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LIMITING BEHAVIOUR OF SOME COMBINATORIAL
STRUCTURES IN POPULATION GENETICS

SHUI FENG AND FRED M. HOPPE

Presented by D. A. Dawson, FRSC

ABSTRACT. Large deviation principles are established for some com-
binatorial structures in population genetics including the Ewens sampling
formula and its two-parameter generalization.

RESUME.  On établit des principes de grandes déviations pour certaines
structures combinatoires en génétique de population, en particulier pour la
formule d’échantillonnage de Ewens et sa généralisation 4 deux paramétres.

1. Introduction. A partition 7 of a positive integer n is an unordered rep-
resentation of n as a sum of positive integers n = ny +ng + - + ng. It is
customary to describe 7 as a multiplicity vector or “allelic partition” (cf. [9])
m = (my,...,m,), where m; = m;(m) = §{i : n; = j} is the number of times
integer j appears in {ny,...,ng}.

A random partition of n is a random variable II,, with values in the finite set of
all partitions of n. As an illustration, one of the random partitions I1¢ considered
in this paper is the Ewens sampling formula introduced in [4]

nl _ o™i

Here 6 > 0 is a parameter and [0]" = (6 +1)---(6 + n — 1) is the ascend-
ing factorial, and (1.1) describes the partition when a sample of size n is taken
from a selectively neutral haploid population which has evolved towards equi-
librium. This remarkable distribution also arises in many non-genetics contexts
such as in Bayesian statistics (1], random permutations [13] and in a Pélya-like
urn model [7].

Pitman [10], [11] described a two-parameter sampling formula with parameters
0<a<l, §>-a,denoted by I12° and defined by

(1.1) P’(my,ma,...,m,) = P[IT? = (10 sTR)] =

Pr?’e(mlam% sim 8 ’mn) = P[Hﬁ’o = (ml,mg, cen ,mn)]
(I~ afi=)™
(@)mi(myt) -

n!

26 + la)TI,
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66 SHUI FENG AND FRED M. HOPPE

The random partition I12¢ arose in the study of stable processes with index
o and in particular the case a = % is related to the zeros of Brownian motion
and Brownian bridge. When a = 0, 1%¢ = I1%, the Ewens case.

In genetics the number of parts K2 of IT2 is the number of alleles in a sample
of size n while in the context of random permutations K represents the number
of cycles in the cycle representation of a permutation chosen uniformly from all
n! permutations (in which case 6 = 1). '

There have been many studies on the behaviour of K as n goes to infinity. It
is well-known that the following law of large numbers holds

0
(1.3) lim Kn =40, a.s.,

n—oo logn

and Goncharov [5] obtained the following central limit theorem

K% —logn 2

A4 N(0,1
(1.4 £ 2 N,
If we write K2 (t) = ZE’:} mi(t) and let
0(4) —
Y:U):M, 0<t<1,

vBlogn

then Hansen [6] proved that Y;?(-) converges weakly to Wiener measure on the
Skorohod space D[0, 1], which is a functional central limit theorem for the process
K?(-). Previously, DeLaurentis and Pittel (2] obtained this result for 6 = 1.
Next, let K2 denote the number of parts of I1%¢. Then for o > 0 and general
6, (see [10], [12])
a,f

K,
(s) nlgglo n’; = Sa,0, G.S.

where S, ¢ is related to the Mittag-Leffler distribution.

The main results of this paper are a path level large deviation principle for
K?8(t) and a large deviation principle for K; @9 as n goes to infinity. We now state
the results and outline the proofs later.

THEOREM 1.1. Let D[0,1] be the space D[0, T| equipped with the uniform con-
vergence topolology and let V8 be the law of K&(t)/logn under PS in (1.1). Define

l -
sif) = [ 1) ae
B {fo‘ ft)rog (L2) dt +6 - £(1), if £(0) =0,

and f is absolutely continuous
00, otherwise.
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Then the sequence {v2}n>1 satisfies a large deviation principle on space D0, 1]
with rate function Se(-) and speed logn, i.e., for any Borel set A C D|0, 1],

. 1, -
- f]enjo Se(f) < h,.“it’lfl vy (A) < limsup

0(AY < — ;
ogn 100 lognV"(A) = ;"elfi So(f),

where A is the closure of A, A° the interior of A.

REMARK. The non-trivial aspect of this result is to establish the LDP in the
uniform convergence topology. We choose to achieve this by arguing that the
process K?(t)/logn is exponentially equivalent to the Poisson process.

THEOREM 1.2. For a € (0,1),0 + a > 0, the sequence {v3%}n>1 satisfies a
large deviation principle with rate function I°(-) and speed n, where V2 is the
law of K&°/n under P29,

(1.6) I*(x) =sn;p{/\x—A,,(,\)},

and [ \ 1]
_)-log[l-(1—-e"Ma)] fA>0,

L) Aa(X) = {0, otherwise.

REMARK. For the Ewens sampling formula (@ = 0,0 > 0), let u® be the law
of K%/logn under P? in (1.1). Then one can show that the sequence {u},>1
satisfies a large deviation principle with speed logn and rate function

zlogg —xz+86, forz>0
Iy(x) = {0, forz=0
+o00, forz <0

by using the representation of K¢ as a sum of independent components and the
generating function formula for the Stirling Numbers of the first kind.

Our approach involves a result of independent interest by providing a biological
basis for Pitman’s sampling formula as a particular example of a general class
of models introduced in [8], in the same fashion as [14] provides an embedding
interpretation of the urn model (7] leading to Ewens sampling formula. This
embedding leads to a simple intuitive proof of the existence of lim,_,., K¢ /n.

Proofs, as well as further details, will appear in a forthcoming paper by the
authors.

2. Embedding. The limiting distribution in (1.5) can be easily understood
using an interpretation of (1.2) as the marginal distribution of the embedded
jump chain of a continuous time birth-immigration process inspired by [8].

Consider a population comprised of a various number of different types (say
mutants) which is evolving continuously in time. Mutants arrive at the times 0 <
T; < Tz < --- and initiate independent identically distributed subpopulations.
Let I(t) = {j : T; < t} be the number of mutant lines which have arrived in [0, t],
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z;(t —T;) is the size of the i-th mutant line at time ¢, and N(t) = ngl) z;(t—T3)
represents the total population size at time ¢. For the purpose of this paper we
assume that I(0) = 0,z(0) = 1, and both I(t) and z(t) are pure birth process
with respective birth rates r; and lx such that ro = Gy, 7 = a(k — 1) + S,
ly =k—cafor k>1. Here §p > 0,8 >0, and a € (0,1) are arbitrary constants.
It follows that N(t) is also a pure birth process with N(0) = 0 and birth rate p,
such that pg = f and p, =n+f—-aforn>1."

The mutant lines induce a random partition I1(t) of N(t) given by m;(t) = #{j :
T; < tand z;(t—T;) = i} for 1 < i < N(t) so that m;(t) is the number of mutant
lines with ¢ representatives at time ¢. For n > 1 define 7, = inf{t > 0: N(t) = n}
and consider the random partition IT, = II(7,). We can show that the conditional
distribution of II,,4; given II, is identical to equation (15) in [11] with notation
0 = 8 — a in place of 8. This establishes the following theorem.

THEOREM 2.1. The distribution of the random partition Il,(7,) is given by
the Pitman formula

(i1 - ap~)™

P[II(ry) = (my,...,mp)] = IZ]—!an;Ol(0+ la) ;=1W,

where k=Y [, m;.

Each of the processes I(t), z(t), and N(t) has structure analogous to a linear
birth process with immigration, generically denoted by Y'(t), which is a time
homogeneous Markov chain with infinitesimal parameter A, = An + ¢ with A >

0,¢ > 0. Typically Y (0) = 0.
It is known that if Y'(0) = 0, then

(2.1) lim e" MY (t) = Wg, a.s.,

t—oo

where Wy has the gamma density

e—xzd—l

f($)=—w, z>0.

