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CANONICAL NORMALIZATION OF WEIGHTED 
CHARACTERS AND A TRANSFER CONJECTURE 

JAMES ARTHUR, FRSC 

1. In t roduc t ion . Suppose that C is a connected reductive algebraic group 
over a local field F of characteristic 0. If TT £ nu ni t (G) is any irreducible unitary 
representation of G{F), the character 

/ — /(?(*) = tr(7r(/)), fen{G), 

is an invariant linear form on the Hecke algebra H{G) of G{F). Among the 
irreducible characters, there is a special place for the induced characters 

/ A / W = /G(7rG) = tr(2p(7r,/)), TT £ n u i l i t (M) . 

Here M is a Levi subgroup of G, that will remain fixed throughout the paper, 
P £ V{M) is a parabolic subgroup of G over F with Levi component M, and 
7rG = Jp(7r) is the corresponding induced representation of G(F) . As the notation 
suggests, fM{n) is independent of P . Another elementary property is that fM{wx) 
is an analytic function of a real variable A in the vector space 

i o ^ = iHom(A(M) F ,R) 

that parametrizes the unramified unitary twists of n. (We are following stan-
dard notation here and below; the reader can consult [5, Sections 1-2] for more 
explanation.) 

Induced characters are really too easy. They are hardly worthy companions 
of the more fundamental discrete series. There is a related family of objects 
however, that are just as interesting (and difficult) as noninduced characters' 
Ihey are the weighted characters 

• ^ / ( T , / ) = tr( J ^ T T , P)rp(7r, / ) ) , 

in which JM{n,P) is a nonscalar operator on the space of Ip{n), constructed 
from the basic intertwining operators 

JQlp{*y-Zp{*)--*TQ{w), Q<=V{M). 

The use of unnormalized intertwining operators in the construction has the effect 
ot leaving JA /(7r,/) dependent on the choice of P. Moreover, J^{nx, f) can have 
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poles at some of the points A £ ia*M. One can sidestep these problems by using 
normalized intertwining operators. Such a construction was used in [1], [2], [3], [5], 
and other papers on the trace formula. Given our present knowledge, however, 
there is no canonical way to normalize the intertwining operators in general. The 
corresponding weighted characters will therefore depend on a choice of normal-
izing factors. This is likely to complicate the problem of relating automorphic 
representations on different groups. 

One purpose of this paper is to normalize the weighted characters in a different 
way. Roughly speaking, the role of normalizing factors for intertwining operators 
will be played by Plancherel densities. In Section 2, we shall define a weighted 
character 

JM{*,f) = J&{*J) = tr{MM{n,P)IP{n,f)), 

in which MM{K, P) is an operator constructed in a certain way from the unnor-
malized intertwining operators J Q I P W and Harish-Chandra's ^-functions. On 
the one hand, Jjw(7r, / ) is independent of any arbitrary choice of normalizing fac-
tors. On the other hand, we shall show that it is independent of P (Corollary 2.2) 
and that JM{KXJ) is an analytic function of A £ zo^ (Proposition 2.3). The 
distribution JM^, f) is thus closer to being a canonical object. It is a natural 
generalization of the induced character /M(T)-

The geometric analogues of irreducible characters are the invariant orbital 
integrals 

/G(7) = l^(7)lè / fix-^dx, 

that are defined for conjugacy classes 7 in G(F). If 7 is a G-regular conjugacy 
class in M{F), we can also form the weighted orbital integral 

J M ( 7 , / ) = \D{l)\h f f{x-^x)vM{x)d^, 
JG^F)\G(F) 

with a weight factor vM{x) that plays the role of the operator MM{^,P)- Nei-
ther of the distributions JM{7r) or JM{I) is invariant under conjugation by G(F). 
However, one can use the weighted characters as correction terms to build an 
invariant distribution out of JM(7) - This process was carried out originally in 
(1, Section 10], and gave invariant distributions that were implicitly dependent 
on a choice of normalizing factors. In Section 3 we shall apply the same construc-
tion to the new weighted characters we have defined. We shall obtain invariant 
distributions 

/M(7, / ) = -%.(7,/) 

that are independent of any choice of normalizing factors. We shall also check that 
the distributions are independent of any choice of maximal compact subgroup, 
and behave well under automorphisms. 
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As canonical objects on G(F), the invariant distributions /A/(7) should be 
related to their counterparts on the endoscopic groups of G. We recall that the 
theory of endoscopy, still largely conjectural, is a general framework of Lang-
lands [8] for comparing trace formulas and automorphic representations on dif-
ferent groups. A second purpose of this paper is to state a conjecture that at-
tempts to summarize the role of the distributions in this theory. The conjecture 
includes an identity that describes an interplay between the distributions on var-
ious groups, and the Langlands-Shelstad transfer mappings among these groups. 

The conjecture appears to be quite deep. It depends intrinsically on the in-
variance of the distributions I M {7), whereas the distributions themselves can be 
described explicitly only in terms of their noninvariant components JM{I) and 
JM{TT). A proof will probably have to await the construction and deeper analy-
sis of a stable trace formula. The conjectural identity is in fact likely to be an 
essential part of such an analysis. 

2. Weighted charac ters . We have fixed the Levi subgroup M of G. Sup-
pose that TT belongs to the set n (M) of equivalence classes of irreducible repre-
sentations of M(F) , and that A lies in the complex vector space 

0Â/,c = " M ®R C = Hom(A(M) F ,C) . 

Then we have the unnormalized operators 

JQIPM-UPW^HQW, P,Qe V{M), 

which intertwine the actions of the induced representations Ip{nx) and lQ{n\). 
Recall that JQ^P^X) is defined by an absolutely convergent integral over NQ{F)n 
NP{F)\NQ{F) when the real part of A lies in a certain chamber, and can be 
analytically continued to a meromorphic function of A £ a ^ c . 

Suppose that TT is in general position, in the sense that the operators JQ\P{ITX) 
are all analytic at A = 0. For fixed P , we set 

V7Q(C, T, P) = JQ\p{n)~lJQ\p{*c), Q € V{M), 

for C € ia*A, near 0. We claim that {jQ(C,7r,P)} is a (G,M)-family of opera-
tor valued functions, in the sense of [1, Section 6]. According to the definition 
[1, p. 36], we must show that if Q and Q' are adjacent groups in P (M) , and if Ç 
belongs to the hyperplane spanned by the common wall of the chambers of Q and 
Q', then jQ'{Q,n,P) equals JQ{Ç,^,P). Since they have not been normalized, 
the operators JQ\p{n) are not multiplicative in Q and P . However, it is easily 
seen that 

(2-1) JQ'\PM = ^o,{irçyjQ'lQ(iT()jQ]p{ir<:), 
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where e equals 0 or 1 according to whether the number of singular hyperplanes 
which separate the chambers of Q' and P is greater than or less than the corre-
sponding number for Q and P, a E AQ is the simple root of Q that defines the 
hyperplane in question, and MQ(irç) is a function that depends only on C(aV)- We 
are assuming that C(a;V) = 0- This implies that Pai^c) = Pai^), and also that 
Jq^qi^ç) = Jq'\qi^)- It follows that J Q ' ( C , T , F ) equals Jq{Ç,n,P). The claim 
is therefore valid. According to [1, Lemma 6.2], we can take the limit 

JM{n,P) = hm J^ jQ{C,*,P)eQ{0-\ 
Q€P{M) 

for 
^ ( 0 = vol(o«/Z(A^))-1 H C("v), 

a€AQ 

in the notation of [1]. 
The operator JM^IP) on Hp^x) plays the role of a weight factor. We can 

use it to define an (unnormalized) weighted character 

(2.2) •/£(*,/) = tx{jM{T:,P)Ip^,f)), 

for any / E H{G). However this object has the disadvantage of being dependent 
on the group P £ P(M), as one oberves easily from the formula (2.1). More 
seriously, it has singularities at any points TT where the intertwining operators 
have poles. We would like an object that is defined at least for all TT is the subset 
ntemp(M) of tempered representations in II(M). It was for these reasons that 
weighted characters were defined in terms of normalized intertwining operators 
in (1, Section 8] (and in other papers on the trace formula). 

