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UN ALGORITHME NUMÉRIQUE RAPIDE ET ADAPTATIF 
À BASE D'ONDELETTES POUR LES ÉQUATIONS 

D'ÉVOLUTION 

GUILLAUME CHIAVASSA ET JACQUES LIANDRAT 

Présenté par Vlastimil Dlab, FRSC 

ABSTRACT. An adaptive numerical scheme based on wavelets for the 
resolution of semi-linear evolution equation is presented. Optimality is 
reached since the complexity and the required storage are proportional 
to the number of degrees of freedom. Numerical tests are provided for the 
Burgers equation with small viscosity {v = 10- 7) . The corresponding re-
sults are accurate and unreachable with non fully adaptive methods. 

RÉSUMÉ. Nous présentons un algorithme adaptatif à base d'ondelettes 
pour la résolution d'équations d'évolution semi-lineaires. Cet algorithme est 
optimal puisque sa complexité et la taille mémoire qui est associée à son 
implementation, sont proportionnelles au nombre de degrés de liberté du 
problème. Des tests numériques sont développés en dimension un sur une 
équation de Burgers à très faible coefficient régularisant («/ = lO- 7) . On 
obtient des résultats précis et rapides, déjà hors de portée des méthodes non 
adaptatives ou non totalement adaptatives, et difficilement atteignables par 
les méthodes adaptatives classiques. 

1. Introduction. Cette note s'inscrit dans un travail de définition et d'im-
plémentation d'algorithmes précis et rapides à base d'ondelettes pour la résolution 
numérique adaptative d'équations non-linéaires. Nous y montrons que l'utilisation 
de certaines bases d'ondelettes pour la représentation adaptée de fonctions pré-
sentant localement des forts gradients, combinée avec des approximations per-
formantes des opérateurs non-linéaires et d'évolution linéaire conduit à des algo-
rithmes numériques effectivement adaptatifs, c'est-à-dire ayant une complexité et 
demandant une place mémoire toutes deux proportionnelles au nombre de degrés 
de liberté du problème. Nous présentons des résultats de tests numériques sur 
l'équation de Burgers à très faible coefficient régularisant {u = 10_7). 

2. Discrétisation de l'équation et algorithme. Nous nous intéressons à 
la résolution numérique de l'équation suivante: 

{ dtU + G{U) = v dxxU 
(x,t)6]0,l[x[0,T) 
U{Q,t) = U{l,t) 
U{x,0)=g{x) 
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34 GUILLAUME CHIAVASSA ET JACQUES LIANDRAT 

où G{U) est un opérateur non-Unéaire de la forme U i-ïGoU etv une constante. 
L'approche que nous utilisons pour la discrétisation de l'équation n'est pas 

standard. Elle consiste tout d'abord à discrétiser l'équation par rapport au temps 
puis à approcher ensuite le problème elliptique posé à chaque pas de temps en 
utilisant les bases d'ondelettes [3]. 

2.1. Discrétisation temporelle. Ayant introduit une segmentation (f„)o<T»<iv de 
l'intervalle [0,r], nous savons que U vérifie: 

(2) U{x, tn+ï) = e^'-Uix, tn) - [tn ev^-a^"G{U{tn + a)) da 

avec ôtn = tn+i —tn.Le schéma numérique que nous utilisons s'écrit : 

(3) Un+1{x) = e""-8"{/"(i) - 6tnJ2qi,neu^+t''-t^a"G{Un-i{x)) 

o ù {ît.n.O < i < r} sont les coefficients de la formule de quadrature utilisée 
pour approcher l'intégrale dans (2). Pour simplifier nous écrirons : Un+1{x) = 
Z^LiStn^tn-iW^ix). 
2.2. Approximation spatiale. Nous obtenons une approximation de Un+1 par un 
algorithme analysé dans [3] et s'écrivant : 

r 
Ûn+1 = ^ I W o L t f t n . W n - i ) ^ - * . 

i=0 

L'espîice d'approximation au temps tn, V(n), est choisi de la forme : 

(4) ^ " = ^ 0 ® ^ ^ 
j=J0 

avec ^ = vect{^o.fc,0 <k< j * - 1} et X,- = vect^-j t .Mj) < * < hU)}, 
et où <j)j0ik (resp. ipjtk) sont les fonctions d'échelles (resp. les ondelettes) d'une 
analyse multirésolution périodique de L2([0,1]) [5]. Les indices jo et p ainsi que 
les fonctions ki et fo dépendent de n. L'approximation On+1 s'écrit alors 

r 
Ûn+1 = Y.{nv^)Liôtn,tn,tn.i)UVjoÙn-i 

p - i 

+ J2 nV(„+„L(<îtn,tn>tn_<)nx^n-i). 
(5) < = 0

 P - i 

]=]0 

Nous montrons dans la suite qu'un algorithme de complexité 0{#VW) et ne 
manipulant que des vecteurs de taille proportionnelle à #y<n) ou #V'(n+1) est 
associé à (5). Les difficultés étant essentiellement liées au calcul du terme non-
linéaire {U i-> G(U)) et à celui de l'action de l'opérateur de la chaleur {U i-> 
el'St"d"U), nous nous concentrons maintenant sur ces deux parties. 
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2.3. Calcul du terme non-linéaire. Pour PGq{U) = 
ï-q/2 Efc G(29/2{£/, 0,,fc»^,fc, si l'on pose 

p-i 
(6) PGVMiU) = PGjo{U) + X) nXjPGj+1iU) 

J=Jo 

nous savons, ([4]), que \\nVM{G{U))-PGvM{U)\\L2 = C>(2-(' '*+1^) oùn^ est 
le nombre de moments nuls1 de la fonction <f). Ainsi, pour n^ et jo assez grands, 
l'estimation PG peut remplacer G. Connaissant la décomposition de Un dans 
V( n ) , le calcul de PGVc) s'effectue alors en utilisant les algorithmes pyramidaux 
classiques de la transformée en ondelettes. Lorsque l'espace V ^ est c-structuré, 
i.e., vérifie 

3 c tel que Vj, jo<j <p-l, i>i,k G Xj => V'j-i.fc' e Xj_i 
t 7 ; si |2Jfc'-ifc|<c c>lg 

la complexité de ces algorithmes est O^V^) {lg représente la longueur des 
filtres de l'analyse multirésolution). 

2.4. Application de l'opérateur de la chaleur L'algorithme que nous utilisons 
pour le calcul de Uvin)C{U) où C{U) = ev&i*d"U est le suivant : 

2 * > - l 

Si 1/ = ^ cjo,k(f>j0,k + Y, di.fc^J.fc' 
/ON fc=0 j>jo,k 

alors dU) = J ] ) Cj0lfcT,0,fc + ^ d^Oj.k, 
fc=o j>io,fc 

avec Tjo,k = e"6*-8"^ et flj.fc = e"*1»8"^. 
Suivîint [5], les fonctions 9jtk sont des "vaguelettes" c'est-à-dire des fonctions 

localisées uniformément par rapport à j de même que leur transformée de Fourier. 
Il s'ensuit que la projection de ces fonctions sur la base d'ondelettes peut être 
calculée de façon pyramidale puisque les produits scalaires {Ojtk,il>j',k') vérifient 
pour e' donné : 

3 ( / , d ) e N tels que K^.fc.V'j'.fc')! < ^ pour \j-j'\>l 
() mk^k'iï < e' pour |*-fc' |>d. 
Du fait de la décroissance des fonctions mises en jeu, la complexité numérique du 
calcul des produits scalaires (9), qui augmente théoriquement avec j en 0( j2 J ) , 
peut être rendue constante à partir d'un certain seuil j c dépendant seulement de 
l'ondelette ip [3] (je = 9 dans la partie (3)). 

L'implémentation de la projection de C{U) sur V( n ) conduit donc réellement 
à un algorithme de complexité 0 ( # V ( n ) ) et le calcul des produits scalaires (9) 
est de complexité O(p), p étant défini en (4). 

1 Classiquement, nous appelons moment d'ordre a (a € N) de la fonction / la quantité 
f xaf(x)dx quand elle existe. 
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Figure 1: A) Temps de calcul pour 1000 itérations de l'algorithme complet en fonction 
de la dimension de l'espace d'approximation V^nK B) i) Temps de calcul pour le même 
test que sur la figure A) en fonction de p. ii) Temps de calcul obtenus (trait plein) et 
estimés (pointillés) pour une méthode spectrale non-adaptative. 

3. Résultats numériques. Ils concernent l'équation de Burgers avec un très 
faible coefficient régularisant v : 

(10) 

' dtU + \dx{U2) = vdx 

M e M x M 
tf((M) = tf(M) 

^ U(x, 0) = sin(27ra;). 

