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CANONICAL NORMALIZATION OF WEIGHTED
CHARACTERS AND A TRANSFER CONJECTURE

JAMES ARTHUR, FRSC

1. Introduction. Suppose that G is a connected reductive algebraic group
over a local field F of characteristic 0. If 7 € Ip;(G) is any irreducible unitary
representation of G(F'), the character

f— Jfo(m) = t(n(f)), feH@G),

is an invariant linear form on the Hecke algebra H(G) of G(F). Among the
irreducible characters, there is a special place for the induced characters

fu(m) = fo(n€) = tr(Zp(m, f)), 7 € My (M).

Here M is a Levi subgroup of G, that will remain fixed throughout the paper,
P € P(M) is a parabolic subgroup of G over F with Levi component M, and
7€ = Ip(n) is the corresponding induced representation of G(F). As the notation
suggests, fas() is independent of P. Another elementary property is that fa, (m2)
is an analytic function of a real variable A in the vector space

iy = iHom(X(M)fp,R)

that parametrizes the unramified unitary twists of 7. (We are following stan-
dard notation here and below; the reader can consult 5, Sections 1-2] for more
explanation.)

Induced characters are really too easy. They are hardly worthy companions
of the more fundamental discrete series. There is a related family of objects,
however, that are just as interesting (and difficult) as noninduced characters.
They are the weighted characters

Jlfl(ﬂ-’f) = tl’(J]\,[(Tr, P)IP(W1 f))a

in which Jj(m, P) is a nonscalar operator on the space of Zp(r), constructed
from the basic intertwining operators

Joip(m):Ip(m)—Ig(n), Qe P(M).

The use of unnormalized intertwining operators in the construction has the effect
of leaving J§; (, f) dependent on the choice of P. Moreover, J§; (7, f) can have
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34 JAMES ARTHUR

poles at some of the points A € ia},;. One can sidestep these problems by using
normalized intertwining operators. Such a construction was used in [1], [2], 3], [5],
and other papers on the trace formula. Given our present knowledge, however,
there is no canonical way to normalize the intertwining operators in general. The
corresponding weighted characters will therefore depend on a choice of normal-
izing factors. This is likely to complicate the problem of relating automorphic
representations on different groups.

One purpose of this paper is to normalize the weighted characters in a different
way. Roughly speaking, the role of normalizing factors for intertwining operators
will be played by Plancherel densities. In Section 2, we shall define a weighted
character

']M(7raf) = Jx,(‘il', f)= tl‘(MM('II', P)Ip(m, f))s

in which M p(m, P) is an operator constructed in a certain way from the unnor-
malized intertwining operators Jg|p(7) and Harish-Chandra’s p-functions. On
the one hand, Jy(m, f) is independent of any arbitrary choice of normalizing fac-
tors. On the other hand, we shall show that it is independent of P (Corollary 2.2)
and that Ja(ma, f) is an analytic function of A € iaj, (Proposition 2.3). The
distribution Jas(r, f) is thus closer to being a canonical object. It is a natural
generalization of the induced character fa ().

The geometric analogues of irreducible characters are the invariant orbital
integrals

ol =D | f(e™1a) de,
G+(F)\G(F)

that are defined for conjugacy classes v in G(F). If v is a G-regular conjugacy
class in M(F), we can also form the weighted orbital integral

Iu(n £) = D@ fa o, [E M)

with a weight factor var(z) that plays the role of the operator Mg (m, P). Nei-
ther of the distributions Jas(m) or Jar(7) is invariant under conjugation by G(F).
However, one can use the weighted characters as correction terms to build an
invariant distribution out of Jas(7). This process was carried out originally in
[1, Section 10], and gave invariant distributions that were implicitly dependent
on a choice of normalizing factors. In Section 3 we shall apply the same construc-
tion to the new weighted characters we have defined. We shall obtain invariant

distributions
In(y, f) = Iy(n, f)

that are independent of any choice of normalizing factors. We shall also check that
the distributions are independent of any choice of maximal compact subgroup,
and behave well under automorphisms.



CANONICAL NORMALIZATION OF WEIGHTED CHARACTERS 35

As canonical objects on G(F), the invariant distributions Ip(y) should be
related to their counterparts on the endoscopic groups of G. We recall that the
theory of endoscopy, still largely conjectural, is a general framework of Lang-
lands [8] for comparing trace formulas and automorphic representations on dif-
ferent groups. A second purpose of this paper is to state a conjecture that at-
tempts to summarize the role of the distributions in this theory. The conjecture
includes an identity that describes an interplay between the distributions on var-
ious groups, and the Langlands-Shelstad transfer mappings among these groups.

The conjecture appears to be quite deep. It depends intrinsically on the in-
variance of the distributions Ips(7y), whereas the distributions themselves can be
described explicitly only in terms of their noninvariant components Jas(vy) and
Jar(m). A proof will probably have to await the construction and deeper analy-
sis of a stable trace formula. The conjectural identity is in fact likely to be an
essential part of such an analysis.

2. Weighted characters. We have fixed the Levi subgroup M of G. Sup-
pose that 7 belongs to the set II(M) of equivalence classes of irreducible repre-
sentations of M(F'), and that A lies in the complex vector space

ajs,c = a3 ®r C = Hom(X (M), C).
Then we have the unnormalized operators
Joip(mr): Hp(n)—Hg(m), P,Q € P(M),

which intertwine the actions of the induced representations Zp(my) and Zg(my).
Recall that Jg|p(m,) is defined by an absolutely convergent integral over Ng(F)n
Np(F)\Nq(F) when the real part of X lies in a certain chamber, and can be
analytically continued to a meromorphic function of A € a}, ¢.

Suppose that 7 is in general position, in the sense that the operators Jg|p(7»)
are all analytic at A = 0. For fixed P, we set

JQ(¢,m, P) = Joip(m) ' Jgip(m¢), @ € P(M),

for ¢ € ia}, near 0. We claim that {Jo(¢,, P)} is a (G, M)-family of opera-
tor valued functions, in the sense of [1, Section 6). According to the definition
[1, p. 36], we must show that if Q and Q' are adjacent groups in P(M), and if ¢
belongs to the hyperplane spanned by the common wall of the chambers of Q@ and
@', then Jo (¢, m, P) equals Jg(¢, 7, P). Since they have not been normalized,

the operators Jgp(m) are not multiplicative in Q and P. However, it is easily
seen that

(2.1) Jonp(me) = palme) Jonone)dgip(me),
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where € equals 0 or 1 according to whether the number of singular hyperplanes
which separate the chambers of Q' and P is greater than or less than the corre-
sponding number for Q and P, o € Aq is the simple root of @ that defines the
hyperplane in question, and p(m¢) is a function that depends only on {(aV). We
are assuming that {(aV) = 0. This implies that po(m¢) = pa(7), and also that
Joio(m¢) = Jgg()- 1t follows that Jo (¢, m, P) equals Jg(¢,m, P). The claim
is therefore valid. According to [1, Lemma 6.2], we can take the limit

Tu(mP)=lim > Jo(¢,mP)oo()™,
QEP(M)

for
6a(¢) = vol(afy/Z(8%)) ™ ] ¢(a¥),
a€lgq
in the notation of [1].
The operator Jp(m, P) on Hp(m) plays the role of a weight factor. We can
use it to define an (unnormalized) weighted character