Applying (2.1) to I(t), N(t), one gets
(2.2) Jim e *tI(t) = e T Wp, a.s.,

where T} and W are independent, and T; has an exponential distribution with
mean g ! and
(2.3) tlim e"tN(t) = e " Witg—as a.S.,

—00

From the ratio of (2.2) and (2.3) we easily obtain the following proof and
representation of (1.5) and also an explanation of the factor n*.
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THEOREM 2.2. For0<a <1, 0> —q,

; Kr?'o _ Weia
(24) nll.ngo no = ayo—m,a.s.

which implies that P[0 < S, < 00] = 1.

REMARK. The main novelty of the embedding in this section is that the im-
migration of mutants is not Poisson (as in the Ewens case) but is a pure birth
process itself. Moreover each mutant line does not behave according to binary
splitting (which would require [,, = n,n > 1 rather than l, = n — a, as is the
case).

3. Sketch of Proofs.

PROOF OF THEOREM 1.1. Since o = 0, the pure birth process I(¢) introduced
in Section 2 is now a homogeneous Poisson process with parameter 8 > 0. Let

I(7q)

I_{n(t) = Z Hzy(ra-Ti)<nt}
k=1

Since K9(t) and K,(t) have the same law it suffices to verify the result for

the sequence {K,(t)/logn}n>1. In a series of lemmas we are able to show that
o L]

{K,(t)/logn} is exponentially equivalent to &%mu for 6 € (0,1/2).

Finally applying the following Theorem 3.1 one gets the result. .

THEOREM 3.1. Let {b,}n>1 a sequence of positive numbers such that
lim,— o0 bp/an, = 0. Let Z,(t) = ﬂ%“’") and Qn be the law of Z,(t) on space
D|(0,1]. Then the sequence {Q,}n>1 satisfies a large deviation principle on space
D|0, 1] with rate function S(-) and speed a,.

PROOF OF THEOREM 1.2. The main part in the proof of Theorem 1.2 is to
show that 5
nlim - log E[e"KS'o] = Aqa(N),

which involves some complicated combinatorial arguments. This, combined with
the facts that {\; Aa(A) < 00} = R, Ay()) is differentiable, and Theorem 2.3.6
(Gértner-Ellis theorem) in 3], implies the result. =
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EXACT RATIONAL SOLUTIONS OF A TRANSCENDENTAL
EQUATION

D. J. JEFFREY, D. E. G. HARE AND R. M. CORLESS

Presented by J. M. Borwein, FRSC

ABSTRACT. The equation 2"b* = c is solved using the Lambert W
function. A new simplification rule for W is given that allows those cases in
which the equation has rational solutions for x to be identified. A rclated
equation studied by Euler, z¥ = y*, is also investigated using W.

RESUME.  On résout I’équation z™b* = ¢ en utilisant la fonction W de
Lambert. Une nouvelle régle de simplification pour W est donnée qui per-
met d’identifier et de calculer certains cas pour lesquels ’équation possede
des solutions rationnelles z. Nous examinons aussi a I'aide de la fonction W
une équation apparentée a la premiére et qui fut étudiée par Euler, z¥ = y*.

1. Introduction. For n € Z, b,c € Q and b > 0, the equation
(1) " =c

has, in general, solutions x € C. The most interesting cases, however, usually have
some solutions z € Q, and a method is needed to find both types of solution.
The general solution of (1) is obtained below in terms of the Lambert W function
Wi(z), which is defined by [1]

(2) Wi (2)eVe(®) = 2,

where k identifies the branch of this multivalued inverse function. Thus an au-
tomatic solution of (1) by computer is possible, except for the difficulty of iden-
tifying rational solutions. Consider z22% = 72, which has an infinite number of
non-rational solutions, and the solution z = 3. In terms of W, this solution is
2
= —W 2 ) "
z= =W (3\/_ In2

which implies the simplification Wy (3v/21n2) = (3/2)In2, but no rule covering
this has been previously reported. Such simplification rules must be investigated
before equation (1) can be solved in the best way. In addition, new simplifications
may prove useful in other applications of the Lambert W function.

Received by the editors October 13, 1997.
AMS subject classification: 11-04, 26-04, 33E99, 65HO05.
© Royal Society of Canada 1998.
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2. Real solutions and rational solutions. In (1), the case b < 1 can be
avoided by the transformation £ — —z, so only the case b > 1 is considered.

THEOREM 1. Let b,c € R, b > 1 and n € Z. Let {/c denote the real branch
of c!/™. The solutions z € R of the equation £"b* = c are as follows.
1. If n is odd and ¢ > —(n/elnb)" or if n is even and ¢ > 0,

lnb

2. Ifn is odd and 0 > ¢ > —(n/elnb)®,
Inb
3. Ifniseven and 0 < ¢ < (n/elnb)?,

n Ind | _n Inb |
m_ln_bW(J (_T\/E)’ o T= lan_l (_ n \/E)
PRrROOF. Consider the case for n odd. Take the real-branch n-th root of both
sides of (1). Then it becomes, because n is odd,
xba:/n _ xe(:c/n) Inb _ \/’c'

and multiplying through by (Inb)/n and comparing with (2) establishes that
Inb
= l——I;Wk ( n \/E) .

Only the branches k = 0 and k = —1 of W take real values [1]. The principal
branch Wy(z) is real for z > —1/e, while W_;(z) is real for —1/e < z < 0.
Imposing these restrictions leads to the cases listed in the theorem. The other
cases are similar. It is clear that the converse statements are also true.

EXAMPLE. The solutions of z2(9/16)* = 3/16 are

= — W, (\/ﬁl -1-‘5) ~ —.387351650,

In(16/9) 9
-2 V3 16 1
ln(16/9)W0( 8 1“3) =P
-2 V3. 16
e o [ e 11.35508246.
In(16/9) = " ( g 9)

One must be aware of the possibility of equivalent expressions:

—9 W( V3 16)_ -1 ‘/_1n4)=

1
@69\~ Y ) Tmam g iy =y



EXACT RATIONAL SOLUTIONS OF A TRANSCENDENTAL EQUATION 73

We are led by the above to seek an algorithm for deciding whether
Wi (ry {/r2Inb), with r1,79,b € Q, simplifies to rInbd, with » € Q. A standard
method for obtaining rational numbers from approximate data is to truncate a
continued-fraction expansion (5], and therefore the obvious strategy is to evaluate
W/Inb as a floating point number and then to expand the result as a continued
fraction. This idea has two drawbacks, and they are related: first, the number of
digits at which the computation is done will determine its success, and second,
it is not a decision procedure, because failure to find a rational simplification is
no proof that one does not exist. For example, consider the following problem,
worked first using 10 digits.

528309 9 7451 _ 311 9
———In | > ) 31051 2 fveet - =1 ,
(3) Wo (168976 In (4) 310561 2105 ) /ln 1 1.852760155

The continued-fraction expansion, in the notation of [5], begins
1.852760155 ~ (1,1,5,1,3,1,3,1,63,1, 30].
Re-computed using 16 digits, the continued fraction becomes
1.852760155288325 ~ [1,1,5,1,3,1,3, 1, 64,291347701].

Therefore, it is only at 16 digits of precision that we are led to conjecture, cor-
rectly, that » = [1,1,5,1,3,1,3,1,64]; in other words

528309 /9 .z sue\ 10567 9
W, | == = ) 310s61 270861 | = —— In =,
0 (168976 o (4) L ) 10561 "1

If this method fails, it might be that no rational simplification exists, or it might
be merely that the precision used was insufficient. An algorithm that guarantees
a decision is based on the following definition and theorem.