V 

De nombreux algorithmes, ([1], [2] par exemple), ont déjà été testés sur cette 
équation avec des valeurs de la viscosité v de l'ordre de 1 0 - 3 ce qui correspond 
à une valeur maximale du gradient ||ôa:{7(x, 1/4)1100 ~ 500. Nous présentons ici 
les résultats obtenus pour v = 1 0 - 7 conduisant à ||9xf/(x, 1/4)11(50 — 5 x 106. 
Il s'agit donc déjà d'un problème difficile à approcher (même si la dimension 
est 1) où l'intérêt de méthodes rapides et adaptatives peut être mise en évidence. 
L'algorithme précédent a été implémenté avec un schéma de discrétisation tem-
porel d'ordre 1 à pas de temps variable et des ondelettes splines d'ordre 6. Tous les 
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Figure 2: a) V ^ - " ' ; si Vj.fc € y(n">«>, le rectangle [(k2-i,j),(k2-i,j + 1), 
((jfc + 1)2_J',j + l ) , ((fc + 1)2-J, j)] est coloré en noir, b) Zoom de Ûn{x,tnmax) pour 
\x - 0.5| < 10_e. c) Evolution de V(n) en fonction de t. 

filtres ont été tronqués à la précision de 10~6 {lg = 108). La figure 1 A) représente 
le temps de calcul mesuré sur un ordinateur de type PC200Mhz en fonction de la 
dimension de V^ et pour un nombre fixé d'itérations de l'algorithme complet. 
Notons que ces résultats prennent en compte le temps de calcul des produits 
scalaires (9) et démontrent ainsi l'optimalité de l'algorithme implémenté. 

Sur la figure 1 B), nous comparons ces temps de calcul, ( a)), avec ceux donnés 
par un algorithme équivalent 2 sur une grille régulière de dimension 2P ( b)). 

La figure 2 a) représente l'espace d'approximation V^""""^ utilisé pour calculer 
la solution de pente maximale au temps tnmilx = 0.2498 (on a alors jo = 8,p = 
23, kz — ki = 126). La valeur estimée de (|ôa;i/||oo est alors 4 514 723, soit une 

Méthode pseudo-spectrale classique à base d'exponentielles. 
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erreur relative de 9 x 10~2 par rapport à la valeur asymptotique (4 - ^ au 
temps t = 0.25). Notons qu'aucune oscillation ne se produit dans la zone de 
fort gradient (figure 2 b)). L'adaptation de l'espace d'approximation V(, , ) est 
automatique et basée sur la norme des coefficients d'ondelettes d'indice p - 1. 
Nous avons représenté sur la figure 2 c) l'évolution de la dimension de V^ en 
fonction du temps. La valeur maximale est de 2146, valeur qui est à comparer 
à 223, le nombre minimal de degrés de liberté à prendre en compte si aucune 
technique d'adaptativité n'est utilisée. 

Conclusion. L'algorithme à base d'ondelettes que nous avons présenté est to-
talement adaptatif en terme de nombre d'opérations mais aussi de taille mémoire. 
Il permet d'obtenir des résultats très précis pour des configurations particulière-
ment difficiles (solutions à évolution temporelle rapide et présentant localement 
des gradients spatiaux très forts). De telles configurations sont très difficilement 
simulables (voire non simulables) par des méthodes classiques et représentent 
donc un domaine où les méthodes réellement adaptatives à base d'ondelettes 
sont numériquement intéressantes. 

REFERENCES 

[1] C. Basdevant, M. Deville, P. Haldenwang, J. M. Lacroix, J. Ouazzani and R. Peyret, 
Spectral and finite difference solution of the Burgers equation. Computers and Flu-
ids (1) 14(1986), 23-41. 

[2] G. Beylkin and J. Keiser, On the adaptive numerical solution of nonlinear partial 
differential equations in wavelet bases. J. Comput. Phys. (2) 132(1997), 233-259. 

[3] G. Chiavassa, Algorithmes Adaptatifs en Ondelettes pour la Résolution d'Équations 
aux Dérivées Partielles. Thèse, Université d'Abc-Marseille II, Institut de Recherche 
sur les Phénomènes Hors Equilibre, Juin, 1997. 

[4] J. Liandrat and Ph. Tchamitchian, On the fast approximation of some non linear 
operators in adapted wavelet spaces. Adv. Comput. Math. 8(1998), 179-192. 

[5] Y. Meyer, Ondelettes et Opérateurs : vol. I et II. Hermann, Paris, 1990. 

IRPHE, UMR 6594, La Jetée-Technopôle de Château-Gombert 
38, rue F. Joliot-Cvrie 
13451 Marseille Cedex 20 
France 
email: cassa@marius.univ-mrs.fr 

mailto:cassa@marius.univ-mrs.fr


C. R. Math. Rep. Acad. Sci. Canada Vol. 21 (2), 1999 pp. 39-45 

ON CONDITIONS FOR i^a.cr1] TO BE EXCLUSIVE AND 
CONTRACTIONS OF PRINCIPAL IDEALS OF R[a] U ^[a"1] 

SUSUMU ODA AND KEN-ICHI YOSHIDA 

Presented by Vlastimil Dlab, FRSC 

ABSTRACT. Let .R be a Noetherian domain with quotient field K 
and let a denote a non-zero algebraic element over K. We examine what 
conditions are required for iî(o!,a_1] n K = R, determine a contraction 
0{R[a\ D fila-1]) DR lot 0 e Rio] n fl^-1]. ^ad investigate when a se-
quence j8,7 6 R[a] D Hla-1] is a regular sequence on R[a\ n H[Qf_1] by 
means of a contraction (/3, 'y)(iî[Q) CI R[a_1)) D R. 

Let i î be a Noetherian domain and R[X\ a polynomial ring. Let a be an 
element of an algebraic field extension L of the quotient field K of R and let 
TT: R[X] —» R[a] be the iï-algebra homomorphism sending X to a. Let <pa{X) 
be the monic minimal polynomial of a over K with deg(pa{X) = d and write 
(Pa{X) = Xd + JjiX*1-1 H h%. Then rji {1 <i<d) aie uniquely determined 
by a. 

Let IVi := i l :R T/J and /|Q] := f l ^ j IVi, the latter of which is called a gen-
eralized denominator ideal of a. It is easy to see that /[a] = R[X] :R ipa{X). 
We say that a is an anti-integral element over R if KerTr = I\a](pa{X)R[X] 
{cf. [GYl], (OSaY)). For f{X) e RlX], let C{f{X)) denote the ideal of i l gen-
erated by the coefficients of f{X). For an ideal J of R[X], let C{J) denote 
the ideal generated by the coefficients of the elements in J . If a is an anti-
integral element, then C{KeTir) = C{l[a]tpa{X)R[X]) = J[a](l.^ii-••,'?<i)- Put 
Jla] := ^[a](Mi) • • •. Vd)- Let /(a] := f ^ ' j /,,, and let J[a] := /[0](l,7?i,. . . .r/d-i)-

K J[a] £ p for all p £ Dp^i l ) := {p € Spec(il) | depth ilp = 1}, then a is 
called a super-primitive element over iî. 

It is known that a super-primitive element is an anti-integral element [OSaY, 
(1.12)]. 

It is also known that any algebraic element over a Krull domain i l is anti-
integral over i l [OSaY, (1.13)). Put Ba := il[a] n flfa-1]. 

When a is em element in K, <Pa{X) = A" — a. So we have J[Q] = /[Q](l,a) = 
Ia{l,a) = Ia + ala = IQ + ia->, where Ia := i l i^ a, a denominator ideal of 
a G AT. 

Our objective of this paper is to investigate the following problems: 

Received by the editors 8 December, 1998. 
AMS subject classification: Primary: 13C20; secondary: 13F99. 
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(i) What conditions aie required for il[a, a - 1 ] D iï" = il; 
(ii) Determine l3Ba n i l for /S € Ba; 

(iii) Let /3,7 G BQ, and examine some conditions for /9, 7 to be a regular se-
quence on Ba. 

In this paper, we fix the notations and the definitions mentioned above unless 
otherwise specified. 

Our general reference for unexplained technical terms is [M]. 

1. Condi t ions for t h e extensions il[a, a - 1 ] t o be exclusive. Note that 
ipQ{X) = Xd+r]iXd~1-i |-7jd with rç,- G K, where T]0 := 1, and put (pa-i{X) = 
X d + 77iXd-1 + • • • + ^ with TJ'J G K, where ri'0 := 1. Then rj'j = Vd-j/rjd for every 
j (0 < j< d). 

Put J^ l := Iia]{vo,Vi,---,Vi-uVi+i,---,Vd) for (0 < i < d), and put J ^ - . j := 

Ila-^]iVo,v'v-,Vi-i,r)'i+i'---^'d) f o r (0 ^ ^ d). It is clear that J$ = J[a] 

and JL-U = « (̂a-1) by definition. 
We start with the following lemma. 

LEMMA 1.1. The following equalities hold: 
(*) -fy = Vdlf,d-i for alli{0<i< d); 

(ii) / [ a - i ] = 7?d/[Q); 
(iii) Jja] = J[a-iJ,-
(iv) M = jfclS for each i{0<i<d). 