(2.2) Jig(m, £) = te(Im(m, P)Ip(m, f)),

for any f € H(G). However this object has the disadvantage of being dependent
on the group P € P(M), as one oberves easily from the formula (2.1). More
seriously, it has singularities at any points m where the intertwining operators
have poles. We would like an object that is defined at least for all « is the subset
Miemp(M) of tempered representations in II(M). It was for these reasons that
weighted characters were defined in terms of normalized intertwining operators
in [1, Section 8] (and in other papers on the trace formula).
Recall that the normalized intertwining operators

Rgip(ms) = rqup(m) ™ Jgip(>)

are constructed from meromorphic scalar valued functions rg|p(ms) of A. Lang-
lands [7, Appendix II) conjectured that the normalizing factors rq p(my) could
be defined canonically in terms of local L-functions and e-factors. However, the
existence of these objects depends on the local Langlands classification, which
in the case of p-adic groups is a long way away. As a substitute, one can simply
prove the existence of a general family

r={rqip(m)}
of normalizing factors that satisfy a list of natural conditions 5, (r.1)—(r.8)], and
for which the corresponding operators Rg p(my) also satisfy certain conditions
5, (R.2)-(R.7)]. Among the latter is the property that if 7 is unitary, Rqj p(ma)
is analytic for all A € ia},. If 7 is any representation for which the normalized
operators are all analytic at A = 0, we form the (G, M)-family

Rq(¢,m, P) = Roip(n) ' Roip(m), @ € P(M),
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of operator valued functions of ¢ € ia}, (near 0), and the corresponding limit

Ru(m,P)=lim 3 Ro(¢,m P)ig(()™".
QE'P(M)

We then set
(2:3) Ju(m, f) = tr(Ry(m, P)Ip(m, f)),

for any f € H(G). This is the weighted character that was used in earlier papers,
where it was denoted simply by Jas(w, f). It is well defined whenever 7 is unitary,
and in particular, if 7 is any tempered representation. Moreover, one sees easily
that J7,(m, f) is independent of P. (See [1, p. 44].)

Thus, Jj(w, f) does not have the two disadvantages of the unnormalized
weighted characters J{; (, f). However, it does depend on the choice of the family
7. One would eventually like to compare weighted characters, or rather invariant
distributions constructed from weighted characters, on different groups. Since it
is not clear how to compare abstract normalizing factors on different groups, the
dependence of Ji, (7, f) on r is a problem we would like to avoid. We shall do so
by defining a normalized weighted character that is independent of r.

Instead of the normalizing factors, we shall use Harish-Chandra’s canonical
family

1= {pgip(m)}

of p-functions. Recall that

Halp(m) = (Jaip(ma)Jpia(m) ™ = (rqip(ma)rpig(ms)) ™

Also,
poiem) = [[ #alm),

uEE"QﬁE";

where ¥, stands for the set of reduced roots of (Q, Ay), and Ho(my) is a p-
function of rank 1 that depends only on A(aV) (as in (2.1)). Suppose that 7 is
in general enough position that the p-functions koip(mx) and the unnormalized
operators Jg|p(m) are all analytic at A = 0. If P is fixed, we define a family of
scalar valued functions

#Q($,m, P) = pqp(m) ' poip(myc), Q€ P(M),

of ¢ € ia}, (near 0). Arguing as we did for the operator valued functions
Jq((, m, P), we see directly that this is a (G, M )-family. (Notice, however, that
2( appears here instead of ¢.) Therefore the product

MQ(Ca my P) = IJ'Q(CJ,P)JQ(C,W»P)
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is also a (G, M)-family, and we can form the limit

Mu(m,P)=lim 3 Ma(,m P)oo(¢)™".

QeP(M)
We then define
(24) Iy (m, f) = tr(Mu (m, P)Ip(m, f)),
for any f € H(G).

The distributions J}, (7, f) are the normalized weighted characters of the title.
They seem to be natural objects, having been defined without recourse to the
family r. We must still show that they have the good properties of the earlier
weighted characters Jj(m, f). To do so, we shall establish a simple relationship
between the two families of distributions.

Like the p-functions, the abstract normalizing factors satisfy a product formula

rQIp(m) = H Ta(m2) = Tpia(m2),
aEE'QnE"‘,

where 7 () is a meromorphic function that depends only on A(a") [5, (r.2)]. It
follows that the functions

rQ(¢,m) = TQ|Q(7F)—1TQ|Q(7",}C)» Q € P(M),

of ¢ € ia}, form a (G, M)-family (assuming of course that 7 is in general position).
If L belongs to L(M), the set of Levi subgroups of G which contain M, and QL
belongs to P(L), the limit

(2:5) rig(m)=lim 3 ro(¢mbens(¢)™
QEP(M)
QCQy

exists, and is independent of Q.. The first assertion here is a general property of
(G, M)-families, while the second is a consequence of the product formula above.

LEMMA 2.1. We have

(2.6) B, f)=Y_ rig(mJi" 1),
LeL(M)

for w € TI(M) in general position.

PROOF. The right hand side of (2.6) is the kind of expression that comes from
a product of (G, M)-families. According to the product decomposition [1, Corol-
lary 6.5), the expression equals

tr(Nu (m, P)Zp(m, f)),
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where

Nu(m P)=lim 3 ro(¢,mRa(¢,m, P)oa(¢)™".
QeP(M)
Looking back at the definition (2.4), we see that it will be enough to prove that

the operators My (m, P) and N (m, P) are equal.
We can also write

N (m, P) = lim QE;M) vQ(¢,m, P)Jq(¢,m, P)8g($)™",

for a scalar valued (G, M)-family

vQ(¢,m, P) = ro(C, ) (rqip(m) "trip(nc)) ~'  Q € P(M),

of functions of ¢ € ia},. We apply the product decomposition [1, Corollary 6.5]
to this expression, and also to the parallel expression

My (m, P) = lim QE;M);AQ«, ™, P)Jo(¢, 7, P)8a(¢) "

The comparison of the operators M (m, P) and N (w, P) reduces to a compar-
ison of the (G, M)-families {uq} and {yo}. We see that it will suffice to prove
that the numbers u%,(n, P) and v, (m, P), defined for any L € L(M) by the
analogues of (2.5), are equal.

Let us write

VQ((’WVP)==CQ(CaW1FnDQ(CsW’P“7
where
c(¢,m P) = (TQ|P(7r)—1"'Q|P(7TC))_1(TQlP(”)_lrQIP(”%())z'

Once again we have a product of (G, M)-families. The product decomposition
again gives us a formula

vig(m,P)= > cf*(m, P)ok (x,P).

Lyecl(M)
L,CL
Now
cmP)= [ calé(@)),
aGEEﬂE;
where

ca(C(@Y)) = (ra(m)ra(me)) " (ral(r) " 'rq (7r,%<))2.

As a product of functions of one variable, cg(¢, 7, P) gives a (G, M)-family of the
special sort considered in (2, Section 7]. According to [2, Lemma 7.1], each limit
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cf(,,l (m, P) can be expressed as a linear combination of products of derivatives
c,(0). But

calt) = (da(0)"'da(t) " (da(0) 'da(4t)’, teR,

for the function do({(a")) = Ta(mc). It follows that c;,(0) = 0. Therefore the
terms with L; # M in the decomposition above vanish. We are left simply with
the identity

vk (n, P) = gy (m, P).