Recall that the normalized intertwining operators 

RQ\P(^\) = ^ ^ ( T T A ) - 1 JQ|p(7rA) 

are constructed from meromorphic scalar valued functions rQ\p{-K\) of A. Lang-
lands [7, Appendix II] conjectured that the normalizing factors rQ|p(7rA) could 
be defined canonically in terms of local L-functions and ^-factors. However, the 
existence of these objects depends on the local Langlands classification, which 
in the case of p-adic groups is a long way away. As a substitute, one can simply 
prove the existence of a general family 

r = {rQ|p(7r.O} 
of normalizing factors that satisfy a list of natural conditions [5, (r.l)-(r.8)], and 
for which the corresponding operators RQ\p{nx) also satisfy certain conditions 
[5, (R.2)-(R.7)]. Among the latter is the property that if TT is unitary, PQ^TTA) 
is analytic for all A £ ia*M. If TT is any representation for which the normalized 
operators are all analytic at A = 0, we form the (G, M)-family 

nQ{Ç,n,P) = RQ\p{n)-1RQlP{7rç), Q £ P(M), 
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of operator valued functions of C £ ici*M (near 0), and the corresponding limit 

nM{7r,P) = Vim Y, ^ ( C . T . i W C ) - 1 . 
" QeP(M) 

We then set 

(2-3) JM^J) = tr(^M(7r,P)Tp(7r,/)), 

for any / £ H{G). This is the weighted character that was used in earlier papers, 
where it was denoted simply by JM(K, / ) . It is well defined whenever TT is unitary, 
and in particular, if TT is any tempered representation. Moreover, one sees easily 
that Jr

M{^,f) is independent of P . (See [1, p. 44].) 
Thus, J%f{^,f) does not have the two disadvantages of the unnormalized 

weighted characters J/^Tr, / ) . However, it does depend on the choice of the family 
r. One would eventually like to compare weighted characters, or rather invariant 
distributions constructed from weighted characters, on different groups. Since it 
is not clear how to compare abstract normalizing factors on different groups, the 
dependence of JT

M{K, f) on r is a problem we would like to avoid. We shall do so 
by defining a normalized weighted character that is independent of r. 

Instead of the normalizing factors, we shall use Harish-Chandra's canonical 
family 

M = W I P ^ A ) } 

of ^t-functions. Recall that 

VQ\p{-n\) = {Jq\p{Kx)Jp\Q{nx))~ = ( r o i P ^ r p i Q ^ A ) ) - 1 . 

Also, 

where S ^ stands for the set of reduced roots of {Q,AM), and ndnx) is a p-
function of rank 1 that depends only on A(Q V ) (as in (2.1)). Suppose that TT is 
in general enough position that the ^-functions M Q I P ^ A ) and the unnormalized 
operators JQ\P{KX) are all analytic at A = 0. If P is fixed, we define a family of 
scalar valued functions 

M C , *•- P) = M Q I P W V Q I P O T I C ) , Q £ V{M), 

of C £ ia'M (near 0). Arguing as we did for the operator valued functions 
^ Q C C I ^ F ) , We see directly that this is a (G, M)-family. (Notice, however, that 
K appears here instead of C) Therefore the product 

MQ{C, TT, P ) = PQ{C, n, P)JQ{C, TT, P ) 
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is also a (G, A/)-family, and we can form the limit 

MM{n,P) = Vnn ^ M Q ^ ^ M O - 1 . 
Q€P{M) 

We then define 

(2.4) •/&(*•,/) = tt{MMin,P)IpinJ)), 

for any / £ W(G). 
The distributions Jjjjf (TT, / ) are the normalized weighted characters of the title. 

They seem to be natural objects, having been defined without recourse to the 
family r. We must still show that they have the good properties of the earlier 
weighted characters J J ^ T T , / ) . TO do so, we shall establish a simple relationship 
between the two families of distributions. 

Like the /i-functions, the abstract normalizing factors satisfy a product formula 

rQipOr-O = H r<*M = rP|<5(7I>)> 

where TV̂ TTA) is a meromorphic function that depends only on A(av) [5, (r.2)]. It 
follows that the functions 

^(C.TT) = rQ^{7r)-lrQ]Q{iru), Q £ P(M), 

of C £ ia*M forra a (G, M)-family (assuming of course that TT is in general position). 
If L belongs to £(M), the set of Levi subgroups of G which contain M, and QL 

belongs to P(L), the limit 

(2.5) rjk(7r)=lim Y ^(C.^QnL(C)"1 

QCQL 

exists, and is independent of QL. The first assertion here is a general property of 
(G, Af )-families, while the second is a consequence of the product formula above. 

LEMMA 2.1. We have 

(2.6) J^,f)= Y ^WJK^,/), 
L€£(M) 

for TT £ n(M) in general position. 

PROOF. The right hand side of (2.6) is the kind of expression that comes from 
a product of (G, M)-families. According to the product decomposition [1, Corol-
lary 6.5], the expression equals 

tr(ArM(7r,P)Jp(7r,/)), 
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where 
A/-M(7r,p) = iim Y M c ^ t c ^ M c r 1 -

QeP(Af) 

Looking back at the definition (2.4), we see that it will be enough to prove that 
the operators MM{^,P) and A / M ^ P ) are equal. 

We can also write 

A^(7r ,P) = lim Y M C T . m X C T . F ^ C ) - 1 , 
qep(M) 

for a scalar valued (G, M)-family 

VQtt^P) = rQ(C,7r)(rQ|p(7r)-1rQ|p(7rç))"1, Q € P{M), 

of functions of C £ tojf • We apply the product decomposition [1, Corollary 6.5] 
to this expression, and also to the parallel expression 

jWA/(7r,P) = iim Y MC^n/gCC^F^c)-1. 
""* QeV(M) 

The comparison of the operators MM^, P) and MM^K, P) reduces to a compar-
ison of the (G, M)-families { P Q } and { 7 Q } . We see that it will suffice to prove 
that the numbers pjj^Tr, P) and j/j^(7r,P), defined for any L £ C{M) by the 
analogues of (2.5), are equal. 

Let us write 
M C . T. P) = CQ(C. T, F)i>Q(C, TT, P) , 

where 

CQ(C,7r,F) = ('•Q|p(7r)~1'*Q|p('rc))~1(rQ|p(7r)"lrQ|p(7r^ç))2-

Once again we have a product of (G, M)-families. The product decomposition 
again gives us a formula 

^(*,-P)= Y ^ O r . P ^ ^ P ) . 

Now 
CQ(C,T ,F)= JJ cQ(C(av)), 

where 
cQ(C(aV)) = (ra(7r)-1ra(7r c))-1(rû(7r)-1rQ(7ré c))2. 

As a product of functions of one variable, CQ(C, TT, P) gives a (G, M)-family of the 
special sort considered in [2, Section 7]. According to [2, Lemma 7.1], each limit 
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cj^1 {n, P) can be expressed as a linear combination of products of derivatives 
^ ( 0 ) . But 

c0{t) = (d ( 1 (0)- 1 d a ( t ) ) - 1 (d Q (0)- 1 d o (^)) 2
1 t £ R, 

for the function da(C(av)) = rQ(7rc). It follows that ^ ( 0 ) = 0. Therefore the 
terms with Li 7̂  M in the decomposition above vanish. We are left simply with 
the identity 

i'M{n,P) = &Mi*>P)-

Now we have 
n 

MC.T.-P) = ^ ^ . ^ ( ^ ^ ( ^ - V Q I P ^ I , . ) ) 

= rQ\Qin)~lrQiQ{ni<)rQ\p{ir)2rQ\p{ir*(:)~2. 