PROOF, (i) Take x G Jfaiq,,.,. Then x = î/jy with y G 1^^ and xrjd-i = 
Vd-iVnd G rjdR. Hence x^d-ihd) G il, which impUes that x G I^^/rjj = i ^ -
Conversely take x G I^.- Hence XTJ^ = xfa/Tjd) = {x/r]d)r]i G i l and so 
x/r}d G / , , . Thus 1 G Jfa-̂ jc 

(ii) /(a-i] = n , = o ^ = ^ = 0 ^ % = Vdlfr]-
(iii) J[aj = /[Q](770, . . . , % ) = i/rfi[Q](%/%i • • •. Vd-i/Vd, Vd/Vd) = 

^(o- l l^O»-"»^) = ^(a-1l-
(iv) is obtained by the same way as the proof of (ii). • • 

LEMMA 1.2 {cf. [OY2, THEOREM 5 AND ITS PROOF]) . If a is exclusive over 
R, i.e., R[a\ C\K = R, then either grade( J[Q]) > 1 or J[Q] = i l . 

Recall that if a is a super-primitive element (resp. an anti-integral element) 
over i l then so is a - 1 over i l {cf. [KY] and Lemma 1.1). 

PROPOSITION 1.3.. Assume that a is exclusive over R, i.e., R[a\ H K = R 
and that R contains an infinite field. Then a (resp. a-1) is exclusive over R, 
i.e., R[a\ Di f = i l (resp. i l [a_ 1] HK = R) if and only if either grade(J[a]) > 1 
(resp. grade(J[Q-i|) > 1) or J[Qj = i l (resp. JjQ-i) = R). 

P R O O F . The implication ( ^ ) follows from Lemma 1.2. 
The reverse implication (<*=) follows from [OY2, Theorem 5]. • 
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PROPOSITION 1.4. i4sswme that a is a super-primitive element over R. Then 
the following statements are equivalent for each i {0<i <d): 

(ii) grade(Jgj) > 1 or J g = i l ; 

(i£) grade(J^ri
i
1

)) > 1 or J j ^ = il-

PROOF. The equivalences: (i) <* (i') and (ii) <* (ii') are shown in Lemma 1.1. 
(i) =• (ii): We assume that J^j ^ il. Suppose that grade(J(

(^) = 1. Then 
there exists p G Dp1(il) such that J^j = /(0)(i/i,...,»Jj-i,tJi+i,...,tte) Q P-
Since p G Dp^ i l ) , there exists an element fieK such that Ip = p. Thus ^ J ( ^ = 
^ H ( î ? i , . . M ' î i - i ^ i + i . - . - . ' / d ) Ç A- Hence ( i ^ , ^ Ç i l for aU j ^ h which 
yields that / H / 3 Ç f l ^ i ^ r S i n c e H^i^i Ç ̂ . w e h a v e t h a t ' W ^ ^ R 

Thus J[Q]^ Ç il, that is, Jla) Q I0 = P. But since a is super-primitive over i l , 
we have J[a] % p, which is a contradiction. So we conclude that grade(J(^j > 1. 

(ii) =*• (i): First consider the case J(
(^ ^ il. Suppose that there exists an el-

ement a G H j y i ^ b u t a i- hi- T h e n $ •= aT1i i R- S o /^Mfo.»7i.---.»fe-ii 
»7i+i.•••,%) ^ R- S i n c e grade(J|(â]) = grade(/(a](ijo,î?i..",*?i-i.»Ji+ifM 
7]d)) > 1, we have /3ilp = 0{I[Q]{m,ni,• • • ,Vi-uVi+u-• •'VdùRp ^ ^P for ev-
ery p G Dp^ i l ) . Hence 0 G HpeDpiCR) ̂  = -R' w h i c h i s a contradiction. Thus 
Ooti^j ^ *m- Second, suppose that J^] = il. Then there exists an equal-
ity: 1 = novo + aiVi + 1" a t - i + <^+iVi+i + • • * + a^d with aj G i(a]. So 
Vi = {aoVÙm + {aiVÔVi + •'• + {di-iVÔVi-i + {a-i+iVUVi+i +•'• + {adVÔVd-
Take X G f l j ^ i h r T h e n xVi = a;(ao^)»7o + x{a1Tii)r)i + ••• + x{ai-iVi)Vi-i + 
xfai+iViiïi+i + ••• + x{adVi)Vd € R, and hence x G V Therefore we conclude 
t h a t f l ^ i ^ C ^ -

The equivalence (i') >» (ii') can be shown by the same way as the proof of 
(i) <=> (ii). 

REMARK 1.5. Let A be an integral domain containing il. Then the following 
statements are equivalent: 

(1) A is exclusive over i l (i.e., .4 D if = il); 
(2) Ap is exclusive over ilp (i.e., ^ D if = ilp) for all p G Dp1(il). 
Indeed, we have only to recall that flpeDp^fi) Rp = R-

THEOREM 1.6. Assume that a is a super-primitive element of degree d over 
R, that R contains an infinite field and that grade(/[aj + /(c-i)) > 1- Then the 
following statements are equivalent: 

(i) R[a, a - 1 ] is exclusive over R, i.e., il[a, a - 1 ] n if = i l ; 
(ii) g rade(Jg ) > 1 or Jg} = i l for every i{0<i<d); 

(iii) nj#< ^ - hi for every * (0 < i < d); 
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(H) grade(jg)_I]) > 1 or J^-x\ = R for every i (0 < i < d); 
(iii) rij^i h'i ^ h'i f0T every « (0 < * < d); 

PROOF. The equivalences (ii) & (iii), (ii') <& (iii') and (ii) *> (ii') follow from 
Proposition 1.4. 

(i) => (iii): Suppose that Hj^ihj 2 ht ioT s o m e i {0 <i<d). Then there 
exists an element o G f]^ 1^ with A := ajfc ^ il. Since (pa{a) = 0, we have 
o<Pa(a) = aad + a7frad-1 + h ariiad~i + h tw/d = 0, which yields -Aa1*"' = 
aTiQad H h aqi-iad~i+l + aîjj+ia''-*-1 + • • • + 0%. So we have -A = oa* + 
• • • + (a7fc_i)a + (ajji + l )»"1 + • • • + (aT?d)a'-d G il[a, a"1] n if = il, which is a 
contradiction. Therefore we conclude that fjj^i hi ^ hi for every i{Q<i<d). 

(ii') ^ (i): Since i l ^ Q - ^ n i f = R <* RpfaoT^nK = ilp for aUp G Dp^il) 
by Remark 1.5, we may assume that il is a local domain with maximal ideal p 
with depth(il) = 1. In this case, 7[Q] -|-/(Q-i| = il because grade(/|a] -l-/(Q-i]) > 1, 
and hence 7[a] = il or /[a-i] = il. 

Take A G il[a, a"1] n if. Then 

(*) A = aoan + • • • + an-ia + a,, + t i a - 1 + • • • + bmorm, 

where Oj, 6j G il. Since A G il ^ A — an G il, we may assume that a„ = 0. Put 
il>{X)~a<iXn+m + --.+an.lXm+l-XXm+hlXm-l + ---+bm.T:heni}>{a) = Q. 

Since a - 1 is a super-primitive element by Lemma 1.1, we may assume that 
/[Q] = il by symmetry. Thus f^X) G i l ^ ] . -

(a) Assume that n = 0. Then A G i l ^ - 1 ] . Since J[Q-i] = J^ l , . = il, it follows 
that a - 1 is exclusive over il by Proposition 1.3. Hence A G il[a-1] n if = il. 

(b) Assume that m > d. Then deg^(X) = n + m > d. Since ipa{X) G i l ^ ] , 
there exists a polynomial h{X) G R[X\ such that il)*{X) := T}){X) - (pa{X)h{X) 
is of degree m. Note that ^{X) G i l ^ ] if and only tiil>*{X) G R[X]. Hence using 
ip*{X) instead of ip{X), we cjm assume that n = 0, which case is done in (a). 

(c) Assume that m < d. Then since ipa{X) G R[X], there exists a polynomial 
h{X) G il[X] such that ^*{X) := iJ>{X) - ipa{X)h{X) is of degree less than d. 
Note that ^*(a) = il>{a) - ipa{a)h{a) = 0. It follows that ^'{X) = 0 in ilpf] 
because a is an element of degree d over if. Hence if{X) = <pa{X)h{X) G R[X], 
which means that A G il. 

The implications: (i) =*• (iii') and (ii) => (i) can be proved by the similar way 
to the above argument. • 

PROPOSITION 1.7. Assume that grade(7[Q] -|-/[a-i]) > 1. Then i l[a,a_ 1] n 
K = Rif and ordy if R[a] nK = R and i l ^ - 1 ] n if = il (i.e., both a and a - 1 

are exclusive over R). 