Now we have
_ ) -2
7g(¢,m, P) =rq(¢, ) (rqip(m) ~'rqip(Tyc))
=rqio(m) ' rqia(Ty)raip (M) roip(Tyc) ™.
Since _
r@o(m) = rq|p(m)rpig(T) = ro|p(T)rq p(T)
by [5, (r.1)], we can write #g(C, 7, P) as
roip(m) " 'rqip(Tyc)rip(m)rgip(Tyc) ™
Applying the same formula to rp 5, we then write vg(¢,w, P) as the product of
rpp(m) " rpp(Tyc)

and
re(mrpia(Ty) " roip(m)raip(myc) T

The first of these functions is independent of @ and is equal to 1 at { = 0. The
second function equals :

poip(m) " uqip(Tyc) = po(C,m, P).
It follows that

vy (m, P) = égl}) Z 7q(¢,m, PY0gnL(¢)™"
QCQ.L

= }i_l’rb('l"pip(ﬂ)_lrplp(ﬂ.%c) Z"LQ(CY ™, P)anL(C)_l)
Q

= /"LM(”’P)'
We have now established that
F‘kf(ﬂ'vp) = Dkd(W’P) = VII\JI('”’P)!

for any L € L(M). Therefore the operators My (m, P) and Nu(m, P) are equal,
and the identity (2.6) holds. [
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COROLLARY 2.2. The distribution Jy;(m, f) is independent of the fixed group
P e P(M).

PROOF. We have already noted that Ji(n”, f) is independent of any fixed
parabolic subgroup. Since the definition of r§,(w) is independent of P, the corol-
lary follows from the lemma. .

We can now establish the basic regularity property.

PROPOSITION 2.3. Suppose that m belongs to the subset [Tyt (M) of unitary
representations in TI(M). Then if f € H(G), Jy(x, f) is an analytic function of
A € iajy.

PROOF. It is a consequence of the definition that J§,(m», f) is a meromorphic
function of A € a}; c. We have to show that the function has no poles on iaj},.
Since  remains unitary for A € iaj},, it is enough to show that J},(mx, f) has
no pole at A = 0. We shall combine Lemma 2.1 with an argument that was used
in the local trace formula. (See {4, Lemma 12.1].)

The functions J (7%, f) which occur in the expansion (2.6) for J4;(m, f) are
analytic at A = 0. This follows from the fact that the normalized intertwining
operators are analytic at any « that is unitary. It remains only to deal with the
functions r§;(m») in the expansion.

If P € P(M) is fixed, we can write

roiem) = [] ra(m)

nGEB

=[] ra(m) JI ralm) J[ ralm)?
a€ll aezanz; 062802;
=rpp(m) [ (ra(mr-a(m)™).

a€Z,NT}
Now for any root «, we have
T_a(m) = mv
by [5, (r.4)]. It follows that quotient
Ta(TA)r_a(my) !
is analytic at A = 0. To exploit this, we write the function

rQ(C,ma) = TQIQ("A)_I"QIQ(“H%c)

as the product of

TP]P(”A)_IT‘HP("H%O
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and

6}12'_ (Ta(”A)T—a("A)_l)_l("a(“)«+§c)7'—a(7’,\+§()_l)-
acke™e

The first of these functions is independent of (), and equals 1 at ( = 0. The
second, which we will denote by dg(¢, 7, P), is an analytic function of the two
variables ¢ and A in a neighbourhood of 0 in ia},. It follows that

rir(m) = lim 3 ro(¢,m)8enz(¢)”!
QCQL

=C1i_xg Z dq(¢,ma, P)OonL(¢) "
QCQ.L

This last sum is a smooth function of A and ¢ in ia}, [1, Lemma 6.2]. Therefore
L (m») is analytic at A = 0. It follows from Lemma 2.1 that J§,(m, f) is analytic
at A=0. =

COROLLARY 2.4. Suppose that 7 € it (M) and that L lies in L(M). Then
() is an analytic function of X € ia},.

PROOF. We established that r%, () is analytic at A = 0 during the proof of
the proposition. If we replace 7 by a fixed ia},-translate, we obtain the general
assertion. (]

The construction of J}, (7, f) was for any = in general position. However, if 7 is
unitary, we can define J4, (7, f) to be the value at A = 0 of J4;(my, f). Similarly,
we define /() to be the value at A = 0 if 7 (7). The formula of Lemma 2.1
is then valid for .

3. Canonical invariant distributions. One of the purposes of weighted
characters is to build invariant distributions out of weighted orbital integrals.
When the weighted characters Jj, (7, f) are used, as in earlier papers, the re-
sulting invariant distributions depend on the family  of normalizing factors. We
shall recall the construction, with a view to replacing J},(w, f) by J4,(m, f). This
will lead to invariant distributions that are independent of r.

The construction relies on the interpretation of a weighted character as a
transform, which sends functions on G(F) to functions on II(M). One actually
restricts attention to the subset ITiemp (M) of tempered representations in II(M).
Tempered representations are unitary, so Ji(m, f) and J4,(, f) are both defined
for ® € Myemp(M). As long as we are considering only tempered representations,
it is natural to take f to be in the larger space C(G) = C(G(F)) of Schwartz
functions on G(F'), rather than the Hecke algebra H(G). If 7 lies in Iiemp(M),
J5s(m, f) is defined by (2.3) for any f in C(G). (See [5, p. 175).) The normalized
weighted character Jj,(, f) can also be defined, by applying (2.4) to C(G). In
fact, all the definitions and constructions of Section 2 hold for any f € C(G), as
long as 7 belongs to Iiemp(M).



CANONICAL NORMALIZATION OF WEIGHTED CHARACTERS 43

Given f € C(G), we define ¢},(f) to be the function on Il;emp(M) whose value
at 7 equals J5,(m, f). Then ¢},(f) lies in the Schwartz space Z(M) = Z(M(F))
of functions on Iliemp(M), defined (somewhat more generally) in [1, Section 5].
According to [1, Corollary 9.2], ¢}, is a continuous linear map from C(G) to
I(M). (The proof of this fact relies on an estimate (1, (7.6)], which was later
proved in {5, Lemma 2.1].) However, ¢}, depends on r. To obtain a map which is
independent of r, we define ¢y,(f) to be the function on IT;emp(M) whose value
at 7 equals J}, (7, f). Then

(3.1) U = Y rh(mei(fmh), 7 € Miemp(M),
LeL(M)

by Lemma 2.1. (The induced representation 7~ here could be reducible, but the
function ¢7 (f, 7X) is to be interpreted obviously as the sum of the values of ¢7,(f)
at the irreducible constituents of 7L.)

LEMMA 3.1. The transform ¢4, is a continuous linear map from C(G) to
I(M).

Proor. If L € L(M), the map which sends any h € Z(L) to the function
r—h(rl), 7 € Miemp(M),

sends Z(L) continuously to Z(M). Since ¢, maps C(G) continuously to Z(L), the
transform

(f, m)—dL(f,7"),

maps C(G) continuously to Z(M). On the other hand, the function r () is a
smooth function on Iliemp(M). More precisely, suppose that M, is a Levi sub-
group of M, and that m € Hemp(M1). Then rf;(n]%,) is a smooth function
of A € ia}, . This follows from Corollary 2.4, if we apply the descent formula
[3, Corollary 7.2] to rfy(w{!,). The lemma will follow from (3.1) if we can show
that any derivative in A of r§(w},) is a slowly increasing function of the in-
finitesimal character of .. In the p-adic case, the definition of the Schwartz
space makes this a vacuous condition, and the lemma follows immediately. In
the archimedean case, we use [2, Corollary 7.4] to express rf;(n,) as a linear
combination of products of logarithmic derivatives

ra(miA) T a(Tlh),

taken with respect to the real variable A(aV). The fact that derivatives of
57 (wM,) are slowly increasing can then be inferred from the inequality [5, (r.8)).

