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THE ORBIT BUNDLE PICTURE OF COTANGENT BUNDLE
REDUCTION

JERROLD E. MARSDEN, FRSC, AND MATTHEW PERLMUTTER

ABsTRACT.  Cotangent bundie reduction theory is a basic and well de-
veloped subject in which one performs symplectic reduction on cotangent
bundles. One starts with a (free and proper) action of a Lie group G on a
configuration manifold Q, considers its natural cotangent lift to T*Q and
then one seeks realizations of the corresponding symplectic or Poisson re-
duced space. We further develop this theory by explicitly identifying the
symplectic leaves of the Poisson manifold T*Q/G, decomposed as a Whit-
ney sum bundle, T*(Q/G) & §* over Q/G. The splitting arises naturally
from a choice of connection on the G-principal bundle Q =+ Q/G. The sym-
plectic leaves are computed and a formula for the reduced symplectic form
is found.

1. Introduction and overview.

A BRIEF HISTORY OF REDUCTION THEORY. Reduction theory for mechanical
systems with symmetry has its origins in the classical work of Euler and Lagrange
in the late 1700s and that of Hamilton, Jacobi, Routh and Poincaré in the period
1830-1910. The immediate goal of reduction theory is to use conservation laws
and the associated symmetries to reduce the number of dimensions required to
describe a mechanical system. For example, using rotational invariance and con-
servation of angular momentumn, the classical central force problem for a particle
moving in R? (a three degree of freedom mechanical system) can be reduced to a
single second order ordinary differential equation in the radial variable, describing
a new, reduced mechanical system with just one degree of freedom.

By 1830, variational principles, such as Hamilton’s principle and the principle
of least action, as well as canonical Poisson brackets were fairly well understood
and there were shades of symplectic geometry already in the work of Lagrange.
Several classical examples of reduction were understood in that era, such as the
climination of cyclic variables, which we would call today reduction by Abelian
groups, which was primarily due to Routh, as well as Jacobi’s elimination of the
node for interacting particles in R® with SO(3) symmetry.

Lie, by 1890, deepened the mathematical understanding of symplectic and
Poisson geometry and their link with symmetry. Between 1901 and 1910, Poincaré
discovered how to generalize the Euler equations for rigid body mechanics and
fluids to general Lie algebras.
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Interestingly, these methods, with some exceptions, remained nearly dormant
since the time of Poincaré, for over half a century. Meanwhile, Cartan and others
developed the needed tools of differential forms and analysis on manifolds, setting
the stage for the modern era of reduction theory. Naturally, much attention was
also going to exciting developments in relativity theory and quantum mechanics.
This modern era began with the fundamental papers of Arnold [4] and Smale
[73]. Arnold focussed on systems on Lie algebras and their duals, as in the works
of Lie and Poincaré, while Smale focussed on the Abelian case giving, in effect,
a modern version of Routh reduction.

With hindsight, we now know that the description of many physical systems
such as rigid bodies and fluids requires noncanonical Poisson brackets and con-
strained variational principles of the sort studied by Lie and Poincaré. One ex-
ample of noncanonical Poisson brackets on g*, the dual of a Lie algebra g, are
called, following Marsden and Weinstein [47], Lie-Poisson brackets. These struc-
tures were known to Lie around 1890, although Lie apparently did not recognize
their importance in mechanics. The symplectic leaves in these structures, namely
the coadjoint orbit symplectic structures, although implicit in Lie’s work, were
discovered by Kirillov, Kostant, and Souriau in the 1960’s.

To synthesize the Lie algebra reduction methods of Arnold [4] with the tech-
niques of Smale [73] on the reduction of cotangent bundles by Abelian groups,
Marsden and Weinstein [45] developed reduction theory in the general context of
symplectic manifolds and equivariant momentum maps; related results, but with
a different motivation and construction (not stressing equivariant momentum
maps) were found by Meyer [49).

THE SYMPLECTIC REDUCED SPACE. The construction of the symplectic re-
duced space is now standard: let (P,Q) be a symplectic manifold and let a Lie
group G act freely and properly on P by symplectic maps. The free and proper
assumption is needed if one wishes to avoid singularities in the reduction pro-
cedure. Assume that this action has an equivariant momentum map J: P — g*.
Then the symplectic reduced space J='(1)/G, = P, is a symplectic manifold
in a natural way; the induced symplectic form €, is determined uniquely by
7y = i;Q where 7,: J=!(n) = P, is the projection and i,: J=}(p) — P is the
inclusion. If the momentum map is not equivariant, Souriau [74] discovered how
to centrally extend the group (or algebra) to make it equivariant.

Coadjoint orbits were shown to be symplectic reduced spaces by Marsden and
Weinstein [45]: in the reduction construction, one chooses P = T*G, with G
acting by (say left) translation and the corresponding space P, is identified with
the coadjoint orbit O, through p together with its coadjoint orbit symplectic
structure. Likewise, the Lie-Poisson bracket on g* is inherited from the canonical
Poisson structure on T*G by Poisson reduction, that is, by simply identifying g*
with the quotient (T*G)/G. It is not clear who first ezplicitly observed this, but
it is ¢mplicit in many works such as Lie [31], Kirillov [26], [27], Guillemin and
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Sternberg [18], and Marsden and Weinstein [46], [47], but is ezplicit in Marsden,
Weinstein, Ratiu, Schmid, and Spencer [48] and in Holmes and Marsden [22).

Kazhdan, Kostant and Sternberg [25] showed that P, is symplectically diffeo-
morphic to an orbit reduced space P, = J=!(0,)/G and from this it follows that
P, are the symplectic leaves in P/G. This paper was also one of the first to notice
deep links between reduction and integrable systems, a subject continued by, for
example, Bobenko, Reyman and Semenov-Tian-Shansky [10] in their spectacular
group theoretic explanation of the integrability of the Kowalewski top.

The way in which the Poisson structure on P, is related to that on P/G was
clarified in a generalization of Poisson reduction due to Marsden and Ratiu [39)],
a technique that has also proven useful in integrable systems (see, e.g., Pedroni
[59] and Vanhaecke [76]).

LAGRANGIAN REDUCTION. Routh reduction for Lagrangian systems is classi-
cally associated with systems having cyclic variables (this is almost synonymous
with having an Abelian symmetry group); modern accounts can be found in
Arnold [5] and in Marsden and Ratiu [38, §8.9]. A key feature of Routh reduc-
tion is that when one drops the Euler-Lagrange equations to the quotient space
associated with the symmetry, and when the momentum map is constrained to a
specified value (i.e., when the cyclic variables and their velocities are eliminated
using the given value of the momentum), then the resulting equations are in
Euler-Lagrange form not with respect to the Lagrangian itself, but with respect
to the Routhian. In his classical work, Routh [68] applied these ideas to stability
theory, a precursor to the energy-momentum method for stability (Simo, Lewis,
and Marsden [71]; see Marsden [33] for an exposition and references). Of course,
Routh’s stability method is still widely used in mechanics.

Another key ingredient in Lagrangian reduction is the classical work of Poin-
caré [60] in which the Euler-Poincaré equations were introduced. Poincaré realized
that both the equations of fluid mechanics and the rigid body and heavy top
equations could all be described in Lie algebraic terms in a beautiful way.

TANGENT AND COTANGENT BUNDLE REDUCTION. The simplest case of cotan-
gent bundle reduction is reduction at zero in which case one chooses P = T*Q and
then the symplectic reduced space formed at x = 0 is given by Py = T*(Q/G),
the latter with the canonical symplectic form. Another basic case is when G is
Abelian. Here, (T*Q), = T*(Q/G) but the latter has a symplectic structure
modified by magnetic terms; that is, by the curvature of the mechanical connec-
tion.

The Abelian version of cotangent bundle reduction was developed by Smale
[73] and Satzer [70] and was generalized to the nonabelian case in Abraham
and Marsden (1]. Kummer [29] introduced the interpretations of these results in
terms of a connection, now called the mechanical connection. The geometry of
this situation was used to great effect in, for example, Guichardet [17], Iwai [23]
and Montgomery [50], [53], [54].
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Tangent and cotangent bundle reduction evolved into what we now term as the
“bundle picture” or the “gauge theory of mechanics”. This picture was first devel-
oped by Montgomery, Marsden and Ratiu [57] and Montgomery [50], [51]. That
work was motivated and influenced by the work of Sternberg [75] and Weinstein
[77] on a Yang-Mills construction that is in turn motivated by Wong’s equations,
that is, the equations for a particle moving in a Yang-Mills field. The main re-
sult of the bundle picture gives a structure to the quotient spaces (T*Q)/G and
(TQ)/G when G acts by the cotangent and tangent lifted actions.

SEMIDIRECT PRODUCT REDUCTION. In the simplest case of a semidirect prod-
uct, one has a Lie group G that acts on a vector space V (and hence on its dual
V*) and then one forms the semidirect product S = G @V, generalizing the
semidirect product structure of the Euclidean group SE(3) = SO(3) ® R®.

Consider the isotropy group G,, for some agp € V*. The semidirect product
reduction theorem states that each of the symplectic reduced spaces for the action
of Go, on T*G is symplectically diffeomorphic to a coadjoint orbit in (g ® V)*,
the dual of the Lie algebra of the semi-direct product. This semidirect product
theory was developed by Guillemin and Sternberg [18], Ratiu [62], [65], [66], and
Marsden, Ratiu and Weinstein (41}, [42].

This construction is used in applications where one has “advected quantities”
(such as the direction of gravity in the heavy top, density in compressible flow
and the magnetic field in MHD). Its Lagrangian counterpart was developed in
Holm, Marsden, and Ratiu [20] along with applications to continuum mechanics.
Cendra, Holm, Hoyle, and Marsden [11] applied this idea to the Maxwell-Vlasov
equations of plasma physics. Cendra, Holm, Marsden, and Ratiu [12] showed
how Lagrangian semidirect product theory it fits into the general framework of
Lagrangian reduction.

REDUCTION BY STAGES AND GROUP EXTENSIONS. The semidirect product
reduction theorem can be viewed using reduction by stages: one reduces T*S
by the action of the semidirect product group S = G® YV in two stages, first
by the action of V at a point ag and followed by the action of G,,. Semidirect
product reduction by stages for actions of semidirect products on general sym-
plectic manifolds was developed and applied to underwater vehicle dynamics in
Leonard and Marsden [30]. Motivated partly by semidirect product reduction,
Marsden, Misiolek, Perlmutter, and Ratiu [35], [36] gave a significant generaliza-
tion of semidirect product theory in which one has a group M with a normal
subgroup N C M (so M is a group extension of N) and M acts on a symplectic
manifold P. One wants to reduce P in two stages, first by N and then by M/N.
On the Poisson level this is easy: P/M =2 (P/N)/(M/N) but on the symplectic
level it is quite subtle.

Cotangent bundle reduction by stages is especially interesting for group ex-
tensions. An example of such a group, besides semidirect products, is the Bott-
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Virasoro group, where the Gelfand-Fuchs cocycle may be interpreted as the cur-
vature of a mechanical connection.

LAGRANGE-POINCARE AND LAGRANGE-ROUTH REDUCTION. Marsden and
Scheurle [43], [44] showed how to generalize the Routh theory to the nonabelian
case as well as showing how to get the Euler-Poincaré equations for matrix groups
by the important technique of reducing variational principles. This approach was
motivated by Cendra and Marsden [14] and Cendra, Ibort, and Marsden [13].
The work of Bloch, Krishnaprasad, Marsden, and Ratiu [9] generalized the Euler-
Poincaré variational structure to general Lie groups and Cendra, Marsden, and
Ratiu [15] carried out a Lagrangian reduction theory that extends the Euler-
Poincaré case to arbitrary configuration manifolds. This work was in the context
of the Lagrangian analoguc of Poisson reduction in the sense that no momentum
map constraint is imposed.

One of the things that makes the Lagrangian side of the reduction story inter-
esting is the lack of a general category that is the Lagrangian analogue of Pois-
son manifolds. Such a category, that of Lagrange-Poincaré bundles is developed
in Cendra, Marsden, and Ratiu [15], with the tangent bundle of a configuration
manifold and a Lie algebra as its most basic examples. That work also develops
the Lagrangian analogue of reduction for central extensions and, as in the case of
symplectic reduction by stages mentioned above, cocycles and curvatures enter
in this context in a natural way.

The Lagrangian analogue of the bundle picture is the bundle (T'Q)/G, a vector
bundle over Q/G; this bundle was studied in Cendra, Marsden, and Ratiu [15). In
particular, the equations and variational principles are developed on this space.
For Q = G this reduces to Euler-Poincaré reduction. A G-invariant Lagrangian
L on T'Q induces a Lagrangian ! on (TQ)/G. The resulting equations inherited
on this space, given explicitly later, are the Lagrange-Poincaré equations (or the
reduced Euler-Lagrange equations).

The above results develop what we might call Lagrange-Poincaré reduction.
On the other hand, in the nonabelian Routh reduction theory of Marsden and
Scheurle [43] one imposes, as in symplectic reduction, a momentum map con-
straint. This was put into the bundle context by Jalnapurkar and Marsden [24]
and Marsden, Ratiu and Scheurle [40]. We may call this Lagrange-Routh reduc-
tion.

APPLICATIONS OF REDUCTION THEORY. Reduction theory for mechanical
systems with symmetry has proven to be a powerful tool enabling advances in
stability theory (from the Arnold method to the energy-momentum method)
as well as in bifurcation thcory of mechanical systems, geometric phases via
reconstruction—the inverse of reduction—as well as uses in control theory from
stabilization results to a deeper understanding of locomotion. Methods of La-
grangian reduction have proven very useful in, for example, optimal control prob-
lems. It was used in Koon and Marsden [28] to extend the falling cat theorem of
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Montgomery (53] to the case of nonholonomic systems. For a general introduction
to some of these ideas and for further references, see, for example, Marsden and
Ratiu [38], Leonard and Marsden [30] and Marsden and Ostrowski [37).

SINGULAR REDUCTION. Singular reduction starts with the observation of
Smale [73] that z € P is a regular point of J iff z has no continuous isotropy.
Motivated by this, Arms, Marsden, and Moncrief [2] showed that the level sets
J~1(0) of an equivariant momentum map J have quadratic singularities at points
with continuous symmetry. While such a result is easy for compact group actions
on finite dimensional manifolds, the main examples of Arms, Marsden, and Mon-
crief (2], [3] were infinite dimensional—both the phase space and the group. We
will not be concerned with singular reduction in this paper; we refer to Ortega
and Ratiu [58] for further references and discussion.

There are of course many other aspects of reduction theory and associated
techniques that we do not attempt to review here, including resonant systems,
nonholonomic mechanics, the method of invariants, etc.