PROOF. («=): Take p G Dp^il). Then /(Q] g p or /|Q-i) g p. By the assump-
tion grade(/(Q] + /[a-i]) > 1-
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Assume that i(Q) g p. Then ( iH)p = ilp, so that <pa{X) G Rp[X]. Since 
^Q(a) = ad + 'niad-l + --- + rid = 0, we have Q = -(TJI -I-772Q!"1 + • • • + r;dO!1"d) G 
ilploT1]. Thus ilp[a] Ç ilpfor1] and hence ^ [ a ^ - 1 ] = i lp^ - 1 ] - So we have 
ilpja, a_ 1]nif = ilp by the assumption a - 1 is exclusive over ilp {cf. Remark 1.5). 
Next assume that i[Q-i) 2 P- Then in the similar way to the above case, we have 
ilp[Q, a - 1 ] D if = ilp by the assumption Q is exclusive over ilp {cf. Remark 1.5). 

Thus we have il Ç i l ^ a - ^ n i f C DpeDp^R) Rpfaa-^nK = flpgDp^R) ^P 
= il. 

The implication (=>) follows from the inclusions il Ç i^a^Jn i f Ç il[a, oT^fl 
if = il. 

2. Contractions of principal ideals of il[a] n il[a_1]. In this section, we 
treat the problems (ii) and (iii) mentioned as above. Recall that Ba := il[a] D 
R[a-1]. 

PROPOSITION 2.1. Let a be an algebraic element of degree d over R and let 
P be a non-zero element in BQ. Then 

f3BanR = BQ:Rp-1. 

PROOF. Take o G BQ D il. Then a = /3y with some y € Ba. Hence y G a/S'1 G 
B a . T h u s a G B a : ilyS-1. 

Conversely, take x G il such that x/î-1 G Ba. Then x G l3Ba n il. • 

REMARK 2.2. Under the same notation as in Proposition 2.1, we showed that 
7il[a] D il = il[a] .R 7"1 for a non-zero element 7 G il[a] {cf. [OY3, Lemma 7]. 

Now recall the following structure theorem of the subring Ba := il[a]nil[Q_1]. 

LEMMA 2.3 {cf. [KY3, THEOREM 1]). Put Q •= a1 + m"*"1 + --- + Vi for 
I <i < d— 1 and r^ G if. Assume that a is an anti-integral element of degree d 
over R. Then Ba = R® /|a)Cx © • • • ® i[Q)Cd-i• 

COROLLARY 2.3.1. i4s5«me that a is an anti-integral element of degree d over 
R. Then Bar\K = R (i.e., Ba is exclusive over R). 

REMARK 2.4. Take /3 G il[a]. Note that if (a) = if [0] = if + ifa + • • • + 
ifa4"1, and put /î"1 := AQ + Axa + •• • + Xd-ia^1 with Ai G if. In [OY3, 
Theorem 8], we showed that if grade(f|<~Q Ixi + /(Q|) > 1 (of course, /[Q] = il is 
sufficient, cf. [OY3, Proposition 4]), then /3R[a] nR = ptflo h^ 

The following theorem is similar to the known result {cf. Remark 2.4). But 
as for the extension Ba of il, we need not require the assumption such as 
grade(nf=o1/Ai+/H)>l. 

Let Ct be the same as in Lemma 2.3. Then if [a] = if (a) = if (Ci, - - -, Cd-i) = 
if[Ci,---,Cd-il. 
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THEOREM 2.5. Assume that a is an anti-integrd element of degree d over R. 
Let P be a non-zero element in Ba and let j3~l := /IQ + MiCi H 1- W-iCd-i 
with me K. Then 

d-l 
PBanR = I^nf]{Ila]:Rfii). 

»=i 

PROOF. Since a is super-primitive over il, BQ = il®/[a]Ci+® • • -©/[aiCd-i by 
Lemma 2.3. Hence using Proposition 2.1, we have /3BanR = Ba : Rfi'1 = (il® 
/[cjCl + ® ' • • ®I[a]<d-l) --R (MO + ^iCl + • • • + Md-lCd-l) = h0 HntiC/jal .R fli). 

m 

3. Gradeof ideals in ^[ajni l la - 1] . The following result is concerned with 
Problem (iii). 

LEMMA 3.1. Assume that a is an anti-integral element of degree d over R. If 
a,b£ R is a regular sequence on R, then so is on Ba. 

PROOF. Take P 6 Dp^Sa) such that a, 6 G P. Then a, 6 G p := P D P. But 
it is known that p G Dp^P) {cf. Lemma 2.3), which is a contradiction. • 

PROPOSITION 3.2. Assume that a is an anti-integral element of degree d over 
R. LetPufaeBa. 

Assume also that grade(/[a] + {PiBa HP) ) > 1 for i = 1,2. / / 
grade((j91Pa CI P) + ( /^PQ D P)) > 1, then Pi, P2 form a regular sequence on 
Ba. 

PROOF. Take P G Dp^Pa) such that /3i,/32 G P. Put p := P D P. Then 
p G Dp^P) by Lemma 3.1. By construction, we have p 2 {PiBQr\R)+{P2Bar\R), 
which shows that grade(p) > 2, a contradiction. • 

THEOREM 3.3. Assume that a is an anti-integral element of degree d over P. 
iei/31, . . . , / î f cGPa. 

Assume further that Jw+YlUii&BctnRï^R. Ifgrade{Zi=1{PiBanR)) > 
n, thengrade((/31,...,Pk)Ba) > n. 

PROOF. Take P G Spec(Pa) such that {Pi,...,Pk) Ç P. Put p := P n P. 
Then J[a) g P by the assumption. So Pp[a] is flat over Pp {cf. [OSaY]) and 
hence (Pû)p is flat over Pp, for (J[a))p = Pp {cf. [OSaY]) implies that (/[a))p 
is an invertible ideal of Pp and (Po)p = Pp ffi (/[a])pCi ® • • • ® (/|û))pCd-i by 
Lemma 2.3. Thus the flatness guarantees that the grade does not decrease. • 
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DIHEDRAL EXTENSIONS IN CHARACTERISTIC 0 

ARNE LEDET 

Presented by M. Ram Murty, FRSC 

ABSTRACT. We describe a systematic (algorithmic) method for finding 
generic polynomials for dihedral extensions of odd degree in characteristic 0. 

RÉSUMÉ. On donne une méthode systématique (algorithmique) pour 
trouver des polynômes génériques pour des extensions dihédrales de degré 
impair en charactéristique 0. 

Introduction. One of the problems of Inverse Galois Theory is the following: 
Given a fleld if and a finite group G, what do G-extensions of if look like? And 
how few assumptions about if must we make in order for the description to work? 

One approach to this problem is the construction of generic polynomials: 
DEFINITION. Let if be a field and G a finite group, and let t = {ti,... ,tn) 

and X be indeterminates over if. A polynomial F{t,X) G if(t)[J>C] is called 
generic for G-extensions over if, if it has the following properties: 

(1) The splitting field of P(t, X) over if (t) is a G-extension. 
(2) If L/K is a field extension, any G-extension of L is obtained as the splitting 

field of P(a, X) for a suitable a G Ln. 
Thus, if F{t,X) is generic for G-extensions over if, the splitting field of 

F{t,X) over if(t) is a sort of 'once and for all' description of G-extensions over 
fields D if. 

A more precise way of giving such descriptions is generic extensions, introduced 
by Saltman in [Sa, 1982]: 

DEFINITION. Let if be a field and G a finite group. A Galois extension 5 /P 
of commutative rings with group G is called a generic G-extension over if, if it 
has the following properties: 

(1) P = if[t, 1/f] for indeterminates t = {ti,...,tn) and some element t G 
i f [ t ] \0 . 

(2) If L/K is a field extension, any G-extension T/L is obtained as a speciali-
sation of S/R. {I.e., T/L ĉ  S ®v L/L as G-extensions for some if-algebra 
homomorphism <p:R-¥L.) 
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Note that a generic extension contains more information than a generic poly-
nomial, since the G-extension T of L in the definition is not required to be a 
field, but simply a Galois algebra. 

In this paper, we will construct generic polynomials for dihedral groups of 
odd degree n over the field Q of rational numbers. This extends the result of 
Hashimoto and Miyake in [H&M], where such a polynomial is constructed over 
the field Q(cos ^•). For our purposes, the definition of a dihedral group is 

DEFINITION. Let n > 3 be a natural number. Then the dihedral group of 
degree n is the group Dn with generators a and T and relations <Tn = T 2 = 1 and 
TO" = (T~1T. 

More generally, if i4 is an abelian group, the dihedral group DA is the semi-
direct product A * C2, where the cyclic group C2 acts on A by inversion. If 
A is the direct product of cyclic groups of orders g i , . . . ,qr , we write Dq1x—xqr 

instead of DA-

The construction of generic polynomials will be via generic extensions. Generic 
extensions give rise to generic polynomials in the following way: 

Let S/R be a generic G-extension over a field K. For s G 5 , we define 
Min(s, P) = n«'6Gs(-^ - s ' ) ' '•e> Min(s, P) is the product of the distinct conju-
gates of X - s under G-action. It is clear that Min(s, P) G R[X], and we claim 
that Min(s, P) is separable in K[X], where K = if (t) is the quotient field of P , 
i.e., that the irreducible factors of Min(s, P) have no multiple roots: Let m be 
a maximal ideal in the Galois algebra 5 ®R K, and let L = 5 ®R K/m. Then L 
is a simple component of S ®R K, and hence a Galois field extension of K with 
Galois group H ÇG. Also, Mm(s, P) splits in linear factors over L, since it does 
over 5 . Hence, Min(s, P) is separable. 