DEFINITION. The integer power content of b € Q is the largest m € Z such
that b = b™ and b € Q. We write m = ipcb, and call b the integer-power-free
reduction of b, written b = ipf b. Clearly b = (ipf b)'P¢®.

THEOREM 2. Given r1,72,b € Q, the simplification of Wy(r, {/T2Inb) to the
form rInb, with r € Q, is possible if and only if k =0 or k = —1 and

n
(4) Tr= m‘Wk(Tl \/1'_21nb) € Z,

in which case r = xipc(b)/n. Moreover, z is an integral solution of

(5) (ipf b)® — (”";pc") ry = 0.
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PROOF. By theorem 1, z as defined in (4) is a solution of
(6) z™(ipf b)* = ¢ = rin"(ipcb)"ra.
Then £ € Q = z € Z, because if z = p/q, with p,q € Z, then

(ipf b°)1/7 = c(g/p)".

Clearly the right-hand side is rational, but by the construction of ipf b, the left
side is not in @ unless ¢ = 1.

Computational algorithm. A practical procedure is as follows. The quantity z
defined in (4) is evaluated in two stages. At first, the order of magnitude of
z is determined; let it be O(107). The evaluation is then repeated using more
digits of precision than p, so that if z is indeed an integer, its value will be
determined correctly.! The proposed integral value is then accepted if it satisfies
(5), otherwise there is no rational simplification. If a computer system verifies (5)
by direct computation of the left-hand side, very large integers are generated. It
would therefore be wise for a system to use the laws of exponents first.

EXAMPLE. Returning to problem (3), one now computes

10561 . (528300 . /9 . zess s
= ) 310561270561 | = .
ln(3/2)W0(168976 In (4)3’“2 “) 29185

where 5 digits of precision have been used. The size of the result shows that a
computation accurate to 6 digits is sufficient (less than half the 16 needed by the
continued fraction method), and this gives 39134.0 as the result. We now must
verify that

168976 39134

A brute-force evaluation of the left-hand side takes about 20 seconds on existing
computers, but working in powers of 2 and 3 gives rapid verification.

10561
(3/2)%134 _ ( 528309 (10561)2) gras153110 _

3. A problem solved by Euler. An interesting related equation was stud-
ied by Euler and others, namely,

¥ =y,

Regarding y as a given quantity makes this equation a special case of (1). For z >
0 and y > 0 it is straightforward to obtain the solution x = —yWy(—Iny/y)/Iny.
In addition to the solution z = y, the equation has the parametric solutions

z=(1+s)"2, y=(1+s)+/s,

1 Arithmetic in Maple V release 5 is guaranteed to produce results accurate to 0.6 ulp for
fundamental operations such as multiplication and single function evaluations. Other systems
are similar. Evaluation of a simple composition of these operations, such as aW(bInc) for
numeric a, b and ¢, can be proved accurate—with some work—if enough guard digits are used

in the computation.
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and the symmetric solution (y,z). This implies simplification rules for W. We
find from the y = z solution, setting y = 1/t¢,
Wo(tlnt) = Int, for t> 1/e,
W_;(tlnt) = Int, for 0<t<1/e.

From the parametric solution, we obtain the additional relations

In(1 +s) 1+s
, (_ol+s) y _ _
Wy ( 3(1+3)1/s> 5 In(l1+s) for —1<s<0,

In(1 + s) 1+s
- —_— — l .
W-t ( s(1 +s)1/s) " n(l+s) for0<s

These results are equivalent to a result by Lauwerier [3, 4]. Equations (54-57)
in [3] are obtained by writing s = €2 — 1 . As of this writing, there are no
computer algebra implementations of these (domain-specific) simplification rules.

4. The complex case. If all variables are allowed to be complex, then The-
orem 1 can be generalized, but without the same degree of completeness. If it is
assumed that z® and b* are the principal complex values of the power function, we
give a formula that generates all solutions of z2b* = ¢, but in addition generates
solutions that correspond to other branches of the power function. Theorem 3
uses the unwinding number K, but defined as the negative of the unwinding
number defined in [2]. Thus, it is now defined for z € C as

) Ine* = z — 2mik(z2).
After working with K, it has become clear to us that this new definition is better,
because fewer minus signs arise in the equations.

THEOREM 3. Let a,b,c € C. If z € C is a solution of 22b* = ¢, then it satisfies
9mi
(8) z = iWk (%cl/"exp [—;EIC(alnz+zlnb)]> ,

where k is any integer and K is the unwinding number.
PRrOOF. Take the 1/a power of both sides:
(zabz)l/a =cl/e

k]

where all powers are principal value. In terms of the unwinding number,
omi
(z26%)"* = 2b°/* exp (—%K(a Inz+zIn b)) .

The solution of the equation then follows as stated.

The theorem can be used algorithmically to generate solutions for 2*b* = ¢, by
taking advantage of the fact that both k£ and K are integers. Stepping through the
ranges of k and K generates all possible solutions, and some spurious solutions.
Each new solution must to be verified in the original equation.
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EXAMPLE. For the equation z!/3256% = 1, the exponential factor in (8) is 1,
but even so, Wy and W3 give solutions, but W_;, W;, W> do not, unless z1/3
takes values from its other branches.

1.
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CONGRUENCES FOR THE SPECIAL VALUES OF MODULAR
L-FUNCTIONS

V. VATSAL

Presented by M. Ram Murty, FRSC

ABSTRACT. The results of this note show how congruences between
the Fourier coefficients of modular forms give rise in a general setting to
congruences between the critical values of the associated L-functions. Let E
be an elliptic curve over Q with a rational point of order three, and of good
reduction at three. Let xp denote the character of an imaginary quadratic
field. We use our results to show that the twisted curves E® x p often have
rank zcro.

RESUME.  Les résultats de cette note montrent comment les congru-
ences entre les coefficients de Fourier des formes modulaires permettent
d’obtenir dans un cadre général des congruences entre les valeurs critiques
des fonctions L associées. Soit E une courbe elliptique sur Q ayant un point
rationnel d'ordre trois et ayant bonne réduction en trois. Notons par xp
le caractére d’un corps quadratique complexe. Nous utilisons nos résultats
pour montrer que les valeurs speciales tordues L(1, E ® xp) sont souvent
non-nulles.

The purpose of this announcement is to describe some results which state,
roughly, that a congruence between modular forms gives rise to a congruence
between L-values. This phenomenon fits in with general algebraic arguments from
Iwasawa theory, where one considers representations and Selmer groups instead
of modular forms and L-values. As has become evident in light of recent work
by Ono-Skinner [0Sa], [OSb], James, and Kohnen [Koh97}, such congruences are
a useful tool in proving nonvanishing theorems. Our results continue this trend,
and we obtain a new nonvanishing theorem for the L-functions of elliptic curves
with a rational point of order three. This generalizes an example due to Kevin
James, and provides new evidence for a conjecture of Goldfeld [Gol79] on the
ranks of elliptic curves in families of quadratic twists. The proofs of the results
stated in this article will appear in our forthcoming article [Vat97].

We want to begin by discussing the general facts about congruences. Thus let
f =" anq" be an cuspform of level M > 4 and weight k > 2. Since M > 4, we
see that the group I' = 'y (M) is torsion-free. Assume that f is a simultaneous
eigenform for all the Hecke operators and that a;(f) = 1. The L-function associ-
ated to f is defined by the Dirichlet series L(s, f) = )_a,n~°, which converges
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for Re(s) > k_i:l and has analytic continuation to s € C. A fundamental theorem
of Shimura [Shi76] states that L(s, f) enjoys the following algebraicity property:

THEOREM 1.1 (SHIMURA). There exist complez periods Qf such that, for
each integer m satisfying 0 < m < k — 2, and every Dirichlet character x, the

quantity
yLim+1, £,x)

(%) -m! (—2mi)m+iQE

is algebraic. Here the sign + of QF is determined by £1 = x(-1), and 7(%)
denotes the Gauss sum attached to X.