THE MAIN RESULT. The main new result of this paper is Theorem 4.3. This
gives an expression for the reduced symplectic form on the symplectic leaves
of (T*Q)/G, each of which is determined to be a fiber products of the form
T*(Q/G) xg/c O, where O is the associated coadjoint orbit bundle. The sym-
plectic structure restricted to the orbit bundle involves the curvature of the con-
nection, the orbit symplectic form, and interaction terms that pair tangent vectors
to the orbit with the vertical projections of tangent vectors to the configuration
space. Our result may be viewed as a symplectic version of the global Poisson
bracket formula on reduced cotangent bundles due to Montgomery, Marsden and
Ratiu [57] and Montgomery [51]; see also Blaom [8] and Zaalani [79] for related
results.

2. The symplectic leaves. Throughout the paper, we let a Lie group G act
freely and properly on a manifold @ so that the natural quotient map m: Q — Q/G
defines a principal bundle. Let A be a principal connection this bundle and let §
denote the associated bundle to the Lie algebra g, namely g = (Q x g)/G, which
we regard as a vector bundle over Q/G. We recall the following natural bundle
isomorphisms (see Cendra, Holm, Marsden and Ratiu [12]):

LEMMA 2.1. There are bundle isomorphisms
(2.1) aa:TQ/G-»T(Q/G)®§ and (a"):T*°Q/G - T*(Q/G)®§".

PROOF. Given v, € TyQ, denote its equivalence class in T(Q/G) by [v,]. We
claim that the mapping a.a: [vg] = Tgm(v,) @ [g,.A(g)(vq)] is well defined and
induces the desired isomorphism of T'Q/G with T(Q/G) & g. To see this, and to
help clarify notations in the sequel, consider another representative of the orbit
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[vg], given by g - v, where we use concatenated notation for the tangent lifted
action of G on T'Q. We have Ty.qm(g - vq) = Tym(vq) and

l9-9,A(g-9)(9-v9)] = [9-q,(85A)] = g - g, Adg A(q)(v,)]
= [q, A(Q)(”ﬂ)]

The inverse of this map is given by vjg @ [g,£] = [horg vig + £o(q)] as is readily
verified. We thercfore have a vector bundle isomorphisin.

We next compute (a3')*:T*Q/G — T*(Q/G) ® §", the dual of the inverse
map:

((az")* (lexg), (yqs 10, €D))) = ([exg), [horg -uyq) + E0(q)))
= (ag, horg -ufq)) + (g, §(q))
= (llor; ag, uq)) + {J(ag), &),
where hor: 77 Q — Ty (Q/G) is dual to the horizontal lift map hor,: Ti;)(Q/G) —
T,Q so that we conclude (a3')*([ay]) = (hor} ag, [g,I(ayg)])- .

This bundle isomorphism can be recast as follows (see Cushman and Sniatycki
(16]). Consider the maps

AT'Q-T'Q/G - g5 g [ag] — [g,3(ay))
and
I:T'Q - T°Q/G - T*(Q/G); aq+ [ag] = horg ay.
Notice that the map a, — hory a, drops to T*Q/G, since we have, for all Vjg €
Tig(Q/G),
(hory.o(9- aq), Vig)) = (9 - ag,horg.q Vjg) = (ag, g™ - horg.q Via))
= (ag, 97" - (g~ horg Vigl) = {aq, horg Vig))
where we use the fact that g - hor, = horg.,.

We can write (a;‘l)* =I'® A. A partial inverse to the projection A is given
in the next proposition.

PROPOSITION 2.2. Consider the map,
(2.2) o:Qxg" =>T'Q/G

given by (q,v) — A(q)*v. This map is equivariant with respect to the diagonal
action of G on Q x g* and the cotangent lifted action of G on T*Q, and so
uniquely defines a map on the quotient,

(2.3) 5§ = T°Q/G.

This is a fiber preserving bundle map which is injective on each fiber and satisfies
Aod=id Iﬁ‘ .
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PROOF. Under the map o, g- (q,v) = (9 ¢,Ad};-1 v) = A(g - 9)*(Adg-. v).
However, for all v € T.4Q,

(Alg-9)"(Adg-1v),v) = (Adg-1 v, Ag - q)v) = (v, Adg-1 A(g - q)v)
= (v, (¥g-1)" A9 - 9)v) = (v, A(q)(T%;-1))
= (9- A(9)*v,v),

from which we conclude equivariance of . Also, for cach [g,v] € §”,
A(5(lg, v]) = A([Alg)*¥]) = [0,3(A(9)*v)] = la, v,
since, for all £ € g, (J(A(g)*v),&) = (v, Alq)(ée(a))) = (, ). .

We next determine the image, under (a;‘l)* of the symplectic leaves of the
Poisson manifold T*Q/G, which we know from the symplectic correspondence
theorem (see Weinstein (78], Blaom [7]) are given by J~!(0)/G for each coadjoint
orbit O in g*.

THEOREM 2.3. We have (a3')*(371(0)/G) = T*(Q/G) xg;c O, where O =
(Q x 0)/G is the associated bundle using the coadjoint action of G on O.

PROOF. From the definition of the bundle isomorphism a4,
(@2')*(371(0)/G) = {(T(ag), Alay)) | I(ag) € O}
= {(hor; ag, (¢, (ag))) | I(ay) € 0}.

First we characterize the sets ;QN J~1(0O), using the connection .A. Denote by
J 4, the restriction of J to T7Q, and let 04: g = T,Q, be the injective infinitesimal
generator map. Using the fact that J; = 03, we have for all { € g

(24) (I(ag + Au(9)),€) = (g, €0(0)) + (1, €) = (1, )

where the second equality holds since a, € V?, the annihilator of the vertical
sub-bundle of T'Q). We conclude that

T;QNI7H0) = {V) + Au(g) | n € O}.
Recall that since o is surjective, 7 0 J=1(0) = Q, where 77-¢: T*Q — Q is the
cotangent bundle projection. Now apply hor; to each fiber over Q in J=1(0).
That is, for each g € @, we consider
(2.5) hor; (J~1(0)NT; Q).
First, note that for all X, € Tjq(Q/G),

(2.6) (horg (4,(0), X(q1) = (k, Alg) (horg(Xiq)))) =
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so that horj(Au(g)) = 0. Furthermore, since hor, is injective, hory: T;Q —
T5(Q/G) is surjective with ker hor, = H 0 where HO denotes the annihilator of
the horizontal subbundle of 7Q. Thus, as a linear map, hory: 74 T[;](Q/G) is

an isomorphism. Consider the set of pairs, {(['(ag), A(ayg)) | J(eg) € O}. Each
aq can be uniquely expressed as 3; + A, (q) for some B, € V? and p € O. For
a fixed p, let B, range over qu. This generates the set T[;](Q/ G) x [q, p] since J
vanishes on V0. The result now follows by varying u € O. n

3. Orbit reduction. Let us recall the characterizing property of the reduced
symplectic forms in the orbit reduction setting of Kazhdan, Kostant and Stern-
berg [25].

THEOREM 3.1. Let p be a regular value of an equivariant momentum map
J: P = g* of a left symplectic action of G on the symplectic manifold (P,Q) and
assume that the symplectic reduced space P, is a manifold with 7, a submersion.
Let O be the coadjoint orbit through p in g7. Then

1. J is transversal to O so J~1(0) is a manifold;

2. J7Y(0)/G has a unique differentiable structure such that the canonical pro-

jection mo:J~HO) = I"YO)/G is a surjective submersion;

3. there is o unique symplectic structure Qo on J~1(0)/G such that

(3.1) o) = 1o + Ipwd,

where 10:371(O) — P is the inclusion, Jo = J|I~1(O), and v} is the
“+7” orbit symplectic structure on O.

By considering a momentum shift we can realize a bundle isomorphism be-
tween J~1(0) and the space V? x O. Since it will be shown that this isomorphism
is G equivariant, it determines a unique diffeomorphism betweén V0 x O/G and
J~1(0)/G. We will characterize the symplectic form on the former by pulling
back the “characterizing” symplectic form on J~!(0©). Furthermore, it will be
shown that V° x O/G is diffeomorphic to T*(Q/G) ® O, so that the reduced
symplectic form can be expressed on this space as well. Since J~1(0) ¢ T*Q,
the reduced symplectic form is determined by the restriction of the canonical
symplectic form in T*Q to J~!(0), which in turn is determined by the restric-
tion of the canonical one-form to J=1(0).

LEMMA 3.2. There is a G-equivariant bundle isomorphism,
(3.2) x: V% x 0 = J~Y0)

that uniquely determines a diffeomorphism, X on the quotient spaces so that the
following diagram commutes

V'xo & J-Y40)

7 | Lmo

(V°x0)/G ry J-Y0)/G
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PrOOF. The map Y is given by
(3.3) x(ag,v) = ag + A(q)"v.

This map takes values in J=!(0), as is seen from the proof of the previous
theorem. From the characterization of the fibers of the bundle J~1(0) — @, it
follows that this map is onto. Since it is a momentum shift, it is clearly invertible
with inverse

(3.4) g > g — A(g)3(ay).
We check G-equivariance as follows:

x(9- (0q,v)) = x(9-aq,9-v)=g-ag+ Alg-q)*(g-v)
=g-a,+9g-(AQ)*v) =g- (x(ag,v))

where the third equality uses the invariance properties of the connection. (]

Because x is G-equivariant, the pull back by x of the G-invariant form on
J~Y0), 7500, given by x*(75Q0), is a G-invariant form on V° x O. In fact,
the form drops to the quotient by the diagonal G action since

(3.5) X" (7oQ0) = 75X Qo,

where 7g: V? x O = V% x O/G denotes the projection. This follows since the
diagram in the preceding theorem is commutative.

3.1. The two-form on V° x O. We proceed to characterize the structure of the
two-form x*(7%Q0) on V0 x O. By construction,

(3-6) X" (1500) = X" 1o — X Ipw.
THE SECOND TERM. We claim that

(3.7 X' Jowd = mwd,

where 72: V0 x @ — O is projection on the second factor. This follows since for
allf eg,

(Jo o x(aq,v),€) = (aq + A(g)"v,€q(9)) = (aq,60(9)) + (A(9)*v, £o(a))
=0+ ¢),

so that Jp o x = ma.
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THE FIRST TERM. The first term is a little more complicated and splits into
a sumn of terms. We begin by considering the pull back by x of the restriction to
J~=1(O) of the canonical one-form, and then we compute the exterior derivative
of this one-form.

LEMMA 3.3. We have
(38) X‘I,Zv)e = 'ﬂ'l‘b;/ne + w,

where tyo: VO = T*Q is inclusion, © is the canonical one-form on T*Q, m: VO x
O — VO is projection on the first factor, and w € QY (VO x O) is given by

(3.9) @ (g, ¥)(Xay X5 ) = (v, A(0) (Ta, 71+ (X, )))
for (Xay, X§') € Tia,u)(V® x 0), where X§ € T,O denotes the infinitesimal
generator for the left action of G on O, XS' = - adZ, v.

PROOF. Let t = (ay(t), Ad,, _ e ¥) be a curve in VO x O, through the point

(ag,v) such that %|,—oa,(t) = X,, € To,V°. Since & |=o Adgy, v =XE, we
get

(3.10) X"t5O(g, ) (Xay X&) = 150(aq + A(0)* V) (Tiay 1) X(Xay» XE ).

Now,
‘ d .
T‘(nq,u)X(Xa.“XS ) = E e (x(aq(t), Adexp—tf’ V))
d . L
- dt =o(a"(t) + Alq) (Adexp—tf, u))

= Xa, — A(q)*(adg v)

where we use the fact that the curve t — A(q)*(AdZ,, _se v) lies in the single
fiber, T; @ for all ¢t. Thus, the right hand sidc in (3.10) becomes

t00(aq + A(Q) V) (Tia, )X (Xay» x£)
= 0(aq + A@)"V) (T, X(Xa,, X))
= O(ay + A(g)"v) (Xa, — Alg)* (ad, v))
= (ag + A(q)'v,T7r-q - Xa,)
= (aq»TTT'Q : Xaq) + (v, A(Q)(TTT’Q & Xn.,))

=Mty + w.
The third equality holds because, for all ¢,

TTQ (afl(t) + A(q)'(A(l;xp —te’ V)) = TT'Q(aq(t))' ™
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Computing the exterior derivative,
X" to(—dO) = —d(7]1},0© + w) = 710 — dw,

so that
X' (16o00) = X" 1o — x* Jowd = 1]} — dw — 3w,

The form w is @ = (77-g x id)*a, the pull back to V° x O of the one-form a
on Q x O defined by

(3.11) (g, v)(Xq, Xu) = (v, A(g)(X,))-

We are implicitly restricting the domain of 7r.g to the sub-bundle V°.

3.2. Computation of da. The philosophy of the computation will be to make use
of the connection to decompose tangent vectors to Q in terms of their horizontal
and vertical parts. Of course we expect the curvature of the connection to appear
in the resulting formula. However the presence of the pairing with v, which varies
over the coadjoint orbit O must be dealt with carefully.

We begin with an elementary but useful fact concerning the Jacobi-Lie bracket
of vector fields on the cartesian product of two manifolds.

LEMMA 3.4. Let M and N be two smooth manifolds of dimension m and n
respectively and consider their Cartesian product M x N. Suppose we have two
vector fields (XM, XN) and (YM,YN) on M x N, each with the property that
the tangent vector to M is independent of N, and that the tangent vector to N is
independent of M. Then, the Jacobi Lie bracket of these two vector fields is also
of this type. In fact, we have,

(3.12) (XM, XN), (Y™, Y M) = (XM, Y Mg, (XN, Y V]w).

This is readily proved using the local coordinate expression of the bracket.

To determine da € 2%(Q x 0), it suffices, by bilinearity and skew symmetry,
to compute its value on pairs of tangent vectors to @ of the type

e hor,, hor,

e horg, ver,

® very, verg.

To carry this out, we will extend each tangent vector to be horizontal or
vertical in an entire neighborhood of the point in question and use the fact that
da is a tensor.

CasE 1. X,,Y, € Hor, Q. We consider (X, X§'), (Y, YY) € T(g.)(Q x O).
Extend X, to the horizontal vector field XQ € Hor @ and similarly extend Y,
to Yo. We extend the second components of each tangent vector in the obvious
way to be infinitesimal generators of the given Lie algebra element. That is we
extend X§ to €4, and similarly for Y;7'. Denote by X, the extended vector field
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on a neighborhood of @ x O given by ()-(Q,&,), and similarly for Y. We then
have

da(Q1y)(( Q’XE) ( Q)Y" ))
(3.13) = (Xq, X5) - oY, mp) = (Yq, Y¥) - a( X, £6) — ([X, ¥])(g, v).
Notice that the first term vanishes since, if we take a curve ¢ — (q(t),u(t))

through the point (g, v) such that (§(0),(0)) = (X, X§'), we have

(a0, 20) (Fala®) b (v2))) = S| (v(8), A(att)) - Yo (a))
(3.14) =0

since for all ¢, YQ (q(t)) € Horq(,) Q. Similarly, the second term vanishes. Now,
by Lemma 3.4, we have (X, Y]oxo = (X0, Yolq, [€h, 7b)o) leaving

(315)  da(q,v)((Xe, XE), (Ye, YT)) = ~(v, Al9) ([Xa, Yal(a)))-

However, since )-{Q and ).’Q are horizontal vector fields, it follows that

(3.16) A([Xq, Yq]) = — Curva(Xo, Yo)
so that ) )
(3.17) da(q,v)((Xq, X5 ), (Yq, YT)) = (v, Curv 4(X,, Y,)).