REMARK. The presence of reducible induced tempered representations com-
plicates the description of Z(M). It is actually better to identify Z(M) with a
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space of functions on a certain basis Tiemp(M) of virtual tempered characters, as
in [5, Sections 2-3). However, we have no need of this refinement here, since we
shall only be dealing with formal properties of the maps ¢}, and ¢%;.

We now consider weighted orbital integrals. Recall that the weighted orbital
integral

| Im() = J5 ()

is a tempered distribution on G(F') that depends on M and on a conjugacy class
7 in M(F). We shall take v to lie in the set Tg(M) = I'g-reg(M(F)) of strongly
G-regular conjugacy classes in M(F). Then

Ju(r f) = D)} / f@yz)om(a)dz, fe€C(G),
GL(F\G(F)
where

D() = det(1 = Ad(1)) .

is the Weyl discriminant, G is the centralizer of 4 in G, and
’UM(:E)=P_T% > wp(¢2)p(Q)!
PeP(M)
is a weight factor on M(F)\G(F) obtained from the (G, M)-family
vP(C: iL‘) = e"C(HP(-'B)), Pe P(M))

of functions of ¢ € ia},. (See [1, Section 8] and (5, Section 1].) As a distribution
on G(F), Ju(v) is not invariant. More precisely, if

fU(z) = fyzy™"), =,y € G(F),
then

(3.2) I )= Y JuC(nfa),
QEF(M)

where F(M) denotes the set of parabolic subgroups of G over F' that contain M,
and

fQ,y:m-—>6Q(m)’1‘/K/NQ(F) f(k~ mnk)ug (k,y) dndk

is the function in C(Mg) defined in [1, (3.3)]. (See [1, Lemma 8.2].)

The maps ¢}, are used to build an invariant distribution out of Ja (7). What
makes this possible is the fact that the distribution J},() behaves in the same
way under conjugation as Ja (7). That is,

wm ) = S M, fou)

QeF(M)
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The first part of this expression cancels the first expression in the original sum.
What remains leads immediately to the identity

Dy(n ) =T == > Iit(nmec(h)

LELO(M)

asserted in the lemma. The second assertion of the lemma follows by induction
and the fact that I7,() is supported on Z(G). .

We have now constructed invariant distributions I, () which do not depend
on a choice of normalizing factors. In recognition of their intrinsic nature, we
shall allow ourselves to suppress the superscript . From now on, we shall write
In(n, £) = By (1 £), dua(f) = #y(f), and Jug(m, f) = Ji (x, f). This notation
differs from that of [1], [3], and [5]. In the earlier papers, it was only the objects
I (v, f), oy (f) and J34(7, f) that were being considered, and these were de-
noted without the superscript 7. We hope that the change in notation will not
cause confusion.

The distributions behave in a simple way under isomorphism. Suppose that

0:.x—0z, z€G,

is an isomorphism from G onto another group G; which is defined over F. We
obtain a bijection L — 8L between the corresponding sets of Levi subgroups. If
f is a Schwartz function on G(F), the function

6f) (1) = f(67'z1), =1 € Gi(F),
belongs to the Schwartz space on G, (F).
LEMMA 3.3. Igam(07,01) = In(, f)-

The lemma will be easy to establish, but we should first clear up another point.
The noninvariant distributions Jas(7, f) and Ju(w, f) that make up Ip(7, f)
depend on the choice of a suitable maximal compact subgroup K of G(F). (The
condition on K is that it be admissible relative to M, in the sense of [1, p. 9].)
As further evidence of the instrinsic nature of Ips(7), we have

LEMMA 3.4. The invariant distribution Ips(7y) is independent of K.

Proor. If F is archimedean, all maximal compact subgroups are conjugate
under G(F’), and the lemma is an easy consequence of the invariance of Ips(7).
We cannot use quite the same argument in general. We shall instead simply copy
the original proofs {1, Lemmas 8.2 and 8.3} of the identities (3.2) and (3.3) which
imply the invariance of Ips (7).

Let K, be another maximal compact subgroup of G(F') which is admissible
relative to M. We shall use the subscript K; to denote objects taken with respect
to K, instead of K. Then

Jns (1 ) = 1D /G ovace, T bR (@)
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where

UM, K, (z) = éli'% z UP,K, (Cs x)oP(C)_l'

PeP(M)
Following the proof of [1, Lemma 8.2], we write
vp i, (¢, x) = e~ S(HP.K1(2))

= e~C(Hp(2)) g~C(Hp,x, (Kp(2)))

=vp((,z)up((, z, K1),
where Kp(z) is the component of z in K relative to the decomposition G(F) =
P(F)K, and

up((,x, Ky) = e~ C(Hr(Kp@) - p e (M),

is a (G, M)-family of functions of { € ia};. We can then write
UM K, (T) = Z v (z)uly(z, K1),
QEF(M)

in the notation of the formula {1, Lemma 6.3]. If we substitute this into the
original integral, we obtain a decomposition

JM,K](’va) = Z JAA/IIlQ(‘Y)fQ,Kl)v
QEF(M)

in which fg k, denotes the Schwartz function
m—sdg(m)} / / F(k k)l (k, K1) dn dk
K JNg(F)

on Mp(F). Similar modifications of the proof of {1, Lemma 8.3], which we leave
to the reader, lead to a parallel decomposition

JM,K1 (7‘" f) = Z JAA/}!Q(W’ fQ,KI)
QeF(M)

for weighted characters. This in turn implies that

o (= > o%fax)

QeF(L)

for any L € L(M). It follows inductively from the definitions of the invariant
distributions that
I, (v f) = Im(7, f)- .

PRrOOF OF LEMMA 3.3. Let K be a fixed maximal compact subgroup of G(F)
which is admissible relative to M. Then K; = 6K is a maximal compact subgroup
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of G1(F) which is admissible relative to 8M. Having established Lemma 3.4,
we are free to use K; as the “base point” for constructing the constituents of
Igpr(67,0f). The lemma is then a consequence of the various definitions.
Consider, for example, the weighted orbital integral Jps(7y, f). To describe the
effect of 6 on the weight factor vas(z), we use the fact that for any P € P(M), 6 is
compatible with the decompositions G(F) = P(F)K and G,(F) = (§P)(F)K.
It follows that there is a linear isomorphism 6: aps — agps such that 0Hp(z) =
Hyp(6z), which leads to the identity vas(z) = vorr(6z). We may therefore write

Intn ) =D} [ (01)((02)"0x(62))vors (6a) .
G4 (F)\G(F)

Since D(y) = D(67), and since z — 6z is a measure preserving diffeomorphism

from G, (F)\G(F) onto G1,¢,(F)\G1(F), we can conclude that

Jom (07,0F) = Im (v, f)-

A similar argument for the weighted characters leads to the identity
Jom (6, of) = JM(“, f)a mEe Htemp(M)~

Therefore, 6(¢L(f)) = oL (6f) for any L € L(M). The lemma then follows from
the inductive definitions of Igps(67,0f) and Ips(7, f). =

4. A conjectural transfer identity. It is important to understand how
the distributions Ips(vy, f) behave under endoscopic transfer. We shall state a
conjecture which seems to lie at the heart of the problem of comparing general
trace formulas on different groups.

