fp such that P/i^x) = Pi(x)e' for i = 1,...,r. As a = 1 and Pi{x) has no 
real roots, e* = 1 for t = 1 , . . . ,r . Similarly, there is an abelian variety AQ over 
Fp such that PA0{X) = {x2-p)2. Then, P(x) = PA{X) for 

A = Aô" x A"1 x . . . x A?'-. • 

It then suffices to prove the following proposition to obtain Theorem 1.1. 

PROPOSITION 2.3. Fix any integer g > I, and let ai,...,ag be any integers. 
For any prime p, let P{x) be the polynomial 

P{x) = x29 + aix29'1 + ••• + agx9 + pa^x9"1"1 + •. • + p ^ ' a i x + p9. 

There exists constants Cg{n), n=l,...,g, (not depending onp) such that 

(3) |a„| < Cg(n)pn/2 / 0 r n = l , . . . , f l 

implies that the roots of P{x) are Weil numbers for ¥p. 

3. Proof of Proposition 2.3. We number the roots 7ri,...,7r25 of P(x) 
such that TTg+j = P/TTJ for i = 1 , . . . , g. 

Let Q{x) be the monic polynomial 

Q(X)= n {*-^i+pi*i))= n ( X - A ) -
«=l,...,g «=l,...,fl 

LEMMA 3.1. LetP{x) andQ{x) be the pobjnomials defined above. Then, |7ri| = 
y/p for i = l,...,2g if and only if Q{x) is totally reed, and |/3i| < 2y/p for 
i = l,...,g. 
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P R O O F . The proof is a standard observation, emd can be found for example in 
[6, p. 528]. If \iTi\ = y/pfoxi = l,...,2g, then clearly j ^ j <2Jpfoxi = l,...,g. 
Also, as TTJ = P/TTJ if emd only if TT̂  = ±y/p, it follows that $ = nt+p/m is either 
the real peirt of the complex number TTJ or ±2y/p. Conversly, assume that all ft 
axe real emd that \/3i\ < 2yfp. Then, TTJ and P/TTJ are the roots of 

x2 - ftx + p, 

which has either complex conjugate roots, i.e., [TTJ = [P/TTJ = y/p, or a double real 
root, i.e., TT = p/% = iy /p . • 

It then suffices to prove that (3) implies that Q(x) is totally real with roots 
ft such that [ftj < 2y/p for t = 1 , . . . ,5 . We write 

Q{x)= J J ( x - f t ) = x9-f-6ix9-1 + . . . - l -6g_ix + 6p. 
i=l,.. . ,9 

We first need to express the coefficients b\,,..,hnof Q{x) in term of 01 , . . . , an. 
We also define ao = &o = L 

LEMMA 3.2. Forn = l,...,g, 

[n/2] 

PROOF. Let 

an=bn+Yl{g~in
i~2i))pibn-2i. 

An = {-l)nan= ^2 TTj , - . .^ , 
l<«i <. .<»„ <2fl 

and 

Bn = ( - l ) n 6„ = YI K +p/*il) •••{•*>„ +p/*in) 
l<i,<-<i„<g 

(0) 

Y *h---*in 
l<il<-<in<2g 

(r) 
where ^ J means that exactly r pairs (t, g + i) occurs among t i , . . . , in. 

l < i i < . . < i „ < 2 g 
Then, 

(1) (2) 
An = Bn+ Y Kil---irin+ Y TTi, . . . T T i , , + • • . 

l < x i < . < i „ < 2 s l<ti<-••<«„<2g 
(n/2) 

ig-\n-£i)\ i n 
-2i-= Bn+Y{9~{n

i-2i))piBn. 

This proves the result. 
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LEMMA 3.3. Forn = l,...,g, 

\n/2] 

bn = Y d(n^)Plan-2i 
i=0 

where d{n,i) are integcis indépendant ofp. 

PROOF. Use Lemma 3.2 and induction on n. • 
To show Proposition 2.3, we show that the conditions (3) on the coefficients 

of P{x) imply that the associated polynomial Q{x) is "close enough" to a given 
polynomial Qo{x) which is totally real. Consider the polynomial 

P0(x) = x 2 9 + p 9 , 

i.e., Oj = 0 for t = 1 , . . . , n. The roots of Po(x) are 

^k = Cg~lVP fox k=l,...,2g, 

where Qg = e x p ( ^ ) . Then, by Honda's theorem, Po(x) is the isogeny class 
of some abelian variety Ao over Fp. (AQ is a supersingular abelian variety, i.e., 
it becomes isogenous to a product of supersingular elliptic curves over some 
extension of Fp.) 

Then 
Qo{x)= J J {x - {nk + p/TTk)) 

k=l,...,g 

have roots 

, ^ n r f2ir{2k-l)\ r , 
Pk = (i-*: + P M ) = 2s/pcos I 1 for A: = 1 , . . . , ff. 

For fc = 1 , . . . , g — 1, let «^ be non-zero real numbers such that ftt+i < ajt < ft, 
and let QO = 2^p and ag = —2y/p. For fc = 0,...,g, we also define jk by 
Oik = Tfcv/p. Then, Qo{ak) and Qo{oik-i) have opposite signs for fc = l,...,ff, 
and if 
(4) |Q(a f c ) -Qo(a f e ) |< |Qo(a f c ) | for fc = 0 , . . . ,ff, 

then Q{x) also has g real roots of absolute value < 2y/p. 
We then have to prove that (3) implies (4). Using Lemma 3.3, we get 

1̂ 0(̂ )1 = 1 Y rf(n,n/2)p"/2
7r'W-"| 

n = 0 
7t even 

= P9/2| Y d{n,n/2)i9-n = p-^AT^fc), 
/ c \ " even 

n = 0 
n even 
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where K{g, fc) is a non-zero constant indépendant of p. Similarly, if 

\an\<Cg{n)pn'2 foxn=l,...,g, 

then 
g (n/2) 

\Q{ak) - Q0{ak)\ = | E ( E ^, i)Àn-2i)7rnv^9"n 

n=0 i-o 
(6) 2 ^ n 
V ' 9 ln/2) 

^P9/2'E{E \d{n,i)\Cg{n-2i))\^r\ 
n=0 1=0 

2i^n 

Comparing (5) and (6), it suffices to choose constants Cg{n) such that 
g in/2] 

Y ( Y W"' W^" - 2*)) l7fc|9"n < K{g, fc) for fc = 0,..., ff. 
n=0 i = o 

2t^n 

Let N{k,g) be the number of terms on the sum above. Then, it suffices to choose 
constants Cg{n) such that for each i, n, fc 

| d ( n , i ) | C s ( n - 2 t ) | 7 f c | 9 - " < | | | ^ . 

This completes the proof of Proposition 2.3. • 
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GENERALIZATION OF LEHMER'S CONGRUENCES FOR 
BERNOULLI NUMBERS 

TAKASHI AGOH 

Presented by M. Ram Murty, FRSC 

ABSTRACT. Let Bm be the m-th Bernoulli number in the even suffix 
notation and let /3m = Bm/m (m ^ 0). In 1938, E. Lehmer discovered some 
important congruences involving 0m which are very useful for irregularity 
testing of primes, and other purposes. In this paper we investigate Lehmer's 
congruences and derive certain generalizations of them for more general 
moduli. 

RÉSUMÉ. Soit Bm le m-icme nombre de Bernoulli dans les notation 
de suffixe pair et soit f3m = Dm/rn {m ^ 0). E. Lehmer dans l'an 1938 
découvrit des congruences importantes concernant les ft,,, qui son très utiles 
pour vérifier l'irrégularité de primes et d'autre buts. Dans ce papier nous 
recherchons les congruences de Lehmer ct déduiyons certain généralisations 
d'eux avec les modules plus généraux. 

1. Introduction. Let Bm be the m-th Bernoulli number in the even suffix 
notation defined by the recurrence 

Writing Bm for an even m > 2 as Bm = Nm/Dm {Dm > 0) in lowest terms, we 
see from the von Staudt-Clausen Theorem that ordp(£>„,) = 1 if p — Ijjn for a 
prime p, and ordp(I'm) = 0 otherwise. 

On the other hand, the well-known Euler-MacLaurin summation formula can 
be stated as 

m+l 1 ^ ,. 
(1.1) Sm{n) = Y!iL™1)Bm+i-jn*, 

j = i •' ^ ' 
where m ,n > 1 and Sm{n) = lm+ 2m + • • • + {n- l)m. Also, it is known that if 
o is a positive integer with (a, n) = 1, then 

m ; •. n—1 r .- ' 
(1.2) (am - l)5m(n) = ^ ( - l ) * - ^ ^ ^ ( a j ) - ' ^ 

i=i V * / j=i Ln • 
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where [0] is the greatest integer < 9 fox a real 0. 
We do not comment on the above two formulas, since these are very familiar 

in the theory of Bernoulli numbers (see, e.g., [UH]). 
Let ft,, = Bm/m for even m > 2 and let 

Q2{X) = 2* - 1, 

QÀX) = \{zx -1), 

Qi{X) = \{2x-l){2x-l + l), 

Q6(X) = i ( 6 x - 1 + 3 x - 1 + 2 ; f - 1 - l ) . 

In 1938, E. Lehmer [L] proved the following theorem which includes very im-
portant and useful congruences for irregularity testing of primes, and other pur-
poses. 

THEOREM 1.1. Let p be an odd prime and m>2 be even. If p - I J(m -2, 
then 

Qf e(m)ft„= Y ( P - ^ ) " 1 - 1 (modp2) (fc = 2,3,4,6), 
0<i<p/fc 

provided that p>7 for fc = 6. 

We note that a very simple and elegant p-adic proof for Lehmer's theorem was 
given by Johnson [J]. 