The integers m appearing in Shimura’s theorem are said to be critical for
L(s, f)-

Now consider another eigenform g = Y b,¢", where the Fourier coefficients b,,
are related to those of f by a congruence:

an = b, (mod p),

for a prime ideal p in the ring of all algebraic integers (we need to fix an em-
bedding of the algebraic closure Q@ of Q into C). Then general arguments from
Iwasawa theory [BK90], [Coa91], [Gre89], suggest that algebraic parts of special
values should reflect algebraic properties, so that for critical m, there should be
a congruence

O ) m R = m LA (med )

Of course the crucial ingredient in proving such congruences is the determi-
nation of the periods %, since Shimura’s theorem only specifies them up to
an algebraic constant. A related question arises in the definition of p-adic L-
functions in Iwasawa theory, where one needs to specify these periods up to
p-adic unit [Gre89], [Coa91]. Partial results in this direction have been obtained
by a number of authors [AS86], [Maz79], (Ste82], but we are able to subsume
all these into a rather general framework. In fact, we can show that all such
congruences can be derived formally from a sufficiently precise description of the
Hecke-module structure of the cohomology with coefficients of the appropriate
modular curves. The condition we need can be stated as follows:

There exists an isomorphism of Hecke modules

(2) 0 : Hiar (T, La(Zp)),, = (Sk(T, Zp)m).

Here Hll,ar(I‘, L,(Z,) denotes the Eichler-Shimura parabolic group cohomology
module of degree n = k — 2, and Si(T', Z,) denotes the space of (classical) cusp-
forms for I with coefficients in Z,. The subscript m denotes localization at the
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appropriate maximal ideal in the Hecke ring. The condition (2) is closely related
to the ‘multiplicity one’ theorems of Mazur, Ribet, Wiles, and others, and can
be verified under some hypotheses. For example we have the following concrete
result:

THEOREM 1.2. Let p be an odd prime, and let f = )" ang™ and g = byq"™ be
cuspidal newforms of weight k on T'y(M), such that a, = b, (mod p"), for some
prime p above p in Q. Assume that the mod m reprentation p attached to F is
irreducible, as well as either one of the following conditions:

- (M,p) =1 and thatp >k, or

. P is ordinary and p-distinguished.
Fiz an isomorphism C, = C, such that the prime p of Q c C induces the usual
absolute value on C,. Then there exist canonical periods Q}h and QF such that
the congruence (1) holds modulo p”, for every character x.

REMARK 1.3. We remind the reader that the representation 7 is said to be p-
distinguished if its restriction to a decomposition group D, admits an unramified
quotient of rank 1, and the Jordan-Holder factors on D, are distinct.

The proof of the theorem is a direct application of the theory of modular
symbols. Assume for simplicity that f and g have rational Fourier coefficients.
Then one decomposes the isomorphism in (2) according to the action of complex
conjugation to obtain isomorphisms

0% : Hlor (T, La(Zp)),, & Sk(Zp)us

this permits us to define canonical coholomology classes 6% = 6*(x) €
Hrl,ar(I‘,Z,,), for * = f or x = g. The congruences between f and g give congru-
ences between 6?: and 6_,,*, and hence between the associated modular symbols.
The key hypothesis is the irreducibility of the residual representation p, which
not only intervenes in the verification of (2) but also allows us to identify mod-
ular symbols with group cohomology classes. We refer the reader to [GS93] for
a discussion of the general theory of modular symbols and for the connection of
the modular symbols with L-values.

One can still salvage something when the residual representation is reducible,
but the results are less satisfactory as the Hecke-module structure of the cohomol-
ogy is not well-understood, and isomorphisms like (2) are not known in general.
One has therefore to seek out another condition. Nevertheless, a considerable
amount can be retrieved, and results analogous to (1.2) are obtained. A precise
statement is somewhat complicated, and we refer the reader to our forthcoming
article [Vat97].

Finally, our method yields a refinement of an old result due to Mazur and
Stevens [Maz79], [Ste82], which states that the L-values of a weight-two cuspform
whose Fourier coefficients are congruent to those of an Eisenstein series has the
property that its L-values are congruent to certain products of Bernoulli numbers:
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THEOREM 1.4. Let f = 3 an(f)q"™ be a cuspform on T, of weight two, and
let E=5"an(E)q™ be an Eisenstein series. Assume that
- f and E are eigenforms for all the Hecke operators,
- an(f) = an(E) (mod p7), for n > 1 and a prime p above the odd prime p,
- the constant terms of E at all cusps of I' are all divisible by p”, and
) (M, p) =1
Then there exists periods Qs and Qg such that

- L(LAix) —_—\L(L,E x)
0 ama i "X Camog

(mod p7),

for all characters x of conductor prime to p and fized parity e(E). Here the sign
€(E) may be determined as ¢(E) = —1(—1), where the character ¢, is defined
by L(s, B) = L(s,%1) - L(s = 1,92).

The proof of this theorem is very similar to the original arguments of Mazur
and Stevens. However, our formulation yields a slightly stronger result and re-
quires no study of the cuspidal group.

2. Application to nonvanishing theorems. Let f be a modular cuspform
even weight £k = 2m. Let D be a square-free integer, and let xp denote the
Kronecker character associated to the quadratic field Q(v/D). For a positive real
number X, define the number

My(X) = #{D: |D| < X, L(m, { ® xp) # 0}.

Then a well-known conjecture in analytic number theory states that My(X) >
X. There are a number of partial results in this direction, due to Murty-
Murty [MM91], Iwaniec [Iwa90], and others; currently the best estimate is due
to Ono and Skinner [OSb] who prove that M;(X) > X/ log(X).

In the case where f has weight 2 and corresponds to an elliptic curve over
Q, Goldfeld has conjectured that Ms(X) ~ X/2 (see [Gol79] for a more precise
statement). A recent example due to Kevin James [Jam] shows that My (X) > X
for a certain modular elliptic curve of level 14. Our final result extends James’
ideas to yield the following theorem:

THEOREM 2.1. Let E be a modular elliptic curve over Q with a rational point
of order three. Assume that E has good ordinary reduction at 3, and that the
conductor N of E is square-free. Let f be the newform associated to E. Then
Mi(X)> X.

The proof of the theorem is based on a mod 3 relationship between the al-
gebraic part of L(1, E ® xp) and the class-number of the field Q(vD), which
follows from the general congruence machinery (in fact, from the Mazur-Stevens
theorem). The estimate on My(X) then follows from a theorem of Davenport
and Heilbronn, as refined by Nakagawa and Horie [NH88]. This application of
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the Davenport-Heilbronn theorem is due to James, whose original work gave a
version of our theorem for a the curve 14B in Cremona’s tables. It should be
pointed out that James relates the L-values to class numbers by using Wald-
spurger’s theorem and the Shimura lift, rather than the theory of congruences.
His technique has also been exploited by Kohnen [Koh97] to obtain nonvanishing
results for certain forms of level 1, including the Ramanujan A-function.

We briefly decribe the congruence between the Eisenstein series and the curve
E which allows us to relate the L-values to class numbers. Let ¢ be a prime of
good reduction for E. Let n, denote the number of points on E modulo ¢q. Then
aq = ng — q+ 1 is the g-th Fourier coefficient of the modular form associated to
E. The existence of the 3-torsion point on E implies that, for a prime ¢q # 3 that
we have

3Ing =>ag=q+1 (mod 3).