Now, by [D&I, Ch. Ill Prop. 1.2], 5 is a finitely generated projective P-module. 
Let s i , . . . , s m generate 5 over P , and let f{X) = Hi Min(sj, P ) . Then f{X) is 
a monic separable polynomial in K[X]. The splitting field of f{X) over K is the 
simple component L from above. 

Next, let M/L be a G-extension of fields with LD K. Then there is a special-
isation (p:R-*L, such that S ®VL~ M.lt follows that M is the splitting field 
of tp{f){X) G L[X]. It also follows that H = G, since the splitting field over L 
of <p{f){X) has a Galois group of order < | P | . 

In order to carry out the construction of generic polynomials of dihedral 
groups, we will first need to recall Saltman's [Sa] results about generic exten-
sions for cyclic groups. This is done in Section 1 below. Section 2 then gives the 
actual construction for the dihedral group Dq, when 9 is sm odd prime power, 
and Section 3 gives various immediate consequences. 

1. Cyclic extensions. In [Sa, Section 2], Saltman constructs generic Cg-
extensions for odd prime powers q = pn under the assumption that the base field 
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has characteristic 5̂  p. In particular, the construction works over <Q>. We quote 
the construction here, omitting the proof: 

Let d = p " - 1 ^ - 1) and let e G Z be a generator for Z/p2. Then e gener-
ates Z/pm for all m, and in particular we have p J[ {ed — l)/q, as required by 
Saltman. 

We let Qç = Q(C), where C = exp(27ri/q), and let K G Gal(Q,/Q) be given by 
«C = Ce- Kls then a generator for Gal(Qg/Q). 

Now, we define a map $ by $(a;) = xe ~lKxe ~2 ••• té^x. Whenever K extends 
from Qg to a Q,-algebra P', $ is defined on P'. 

Let P ' = Qq[xi,...,a;d,l/a;], where X\,...,Xd are indeterminates and x = 
xi •••Xd. We extend K to P ' by KX, = Xi+i {nxd = xi), and let S' = R'[9], where 
9n = ${xi). Then K extends to 5 ' by K0 = x ^ 6 ~1)/qee, and this extension 
has order d. Also, S'/R' is a G9-extension, and the Galois group is generated by 
ff-.di-tce. 

Since n and a commutes, 5/P is a Gg-extension, when 5 = 5"" and P = P'". 
Furthermore, letting yi = I ^ = 1 C^-1^6' Xj, we get that j / i , . . . , j / d is a basis 
for the (Q)9-vector space of monomials in Q9[xi,...,Xd], and that the jft's are 
«-invariant. In other words, P = Q[2/i,..., yj, 1/x] and x G Q[j/i,..., yd]. 

We now have 

THEOREM 1. S/R is a generic Cq-extension over Q. 

For use in studying D9-extensions, we wish to construct a normal basis for S/R. 
By a normal basis we mean an P-basis for S of the form (/?, a/3,. . . , aq~1P) for an 
P € S. Clearly, we can obtain such a basis by producing a K-invariant normal basis 
for S'/R'. (For a comprehensive treatment of normal bases of cyclic extensions, 
including descent, see [Gr, Ch. I].) 

First, we note that an element P = X^=o ^ ^ generates a normal basis for 
S'/R' if at G P'* for all i. This is obvious, since the matrix transforming the basis 
(1,0,... ,6>9-1) into (o"/3)(r6C, is invertible. 

We claim that the Oj's can be chosen such that P £ S: 
Clearly, we can replace the basis {1,6,...,fl9-1) by a basis made up of (1), 

{e,K9,...,Kd-10),{9P,Kep,...,Kd/p-1ep),...,{epn'1,K9p"~1,...,Kd/p"~1-1epn~1), 
since we get all the exponents 0,1,...,q- 1 of 6. Representing P in this basis, 
the condition KP = P translates as 

P = ao + ai9 + «oi«0 + • • • + Kd~1aiKd~19 
+ ap9p + KapK9p + ••• + Kd/p-1apKd/p-19p + ••• 

where ao G P, and Kd/p,apiKd/p\9p' =api9p' fov i = 0,...,n-1. 
The element Kd/p'9p' /9p' is in P'* (since e has order d/pl modulo g/p*) and 

has norm 1 with respect to Kd/pi. Writing Kd/p'9p'/9p* = xf1 •••xe
d
d, this simply 
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means that Cj + ed/pi+5 + • • • + e ^ . ^ / p i + j = 0 for all j = 1 , . . . , d/p1, and we 
see that we can let 

_ T T T T ^ - ( e J + e d / p < + j + - + e < = r f / P i + > ) 
V - 1 1 1 1 ^fcd/p'+j 

j = l fe=0 

Of course, we can modify ap* by a power of xi • • • Xd if we want to. (For instance, 
to make P integral over Q[yi,...,yd]-) 

2. Dihedra l extensions. In [Sa, Section 3], Saltman proves various results 
concerning generic extensions for semi-direct products, most notably wreath 
products. These results implies the existence of generic extensions for dihedral 
groups of odd degree over any field. In this section we adapt these results to get 
generic extensions over Q particularly suited for finding generic polynomials. 

We consider the dihedral group Dq, where g = p n is an odd prime power, 
and start by making the following observation: Cq x Dq cz Cq I C2, and the 
factor Cq on the left corresponds to the Ca-invariant subgroup N of Cq x Cq 

on the right. (Here, Cq I C2 is the wreath product of Cq and G2, cf. [Hu, I., 
Section 15], i.e., the semi-direct product of Cq x Cq and C2 with G2 acting by 
swapping the coordinates.) So, whenever we have a G, I Ga-extension 5/if, we 
get (canonically) a Dq-subextension SN/K. On the other hand, if 5'/if is a Dq-
extension, 5/ i f = if9 <8>K- S'/K isaCql G2-extension and SN = S'. 

Thus, we can study Cq I Ga-extensions in the assurance that we will get all 
Z?9-extensions in the process.1 This is a clear advantage, since Gg?G2 is easier to 
handle than Dq. 

Now, assume the following: 5 / P is a generic G,-extension over Q, <T generates 
the Galois group, and P = Q[y, 1/y], where y = (y i , . . . , yd) are indeterminates 
and y G Q[y] \ 0. 

We let P i = Q[s , t ,u , l / su ] , where s = (s i , . . . ,Sd) , t = ( t i , . . . ,£d) and s 
are indeterminates, and s = y(si + f 1 y/u,...,Sd + td\/u)y{s\ — tiy/u,...,Sd-
U\/y) G Q[s, t ,u]. Also, we let P2 = Q[s,t, y/u, l/su\. Then P2/P1 is a generic 
G2-extension over Q. We denote the generator for the Galois group of P2/P1 
by K. 

Next, we define homomorphisms <p\,tf2'-R -* P2 by ¥'i(yi) = Sj + Uy/u and 
ip2{yi) = Si+Uy/u. This gives us specialisations 5i = SQ^R? and 52 = S<S>V2R2, 
that will be Gq-extensions of P2 with generators CTI and 02- We can then extend 
K to an Pi-isomorphism 5i ^ 52 by K{S 0 ra) = s ® Kr2. This works both ways 
to give us K2 = 1 and «ai = cr2«;. Thus, we have K acting on T = 5i ^)R2 S2. It is 
almost obvious that T / P i is a G, } G2-extension, and we claim that it is in fact 
generic: 

1 Provided, of course, that we look at Galois algebras, and not just fields. 
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Let U/K be a G,^-extension in characteristic 0. Then we have U = Ti®LT2, 
where L/K is the quadratic subextension, and Ti/L and T2/L are conjugate Cq-
extensions. Now, L = if[û] for some û2 = a G if", and Ti/L is obtained by 
specialising 5 /P with respect to a map yi i-> Oj + biû. The map ij}: P2 -^ L, 
given by y/u 1-4 û, Sj 1-̂  Oi and U *-* bi, will then give Ti/L by specialisation 
as well. Also, since K5I = 52 and KTI = T2, the same specialisation give us 
T2/L from 52/P2, and hence U/L from T/P2. Letting <p = tp^, this means that 
T g ^ i f ~ ^ . 

It follows that TN/Ri is generic for P,-extensions over Q. 
Now, generic C,-extensions were described in Section 1, where it was es-

tablished that they can be constructed to have normal bases: There is an el-
ement p€S such that P,crP,... ,aq~lp is a basis for 5/P. Looking at T/Pi 
above, this means that there are elements Pi and P2 = npi in T, such that 
Pi, (TiPu..., ai'1 Pi is a basis for 5i/P2, and hence such that {a{Pi ®(4/h)o<i,j<q 
is a basis for T/R2. 