In this paper we shall extend the congruences in the above theorem to a more 
general situation and prove the following 

THEOREM 1.2. Letn>l be odd, m>2be even and ry = rt Y[p,n pordp(m) with 
the product taken over all primes p with p \ n. Ifp-1 j( m — 2 for each prime 
divisorp o /n , then 

(1.3) Qf c(m)ft„= Y iv-jk)m-1 (modn2) (fc = 2,3,4,6), 
0<j<v/k 

provided that each prime divisor pofnis>7 for fc = 6. 

2. Proof of Theorem 1.2. In this section we shall give the proof of Theo-
rem 1.2 after discussing certain consequences of formulas (1.1) and (1.2). 

Assume that m > 2 is even and p— 1 / m - 2 for all prime divisors p of n. Then 
we have m ^ 2 (hence m > 4) and Bm_2 6 Zp (the ring of all rational numbers 
which eire p-integral) by the von Staudt-Clausen Theorem. Also it is clear that 
2 / n and 3 / n, hence any prime divisor p of n is > 5. Recall now (1.1) and 
consider eeich term on the right-hemd side of this formula. For simplicity, we put 

Mj = - { ™ )R m + 1 _jnJ for j = 1,2,... .m + l . 
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If j is an even integer with m - 2 > j > 2, then Mj = 0. So we consider 
here only the terms Mj for j = 2i + 1 {i = 0 ,1 , . . . ,m/2) and j = m. Let p 
be any prime divisor of n. If m > 2t > 4, then ordp(Dm_2t) S {0,1}, and to 
estimate ordp(2t + 1) we note that p 2 i ~ 3 > 5 2 ' " 3 > 2t + 1, hence ordp(M2,+i) > 
- (2 t - 3) - 1 + (2t + 1) = 3. This gives M2i+i = 0 (mod n3) for all i > 2. Also, 
since ordp(Dm_2) = 0 by the assumption, and since m > 4 and (n,6) = 1, we 
have M3 = i(™)i?m_2n3 = 0 (mod n3) and Mm = ^{^Bm"1 = - i n m = 0 

(mod n-!). Therefore, wc may conclude from (1.1) that 

5m(n) = Bmn (mod n3). 

On the other hand, we obtain from (1.2) that if (a, n) = 1, a > 1, then 

(a'" - l )5 m (n) 
n - l 

^ r r m ^ ( a j ) " 1 - 1 

3 = 1 

Consequently, we have 

n-l 

{am-l)Bm=mYi*J)m-1 

m(m — 1) 2 
T . - l 

n2 Yi*3) m - 2 
-,2 

(mod n3) . 

«J 
n 

77i(m — 1) 
n - l 

n ^ ( a j ) m - 2 
- |2 

(mod n2) . 

Since (a,r?) = 1, the above congruence is also true when n is replaced by Tf, that 
is 

n- i 

{am - l)Bm = mYiv)"1-1 

which implies 

7 , - 1 

(a--i)ftn = 5](aj)—' 
j = i 

V i 
!^li) ,g( a j r-2 

j = I ^ J 
(mod TJ2). 

m — 1 
1 , - 1 

i = i ^ J 

1 2 

(mod n2) . 

Putting for i = 0 , 1 , . . . , a — 1 

and 

^ = {j in , {i 
-^<3<-a a / ' 

U, ( a ) Y r-\ v^ = Y j :m-2 

i e c J 6 G ; ° 

the last congruence can be expressed as 

a - i 
m — 1 (2.1) (a'" - l)/3m = a ' ^ Y ^ " ^ « ' " " ^ E ^ ^ ( m o d " ' ) 

t = i i = l 
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Next, since m is even, it follows that 

^a )= Y iv-jr-1*- Y r-l+{m-i)V Y J m - 2 

*ciin2t.i jeG^, .(••) ie^-t 
(2.2) ^ - U ^ + (m - l ^ V ; ^ . . (mod n2) . 

We edso obtedn 

(2.3) V^= Y il-JY"-2^ Y r-^V^imodn). 
ieo^, ieci'l!,.. 

By the von Staudt-Clausen Theorem Bm_2 € Zp whenever p - 1 / m - 2 for any 
prime divisor p of n, therefore we see from (1.1) 

(2-4) 5m_2(7/) = Y VÏa) = 0 (mod n). 
•=o 

We eire now able to prove Theorem 1.2: 

P R O O F . The proofs of the formulas for fc = 2,3,4,6 are similar, therefore we 
give here the proof only for fc = 6 which is the most annoying case. The other 
cases fc = 2,3 and 4 are left to the reader. 

For brevity, we write Ui = ^ 6 ) and Vi = Vf) (t = 0 , 1 , . . . , 5) in what follows. 
By (2.2) and (2.3) we get Ui = -UB-i + {m- l ) ^ ^ (mod n2) and Vi = V ^ 
(mod n) for i = 3,4,5. Since (n,6) = 1, taking a = 6 in (2.1) we obtain 

{6m-l)pm s 6—1E^-!^6'"-2r,E^ 
i = l i = l 

= -6",-1(5[/o + 3C/i+C/2) 
772 — 1 

+ ^—6m-2r /(35Vro + 31Vi + 2 3 ^ ) (mod n2). 

It is evident from the given condition that Bm_2 e Zp for each prime divisor 
p of n, so we get from (2.4) E f = o ^ = Wo + V1+V2) =0 (mod n), which 
implies V2 = -VQ - Vi (mod n) because n is odd. Consequently, dividing the 
above congruence by 6 m _ 1 we have 

(2.5) (6 - 6 1 - m )f t n = - (5^o + 3C/i + U2) + ̂ ^V{3V0 + 2Vi) (mod n2). 

In a similar way, one cem show that 

(2 - 21-"l)ft„ = -{U0 + Ui+ U2) + '-^vWo + Vi + V2) 

= -{Uo + U1+ U2) (mod rt2), 

(3 - 31- '»)ftn ^ -2{Uo + Ui) + 2 ( m ~ l\{Vo + Vy) (mod n2) . 
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These are equivalent to (1.3) for fc = 2 and fc = 3 (the details are left to the 
reader). Subtreicting these last two congruences from (2.5), we deduce 

(1 + 21-"1 + 3 1 - m - G 1 -" ' )^ = {(6 - e1"'") - (2 - 21-m) - (3 - 31-m)}ftn 
TTL ~~ 1 

= -2Uo + —^-vVo (mod n2), 

that is, 
(6m-l + gm-l + gm-l _ j ^ = 2{-6m-1Uo + (m - l^-^Vg) 

= 2 Y il-W71-1 (modn2), 
i€G<0' 

which gives (1.3) for fc = 6 as desired. • 
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SUR UNE CONJECTURE DE WOLFGANG M. RUPPERT 

OMAR KIHEL 

Présenté par M. Ram Murty, FRSC 

ABSTRACT. If K is a quadratic imaginary number field of discriminant 
D, Ruppert showed that there exists a generator Q of ^ with minimal 
polynomial f(x) = ax2 + 6 i + c 6 Z[x] and a non-effective constant C 
such that H{a) < Cy/\D\ where H(a) = max{|a|, |6|,lc|}. He conjectures 
C = 3.22. In this paper, we show that H{a) < ^ y/\D\, where p is a prime 
which split in Q(\ /D). AS a consequence, we deduce Ruppert's conjecture 
in several cases. 

RÉSUMÉ. Si K est un corps quadratique imaginaire de discriminant 
D, Ruppert a montré qu'il existe un générateur a de K dont le polynôme 
minimal est f{x) = ax2 + bx + c e Z[x], et une constante non effective 
C tel que H{a) < Cy/\D\ où H{a) = max{|a|, |b|, |c|}. Il conjecture que 
C = 3.22. Dans ce papier, on montre que H(a) < -fy y/\D\, où p est un 
premier qui se décompose dans Q(-/D). Comme conséquence, on déduit la 
conjecture de Ruppert dans plusieurs cas. 

1. Introduction. Soit K un corps de nombres de degré n sur le corps des 
rationnels Q et a un générateur dont le polynôme minimal est / (x) = a„x" + 
a n - i x " - 1 +• • --l-^x + ao avec Oj 6 Z et gcd(ao,a1,. . . , a n ) = 1. Ruppert a défini 
dans [2] la hauteur de a comme suit: 

/ / ( a ) = max(|ao|, • •., |an|) 

et a montré la proposition suivante: 

PROPOSITION 1. Pour tout n 6 N, i/ existe cn > 0 tel que si a engendre un 
corps de nombres K de degré n et de discriminant Du alors 

H{a)>cn\DK^. 

Une question naturelle qui se pose maintenant est la suivante: Existe-t-il un 
générateur a pour lequel H{a) ait un bon majorant en termes d'invariants du 
corps Kl Ruppert dans [2] a formulé cette question ainsi: 

Reçu par les éditeurs le March 15, 1999. 
Classification (AMS) par sujet : 11R11, 11R29. 
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66 



SUR UNE CONJECTURE DE WOLFGANG M. RUPPERT 67 

QUESTION 1. Existe-t-il dn tel que tout corps de nombres K de degré n sur 
Q et de discriminant DK admet un générateur a tel que: 

H{a)<dn\DK\^l 

Dans le cas où K est un corps quadratique imaginaire de discriminant D, 
Ruppert [2] a démontré le résultat asymptotique suivant : 

Hmin{a) _ 1 
^-•-oo ./m ~ 2 

lim 

où, Hmm{a) désigne la hauteur d'un générateur de K de hauteur minimale. Ce 
qui implique l'existence d'une constante (non effective) C tel que H{a) < Ci/ÎD]. 
Ruppert [2, p. 18] conjecture en fait que C = 3.22. 

Dans ce travail, on montre (Théorème 1) que H{a) < -£= y/\D\, où p est le plus 
petit premier qui se décompose dans Q{y/D). On déduit ensuite (Corollaire 1) 
une réponse affirmative à la conjecture de Ruppert dans les cas suivants-

(1) Si D = 1 mod 3 
(2) Si £) = 1 ou 4 mod 5 
(3) Si D = 1 mod 8. 