But now recall that ¢+ 1 = Zdlq d = 01(q) is the g-th Fourier coefficient of the
(non-holomorphic) Eisenstein series G(z) of level 1 and weight 2. The L-series
of G is L(s,G) = ¢(s) - ¢(s — 1), so that, for an odd quadratic character xp,
we have L(s,G) ® xp = L(s,xp) - L(s — 1,xp). Thus we expect a congruence
between L(1,E ® xp) and L(1,xp) - L(0, xp), at least up to Euler factors at
the bad primes. In view of the functional equation and the classical class number
formula, we find, if xp is odd, that L(1,G ® xp) is equal to h(D)? up to the
appropriate period, for the class number h(D) of Q(v/D). The Mazur theorem
allows us to make this heuristic argument precise; we refer the reader to [Vat97],
Section 3 for the details.
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GOLDBACH’S CONJECTURE FOR Z[x]

A. RATTAN AND C. STEWART

Presented by M. Ram Murty, FRSC

ABSTRACT.  We use Eisenstein’s Criterion to give an elementary proof
of an analogue for Z[z] of Goldbach’s Conjecture; namely that any polyno-
mial in Z[z] can be expressed as the sum of two irreducibles. By a similar
technique, we also show that there exist infinitely many p(z) € Z[z] such
that p(z)? + 1 is irreducible.

RESUME.  Nous utilisons le Criterium d’Eisenstein pour donner une
preuve élémentaire d’une analogie pour Z[z] du probleme de Goldbach;
nommément qu’on peut écrire chaque polynéme dans Z[z] comme la somme
de deux polyndmes irréducibles. Par une technique similaire, nous montrons
aussi qu'il y 2 un nombre infini de p(z) € Z[z] pour que p(z)? + 1 est
irréducible.

The Goldbach problem, now over 250 years old, has justly become famous for
its extreme simplicity of expression as contrasted with the extreme difficulty of
finding its solution. In recent years, interest has grown around an analogue of
this problem for polynomials over finite fields. We refer the reader to [EH] for a
detailed discussion of current techniques to approach this polynomial analogue.
Here we consider the problem over Z|[z], with a slight variation from the problem
posed in [EH]. Whereas Effinger and Hayes ask when a monic polynomial can be
expressed as the sum of two monic irreducibles, we drop the requirement that
the polynomials be monic. Before proving the main result we need the following
lemma:

LEMMA 1. Given two distinct odd primes p and q there exist integers r and s
such that rp+sq=1andp [r and q [ s.

ProOF. Consider the simultaneous congruences rp = 1 (mod ¢) and r = 1
(mod p). By the Chinese remainder theorem, there exists a solution for r to these
congruences, i.e., there exist integers r’, s’ such that ’p+ s'g=1and p f 7.
Similarly, there exist integers r”, s” such that r'p + s”q¢ = 1 and q } s”. If
g’ s or p fr"” then we are done. Otherwise p | ”’ and ¢ | s’. Notice that
2'p+5'q) - (P"p+s"qg) =1 = (2 —r")p+ (28’ — s")g = 1. Since p [ 1,
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pl7, q|s and q [ s", letting r = 2r' — r" and s = 28’ — 5" gives the desired
result. =

THEOREM 1 (GOLDBACH’S CONJECTURE FOR Z[z]). Given any polynomial
P(z) € Z[z], there exist irreducible polynomials Q(z), R(z) € Z[x] such that
P(z) = Q(z) + R(z).

PROOF. Note that the theorem is trivially true if P(z) has degree zero. Thus
assume deg(P(z)) > 1. Let P(z) = @pz™ + an—12" " + - + ag, Q(z) = bpz™ +
br_1z" 14+ +bp and R(z) = cuT™ +Cn_13" " +-- - +co. We will show that we
can choose the b;’s and ¢;’s to satisfy the theorem. First, choose b, ¢, # 0 such
that b, + ¢, = an. Next choose distinct odd primes p and g such that p [ by,
q fcn, p [ ao and g } ao. By the Euclidean algorithm, there exist integers k, m
satisfying kp + mq = 1. Thus for 1 <7 < n — 1, letting b; = a;kp and ¢; = aimq
gives b; + ¢; = a;, with p | b; and q | ¢;. Finally, by the above lemma, there exist
integers r, s such that rp+sq = 1 where p [ and q [ s. Hence, letting by = agrp
and ¢y = agsq gives by + co = ag with p | bo, q | co, P*> [ bo and g? } co (since
p,q [ ao). Since p [ b, and p | b; for all i < n—1 and p? [ by, Q(z) is irreducible
by Eisenstein’s irreducibility criterion. Similarly, R(z) is irreducible. It is clear
by construction that P(z) = Q(z) + R(z), as desired. .

There are a few remarks to be made about this proof. The above does not
merely prove the existence of @(z) and R(z), but also gives an algorithm for
finding them (given an appropriate choice of p, g). Indeed, the above construc-
tion gives an infinite number of pairs (Q(z), R(z)) that sum to P(z). Given any
finite set of such pairs, we can take p and ¢ to be greater than all of the coefficients
of the polynomials Q(z) and R(z), giving rise to a pair that is not contained in
the given set. One significant difference between this problem and that originally
posed by Goldbach is that in allowing negative coefficients, we have not distin-
guished between a sum and a difference. Perhaps a more natural analogue would
require some restriction of ‘positivity’ all of the polynomials. At first one might
think to demand that all coefficients be nonnegative. In this case, we see that
(2 +1)? cannot be expressed as the sum of two irreducibles; indeed, any polyno-
mial with at least 3 terms, constant term 1, and no degree one term cannot be so
expressed. Alternately, if we require that the leading coefficients of all polynomi-
als be positive, then the theorem above remains true. We will now use Eisenstein’s
Criterion once again to give a proof of the analogue of another unsolved prime
number conjecture, namely the problem of whether there exist infinitely many
primes of the form n? + 1.

THEOREM 2. There ezist infinitely many polynomials p(z) € Z[z] such that
p(z)% + 1 is irreducible.

PROOF. Let p(z) € Z[z] be any polynomial with all coefficients being even
except for the constant and leading terms. Clearly there are infinitely many such
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polynomials. Then p(x)? has all coefficients even except for the constant and
leading terms. Let ¢ denote the constant term of p(x). Note that =1 (mod 4),
since ¢ is odd. Hence 2 divides all non-leading coefficients of p(z)?+1 and divides
the constant term, ¢ + 1, exactly once. Therefore, by Eisenstein’s Criterion,
p(x)? + 1 is irreducible over Z[z]. .

It is clear that Eisenstein’s Criterion plays an essential role in the proofs of the
above results. The analogous problems for natural numbers or for polynomials
over finite fields are complicated by the absence of a similar criterion for identi-
fying certain primes. Another reason that these problems are more easily solved
for Z[z] is the high density of irreducibles in Z[z]; indeed, it has been shown that
the probability that a randomly chosen polynomial in Z[z] is irreducible is 1 [Se].
This is not, however, the case for natural numbers or for polynomials over finite
fields.
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ADDITIVE AND SUBTRACTIVE IRREDUCIBLE MONIC
DECOMPOSITIONS IN Z[X]

C. BETTS

Presented by M. Ram Murty, FRSC

ABSTRACT. We prove two Goldbach-type theorems for polynomials
in Z[z]—the Additive Decomposition Theorem writes a monic polynomial
as the sum of two irreducible monics and the Subtractive Decomposition
Theorem writes any polynomial as the difference of two irreducible monics.
The theorems can be used to derive many interesting results, e.g. given
a monic pglynomial P of degree n, we can find appropriate P; such that

P = Z?:o P;, where each P; is an irreducible monic and deg(P;) = i.