CASE 2. X, € Hor, Q, Y, € Very Q. Using the same notation for vector fields
as in the previous case, we let XQ denote the horizontal vector field extending
Xq. Let n = A(q)(Yy). Since Y, is vertical we have ng(g) = Y. Then 7q is a
vertical extension of Y;. With these extensions, we have

da(g,v)(Xg, XE), (Yo, Y')
(318) = (Xq X5) - alng,1b) — (Yo, Y) - a((Xo, b)) — alg,v)([X, V).

Consider the first term. Let ¢ — (g(t),v(t)) be a curve through (gq,v) with
(4(0),(0)) = (X4, — ad, v). Then

(Xor X5) - aliay o) = 5. _e(at) ) (naa®)), nio (1))
= .o {04 (r0la)))
= 2|, w0.m = (~adz v,

The second term vanishes since a(Xq,ﬁo) = 0 for XQ € Hor Q. Recall that
for XQ a horizontal vector field, we have, for all 5 € g,

(3.19) [Xo,ng] € Hor Q.



46 JERROLD E. MARSDEN AND MATTHEW PERLMUTTER

This fact, together with Lemma 3.4, gives

(3.20) a(q, v)([X,¥)) = (i, A(g)([Xq, o)) =0,
so that
(3.21) da(q,v)(Xq, XE), (Y, V') = (- adg v, 7).

CASE 3. X,,Y, € Verg Q. Let £ = A(q)(X,) and 1 = A(q)(Y,). We choose
extensions to be vertical globally. Thus, Xg = £ and Yo = 7¢. Then we compute
each term in the expression for da.

The first term will again be

(3.22) (—adg v, 1)

since a(q, v)(ng,1b) = (v, 1), i.e., tng sy Q@ X O — R is independent of Q.
The second term is computed similarly to be (ad}, v,£). For the last term,
recall that for left actions, G x Q@ — @, we have

(3.23) (€@, el = ~[& 1l

so that

a(g, v)([X,Y]) = (v, Al)([€@, mQ))) = —(v, Al9)((€, Q) (@) = —(v, [€, 7).

Therefore,

(3:24) da(q,v)(Xq, X&), (Yo, YT') = (v, [, €)) + (v, [, €]) + (v, [€, 7))

We now collect these results to obtain a formula for the two form relative to
a decomposition of the tangent vectors to Q into their horizontal and vertical
projections.

THEOREM 3.5. Let (Xq, X§), (Yy, Vi) € Tq)(Q x O). Let
§=A(q)(Xy) and 7= A(q)(Yy)

so that
(3.25) Xq =&q(q) + Horg Xy, Y, =1q(q)+ Hor, Y,

where Hor, denotes the horizontal projection onto the horizontal distribution. We
then have

da(g, v)((Xq, XE), (Ya, Y))
(3.26) = (v, [, €)) + (v, [0, €]} + (v, [€,m)) + (v, Curv.a(q)(Xq, Yy))-
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PROOF. The proof is a straightforward computation:
da(g, »)((Xe, X5), (Y0, Y1)
= da(q,v)((éala) + Hor X, X5), (n(g) + Hor, ¥, ¥,))

~ da(q,) (g0, 3X5) + (Hor, X, 3X5 ), (ne@), 372)
+ (Hor,, A %Y,,"I))

=da(q,v) (({Q(Q)a %XS')’ ("Q(Q)’ %Y""l)>
+da(q,v) ((&2((1), %Xﬁl), (H‘”q Yo, %Y"n’))

+da(q,v) <(H°’q X %XE’)’ ("Q(q)’ %Y"n’))

2
= (v [572] ) + Gl + sl + (s [ 5]
- (ad;n, v,€) + (- ad'%é, v, 1) + (v, Curv 4(Xq, Yy))
= [, + (v, [0, €' + (v, [6, 1))
+ (v, Curv.a(q)(Xq, Yq))
where we have used the relations determined in the previous section. =

4. The reduced form. Recall that

1 il vl ((Horq X;, %Xﬁ’), (Hor,, ) lY,,n’))

X" (1o00) = x"p ~ x*Iowd
= MLy — dw — miw)
(4.1) = Mty = (1r-@ X id)*da — w3wd.
We have already established the G-invariance of this form. Notice that the first
term is independently G-invariant since, if we denote the action of G on V° x @
by %"°*© and the action of G on T*Q by %, we have
(’w;/"xo)"ﬂ';l,t/()sz = W;I/};L,{/()Q = 7[';1,;/()1,[);9
= Tityofd
since m; o ¢;’"x0(aq’y) = g-aq = Py 0 m(ag,v). Thus, the sum of the last
two terms is G invariant. Furthermore, the G invariance of the last two terms as
forms on V x O, is really G invariance of a form on Q x O since
- 0 .
(7@ x id) 0 90y *“(atq,v) = (77-q X id)(9 - gy g - )
=(9-9,9-v) =92*(q,v)
= 97*% o (11 x id) (g, v).
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4.1. The part that drops to ©. We begin with the proof of the vanishing of the
two-form da + m3wy, on vertical vectors.

PROPOSITION 4.1. The two form, da + mjwg;, on Q x O vanishes on vertical

vectors of the bundle Q x © — O. It therefore uniquely determines a two form
on O.

PRroOOF. For the two form da + wiwé', on @ x O to drop to the quotient, O,
we must have both G invariance of the form and also the property that it vanish
on the vertical fibers. To see this, fix £ € g and let (Y, Y7y e T(q,)(Q x O). As
usual, let n = A(q)(Y;). Since the action of G on @ x O is the diagonal action,
we have

d ”
(4.2) £Qx0(qv v)= Ei|t=0(exp t€ - q, Adcxp —t€ v)= (5@(‘1)1 XE)
We then have

(do +m3wE)(a,v) ((€ale), XE), (Yo, Y2
= da(g, ) ((€a(a), X5), (Yo, Y.)) + wh(—ad; v, - adyy v)

= ([, €]) + (v, [0, €)) + (v, [€,m]) + wi (ad} v, 2ad}y v)
= (v, [0, &) + (v [€,7]) = 0.

Notice that the curvature term in the formula for da vanishes since it is evaluated
on a vertical vector £g(q). n

4.2. The part that drops to T*(Q/G). We now characterize the first term of

(4.3) T yoQ — (Treq x id)*da — myw
as the pull back relative to I of the canonical form on T*(Q/G).
PROPOSITION 4.2. Denote by

(4.4) 7a: V0 = T(Q/G)

the map given by ag + horgaq € T (Q/G). Note that this is simply the map
I’ restricted to V0. Let © denote the canonical one-form on T*Q and Oq/c the
canonical one-form on T*(Q/G). We then have

(45) ﬂieQ/G = L;/ne

from which it follows that
(4.6) WZQQ/G = L:,oQ.
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PROOF. Let X,, € T,,V°. We have
T40¢/c(Xa,) = Og/c(hory ay)
= (hory aq, T7g/c 0 TTA - Xa,)-
We need to compute the derivative of the composition,
(4.7) Q6 oma:V? = Q/G.
Let t — a,(t) € VO be a smooth curve through ag such that ¢4(0) = Xa,- Let
q(t) = 77-q(aq(t)). Then
d d .
ilecarar o 7o) = Z_grase (bori (aa)
d
=| _ la®) =TroTrrq - Xa,
Thus,
(4.8) (hory g, T1g/c 0 T7a - Xa,) = (ag,horgoTm o T7req - Xa,)-
On the other hand, we have
L'{,n@(aq)(Xaq) = (aq,TTT-Q . Xﬂq)
= {ag,Hory Trr-q - Xa, + Verg Trr-q - Xa,)
= {aq,Horg T7r-q - Xa,)
= (ag, horgoTm o T7r-q - Xa,)

where the third equality follows from the fact that o, annihilates vertical vectors.
| ]

4.3. A final piece of diagram chasing. Recall that we have the following maps:
VOXOTLQ“;'QXOQ@.
Define the map ¢ as follows:
(4.9) dlag,v) = (hor; omy,mg o (Tr-q x id)).

It is easy to see that ¢ is G-invariant, so that we have the following commutative
diagram.

VOlx O T'(Q/G) xQ/G@

Lre] ¢

(V' x0)/G
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It is straightforward to check that the map @ is invertible and therefore deter-
mines a bundle isomorphism.

THEOREM 4.3. Denote by wreq the reduced symplectic form on the symplectic
reduced space T*(Q/G) xg e O. We then have the formula

wred = Qgsc — B
where B is the unique two form on O determined by

760 = da + myw
and, as in Theorem 3.5,

da(q,v)((Xq, X5 ), (Ye, Y1)
(4.10) = (v, [, €]) + (v, [0, €']) + (v, [€,m]) + (v, Curv a(q)(X,, Yy))-

PROOF. The two-form wyeq is the unique two-form on 7*(Q/G) xq,c O such

that ¢*wreq = X" o, Where X*Qo (sce equation (3.5)) is the unique two-form on
(V9 x 0)/G such that

TeX Qo = 11l — (7@ x id)*da — miwd.
We then have

TGP Wred = TiLhu — (Tr-@ x id)*da — m3wg.
However, since q-S o g = ¢, we have
(4.11) P*Wrea = WLyt — (174 % id)*da — mywd
from which we can read off wyeq:

qywred(aqa v) ((Xa,, v Xu), (Ya,,y Yu))
= wred(hor; Qgq, [(I, Vl)

X ((T(hor’ owl)(Xa.,, X,),T(7wg o Tr-q X id)(X(,q,X,,)),
(T(hor* om1)(Ya,, Y), T 0 1+ % id)(Ya, yu))).
Note that T'(hor* om )(Xa,, Xy) = Tm4Xa, and
T(ng o (rr-q@ X id))(Xa,, Xv) = Tiquy7c - (Trr-9Xa,, Xv).
The right hand side of equation (4.11) becomes

Ug)(Xa,s Ya,) — (tr-@ X id)*768(Xa,, Ya,)
= Qq/c(ma(ag))(T7aXa,, TraYa,)
- ﬂ([q, V]) (T(q.u)7rG’ . (TTT'QXQ.,! Xu) T(q,u)ﬂ'G : (TTT‘QYa,,a Yu))a

from which the the claimn follows. .
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5. The extreme cases. The obvious extreme cases are @ = G and G
Abelian. We first consider the case @ = G. Then, Q/G reduces to a point, and
the associated bundle is simply the coadjoint orbit through vy. @ = Q x 0/G=
G x O/G ~ 0. Consider a tangent vector to the coadjoint orbit through a point
v, given by —adg, v. Represent this tangent vector with the curve through v,
t = Adgy, 4 v. We must find a lift to G x O of such a tangent vector. The pro-
jection, 7g: G x O = O is given by (g,v) — g~ v since [g,v] = [e,g~'v|. More
generally, consider a curve through (e,v) € G x O denoted by ¢t — (g(t),u(t)).
Let £ = g(0). Since A(e)(§(0)) = §(0), this is consistent notation. The projection
of this curve to O is given by

(5.1) ma(g(t), v(t)) = g(t) "'v(t) = Adg(,y v(t)

and therefore we require

d . .
E |t=o Ad!?l(t) V(t) == a.di, v,
which implies

(5.2) Ad}y 5(0) + ad}y v = —adg, v,

from which it follows that
v(0) = —adg v - adg v.
Equations (4.1) and (4.10) give

wred (V)(— adg: v, ady, v)

= o/ ~ Ble,v)((€, X5 ), (m, ')

= —(da + m3wh)(e,v) (6, X5 *4), (n, Y *"))

=—((w " +a) + (v, [0,€ + €)) + (v, [€, 7))

+ CUI’VA(C)(f, 77) =} (Vv [E’ =+ £$ 77, + 7)]))

= _(U) [5,1 7”])1
where the last equality follows from the fact that the curvature term vanishes on
vertical vectors and an expansion of the Lie algebra brackets.

For G Abelian, the fibers of the O bundle collapse and we are left with just
T*(Q/G). The reduced symplectic form, from equations (4.1) and (4.10) is then

(53) Wred = 2 — (V) Cl]l‘VA)
since all brackets vanish.
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CHARACTERISTIC POLYNOMIALS OF ABELIAN VARIETIES
OVER F,

CHANTAL DAVID

Presented by M. Ram Murty, FRSC

ABSTRACT.  Let P4(x) be the characteristic polynomial of an abelian
variety A defined over the finite field Fp. As the roots of Ps(z) are Weil
numbers, the triangle inequality gives upper bounds on the coefficients of
Pj(z). We show in this paper that there are also lower bounds on the
coefficients of a polynomial P(z) of the correct type which implies that
P(x) is the characteristic polynomial of an abelian variety over Fp.

RESUME.  Soit P4(z) le polynéme caractéristique d’une variété abéli-
enne A sur le corps fini F,. Comme les racines de P4(z) sont des nombres
de Weil, P'inequalité du triangle donne des bornes supérieures sur les coeffi-
cients de P, (z). Nous montrons dans cet article qu'il y a aussi des bornes
inférieures sur les coefficients d’un polynéme P(z) qui impliquent que P(z)
est le polynéme caractéristique d’une variété abélienne sur le corps fini Fp.

1. Introduction. Let A be an abelian variety of dimension g over the finite
field Fp, and let ¢ be the Frobenius endomorphism of A over F,. Let P4(x) be
the characteristic polynomial of ¢ acting on the Tate module T;(A) for any ¢ # p.
Then, P4(z) is 2 monic polynomial of degree 2g with coefficients in Z. It was
shown by Tate [4] that P4(z) characterizes A up to Fp-isogeny, i.e., that two
abelian varieties A and B over F, are [Fp-isogenous if and only if P4(z) = Pg(z).

We write
Paz)= ]
=1,

(z — ;).
.11

By the Weil’s Riemann hypothesis, |7;| = \/p fori = 1,...,2g. We then call a Weil
number over F;, an algebraic integer 7 such that |o(w)| = \/p for all conjugates
of . Also, the roots of P4(x) come in pairs (w,p/n), and Pa(zx) writes as

(1) Pa(x) = %9 + a 229! + .-+ agz? +pa£‘,_1:zngl + -+ p?7 lay +pY.

We also say that the polynomial P4(z) is the isogeny class of A.
By the triangle inequality,

2
(2) |(l"‘ S (g)pnﬂ forn = 1, ..y g-
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If A is an elliptic curve, i.e., g = 1, then a; = a,(E) and the triangle inequality
is the Hasse inequality

lap(E)| < 2+/p.