T H é O R è M E 1. Si K est un corps quadratique imaginaire de discriminant D 
et p un premier qui se décompose dans K, alors il existe a tel que K = Q{a) et 

H{a)<-ILrfD\. 

PREUVE. Soit K un corps quadratique imaginaire de discriminant U < 0, 
alors il existe une infinité de triplets {a, b, c) € N3 tel que D = b2 -4ac. Supposons 
que a < c. Parmi ces triplets, choisissons celui qui a le plus petit c. Dans le cas 
où il y en a plusieurs qui ont le même c (c minimal), alors parmi ces triplets 
choisissons celui qui a le plus petit a et appelons ce triplet (A, B, C). Ainsi on a : 

B2-D = 4AC, 

avec A < C. De l'égalité 

{B -2A)2 - D = AA{C + A- B), 

on déduit que C + A - S > C. D'où A > R Ce qui nous donne que 

A2 - D > 4AC > 4A2. 

Par conséquent. 
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Soit p un premier qui se décompose dans Q(%AD). 
(1) Si p divise C, edors 

B 2 - D = 4 p A - . 
P 

D'où pA > C. Par conséquent. 

c<-4f-
(2) Si p ne divise pas C, edors: 
(i) Si p divise A, alors p ne divise pas B car p se décompose dans Q(\ /D) . Donc 

il existe fco € {1 ,2 , . . . ,p - 1} tel que p divise C - fco-B. Ainsi "^—— 
est un entier. De l'égalité 

2 ^ . w C + fco2A-fcoR\ 
(B - 2fcoA)2 - D = 4pA 

on déduit que pA > C ou c+fcn^ k°B > C. Ce qui nous donne que pA > C. 
Ainsi on a : , 

(ii) Si p ne divise pas A. Soit ^ une racine du polynôme x2 - J3x + AC, alors 
Q(/3) = Q(v/D). Comme p se décompose dans Q(\/T>), alors il existe un 
entier XQ e {1 ,2 , . . . ,p - 1} tel que xg - BXQ + AC = 0 mod p. Puisque 
p ne divise pas A, edors il existe fco € {1 ,2 , . . . ,p - 1} tel que xo = Afco 
mod p. Ainsi c+fc"yt~fcoB est un entier. De la même manière que dans (i), 
on déduit de l'égalité 

A(C + klA-k0B\ {B - 2feoA)2 - D = 4pA y 0
p

 0 j , 

que pA > C. Ce qui nous donne que 

c<py—• 
En définitif, on a: 

B<A<M e. C <J l f l . 
V 3 V «i 

Comme D = B 2 - 4 A C est le discriminant du corps quadratique Q ( N / D ) , alors 
il est facile de vérifier que gcd(A, B, C) = 1. 

Soit a racine du polynôme Ax2 - Bx -t- C, alors Q(a) = Q(v/Ô) et H{a) < 

COROLLAIRE 1. (1) SiD = l mod 3 oiors H {a) < ^\A^\-
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(2) SiD = l ou4 mod 5 alors H {a) < ^x/TÔl-
(3) SiD = l mod8 alors H{a) < -fa y/foi 
(4) Dans les autres cas, on peut trouver une constante effective en utilisant le 

théorème 1 si on connait un premier p qui se décompose dans Q(i /D) . 

COROLLAIRE 2. En supposant GRH, on a 

Ce corollaire se déduit du théorème 1 en utilisant le résultat suivant démontré 
pax Oesterlé1 (voir [3]): Si on suppose GRH, et si p est le plus petit premier qui 
se décompose dems le corps quadratique imaginaire K de discriminant D alors 

p < ( ( 7 0 1 o g ( | D | ) ) ) è . 
Dans le cas des corps queidratiques réels, Ruppert [2] a démontré le théorème 

suivant: 

T H é O R è M E 2. Si K est un corps quadratique réel de discriminant D, alors il 
existe a tel que K = (Q)(a) et 

H{a) < y/D. 
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CLASSICAL BIORTHOGONAL RATIONAL FUNCTIONS ON 
ELLIPTIC GRIDS 

VYACHESLAV SPIRIDONOV AND ALEXEI ZHEDANOV 

Presented by Vlastimil Dlab, FRSC 

ABSTRACT. We construct a new family of rational functions which are 
biorthogonal with a discrete weight on the grids described by elliptic Jacobi 
functions. These rational functions satisfy a three-term recurrence relation 
and are expressed in terms of an elliptic generalization of the very-well-
poised balanced basic hypergeometric series IOVD-

RÉSUMÉ. On construit une nouvelle famille de fonctions rationnelles, 
biorthogonales par rapport à un poid discret, défini sur les réseaux décrits 
par les fonctions elliptiques de Jacobi. Ces fonctions rationnelles satisfont 
une relation de récurrence à trois termes et elles sont exprimées par une 
généralisation elliptique de la fonction hypergéometrique de base iotpo t rés 
bien équilibrée et balancée. 

1. Introduction. Orthogonal polynomials (OP) Pn{z) are known to satisfy 
the three-term recurrence relation 

(1.1) J Pn{z) = zPn{z), 

where J is a Jacobi {i.e., tri-diagonal) matrix acting on the polynomials as follows 

(1.2) J Pn{z) = an Pn+i{z) + bn Pn{z) + Un Pn-i{z). 

Today it is commonly believed that all classes of OP explicitly expressed through 
basic hypergeometric functions are related to the Askey-Wilson polynomials [1] 
or their limiting cases. The Askey-Wilson polynomials are determined by the 
basic hypergeometric function 4(^3. 

In his thesis [11] and in [12] Wilson has constructed a large family of finite-
dimensional biorthogonal rational functions. Namely, a particular pair of rational 
functions B„(z), Tn{z) was presented which satisfy the relation 

N 
(1.3) Y R

n{za)Tm{zs)ws = M n m 
s=0 

for the so-called q-quadratic grid [6], [8] 

(1.4) zs = Ciqs + C2q-S + C3. 
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These functions Fi^t{z), Tn{z) are expressed in terms of the very-well-poised bal-
anced basic hypergeometric function 101̂ 9 (see, e.g., [3] for notation). For other 
examples of biorthogonal rational functions and further development of the gen-
eral theory see, e.g. [4], [5], [7], [8]. 

In [5] and [13] it was shown that in general the functions Rn{z) satisfy the 
three-term recurrence relation 

(1.5) JlRn{z) = Z J2Rn{z), 

where J i ^ are two arbitrary Jacobi matrices. A similar equation is satisfied by 
Tn{z). In contrast to (1.1) the equation (1.5) belongs to the class of generalized 
eigenvalue problems [10]. It is well known that solutions of such equations satisfy 
biorthogonality relation (instead of the pure orthogonality for eigenfunctions of 
the ordinary eigenvalue problems). This is why the finite sets of rational functions 
Rn{z), Tn{z) satisfy the relation (1.3). 

In analogy with the Askey-Wilson polynomials situation, it was expected that 
biorthogonal rational functions considered in [4], [8], [12], which are associated 
with the grids (1.4), axe the most general ones satisfying the three-term recurrence 
relation (1.5) and admitting an explicit expression for Rn{z), T„(z) in terms of 
some series of the hypergeometric type. 

In this paper we describe the functions Rn{z), Tn{z) which eire biorthogonal on 
the so-called elliptic grids. These functions are expressed in terms of the "mod-
ular hypergeometric functions" introduced in [2]. Thus the class of biorthogonal 
rational functions satisfying three-term recurrence relation (1.5) and expressed 
in terms of some generalizations of the hypergeometric series is much wider than 
it was guessed earlier, see e.g. [4]. Complete proofs of the announced results will 
be published separately (some details can be found in [9]). 

2. Elliptic analogues of hypergeometric functions. Let 0i{u) be the 
Jacobi theta function defined as (see, e.g. [3]): 

00 

ei{u) = 2 ^ ( - l ) V n + 1 / 2 ) 2 s i n ( 2 n + l ) « 
n=0 

00 

(2.1) = 2p1/4sinu J ] ( l - 2 p 2 n c o s 2 u - ( - p 4 " ) ( l - p 2 n ) , 
n=l 

where p is a complex parameter, |p| < 1. The modular parameter r is introduced 
in the standard way p = e'"T. 

Following [2], define the "elliptic numbers" (or, simply, e-numbers): 

(2.2) 1 ' ' J el{-Kh) ' 
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where h is an eirbitrary constant. The e-numbers depend on three variables x, h 
and T. In what follows the dependence on h, T wUl be omit ted in the notation, 
i.e., we assume tha t [x] = [ X ; / I , T ] . We will use edso the notat ions 

N o = l , [x]n = [x | [x - ) - l ] . . . [ x + n - l ] , [n]! = [!]„, 

which are natura l elliptic generedizations of the Pochhammer symbol and facto-
rial. 

The elliptic anedogue of the very-well-poised balanced hypergeometric func-
tions r+iEr is defined by the formal series [2] 

/ o o \ c w u \ sr* [ai]k[ai + 2k] j l [am]fc 
{2.6) r+ihr{ai;a4,a5,...,ar+i;h,T) = y — , , • , , r , — I I u , n — T -

j ^ [«J1 [al] £=4 I1 + a i _ am\k 

with the balancing restriction upon the peirameters 

/„ .x r — 5 r — 3 ^ ^ 
(2.4) — + —ai -Yam=0. 

171=4 

We have chosen notations different from those of [2], in particular, the letter 'E' 
was teiken for an association with the elliptic functions. 