Since 
^QIQ W = rQ\p{it)rpfâ{ir) = rQ\p{Tr)rQ\p{Tr) 

by [5, (r.l)], we can write VQ{^,T:,P) as 

r Q |p( 7 r )~ l r Q |p( 7 r è^ r , 3 l p ^ ' ' < 3 l p ^ 7 r 5^ _ 1 " 

Applying the same formula to rp |p, we then write PQ(C, TT, P) as the product of 

r p i p W ^ P i P ^ ç ) 

and 
r p i Q ^ r p i Q ^ i ç r V Q i p M r Q ^ T r . , . ) - 1 . 

The first of these functions is independent of Q and is equal to 1 at C = 0. The 
second function equals 

M Q I P W V Q | P ( ^ C ) = MQ(C, T . F) . 

It follows that 

P^(7r,P) = lim Y ^ ( C . T . ^ Q n L ( C ) " 1 

C Q C Q L 

= lim(rp |p(7r)-1r-p|p(7r^)^pQ(C,7r,F)0QnL(C)_ 1) 

We have now established that 

p^ ( 7 r ,P ) = P^(7r,P) = ^ / ( 7 r ,P ) , 

for any L £ C{M). Therefore the operators MM^, P) and MM{^, P) are equal, 
and the identity (2.6) holds. • 



CANONICAL NORMALIZATION OF WEIGHTED CHARACTERS 41 

COROLLARY 2.2. The distribution J'^, (TT, / ) is independent of the fixed group 
P E V{M). 

PROOF. We have already noted that J£(7rL,/) is independent of any fixed 
parabolic subgroup. Since the definition of r^(TT) is independent of P, the corol-
lary follows from the lemma. • 

We can now establish the basic regularity property. 

PROPOSITION 2.3. Suppose that n belongs to the subset nunit(M) of unitary 
representations in n(M). Then iff £ 'W(G), ^(TTA, / ) is an anaiytic function of 
A E io^ . 

PROOF. It is a consequence of the definition that Jfa (TTA, / ) is a meromorphic 
function of A £ a^, c . We have to show that the function has no poles on ia*M. 
Since TTA remains unitary for A E ia*M, it is enough to show that ^ ( T T A , / ) has 
no pole at A = 0. We shall combine Lemma 2.1 with an argument that was used 
in the local trace formula. (See [4, Lemma 12.1].) 

The functions Jl,{^x^f) which occur in the expansion (2.6) for J^f{irx,f) are 
analytic at A = 0. This follows from the fact that the normalized intertwining 
operators are analytic at any TT that is unitary. It remains only to deal with the 
functions ^(TTA) in the expansion. 

If P £ P(M) is fixed, we can write 

rQ\Q{n\)= [ J rQ{nx) 

= nr^) n r^) n ̂ ^^ 
= rp|p(7rA) Yi {ra{Trx)r-Q{nx)~l). 

Now for any root a, we have 

r-a{Trx) = rQ{n_i), 

by [5, (r.4)]. It follows that quotient 

ra(7rA)r_Q(7rA)"1 

is analytic at A = 0. To exploit this, we write the function 

rq{Ç,irx) = rç^nx^rQ^nx+xç) 

as the product of 
rP|p(TA)_ 1rp|p(7rA +i ( : ) 
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and 
H (r"(7 rA)r-û(7rA)-1)"1(rû(7rA+^)r_Q(7rA +ic)-1). 

The first of these functions is independent of Q, and equals 1 at C = 0. The 
second, which we will denote by dQ(^,7rA,P), is an analytic function of the two 
variables Ç and A in a neighbourhood of 0 in ia*M. It follows that 

rJk(7rA) = Urn Y ^(C^QnitC)"1 

Q C Q L 

= lim Y dQ{(:,irx,P)eQnL{0-1. 
Ç~ Q C Q L 

This last sum is a smooth function of A and Ç in ia*M [1, Lemma 6.2]. Therefore 
rjtf (TTA) is analytic at A = 0. It follows from Lemma 2.1 that J^i^^f) is analytic 
at A = 0. • 

COROLLARY 2.4. Suppose that TT E nunit(M) and that L lies in C{M). Then 
r ^ (TTA) is an analytic /unction of A £ ia*M. 

PROOF. We established that rj^fax) is analytic at A = 0 during the proof of 
the proposition. If we replace TT by a fixed ioj^-translate, we obtain the general 
assertion. • 

The construction of J j^ (TT, / ) was for any TT in general position. However, if TT is 
unitary, we can define ./£f (TT, / ) to be the value at A = 0 of J^(TTA, / ) . Similarly, 
we define rj^(TT) to be the value at A = 0 if r^(TTA). The formula of Lemma 2.1 
is then valid for TT. 

3. Canonical invariant dis tr ibut ions . One of the purposes of weighted 
characters is to build invariant distributions out of weighted orbital integrals. 
When the weighted characters ^ ( T , / ) are used, as in earher papers, the re-
sulting invariant distributions depend on the family r of normalizing factors. We 
shall recall the construction, with a view to replacing Jj^(îT, / ) by J^^, / ) . This 
will lead to invariant distributions that are independent of r. 

The construction relies on the interpretation of a weighted character as a 
transform, which sends functions on G(F) to functions on n ( M ) . One actually 
restricts attention to the subset Htemp^) of tempered representations in n (M) . 
Tempered representations are unitary, so ./J/(TT, / ) and Jj^ (TT, / ) are both defined 
for TT £ 'n.temp{M). As long as we are considering only tempered representations, 
it is natural to take / to be in the larger space C(G) = C(G(F)) of Schwartz 
functions on G(F), rather than the Hecke algebra 7i{G). If TT lies in ntemp(Af ), 
Jr

M{n,f) is defined by (2.3) for any / in C(G). (See [5, p. 175].) The normalized 
weighted character . / ^ ( T T , / ) can also be defined, by applying (2.4) to C{G). In 
fact, all the definitions and constructions of Section 2 hold for any / £ C{G), as 
long as TT belongs to ntemp(Af). 
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Given / £ C(G), we define (pr
M{f) to be the function on ntemp(Af) whose value 

at TT equals Jl^irJ). Then 4>T
M{f) l i e s i n t h e Schwartz space J ( M ) = I{M{F)) 

of functions on ntemp(A/), defined (somewhat more generally) in [1, Section 5]. 
According to [1, Corollary 9.2], (t>r

M is a continuous linear map from C(G) to 
T{M). (The proof of this fact relies on an estimate [1, (7.6)], which was later 
proved in [5, Lemma 2.1].) However, 4>r

M depends on r. To obtain a map which is 
independent of r, we define ^Jf (/) to be the function on ntemp(Af) whose value 
at TT equals ^ ( T T , / ) . Then 

(3.1) W,*)= Y rM WÏX/. " ^ 7r£ntemp(M), 
LÇiC(M) 

by Lemma 2.1. (The induced representation -K1 here could be reducible, but the 
function (j)T

L{f, TT1") is to be interpreted obviously as the sum of the values of 0£,(/) 
at the irreducible constituents of 7rL.) 

LEMMA 3.1. The transform ( ^ is a continuous linear map from C(G) to 
I ( M ) . 