Moreover, the triangle inequality is effective in this case, as it was shown by
Deuring [1] that for any integer |a| < 2,/p, there is an elliptic curve E/F, such
that Pg(z) = 2% — az + p. This is not true for g > 1. For example, let P(z) =
z4 + 3pz® + p?. This is a polynomial of the form (1) satisfying (2), but the roots
of P(x) are not Weil numbers over F,, and then P(z) is not the isogeny class of
any abelian variety over [F,.

We show in this paper that there exists constants such that the triangle in-
equality is effective for all dimensions g. This result also gives a lower bound for
the number of isogeny classes of abelian varieties of dimension g over F,,.

THEOREM 1.1. Fiz any integer g > 1. For any integers ay,...,ay and any
prime p, let P(z) be the polynomial
P(z) =2% + a1z ' + - + ag2? + pag_129t + - + p9layz + pY.
Then, there ezists positive constants Cy(n) (not depending on p) such
lan| < Cy(n)p™? forn=1,...,9

implies that P(x) is the isogeny class of an abelian variety over Fp.

COROLLARY 1.2. Let g be a positive integer. For any prime p, let Io(p) be the
number of Fp-isogeny classes of abelian varieties of dimension g over F,. Then,
there exists positive constants A, and B, depending only on g such that

Agpg(9+l)/4 < IL(p) < ngy(y+l)/4.

PRrOOF. The lower bound is from Theorem 1.1, and the upper bound from
the triangle inequality. =

2. Honda’s Theorem.

THEOREM 2.1 (HONDA [2]). Let ¢ = p® for some positive integer a, and let
n be a Weil number over F, with minimal polynomial m(zx). Then, there ezists
an elementary abelian variety A over F, such that Pa(z) = m(x)¢, where e is

the least common denominator of the invariants i, for each place v above p in
E = Endr,(A) ® Q and

1 Fir 4 \
. { 2 if v is real;
iy =

f"+d”(") otherwise

where f, is the residual degree at v.
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This version of Honda’s Theorem is from [5, Theorem 1]. Then, over Fp, the
correspondence between Weil numbers and abelian varieties can be stated as a
correspondence between polynomials and abelian varieties. More precisely, we
have the following corollary.

COROLLARY 2.2. Let P(z) € Z|z] a polynomial of degree 2g of the form
P(z)=2% +a;2%7 ' + .- + 029 + pag_1z9* + - + p9 layz 4 p?

such that the roots of P(x) are Weil numbers over F,. Then, P(z) = Ps(z) for
some abelian variety of dimension g over Fp.

PROOF. Write P(z) = (22 — p)?™ Py(z)™ --- P.(x)™ where ng € N and for
i=1,...,r, Pj(z) is an irreducible polynomial with no real root, and n; a positive
integer. By Honda’s Theorem, there are elementary abelian varieties A;,..., A,
over F,, such that P4 (z) = Pi(z)® fori=1,...,7. Asa =1 and P;(z) has no
real roots, e; = 1 for ¢ = 1,...,r. Similarly, there is an abelian variety Ao over
F, such that P4, (x) = (2% — p)%. Then, P(z) = P4(x) for

A=A x AT x --- x A}, "

It then suffices to prove the following proposition to obtain Theorem 1.1.

PROPOSITION 2.3. Fiz any integer g > 1, and let ay,...,aq be any integers.
For any prime p, let P(x) be the polynomial

P(z) =2% + ;2% ' +... 4 qgz? +pag 129+ 4 p9 a2+ p.
There exists constants Cg(n), n=1,...,9, (not depending on p) such that
(3) Ianl < Cg(n)pn/2 forn =1,...,9

implies that the roots of P(x) are Weil numbers for Fp.

3. Proof of Proposition 2.3. We number the roots =y,...,my of P(z)
such that mgy; =p/m fori=1,...,g.
Let Q(z) be the monic polynomial

Q)= [ @-m+p/m))= [] (=-8.
i=1,...,9 i=l,...,9
LEMMA 3.1. Let P(z) and Q(z) be the polynomials defined above. Then, |m;| =

VP for i = 1,...,2g if and only if Q(x) is totally real, and |B;| < 2/p for
i=1,...,9.
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PROOF. The proof is a standard observation, and can be found for example in
6, p. 528]. If |m;| = /p for i = 1,...,2g, then clearly |8;] < 2/pfori=1,...,g
Also, as m; = p/m; if and only if m; = +,/p, it follows that 8; = m; +p/m; is either
the real part of the complex number 7; or +2,/p. Conversly, assume that all g;
are real and that |8;| < 2,/p. Then, 7; and p/m; are the roots of

3:2 - ,Bix +P,

which has either complex conjugate roots, i.e., || = |p/7| = /p, or a double real
root, i.e., m = p/m = +,/p. ]

It then suffices to prove that (3) implies that Q(z) is totally real with roots
i such that |8;| < 2/p for i =1,...,9. We write

Qz) = H (z—-Bi) =2+ b1z? 4+ + bg_1T + by.
i=1,...,9

We first need to express the coefficients by, ...,b, of Q(z) in term of ay, ..., a,.
We also define ag = by = 1.

LeEmMA 3.2. Forn=1,...,9,

[n/2]
= b + Z ( Tl 21)) n—2i-

PROOF. Let
A, =(-1"a, = Z iy * iy,
1<i1 < <in <29
and
Bo=(-1)"ba= > (my +p/ms)--(m, +p/ms,)

1<i; <+ <in<g
(0)
- Z "in “ee 1ri“
1<i) < <in <29
(r)
where Z means that exactly r pairs (¢, g +¢) occurs among iy, ..., .

lS’l <"’<in$29
Then,

(1) (2)
A, =B, + Z Wiy + - i, + Z iy oo Tiy, + oo

1<i) <--<in <29 1<i1 <+ <i, <2¢

(n/2]
= B, +Z( (" 2’) 3

This proves the result. =
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LEMMA 3.3. Forn=1,...,g,

[n/2) _
I)" = Z d(n, i)p’an_gi

i=0
where d(n,i) are integers independant of p.

PROOF. Use Lemma 3.2 and induction on n. =

To show Proposition 2.3, we show that the conditions (3) on the coefficients
of P(z) imply that the associated polynomial Q(x) is “close enough” to a given
polynomial @o(z) which is totally real. Consider the polynormial

Pofe) = 2% + 77,
t.e.,a; =0for i =1,...,n. The roots of Py(x) are

T =C§5"\/i) fork=1,...,2g,

where (4 = exp(%”f). Then, by Honda'’s theorem, Py(z) is the isogeny class

of some abelian variety Ao over F,. (Ao is a supersingular abelian variety, i.e.,
it becomes isogenous to a product of supersingular elliptic curves over some
extension of IF,,.)

Then

Q@) = [[ (=- (m+p/m))

k=1,...,9

have roots

2m(2k — 1)

Bk = (mx + p/m) =2\/7’C°S( 19

) fork=1,...,9.

Fork =1,...,g-1, let ax be non-zero real numbers such that 81 < ap < B,
and let ap = 2,/p and oy = —2,/p. For k = 0,...,g, we also define v, by
ar = Yk/P. Then, Qo(ax) and Qo(ax_,) have opposite signs for k = 1,...,9,
and if

(4) |Q(ar) ~ Qolax)| < |Qolax)|] for k=0,...,g,

then Q(z) also has g real roots of absolute value < 2,/p.
We then have to prove that (3) implies (4). Using Lemma 3.3, we get

9
IQotenl = | Y= dim,n/2p™/ ™" 3|
n=0
(5) 7n cven g
=p?| 3 dn, n/2)’7£—n| =p**K(g, k),

n=0
n even




60 CHANTAL DAVID

where K(g, k) is a non-zero constant independant of p. Similarly, if
lan] < Cy(n)p™? forn=1,...,g,
then
9 [n/2]

Q) = Qole)l = |30 ( D dlm, iypian—a) o~ V5"

n=0 =0

2i#n

(6) g9 [n/2]
<2 3 ( X ldln, 1)(Colm — 20)) Pyl
n=0 =0

2i#n

Comparing (5) and (6), it suffices to choose constants Cy(n) such that

g [n/2]
(3 Iy n - 20)) el ™ < K(g,k) for k=0,....g.

n=0 =0
2i#n

Let N(k,g) be the number of terms on the sum above. Then, it suffices to choose
constants Cy(n) such that for each i, n, k

ld(n,3)|Cy(n — 28)|yk|9™™ < ﬁﬁi 3

This completes the proof of Proposition 2.3. =
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GENERALIZATION OF LEHMER’S CONGRUENCES FOR
BERNOULLI NUMBERS

TAKASHI AGOH

Presented by M. Ram Murty, FRSC

ABSTRACT. Let B;, be the m-th Bernoulli number in the even suffix
notation and let By = Bm/m (m # 0). In 1938, E. Lehmer discovered some
important congruences involving B,, which are very useful for irregularity
testing of primes, and other purposes. In this paper we investigate Lehmer’s
congruences and derive certain generalizations of them for more general
moduli.

RESUME.  Soit B, le m-ieme nombre de Bernoulli dans les notation
de suffixe pair et soit 8, = Bm/m (m # 0). E. Lehmer dans I'an 1938
decouvrit des congruences importantes concernant les Sy, qui son trés utiles
pour vérifier l'irrégularité de primes et d’autre buts. Dans ce papier nous
recherchons les congruences de Lehmer et déduiyons certain généralisations
d’eux avec les modules plus généraux.

1. Introduction. Let B,, be the m-th Bernoulli number in the even suffix
notation defined by the recurrence

1 = m4+1
Bm__m-i-lz( i )Bi’ Bo=1.

i=0

Writing By, for an even m > 2 as B,, = N,,/Dy, (Dy, > 0) in lowest terms, we
see from the von Staudt-Clausen Theorem that ord,(Dy,) = 1if p — 1|m for a
prime p, and ord,(Dy,) = 0 otherwise.

On the other hand, the well-known Euler-MacLaurin summation formula can

be stated as
m+1

1/ m ;
where m,n > 1 and S;,(n) =1 + 2™ + .- + (n — 1)™. Also, it is known that if
a is a positive integer with (a,n) = 1, then

1) @ - 18am =30 () "i:(aj)’"-" El
=
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where [0] is the greatest integer < 8 for a real 6.

We do not comment on the above two formulas, since these are very familiar
in the theory of Bernoulli numbers (see, e.g., [UH]).

Let 8, = By /m for even m > 2 and let

QuX)=2% -1,
Qa(X) = 5(3* - 1),
Qu(X) = 2% ~ 1)@ +1),
Qe(X) = 5(6%~1 4351 4 2X-1 1)

In 1938, E. Lehmer [L] proved the following theorem which includes very im-
portant and useful congruences for irregularity testing of primes, and other pur-
poses.

THEOREM 1.1. Let p be an odd prime and m > 2 be even. If p — 1 fm—2,
then
Quim)Bu= Y (p—ik)™" (mod p?) (k=2,3,4,6),

0<i<p/k
provided that p > 7 for k = 6.

We note that a very simple and elegant p-adic proof for Lehmer’s theorem was
given by Johnson [J].

In this paper we shall extend the congruences in the above theorem to a more
general situation and prove the following

THEOREM 1.2. Letn > 1 be odd, m > 2 be even andn=n len p°r (M) ith
the product taken over all primes p withp |n. If p—1 f m — 2 for each prime
divisor p of n, then

(13)  Qm)Bmz= Y. (n—jk)™ " (modn?) (k=2,3,4,6),

0<j<ny/k
provided that each prime divisor p of n is > 7 for k = 6.

2. Proof of Theorem 1.2. In this section we shall give the proof of Theo-
rem 1.2 after discussing certain consequences of formulas (1.1) and (1.2).
Assume that m > 2 is even and p—1 Jm—2 for all prime divisors p of n. Then
we have m # 2 (hence m > 4) and B,,_2 € Z,, (the ring of all rational numbers
which are p-integral) by the von Staudt-Clausen Theorem. Also it is clear that
2 fn and 3 f n, hence any prime divisor p of n is > 5. Recall now (1.1) and
consider each term on the right-hand side of this formula. For simplicity, we put
1

Mj=—_(_m )Bm+1_jnj forj=1,2,...,m+1.
J\i-1
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If j is an even integer with mm — 2 > j > 2, then M; = 0. So we consider
here only the terms Mj; for j = 2i+1 (i = 0,1,...,m/2) and j = m. Let p
be any prime divisor of n. If m > 2i > 4, then ordp(Dm-2:) € {0,1}, and to
estimate ord,(2i + 1) we note that p?=3 > 52=3 > 2 4 1, hence ord,(Mai41) >
—(2i — 3) — 1+ (2i + 1) = 3. This gives Mp;41 =0 (mod n?) for all i > 2. Also,
since ordp(D,,-2) = 0 by the assumption, and since m > 4 and (n,6) = 1, we
have M3 = 1 (3)Bm-2n® =0 (mod n?) and Mp, = L (" )Bin™ = —3n™ =0
(mod n®). Therefore, we may conclude from (1.1) that

Sm(n) = Bpn (mod n?).
On the other hand, we obtain from (1.2) that if (a,n) =1, @ > 1, then

(@™ —1)Sm(n)
n—1 12
=mn Z aj)™! [a]] m(%___l)nz “L‘i(aj)""2 [%} (mod n3).

n
i=1
Consequently, we have

n-1 .12
(@™ -1)B,, =m Z(aj )™t [a]] - n—l(mz_ 1)n Z:(aj)"’—2 [i—]] (mod n?).
Jj=1

n

Since (a,n) = 1, the above congruence is also true when n is replaced by 7, that
is

(@™ = 1)B = m 3 (ad)” - [4] - mim) Z( aj)m=? [“—’] (mod 7?),

7
j=1 !

which implies

n-1 . n—-1 .12
m _ — m—-1 (@] _ M~ 1 m-2 | 4 2
(@™ = 1)Bm = JE_I( aj) [ " ] —5 ngl( 7) [ 7 ] (mod n?).

Putting fort =0,1,...,a -1

G(a) {J€Z|_<J<(z+a1)n},

and
U(ﬂ) Z ™ , Vi(ﬂ) — Z jm—2’
jeG™ jeG'?
the last congruence can be expressed as

a—1

(21) (am. _ l)ﬁm =g ! ZIU(a)

- 1
m= = am- 2y ZzQV(a) (mod n?).

i=1
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Next, since m is even, it follows that

U= Y -i)mt=m Y e meny Y e

i€eGY, _, €G!, _, €G3,
(22) = —U,S‘i)]_i + (m — l)nVa(f)l_i (mod n?).
We also obtain
23) V9= ¥ @-i)"?= ¥ 2=V (medn)
iec™, . iec!? _,

By the von Staudt-Clausen Theorem B,,_, € Zp whenever p—1 fm — 2 for any
prime divisor p of n, therefore we see from ( 1.1)

a-1

(2.4) Sm—2(m) =Y V{? =0 (mod n).