For p —• 0 the series (2.3) becomes the very-well-poised bedemced basic series 
r+ifr for q = e2lTlh. It should be noted that in general the sum in (2.3) diverges 
in the same way as most of the infinite g-series do for |g| = 1. In order to avoid 
this problem, we restrict the situation to the case when one of the pareimeters 
(say, a r+i) is equed to a negative integer a r + i = —n. In this case (2.3) terminates 
at fc = n + 1 and becomes a finite sum of eUiptic functions. Another essential 
remark is that there is no coalescence procedure—the limits am —̂  oo are not 
well defined and they do not simplify the series. Fixing one of the peireimeters 
am equal to 1 and some others equal to (1 -|-ai)/2 one can arrive at the simplest 
possible form of (2.3), but, still, memy of simple g-series formulae do not have 
eUiptic generalizations. 

An analogue of the Bailey's tremsformation formula which was proven in [2] 
has the form: 

10^9(01 ;04 , . . . , - n ; h,T) 

(2.5) = ioE9{bi;b4,...,bio;h,T) 
[ai + l ^ b i + 1 - ayjn^i + 1 - as lnK + 1 - a? - asln 
[61 + l]n[ai + 1 - a7]n[ai + 1 - a8]„[6i + 1 - a7 - as],, ' 

where 

61 = 2ai + 1 — 04 — as — ae, 64 = 61 — ai + 04, 
(2.6) 65 = 61 — ai + as, be = ^i — ai + ae 
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and {b7,bs,bg, bio} is an arbitrary permutation of the peirameters a7, a8,09, aio = 
—n. 

The next two theorems are new and describe generalizations of the contiguous 
relations for the corresponding basic hypergeometric functions 10V9 from [4]. In 
what follows we use for brevity the notations similar to the ones suggested in 
[4]: $(aj±) denotes the function 10^9 with the particular parameter aj replaced 
by aj ± 1, whereas other parameters being unchanged. $± denotes the function 
10^9(01 ±2;a4 ± l , . . . , a i o ± hh,T). 

THEOREM 1. Assume that one of the parameters ai = -n, where i = 4 , . . . , 10. 
Then the following identity takes place 

$(a9-,aio+) - $ 

/27) = $ (q ) I"1 + 1^ai + 2 ^ a i 0 ~ "o + ^["JQ + «9 - ai - 1] 
[1 + ai - a9][2 + ai - a9][ai - aio][l + ai - aio] 

TT [«•) 
nil + ai-OiY 

THEOREM 2. Under the same assumptions as in the previous theorem, the 
following identity takes place 

T — - —TfoT î 1111 + «i - at - a9]*+(a9-) 
[ 1 + a i - a9j[2 + ai - ag] ^ f 

( 2 - 8 ) = (1 + a, - a,„H2 + a, - a,.) H 1 1 +*'-'"- »Iol»+(«.o-) 

3. Elliptic rational functions. Let us describe a class of biorthogonal ratio-
nal functions Iln{z), Tn{z) expressed explicitly in terms of the elliptic analogues 
of hypergeometric functions i0Eg. 

Let di,...,dr),ei,e2 and xo,xi,X2 be arbitrary parameters with the restric-
tions 

s 
X2 = X0-|-X1, C, -1-62 = di +d2, d3=X2-N-l, ^ r f j = 1-|-2(X0 + X2), 

t = l 

where N is a fixed positive integer. Assume also that h ^ mi + m2T, di + 
d2 - 2x2 ^ {mi + m2T)/h - M - 2, dj + d2 ^ ( m i + m2T)/h + M + 2 and 
di+d2- 2xo # {mi + m2T)/h + M + 2 for any integers «11,2 = 0, ± 1 , ± 2 , . . . and 
M = 1,2, — Define the functions 

Rn{z{u)) = i o £ ' 9 ( l - x 1 ; 2 - x 1 + A r , l + a ; 0 - d i , l + x o - d s , - n , 
C3'1) 1 - X2 + n, 1 + u + XQ - ei, 1 - u + XQ - 62; ft, r ) 
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and 

Tn{z{u)) = ioEg{2 + xo - di - d2; 3 + xo - di - d2 + N, 
(3.2) —Xo + d4 — iV, —xo + ds — N, —n, 1 — X2 + n, 

1 + u + xo - e i , l - u - f XQ - e2;h,T). 

THEOREM 3. The functions Rn{z) and Tn{z) are rational functions of the 
argument 
ii i\ i \ M[tt + e 2 - e i ] 
(3.3) Z{u) = T ; IT r1 r 

x ' [u + d 2 - e i ] [ u - | - d i - e i ] 

vnth the simple poles of Rn{z) located at z = ak, 
(1A\ ~ [fc-X2+ei][fc-X2 + e2] . , 0 
(3.4) ak = 7T , . ut. TTT' fc=l12,...,n, 

[fc - X2 + di\[k -X2 + d2\ 
and simple poles ofTn{z) located at z = pk, 

The functions Rn{z) and Tn{z) are biorthogonal 

N 

(3.6) 2 ^ Rn{zs)Tm{zs)u)s = hn5nm 
3=0 

on the "elliptic grid" 

^ _ [ s + l - l - x o - e ^ ^ - H + x o - e a ] c _ n i 9 M 

[s + 1 + xo - di][s + 1 + xo - d2j 

with the weight function 

[2xo + 2 - di - da + 2s][-iV]s[2xo + 2 - di - d2]s 
UJ., = 

(3.7) 

[2xo + 2 - di - d2][s]! [2xo + 3 - di - da + iV]s 

[xo]s[l + d4 - X2]s[l + ds - X2\s[l + XQ + Xa - dj - da]8 

[2 - xi]s[3 + xo - di - d2]s[-N + d4].,[-iV + ds]., 

and the normalization constants 

[ l -X2] [n ] ! [2 -x 2 + iV]n hn — K 

(3.8) 

[ l - X 2 + 2n][-i\r]n[l-X2]„ 
[2 - xi]n[3 + xo - di - d2]n[l - d4]n[l - ds]n 

[-1 - XQ - X2 + di + d2]„[l + d4 - X2]„[l + ds - X2]n[-Xo]T. ' 

where 
_ [2 - X2]w[x2 - d4 - d5]jv[l + Xo - d4]jv[l + XQ - d5]Af 

[1 - d4]w[l - ds]jv[2 - XI]N[XO + X2 - d4 - ds]w 
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THEOREM 4. The rational functions Rn{z) satisfy the three-term recurrence 
relation 

enan{z - an+i){Rn+i{z) - Rn{z)) - en^ibn{z - (3n-i){Rn{z) - Rn-^z)) 
(3.10) = c^z - z0)Rn{z), n = 0 , l , . . . , 

where 

e = [2 + n - X!]^ + n - xi][xo - n][xo - n + 1] ^ [1 - X2 + dj] 
n [ 2 - x 1 ] [ 3 - x 1 ] [ 2 - X 2 + 2 n ] [ - x o - l ] f j [1+xo - * ] ' 

[n + 1 - X2I r r , 
[2 - l -n-x i ] [3- l -n-x i ] -M- J 

[—n] 5 

bn = [H-xo-n][2 + xo -n ] H ^ " " ' ' 

[ l-X2 + 2n] JJ 
C " = [ 2 - x i ] [ 3 - x 1 ] n [ 1 - X 2 - h ^ 

REMARK. Since 60 = 0 it is assumed that the second term in (3.10) vanishes 
identically for n = 0. 

Finally, we describe a self-duality property which allows one to use the ad-
jective "classical" as far as the derived set of biorthogonal rational functions is 
concerned. 

THEOREM 5. Consider the following transformation of the parameters 

xo =-1-xo-x2+di+d2, x i = x i , xa = - 1 - 2 x o - l - d 1 - ( - d 2 , 
da = - 2 - iV - 2xo 4- d! + d2, d4 = - 1 - 2x0 - xz + di + d2 + d4, 

(3.11) ds = - 1 - 2xo - X2 + d, + da + ds, dj + da = 2di + 2d2 - 1 - 2xo - X2. 

It is directly verified that 

(3.12) R^z.,) = Rs{zn), fn{zs) = Ts{zn), 0 < s,n < N, 

where Rn^), fn{za) denotes the functions obtained from Rn{z3), Tn{zs) after 
replacing the parameters di,...,x2 by du...,x2. Thus the transformation (3.11) 
is equivalent to the permutation of discrete variables n and s. 
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REPRESENTATIONS OF COMPLETELY SOLVABLE 
LIE ALGEBRAS OVER A RING OF POLYNOMIALS 

ALEXANDER GRISHKOV 

Presented by Vlastimil Dlab, FRSC 

RÉSUMÉ. Si R est un anneau de polynômes et L est une R-algebrc 
complètement résoluble, c'est-à-dire qu'il existe une chaîne d'idéaux L = 
LQ C Li C • • • C Ln C 0, avec Li/Lj^i un fl-module libre de dimension 1, 
alors L admet une représentation par matrices triangulaires sur R. 

In this article we show that a completely solvable Lie algebra over a ring of 
polynomials has a triangulable faithful representation. This fact is important in 
the theory of analytic diassosiative loops. In 1955 Malcev noted [5] that, every 
Binary Lie algebra B over the field R of real numbers, some neighborhood D C B 
of zero can be considered as a local analytic diassociative loop with the multi-
plication x*y = H{x,y) = x + y + [x,y\/2 + ••-, where H{x,y) stands for the 
Campbell-Hausdorf series. Recall that by definition an algebra B is Binary Lie 
if every two elements of B generate a Lie subalgebra. By the Cartan theorem, 
for every local analytic Lie group, there exists a corresponding global analytic 
Lie group. An analogy is not valid for local analytic diassociative loops [1]. The 
problem of existence of a global analytic dissociative loop for a given Binary Lie 
algebra is not easy. The following cem help in solving the problem. 