PROOF. If L £ C{M), the map which sends any h £ I{L) to the function 

TT—>/l(7rL), TT £ n t e m p ( M ) , 

sends I{L) continuously to J ( M ) . Since <j)r
L maps C(G) continuously to J (L) , the 

transform 
{f^^cPUf,^), 

maps C{G) continuously to I{M). On the other hand, the function rj^{n) is a 
smooth function on ntemp(A/). More precisely, suppose that Mi is a Levi sub-
group of M, and that TTI £ ntemp(Afi). Then rj^(7rj^A) is a smooth function 
of A £ ia'Mi. This follows from Corollary 2.4, if we apply the descent formula 
[3, Corollary 7.2] to r^/(7rf/

A). The lemma will follow from (3.1) if we can show 
that any derivative in A of rj^Trf^) is a slowly increasing function of the in-
finitesimal character of Trf^. In the p-adic case, the definition of the Schwartz 
space makes this a vacuous condition, and the lemma follows immediately. In 
the archimedean case, we use [2, Corollary 7.4] to express rj^Trj^) as a linear 
combination of products of logarithmic derivatives 

taken with respect to the real variable A(av) . The fact that derivatives of 
rj^{n^A) are slowly increasing can then be inferred from the inequality [5, (r.8)]. 

• 

REMARK. The presence of reducible induced tempered representations com-
plicates the description of I{M). It is actually better to identify I{M) with a 
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space of functions on a certain basis Ttemp{M) of virtual tempered characters, as 
in [5, Sections 2-3]. However, we have no need of this refinement here, since we 
shall only be dealing with formal properties of the maps ( ^ and 0 ^ . 

We now consider weighted orbital integrals. Recall that the weighted orbital 
integral 

^ ( 7 ) = ^ ( 7 ) 

is a tempered distribution on G(F) that depends on M and on a conjugacy class 
7 in M(F). We shall take 7 to lie in the set Ic tM) = rG-reg(M (F)) of strongly 
G-regular conjugacy classes in M(F). Then 

JA/(7, / ) = P(7) l è / /{x-^VMix) dx, fe C{G), 
^G7(P)\G(P) 

where 
L>(7) = det(l-Ad(7))f l /87 

is the Weyl discriminant, G7 is the centralizer of 7 in G, and 

vM{x) = hm Y vpicxWpicr1 

P6P(A/) 

is a weight factor on M(F)\G(F) obtained from the (G, Af )-family 

up(C1aO = e-c ( H p ( l ) ) , PeV{M), 

of functions of C £ ia*M. (See [1, Section 8] and [5, Section 1].) As a distribution 
on G(F), 7M(7) is not invariant. More precisely, if 

fy{x) = Hyxy-1), X , î / E G ( F ) , 

then 

(3.2) JM{l,fy)= Y ^ 0 ( 7 , / « . y ) . 
Q€.F(M) 

where F( Af ) denotes the set of parabolic subgroups of G over F that contain M, 
and 

fq,y:m—^(m)' / / f{k~lmnk)u'Q{k,y)dndk 
JK JNQ(F) 

is the function in C{MQ) defined in [1, (3.3)]. (See [1, Lemma 8.2].) 
The maps (j)r

M are used to build an invariant distribution out of JM(7) - What 
makes this possible is the fact that the distribution JJ/(7r) behaves in the same 
way under conjugation as J M in)- That is, 

Jr
M^P)= Y JÛMQi*>fQ.y) 

QÇ.HM) 
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The first part of this expression cancels the first expression in the original sum. 
What remains leads immediately to the identity 

^(7,/)-/M(7,/) = - Y Wb'PM)) 
L6£0(M) 

asserted in the lemma. The second assertion of the lemma follows by induction 
and the fact that /j^(7) is supported on 1(G). • 

We have now constructed invariant distributions ^ ( 7 ) which do not depend 
on a choice of normalizing factors. In recognition of their intrinsic nature, we 
shall allow ourselves to suppress the superscript p. From now on, we shall write 
iMilJ) = / £ , (7 , / ) , < M / ) = 0Sf(/), and JM{ir,f) = J^{ir,f). This notation 
differs from that of [1], [3], and [5]. In the earlier papers, it was only the objects 
^Af(7'/) ' ^ M ( / ) a11^ •^Af(7»/) ^ a t were being considered, and these were de-
noted without the superscript r. We hope that the change in notation will not 
cause confusion. 

The distributions behave in a simple way under isomorphism. Suppose that 

0:x—>6x, x £ G, 

is an isomorphism from G onto another group Gi which is defined over F . We 
obtain a bijection L —* BL between the corresponding sets of Levi subgroups. If 
/ is a Schwartz function on G(F), the function 

{df){xl) = f{e-lxl), xi£Gi(F), 
belongs to the Schwartz space on Gi(F) . 

LEMMA 3.3. UM^I, Of) = I Mil, / ) • 

The lemma will be easy to establish, but we should first clear up another point. 
The noninvariant distributions J A / ( 7 . / ) and JAHTT,/ ) that make up / A / ( 7 , / ) 
depend on the choice of a suitable maximal compact subgroup K of G(F). (The 
condition on K is that it be admissible relative to Af, in the sense of [1, p. 9].) 
As further evidence of the instrinsic nature of /A/(7), we have 

LEMMA 3.4. The invariant distribution Imil) is independent of K. 

P R O O F . If F is archimedean, all maximal compact subgroups are conjugate 
under G(F) , and the lemma is an easy consequence of the invariance of /M(7 ) . 
We cannot use quite the same argument in general. We shall instead simply copy 
the original proofs [1, Lemmas 8.2 and 8.3] of the identities (3.2) and (3.3) which 
imply the invariance of IM{I)-

Let Kx be another maximal compact subgroup of G(F) which is admissible 
relative to M. We shall use the subscript K\ to denote objects taken with respect 
to Ki instead of K. Then 

JM,^ (7. / ) = Wii)^ / f{x~1'yx)vM,Kl (x) dx, 
JGy{F)\G{F) 
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where 
VM.K-, (*) = Jim Y VP,K* (C ^ P ( C ) ~ 1 -

P6P(A-/) 

Following the proof of [1, Lemma 8.2], we write 

vp,Kl{<:,x) = e-«MpK^x)) 

= e-aHP{x))e-<:{Hp,Kl{Kp(X))) 

= î;P(C,X)UP(C,X,A'I), 

where Kp{x) is the component of x in A" relative to the decomposition G(F) = 
P{F)K, and 

UP(C,X,A-I) = e-<:(Hp-K^Kp{x))), P £ V{M), 

is a (G, Af )-family of functions of ^ E ia*M- We can then write 

VM,K-1(a;)= Y vM{x)u'Qix'Ki)' 
q&nM) 

in the notation of the formula [1, Lemma 6.3]. If we substitute this into the 
original integral, we obtain a decomposition 

7 M , K 1 ( 7 . / ) = Y JM3(7./Q.K-I), 
Q€.F(M) 

in which / Q , ^ denotes the Schwartz function 

m—>5Q(m)5 / / f{k~lmnk)u'Q{k,Ki)dndk 
JK JNQ{F) 

on AfQ(F). Similar modifications of the proof of [1, Lemma 8.3], which we leave 
to the reader, lead to a parallel decomposition 

JM,Kl{K,f)= Y JMQi'K>fq,Ki) 
QdHM) 

for weighted characters. This in turn implies that 

0L.Ar1(/)= Y <t%QUQ**) 

for any L £ £(Af). It follows inductively from the definitions of the invariant 
distributions that 

I M . K A I J ) = h i i l J ) - • 

PROOF OF LEMMA 3.3. Let A' be a fixed maximal compact subgroup of G(F) 
which is admissible relative to M. Then A-! = 9K is a maximal compact subgroup 



CANONICAL NORMALIZATION OF WEIGHTED CHARACTERS 49 

of Gi(F) which is admissible relative to 6M. Having established Lemma 3.4, 
we are free to use i^i as the "base point" for constructing the constituents of 
J9A/(07, # / ) . The lemma is then a consequence of the various definitions. 