1=0
We are now able to prove Theorem 1.2:

PROOF. The proofs of the formulas for k = 2,3,4,6 are similar, therefore we
give here the proof only for k = 6 which is the most annoying case. The other
cases k = 2,3 and 4 are left to the reader.

For brevity, we write U; = Ui(ﬁ) and V; = V;(G) (¢=0,1,...,5) in what follows.
By (2.2) and (2.3) we get U; = ~Us_; + (m — 1)pVs_; (mod n?) and V; = V;5_;
(mod n) for i = 3,4,5. Since (n,6) = 1, taking a = 6 in (2.1) we obtain

5 5
-1
(6™ = 1)Bm = 6™ 1Y iU - st"'—an 2V,
i=1

i=1

—67"—1(5U0 + 30U + Us)

T 6™ 2(35Vp + 31V; + 23V5) (mod n).

It is evident from the given condition that B,,_2 € Z, for each prime divisor
p of n, so we get from (2.4) z:f;ov,- = 2(Vo + Vi + V2) = 0 (mod n), which
implies V2 = -V — V; (mod n) because n is odd. Consequently, dividing the
above congruence by 6™~! we have

+

(2.5) (6 — 6'"™)Bm = ~(5Up + 3U, + Us) + mT_ln(I}Vo +2V) (mod n?).

In a similar way, one can show that

-1
—(Uo + Uy + Us) + ’”2 (Vo + Vi + Va)

= —(Uo + U, + U3) (mod n?),

(3-3""™)8, = —2(Us + U1) + Mn(vo + W) (mod n?).

(2 _ 2l_m)ﬂm
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These are equivalent to (1.3) for £ = 2 and & = 3 (the details are left to the
reader). Subtracting these last two congruences from (2.5), we deduce

(1 + 2l—m + 31—m _ ﬁl—m)ﬂm — {(6 _ 61—m) _ (2 — 21-—m) _ (3 _ 3l_m)}ﬁm
-2Up + = 17IV0 (mod n?),

that is,

(6m-—l + 3m—1 + 2m—l _ l)ﬂm

2(=6™"1Up + (m — 1)6™2qVp)

=2 ) (n-65)™"" (mod n?),
jer,’”

which gives (1.3) for k = 6 as desired. .
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SUR UNE CONJECTURE DE WOLFGANG M. RUPPERT

OMAR KIHEL

Présenté par M. Ram Murty, FRSC

ABSTRACT. If K is a quadratic imaginary number field of discriminant
D, Ruppert showed that there exists a generator a of K with minimal
polynomial f(z) = az? + bx + ¢ € Z[z] and a non-effective constant c

such that H(a) < Cy/|D| where H(a) = max{|al, [b], lcj}. He conjectures
C = 3.22. In this paper, we show that H(a) < 55 \/|D|, where p is a prime

which split in Q(VD). As a consequence, we deduce Ruppert’s conjecture
in several cases.

RESUME. Si K est un corps quadratique imaginaire de discriminant
D, Ruppert a montré qu'il existe un générateur o de K dont le polynome
minimal est f(z) = az? + bz + ¢ € Z[z], et une constante non effective

C tel que H(a) < C+/|D| ot H(a) = max{|al, |bl,|c]}. Il conjecture que
C = 3.22. Dans ce papier, on montre que H(a) < %\MDI, ou p est un

premier qui se décompose dans Q(vD). Comme conséquence, on déduit la
conjecture de Ruppert dans plusieurs cas.

1. Introduction. Soit K un corps de nombres de degré n sur le corps des
rationnels @ et a un générateur dont le polynome minimal est f(z) = anz™ +
An_1Z" '+ -+ayz+ag avec a; € Zet ged(ag, a1, - .- ,an) = 1. Ruppert a défini
dans [2] la hauteur de a comme suit:

H(Ot) = max(|ao|, AEY ) lanl)

et a montré la proposition suivante:

PROPOSITION 1. Pour tout n € N, il existe c, > 0 tel que si a engendre un
corps de nombres K de degré n et de discriminant Dy alors

H(a) > ca| Dk |72,

Une question naturelle qui se pose maintenant est la suivante: Existe-t-il un
générateur o pour lequel H(a) ait un bon majorant en termes d’invariants du
corps K? Ruppert dans [2] a formulé cette question ainsi:

Regu par les éditeurs le March 15, 1999.
Classification (AMS) par sujet : 11R11, 11R29.
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QUESTION 1. Exgiste-t-il d,, tel que tout corps de nombres K de degré n sur
Q et de discriminant Dy admet un générateur o tel que:

H(a) < dn|Dg |27

Dans le cas ot K est un corps quadratique imaginaire de discriminant D,
Ruppert [2] a démontré le résultat asymptotique suivant :

lm le
D——o0 ‘/[Dl 2

ou, Hyin(a) désigne la hauteur d’un générateur de K de hauteur minimale. Ce
qui implique I’existence d’une constante (non effective) C tel que H (o) <C \/W .
Ruppert [2, p. 18] conjecture en fait que C = 3.22.

Dans ce travail, on montre (Théoréme 1) que H(a) < —% \/lﬁ , ou p est le plus
petit premier qui se décompose dans Q(v/D). On déduit ensuite (Corollaire 1)
une réponse affirmative a la conjecture de Ruppert dans les cas suivants:

(1) SiD=1mod 3
(2) SiD=1o0u4mod5
(3) SiD=1mod 8.

THEOREME 1. §i K est un corps quadratique imaginaire de discriminant D
et p un premier qui se décompose dans K, alors il existe o tel que K = Q(a) et

p
H(a) < %\/ﬁ

PREUVE. Soit K un corps quadratique imaginaire de discriminant D < 0,
alors il existe une infinité de triplets (a, b, ¢) € N tel que D = b%—4ac. Supposons
que a < c. Parmi ces triplets, choisissons celui qui a le plus petit c. Dans le cas
ot il y en a plusieurs qui ont le méme ¢ (¢ minimal), alors parmi ces triplets
choisissons celui qui a le plus petit a et appelons ce triplet (A, B, C). Ainsion a :

B? - D =44C,
avec A < C. De I'égalité
(B-24)>-D=4A(C+A- B),
on déduit que C+ A~ B > C. Dot A > B. Ce qui nous donne que
A% — D > 4AC > 442
Par conséquent,
|D|

B <A</ —=—.
- 3
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Soit p un premier qui se décompose dans Q(VD).
(1) Si p divise C, alors
B’-D= 4pAg.
P
D’ol1 pA > C. Par conséquent,

101

<p
¢ 3

(2) Si p ne divise pas C, alors:

(i) Sip divise A, alors p ne divise pas B car p se décompose dans QWD ) Donc
il existe ko € {1,2,...,p — 1} tel que p divise C — koB. Ainsi M
est un entier. De 1’égalité

24
(B — 2kgA)? — D = 4pA (g"'ko—“‘ﬂ),

p

on déduit que pA > C ou 9_*-53_;‘:—& > C. Ce qui nous donne que pA > C.

Ainsiona:

1D

3

(ii) Si p ne divise pas A. Soit 3 une racine du polynéme z2 — Bz + AC, alors
Q(8) = Q(vD). Comme p se decompose dans Q(v/D), alors il existe un
entier o € {1,2,...,p — 1} tel que z3 — Bzo + AC = 0 mod p. Puisque
p ne divise pas A, alors il existe ko € {1,2,...,p — 1} tel que zo = Ako

C<p

2

0 —k . A 5 ;
mod p. Ainsi CtkoA—koB oot yn entier. De la méme maniere que dans (i),
on déduit de 1’égalité

2 A —
(B — 2koA)? — D = 4pA (_———C+ kA &b ) :

p

que pA > C. Ce qui nous donne que

C<p |_€_|

BSAS\H% et Csp,/%.

Comme D = B2 —4AC est le discriminant du corps quadratique Q( VD), alors
il est facile de vérifier que ged(4, B,C) = 1.
Soit a racine du polynome Az? — Bz + C, alors Q(a) = Q(VD) et H(a) <
| DJ.

En définitif, on a:

COROLLAIRE 1. (1) Si D =1 mod 3 alors H(a) < /DI
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(2) Si D=1 oud modb5 alors H(a) < —\%,/[ |2

(8) Si D =1 mod 8 alors H(a) < %\/lDl.

(4) Dans les autres cas, on peut trouver une constante effective en utilisant le
théoréme 1 si on connait un premier p qui se décompose dans Q(v/D).

COROLLAIRE 2. En supposant GRH, on a

_ ((7010§(|DI))) : Bl

Ce corollaire se déduit du théoréme 1 en utilisant le résultat suivant démontré
par Oesterlé! (voir [3]): Si on suppose GRH, et si p est le plus petit premier qui
se décompose dans le corps quadratique imaginaire K de discriminant D alors

1

3
p < ((7010g(1D])))*.
Dans le cas des corps quadratiques réels, Ruppert [2] a démontré le théoréme
suivant:

THEOREME 2. Si K est un corps quadratique réel de discriminant D, alors il
existe a tel que K = Q(a) et
H(a) < VD.
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CLASSICAL BIORTHOGONAL RATIONAL FUNCTIONS ON
ELLIPTIC GRIDS

VYACHESLAV SPIRIDONOV AND ALEXEI ZHEDANOV

Presented by Vlastimil Dlab, FRSC

ABSTRACT. We construct a new family of rational functions which are
biorthogonal with a discrete weight on the grids described by elliptic Jacobi
functions. These rational functions satisfy a three-term recurrence relation
and are expressed in terms of an elliptic generalization of the very-well-
poised balanced basic hypergeometric series 10¢9.

RESUME. On construit une nouvelle famille de fonctions rationnelles,
biorthogonales par rapport & un poid discret, défini sur les réseaux décrits
par les fonctions elliptiques de Jacobi. Ces fonctions rationnelles satisfont
une relation de récurrence  trois termes et elles sont exprimées par une
généralisation elliptique de la fonction hypergéometrique de base 1099 trés
bien équilibrée et balancée.

1. Introduction. Orthogonal polynomials (OP) P,(z) are known to satisfy
the three-term recurrence relation

(1.1) J Py(2) = 2Pal2),
where J is a Jacobi (i.e., tri-diagonal) matrix acting on the polynomials as follows
(1.2) J Po(2) = an Pry1(2) + bn Pu(2) 4 un Pa-1(2).

Today it is commonly believed that all classes of OP explicitly expressed through
basic hypergeometric functions are related to the Askey-Wilson polynomials (1]
or their limiting cases. The Askey-Wilson polynomials are determined by the
basic hypergeometric function 4¢3.

In his thesis [11] and in [12] Wilson has constructed a large family of finite-
dimensional biorthogonal rational functions. Namely, a particular pair of rational
functions Rn(z), Ty (z) was presented which satisfy the relation

N
(1'3) Z Rn(zs)Tm(zs)wa = Rnbam

s=0

for the so-called g-quadratic grid [6], [8]
(1.4) 2z, =C1¢° + Cag™° + C3.
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These functions R,,(z), T,.(2) are expressed in terms of the very-well-poised bal-
anced basic hypergeometric function 1op9 (see, e.g., [3] for notation). For other
examples of biorthogonal rational functions and further development of the gen-
eral theory see, e.g. [4], [5], [7], [8].

In [5] and [13] it was shown that in general the functions R,(z) satisfy the
three-term recurrence relation

(1.5) J1Ra(2) = 2 JyRa(2),

where Jy 2 are two arbitrary Jacobi matrices. A similar equation is satisfied by
Ta(z). In contrast to (1.1) the equation (1.5) belongs to the class of generalized
eigenvalue problems [10]. It is well known that solutions of such equations satisfy
biorthogonality relation (instead of the pure orthogonality for eigenfunctions of
the ordinary eigenvalue problems). This is why the finite sets of rational functions
R, (2), Tn(z2) satisfy the relation (1.3).

In analogy with the Askey-Wilson polynomials situation, it was expected that
biorthogonal rational functions considered in [4], [8], [12], which are associated
with the grids (1.4), are the most general ones satisfying the three-term recurrence
relation (1.5) and admitting an explicit expression for R,(2), T,,(z) in terms of
some series of the hypergeometric type.

In this paper we describe the functions Ry (2), T;,(2) which are biorthogonal on
the so-called elliptic grids. These functions are expressed in terms of the “mod-
ular hypergeometric functions” introduced in [2]. Thus the class of biorthogonal
rational functions satisfying three-term recurrence relation (1.5) and expressed
in terms of some generalizations of the hypergeometric series is much wider than
it was guessed earlier, see e.g. [4]. Complete proofs of the announced results will
be published separately (some details can be found in [9]).

2. Elliptic analogues of hypergeometric functions. Let 6,(u) be the
Jacobi theta function defined as (see, e.g. [3]):

01(u) =2 Z(—l)"p‘"""l/”2 sin(2n + 1)u

n=0

oo
(2.1) = 2p'/%sinu H (1 = 2p® cos 2u + p*™)(1 — p*™),

n=1

where p is a complex parameter, |p| < 1. The modular parameter 7 is introduced
in the standard way p = ™.

Following [2], define the “elliptic numbers” (or, simply, e-numbers):

(2.2) [z;h, 7] = %1((”7’;32’



72 VYACHESLAV SPIRIDONOV AND ALEXEI ZHEDANOV

where h is an arbitrary constant. The e-numbers depend on three variables z, h
and 7. In what follows the dependence on h, 7 will be omitted in the notation,
i.e., we assume that [z] = [z; h, 7]. We will use also the notations

["E]U =1, [:L‘],, = [:L‘][:): + 1] v [:"' +n-— 1]: [n]| = [llm

which are natural elliptic generalizations of the Pochhammer symbol and facto-
rial.

The elliptic analogue of the very-well-poised balanced hypergeometric func-
tions 41 E; is defined by the formal series [2]

; oy s [eadklos + 26 T [am]
(23) r+1Er(a1504,85,- .1 8r41;h,7) = g) 1 [’;6]!1[01] l_=I4 1+a —kam]k

with the balancing restriction upon the parameters

r+l1

r—5 r-3
(2.4) s a1 = Y am=0.

m=4

We have chosen notations different from those of [2], in particular, the letter ‘E’
was taken for an association with the elliptic functions.

For p — 0 the series (2.3) becomes the very-well-poised balanced basic series
r+19r for ¢ = 2™ 1t should be noted that in general the sum in (2.3) diverges
in the same way as most of the infinite g-series do for |g| = 1. In order to avoid
this problem, we restrict the situation to the case when one of the parameters
(say, a,r+1) is equal to a negative integer a,+; = —n. In this case (2.3) terminates
at k = n + 1 and becomes a finite sum of elliptic functions. Another essential
remark is that there is no coalescence procedure—the limits a,, — oo are not
well defined and they do not simplify the series. Fixing one of the parameters
am equal to 1 and some others equal to (1+a;)/2 one can arrive at the simplest
possible form of (2.3), but, still, many of simple g-series formulae do not have
elliptic generalizations.