Let E1(G) be the finite set of equivalence classes of elliptic endoscopic data for
G over F ([8], [9]). Following the usual convention, we denote an element in £ (G)
by a symbol G’, even though G’ is only the first component of a representative
(G',G',s', &) of an isomorphism class. (See [6, Section 2] for a description of
the objects G, s’ and &’.) Then G’ is a quasisplit group over F, which shares
some of its maximal tori with G. We assume for simplicity that we can fix an
L-isomorphism from G’ onto the L-group “G’. Then &’ can be identified with
an L-embedding LG’ — LG of L-groups. Langlands and Shelstad [9] define a
transfer map

f—fE =3 Acl e

7€T6(G)

from functions f on G(F) to functions f' = f¢ on the set £g(G') =
EG-reg(G'(F)) of G-(strongly) regular stable conjugacy classes in G'(F). The
transfer factor Ag(d’,v) is an explicit, complex-valued function on Tg(G’) x
I'c(G) that vanishes unless ¢’ is an image of v (in the language of [9, (1.3)]).
The Langlands-Shelstad transfer conjecture in this context asserts that if f lies
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in C(G), there is a function in C(G’) whose stable orbital integrals are given by
the values of f’.

If G is quasisplit, G itself is an element in £ (G). Then f¢(8) equals the
stable orbital integral of f at § € £g(G), at least up to a constant multiple. An
invariant tempered distribution S on G(F') is said to be stable if it vanishes on
the kernel of the map f — fC. If this is so, there is a tempered distribution S
on Xg(G) (a notion that is not hard to make precise) such that

S(f°)=8(f), fec(G).

Returning to the general case, we assume in what follows that the Langlands-
Shelstad transfer conjecture holds for any G’ € £ (G). If S is a stable tempered
distribution on G'(F), §'(f’) is then defined for any f € C(G).

The conjectural transfer properties of Ips(7, f) are best stated in terms of
adjoint transfer factors. We assume that for each G’ € £1(G), we have been able
to identify £ with an L-embedding “G’ — LG. This is possible, for example, if
the derived group of G is simply connected. The same property then holds for
each of the endoscopic data M’ € E.(M). We shall also discuss only the case
that v lies in the subset I'gen(M) of M-elliptic conjugacy classes in I'g(M).
Parallel to ' en(M), we have the “endoscopic” set I‘g’e"(M ), which consists of
the M-isomorphism classes of pairs

(M’,&') M e geu(M), & e zc,en(M').

We can also identify T' . (M) with a disjoint union of orbits

I (Scen(M)/Outrr(M")),
M'€€En(M)

where as in [6, Section 2], Out(M’) is the group of outer automorphisms of the
endoscopic datum M. Since A s(d’, ) is invariant under the action of Out s (M')
on &', the transfer factors for M can be combined into a function on I'% (M) x
g en(M). We then introduce the adjoint transfer factor

AM(’Y, 61) = |IC’7'_1AM(6’: ’7)

on Lgen(M) x T§ (M) as in [6, (2.3)].

We shall attach a family of endoscopic data for G to an endoscopic da-
tum for M. Consider an element M’ € E(M). We choose a representative
(M', M, s},E)) within the given equivalence class so that M’ is a subgroup
of LM, and so that the embedding &} is the identity. Then s}, is a semisimple
element in M which centralizes M’ Suppose that s’ is an element in the set
s, Z(M)T, where Z(M)T denotes the subgroup of elements in the center of M
that are invariant under I' = Gal(F/F). Let G’ be the connected centralizer of : s’
in G. Then G’ = G' M’ is a subgroup of LG, and is a split extension of Wz by G'.
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Taking & to be the identity embedding of G’ into “G, we obtain an endoscopic
datum (G’,G', &', ¢') for G. We shall write Ep(G) for the set of such s', taken
modulo the subgroup Z (C’;’)r of Z (1\7 ), for which the corresponding endoscopic
datum for G is elliptic. Following the earlier convention, we shall represent a
given element in £y (G) by its endoscopic group G'. We are not actually tak-
ing isomorphism classes of endoscopic data here, so different elements in Ep/(G)
could give the same element in Ee1(G). However, the ellipticity condition we have
imposed means at least that there are only finitely many elements in £p/(G). We
can identify M’ with a Levi subgroup of any given G’ € €p+(G). For each such
G’, we define a coefficient

we(G,G') = |Z2(M")F /Z(M)TN|2(G)F /2 G)T| .

The quasisplit case plays a special role in the conjecture we are about to state.
If one of the groups G or M is quasisplit, so is the other, in which case we shall
say that (G, M) is quasisplit.

CONJECTURE 4.1. There are stable distributions
S5i(8, f), fecC(G),

defined for quasisplit pairs (G, M) and elements § € g en(M), such that for any
(G, M) and any element v € I'g en(M), the endoscopic expression

@) IZmH= Y Au(d) Y w(G.G)SRE.f)

(M’ ,8')€TE, (M) G'€€py1(G)

equals In(7, f).

REMARKS. 1. The conjecture includes the existence of new distributions
S$,(6, f) and I§;(7, f)- These objects are to be regarded as stable and endoscopic
analogues of the invariant distributions Ias (7, f).

2. Implicit in the assertion is that the outer summands in (4.1) depend only
on the image of (M’,&’) in I'4,(M). It is not hard to show inductively from
Lemma 3.3 that this actually holds for each of the terms 5%, (&', f').

3. We have been assuming the existence of an L-isomorphism G’ — LG’ for
each G'. This is only for simplicity. In general, one must choose a central extension
G' — G for each G’ by a suitable torus Z',asin 9, (4.4)]. (See also [6, Section 2].)
One can then choose an L-injection £':G' — LG’ that plays the role of the L-
isomorphism above. The definitions and conjecture are easily modified to include
the general case.

4. If F is p-adic, the transfer factors Aps(v,8’) and A (d',7) satisfy ad-
joint relations [6, Lemma 2.2] that provide an inversion of the formula (4.1).
In the quasisplit case, this inversion gives an inductive definition of S§ (6, f) in
terms of the distributions Ips(7y, f). If F is archimedean, however, the adjoint
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relations fail, essentially because the set I'g en(M) is too small. It is possible to
place the archimedean case on an equal footing with the p-adic case by embed-
ding I'gen(M) in a larger set. A natural extension of the conjecture asserts that
I§(7, f) vanishes if + lies in the complement of I'g en(M).

5. We have assumed that - lies in the subset I'g en(M) of I'g(M). Again,
this was just for simplicity. Parallel to I'¢(M), one can introduce the endoscopic
set % (M) as in [6, Section 2). The conjecture can then be stated for 4 and
&' in the larger sets Tg(M) and I'%(M). Unlike the special case of T (M),
however, an element & € T'4(M) can lie in the image of several of the sets
Lg(M’). In particular, ¢’ does not determine a unique element M’ € & (M).
To establish that the summands of (4.1) are independent of the choice of M’, or
more generally, that they depend only on the image of (M’,8’) in T&(M), we
would need to establish descent formulas for the new distributions analogous to
[3, Corollary 8.3].
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ABSTRACT. Let c; be any constant such that ¢i > 1/2. Then there
exists a number ¢’ = ¢’ (c;) such that

pl b (1 c logloglogq) loglogq

e-— — —
q 2~ “Tloglogg / q?loggq

for all integers p,q with ¢ > ¢'.