The trace TrT/TN : T -)• T^ is surjective and P2-linear, and so the traces of 
the elements a\Pi <S> ^2 generate TN over P2. Since there are only q distinct 
traces aj = J^Zo "ifo ® ^+3(h< these elements form a basis for TN/R2. Also, 
as they are conjugate, it is a normal basis. 

Let f{s,t,u,X) = IlteoPf - ai)- T h e n / 6 Q{s,t,u)[X], since ao is K-
invariant. As TN/Ri is a generic D9-extension, we have the following: For every 
£>g-extension L/K in characteristic 0, there is a specialisation of / over if with 
spUtting field L over the quadratic subextension of L/K. This immediately im-
plies that L is in fact the splitting field over if of the specialised polynomial, and 
we conclude that / is generic for I?9-extensions over Q. 

PROPOSITION 2. A generic polynomial for P,-extensions over Q exists and 
can be explicitly constructed. 

In fact, assume that an element /? = 5Zi=o ^ ^ generating a normal basis for 
5/P has been found as described in Section 1, where Oj is a rational monomial 
in x i , . . . , Xd- Then the construction is follows: 

As above, g = pn, c! = p " - 1 ^ — 1) and e generates Z/g. We introduce in-
determinates u, s = (s i , . . . , Sd) and t = ( t i , . . . , td). In Q(s, t, y/u) we let new 
'indeterminates' xx = (xi 1,.. . , xid) and X2 = (X21,..., X2d) be given by 

d _ d 

s J + t J V S = ^ C ( < " 1 ) e i " , « M and S j - t j V t ^ ^ C * 4 " 1 ^ " 1 ^ , 
i = l »=1 

where ^ = exp(27ri/g). Next, we let 
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With 

Pi = oo(xi) + ̂ (xO^i + • • • + a ç - i f o ) ^ " 1 , 
P2 = ao(x2) + ai(x2)e2 + • • • + a,_i(x2)^"1, 

the generic polynomial is 
9 - 1 q-l 

f{S,t,u,X) = '[[[X -Y/a\p14+jP2), 
i=0 j=0 

where ai and G2 are given by ai9\ = Ç9i, 0162 = 92, ^ i = 0i and 0262 — Ĉ 2-
EXAMPLE. Look at the simplest case, g = 3. Then d = e = 2, and $(xi) = 

ifx2. We can replace this by X2/X1 = xfx2/(xi)3 to get 9Z = X2/X1 and K,9 = 1/9. 
Thus, we can let /3 = 1 -H 6 + 1/9. The construction (conveniently carried out by 
computer) then gives us 

f{suS2M,t2,u,X) = X3- 9X2 + ^ y , " ^ 1 ^ £ QisuS2,tut2,u)[X], 

as a generic polynomial for Pa-extensions over Q, where 

5 = s? + S1S2 + sl + u(f? + M2 + tl), 
T = 2Siti + Sit2 + S2tl + 2S2f2. 

From this we can easily deduce that X3 + X2 + t £ Q{t)[X] is generic as well, 
but / has the advantage that it allows us to 'control' the quadratic subextension, 
since this is given by u. 

3. Generalised dihedral extensions. The construction in the preceding 
section immediately gives us various additional results: 

PROPOSITION 3. Let qi,...,qr be powers of odd (not necessarily distinct) 
primes. Then there is a generic polynomial for DqiX...xqr-extensions over Q. 

PROOF. Let /i(si,ti,u,X) be generic for Dqi as above. Since a DqiX...xqr-
extension is the composite of Dqi-, ..., Pgr-extensions with the same quadratic 
subextension, it is clear that 

fi(si, t i , u. A") • • • / r ( s r , t r , u, X) G Q(si , . . . , s r , t i , . . . , t r , u)[Jf ] 

is generic for P^x-xçr-extensions over Q. • 
In particular, this allows for construction of generic Pn-polynomials for all 

odd numbers n > 3, since Dq>(qi = Dqq' when g and g' are mutually prime. More 
generally, we have 

PROPOSITION 4. Let n>3 be an integer not divisible by 16. Then there is a 
generic polynomial for £)„-extensions overQ. 
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PROOF. If n is odd, it follows from Proposition 3 that there is a generic poly-
nomial / n (s , t ,u ,X), where speciaUsation of u gives the quadratic subextension. 

If n = 2m, m odd, we have Dn = C2 x Dm, and so fm{s,t,u,X){X2 - v) is 
generic. 

If n = 4m, m odd: X4 - 2stX2 + s2t{t - 1) £ Q{s,t)[X] is generic for P4 
over Q (and in fact in characteristic # 2) as an easy consequence of [Ki, Th. 5], 
and the quadratic subextension (i.e., the one we are interested in) is given by 
specialisation of t - 1 . Thus, /m(s, t, f - 1 , X) {X4 - 2stX2 + s2t{t -1)) is generic 
for Dn, if /m(s , t, u, X) is generic for Dm as above. 

If n = 8m, m odd: By [Le, Th. 2), there is a generic polynomial G(x, y, 2, r, s, X) 
for P8-extensions in characteristic ^ 2, and the interesting quadratic subexten-
sion is given by specialisation of (1 - 2y2)/(l + x2 - 2z2) — 1. Thus, 

fm (s, t, (1 - 2y2)/(l + x2 - 2z2) - 1, X)G{x, y, z, r, s, X) £ Q(s, t, r, s, x, y, z)[X] 

is generic for Dn, when /m(s, t, u, X) is as above. • 

Thus, the example in Section 2 makes it possible to describe generic polyno-
mials for P3x3-, DQ-, D12- and P24-extensions, among others, starting from the 
Pa-polynomial given. 

REMARK. Generic Pg-extensions are constructed by Black in [Bl, Th. 4.6]. 
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INÉGALITÉS EXPLICITES POUR i>{X), 9{X), ir{X) 
ET LES NOMBRES PREMIERS 

P I E R R E DUSART 

Présenté par P. Ribenboim, FRSC 

ABSTRACT. In default of a proof of the Riemann hypothesis, the best 
estimates for ^(x) and 0(x) and hence of ^(x), pk and other functions of 
the primes, depend on the current state of knowledge of the zeros of C(s)-
With a better knowledge about the zeros of the Riemann C function, we 
can show sharper bounds for V(x)1ô(x),7r(i) and primes pfc. 

RÉSUMÉ. Une meilleure connaissance du positionnement des zéros de 
la fonction C de Riemann permet d'obtenir des estimations effectives plus 
précises des fonctions i/>(x), 6{x), TT{X) et des Pk-

On notera ln2 x pour In In x. 

1. Fonctions de Chebyshev. Nous nous intéressons aux fonctions de ip{x) 
et 9{x) définies par 

9{x) = J^lnp, ^(x) = ] r Inp 
P<* pS-lx 

où les sommes sont respectivement sur tous les p premiers et sur les puissances 
de premiers p". Le théorème des nombres premiers équivaut à dire que 

V'(x) = X + o(x), X -¥ +00. 

De manière analogue, pour tout e > 0, il existe XQ = xo(£) tel que 

|^(x) — x| < ex pour x > XQ. 

Le but de cet article est de donner des estimations explicites de 9{x) et ^{x). 
Cet article s'appuie sur des résultats déjà connus : les plus importants travaux 
sur les résultats effectifs ont été fournis par Rosser et Schoenfeld {e.g. [12], [13], 
[14]), puis complétés pax Robin [9], Robin et Massias [5] et Pereira [4]. 

Les estimations de ip{x) dans [13] sont basées sur la vérification de l'hypothèse 
de Riemann pour les 3 502 500 premiers zéros de C(s) dans la bande critique 
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et sur la connaissance d'une région sans zéro de £(s) de même type que celle 
trouvée originellement par de la Veillée Poussin. Une meilleure connaissance sur 
les zéros permet une meilleure estimation de ^(x). Van de Lune et al. [15] ont 
montré que les 1 500 000 000 premiers zéros sont sur la droite critique. Cette 
vérification induit un gain notable sur les valeurs "moyennes" de x (c'est-à-dire 
jusqu'à exp(4000)). Nous en avons déduit de nouveaux encadrements pour ip{x) 
et pour 9{x). 