An analogue of the Bailey’s transformation formula which was proven in (2]
has the form:

1wEe(ar;aq,...,—n;h,7)
(2.5) = 10E9(b1; ba, - . -, b10; b, 7)
N [a1 + I]n[bl +1- a7]n[b1 +1- agln[al +1—a7— ag],,
[bl + l]n[al +1- 0,7]"[(11 +1- agln[bl +1—a7— asln’

where

b1 =2a1+1-a4—as—as, by=0by—a+ay,
(26) b5 =b1 — a1 + as, b6 =b1 —a; +ag
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and {b7, bg, by, b1o} is an arbitrary permutation of the parameters a7, ag, ag, a0 =
-n.

The next two theorems are new and describe generalizations of the contiguous
relations for the corresponding basic hypergeometric functions 19¢g from [4]. In
what follows we use for brevity the notations similar to the ones suggested in
[4]: ®(a;x) denotes the function 19Ey with the particular parameter a; replaced
by a; £ 1, whercas other paramecters being unchanged. &, denotes the function
mEg(al + 2;(14 + 1, ceey@yo = 1; h,T).

THEOREM 1. Assume that one of the parameters a; = —n, wherei =4, .. .,10.
Then the following identity takes place
P(ag—,arot+) — @
[ay +1][a; + 2][a10 — ag + 1][a10 + ag — a; — 1]
2.7 =&, (ag-
(2.7) +(a0 )[1+a1—a9][2+al—ag][a1—alo][1+a1—am]

THEOREM 2. Under the same assumptions as in the previous theorem, the
following identity takes place

8
l+a - a[:]‘[‘;]_}_ ay — ag) Ell o1 =8 = a0l (ap-)

[ao] _
(2.8) “+a a2 ta - aro] 1 H[l + a1 — a; — a10]®4(a10-)

[010
+m H[l +a; — a,]<I>

3. Elliptic rational functions. Let us describe a class of biorthogonal ratio-
nal functions Ry, (z), T(2) expressed explicitly in terms of the elliptic analogues
of hypergeometric functions ,9Fg.

Let dy,...,ds,e1,e2 and zg, 1,22 be arbitrary parameters with the restric-
tions

T2 =g + Iy, e|+62=d1+d2, d3=:1:2-—N—1, Zdi=1+2(l‘0+1‘2),

i=1

where N is a fixed positive integer. Assume also that h # m; + mor, d; +
d2 — 2z2 # (my + ma7)/h — M -2, d) +dy # (m; + me7)/h + M + 2 and
di+d2 —2z9 # (m) +my7)/h+ M +2 for any integers my 2 =0,%x1,%+2,... and
M =1,2,.... Define the functions

R,,(z(u)) = 10E9(1 —.’121;2—1'1 +N,1 + xo —d‘|,1+$0 —d5,—1’l,
(3.1) l-z2+n,14+u+z0—e,1—u+z9—es;h7)
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and

Tn(2(u)) = 10E9(2+ 70 —dy —d2; 3+ 79 —dy —d2 + N,
(32) —z9+dy—N,—z9+ds — N,—n,1 —z2+n,
l1+u+xzo—e1,1 —u+x9—ea;h,7).

THEOREM 3. The functions R,(z) and T,(z) are rational functions of the
argument

(33) 2(u) = [ul[u + ez — e1]

[u+d2 —el][u+d —e]
with the simple poles of R,(z) located at z = ay,

_ [k—22+€1][k—.’52+62]

(3.4) ap = -zt df—22+ da]’ =1,2,...,n,
and simple poles of T,,(2) located at z = B,
(3.5) ﬁk:{lﬁ—iiiﬂ{i—iéi?} k=1,2,...,n.
The functions R, (z) and T,(z) are biorthogonal
N
(3.6) > Ru(2e)Tm(2)ws = hndnm

8=0
on the “elliptic grid”

B s [s+14+z0—e][s+1+z0—ea)
P s+ l4zo—di)ls+1+z0—do)’

$=0,1,2,...,N

with the weight function

_ (2270 +2—dy—dy+ 28][-—le[2$0 +2-d; — d2]3
s [2:1:0+2—d1 —dz][S]![21‘o+3-—d1 —d2+N],
[:L‘()lsll +ds — .'172]3[1 +ds — 122]3[1 +zo+ 10 —d) — dz]s
[2—1:1]3[3+.'120 —-d; —dg]s[—N+d4]3[—N+d5]3

(3.7)

and the normalization constants
-k [1 - :Ez][’n]' [2 — T2+ N]n
" [1 — T + 2n][——N],,[1 - 1’2],,
[2 = mI]n[3 +xz9—d; — dz]n[]. — d4]n[1 - d5]"

h

3.8 X ’
e (-1 — 20 — 22 + di + da]n[l +da — Z2]n[1 + d5 — T2]n[~To)n
where
(3.9) = (2 — za)n[z2 — ds — d5)N[1 + 20 — da]N([1 + Zo — ds]N

[1 - da]n[1 — ds]n[2 — z1]n[zo + 22 — dy — d5]N
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THEOREM 4. The rational functions R,(z) satisfy the three-term recurrence
relation

€ntn(z — an+l)(Rn+l(z) = R'n(z)) — €n—1bn(2 — ﬁn—l)(R'n(z) - Rn—-l(z))
(3.10) =cu(z—20)Rn(z), n=0,1,...,

where

] _[2+n—x1][3+n—:L'1][mo—n][:vo—n+1]ﬁ[1—:z2+d,-]
" 2-z]B -2 - 22 + 2n][-z0 — 1] i T+ zo—di)’

_ [n+1—:v2]
T 2+n-z)[3+n

5
an z]H[n+1—$2+di],
A

_ [=n] T,
S sy e | LRl

_ [1=z5+2n]

5
Cn'—mg[l—zzﬁ-(h].

REMARK. Since by = 0 it is assumed that the second term in (3.10) vanishes
identically for n = 0.

Finally, we describe a self-duality property which allows one to use the ad-
Jective “classical” as far as the derived set of biorthogonal rational functions is
concerned.

THEOREM 5. Consider the following transformation of the parameters
To=—-1—-x9—zo+d; +dy, =z, T2=-1-2z¢+d) +dy,

(Z3=—-2—N—2:l:0+d1+d2, d~4=—1—2z‘0——1‘2+d1+d2 +d,,
(3.11)d5=—1—2.’12()—.'112+d1+d2+d5, d.1+(22=2d1+2d2—1—2.’1,‘0——.’1,‘2.

It is directly verified that
(3.12) Ru(2y) = Rs(2n), T(2s) =Tulzn), 0<s,mn <N,

where Ry(z,), T(zs) denotes the functions obtained Jrom Ry(zs), Tn(2s) after
replacing the parameters dy,...,xz9 by d,,...,&2. Thus the transformation (8.11)
is equivalent to the permutation of discrete variables n and s.
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REPRESENTATIONS OF COMPLETELY SOLVABLE
LIE ALGEBRAS OVER A RING OF POLYNOMIALS

ALEXANDER GRISHKOV

Presented by Vlastimil Dlab, FRSC

RESUME. Si R est un anneau de polynémes et L est une R-algébre
complétement résoluble, c’est-a-dire qu'il existe une chaine d’'idéaux L =
LoCcL,C---CLnCO0,avec Li/L;t1 un R-module libre de dimension 1,
alors L admet une représentation par matrices triangulaires sur R.

In this article we show that a completely solvable Lie algebra over a ring of
polynomials has a triangulable faithful representation. This fact is important in
the theory of analytic diassosiative loops. In 1955 Malcev noted [5] that, every
Binary Lie algebra B over the field R of real numbers, some neighborhood D C B
of zero can be considered as a local analytic diassociative loop with the multi-
plication z xy = H(z,y) =z +y + [z,y]/2 + - - -, where H(z,y) stands for the
Campbell-Hausdorf series. Recall that by definition an algebra B is Binary Lie
if every two elements of B generate a Lie subalgebra. By the Cartan theorem,
for every local analytic Lie group, there exists a corresponding global analytic
Lie group. An analogy is not valid for local analytic diassociative loops [1]. The
problem of existence of a global analytic dissociative loop for a given Binary Lie
algebra is not easy. The following can help in solving the problem.

Let B be a Binary Lie algebra over R with a finite basis {b;,...,b,} and
Bk = B ®r K be corresponding Binary Lie over the polynomial ring K =
Rz, z2,...,91,¥2,--.]. Denote X = 20y +-+-+z,b, and Y = y1by +- - - + ynbn,
and let B(X,Y) be a Lie subalgebra generated by X, Y. By the theorem [2],
the algebra B is completely solvable, hence, B(X,Y) is so. By Theorem 1 of the
present work B(X,Y) has a faithful triangulable representation w. Therefore,
there exists a triangular matrix Z such that exp(n(X))exp(n(Y)) = exp(2).
Suppose that Z = fiw(by)+- -+ faw(bs), where fi,..., fn are analytic functions
on R?" Then R™ is a global analytic diassociative loop with a multiplication
given by the rule

(a"la-“a-”"n)'(yh"-vyn) =(f11"'7fﬂ)'

Moreover, this loop corresponds to B.
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Let R be a polynomial ring, R = k[z,, ..., Zn|, where k is a field of character-
istic 0, let @ be the field of fractions of R. For every R-module V, we dcnote by
dimpg V' the dimension of the @-module V ® Q. We call an Lie algebra L over
R completely solvable if L admits some normal series

L=Ly>Ly>--->L, =0,

such that dimg(L;/L;y,) =1,i=1,...,n—1.
A module V over the Lie algebra L is called triangulable if V is free R-module
with a free basis {vy,...,vp}, such that V; = {v;,...,vp}r is an L-submodule.
The main result of this section is the following:

THEOREM 1. Let R = k[zy,...,2m), L be a completely solvable Lie algebra
over R, and let L be free as an R-module. Then L has a faithful triangulable
module.

PROOF. Suppose that L is a splitting Lie algebra, i.e., L =T & N, where N
is the nilradical of L and T is a torus. Moreover, T and N are free R-module. Let
t1,...,tq be a free basis of the R-module T'. First we will prove the statement in
this particular case by induction on g.

1. CASE ¢ =0. Let L= L®pgrQ, a nilpotent Lie algebra over Q. By the Ado
theorem [3], £ has a faithful finite-dimensional representation p: L — Endg V
such that all elements p(z), z € L are nilpotent. Fix a Q-basis in V and generators
n1,...,7 of the R-module £. We can find a € R such that all coefficients of
the matrices ap(n,),...,ap(n;) are in R. We denote D = diag(l,a,...,a" 1),
where n = dimg V. If the matrices p(n),...,p(n;) are upper triangular, then
the matrices

D_lp(nl)Dv SRR D_lp(nl)D

have coefficients in R. It means that the Lie R-algebra L has faithful triangable
module over R.

2. CAsE ¢ > 0. Denote t = t, and Lo = To ® N, where Tp = {t1,...,tq-1}R-
Now it suffices to prove the following:

LEMMA 1. Let L be a completely solvable Lie R-algebra and let L = Rt @ Ly,
where Lg is an ideal of L. Then, for every representation po: Ly — Endg(Vp),
where Vy is a free R-module, there ezists an extension p: L — Endr(V') such that
V is a free R-module and V = Vo ® V1, V) is an R-submodule of V, plv, = po.
Moreover, if Vy is a triangulable Lo-module, then V is triangulable.

PROOF. Let W be an L-module induced by Vo, W = Y io,®Vo ® t'. The
lemma will be proved if we construct a unitary polynomial f(z) € R[z] such that
Vof(t)L N Vy = 0 with all the roots of f(z) are in R. We will construct f(z)
by induction on dim Vy. If dimVy = 1, we can take f(z) = z2. In the case of
dim Vp > 0, we need the following:
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LEMMA 2. Let 5(z) and p(z) be unitary polynomials, s(z),p(z) € R[z]. Then
there exists an unitary polynomial f(x) € Rlz] such that, in the ring R[z,y],

(1) f(@+y) = f(y) + s(@)r1(z,y) + zp(z)ra(z, y)

for some r1(z,y),72(z,y) € R[z,y). Moreover, if all the roots of s(z) and p(z)
are in R then all the roots of f(zx) are in R.

PROOF. Let R, be an extension of R such that s(z) = (z—a1)- -+ - (z — ay)
and p(z) = (z - B1) - -+ - (z — Bm) for some ay,...,an,B1,-...,0m € Ry. We
define

f@) =@ [[ (= — 0i - ;).
i,j
Note that f(z) € R[z] if s(z),p(z) € R[z]. We will prove (1) by induction on n.
For n =1,

f(z+y) - f(x)
=pe+y) [[e+y—a - 8) - p) [[(v— o1 - B))
J

j

=pz+y) [[l@— 1) + (-8, - pW) [ (v — 1 - B5)
j j

=plz+y) [[w-8)) + (= - )i (z,9) — p) [ — 1 = )
f j

= (z — ay)ri(z,y) + p(y) [H(m +y-5;) - H(y - — ﬂj)]-
J

J

Since
[1@+y-8) = 2rs(z,9) + ply),
i
H(y ay — ﬂj) = H[(x_al +(y ﬂ] _3']
(a: — a1)ra(z,y) + zrs(z, y) + p(y),
we obtain

[H(l‘ +y=B) - [[w—ea - ﬁj)] =z(r3 —75) — (z — an)ry.
J J

The cquality (1) is proved for n = 1.
Let n > 1. Denote s1(z) = [[7~'(z — o). By induction,

flz+y) - fly)
=p"z+y) [[@+y - - B) - f(v)

1,7
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=+ n][E+y-a-a e+ [[c+y-au-5)}
J

i,j

- f(y)

= {512} (@) + 2p@ra(e,n) + 5" @) ] W= B))}

i<n,j

(e - anri@v) + 2pw)ri(@ ) +20) [[ - an ~ )}

2

- ") [[(v - 0i = B5) = s(@)ri (2, v)ri(, y) + zp()ra(z,y). =

i!j

Now we return to the proof of Lemma 1. As Ly is triangulable Lg-module,
then there exists an Lg-submodule V; < Vg such that Vo = V} @ Rv, v € W,.
By induction, there exists a polynomial p(z) such that the induced L-module
W1 = Y o0 ®Vit! contains a submodule V; D Vip(t) and V2N V; = 0. Moreover,
W1 /Vz is a triangulable L-module. Denote by s(z) a minimal polynomial such
that Ls(ad(t)) = 0. By induction, all the roots of p(z) are in R and all the roots
of s(z) are in R, since L is completely solvable. By Lemma 2, to given s(z) and
p(z), we can associate a polynomial f(z) such that equality (1) holds. We will
prove that Wy = Vo + W f(t) is an L-submodule what we need. As Wyt C W,
we have to prove that W f(t)a C Wy for any a € Lg. Denote a* = [a,t,...,t],

v € W. From (3, p. 50], it follows that

(2) vf(t)a =Y va' fO(t)/a!.

i=0

By Lemma 2, in the commutative ring R[z,y| we get

Y 2 fA)/it = flz+y)

=0
(3) = f(y) + s(z)r1(z,y) + zp(y)r2(z, v)

ky k2
= f¥) +5()Y_ru(@)y’ + Y _rai(e)p(v)y’,
i=1

=0

where
kx k:.‘ )
ri(z,y) = ru(@)yh ra(e,y) = Y ral@)y’.
=0 =0

Denote s;(z) = s(z)r1i(z). From (4), we derive

) ky k2
(4) inf(i)(y)/i! = f(y) + Z si(z)y’ + ng,-(x)p(y)yi.
i=1

i=0 i=0

i
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Let Ass be a free associative algebra over R with free generators {y, z,,Z2,...}.
Then (4) yields in Ass

o0 k) k2
(5) D zfOW /i = f) + Y sl (@) + Y rsi(@)p(y)y’,
=0 1=0 i=1

where ¢ is a linear map: R[z] — Ass,

k k
9(2)" =) ez, if g(z)=) a'.
i=0

i=0

Finally, (5) implies

ky k2
vf(t)a =vaf(t) + ) la,si(adt)lt’ + Y [a,r2i(adt)lp(t) € W,

i=0 i=1

since [a, 72;(adt)] € Lo, [L, s(adt)] = 0 and s;(z) = s(z)l;(z). We constructed an
L-module U = W/W,, which is free as R-module since f(z) is unitary polynomial.
The L-module U is triangulable since all the roots of f(z) are in R. ]

With this lemma we can complete the inductive step and prove theorem in
the case of L splitting.