Consider, for example, the weighted orbital integral J M ( 7 , / ) . To describe the 
effect of 9 on the weight factor vwix), we use the fact that for any P £ V{M), 6 is 
compatible with the decompositions G(F) = P(F)A' and Gi(F) = {eP){F)Ki. 
It follows that there is a linear isomorphism 6: am —> oeM such that 6Hp{x) = 
Hgp{6x), which leads to the identity VM{X) = VBM{9X). We may therefore write 

7^(7,/) = 1-0(7)Ie / {ef){{ex)-1e7{ex))veM{9x)dx. 
JG^F)\G{F) 

Since .0(7) = D{9n(), and since x —> 0x is a measure preserving diffeomorphism 
from G 7 (F ) \G(F ) onto Gi,e7(F)\Gi(F) , we can conclude that 

JeM{Sl,9f) = JM{i,f). 

A similar argument for the weighted characters leads to the identity 

JeM(9ir,9f) = JA / (T , / ) , T £ n t e m p(M). 

Therefore, 9{<j)L{f)) = <}>eL{9f) for any L E C{M). The lemma then follows from 
the inductive definitions of IeM{Ol,9f) and fw(7, / ) • • 

4. A conjectural transfer identity. It is important to understand how 
the distributions / M ( 7 I / ) behave under endoscopic transfer. We shall state a 
conjecture which seems to lie at the heart of the problem of comparing general 
trace formulas on different groups. 

Let fell(G) be the finite set of equivalence classes of elliptic endoscopic data for 
G over F ([8], [9]). Following the usual convention, we denote an element in £.11 (G) 
by a symbol G', even though G' is only the first component of a representative 
{G',Q',s',Ç') of an isomorphism class. (See [6, Section 2] for a description of 
the objects G', s' and Ç'.) Then G' is a quasisplit group over F , which shares 
some of its maximal tori with G. We assume for simplicity that we can fix an 
/^isomorphism from G' onto the L-group LG'. Then Ç' can be identified with 
an L-embedding LG' —• LG of L-groups. Langlands and Shelstad [9] define a 
transfer map 

/—>/'(*')= Y AG(5',7)/G(7) 
76r G (G) 

from functions / on G(F) to functions / ' = fG' on the set E G ( G / ) = 
SG-reg(G'(F)) of G-(strongly) regular stable conjugacy classes in G'(F). The 
transfer factor A G ( ^ / , 7 ) is an explicit, complex-valued function on E G ( G / ) X 
rG(G) that vanishes unless 6' is an image of 7 (in the language of [9, (1-3)]). 
The Langlands-Shelstad transfer conjecture in this context asserts that if / lies 
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in C(G), there is a function in C(G') whose stable orbital integrals are given by 
the values of / ' . 

If G is quasisplit, G itself is an element in feii(G). Then fa{S) equals the 
stable orbital integral of / at iî £ SG(G) , at least up to a constant multiple. An 
invariant tempered distribution 5 on G(F) is said to be stable if it vanishes on 
the kernel of the map / —• / G . If this is so, there is a tempered distribution 5 
on EG(G) (a notion that is not hard to make precise) such that 

S{fG) = S{f), feC{G). 

Returning to the general case, we assume in what follows that the Langlands-
Shelstad transfer conjecture holds for any G' E £e\\{G). If 5 ' is a stable tempered 
distribution on G^F), S'{f') is then defined for any / £ C{G). 

The conjectural transfer properties of / M ( 7 , / ) are best stated in terms of 
adjoint transfer factors. We assume that for each G' £ 5eii(G), we have been able 
to identify Ç' with an L-embedding LG' —> LG. This is possible, for example, if 
the derived group of G is simply connected. The same property then holds for 
each of the endoscopic data M' £ £e\\{M). We shall also discuss only the case 
that 7 lies in the subset rG,eii(Af) of Af-elliptic conjugacy classes in rG(Af). 
Parallel to rG,eii(Af), we have the "endoscopic" set Tçen{M), which consists of 
the Af-isomorphism classes of pairs 

(M',^) M'Efe l I(M), 5'£ EG,eii(M'). 

We can also identify TQ ei1(M) with a disjoint union of orbits 

U (EG,ell(M')/OutM(M')), 
Af'e£,ii(M) 

where as in [6, Section 2], Ou t^M' ) is the group of outer automorphisms of the 
endoscopic datum Af'. Since AM {S', 7) is invariant under the action of OutM(Af') 
on 5', the transfer factors for M can be combined into a function on F^ eI1(M) x 
rG,eil(Af). We then introduce the adjoint transfer factor 

AM{7,5') = \}C^-1AM{5','y) 

on rG,eii(M) x rê,e,i(M) as in [6, (2.3)]. 
We shall attach a family of endoscopic data for G to an endoscopic da-

tum for Af. Consider an element Af' £ £eii{M). We choose a representative 
{M',M',s'M,Ç'M) within the given equivalence class so that M' is a subgroup 
of LM, and so that the embedding Ç'M is the identity. Then s^ is a semisimple 
element in Af which centralizes M'. Suppose that s' is an element in the set 
s'MZ{M)r, where Z(Af)r denotes the subgroup of elements in the center of Af 
that are invariant under F = Gal(F/F). Let G' be the connected centralizer of s' 
in G. Then G' = G'M' is a subgroup of LG, and is a split extension of Wp by G'. 
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Taking £' to be the identity embedding of G' into LG, we obtain an endoscopic 
datum (G',*?'^',^') for G. We shall^write £M'{G) for the set of such s', taken 
modulo the subgroup Z{G)r of Z{M)T, for which the corresponding endoscopic 
datum for G is elliptic. Following the earlier convention, we shall represent a 
given element in £M'{G) by its endoscopic group G'. We are not actually tak-
ing isomorphism classes of endoscopic data here, so different elements in £M' (G) 
could give the same element in £en{G). However, the ellipticity condition we have 
imposed means at least that there are only finitely many elements in £M'{G). We 
can identify Af' with a Levi subgroup of any given G' E ^ M ' ( G ) . For each such 
G', we define a coefficient 

tM-(G,G') = \Z{M')r/Z{MnZiG')r/Z{G)r\-1. 

The quasisplit case plays a special role in the conjecture we are about to state. 
If one of the groups G or Af is quasisplit, so is the other, in which case we shall 
say that (G, Af ) is quasisplit. 

CONJECTURE 4.1. There are stable distributions 

SÛiSJ), /£C(G) , 

defined for quasisplit pairs (G, M) and elements ô E EG,eii(M), such that for any 
(G,M) and any element 7 £ Fcei^Af), the endoscopic expression 

(4.1) 4(7. / )= Y ^ M ' ) Y ^'(G.G')^',/') 
(MM'^ryM) G'6fM,(G) 

equals/M (7,/) . 
REMARKS. 1. The conjecture includes the existence of new distributions 

5£((J, / ) and fjtf (7, / ) . These objects are to be regarded as stable and endoscopic 
analogues of the invariant distributions / M ( 7 , / )• 

2. Implicit in the assertion is that the outer summands in (4.1) depend only 
on the image of (Af',<S') in rfn(Af). It is not hard to show inductively from 
Lemma 3.3 that this actually holds for each of the terms S^f,{ô', / ' ) . 

3. We have been assuming the existence of an L-isomorphism G' —> LG' for 
each G'. This is only for simplicity. In general, one must choose a central extension 
G' -> G' for each G' by a suitable torusZ', as in [9, (4.4)]. (See also [6, Section 2].) 
One can then choose an L-injection £': G' —> LG' that plays the role of the L-
isomorphism above. The definitions and conjecture are easily modified to include 
the general case. 