\ij){x) - x| < 0,006409;-^- pour x > exp(22), Inx 
\9{x) - xj < 0,006788^- pour x > 10 544 111, Inx 

\9{x) -x\< 0 , 2 - | - pour x > 3 594 641, 
In x 

\9{x) — x| < 515—s— pour x > 1, 
In x 

\9{x) - x| < 1717433-1- pour x > 1. 
In x 

2. Résultats sur pk et 9{pk). Soit pk, le Â;-ième nombre premier. Cesaro [2] 
puis Cipolla [3] donnent l'expression du développement asymptotique en 1902 : 

Pk 

Rosser [10] a montré que pt > A: In A; et améliore son résultat avec Schoen-
feld [12] en montrant que pfc > fc(ln fc -I- ln2 A: - 3/2). En 1983, Robin [9] réussit à 
prouver que 

Pk > A:(ln ik + ln2 k - 1,0072629). 
Massias et Robin [5] sont capables de montrer que 

p* > A;(ln A; + ln2 fc — 1) 

pour fc < exp(598) et A; > exp(1800). 
A l'edde des encadrements de i/>, on montre que cela est vrai pour tout fc > 2. 
Les encadrements pour pfc et 9{pk) sont : 

(1) 9{pk) >A;rinfc + ln2fc-l + ^ ^ f ^ ) Pour fc > exp(22), 

(2) 9{pk)<k(]nk + ]n2k-l + ]n2^~2j pour fc > 198, 

(3) pfc >fc(lnfc-|-ln2fc-l) pourfc>2, 
(4) pfc < fc (In fc + ln2 fc - 0,9484) pour fc > 39017, 

(5) pfc < fc (infc + In2A: - 1 + ^ ^ T ^ ) pour fc > 27076, 

(6) pfc > fc Hn fc + ln2 fc - 1 + ^ ^ u ' j pour fc > 2. 
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La formule (2) a été démontrée par Robin dans [9]. 

2.1. Intervalle contenant au moins un nombre premier. Nous connaissons déjà 
le résultat de Schoenfeld [14] montrant que, pour x > 2010759,9, l'intervalle 
]x,x + x/16597[ contient au moins un nombre premier. Nous améhorerons ce 
résultat (voir aussi [6] pour d'autres intervalles). 

PROPOSITION 1. Pour k > 463, 

Pfc+i < Pit ( 1 + 2 1 n 2 p f c ) Pk. 

THÉORÈME 1. Pour tout x > 3275, il existe un nombre premier p tel que 

X<p^x{1+2ik) 
Ce résultat est meilleur que celui de Rosser et Schoenfeld si x > 3 • 1039. 

3. Résultats sur 7r(x). Nous estimons aussi la fonction qui compte le nom-
bre de nombres premiers inférieurs à x : 

T(X) = 5 > 

Rappelons que 

n{x) = ^(l + -L+*+o(-±-)). 
Inx \ Inx ln2x \ l n 3 x / / 

Les encadrements effectifs pour 7r(x) sont : 

x A M ^ , y ^ * L 1,2762\ 
; — 1 + ; — < TT x) < -— 1 + -\ . 
Inx \ mX/ x>599 a:>l Inx \ inx / 

X 
"•(s) > ; r pour x > 5393, 

Inx — 1 
7r(x) < ^—— pour x > 60184, 

inx — 1,1 
K{X) > r—" I 1 + î — + —5— I Pour x > 32299, Inx \ Inx In x / 

x ( 1 2 51N 
7r(x) <\— {1 + i — + - V " ) pour x > 355991. Inx \ Inx In x / 



56 PIERRE DUSART 

4. Sommes diverses. La proposition suivante (conjecture de Robert Mandl) 
a été énoncée dans l'article de Rosser et Schoenfeld [13]. 

PROPOSITION 2. Pour n>9, nous avons 

{pi+P2 + ---+Pn)/n< -pn. 

PROPOSITION 3. Pour n>2, nous avons 

1 n 

pm-n5> t = l 

Conclusion : la moyenne des n premiers nombres premiers est comprise entre 
le terme médian et le dernier terme divisé par deux. 

4.1. Autres inégalités. Soit 7 la constante d'Euler (7 w 0,5772156649). 

THéORèME 2. Soit B = 7 + Ep(ln(l - 1/p) + 1/p) « 0,26149 72128 47643. 
Pour x > 1, 

p<x 

Pour x > 10372, 

y ^ - - l n 2 X - B > - ( 5 - + = - ) 
^ P " V101n2x 151n3xy 

"S^ - - ln2 x - B < r - + r 
t ^ P 101n2x 151n3: 

THéORèME 3. Soit B = - 7 - E~=2 Ep(lnp)/P" ~ -1,33258 22757 33221. 
Pour x > 1, 

E ! î £ - h l . B > - ( M + J^). 
• ^ p \ lnx In x / p<x 

Pour x > 2974, 
Inp .__ ^ ^ 0,2 . 0,2 - ^ - I n x - E ^ - ^ - - ! - - : _, p Inx In 

p<x 
THéORèME 4. Pour x > 1, 

., P inx In2x' 
p<x 

et 

Pour x > 2973, 

n(1-D<£(-S) 

nH)>S('-£) 
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et 

n^<M1+i£) P < I 

T H é O R è M E 5. Pour x > l, 

7r(2x)-7r(x) < : — . Inx 

Pour x > 1328,5 
x 0,7x 

7r(2x) - 7r(x) > —2—. 
Inx In^x 

5. Conjec ture d 'Hardy-Li t t lewood. 

CONJECTURE 1 (HARDY-LITTLEWOOD). Pour tout x>2 et pour tout y>2, 

n{x + y) < 7r(x) + 7r(j/)? 

T H é O R è M E 6. Pour tout x et pour tout y tel quex <y < | x l n x l n 2 x, on a 

Tï{x + y) <n{x) + ir{y). 

En particulier, nous avons 

7r(2x) < 27r(x) 

pour x > 3. 

6. D a ns les progressions ar i thmét iques . 

DéFINITION 1. Soit 

9{x;k,l)= Y, lnP' ^(a;;fc.0= Y, l n p 

p<x P'" 
p=lmodfc p ' ' < i , p=lmod)c 

les fonctions de Chebyshev dans les progressions arithmétiques. Soit 

7r(x; fc,/) = J I 1 

p<x 
p = lmodk 

la fonction qui compte le nombre de premiers inférieurs à x et congrus à I mod-
ulo fc. 

Pour un réel positif H donné, on dira que GRH(fc,iî) est satisfaite si, pour 
chaque x modulo fc, tous les zéros p = P + ij, non triviaux, de la fonction de 
Dirichlet L{s,x) tels que |7| < H vérifient P = 1/2. 

Étant donnés x u n caractère de conducteur fc, if > 1000 et p = P + iy un zéro 
de L{s,x) avec [7! > H alors il existe une constante Ci{x,H) calculable (voir [7]) 
telle que 

1 
1 " ^ - i î l n ( f c | 7 | / C 1 ( x ) H ) ) ' 
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THéORèME 7. Soit un entier k > 1. Soit R = 9,645908801. Soit H > 1000. 
Supposons GRH(k,H). Soit Ci{k) défini par 

C71(fc)= min Ci(x,flx)-
X mod fc 

Soit XQ, XI, X2 et X3 tels que 

e*" _ / k<p{k) e*> 
^ - ^ V ^ ^ c f c ) ' x r = 1 M f c ) ' 

X2^C1(fc)/(2Mfc)) I ^3 = ^ ^ . 

5oi< C = min(Ci(fc),327r) e< X4 = max(10)Xo,Xi,X2,X3). 
Posons 

Alors pour tout réel x tel que X = J ^ > X4 nous avons 

mx; fc,/) - xMfc)|, |^(x;fc,/) - xMk)\ < e I ^ ^ j x. 

PROPOSITION 4. Pour x > 1 et / = 1 ou 2, 

|0(x;3,/)-x/2)< 0,262^-. Inx 
THéORèME 8. Pour / = 1 ou g, 
(*) mï < T(a:;3,0 pour x > 151, 

(ii) 7r(x;3,/) < 0 , 5 5 ^ pourx > 229869. 

Nous redémontrons de cette façon que 
x 1 \ 
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HAMILTONIAN MECHANICS ON PRINCIPAL BUNDLES 

RICHARD CUSHMAN AND JÇDRZEJ SNIATYCKI 

Presented by J. E, Marsden, FRSC 

ABSTRACT. We discuss reduction for Hamiltonian systems with a sym-
metry group which acts properly and freely on configuration space. 

RÉSUMÉ. Nous étudions la réduction pour les systèmes hamiltoniens 
dont le groupe de symétrie agit librement et proprement sur l'espace de 
configuration. 

Here we consider a Hamiltonian system with configuration space Q, and Hamil-
tonian of the form H = K + ITQV, where K: T*Q -> R is the kinetic energy 
defined by a Riemannian metric k on Q, V: Q -> R is the potential energy, and 
TTQ: T*Q -)• Q is the cotangent bundle projection. We assume that TT: Q -* M is 
a principal fibre bundle with structure group G and that the action of G lifted 
to T*Q is a symmetry of our Hamiltonian H. This implies that the kinetic and 
potential energy are G-invariant. Therefore the metric k on Q is G-invariant. The 
distribution hor TQ on Q perpendicular to the fibres of TT: Q - • Af with respect 
to the metric k defines a principal connection on Q. Restricting k to hor TQ gives 
rise to a metric g on M because Tqir\hoiTqQ is an isomorphism onto T^M. 
The principal connection plays the fundamental role in the investigation of the 
structure of the dynamical system under consideration. In particular, it gives rise 
to connections and operators of covariant differentiation of sections of bundles 
associated to Q. 