Let i? be a Binary Lie algebra over R with a finite basis {6 i , . . . , 6n} and 
BK — B ®fi K be corresponding Binary Lie over the polynomial ring K = 
R[xi,X2,-..,2/1,1/2,...]. Denoted = x ^ H \-xnbn and V = j/i6iH \-ynbn, 
and let B{X,Y) be a Lie subalgebra generated by X, Y. By the theorem [2], 
the algebra B is completely solvable, hence, B{X, Y) is so. By Theorem 1 of the 
present work B{X,Y) has a faithful triangulable representation TT. Therefore, 
there exists a triangular matrix Z such that exp(7r(A')) exp(7r(y)) = exp(Z). 
Suppose that Z = /i7r(6i)H t-/„7r(6n), where / i , . . . , / „ are analytic functions 
on R 2 n . Then R n is a global analytic diassociative loop with a multiplication 
given by the rule 

(x ! , . . . , xn) • ( i / i , . . . ,y„) = ( / i , . . . , /„ ) . 

Moreover, this loop corresponds to B. 
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Let iî be a polynomial ring, iî = fc[xi,..., x m ] , where fc is a field of character-
istic 0, let Q be the field of fractions of iî. For every iî-module V, we denote by 
dim/j V the dimension of the Q-modvde V (8>H Q. We call an Lie algebra L over 
iî completely solvable if L admits some normed series 

L = Li> L2> ••-> Ln=0, 

such that dixnii{Li/Li+i) = 1, » = 1,. . . ,n — 1. 
A module V over the Lie algebra LR is called triangulable if V is free iî-module 

with a free basis {« i , . . . , vp}, such that Vi = {vi,..., VP}JI is an L-submodule. 
The medn result of this section is the following: 

THEOREM 1. Let R = fc[xi,...,xm], L be a completely solvable Lie algebra 
over R, and let L be free as an R-module. Then L has a faithful triangulable 
module. 

PROOF. Suppose that L is a splitting Lie edgebra, i.e., L = T ® N, where N 
is the nilradical of L and T is a torus. Moreover, T and N are free iî-module. Let 
t i , . . . , f, be a free basis of the iî-module T. First we will prove the statement in 
this particuleir case by induction on q. 

1. C A SE q = 0. Let C = L (8)R Q, a nilpotent Lie edgebra over Q. By the Ado 
theorem [3], C has a faithful finite-dimensional representation p : £ —> Endç V 
such that all elements p(x), x G £ are nilpotent. Fix a Q-basis in V and generators 
n i , . . . , nj of the iî-module £. We can find a e iî such that edl coefficients of 
the matrices ap(ni) , . ..,ap(Ti/) are in iî. We denote D = d iag( l ,a , . . . , a n _ 1 ) , 
where n = dimq V. If the matrices p{ni),.. .,p{ni) axe upper triangular, then 
the matrices 

irlp(ni)I>,...,irV(ni)^ 
have coefficients in iî. It means that the Lie iî-algebra L has faithful triangable 
module over iî. 

2. C A SE q>0. Denote t = tq and LQ = To © N, where To = [ti,..., t,_i}R. 
Now it suffices to prove the foUowing: 

LEMMA 1. Let L be a completely solvable Lie R-algebra and let L = Rt® LQ, 
where LQ is an ideal of L. Then, for every representation po: LQ —> Endrt(V^), 
where VQ is a free R-module, there exists an extension p:L-* End[i{V) such that 
V is a free R-module and V = VQ © Vi, Vi is an R-submodule of V, p\v0 — Po-
Moreover, if VQ is a triangulable Lo-module, then V is triangulable. 

PROOF. Let W be an L-module induced by Vb, W = E ^ o ® 1 ^ ® t*. The 
lemma will be proved if we construct a unitary polynomial f{x) e iî[x] such that 
V0f{t)L n Vo = 0 with all the roots of / (x) are in iî. We will construct f{x) 
by induction on dimVo. If dimVo = 1, we can take f{x) — x2. In the case of 
dim VQ > 0, we need the following: 
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LEMMA 2. Let s{x) andp{x) be unitary polynomials, s{x),p{x) e R{x]. Then 
there exists an unitary polynomial f{x) e R.[x] such that, in the ring R\x,y], 

(!) fix + y) = f{y) + s(x)r1(x,y) + xp{x)r2{x,y) 

for some ri{x,y),r2{x,y) G R\x,y]. Moreover, if all the roots of s{x) and p{x) 
are in iî then all the roots of f{x) are in R. 

PROOF. Let iîi be an extension of iî such that s{x) = {x-oci) (x - a n ) 
and p(x) = (x - A) {x - Pm) for some « i , . . . , a n , ^ i , . . . . ^ 6 i?.i. We 
define 

f{x)=pn{x)Y[{x-ai-Pj). 

Note that /(x) G iî[x] if s(x),p(x) G iî[x]. We will prove (1) by induction on n. 
For n = 1, 

fix + y)- fix) 
- P{x + y) Y[{x + y-ai- pj) - p{y) '[[{y - ai - Pj) 

i i 
= Pix + y) Hiix -ai) + {y- Pj)) - p{y) l[{y - ai - Pj) 

i j 
= Pix + y) ll{y -Pj) + {x- ai)ri(x,») - p{y) ̂ [{y - ai - Pj) 

3 3 

= {x- a,)ri(x,y) + p{y)[jj(x +y-0j)- JJ^j - a i - fij)]. 

Since 

JJ(x + y-(3j) = x7-3(x,j/) + p{y), 

l[{y -at- Pj) = l[[{x -ai) + {y-(ij)- x] 
j 

= {x-ai )r4(x, y) + xr5(x, y) + p{y), 

we obtain 

^ ( x + y- Pj) - J](y - a! - pj)} = x{r3 - r5) - (x - Q,)r4. 
j j 

The equality (1) is proved for n = 1. 
Let n > 1. Denote Si(x) = n ? ^ 1 _ ai)- By induction, 

f{x + y)- f{y) 
= Pnix + y)ll{x + y-ai- Pj) - f{y) 

1,3 
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= {pn-1{x + y)]l{x + y-ai-Pj)}[p{x + y)'[[{x + y-an-Pj)} 
J J -m 

= [si{x)r'i{x,y)+xp{y)r,
2{x,y)+pn-l{y) J ] iv - d - Pj)} 

»<n,J 

. |(x-Qn)r3(x,2/)-l-xp(j/)r4(x,j/)+p(y) J J ( y - a n - Pj)j 
3 

- Pniy) niv - "« - Pj) = «(zKfoî/Kfo») + xp{y)r2{x,y). m 
i.3 

Now we return to the proof of Lemma 1. As Lo is triangulable Lo-module, 
then there exists an Lo-submodule Vi < VQ such that Vo = Vi ® iîu, v G VQ. 
By induction, there exists a polynomial p(x) such that the induced L-module 
Wi — £ ~ 0 ©Vit' contains a submodule V2 3 Vip(f) and V2 n Vi = 0. Moreover, 
Wi/Va is a triangulable L-module. Denote by s(x) a minimal polynomial such 
that Ls(ad(t)) = 0. By induction, all the roots of p(x) are in iî and all the roots 
of s(x) eu-e in iî, since L is completely solvable. By Lemma 2, to given s(x) and 
p(x), we can associate a polynomial f{x) such that equality (1) holds. We will 
prove that Wo = Va + Wf{t) is an L-submodule what we need. As Wot Ç WQ, 
we have to prove that W/(t)a Ç WQ for any a G Lo. Denote a* = \a,t,...,t\, 

i 
veW. From [3, p. 50], it follows that 

00 

(2) vf{t)a = Y^if{i){t)/i\. 
i=0 

By Lemma 2, in the commutative ring iî[x, y] we get 

^ > 7 ( i ) ( y ) / t ! = /(x + j/) 

(3) = f{y) + s{x)ri{x,y) + xp{y)r2{x,y) 
ki fcî 

= f{y)+s{x)Yru{x)y'+Yr2iix)piy)yl< 
i=0 i = l 

where 
ki k? 

ri{x,y) = Yriiix)y^r2ix,y) = Yr2i^x)yt-
i =0 i=0 

Denote .Sj(x) = ,s(x)rii(x). From (4), we derive 

00 ki fca 

(4) Yxif{i)iy)/i[ = tty)+JlSiMyi+Jlr2i(x)rtv)yi-
t=0 t=0 i = l 



COMPLETELY SOLVABLE LIE ALGEBRAS 81 

Let Ass be a free associative algebra over iî with free generators {y ,x i ,xa , . . . } . 
Then (4) yields in Ass 

<» ki fe2 

(5) 5>/(<)(y)/i! = fiv) + Ys?ix)yi + Er2i{x)p(j/)yi, 
i=0 i=Q i = i 

where a is a linear map: iî[x] -¥ Ass, 

*; fe 
9{x)a = Yaixi' if 9{x) = Yaixi-

i=0 t=0 

Finedly, (5) implies 

ki fc2 

vf{t)a = vaf{t) + Yfasiiadt)]? + Y\a'r*iadtMt)ti e ^ o , 
«=0 i= l 

since [a,ra,(adf)] G Lo, [L,s{adt)] = 0 and s.^x) = s{x)li{x). We constructed an 
L-module U = W / W Q , which is free as iî-module since / (x ) is unitary polynomial. 
The L-module U is triangulable since aU the roots of f{x) are in iî. • 

With this lemma we can complete the inductive step and prove theorem in 
the case of L splitting. 