4. If F is p-adic, the transfer factors AjW(7,J') and AM(<5',7) satisfy ad-
joint relations [6, Lemma 2.2] that provide an inversion of the formula (4.1). 
In the quasisplit case, this inversion gives an inductive definition of Sfy {S, f) in 
terms of the distributions / M ( 7 , / ) • If F is archimedean, however, the adjoint 
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relations fail, essentially because the set rG,eii(A^) is too small. It is possible to 
place the archimedean case on an equal footing with the p-adic case by embed-
ding FG,eii(Af) in a larger set. A natural extension of the conjecture asserts that 
Iftilyf) vanishes if 7 lies in the complement of rG,eii(Af). 

5. We have assumed that 7 lies in the subset FG,eii(Af) of FG(Af). Again, 
this was just for simplicity. Parallel to ra{M), one can introduce the endoscopic 
set TQ{M) as in [6, Section 2]. The conjecture can then be stated for 7 and 
S' in the larger sets rG(Af) and r§(Af). Unlike the special case of r^ei,(Af), 
however, Em element 5' £ T^{M) can lie in the image of several of the sets 
E G ( M ' ) . In particular, 5' does not determine a unique element Af' £ £ei\{M). 
To establish that the summands of (4.1) are independent of the choice of M', or 
more generally, that they depend only on the image of {M',ô') in F ^ M ) , we 
would need to establish descent formulas for the new distributions analogous to 
[3, Corollary 8.3]. 
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APPROXIMATIONS TO el'k 

TAKESHI OKANO 

Presented by M. Ram Murty, FRSC 

ABSTRACT. Let ci be any constant such that ci > 1/2. Then there 
exists a number g' = q' (ci ) such that 

I pi f l logloglogçN loglogq 
e > 

/ l _ log log log q\ 
\.2 loglogq / log log q ) q2 log q 

for all integers p, q with <j > g'. 
Corresponding results are given for the inequality if e be replaced by 

e1'2,*1'3^'* 

RÉSUMÉ. Soit ci une constante telle que ci > 1/2. Alors il existe un 
nombre q' = q'(ci) tel que 

I pi / l logloglogçN loglogq 
e > ' 

/ l _ log log log <A 
V2 loglogg / q\ V2 loglogg / q2\ogq 

pour chaques entiers p, q tels que q > q1 • 
Les résultats équivalents pour l'inégalité où e est remplacé par e1/2, e1/3, 

e 1 / 4 , . . . sont obtenus. 

1. Introduction. C. S. Davis [1] proved the following theorem: Let fc be a 
positive integer. Then, for any e > 0, there exists a number q' = q'{k,e) such 
that 

e'/'-£ >' — ' ^ f 9 
for all integers p, q with q > q'. 

In this note we prove the following theorem that is an improvement of Davis' 
result. 

THEOREM. Let A; be a positive integer, and let Ck be any constant such that 
Ck > l/{2k). Then there exists a number q' = q'{ck) such that 

log log log q\ log log g e 1 ^ - ? > 
/ J _ _ log log log g \ 
^2fc Ck log log q J log log q J q2logq 

for all integers p, q with q> q'. 
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2. Lemmas . 

LEMMA 1 (CF . [3] LEMMA). Letp, q be positive integers, and let Pn/Çn be 
the n-th convergent of e. Then 

_P log log g 
q 7Wg2logg 

for aii integers p, q with q > qaN+i {N > 6), where 

/ 3 \f, , loglog^iV + TVe)^ 
^ = (,2 + ïvTÏ72J ^ 1 + log(iV + 7/4) J • 

L E M M A 2 ( C F . [4] L E M M A ) . Let fc > 2 be a positive integer, and let Pn/<ln 

be the n-th convergent of e1/*. Then 

,iA _ 5 log log g 
ÔNq^logq 

for all integers p, q with q > QSN {N >5), where 

ÔN = 2[k+2N^ï)[1+ log(Ar + l) j ' 

PROOF. We prove Theorem for fc = 1. We may assume that p/q is a conver-
gent of e, since otherwise 

e-P-
2q 2 ' 

The continued fraction of e is 

e = [00,01,02,03...] = [2, l ,2n, l ]~= 1 . 

In other words, ao = 2, and for m > 1, a3m = a3m_2 = 1 and a3m_i = 2m. 

CASE I. p/q = P3m/q3m- Since ©m+I = 03m+ig3m +Q3m-1 = gsm +<73m-l < 
293m, we obtain 

1 P3n 
93n 

1 log log 93,, 
93m(g3m+l + 93m) ' 3gfm g3ml0g93m 

for all sufficiently large m. 

C A SE II. p/q = Psm+i/qam+i- We can easily find asymptotic expressions for 
loggam+i etc., as m - • 00: 

logg3m+i ~ mlogm {cf. [3] Proof of Lemma (131)), 
log log g3m+i ~ log m + log log m ~ log m, 

logloglogÇ3m+i ~ log log m. 
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For m > 1, we note that 
- i i-K-^n- loglog((4m-i-7)/e) 

log(7n + 7/4) 

w- 3/2 ^ / 1 _ loglog((4m + 7)/e) 
m+ 1/2 J \ log(m-f-7/4) 

1 3 1 1 loglog((4m + 7)/e) 
> 2 _ 4 ' m + 1/2 2 ' log(m -I- 7/4) 

Since the last term 

1 3 loglogqsm+l 1 logloglogftm+l 
rss — — — 

2 4 logg3m+i 2 loglogg3m+i 

1 1 log log log q3m+i , ,/'logloglogg3m-fi . „ _ 
-j- o I — — : as m —• oo, 

e — 
/ l _ logloglogg3m +i\ loglogg3Tn+i 

V2 1 I0gl0gg3m+1 / 93m+llog93m+l 

2 2 loglogfljm+i V logloggsm+i 

by Lemma 1 we obtain 

P3m+1 
93m+l 

for all sufficiently large m. 

CASE III. p/q = PsmWflam+a- We can prove Theorem in this case similarly 
to Case I. 

In a similar fashion we can prove Theorem for fc > 2. This completes the proof. 
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THE DUAL VARIABLE AS EIGENFUNCTIONS AND 

APPLICATIONS 

N. BEN SALEM AND K. T R I M È C H E 

Presented by G. F. D. Duff, FRSC 

RÉSUMÉ. Nous définissons un opérateur de second ordre aux différences 
finies PQj/3 pour lequel la fonction de Jacobi tp^'^ty) est une fonction 
propre par rapport à la variable duale A. Ensuite nous donnons un autre 
opérateur de second ordre aux différences finies Q tel que les transforma-
tions de Mehler duale Xa,p et sa transposée tXa,0 soient des opérateurs de 
permutation entre Pa^ et Q. 

1. The Jacobi functions with respect to the dual variable as eigen-
functions. For a > - i , /Î 6 K, A G C, t > 0, the Jacobi function tp^^t) is 
defined by 

(1) tp£'0\t)=2Fi(±{p + iX),±{p-iX)-,a + l;-sirih2t\ 

where p = a + /3 + 1 and 2^1 is the Gauss hypergeometric function. 
It is well known that the Jacobi function t —y V A * ^ * ) i s a n eigenfunction of 

the Jacobi differential operator A ^ defined on ]0, -l-oo[ by 

(2) ^-âJûH^O 
with 

Aa,0{t) = 22P{smht)2a+1{cosht)20+\ 

More precisely, the function t —> V A ^ W is the unique solution of the following 
differential equation 

UQ,0tpW\t) = -{x2+p2)tp^{t), 
l ^ / ? ) (0 ) = l 4 ^ ) ( 0 ) = 0. 

A natural question arises, whether or not the Jacobi function ^Q'/3)(t) is an 
eigenfunction of some operator with respect to the dual variable A. In the fol-
lowing, we shall give an answer to this question. Especially we shall define a 
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second order difference operator Pa,0 such that for all t > 0, the Jacobi func-
tion A —> ^x'^i*) 1S a n eigenfunction of Pa^ corresponding to the eigenvalue 
— cosh 2t. 