Corresponding results are given for the inequality if e be replaced by
el/2,el/3 el/4 ..

RESUME. Soit c¢; une constante telle que ¢; > 1/2. Alors il existe un
nombre ¢’ = ¢’(c1) tel que

. ;_7| o (l —e logloglogq) logloggq
q*logg

q 2 ! logloggq

pour chaques entiers p, g tels que ¢ > ¢'.
Les résultats équivalents pour I'inégalité ot e est remplacé par e!/2, !/3,
el/4 ... sont obtenus.

1. Introduction. C. S. Davis [1] proved the following theorem: Let k be a
positive integer. Then, for any £ > 0, there exists a number ¢’ = ¢'(k,€) such

that 1 log]
1k _P L _ . \os08q
¢ q‘ > (% E) q?loggq

for all integers p, ¢ with ¢ > ¢'.
In this note we prove the following theorem that is an improvement of Davis’
result.

THEOREM. Let k be a positive integer, and let ¢ be any constant such that
cx > 1/(2k). Then there exists a number q' = ¢'(cx) such that

S ( 1 log log logq) logloggq

ik _P .
g*logg

q
for all integers p,q with q > ¢'.

2k % log log ¢

Received by the editors January 23, 1997.
AMS subject classification: 11J68, 11J82, 11K60.
© Royal Society of Canada 1998.

53



54 TAKESHI OKANO

2. Lemmas.

LEMMA 1 (cF. [3] LEMMA). Let p, g be positive integers, and let p,/qn be
the n-th convergent of e. Then

P ‘ loglog g
q] " ngtlogg

for all integers p, q with ¢ > qan4+1 (N 2 6), where

= <2+ 3 ) (1+ loglog((4N+7)/e)) .

N+1/2 log(N +7/4)

LEMMA 2 (CF. [4] LEMMA). Let k > 2 be a positive integer, and let p,/qn
be the n-th convergent of e'/*. Then

logloggq
el/k - ’—" > ——=
g| = Ong®logq
for all integers p, q with q > g3y (N > 5), where

2k+1Y (4 loglog(4k(N + 1)/e)
2N - 1) i log(N + 1) )

5N=2(k+

PROOF. We prove Theorem for k£ = 1. We may assume that p/q is a conver-
gent of e, since otherwise

P 1
A q| > o7
The continued fraction of e is
e = [ap,a1,a2,03...] = [2,1,2n,l]:';1.

In other words, ag = 2, and for m > 1, az;, = agm-2 =1 and azp,—1 = 2m.

Case I.  p/q = Ppam/qsm. Since gam4+1 = A3m+193m +@B3m-1 = @3m +q@3m—-1 <
2g3m, we obtain
_ P3m
a3m

1 1 log log g3
2 > 2
Q3m(q3m+1 + q3m) 3‘13m 93m lOg g3m

for all sufficiently large m.

Case II. p/q = pam+1/g3m+1.- We can easily find asymptotic expressions for
log g3m+1 etc., as m — oo:
log g3m4+1 ~ mlogm (cf. [3] Proof of Lemma (131)),
log log gam+1 ~ logm + loglog m ~ log m,
log log log g3m+1 ~ loglogm.
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For m > 1, we note that

(1+ 3/2 )_1 (1_'_loglog((4m-i—7)/e))—l

m+1/2 log(m + 7/4)

1 3/2 log log((4m + 7)/e)
> 3 (1 ————) (1 - )

T m+1/2 log(m + 7/4)

1 3 1 1 loglog((4m +7)/e)
2 4 m+1/2 2 log(m + 7/4)

Since the last term

1 3 logloggsms1 1 loglogloggam+1
2 4 log g3m+1 2 log log g3m+1
_1_1 loglogloggsms1 (log log log gam-+1

T2 2 logloggzm+i log log g3m+1

) as m — 00,

by Lemma 1 we obtain

o — P3m+1
d3m+1

4 (1 e 10310g105q3m+1) log log g3m+1
2 loglog gam+1 / @3m41 108 @3m+1

for all sufficiently large m.

Case III.  p/q = Pam+2/93m+2- We can prove Theorem in this case similarly
to Case I.

In a similar fashion we can prove Theorem for k£ > 2. This completes the proof.
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RESUME. Nous définissons un opérateur de second ordre aux différences

finies Py g pour lequel la fonction de Jacobi zp - )(t) est une fonction
propre par rapport a la variable duale . Ensulte nous donnons un autre
opérateur de second ordre aux différences finies Q tel que les transforma-
tions de Mehler duale x4, et sa transposée txq, g soient des opérateurs de
permutation entre P, g et Q.

1. The Jacobi functxons with respect to the dual variable as eigen-
functions. For a > -1, B € R, A € C, t > 0, the Jacobi function <p *B)(1) is
defined by

(1) o3 D(t) = Ry (%(pm), %(p— iA); &+1; —sinh? t)

where p = o+ f+ 1 and o Fyis the Gauss hypergeometnc function.
It is well known that the Jacobi function ¢ — (p (t) is an eigenfunction of
the Jacobi differential operator A, g defined on ]0, +oo[ by

1 d d
(2) ADqp = A0 & (Aa,ﬁ(t)a>

with
Aq p(t) = 22°(sinh t)?**! (cosh t)2A+1,

More precisely, the function t — (,o ) (t) is the unique solution of the following
differential equation

{ AaprSP(t) = ~(+ e,
o0 =1, o7 0) =0

A natural question arises, whether or not the Jacobi function cpf\""ﬁ ) () is an
eigenfunction of some operator with respect to the dual variable \. In the fol-
lowing, we shall give an answer to this question. Especially we shall define a
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second order difference operator P, g such that for all ¢ > 0, the Jacobi func-
tion A — w&a’ﬁ) (t) is an eigenfunction of P, g corresponding to the eigenvalue
— cosh 2t.

PROPOSITION 1.1. For all A € C and t > 0, the Jacobi function <pf\°’ﬂ )(t)
satisfies the following equation

@3+ = 1) [36A= )+ 2+ 1] 00

. 1. " , -
3) + (A= p)(EA+1) [§<zA —p)+ ﬂ] P55 (1) — iX(@® = )52 (1)
= —iA(A2 + 1)(cosh 2t)p’P) ().
PrOOF. We have forall A€ Cand ¢t > 0:

&P (1) = REE')‘(?)‘_p)(cosh 2t)

where

1
RP(z) = Fi(~pp+pia+1;5(1-2)).

For n € Z,, RP )(m) is the Jacobi polynomial of degree n, normalized by
Rie® )(1) = 1. It satisfies the following three-term recurrence formula, (see [7],

p. 71).
2(n + p)(2n + p— 1)(n + o + 1) RS2 (z)
= (2n+ p)[(2n +p)° — 2R (@) + (@ = B7)(2n + p) RO ()
—2n(n + B)(2n + p + 1)REY ().

Using the Carlson Lemma (see [8], p. 186), we obtain the relation (4) by analytic
continuation in n.