Suppose now that L is not splitting. Recall that Q is the field of fraction of iî. 
A Lie Q-algebra L Q = L ® R Q is embedded to a splitting Q-algebra £ = T © A/". 
Here, M = J2Qer ©M», where r c Q* and A^ = {n G A/" j nf = a{t)n,Vt G T } 
(see [4]). Let {ffi,..., ffn} Ç L be free basis of L. In £, we have & = U+m, U G T, 
ni G A/", i = 1 , . . . ,n. Note that ffi,... ,ff„ G T = {t G T | a{t) G iî. Va G r} and 
T is a free iî-module. In £, we have TH = £ a 6 T nia, nia eMa, i = 1,.. .,n. Let 
Ni be an iî-algebra Lie with generators {nja | a € T, t = 1 , . . . , n } . It is obvious 
that Ni is a finite-dimensional iî-module and NiT C Ni. Hence Li = T © iVi is 
a splitting completely solvable iî-algebra and L is subalgebra of Li. • 
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THE CENTRAL CRITICAL VALUE OF AUTOMORPHIC 
L-FUNCTIONS 

J. SENGUPTA 

Presented by M. Ram Murty, FRSC 

ABSTRACT. In this note we study the growth of the central critical 
value of L-functions of holomorphic cusp forms of varying weight k. We 
prove that, on the average, the central critical value obeys the Lindelôf 
hypothesis in the fc aspect. Under the assumption of the Lindelôf hypoth-
esis, we also give a lower bound for the number of cusp forms that have 
nonvanishing central critical value. 

RÉSUMÉ. Dans cette Note, nous étudions la croissance de la valuer 
critique centrale des fonctions L des formes modulaires paraboliques de 
poids variable fc. Nous démontrons que cette valuer obéit, en moyenne, 
l'hypothèse de Lindelôf d'aspect fc. Sous l'hypothèse de Lindelôf, nous don-
nons aussi une minoration du nombre des formes modulaires paraboliques 
dont la valuer critique centrale ne s'annule pas. 

The central critical value of L-functions for GL(2) cusp forms has been the 
subject of intensive research. It has various aspects like algebraicity, positivity, 
behaviour under twists, etc. In this note we will look at the L-series of holo-
morphic cusp forms of even integral weight. Most of the previous studies on this 
topic have been concerned with the cases when the weight is kept fixed emd the 
level of the form is varied. This has been done in particular for forms of weight 2 
and veirying level in view of their connection with elliptic curves emd the Birch-
Swinnerton-Dyer conjecture ( see [2], [6]). 

In contrast to the above we will investigate the variation in the central critical 
values of L-functions of holomorphic cusp forms of varying weight and fixed level. 
In order to keep the exposition simple we will consider only forms of level one, 
i.e., forms for the full moduleir group. Our approach is direct and our proofs are 
simple. In petrticuleir we do not make use of any approximate functional equations, 
trace formula for Hecke operators, etc. 

NOTATION. Let fc be em even integer > 12 and let Sk denote the space of cusp 
forms of weight k for the full moduleir group. We denote by (, ) the Petersson 
inner product in Sk and by gk the dimension of Sk. Let [fu \ 1 < v < gk] 
denote the orthogonal basis of 5fc consisting of normalised Hecke eigenforms and 
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let L{fv,s) denote the L-series of /„ . It is well-known (see [5]) that L(/1/,fc/2) is 
non-negative. In the following we will assume that k is divisible by 4 for otherwise 
the central critical value is zero. 

THEOREM. For all e >0, 

9k 

^ L ( / „ f c / 2 ) « f c 1 + t . 
i /= i 

COROLLARY. On the average the central critical value obeys the Lindelôf hy-
pothesis in the k aspect. 

P R O O F OF THE THEOREM. Our proof is direct and is based on the explicit 
representation of a related sum given in [4] and the results of Hoffstein-Lockhart 
[3]. We begin by quoting the relevant result from [4]. 

PROPOSITION [4, p. 188]. Let s G C and let a = SRs satisfy l< a < k - \. 
Then we have 

(27r)T(fc - s) + (27r)fc-sr(s) 

( 
gctl(n,c) = l 

+2(2») £ -'©' 
(<i.c)€Z2,<.r:>0 

. {e2*ia'/cets'2fi {s, k; -2m/ac) + e-2""''^™'^ {s, fc; 27rt/ac)) 

L{fu,s) 
= {2n)-'r{s)ckYf^Ti 

u=l \J'"'i'l 

Here a' is the inverse of a modulo c, ifi{a,p;z) = r ( g p f f ' " ' ! Fi (a,/3; z) and 
1F1 is Kummer's confluent hypergeometric function and 

7rr(fc - 1) 
Ck := 2k-2 

Evaluating the above equality for s = | we obtain 
9k 

s^L{fv,k/2) 

h i^f») 

(o..:)eZ2,<ic>0 
gcd{a ,c)=l 

. {e2™'/cc*ik/4 i fi ( f c / 2 ] k. _27ri/ac) 

+e-2*ia'/ee-*ik/4ifi ^ fc; 2ni/ac)) \ 
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Now i/i(fc/2, fc; ±27rt/ac) = J* e±^i^cuk/2-i^ _ u)k/2-i du 

Hence |i/1(fc/2)fc;±27rt/ac)| < B{k/2,k/2) = t^ffi. 
Using the above estimate and Legendre's duplication formula for the F function 

we obtain, 
A L ( / „ . f e / 2 ) (27r)* 

where the implied constant is absolute. Now 

ll/"ll2 = 2 a £ w L ( W 

Here Fv is the "adjoint squeire lift" of fv and L{s, Fv) its standard L-function. 
The result of Hoffstein-Lockhart ([3] and appendix of [3]) shows that Ve > 0, 

22fe-i7rfe+i l0g(fc-|-l) - "M ^ 22fc-17rfc+1 

where ci is em effective positive constant. Substituting the expression for Cfc and 
using the estimate above for the Petersson norm of f,, we get 

9k 

^ L ( / „ f c / 2 ) « f c 1 + £ . . 
i /= i 

REMARK. The implied constemt in our theorem is effective. 

Our next result deeds with the number of cusp forms that have non-vanishing, 
hence positive, central criticed value. In order to derive it we will assume the 
Lindelôf hypothesis in the fc aspect for the individued f^s, i.e., L{ft,, fc/2) <tc fc€ 

V e > 0 . 

PROPOSITION. Let Q < e < 1 be fixed but arbitrary. There exists a positive 
constant Ct, depending only on e, such that for all fc sufficiently large, at least 
Cek1~€ of the fv 's have positive central critical value. 

P R O O F OF THE PROPOSITION. For brevity we denote L(/1/,fc/2) by au and 
IIMr2byp.. 

Our assumption then is av <Çikl. The proof of the theorem above shows that 

V . « > oW (^ (2 )̂fc/2C2(fc/2)r(fe/2)\ 

Using Legendre's duplication formula for r(fc) = r (2 x fc/2) we see that, for all 
fc sufficiently leirge. 

On the other hand we have by [3] pv < e ffc-nrffc-i) ^0S(^ + 1). 
These two facts immediately leeid to our proposition. 
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REMARK. If we assume that the constant in the Lindelôf hypothesis is effec-
tive, then the constant in our proposition is also effective. 
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COUNTEREXAMPLES TO THE THEOREM OF PARKER 

OLEG I. BOGOYAVLENSKIJ 

Presented by Vlastimil Dlab, FRSC 

ABSTRACT. Exact global helically symmetric solutions to the plasma 
equilibrium equations are derived. The solutions model astrophysical jets 
and provide counterexamples to a well-known theorem of Parker. 

RÉSUMÉ. Des solutions globales exactes héliquement symmétriques aux 
équations d'équilibre de plasma sont construites. Ces solutions peuvent 
modeler des jets astrophysiques, et elles fournissent des contre-exemples 
à une théorème bien connue de Parker. 

The problem of finding the nontrivial global solutions to the plasma equilib-
rium equations 

(1) J x B = gradp, divB = 0, J = curlB//t 

(where B is the magnetic field, J is the electric current density, p is the plasma 
pressure, and p is the magnetic permeability) is known since their first applica-
tions in the 1950's to the problem of controlled thermonuclear fusion [5], [7] and 
to the astrophysical problems. However, all found until now exeict solutions to 
equations (1) which are not translationedly invariemt either have singuleirities or 
are not localized and unboundedly grow at infinity [1], [3], [6]. The physicedly 
relevant global plasma equilibria have to satisfy the following conditions in the 
cylindrical coordinates r, <£, z: a) The magnetic field B and pressure p are smooth 
and bounded in R3; b) At r —> oo, the magnetic field B —¥ 0, the pressure 
p —> pi ; c) All magnetic field lines are bounded in the radial veiriable r. 

The plasma equilibrium equations (1) have two importemt reductions derived 
by Grad and Shafranov for the eixially symmetries case and by Johnson, Friemem, 
Kulsrud and Oberman (JFKO) [5] for the helicedly symmetric case. In the present 
paper, we report some new exact solutions to the JFKO equation which have 
astrophysical and laboratory applications. 

We derive solutions to the JFKO equation [5] which eire defined in the whole 
Euclidean space R3 and have no singularities. These exact plasma equilibria along 
with the exact axially symmetric solutions [2] model the veiriety of magnetic 
fields in astrophysical jets [4] and in solar prominences. The asymptotic value 
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of pressure pi in condition b) is the average pressure in the external medium 
(the astrophysical outflow or solar coronal plasma). The plasma equilibria are 
localized in the sense that the total magnetic energy in any layer ci < z < C2 is 
finite. The magnetic field decreases at r —• oo as rapidly as cyv exp(-/3r2)r2Ar. 
Hence the high collimation of the jet follows. 

The obtained exeict equilibrium solutions provide a helically symmetric coun-
terexample to the well-known Parker's theorem [9] that has been eiround for 
more than 25 years and that concerns the small perturbations of the ^-invariant 
plasma equilibria. Parker writes [9, p. 374]: "Consider a magnetic field Bi{x,y) + 
ebi{x,y,z) in the neighbourhood of the general equilibrium field B . ^ j / ) " ; and 
after a detailed study arrives at the conclusion on p. 377: 

Thus, in the general case, we are led to the conclusion that the in-
variance dbi/dz = 0 (14.51) is a necessary condition for equilibrium. 
Any field in which winding pattern changes along the field, so that 
(14.51) is excluded by the topology, cannot be in equilibrium. 