PROPOSITION 1.1. For all X e C and t > 0, the Jacobi function tp* {*) 
satisfies the following equation 

-{iX-p) + a + l {iX + p){iX-l) 

(3) +(iA-p)(iA + l) 

4aJ(0 
±{iX-p) + l3 >./?) •2v>^)/ ^2'i{t)-iX{a2-P2)tp^,it) 

= -iX{X2 + l){cosh2t)tp^'0){t). 

PROOF. We have for all A 6 C and t > 0: 

tpM\t) = Rf$x_p){co*h2t) 

where 
R^{z) =2 Fi{-p,p + p;a + l ; -(1 - z)). 

For n G Z+, ^'^{x) is the Jacobi polynomial of degree n, normalized by 
^ ' ^ ( l ) = 1. It satisfies the following three-term recurrence formula, (see [7], 
p. 71). 

2(n + p)(2n + p- l)(n + a + l ) i#+f (a;) 
= (2n + p) [(2n + p)2 - l]xRt0){x) + (<** " ^ ) (2n + p)R^)(x) 

-2n{n + (3){2n + p + l)R!£!p{x). 

Using the Carlson Lemma (see [8], p. 186), we obtain the relation (4) by analytic 
continuation in n. 

DEFINITION 1.1. For an even continuous function f on C, we define the sec-
ond order difference operator PQt0 by 

^ ( A ) / ( A - 2 i ) + V^(A)/(A) 
+ Uai/3{-X)f{X + 2i), ifX^0,X=£±i 

Pa,0fW ={{a2-/32- l)/(2t) - (a2 - ^2)/(0), ifX = 0> 
\{a2-(32 + 4a)f{i) 

if X = ±i, 

where 

- i ( a
2 - / ? 2 + 4a + 4)/(3i). 

n tu (iA + pKiA + a -v^ j - l ) a2 -P2 

2A(A - i) 

THEOREM 1.1. The function X —• (p̂  (f) is an eigenfunction of the oper-
ator Pa^ corresponding to the eigenvalue — cosh2t, that is 

(4) VA G C, t > 0, Pa^'0){t) = -{Cosh2t)tp^'0){t). 
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PROOF. It is a consequence of Proposition 1.1 and the definition of the oper-
ator PQt0. 

2. Permutation relations. It is well known that the Mehler representation 
of the Jacobi function tp^Ht) with respect to the variable t permits to define 
the Abel transform and its dual which are permutation operators between the 
differential operator AQ^ given in (2) and £ (see [5] and [9]). Having at our 
disposal a dual Mehler representation of the Jacobi function tp^'0){t) with re-
spect to the dual variable A, which is exploited to define a pair of dual integral 
transforms denoted Xa,0 and 'xarf and called dual Mehler integral transform and 
its transpose (see [2]), we shall define another second order difference operator Q 
such that Xa,0 and 'xo./J are permutation operators between Patp and Q. We be-
gin by recalling some results of the Harmonic Analysis associated with the Jacobi 
functions, (see [1], [2], [4], [5] and [6]). Henceforth we assume that a>/3>-±. 

NOTATION. We denote by 
• 25» (R) the space of even C^-functions on R with compact support. 
• H, (C) the space of even, entire functions V» on C which are rapidly decreas-

ing and of exponential type, that is: there exists R > 0 such that for all 
n G N, supA6C |(1 + An)e-Rl/'nAl^(A)| < +oo. 

• To the Fourier-cosine transform defined for / G P.(R) by 

/•oo 
VA G C, J0(/)(A) = / f{t) cos{Xt) dt. 

Jo 

• dpa,0{t) = {2n)-i22P{siTiht)2a+1{cosht)2^1dt. 
• dva,0{X) = (27r)-^|ca,/3(A)|-2dA where 

2^F(fA)F(a-H) 
'-Q.PV'V p/a +0+i+iXxp,a-p+l+iX j • 

2.1. Paley-Wiener theorem for the Fourier-Jacobi transform. The Fourier-
Jacobi transform Fat0 of f e L>,(R) is defined by 

/•OO 

(5) V A G C , ra,0if)W= fit)tp^0){t)dpa,0{t). 
Jo 

THEOREM 2.1. The Fourier-Jacobi transform Fa^ is an isomorphism from 
Î>,(R) onto IHI,(C) and its inverse is given by 

(6) -̂ju/w) = r^Afm^i^d^AX). 
Jo 

(See [4]). 
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2.2. L>ua/ Mehler integral transform and its transpose. The function i^"' (t) 
possesses the following dual Mehler representation 

(7) Vt > 0, VAo G R, tp{°o'0){t) = - / bQ,0{Xo, X) cos{Xt) dA. 

where bay0{Xo,X) is a nonnegative kernel satisfying 

2 f00 

- ba,/3(Ao,A)dA = l. 
n Jo 

The kernel 6a,j9(Ao,A) can be extended to an even analytic function on the set 
{(Ao,A) G C2/ | /mAo| + |/mA| < p}. (See [2]). 

DEFINITION 2 .1 . The dual Mehler transform denoted by Xa,0 is defined for 
/ G L1 ([0, +oo[, dA) (the space of integrable functions on [0, -l-oo[ with respect to 
the Lebesgue measure dX) by 

2 f00 

(8) VAoGR, Xa,/3(/)(Ao) = - / bQ,0{Xo,X)f{X)dX 

where ba<ff is the kernel given in the formula (7). 

(See [2]). 

REMARK. We have for all Ao G R and t > 0, 

(9) ^ Q / ) ( 0 = Xa,^(cos(.t))(Ao). 

(See [2]). 

DEFINITION 2.2. The transpose of Xa^ denoted by 'xa^ is defined for g e 
L1 {[O,+oo[,dt/a,0) (the space of integrable functions on [0,+oo[ with respect to 
the measure va,0) by 

(10) 
TOO 

VAGR, tXor,(9(5)(A)= / ba,/9(Ao,A)ff(Ao)di/0,/j(Ao). 
Jo 

(See [2]). 

REMARK. The transform tXa,0 is related to the inverse Fourier-Jacobi trans-
form .F~j, by the relation: 
(11) Kj = Fï^XaJ 

DEFINITION 2.3. For an even continuous function f onCwe define the second 
order difference operator Q by 

Q(/){A) = -J[/(A + 2t) + /(A-2i)]. 
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REMARKS. For ail g in ©.(R), we have 

(12) QFo{g) = -Fo{{cosh2t)g) 

(13) Pa,0?a,0{g) = -Ta3 ((cosh 2t)g) 
THEOREM 2.2. Let f be in IHI,(C), we have the following permutation relations 

(14) PoMaAf) = Xa,0Q{f), 

(15) 'XcfiPaAf) = Q'XoM-
PROOF. Let / be in M,{C), by the Paley-Wiener theorem for the Fourier-

cosine transform F0, there exists g G P»(R) such that / = Foig)- Then, from the 
relations (8) and (12), we have for all A0 G R: 

Xa,0Q{f){Xo) = Xa.0Q{Fo{g)){Xo) = -xa,0Fo{{cosh2t)g){Xo) 
2 f°° 

= — / 6a,/3(A0,A).F0((cosh2t)5)(A)dA. 
"" Jo 

By using Fubini's theorem, we obtain 
/•OO 

XaMf)(A») = - / tp{*'0) {t)g{t) cosh{2t) dt. 
Jo 

On the other hand, we have for all A0 G R: 

Pa,0XaAf)iK) = Paj)Xc,Aro(9)){\o). 
By using Fubini's theorem, we have for all A0 G R: 

XaA^oig))^) = - / baAK,A):Fo((7)(A)dA = / tp^0){t)g{t)dt. 
"Jo Jo " 

Hence using Theorem 1.1 we deduce that 

Pa,0XaAf){K) = - f tp{*'0){t)g{t)cosh{2t)dt. 
Jo 

Thus we obtain the relation (14). 
For the relation (15), let / be in 1I.(C), by Theorem 2.1 there exists g G Î>,(R) 

such that / = Fa A9)- So from the relations (9) and (11), we have for all A G R: 

'Xa^PcAniXo) = 'Xa^PaAFaAg))^) = - ' ^ ( ^ ( ( c o s l ^ ) ) (A0) 
= -.F0((cosh2f)5)(A0). 