RESUME.  Nous démontrons des résultats & propos des analogues de la
Conjecture de Goldbach pour l'anneau des polynémes Z[z]. Les résultats
les plus importants sont la décomposition d’un polynéme monique comme
somme de deux polynémes irréductibles moniques et la décomposition de
tout polynéme comme différence de deux polynémes irréductibles moniques.
Les théoremes ont beaucoup de conséquences intéressantes, e.g., pour
chaque polynéme monique P avec deg(P) = n, il existe des polynémes

irréductibles et moniques P;, satisfaisant deg(P;) = i, P* = :;20 P;.

1. Introduction. The Coleman-Ellis lecture delivered by M. R. Murty at
Queen’s University in October 1997 discussed some polynomial analogs of the
Goldbach conjecture [RIB]. Murty concluded his talk with a challenge/conjecture
for the audience: “Can any monic be decomposed as the sum of two irreducible
monics?” The following results and investigations arose from the lecture. In par-
ticular, Theorem 3 answers Murty’s question in the affirmative.

2. Procedure. Our proofs' are motivated by the Eisenstein Criterion [GAL):

LEMMA 1. (EISENSTEIN) If f = fo+ fiz + -+ - + fa—12™ 1 + foz™ and there is
a prime p such thatp | fi, 0 < i <n—1,p [ fa, P* [ fo, then f is irreducible
over Q (and will be referred to as p-Eisenstein).

Recall that a polynomial f € R[z], R aring, is irreducibleif f = gh, g, h € R|z],
implies that either g or h is a unit in R[z] [BJN]. Hence if f € Z[z] is primitive and
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irreducible over Q then f is irreducible over Z, since 1 and —1 are the only units
in Z[z]. We give an illustrative example: f = 22% +4 = (2)(x? + 2) is irreducible
over Q, since 2 is a unit in Q[z], but f is not irreducible over Z [GAL].

With the assistance of the following lemma, we proceed to the statement and
proof of the theorems.

LEMMA 2. Given z € Z and distinct primes p,q, then there exist x,y € Z such
that z = p (mod p?), y =q (mod ¢?) and z +y = z.
The proof of the lemma is a straightforward application of the Chinese Re-

mainder Theorem, but the proofs of the theorems rely heavily on the result, so
we include a proof for completeness.

PROOF. It is clear that p is a particular solution to the congruence z = p
(mod p?), hence we can consider the family of solutions given by {p+ kp?, k € Z}.
We must choose k and y so that (p + kp?) + y = z while y = ¢ (mod ¢?), i.e.,
z— (p+ kp?) = q (mod ¢?). Subtracting, we want —kp? = g+ p — z (mod ¢?).
But p? has a multiplicative inverse modulo ¢2, say (p2);l, since p? and g2 are
coprime. Thus any k = —(p2);1(q +p—2) (mod ¢2) will give us an appropriate
y. Taking the particular solution k = —(p2);1(q +p — z), we see that

z=p- ("), P)g+p-2),
y=z-p+ (), P)a+p-2),
satisfy Lemma 2. =
3. The Additive Decomposition Theorem (ADT).

THEOREM 3. (ADT) If f € Z|[z] is monic with deg(f) = n > 1, then there exist
two irreducible monics P,Q € Z[z] that will satisfy deg(P) = n, deg(Q) =n —1
and P+Q=f.

PROOF. Let f = fo + fiz + -+ + fa—12™" ! + 2. Our goal is to construct
irreducible monics

P=PFPy+ Pzx+ "’+Pn—2-'l'n_2 +Pn—1il?n_l + 2",
RQ=Q+Qz+--+ Qn_gx"‘2 4 gk

such that P+@Q = f. We have little choice for P,_;; it must be f,_; —1. To make
P p-Eisenstein for some prime p, we must have p | fn,_; — 1. Clearly, no such
p exists if f,—1 — 1 = £1. We treat these two cases (in which we cannot apply
the Eisenstein Criterion directly) later. For now, assume that f,_; —1 # %1 and
thus there exists p such that p | fo—1 — 1.

Now choose any other prime ¢ distinct from p. Since p and q are relatively
prime, there exist integers m and n such that mp +ng = 1. We can proceed with
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making P p-Eisenstein and Q g¢-Eisenstein by setting P; = mpf; and Q; = nqf;,
1 <i < n-2,sincep | mpf;, ¢ | nqfi. Noting that mpf;+nqf; = (mp+ng)fi = fi,
we have

P+Q= (PO +Q0) + fiz .- 'l")"n_g.’l,’"_2 +fn__1:z:”_l + z".

Since P and @ are both monic, no prime divides their leading coefficient. To
make P p-Eisenstein, we need p | P, and p?> | Py. These two conditions are
trivially satisfied if Pp = p (mod p?). Similarly, the corresponding conditions on
Qo will be satisfied if Qp = g (mod ¢2). We are finished if we can also have
Po+Qo = fo. But Lemma 2 guarantees that such Py, Qg exist. In fact, if we take
the particular solutions described in the proof of Lemma 2, setting

Py=p— (), (?®)a+p— fo),
Qo=fo—p+ @), (#*)a+p~ fo),

we have completed our construction of P and Q:

P =p— ("), 0*)(q+p~ fo) + mpfiz+ -+ + mpfn_oz"~2
+ (fn—l - l)xn—l +zn’
-1 o _
Q= fo—p+ "), P g+p-fo) +nghiz+-- +ngfa_sz™ 2+ 2",

Since no prime divides 1 (i.e., the leading coefficients of P and @), we now
have that P is p-Eisenstein and Q is g-Eisenstein with P+ @ = f. By Eisenstein’s
Criterion, we conclude that P and @ are irreducible over Q. P and @ are monic,
hence primitive, and therefore irreducible over Z as well.

Now we deal with the first special case, namely when f,_; = 2. Consider
f*(x) = f(z + 1). f* is clearly monic, has deg(f*) = n, and has coefficient
value f;_; = n + 2. Our original assumption that deg(f) = n > 1 implies
fa-i1—1=n+2-1 > 1. Thus it follows from our previous work that we
can write f* as the sum of two irreducible monics, say P* and Q*. Reversing
the translation, set P(z) = P*(z — 1), Q(z) = Q*(z — 1). The polynomials P
and @ are obviously still monic and irreducible (translation has no effect on
irreducibility). Thus

fl@)=f"(z-1)=P(z-1)+Q(z - 1) = P(z) + Q(z)

and we have succeeded in writing f as the sum of two irreducible monics. When
fn—1 = 0, consider the translation f*(z) = f(z — 1) and make similar observa-
tions. -

ADT has many interesting consequences, one of which we describe in the
following corollary.

COROLLARY 4. Given a monic P € Z[z] with deg(P) = n and an integer k,
0 < k < n—1, then there exists a sequence {P;}._,, with each P; € Z[z] an
irreducible monic and deg(P;) =i, such that )., P, = P.
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ProoF. By ADT, we can decompose P into two irreducible monics Py, Qn—1
with deg(P,) = n, deg(Qn-1) = n — 1 such that P, + Q,_1 = P. Again by
ADT, decompose Q,,_; into P,_1, @,—2 and so on by induction until we have
Qi+1 = Pry1 + Qk. Set P, = Q. Then P = Z:;k P; and deg(P,-) = 1. ]

We single out an aesthetically pleasing special case of Corollary 4 in the fol-
lowing remark:

REMARK 5. If P € Z[z] is monic with deg(P) = n, then we can find irreducible
monics P; € Z|z] that will satisfy deg(P;) =i and P = P+ P+ -+ Po_1+ P,.

There is of course an endless variety of such decomposition formulas, particu-
larly when ADT is combined with the Subtractive Decomposition Theorem. We
conclude this section by observing that P3¢&(P) is monic if P is monic and has
degree (deg(P))2. The result outlined in the abstract is now immediate from
Remark 5.

4. The Subtractive Decomposition Theorem (SDT)

THEOREM 6. (SDT) If f € Z[z], then there exist two irreducible monics P,Q €
Z(z] such that P - Q = f.