DEFINITION 1.1. For an even continuous function f on C, we define the sec-
ond order difference operator P, g by

Ua,s(M) f(A = 28) + Vo 8(A) f(A)
¥ Ua g(=N)f (A + 23), if A # O, # i
Papf(A) =1 (a® = B2 —1)f(2i) - (o® - B f(0), #fA=0,
$(a? — B2+ 40) f(3)

—Ya? - P +aa+4)f(3),  fA==i,
where
(A +p)(iA+a—-B+1) . a?-p?
Uas(A) = 2203 and Vops(N) = -5+

THEOREM 1.1. The function A — gof\“’ﬁ)(t) is an eigenfunction of the oper-
ator P, g corresponding to the eigenvalue — cosh2t, that is

(4) VAEC, t320,Ppp™P(t) = —(cosh2t)p!®P(t).
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PROOF. It is a consequence of Proposition 1.1 and the definition of the oper-
ator Py g.

2. Permutation relations. It is well known that the Mehler representation
of the Jacobi function <pf\°”ﬁ ) (t) with respect to the variable ¢ permits to define
the Abel transform and its dual which are permutation operators between the
differential operator A, g given in (2) and ai:f (see [5] and [9]). Having at our
disposal a dual Mehler representation of the Jacobi function <pf\°'ﬁ )(t) with re-
spect to the dual variable A, which is exploited to define a pair of dual integral
transforms denoted xq,3 and ‘xq,5 and called dual Mehler integral transform and
its transpose (see [2]), we shall define another second order difference operator Q
such that x4 g and *xq,g are permutation operators between P, g and Q. We be-
gin by recalling some results of the Harmonic Analysis associated with the Jacobi
functions, (see [1], (2], [4], (5] and [6]). Henceforth we assume that o > 8 > -3

NoOTATION. We denote by
- D«(R) the space of even C*-functions on R with compact support.
- H, (C) the space of even, entire functions v on C which are rapidly decreas-
ing and of exponential type, that is: there exists R > 0 such that for all
n € N, supyee [(1 + A%)e~BlImAlyp())] < +o0.
- Fo the Fourier-cosine transform defined for f € D,(R) by

VAEC, F(f)N) = /0 ” F(t) cos(At) .

- dpta,p(t) = (21)~ 2220 (sinh t)2+1 (cosh ¢)25+14t.
- dva,p(A) = (2m)7% |ca,8(A)|~2d\ where

) = 2L (A (a 4 1)
Ca,8() = [(SXBEEA ) [y a=FE1HA )"

2.1. Paley-Wiener theorem for the Fourier-Jacobi transform. The Fourier-
Jacobi transform F, g of f € D.(R) is defined by

) VAEC, FaalN)= [ FOR0) duaslt)

THEOREM 2.1. The Fourier-Jacobi transform F, p is an isomorphism from
D.(R) onto H.(C) and its inverse is given by

(6) FILA)0) = /0 " Fas (NG @) dva s (V).

(See [4]).
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9.2. Dual Mehler integral transform and its transpose. The function wf\ao'ﬁ )(t)
possesses the following dual Mehler representation

2 o <]
M wz0veR, @0 =2 [ buplleX)cos(hr)dr
0
where ba g(Mo, A) is a nonnegative kernel satisfying

2 / bas(hos A dA = 1.

T Jo
The kernel b, (Ao, A) can be extended to an even analytic function on the set
{(X0, A) € C*/[ImAo| + |[ImA| < p}. (See [2]).

DEFINITION 2.1. The dual Mehler transform denoted by Xa,s is defined for
f € L' ([0, 4+00[,d)) (the space of integrable functions on [0, +oo[ with respect to
the Lebesgue measure d)) by

® Vo €R, xaa(N00) = 2 [ baslo, NIV 2N

where ba g is the kernel given in the formula (7).
(See [2]).
REMARK. We have for all \p € Rand t > 0,

(9) @522 (8) = Xa.p(cos(£)) (No)-

(See [2]).

DEFINITION 2.2. The transpose of Xa denoted by ‘xa, is defined for g €
L! ([0, +00[, dva,g) (the space of integrable functions on [0, +oo[ with respect to
the measure v, g) by

(10) VAER, ‘xas(@)()) = /0 ™ bas (M, N)g(ho) dvas (Mo).

(See [2]).

REMARK. The transform tx, g is related to the inverse Fourier-Jacobi trans-
form F ;, by the relation:

(11) b =7F5 '0'Xas

DEFINITION 2.3. For an even continuous function f on C we define the second
order difference operator Q by

QUM = —3 [FO+20) + F( - 20)].
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REMARKS. For all g in D,(R), we have

(12) QFo(g) = —Fo((cosh 2¢)g)
(13) Po,pFa,8(9) = —Fa,p((cosh 2t)g)
THEOREM 2.2. Let f be in H,(C), we have the following permutation relations
(14) Po,6Xe,8(f) = Xa,8Q(f),
(15) X pPop(f) = @' Xa,p(f)-

PROOF. Let f be in H,(C), by the Paley-Wiener theorem for the Fourier-
cosine transform %5, there exists g € D, (R) such that f = F,(g). Then, from the
relations (8) and (12), we have for all A\, € R:

Xa.ﬁQ(f)(’\o) = Xa.ﬁQ(}-o(g)) (’\o) = _Xa.ﬁ]:o((COSh 2t)g) (’\o)

1 /oo ba.,5(Aos A)Fo((cosh 2t)g) (A) dA.
0

m

By using Fubini’s theorem, we obtain

Xes@UN)0e) = = [ 7 (09(0) cosh(20)
On the other hand, we have for all \, € R:
Po,6Xa,8(f)(Xo) = Pagxa,8(Fo(g)) (Ao)-
By using Fubini’s theorem, we have for all A, € R:
Xes(Fo(@)00) = 2 [~ busu MOV DA = [~ e 0oty

Hence using Theorem 1.1 we deduce that

Pa,ﬁXa,ﬁ(f)()\o) == /(;oo (P(Aao'ﬁ) (t)g(t) cosh(2t) dt.

Thus we obtain the relation (14).
For the relation (15), let f be in H,(C), by Theorem 2.1 there exists g € D, (R)
such that f = F, g(g). So from the relations (9) and (11), we have for all A € R:

tXa,ﬁPa,B(f)(’\o) = tXa.BPa,ﬁ (-Fa,ﬁ(g)) (Ao) = _tXa,B (-Fa,ﬁ((COSh 2t)g))(’\o)
= —Fo((cosh2t)g) (Xo)-

On the other hand, we have for all A\, € R:

Q" Xa8(f)(Xo) = @'Xa,8Fa,8(9)(Xo) = QFo(9)(No)
= —F,((cosh2t)g)(Ao).

Thus we complete the proof of the relation (15).
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PROPOSITION 2.1. Let f be an even analytic uniformly almost periodic func-
tion on C, then we have

VAER, PogXes(f)(A) = Xa,sQ(f)(A).