Let UQ be the canonical symplectic form on T*Q. As the Hamiltonian vector 
field XJJ on {T*Q, UJQ), corresponding to the Hamiltonian H, is G-invariant. Thus 
it projects to a vector field on the space {T*Q)/G of orbits of the lifted fiction 
of G on T*Q. Let p: T*Q -» {T*Q)/G be the G-orbit map. The reduced space 
{T*Q)/G is a fibre bundle over the reduced configuration space M, which splits 
as the direct sum of the coadjoint bundle Q[G*] and the cotangent bundle T*M 
over M, see [2]. In other words, 

{T'Q)/G = Q[g*] ® M T*M. 

The action of the group Aut(Q) lifted to an action on T*Q is Hamiltonian. For 
each X in the Lie algebra aut(Q) of Aut(Q), the action of the one parameter group 
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exptX on T*Q is given by the flow of the Hamiltonian vector field of a function 
J x , which we call the gauge momentum associated to X. Since the Lie algebra 
aut((5) is isomorphic to the space of sections of the adjoint bundle Q[G] -> M, 
it follows that its dual aut(Q)* is a space of distributions. The momentum map 
J: T*Q -> aut((5)* for the action of Aut(Q) on T'Q is defined by Jx = {J \ X). 
Here the pairing ( | ) is to be understood in the sense of distributions. 

Let F be the map from T*Q to the coadjoint bundle Q[G*] formed from the 
composition of the projection T*Q -»• verT 'Q and reduction map verT*Q ->• 
{veiT*Q)/G followed by the bundle isomorphism of {\eiT*Q)/G onto Q[G*]. 
For each X in aut(Q), J x = (F | Cx), where Cx is a section of the adjoint bundle 
Q[G] -* M corresponding to X and the pairing { j ) is taken pointwise. We call 
F the gauge momentum map for the action of Aut(Q) on T*Q. 

Let A:T*Q -¥ T*M be the map formed from composition of the projection 
T-Q -* horT'Q and reduction map horT*<3 -4 (horT*Q)/G followed by the 
bundle projection of {horT*Q)/G on T ' M . 

The G-invariant metric k* on the fibres ofT'Q dual to k gives rise to a metric 
K* on the fibres of the coadjoint bundle Q[G*] -> M: am -¥ m. Since the potential 
energy V̂  on Q is G-invariant, it is the pull back of a function V on M under the 
projection map ir:Q -* M. Let Hr be the function on Q[G*] defined by 

•ffr(am) = %K*{m){a,a) 

for every am £ Q[G*], and let H& be the function on T ' M defined by 

H^{y) = ^g*{x){y,y) + ^MV{y) 

for every y £ T'M. The Hamiltonian H on T*Q admits a decomposition 

H = r'Hr + A*HA. 

Let t •-> p(t) be an integral curve the Hamiltonian vector field XR onT*Q. Its 
projection on the reduced space {T*Q)/G is uniquely determined by its projec-
tions t •-* 7(f) = F(p(i)) on Q[g*\ and t H* y{t) = A(p(f)) on T*M, respectively. 
Let t i-> x{t) be the image of t i-4 y{t) under the cotangent bundle projection 
TTM.T*M -» M and let cr be a section of the coadjoint bundle Q[G*\ -> Af over 
the curve t -> x{t) such that 7(f) = o-(x(f)). We now describe the differential 
equations satisfied by the curves 11-> 7(f) and 11-4 y{t). 

On the one hand, the curve t 1-4 7(f) on Q[G*] satisfies the nonautonomous 
gauge momentum balance equation 

(1) ^ - = -X_idH, for all X € aut(Q). 

Here X is the natural Uft of X to T*Q. Equation (1) can be decomposed into a 
nonautonomous velocity equation 

(2) {XH - I W Q - dH) j (kerTTr n ker TTTQ) = 0 
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and an autonomous gauge momentum equation for the section a 

(3) Vxff = T F ^ F * verdHr)). 

Here verdHr is the vertical part of the 1-form dHr on Q[G*] with respect to 
the connection on Q[G*] associated to the principal connection. In addition, 
WQ:T*Q -> TQ is the bundle isomorphism induced by the canonical symplectic 
form OJQ. Thus the right hand side of (3) is a vector field on Q[G*] along (T{t). If 
the velocity equation is satisfied, the gauge momentum equation is equivalent to 
the conservation of the principal momentum map J: T*Q -4 G* corresponding to 
the natural lift to T*Q of the principal action of G on Q. 

On the other hand, the curve 11-¥ y{t) satisfies a nonautonomous Hamiltonian 
differential equation on T'M, which depends on the lift of the curve t (-4 x{t) on 
the base to a solution cr{x{t)) of the gauge momentum equation. Explicitly, 

(4) y-iwM=dHi,-y-iir'M{(T\h) + Q. 

Here WM is a canonical symplectic form on the cotangent bundle TTM- T'M -¥ M 
of M, ÎÎ is the 2-form on M with values in the fibres of the adjoint bundle 
Q[G] -4 M induced from the curvature 2-form fi of the principal connection 
horTQ, and 9 = A,(F* hordHr). 

Assume now that our G-invariant Hamiltonian system is acted on by additional 
constraining forces such that the resulting motions have velocities in a G-invariant 
distribution D on Q. These additional forces are not specified. However, it is 
assumed that that the work they do on virtual displacements in D vanishes. 
Such constraining forces are called perfect. Furthermore, assume that the metric 
k on Q is Riemannian. The Legendre transformation for our system is given by 
C:TQ -4 T'Q-.v 1-4 ]c{v). The requirement that the velocities of our system 
should be in D implies that the curves on T'Q describing the motion of the 
constrained system have to lie in the constraint manifold N = C{D) — {^{v) £ 
T*Q\v£ D}. 

Let F he the distribution on T'Q, which is the pull back of D by the cotangent 
bundle projection TTQ: T'Q -> Q, that is, F = {u e T{T'Q) \ T T T Q ^ ) £ D}. In [3] 
Marie has shown that, under the assumptions made here, the following direct sum 
decompositions hold 

(5) (TAT)^ © F = T^TQ and TN @ F"* = TNTQ. 

The vector field Y on N C T'Q describing the constrained motion satisfies the 
equation 
(6) {Y-iujQ)F = dFH. 

In the above equation the subscript F denotes the F-component of a 1-form 
with respect to the decomposition {TN)"" ® F = TNTQ. Equation (6) and the 
condition that V is a vector field on N determine Y uniquely, see also [4]. 
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Let D be the projection of D under Tn. Then the image of N under the map 
A:T*Q -4 T'M is {g^u) £ T'M \u£ D}. Moreover, the image of NDverT'Q 
under the map F : r ' Q -4 Q[G'] is a subbundle 5 = r{N n ver T'Q) of Q[G']. 
Finally, observe that we have the direct sum decomposition 

D = {Dn veiTQ) © ((£> n veiTQ)L n D), 

where the superscript J. denotes the orthogonal complement with respect to the 
Riemannian metric on Q. Since Tn({D fl verTQ)x n £>) = JD, for each q £ Q 
there exists a map Aq: D*^) -4 {Dq n ver T^Q)1 fl D such that 

lift, r7r(u) + A,r7r(u) = u for all u G (D, D ver TqQ)x n D. 

Herelift,:TT(g)M —> TqQ is the horizontal lift with respect to the principal con-
nection. The map A induces a map 

E: A(A0 -4 Q[G']:y^ E(j/) = r(k*(Aqx{g>{y)) 

It follows that the image of N under the map F is 5 ®M range E and the image 
of N under the G-orbit map p is S ©M graph S. 

Let ver(Z)) denote the projection of D on the vertical distribution verTQ. We 
have 

ver(D) = {Dn ver TQ) ©M range A. 

We have the following characterization of the gauge momenta on the constraint 
manifold N. For every X £ aut((5) n ver(D)-1-, 

Jx{p) = 0, for all p G W. 

For each vector field X on M with values in D, AX G aut{Q) and 

Jx(p) = k(Ag(^A(p)), A,X(7r(<7))), for all p G Nq. 

The values of the gauge momenta Jx corresponding to X G aut{Q) with values 
in D are unrestricted on the constraint manifold N. 

As in [1] the reduced equations of motion of the constrained system split into 
the momentum equation and the reduced equation. The momentum equation is 

- ^ = -{dHr{r{p)) | F.X(F(p))) -g-(x)((F(p) | VCx(x)),A(p)) 

for all X G aut(Q) with values in D. The restriction of the gauge momentum 
map F to A" G aut(Q) with values in D is the nonholonomic momentum map 

) > 
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of [1]. The reduced equation is 

ujM(TA{Y{jp)),Z{p)) 

= -/F(p) j n(T7rMTA{Y{p)),{nM),z{nM{A{p))y\\ 

+{dHA | Z(A(p))) + g'(x)((F(p) | VxCA(,M).zW),A(p)) 

+dJM^hl(p) + {dHr{T{p)) | r.A(7rM).Z(F(p))) 

+(V(WM).z^r)(r(p)) 

for every vector field Z on T'M which projects to a vector field (TTM)»^ on M 
with values in D. 

The authors axe greatly indebted to Jerry Marsden for his interest in this work 
and his helpful comments. 
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