In [8], [11], this conclusion was called Parker's theorem. Many consequences 
and generalizations were produced assuming that the theorem is true, see [8], 
[10], [11], [12] and references therein. 

We present a counterexample to Parker's theorem which satisfies all Parker's 
conditions [9, pp. 359-391], and the above physical conditions a), b), c). We 
construct a family of global z-invariant plasma equilibria, each equilibrium pos-
sesses a 3-dimensional linear speice of helically symmetric global perturbations. 
The most important feature of these exact solutions is that they do depend on 
variable z and hence they are not 2-invariant. 

The helically symmetric magnetic field B has the form B = (^«ê,. - Vvêu + 
fê^/r, where tp = tl>{r,u), f = f{r,u), ipx = dip/dx, and ê r , êu , ê ,̂ are the 
unit tangent vectors corresponding to the coordinates r,u = z - ftp,<j). Johnson 
et al. had shown in [5] that the plasma equilibrium equations (1) for the helically 
symmetric solutions are equivalent to the equalities {r2+'y2)f/r2-'yipr/r = Ity), 
p = p{ip) with arbitrary functions I{ip) and pty), and the JFKO equation 

l&V 10 [ r m Il'ty) 2jm 

where prime denotes differentiation with respect to xp and F = r 2 + 72 . The 
magnetic field B has the following form in the cylindrical coordinates r, z, 0: 

(3) B = tuêr/r + (77(V0 - r^êJF + {rlty) + -y^e^/F. 

THEOREM 1. There exist an infinite family of global plasma equilibria depend-
ing on an arbitrary integer N > 0 and two reals fi > 0 and 7. The equilibria 
are z- and <f>-invariant in the cylindrical coordinates r, z, <f>. For any two in-
tegers m > 1 and n > 0 satisfying the condition 2n + m < N and parameter 
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p = m2/(472(2Ar — 2n — m)), the equilibria are contained in a 3-dimensional 
linear family of global plasma equilibria which are invariant with respect to the 
helical transformations z —> z + ifa, (f> —> <f> + <l>o. 

P R O O F . Suppose that I{tp) = aip and p{ip) = pi — 2P2ip2/p > 0, where pi > 
(2/32//i)meix(,02(x,j/, z)). Under these assumptions, the JFKO equation (2) be-
comes linear. Separating variables by the substitution ^(r, u) = A{r) {a cos(um) + 
6sin(wu)), we obtain the equation 

To find exact solutions, we substitute A(r) = rme~Pr B{x), x = 2Pr2. For the 
non-singuleir solutions, we necesseirily have 701 = m, where m > 0 is an integer. 
Suppose that 
(5) Q272 = (m + ci )2 + 4nci, 

where n is a peirameter, ci = 2P'y2. Then equation (4) turns into the equation 

(x2 + cix)J3" + i-x2 + {m- ci)x + {m + l)ci)B' 
(6) + n(x- t -c i - fc m „c i )B = 0, 

where fc„m = (m + ci —a7)/(2nci). Equation (6) has a polynomied solution B{x) 
only if peirameter n is an integer n > 0. Substituting B(x) = P{x) — fcmnxP'(x), 
we reduce equation (6) to xP" + (1 + m — x)P ' + nP = 0. This equation has 
polynomial solutions Pmn{x) = d m L m + n ( x ) / d x m of degree n where Lp(x) eire 
the classiced Laguerre polynomials Lp(x) = exdp{e~xxp)/dxp/p\. Hence we obtain 
that if the two integers m and n satisfy equation (5) then equation (6) has the 
polynomial solution Bmn{x) = dmLm+n{x)/dxm - fcmnxdm+1Lm+n(x)/dxm+1. 
Therefore the JFKO equation (2) has the exeict solutions 

(7) tl>mn = T-me~^r2Bmn(2/3r2)(amn cos{mu/j) + bmn sin(mw/7)). 

For m > 2, the magnetic field (3) îimn{0,z) = 0 on the eixis r = 0. Only the 
m = 1 kink mode (7) has nonzero magnetic field B m n (0 ,z) at r = 0. 

For m = n = 0, equation (5) implies a — 2/?7, and equation (6) has solution 
B = const. Hence equation (2) has an exeict solution of the Gaussian form VoW — 
exp(-/3r2). For m = 0 and n = N j^O, equation (5) becomes a 2 7 2 = c2 + 4iVci 
and the exact solution (7) teikes the form 

(8) ^ ( r ) = aNe-'3r2B0N{2Pr2), 

where polynomials BOAA(X) are BON{X) = Ljv(x) — fc^xL'w(x), emd fc^r = 
(l - y/1 + 2N/{pii)) /{2N) < 0. These formuleie emd the known properties of the 
Laguerre polynomials Lyv(x) imply that eeich polynomied BQM{X) has N distinct 
positive roots. Hence edl its roots are simple. 
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For the flux function (8), the magnetic field (3) has no singularities and de-
creases at r —> oo as rapidly as exp(-/3r2)r2Ar. The magnetic sufraces V/v('*) = 
const are cylinders r = const. Thus equation (2) has global solutions (8) where 
the two parameters /? > 0 and 7 / 0 are arbitrary. These plasma equilibria 
possess cylindrical symmetry for they are z- and 0-invetriant. 

EXACT GLOBAL PLASMA EQUILIBRIA. For TO > 1, the flux functions ^ m „(r , u) 
(7) define the magnetic fields Bmn (3) that are smooth in the cartesian coordi-
nates and decrease at r —> 00 as rapidly as c^exp^^ r^ r 2 " " 1 " ' " . Hence these 
solutions satisfy the above conditions a) and b). 

To find the global equilibria, we consider a linear combination of the ex-
act solutions VAr(r-) (8) and ^ m n ( r , u ) (7) which satisfies equation (2) if equa-
tions a 2 7 2 = c\+ 4Nci and (5) hold simultaneously. These two equations yield 
the inequality 27V > 2TI + TO and the formulae ci = 2/Ï72 = Tn2/q, jcryl = 
m^/^N - TO)2 - IQnN/q, where q = 2{2N - 2n - m). Thus we obtain the exact 
solutions to the JFKO equation (2): 

(9) i/Wm = e~/3r \aNBoN + rmBmn(am„cos(mw/7) + 6m nsin(mu/7))V 

where N, TO, n are arbitrary integers > 0 satisfying the inequality 27V > 2n + 
m. This inequality implies that function iJ)Nmn{r,u) (9) has the leading term 
{-2P)NaN exp{-pr2)r2N at r —^00 . Hence equilibria (9) for TO > 1 satisfy 
the above conditions a) and b), and all magnetic surfaces il>Nmn{r,u) = const 
asymptotically for r > > 1 are cylinders r = const. Therefore all magnetic field 
lines are bounded in variable r. Thus the exact solutions (9) define the global 
plasma equilibria. For TO > 1, these exact solutions describe the highly collimated 
astrophysical jets. B 

In the coordinates r, z, 0, the magnetic surfaces il>{r,u) = h = const are the 
helically rotating cylinders Ch. The z-periodicity of ^ivmn(r,u) implies that the 
sections S^. z = 2n'yk of a cylinder d, are the same for all integers fc. Hence the 
subsequent intersections of magnetic field lines on C/, with curves 5o and 5i define 
a rotation tranform T/,:5o —> SQ = SI. For an appropriate angular parameter 
s = s modi on the closed curve SQ, the mapping Th is T;.(s) = s + 9o{h). For 
a generic h, the rotation number Bo{h) is irrational. Hence the generic magnetic 
field lines are quasi-periodic in variables r, z, <j) which implies that the magnetic 
field lines never repeat in the 2-direction, but can have a structure arbitrarily 
close to the initial data. Hence their "winding pattern" changes continuously 
with z, and does not repeat. 

COUNTEREXAMPLES TO PARKER'S THEOREM. The exact solution (8) defines 
the magnetic field (3): BJV(r) = {{OL^N - r%l>'N)êz 4- (ar^N + IVN)**)/{r2 + 
72), that is nonzero everywhere in the Euclidean space R3. Indeed, an equality 
B/v(ro) = 0 implies ^v(ro) = V î v M = 0, hence BON{XQ) = B'ON{xo) = 0, a 



90 OLEG I. BOGOYAVLENSKIJ 

contreidiction, because all roots of the polynomial BQN{X) are simple. Hence for 
any R and allr < R, we have |B w ( r ) | > aNB{R) > 0. 

Let BATmnfo") be the magnetic field defined by the flux function ipNmn (9) 
and AN = (|amn| + |6mn|)/|ow|- Inside any domain 0 < r < iî, we have 

(10) \BNmn - BN\/\BN\ < ANC{R)/B{R). 

At r —> oo, the asymptotics hold: 

,... | ^ V m n - j M , * i^gsn-N 2CNmn n (1 - nkmn)N\ 
( ^ hM N { m r 2 ^ - 2 « - " " CNmn = (1 - NkN)n\ • 

The inequality 27V > 2n + TO implies [i/'iVmn - V'/vl/l^/'/vl —> 0 at r —> oo. Hence 
for AN « 1, we obtain |Bivm„ - Byv|/|Bw| < < 1 everywhere in R3. 

Let XN be the greatest root of the polynomial BON{X). For x > x^ , we 
have \BON{X)\ > (1 - 7VfcjV)(x - XN)N/N\ and |Bm„(x)| < (1 - nfcmn)xn/n!. 
Hence we get \ipNmn — V'WI/IV'NI < ANCNmn^x"/{x — XN)N. Hence for x > 
7V2't+1xw, 2K = \2 log CNmn-m log{2P)\/{2N-2n-m) log 7V, we obtain | ^ i v m n -
^NI/IIPNI < AN. The same inequedity is true for the magnetic field. Thus for 
AN « 1, the perturbations (9) cem be significant only for x < N2K+1XN. Sub-
stituting x = 2p(!2, we find for the chareicteristic length scale £ in the variable r 
of the perturbations (9): £ < NKy/Nx^/2p. 