PROOF. From the Polynomial Approximation Theorem, (see [3],p. 148), the
function f is an uniform limit of a sequence of even exponential polynomials that
is

f= lim fy,
n—00

where fn()), A € C, is given by
fa(X) = Zak cos(txA), ar € Cand ity >0.
k=1

But from the relation (9) and (4), we have

VAER, PapXas(fn)(A) = XasQ(fn)(A)-

Thus we obtain the result by taking n — oo.
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ON HALMOS’ SHARPENING OF REID’S INEQUALITY

C.-S. LIN

Presented by P. A. Fillmore, FRSC

RESUME. Nous démontrons dans cet article que I'inégalité
[(s(1H+2nat(14208 ke y)| < r(K)(|STIH2)ag]| | SE1+22)8y))

est vérifiée pour tout z et y d’un espace d’Hilbert, o S > 0, §2(1+2r)a g
est Hermitienne, , 8 € [0, 1], r, s > 0, K est un opérateur arbitraire et r(K)
est le rayon spectrale de K. De plus, si 2(1+2r)a =2(1+2s)8=1lety==z
nous retrouvons la version d’Halmos de I'inégalité de Reid: [(SKz,z)| <
r(K)(Sz, z).

Let K and S be linear operators on a Hilbert space H such that S is positive
and SK is Hermitian. Then |(SKz,z)| < ||K||(Sz,z) for every £ € H. This
is Reid’s inequality [4]. Using a similar method Halmos gave a sharpened form
[2, Problem and Solution #82] in which || K|| is replaced by r(K), the spectral
radius of K. The proof of the inequality was obtained by using the Schwarz
inequality for positive S, induction, and a limit process. We show that if the
Furuta inequality is adopted instead of the Schwarz inequality, then we have a
generalization of the Halmos version of the inequality. In [3] we gave some Reid
type inequalities, and some equivalent inequalities were discussed.

In what follows, the capital letters always mean bounded linear operators
acting on a Hilbert space H. T is positive (written T > O) in case (T'z,z) > 0
for all z € H.

LEMMA. IfT > O, then
[(TUHIHI4208, )2 < (T2042)eg, g)(T2142008y, )

for all z,y € H, where 1,5 > 0, and o, 8 € [0,1].

PROOF. " I(T(l+2r)a+(1+2s)ﬁm,y)|2 < "T(l-}-2r)az"2"T(1+2s)6y"2 by the
Cauchy-Schwarz inequality.

Remark that if A B > O,r >0,p > 1, a € [0,1], and if A > B, then
the inequality (B"APBT)(1+2r)a/(p+2r) > B(1+2r)a holds true. This is the Furuta
inequality [1, Theorem A}, and conditions on r, p and o are the best possible with
respect to the inequality itself. Furuta proved that the inequality is equivalent to
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the following one [1, Theorem 1}: If A,B> O, 1,5 >20,p,¢>1,a,8 € [0,1], and
if |T|? < A? and |T*|? < B?, then the inequality
I(TIT|(1+2r)a+(1+2a)ﬂ—1$’ y)|2
< ((|T|2rA2p|T|2r)(l+2r)a/(p+2r)z’ .'II) ((lT*|2aBZqlTxl2s)(l+2s)G/(q+23)y, y)

holds true for all z,y € H, where |E| means the positive square root of the
positive operator E*E. Our Lemma follows trivially if we let A=B =T > O
in the above inequality. This is the reason why we restrict ourself to the power
(1+2r)a+ (1 +2s)8 for T in the Lemma.

In the Lemma if, in particular, 7 = s = 0 and a = 8 = 1/2, then |(T'z, y)? <
(Tz,z)(Ty,y) for all 7,y € H, the Schwarz inequality for positive T. Ifa = 8 =0,
then we obtain the Cauchy-Schwarz inequality for vectors in H. We are now ready
for the main result.

THEOREM. Let S > O and let S21+2")2K be Hermitian for some a € [0, 1]
andr > 0.
[(SO+2Ne+ (14208 g o) < r(K)||SUH20eg]] || ST+

forallz,y€ H, B€[0,1] and s > 0.

PROOF. We first show that if $2(1+2) K is Hermitian, then so is S2(1+2a g
for n = 1,2,.... Write a = 2(1 + 2r)c, and observe that S® is Hermitian, and
that (S®K™z,y) = (K" 'z,5°Ky) = (S°K™'z,Ky) = (K™ 2z,5°K?%y) =
oo = (z,5°K"y).

Next, we shall use induction process to show that the inequality

l(S(1+2r)a+(l+2.9)ﬁKx’ y)|2"

< (SZ(I+2r)aK2"x, x)(s2(l+2r)a$, $)2"—‘—1 (52(1+2s)/3y, y)z"-'
holds true for all z,y € H. To this end, when n = 1, we have

|(3(1+2r)a+(l+2s)ﬁKx’ y)l2 < (32(1+2r)aK:17, Kz)(32(1+2s)ﬂy’ y)
= (S2(l+2r)aK2$, I)(s2(l+2s)ﬁy’ y)

for all z,y € H by the Lemma. If n = 2, then

|(S(l+2r)a+(l+23)ﬁK$, y)|4 < (52(1+2r)aK2:L‘, x)2(S2(1+23)ﬁy, y)2
< ”S(1+2r)aK2$"2 "S(l+2r)a.’l7”2(52(l+2s)ﬁy, y)2
= (52(1+2r)°K4:1:, .’II)(S2(1+2T)0.’E, x)(s2(l+23)ﬁy’ y)2

by the Cauchy-Schwarz inequality for the term (S20+2M)e K2z, 2)2. If n =k + 1
and if we assume the statement for n = k, then
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. k+1
|(3(1+2 )a+(1+28)ﬂK2,y)|2

< (SAMHa g2 )220 +2ay )2t =2(G21+208y 4 \2*
< [|SO+2ra f2* 2| §UHarag 2(G21+2r)ay 412*~2(g2(1+20)8,, )
= (S gy (G214Inag 521 (2142008, ¢

by the Cauchy-Schwarz inequality for the term (S2(1+2e 2"z 2)2. Hence, for
all n, and all 2,y € H,

I(S(1+21‘)a+(1+2a)ﬁK$’ y)|2"
r n n—1_ n-1
< ”52(1+2 )a” "K2 ” ”x"2(32(1+2r)ax, .'17)2 1(52(1+2s)ﬁy, y)2 .

The required inequality follows easily if we take the 2™-th root of both sides and
pass to the limit as n — co.

COROLLARY 1. Let S > O, r,s >0 and a,f € [0,1]. Then, for all z,y € H,
we have
(1) I(S(l+2r)a+(1+2s)ﬂ+lx’ y)l < r(S)IlS(l"""’)"‘z" "Su+23)ﬁy”.
(2) (S22 Kz, y)| < r(K)|z| |S(+2)8y|| if K is Hermitian.
(3) |(S2+(1+2BK 5 o) < r(K)|SEz|| || SI+29)8y|| if SK is Hermitian.

PROOF. (1) Let K =S in the Theorem.

(2) Let a =0 in the Theorem.

(3) Let 2(1+2r)a=1 (or @ =1/2 and r = 0) in the Theorem.

Note that the Halmos version of the Reid inequality is obtained from the
inequality (3) in Corollary 1 when (1 + 2s)8 = 1/2 (or f = 1/2 and s = 0)
and y = z. It is interesting to compare the inequalities in the Lemma and (1) in
Corollary 1. In fact, the inequality in the Lemma is a special case of the Theorem
when K = I, the identity operator.

COROLLARY 2. Let S > 0,52>0, 3 €[0,1], and let T = A + iB be the
Cartesian form of T. Then, for all z,y € H, we have

(5042, )| < [r(4) +r(B)]llz] [S4+2y.

PRrROOF. This follows obviously from the inequality (2) in Corollary 1.
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