Suppose now that L is not splitting. Recall that Q is the field of fraction of R.
A Lie Q-algebra Lo = L®g Q is embedded to a splitting Q-algebra £ = T @ N.
Here, N =} ., ®N,, where 7 C Q* and N, = {n € N | nt = a(t)n,Vt € T}
(see [4]). Let {g1,...,9.} C L be free basis of L. In £, we have gi=ti+n, t; €T,
n; €N,i=1,...,n. Note that g;,...,gn € T = {t € T | a(t) € R,Va € 7} and
T is a free R-module. In £, we have n; = 2 aer Mias Nia € Na, i=1,...,n. Let
N) be an R-algebra Lie with generators {n;o |a € 7,i=1,... ,n}. It is obvious
that N, is a finite-dimensional R-module and N,T C N;. Hence Li=T®N, is
a splitting completely solvable R-algebra and L is subalgebra of L. n
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THE CENTRAL CRITICAL VALUE OF AUTOMORPHIC
L-FUNCTIONS

J. SENGUPTA

Presented by M. Ram Murty, FRSC

ABSTRACT. In this note we study the growth of the central critical
value of L-functions of holomorphic cusp forms of varying weight k. We
prove that, on the average, the central critical value obeys the Lindelof
hypothesis in the k aspect. Under the assumption of the Lindelof hypoth-
esis, we also give a lower bound for the number of cusp forms that have
nonvanishing central critical value.

RESUME. Dans cette Note, nous étudions la croissance de la valuer
critique centrale des fonctions L des formes modulaires paraboliques de
poids variable k. Nous démontrons que cette valuer obéit, en moyenne,
I’hypothése de Lindelof d’aspect k. Sous 'hypotheése de Lindelof, nous don-
nons aussi une minoration du nombre des formes modulaires paraboliques
dont la valuer critique centrale ne s’annule pas.

The central critical value of L-functions for GL(2) cusp forms has been the
subject of intensive research. It has various aspects like algebraicity, positivity,
behaviour under twists, etc. In this note we will look at the L-series of holo-
morphic cusp forms of even integral weight. Most of the previous studies on this
topic have been concerned with the cases when the weight is kept fixed and the
level of the form is varied. This has been done in particular for forms of weight 2
and varying level in view of their connection with elliptic curves and the Birch-
Swinnerton-Dyer conjecture ( see [2], [6]).

In contrast to the above we will investigate the variation in the central critical
values of L-functions of holomorphic cusp forms of varying weight and fixed level.
In order to keep the exposition simple we will consider only forms of level one,
i.e., forms for the full modular group. Our approach is direct and our proofs are
simple. In particular we do not make use of any approximate functional equations,
trace formula for Hecke operators, etc.

NOTATION. Let k be an even integer > 12 and let Sy denote the space of cusp
forms of weight k for the full modular group. We denote by (,) the Petersson
inner product in S and by g, the dimension of Sk. Let [f, | 1 < v < gkl
denote the orthogonal basis of S consisting of normalised Hecke eigenforms and
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let L(f,,s) denote the L-series of f,. It is well-known (see [5]) that L(f,,k/2) is
non-negative. In the following we will assume that & is divisible by 4 for otherwise
the central critical value is zero.

THEOREM. For all € > 0,

9k

> L(fu,k/2) < k'

v=1

COROLLARY. On the average the central critical value obeys the Lindeldf hy-
pothesis in the k aspect.

PROOF OF THE THEOREM. Our proof is direct and is based on the explicit
representation of a related sum given in [4] and the results of Hoffstein-Lockhart
[3]. We begin by quoting the relevant result from [4).

PROPOSITION (4, p. 188]. Let s € C and let 0 = Rs satisfy 1 <o < k — 1.
Then we have

(2m)°T'(k — s) + (2m)*~°T(s)

et T et (3)

(n,.-)ezz,m»u
ged(a,c)=1

(€2mi' 1T 2 f (s, k; —2mifac) + e 2™ e ™ I2 £, (5 k: Omifac
1 ! .

g -
- L(f,,3)
= (27)"°I'(3)¢ .
() 06) ",5:: (Fn 1)
Here o' is the inverse of a modulo ¢,  f(a, 8;2) = ”ﬂ;—W’llFl(a, B; z) and
1F1 is Kummer’s confluent hypergeometric function and
__al(k-1)
Cr = o%k=2 °
Evaluating the above equality for s = '5” we obtain
%: L(f,,k/2)
v=1 <fl/’ fU)
(27T)k/ 2 k/2 k/2 1 k
=———1q(2 T(k -
Nia e | (20T k/2) + (2m)*/*0(0/2) + 5 (2m)

< BT

(a,0)€Z? ac>0
ged{a,c)=1

(eBmia'leem kI, fy (k/2, k; ~2mifac)

+em2mia'feo=mik/4 £ (k/2, k; 27i/ac)) }
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Now 1 fi1(k/2, k; £27i/ac) = f eE2miv/acyk/2=1(] _ y)k/2-1 gy
Hence |1 f1(k/2, k; £27i/ac)| < B(k/2,k/2) = Eg(%%l
Using the above estimate and Legendre’s duplication formula for the I" function

we obtain,
L{fv, k/2) (27f)'c
Z <fm fV) Ck

where the implied constant is absolute. Now

L'(k)
Ifl? = QT kT

L(1,F,).
Here F, is the “adjoint square lift” of f, and L(s, F,) its standard L-function.
The result of Hoffstein-Lockhart ([3] and appendix of [3]) shows that Ve > 0,

(k) a 2 L(k)ke
22k=1rk+1 Jog(k + 1) — 171" < 92k—1k+1

where c; is an effective positive constant. Substituting the expression for ¢, and
using the estimate above for the Petersson norm of f, we get

9k
> L(fu,k/2) < K< .

v=1

REMARK. The implied constant in our theorem is effective.

Our next result deals with the number of cusp forms that have non-vanishing,
hence positive, central critical value. In order to derive it we will assume the
Lindelof hypothesis in the k aspect for the individual f,’s, i.e., L(f,, k/2) < k¢
Ve > 0.

PROPOSITION. Let 0 < € < 1 be fired but arbitrary. There erists a positive
constant Ce, depending only on €, such that for all k sufficiently large, at least
C.k'~¢ of the f,’s have positive central critical value.

PROOF OF THE PROPOSITION. For brevity we denote L(f,,k/2) by a, and

I£.11=2 by pu.
Our assumption then is @, < k¢. The proof of the theorem above shows that

() [, @mAC (/2T (K/2)
Z”""‘”Zz ( CRITR) )

Using Legendre’s duplication formula for I'(k) = I'(2 x k/2) we see that, for all
k sufficiently large,
2m
zpu o> &L

Ck

22k l

On the other hand we have by [3] p, < c—(‘k_l)i‘—(ﬁi log(k + 1).
These two facts immediately lead to our proposition.
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REMARK. If we assume that the constant in the Lindelof hypothesis is effec-
tive, then the constant in our proposition is also effective.
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ABSTRACT. Exact global helically symmetric solutions to the plasma
equilibrium equations are derived. The solutions model astrophysical jets
and provide counterexamples to a well-known theorem of Parker.

RESUME. Des solutions globales exactes héliquement symmétriques aux
équations d’équilibre de plasma sont construites. Ces solutions peuvent
modeler des jets astrophysiques, et elles fournissent des contre-exemples
a une théoréme bien connue de Parker.

The problem of finding the nontrivial global solutions to the plasma equilib-
rium equations

(1) JxB=gradp, divB=0, J=curlB/u

(where B is the magnetic field, J is the electric current density, p is the plasma
pressure, and p is the magnetic permeability) is known since their first applica-
tions in the 1950’s to the problem of controlled thermonuclear fusion (5], [7] and
to the astrophysical problems. However, all found until now exact solutions to
equations (1) which are not translationally invariant either have singularities or
are not localized and unboundedly grow at infinity [1], [3], [6]. The physically
relevant global plasma equilibria have to satisfy the following conditions in the
cylindrical coordinates r, ¢, z: a) The magnetic field B and pressure p are smooth
and bounded in R3; b) At r — oo, the magnetic field B — 0, the pressure
p — p1; ¢) All magnetic field lines are bounded in the radial variable r.

The plasma equilibrium equations (1) have two important reductions derived
by Grad and Shafranov for the axially symmetrics case and by Johnson, Frieman,
Kulsrud and Oberman (JFKO) [5] for the helically symmetric case. In the present
paper, we report some new exact solutions to the JFKO equation which have
astrophysical and laboratory applications.

We derive solutions to the JFKO equation [5] which are defined in the whole
Euclidean space R® and have no singularities. These exact plasma equilibria along
with the exact axially symmetric solutions [2] model the variety of magnetic
fields in astrophysical jets {4] and in solar prominences. The asymptotic value
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of pressure p; in condition b) is the average pressure in the external medium
(the astrophysical outflow or solar coronal plasma). The plasma equilibria are
localized in the sense that the total magnetic energy in any layer ¢; < z < co is
finite. The magnetic field decreases at r — oo as rapidly as cy exp(—8r2)r2V.
Hence the high collimation of the jet follows.

The obtained exact equilibrium solutions provide a helically symmetric coun-
terexample to the well-known Parker’s theorem [9] that has been around for
more than 25 years and that concerns the small perturbations of the z-invariant
plasma equilibria. Parker writes [9, p. 374]: “Consider a magnetic field B;(z,y) +
ebi(z,y, z) in the neighbourhood of the general equilibrium field B;(z,y)”; and
after a detailed study arrives at the conclusion on p. 377:

Thus, in the general case, we are led to the conclusion that the in-
variance 9b;/0z = 0 (14.51) is a necessary condition for equilibrium.
Any field in which winding pattern changes along the field, so that
(14.51) is excluded by the topology, cannot be in equilibrium.

In (8], [11], this conclusion was called Parker’s theorem. Many consequences
and generalizations were produced assuming that the theorem is true, see 8],
(10], [11], [12] and references therein.

We present a counterexample to Parker’s theorem which satisfies all Parker’s
conditions [9, pp. 359-391], and the above physical conditions a), b), c). We
construct a family of global z-invariant plasma equilibria, each equilibrium pos-
sesses a 3-dimensional linear space of helically symmetric global perturbations.
The most important feature of these exact solutions is that they do depend on
variable 2 and hence they are not z-invariant.

The helically symmetric magnetic field B has the form B = (1,&, — ¢,8, +
f&g)/r, where ¢ = 9(r,u), f = f(r,u), Y = 09/, and &,, &,, &, are the
unit tangent vectors corresponding to the coordinates r,u = z — y¢, ¢. Johnson
et al. had shown in [5] that the plasma equilibrium equations (1) for the helically
symmetric solutions are equivalent to the equalities (r2++2) f /r2 — vy, /r = I(3))
p = p(¥) with arbitrary functions I(1) and p(¢), and the JFKO equation

10% 19 (roy\ I'(Y)  HIy)
(2) r_zﬁ+;a(FE)+ F + 2 = —up' (),

where prime denotes differentiation with respect to ¢ and F = 72 + v2. The
magnetic field B has the following form in the cylindrical coordinates T, 2, ¢:

b

(3) B= ¢uér/7' + ('YI(IIJ) - rd’r)éz/F + (TI(¢) + '7"/)r)éd>/F'

THEOREM 1. There ezist an infinite family of global plasma equilibria depend-
ing on an arbitrary integer N > 0 and two reals B > 0 and ~. The equilibria
are z- and ¢-invariant in the cylindrical coordinates r, z, ¢. For any two in-
tegers m 2 1 and n > 0 satisfying the condition 2n + m < N and parameter
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B = m?/(4v%(2N — 2n — m)), the equilibria are contained in a 3-dimensional
linear family of global plasma equilibria which are invariant with respect to the
helical transformations z — z + y¢o, ¢ — ¢ + do.

PROOF. Suppose that I(3) = atp and p(v) = py — 26%%?/p > 0, where p; >
(26?/p) max(y%(z,y, z)). Under these assumptions, the JFKO equation (2) be-
comes linear. Separating variables by the substitution ¥(r,u) = A(r)(a cos(wu)+
bsin(wu)), we obtain the equation

(4) %% (%%) = (4ﬁ2+‘;ij—a—2—2°‘—7) A(r).

To find exact solutions, we substitute A(r) = r™e=P B(z), z = 28r2. For the
non-singular solutions, we necessarily have yw = m, where m > 0 is an integer.
Suppose that

(5) a®y? = (m+a)? + 4ne,

where n is a parameter, ¢; = 28v2. Then equation (4) turns into the equation

(@® + c12)B" + (=22 + (m — a1)z + (m + 1)c1) B’
(6) +n(z+c1 — kmnc1)B =0,

where kp,n, = (m+c1 —ay)/(2nc;). Equation (6) has a polynomial solution B(z)
only if parameter n is an integer n > 0. Substituting B(z) = P(z) — kmnzP'(z),
we reduce equation (6) to P” + (1 + m — z)P’ + nP = 0. This equation has
polynomial solutions Ppn(z) = d™Lmtn(z)/dz™ of degree n where L,(z) are
the classical Laguerre polynomials L,(z) = e*dP(e~*zP)/dz”/p!. Hence we obtain
that if the two integers m and n satisfy equation (5) then equation (6) has the
polynomial solution Bypn(z) = d™Lmn(z)/dT™ — kmnzd™ ! Liin(z)/dz™ 1.
Therefore the JFKO equation (2) has the exact solutions

(7) Ymn = 7€~ Bun(267%) (@mn cos(mu/7) + bma sin(mu/7)).