The inequalities (10) and (11) meem that the plasma equilibria (9) at AN « 1 
axe small perturbations in the whole Euclideem space R3 of the z-inveiriemt equi-
librium (8). Hence we obtain that Parker's condition that "the local perturbation 
to the field is smedl compeared to the total field" [9, p. 361] is satisfied everywhere. 
Parker's condition that "the magnetic field is anedytic in its deviation e from the 
inveiriant field Bi{x, y)" [9, p. 378] is satisfied because the exact solutions (9) eire 
linear functions of the smedl parameters a m n , 6 m n . Parker's condition that the 
length of the flux tube L is "large compared to the chareicteristic tremsverse scede 
of variation £ of the field" [9, p. 362] is satisfied because £ < NK y/NxN/2P and 
the flux tube length L can be taken eirbitrarily leirge for the z-inveiriemt equilib-
rium (9). Hence L » £. AU perturbations (9) eire not z-invariant. Hence the 
plasma equilibria (9) are counterexamples to Parker's theorem. 
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TRACES OF LOCALIZATION OPERATORS 

JINGDE DU AND M. W. WONG 

Presented by L. A. Lorch, F R S C 

ABSTRACT. The trace of any integral power of a localization operator 
on a separable and complex Hilbert space is computed and used to estimate 
the norm of a positive localization operator in the Schatten-von Neumann 
class Sp when p is a positive integer. 

RÉSUMÉ, La trace d'une puissance arbitraire d'un operateur de locali-
sation sur un espace de Hilbert complexe et separable est calculée et utilisée 
pour estimer la norme d'un opérateur positif de localisation dans la classe 
Schatten-von Neumann Sp où p est un nombre entier positif. 

1. Introduction. Let G be a locally compact and Hausdorff group on which 
the left Haar measure is denoted by p. For 1 < p < oo, we denote the norm in 
LP(G) by || ||p. Let X be a separable and complex Hilbert space of which the 
dimension is infinite. We denote the inner product and norm in X by (, ) and || || 
respectively. Let B{X) be the C*-algebra of all bounded linear operators on X, 
and let || ||, denote the norm in B{X). An irreducible and unitary representation 
TT: G —> B{X) is said to be squeire-integrable if there exists a nonzero element ip 
in X such that 

(1.1) [\{v,n{9)<p)\2dii{g)<oo. 

We call any element ip in X for which \\ip\\ = 1 emd (1.1) is valid an admissible 
wavelet for the square-integrable representation TT: G -^ B{X), and we define the 
constant c^ by 

JG 

Let tp be an admissible wavelet for the squeire-integrable representation TT: G -> 
B{X). Then it can be proved that the resolution of the identity formula, i.e., 

(x, y) = — (x, ir{g)ip) {nig)?, y) dp{g), x,y e X, 
cv JG 

Received by the editors September 23, 1999. 
This research has been partially supported by the Natural Sciences and Engineering Re-

search Council of Canada under Grant OGP0008562. 
AMS subject classification: 47G10. 
© Royal Society of Canada 2000. 

92 



TRACES OF LOCALIZATION OPERATORS 93 

is valid. The theory of square-integrable representations hitherto described can 
be found in Grossmann, Morlet and Paul [1|, [2], Holschneider [4] and Wong [7], 
[8] among others. 

Let F be a function in L^G) or L00(G). Then, for any x in X, we define LFx 
by 

(1.2) (LFx, y) = — j F{g){x, n{g)ip) {n{g)<p, y) d,i{g), y€X. 
cv JG 

Then we have the following result proved in the paper [3] by He and Wong. 

THEOREM 1.1. Let F £ LP(G), 1 < p < oo. Then there exists a unique 
bounded linear operator Lf.X^X such that 

\\LF\U<C;'\\F\\P 

and Lpx is given by (1.2) for all x in X and all simple functions F on G satisfying 

H{g € G : F{g) ^ 0} < oc. 

Let A be a compeict operator from X into X. If we denote by A * : ^ -> X 
the adjoint of A:X -> X, then the linear operator (A*A)5: X - • X is positive 
and compact. Let {ipk : fc = 1,2,...} be an orthonormal basis for X consisting of 
eigenvectors of {A*A)*:X -> X, and let Sk{A) be the eigenvalue corresponding 
to the eigenvector tpk, k = 1,2,.... We say that the compact operator A:X -> X 
is in the Schatten-von Neumann class 5p, 1 < p < oo, if 

oo 

Ysk{A)p<oo. 
k=l 

It can be shown that 5p, 1 < p < oo, is a Banach space in which the norm || | | S | 

is given by 
OO | 

Hlk = {I>w} ï ï , AGSP. 
k=l 

We let 5oo be the G*-algebra B{X) of all bounded linear operators from X 
into X. 

The following result is Theorem 6.1 in the paper [3] by He and Wong. 

THEOREM 1.2. Let F e D'{G), 1 < p < oo. Then the bounded linear operator 
L/P: X —t X is in Sp and 

l|LF||5„<(^)VllP. 
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In this paper, we compute the trace of a localization operator Lf : X —y X and 
estimate the trace of any integral power of Lp: X —» X for any function F in 
L1{G). As a supplement to Theorem 1.2, we give another estimate on the norm 
of the localization operator Lp: X —* X in the Schatten-von Neumemn class Sp 
when F is a nonnegative function in L1 (G) and p is a positive integer. 

The motivation for the trace formula given in this paper comes from the study 
of the free energy and the partition function in quantum statistical mechanics 
described in, e.g., the paper [5] by Peierls, and the most interesting groups to 
which the theory of this paper applies are the Weyl-Heisenberg group and the 
affine group. 

2. T h e t r ace . The steirting point is the following proposition, which can be 
found on page 211 of the book [6] by Reed and Simon. 

PROPOSITION 2.1. Let A:X-*Xbea bounded linear operator in Si and 
let {tfk : fc = 1,2,...} be any orthonormal basis for X. Then the series 
YllcLii-Atpkifk) is absolutely convergent and the sum is independent of the choice 
of the orthonormal basis {<pk : fc = 1,2,.. .}. 

In view of Proposition 2.1, we can define the trace tr(A) of any lineeir operator 
A:X ^XinSi by 

oo 
(2-1) tr{A) = YiA'Pk,<Pk), 

k=l 

where {(pk : fc = 1,2,...} is any orthonormal basis for X. 
Let F E L1{G). Then the localization operator Lp'.X —̂  X is in Si and we 

have the following interesting result on its trace. 

THEOREM 2.2. t r (LF) = ± JGF{g)dp.{g). 

P R O O F . Let {(pk : fc = 1,2,...} be an orthonormal basis for X. Then, using 
(1.2), (2.1), Fubini's theorem, the Parseved identity, \\(p\\ = 1 and the feict that 
ir{g): X —¥ X is a unitary operator for all g in G, we get 

oo 

tr(Lir) = YiLrVkiVk) 
k=l 

= Y - [ F{g)\{tpk,n{g)<p)\2dp{9) 
fe=ic* JG 

= - / F{g)Y\i<PkM9)<p)\ dfiig) 
^ J G k=i 

^ - f F{g)MgM2dp{g) 
C<P JG 

= - [ F{g)dp{g). 
<V JG 



TRACES OF LOCALIZATION OPERATORS 95 

Since Si is an ideal in B{X), it follows that, for m = 1,2,..., the linear 
operator L ^ : X ->• X is in Si. The following theorem gives em estimate for the 
trace tr(L^) of L'p-.X ^ X in terms of the trace tr(L|F|) of the localization 
operator L|f|: A" -4 X. 

THEOREM 2.3. For m = 1,2,..., 

| t r (L ' ; ' ) |< ( t r (L | f . | ) ) m . 

PROOF. Let {y>fc : fc = 1,2,...} be an orthonormal basis for X. Then, using 
(1.2), Theorem 1.1, (2.1), Fubini's theorem, the Schwarz inequality, the Parseval 
identity, [ĵ H = 1, L*F = Lf and the fact that Tr{g): X ^ X is a unitary operator 
for all g in G, we get 

oo OO 

|tr(L';?)| = ^(LJVfc,^)! = E ( L m , L r V - ) 
fe=i k=i 

1°° 1 f = E r / Fi9){<PkM9)<p)i*i9)<P,I'™-lVk)dp{g) 
\k=l

 CV J G 

= E r / Fi3)i'PkM9)'p)iLT1A9)'P,<Pk)dp{g) 
lfe=l CV JG 

^ G k=l fc=l 

= ^- / I^)IIK(5VIIII^_1T(5)V|MM5) 

(2.2) < ^ ^ I F ^ j r f / x ^ y " . 

Thus, by Theorem 2.2 and (2.2), the proof is complete. • 

3. T h e Schat ten-von Neumann property . Aconsequenceof Theorem 2.3 
is the following result supplementing Theorem 1.2. 

THEOREM 3.1. Let F be a nonnegative function in Ly{G). Then, for p = 
1,2,..., 

\\LF\\SP < t r(LF). 
Moreover, 

IJLfUs, = tx{LF). 
PROOF. Since F is a nonnegative function in L^G) , it follows from (1.2) 

that LF: X ^ X is a positive operator. Thus, the singular values of LF: X -> X 
coincide with the eigenvalues of LF: X -* X. So, 

OO i 

(3-1) \\LF\\sP = {Yi^k^k)y, 
fc=l 
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where {ipk : fc = 1,2,...} is an orthonormal basis for X consisting of eigenvectors 
of LF:X ^ X. By (2.1), (3.1) and Theorem 2.3, 

| |LF| |5p = ( t r ( L p
F ) ) ' < t r ( L F ) 

forp = 1 , 2 I f p = l , then, by (2.1) and (3.1), 

| |LF | |S l = tr(LF) . 
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