PROOF. Let f = fo+ fiz+ -+ + fa_12"! + faz™. Again motivated by the
Eisenstein Criterion we construct

P=Py+Pz+---+P, _11)"—1 + P,z" +x"+1,
RQ=Qo+ Qi+ +Qn1z" " + Qua" + 2"t

Select two distinct primes p and g and pick m and n so that mp + ng = 1. Set
P, = mpf; and Q; = —nqfi, 1 < i < n. Select Py and Qp according to the
procedure outlined in Theorem 3. Then P is p-Eisenstein and Q is ¢-Eisenstein
and P — Q = f. Both polynomials are monic and hence irreducible over Z. .

SDT admits many results of similar flavor to Corollary 4. In particular, we
observe the following:

COROLLARY 7. If P € Z[z] with deg(P) = n, then there are sequences {P;}13!,

{Q:i}4}, 0 < k < n, each P, Q; € Z[z] an irreducible monic with deg(P;) =
deg(Q@;) = 1, such that Z":c P,—Q;=P.

i

PRrROOF. Use SDT to get P41, @Qn+1 and then apply Corollary 4 to each. =

COROLLARY 8. If f € Z[z], then there exist irreducible polynomials P,Q € Z|z]
such that P+ Q = f.

PrOOF. Choose P and Q' by Theorem 6 such that P~ Q' = f. Set Q = —Q"'.
—1 is a unit in Z[z], so Q is irreducible, and we have the result: P + Q =

P-(-Q=P-Q = .
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5. Concluding Remarks. The preceding results clearly demonstrate the
power of having an irreducibility test (even a partial test like Eisenstein) for a
ring/field. The difficulty of the Goldbach Conjecture for the integers or polyno-
mials over a finite field is largely due to the lack of an appropriate primality test
in these settings.

Furthermore, as the referee explained, the probability of a randomly selected
polynomial in Z[z] being irreducible is 1. Again, this is not the case with prime
integers or irreducible polynomials over a finite field. The lower density of the
irreducibles does not exhibit an obvious route to solving the Goldbach Conjecture
over an arbitrary ring.

Finally, the referee pointed out that there is a paper by D. Hayes, “A Goldbach
Theorem for Polynomials with Integral Coefficients”, American Mathematical
Monthly, Volume 72, No. 1 (1965), pp. 45-46, that discusses an additive decom-
position by irreducible polynomials as in Corollary 8. Also, the referee raised
some issues about density of irreducibles and number of representations, which
will be the subject of a forthcoming paper.
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CONCURRENT CATASTROPHES:
THE SUM OF TWO INDEPENDENT GUMBELS

R. B. LEIPNIK

Presented by G. F. D. Duff, FRSC

RESUME. Les lois de probabilité des sommes des variables aléatoires
indépendantes du type Gumbel ayant des parameétres ai, by; a2, bz ont
été calculeés comme séries exponentielles avec des coefficients factoriels et
cosécantes. Au cas ol le quotient de paramétres b; et bz est un nombre
irrationnel (c’est-a-dire le cas «non-mesurable>>) on arrive & un résultat
différent de celui ol le quotient n’est pas irrationnel (c’est-a-dire le cas
<mesurable>). Le résultat de la somme d’une variable aléatoire Gumbel
<«maximum:>» et une variable Gumbel «minimum:> est une loi de prob-
abilité logistique générale. La somme de deux variable aléatoires du type
Gumbel «maximum> donne un ensemble de fonctions Basset et des ex-
ponentielles. Le méthode de calcul utilise I'intégrale complexe de Cauchy.
La convergence mathématique des lois de probabilité fut établie au cas
ol le quotient 3 = by /bz est un nombre irrationel algébraique ou quasi-
transcendantal en utilisant le théoreme du Liouville. Au cas ou le quotient
B est mesurable, les lois des probabilité ainsi obtenues dépendent de la struc-
ture arithmétique du 8. Des applications aux innondations simultanées sont
citées.

1. Background. E. J. Gumbel worked on extreme value problems, arriving
in 1934 at the famous Gumbel distributions [2] (see Galambos [1]). Applications
are to wave heights, river floods, rainfall, strength of materials, stock markets,
breakdown voltages, and miscellaneous catastrophes. The sum of two or more
independent Gumbels indicates the combined effects of extreme events. The to-
tal flux below the confluence of two rivers, flooded by independent storms is a
motivating example. Simulation by convolution sums is expensive for long-tailed
distributions, for one set of parameters, and quite impractical for many. Conven-
tional asymptotic theory is inapplicable; closed forms are the last resort.

These are not available in the literature. The Gumbel case is easier than the
lognormal case (Leipnik [3]); the techniques of classical analysis and number
theory used in (3] are effective here. A decent theory of sums of extreme variables
is difficult; this exploratory paper shows what to expect in general.
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2. Gumbel maximum and minimum distributions. The Gumbel
“maximum” c.d., for a variable of location a and scale b is

1) Gop(z) =€V, y=e @ p>0
with density g, »(z) = ye~¥/b. The c.f. is, for real u,
() - -
Gap(u) = / e dGyp(z) = / e'Uay~1be=Y(y /b) dx = e™°T'(1 — ibu), so
—oc 0
3) ban(u) = iU wiub 1

sin(miub) T'(1 + tub)
which extends to the z-plane, with imaginary poles.

Let X,, » denote a Gumbel “maximum” random variable with location a,;
and scale b, and let X , denote a Gumbel “minimum” random variable; so
GZ,(x) = 1 = Go,p(2a2 — z), density g;, ,(2) = ga,,6(2a2 — z). The c.f’s of
X, ,and =X, p are

az,

(4) o, o(u) = €9*T (1 +ibu), o, p(u) = 1 *T(1 + ibu)

3. Sum of maximum and minimum Gumbels of equal scale. Clearly
L=xM 4+ x®° with independent X’s has c.f.

a) »b a21b
. ) wibu
— plau ibu)T(1 = i — plau —
(5)  YP(u) =e"I'(1+bu)l(1—ibu)=e Sn(mib)’ a=a;+a
The poles of e **?¢, 3(z) are simple and located at z, = —in/b, n =1,2,...,

the upper poles of e~*%1(z) are at z;' = ip/b, p = 1,2,.... The residue series
converges for a —x > 0, so the density h~(z) of L for z < a is by (5) and a little
algebra

o0
(6) - (IL') - Zpe—p(a—z)/b(_l)p—l/b - e—(n—z)/b([l + e—(a—z)/blzb)—l
p=1
As to the density h*(z) for > a, the lower poles of e™***y(z) are at z, =
—ip/b. So, as above,
(7) .
ht(z) = e~/ ((1 + e~ C=9/42p) 7! h(a) = : (h*(a) + h~(a)) = (4b)~!

Thus (6) and (7) yield for the density and c.d. of L
(8)
h(:l:) = e—lz—al/b([l + e—lx—a[/b]2b)—l,

A similar result holds for D = X ﬁ?b -X g),: , except that now a is a; — as.

This distribution (8) is called logistic, and is used to fit income distributions,
though its density is symmetric about z = a. Its c.f. (5) has long been known, of
course. The Gumbel connection is known to this extent only.

a=ay+ax; H(z)=[1+ e~ (z-a)/b)-1
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4. Sum of Two Independent Gumbels of Same Type, Scale Ratio
Incommensurable. Given two independent Gumbels of maximum type with
parameters a1, b; and ag, bo, the characteristic function of the sum variable Y5 =

XM, +x2, s
(9) iau ( ib )( ib )
e wibyu)(wibou
= - ’ =a; + ag, u real.
) (F(l +ibu)l(1+ ibgu) sin(ib; u) sin(mibou) L e
The first factor has no poles in the lower half plane. The second factor has (if
im
b; and b, are incommensurable) two distinct sets of simple poles, z,, (1) — =-30
1

(2) = "‘ for m,n = 1,2,.... The problem is to calculate the density ha(z) and
c.d. Hz(:t) of Ya.
Utilizing a sequence of semi-circles S, in the lower half-plane, the Cauchy
formula for ho(z) is obtained in terms of the two sets of residues as
(10)
ha(z) = Tbibs i n2(—1')"‘1 e“’;:'l_{b’ csc(nmba/b;) e‘":'/bz csc(nmby /by) ’
n! 1 (1+nb2/b1) b2I‘(1 +nb1/b2)

n=1

' =z -a; —a,.