For m > 2, the magnetic field (3) B;;»(0,2) = 0 on the axis » = 0. Only the
m = 1 kink mode (7) has nonzero magnetic field B, (0,2) at r = 0.

For m = n = 0, equation (5) implies a = 203+, and equation (6) has solution
B = const. Hence equation (2) has an exact solution of the Gaussian form ¢(r) =
exp(—pr?). For m = 0 and n = N # 0, equation (5) becomes a?y2 = c¢Z + 4N¢,
and the exact solution (7) takes the form

(8) ¥n(r) = ane " Bon(2672),

where polynomials Bon(z) are Bon(z) = Ln(z) — knzLiy(z), and ky =
(1-+/1+2N/(8+?))/(2N) < 0. These formulae and the known properties of the
Laguerre polynomials Ly (z) imply that each polynomial Boy(z) has N distinct
positive roots. Hence all its roots are simple.
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For the flux function (8), the magnetic field (3) has no singularities and de-
creases at 7 — oo as rapidly as exp(—fBr2)r?VN. The magnetic sufraces ¥y (r) =
const are cylinders 7 = const. Thus equation (2) has global solutions (8) where
the two parameters § > 0 and 7y # 0 are arbitrary. These plasma equilibria
possess cylindrical symmetry for they are z- and ¢-invariant.

EXACT GLOBAL PLASMA EQUILIBRIA. For m > 1, the flux functions Ymn(r, 1)
(7) define the magnetic fields B,,, (3) that are smooth in the cartesian coordi-
nates and decrease at  — oo as rapidly as ¢(u) exp(—Br2)r?"+™  Hence these
solutions satisfy the above conditions a) and b).

To find the global equilibria, we consider a linear combination of the ex-
act solutions Yn(r) (8) and ma(r,u) (7) which satisfies equation (2) if equa-
tions a?y% = ¢? + 4N¢, and (5) hold simultaneously. These two equations yield
the inequality 2N > 2n 4+ m and the formulae ¢; = 28y% = m?/q, |ay| =
my/(4N —m)? — 16nN /q, where g = 2(2N — 2n —m). Thus we obtain the exact
solutions to the JFKO equation (2):

(9) YNmn = e—Br? (aNBON + 7™ Bmn (@mn cos(mu/7y) + by sin(mu/'y))) ;

where N, m, n are arbitrary integers > 0 satisfying the inequality 2N > 2n +
m. This inequality implies that function ¥nmn(r,u) (9) has the leading term
(-2B8)Nan exp(—pBr?)r?N at r — o0o. Hence equilibria (9) for m > 1 satisfy
the above conditions a) and b), and all magnetic surfaces Ynmn(r, %) = const
asymptotically for 7 >> 1 are cylinders r = const. Therefore all magnetic field
lines are bounded in variable r. Thus the exact solutions (9) define the global
plasma equilibria. For m > 1, these exact solutions describe the highly collimated
astrophysical jets. .

In the coordinates r, z, ¢, the magnetic surfaces ¥(r,u) = h = const are the
helically rotating cylinders Cj,. The z-periodicity of ¥nmn(r, %) implies that the
sections Si: 2z = 2wk of a cylinder C}, are the same for all integers k. Hence the
subsequent intersections of magnetic field lines on C}, with curves Sp and S; define
a rotation tranform T),: So — Sp = S;. For an appropriate angular parameter
s = s mod1 on the closed curve Sy, the mapping T}, is Ti,(s) = s + 6p(h). For
a generic h, the rotation number 6y(h) is irrational. Hence the generic magnetic
field lines are quasi-periodic in variables r, z, ¢ which implies that the magnetic
field lines never repeat in the z-direction, but can have a structure arbitrarily
close to the initial data. Hence their “winding pattern” changes continuously
with z, and does not repeat.

COUNTEREXAMPLES TO PARKER’S THEOREM. The exact solution (8) defines
the magnetic field (3): Bn(r) = ((av¥n — 19y)8é. + (arpn + iy )8s)/(r2 +
v2), that is nonzero everywhere in the Euclidean space R®. Indeed, an equality
Bn(ro) = 0 implies yn(ro) = ¥jy(ro) = 0, hence Bon(zo) = Biy(zo) = 0, a
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contradiction, because all roots of the polynomial Byy(z) are simple. Hence for
any R and all r < R, we have |By(r)| > anyB(R) > 0.

Let Bnymn(7,u) be the magnetic field defined by the flux function Ynmn (9)
and Ax = (|amn| + |bmn])/lan|- Inside any domain 0 < r < R, we have

(10) [BNmn — Bn|/|Bn| < ANC(R)/B(R).
At r — o0, the asymptotics hold:

I"/)N'mn - wNI
[¥n|

The inequality 2N > 2n+m implies [nmn —¥n|/|¥n] — 0 at 7 — oo. Hence
for Ay << 1, we obtain |Bymsn — Bn|/|Bn| << 1 everywhere in R®.

Let zn be the greatest root of the polynomial Byony(z). For z > zx, we
have |Bon(z)| > (1 — Nkn)(z — zn)V/N! and |Bpa(z)| < (1 — nkmn)z™/nl.
Hence we get [¥nmn — UN|/I¥N| < ANCNmnT™z"/(z — zx)N. Hence for z >
N2+1gy 2k = |21og Cnmn—mlog(208)]/(2N —2n—m) log N, we obtain |t nmn—
¥n|/l¥n| < An. The same inequality is true for the magnetic field. Thus for
AN << 1, the perturbations (9) can be significant only for < N2**!zy. Sub-
stituting x = 26¢2, we find for the characteristic length scale £ in the variable r
of the perturbations (9): £ < N*\/Nzyn/28.

The inequalities (10) and (11) mean that the plasma equilibria (9) at Ay << 1
are small perturbations in the whole Euclidean space R of the z-invariant equi-
librium (8). Hence we obtain that Parker’s condition that “the local perturbation
to the field is small compared to the total field” [9, p. 361] is satisfied everywhere.
Parker’s condition that “the magnetic field is analytic in its deviation ¢ from the
invariant field B;(z,y)” [9, p. 378] is satisfied because the exact solutions (9) are
linear functions of the small parameters am,n,bmn. Parker’s condition that the
length of the flux tube L is “large compared to the characteristic transverse scale
of variation ¢ of the field” [9, p. 362] is satisfied because £ < N*,/Nzy /283 and
the flux tube length L can be taken arbitrarily large for the z-invariant equilib-
rium (9). Hence L >> ¢. All perturbations (9) are not z-invariant. Hence the
plasma equilibria (9) are counterexamples to Parker’s theorem.

_ (1 = nkpa)N!

2C,
n-N Nmn
< AN(2IB) oN—-92n—m CNmn = (1 _ NkN)’!l' .

(11) .,.2N—2n—m’
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TRACES OF LOCALIZATION OPERATORS

JINGDE DU AND M. W. WONG

Presented by L. A. Lorch, FRSC

ABsTRACT. The trace of any integral power of a localization operator
on a separable and complex Hilbert space is computed and used to estimate
the norm of a positive localization operator in the Schatten-von Neumann
class Sp when p is a positive integer.

RESUME. La trace d’une puissance arbitraire d’un opérateur de locali-
sation sur un espace de Hilbert complexe et séparable est calculée et utilisée
pour estimer la norme d’un opérateur positif de localisation dans la classe
Schatten-von Neumann Sy ol p est un nombre entier positif.

1. Introduction. Let G be a locally compact and Hausdorff group on which
the left Haar measure is denoted by p. For 1 < p < 0o, we denote the norm in
LP(G) by || |p- Let X be a separable and complex Hilbert space of which the
dimension is infinite. We denote the inner product and normin X by (, )and || ||
respectively. Let B(X) be the C*-algebra of all bounded linear operators on X,
and let || ||. denote the norm in B(X). An irreducible and unitary representation
7m: G — B(X) is said to be square-integrable if there exists a nonzero element ¢
in X such that

(11) /G | (0, 7(9)0) | di(g) < co.

We call any element ¢ in X for which ||| = 1 and (1.1) is valid an admissible
wavelet for the square-integrable representation m: G — B(X ), and we define the
constant c, by

Cp = fc (¢, (9)¢) | dug)-

Let ¢ be an admissible wavelet for the square-integrable representation 7: G —
B(X). Then it can be proved that the resolution of the identity formula, i.e.,

(z,y) = Cl /G (z,m(9)¢) (v(9)p,y) dp(g), =,y € X,
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is valid. The theory of square-integrable representations hitherto described can
be found in Grossmann, Morlet and Paul [1], [2], Holschneider [4] and Wong [7),
[8] among others.

Let F be a function in L'(G) or L®(G). Then, for any z in X, we define Lpz
by

(1.2) (Lpz,y) = i /G F(g)(z,m(9)0) (r(9)p,y) dulg), y € X.

Then we have the following result proved in the paper (3] by He and Wong.

THEOREM 1.1. Let F € LP(G), 1 < p < oo. Then there exists a unique
bounded linear operator Lp: X — X such that

wed;
ILrlle < co™ [IFlp

and Lz is given by (1.2) for all x in X and all simple functions F on G satisfying

{9 € G: F(g) # 0} < cc.

Let A be a compact operator from X into X. If we denote by A*: X — X
the adjoint of A: X — X, then the linear operator (A*A)2: X — X is positive
and compact. Let {¢ : k = 1,2,...} be an orthonormal basis for X consisting of
cigenvectors of (A*A)%: X — X, and let sx(A) be the eigenvalue corresponding
to the eigenvector ¥, k = 1,2,.... We say that the compact operator A: X — X
is in the Schatten-von Neumann class S,, 1 < p < oo, if

[
z Sk(A)p < 00.
k=1

It can be shown that Sp, 1 < p < oo, is a Banach space in which the norm || ||s,
is given by
&0 L
llls, = {>_swar}’, aes,
k=1

We let S be the C*-algebra B(X) of all bounded linear operators from X
into X.

The following result is Theorem 6.1 in the paper [3] by He and Wong.

THEOREM 1.2. Let F € L*(G), 1 < p < 0. Then the bounded linear operator
Lp:X — X isin S, and

4 \7
ILels, < () 1l
0



94 JINGDE DU AND M. W. WONG

In this paper, we compute the trace of a localization operator Lg: X — X and
estimate the trace of any integral power of Lp: X — X for any function F in
L'(G). As a supplement to Theorem 1.2, we give another estimate on the norm
of the localization operator Lr: X — X in the Schatten-von Neumann class S,
when F is a nonnegative function in L!(G) and p is a positive integer.

The motivation for the trace formula given in this paper comes from the study
of the free energy and the partition function in quantum statistical mechanics
described in, e.g., the paper [5] by Peierls, and the most interesting groups to
which the theory of this paper applies are the Weyl-Heisenberg group and the
affine group.

2. The trace. The starting point is the following proposition, which can be
found on page 211 of the book [6] by Reed and Simon.

PROPOSITION 2.1. Let A: X — X be a bounded linear operator in S; and
let {pr : k = 1,2,...} be any orthonormal basis for X. Then the series
Y e 1 (Apk, k) is absolutely convergent and the sum is independent of the choice
of the orthonormal basis {py : k= 1,2,...}.

In view of Proposition 2.1, we can define the trace tr(A) of any linear operator
A:X - X in S; by
[oo]

(2.1) tr(4) = Z(A‘Pks‘tak))
k=1

where {¢k : k = 1,2,...} is any orthonormal basis for X.
Let F € L'(G). Then the localization operator Lg: X — X is in S} and we
have the following interesting result on its trace.

THEOREM 2.2. tr(Lp) = é I F(9) du(g).

PROOF. Let {¢k : k =1,2,...} be an orthonormal basis for X. Then, using
(1.2), (2.1), Fubini’s theorem, the Parseval identity, |j¢|| = 1 and the fact that
m(g): X — X is a unitary operator for all g in G, we get

[ o]

tr(Lr) = Z(LF‘Pky‘Pk)
k=1

_yv1 )
- kz;lc‘p /G F(g)| (e, m(g)e)|” du(g)
= L [ Flo) S |(orsn(9)0) | dsta)

Co JG =1

= i /G F(g)lIm(9)ll* du(g)

1
= /G F(g) du(g). .
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Since §) is an ideal in B(X), it follows that, for m = 1,2,..., the linear
operator LE: X — X is in Sy. The following theorem gives an estimate for the
trace tr(L7) of L7: X — X in terms of the trace tr(Ljr)) of the localization
operator Lip;: X — X.

THEOREM 2.3. Form =1,2,...,

(LR < (br(Lyy)) ™

PROOF. Let {px : k =1,2,...} be an orthonormal basis for X. Then, using
(1.2), Theorem 1.1, (2.1), Fubini’s theorem, the Schwarz inequality, the Parseval
identity, ||| = 1, L = L and the fact that m(g): X — X is a unitary operator
for all g in G, we get

[tr(LE)| = Z(L}?(Pk,sok)l = |Z(Lptpk,L',§"1<pk)|
k=1

= / (9) ka,w(g)(p)(ﬂ(g)% Lm l‘Pk dﬂ- 9)‘

- c / (9) (x, m(9)0) ( ’}"lvr(g)so,sok)du(g)'
(4

IA

L / 1F (o) Z| o m(0)o)]")’ (Z| L~ v(o)e,en)[*) duto)

e /G [E(@) lIm(@)ell ILE 7 (9)ell du(g)
2 < (i [IFolam)

Thus, by Theorem 2.2 and (2.2), the proof is complete. [

3. The Schatten-von Neumann property. A consequence of Theorem 2.3
is the following result supplementing Theorem 1.2.

THEOREM 3.1. Let F be a nonnegative function in LYG). Then, for p =
1,200 5
ILr|ls, < tr(LF).
Moreover,
ILrls, = tr(Lr).

PROOF. Since F' is a nonnegative function in L!(G), it follows from (1.2)
that Lp: X — X is a positive operator. Thus, the singular values of Lp: X — X
coincide with the eigenvalues of Lp: X — X. So,

(3.1) ILels, = (zw vratn)) ",
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where {¢ : kK = 1,2,...} is an orthonormal basis for X consisting of eigenvectors
of Lp: X — X. By (2.1), (3.1) and Theorem 2.3,

Tl

ILrlls, = (tr(LE))

forp=1,2,....If p =1, then, by (2.1) and (3.1),

< tr(Lr)

ILFlls, = tr(Lr). .
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