The signs alternate due to (—1)"~! and cosecants.

The cumulative distribution H; of Y; can be obtained by integrating termwise
over [z,0).

Series (10) converges for all irrational-algebraic scale ratios 3 = by /b; and for
many transcendental 3, as shown in the Appendix. Results where both Gumbel
variables are of “minimum” type may be obtained by replacement of b, bo by
—by, —bs. The case of commensurable scales is deferred to Section 6.

5. Sum of Two Gumbels of Opposite Type, Different Scales. When
one Gumbel is of “maximum,” the other of “minimum” type, but of different

scales, the results resemble the logistic. If L = X z(zl)b, X (2),, , which may be
called the dual case, and by < b;, then the c.f.

mibiz  T'(1+ibgz)
sin(mibyz) T'(1 + iy 2)’

(11) P(z) = e'?

=a; + ao,

whose poles in the lower-half plane are at z, = —in/b;. Thus by residues

X ¢ _1yn-1 n(a z)/b
(12) ho(z) =Y (=1) bl(n_ f)('l + nba/br)

a generalized logistic. Convergence for all z is implied by

(1 + nbe/by)

o | =,
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and Hz(z) results from termwise integration over [z, c0).
However, if by > b;, write

iaz (mibaz) T(1—iby2)
sin(m’bzz) F(l - ibgz)

By a repetition of the derivation of (12), the density is found to be

(13) P(z)=e

_ oo (_l)n—len(z-a)/bz]_"(l + nby /bo)
(14) ha(z) = ngl ba(n —1)!

6. Commensurable Cases for the Sum of Two Independent Gumbels
(;f theb§ame Type. If the parameters b; and b > by, are commensurable, and
b—2 = b—f in lowest integral terms, with by = b3b, by = b}b, there are really two

1 1
cases for the sum of two independent “maximum” Gumbels. In case I, equal
scales, b} = b3 = 1, so that 2 = —in/by = —in/b = —in/by = z$?) and all
the poles are double. In case II, b5 > 1, so that only a fraction of the poles
are double. It is easy to check that the set D of double poles is obtained with

n1b] = nab3 = n, while the two sets of simple poles are the “interrupted” sets,
(1) PY-D={a",..q iglly. A i =), =12
If b} = 1, then P(Y) — D is the empty set. From (15), we see

16) z =249 where ; v)=v+(v-1)/(b:-1)], v=1,2,...;5=1,2,
( ) v -rj(u)’ J J

and [] is the greatest integer function. These just skip multiples of 7. The partial
simple pole contributions yield

o 2 n(v)-1 —71(v)z' /b ;
M = 72(v)(=1)1 )1 [ e~ ()z'/by ege(7y (v)mbo /by)
(17) A () = wbyby ,,2;1 i o) e

from the poles in PU) — D. Then hgz) (z) is obtained by 71 — T2, by — ba, by — by
in (17).

Since b3 and v +

:;__11 are not divisible by b}, in case II, 71(v)b2/by =
71(v)b3/b} is not an integer. Similarly, 75(v)bi/b5 is not an integer, and so the
cosecant values entering hgl)(:r) and h;z)(:z:) are finite. Since v — oo implies
7(v) — o0, convergence of (17) follows from the Appendix.

The double-pole contributions are more tedious. Each of these arises from a
residue involving the first derivative of a product of seven different terms, and so
the resulting expression has seven additive terms of seven multiplicative terms.

Now let

izz’ 2
Ze (2 - z) Q(z) = [] (sinmibxz)D(1 + izbi)

(18) P,(z)= o
k=1
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and let temporarily z, = —iv/b be the locations of the double poles, for v =
1,2,.... A detailed study of dP,/dz = Z;':, T;v(z), reveals that (Tj,/P,) is the
vector

(19) Grm ZAwmwmmmmo

z z2—2,’

where \j(z) = —mibj cot(wib;z), pj(z) = —ibj(1+1ibjz), and ¥(z) = I'(z)/I'(2)
is now Euler’s function. The classic cotangent series

1 ; ; 2 -
== wib cot(mibw) = 2b 'w; w? - p?

yields eventually the double-pole contribution as a new Basset-type function
co V2e—u:c’/b —1)v(bi+b3)
h(e) =3 bz(ub‘()'(Zb')'
(20) v=1 LEVERE
2b
. [a:' + b1Y(1 4 vby) + bap(1 + vb3) — —]

14

The series (20) converges with Bessel speed for large v. This result displays a
kind of chaos with respect to commensurable b; and b,.
The total density is

(21) ha(z) = b3 (z) + b () + b (2),
from (17) and (20). In case I, bf = b5 = 1, h;l)(:z) = hgz)(m) = 0, and so

~z' /b
5 Ko(2e7%/?%) where Ko(y) is a Basset

ha(x) reduces after some algebra to
function (Watson [4]).

7. Concurrent Catastrophes. Catastrophes are rare events. Concurrent
ones, rarer still, are seldom available for analysis. Separated storms in adjacent
terrene watersheds can cause flood stages in many streams and rivers, which are
more devastating near to and below their confluences. In structural mechanics,
an extreme stress from temporary overuse may be coincident with an extreme
stress from wind or snowfall, etc. Two weather systems in close succession may
arrive from the pole and the equator in temperate latitudes, resulting in squalls,
tornadoes, etc. If a Gumbel distribution is a reasonable model for a flux-type
variable, then a sum of Gumbels fits a multi-flux scenario. The cost of concurrent
catastrophes merits study.

Professor H. Loaiciga of UCSB intends to apply the Gumbel sum model to
some river flow and cumulative rainfall data. The writer wishes to acknowledge
the encouragement of Professor Loaiciga and the help of Mr. Troy Reid, a research
assistant at UCSB, in checking the tedious calculations.
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8. Appendix. Convergence of cosecant series. The cosecant series ob-
tained formally in Sections 4, 6 can be shown to converge rapidly by making
several estimates, some rather elementary, and another using a famous result
of Liouville in approximation of algebraic numbers by sequences of rationals, or
stronger modern theorems, by A. Baker, etc.

The series (15) involves two parts of the essential form

2

z n’z" csc(nmf) Z n2z"I'(1 — nB)

2 m" = ol , B irrational.

n

A long elementary argument shows that if n%*[(n8) mod 1][1 — (n8) mod 1] =
n%"t(nB) — oo as n — oo for each § > 0 then the series converges for all z. An
application of Liouville’s theorem shows that if 3 is an algebraic number of degree
g, then t(nB) > (—n)’fm for each € > 0 and some K = K(e), so n®*t(nf) — .
The result n°"t(n3) — oo also holds for mildly transcendental 3.

For the commensurable case, where 8 = b;/b; = b} /b3 in lowest terms, the
skipping sequence 7(n) = n+[(n—1)/(b3 — 1)] provides values (7(n)8) = (7(n)B)
mod 1 which take on only the values 1/b3,...(b3 — 1)/b3 in some order. Thus
t(1(n)pB) takes values bounded below by (b5 —1)/b%2) so that n%"t(7(n)B) — oo
trivially for every § > 0, as n — oo. This proves the convergence of the “skipping”
cosecant series.
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