On the other hand, we have for all A0 G R: 

Q'XcAmo) = QtXa,0FaA9){K) = QTo{g){Xo) 
= -Fo{{cosh2t)g){X0). 

Thus we complete the proof of the relation (15). 
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PROPOSITION 2.1. Let f be an even analytic uniformly almost periodic func-
tion on C, then we have 

VA G R, PQ,0XaAf)W = WQ(/ ) (A) . 

PROOF. From the Polynomial Approximation Theorem, (see [3],p. 148), the 
function / is an uniform limit of a sequence of even exponential polynomials that 
is 

/ = lim /„, 
n—>oo 

where /n(A), A G C, is given by 
n 

fn{X) = Yakcos(ffcA)' afc G C and tfc > 0. 
fc=i 

But from the relation (9) and (4), we have 

VA G R, PQ,0Xc.Afn)W = wQ(/n) (A) . 

Thus we obtain the result by taking n —* oo. 
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ON HALMOS' SHARPENING OF REID'S INEQUALITY 

C.-S. LIN 

Presented by P. A. Fillmore, FRSC 

RéSUMé. Nous démontrons dans cet article que l'inégalité 
|(5(l+2r>««+(l+2.WttElj,)| < r(A')||S<l+2r)nx||||S<1+28^j/|| 

est vérifiée pour tout z et y d'un espace d'Hilbert, où S > O, S2(1+2r>a/f 
est Hermitienne, o, /3 £ [0, i\,r,s >0, K est un opérateur arbitraire etr{K) 
est le rayon spectrale de K. Déplus, si 2(l+2r)a: = 2{l + 2s)0 = 1 et y = i 
nous retrouvons la version d'Halmos de l'inégalité de Reid: \(SKx,x)\ < 
r{K){Sx,x). 

Let K and 5 be linear operators on a Hilbert space H such that S is positive 
and SK is Hermitian. Then 1(5^3;,x)| < ||A:||(Sx,x) for every x G H. This 
is Reid's inequality [4]. Using a similar method Halmos gave a sharpened form 
[2, Problem and Solution #82] in which \\K\\ is replaced by r{K), the spectral 
radius of K. The proof of the inequality was obtained by using the Schwarz 
inequality for positive S, induction, and a limit process. We show that if the 
Furuta inequality is adopted instead of the Schwarz inequality, then we have a 
generalization of the Halmos version of the inequality. In [3] we gave some Reid 
type inequalities, and some equivalent inequalities were discussed. 

In what follows, the capital letters always mean bounded linear operators 
acting on a Hilbert space H. T is positive (written T > O) in case (Tx, x) > 0 
for all x G H. 

LEMMA. IfT>0, then 

|(T(i+2r)u!+(i+2.)^)y)|2 < {T2(l+2r)ax,x){T2^+2a^y,y) 

for all x, y G H, where r,s>Q, and a, /? G [0,1]. 

PROOF. •|(T(1+2r)a-H1+2s)'3x,y)|2 < HT^+^xlP l lT^+^yl l 2 by the 
Cauchy-Schwarz inequality. 

Remark that if A,B > O, r > 0, p > 1, a G [0,1], and if A > B, then 
the inequality (Brj4pBr)(i+2r)a/(p+2r) > B ( i+2r)a h o l d s t r u e T h i s i s t h e p u r u t a 

inequality [1, Theorem A], and conditions on r, p and a are the best possible with 
respect to the inequality itself. Furuta proved that the inequality is equivalent to 
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the following one [1, Theorem 1]: If A, B > O, r, s > 0, p, 9 > 1, a, /3 G [0,1], and 
if |T|2 < A2 and |T' |2 < B2, then the inequality 

| ( r | T | ( l+2r)a+(l+2S)^- l a .^ |2 

<((|T|2rA2p|T|2r)(1+2r )a / (p+2r )x,x)((|T'|2sB2' ' |T'|2s)(1+2s) /3 / (< '+2s)j/,y) 

holds true for all x,y G H, where \E\ means the positive square root of the 
positive operator E*E. Our Lemma follows trivially if we let A = B = T > O 
in the above inequality. This is the reason why we restrict ourself to the power 
(1 + 2r)a + (1 + 2s)(3 for T in the Lemma. 

In the Lemma if, in particular, r = s = Qanda = 0= 1/2, then \{Tx,y)\2 < 
{Tx, x){Ty, y) for all x, y G H, the Schwarz inequality for positive T. If a = /? = 0, 
then we obtain the Cauchy-Schwarz inequality for vectors in H. We are now ready 
for the main result. 

THEOREM. LetS>0 and let S2(1+2r)aK be Hermitian for some a G [0,1] 
and r > 0. 

\{S^+2r^+^+2a)0Kx,y)\ < r t /O l l - ^+^x l l \\S{l+2s)0y\\ 

for all x, y G H, /? G (0,1] and s > 0. 

PROOF. We first show that if S2^+2^aK is Hermitian, then so is S2(1+2r'>QKn 

for n = 1,2, Write a = 2(1 + 2r)a, and observe that Sa is Hermitian, and 
that {SaKnx,y) = {Kn-lx,SaKy) = {SaKn-1x,Ky) = {Kn-2x,SaK2y) = 
..• = {x,SaKny). 

Next, we shall use induction process to show that the inequality 

| ( 5 { l+2r )a + ( l+2 S )0 A : X ) y ) | 2 " 

< {S^1+2r)aK2nx,x){S2^+2r^x,x)2"'1-1 (52(1 + 2 s )^ ,y)2" ' 1 

holds true for all x, y G H. To this end, when n = 1, we have 

|(5(i+2r)a+(i+2S)/3Ka.)2/)|2 < {s^+2r)aKx, Kx){S2{1+2s)0y,y) 

= (S2(1+2r)QA'2x,x)(52(1+2s)/îy,y) 

for all x, y G H by the Lemma. If n = 2, then 

| ( 5 ( i + 2 r ) Q + ( i + 2 s ) / 3^X ) y ) |4 < {s2^+2r)aK2x,x)2{S2^+2s)0y,y)2 

< ||S(1+2r)aK2x||2||S(1+2r>Qx||2(52(1+2s)'3y,y)2 

= (52(1+2r )oA4x,x)(S2(1+2r )ax,x)(52(1+2s^y,y)2 

by the Cauchy-Schwarz inequality for the term (52(1+2r)QA:2x,x)2. If n = fc + 1 
and if we assume the statement for n = k, then 
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\{S^+2r^+^+2a^Kx,y)\2k+' 
< {S2^+2^aK2kx, x)2(S2<1+2'-)Qx, x)2fc-2(S2(1+2s)'îy, y)2* 
< 1 1 5 ( 1 + 2 ^ ^ 2 " ; E | | 2 | | â S ( l + 2 r ) a a . | | 2 ( 5 2 ( l + 2 r ) a a . i ^ - 2 ^ 2 ( 1 + 2 3 ) ^ ^ 2 * 

= ( S 2 ( l + 2 r ) a / c 2 f c + ' X ) a ; ) ( 5 2 ( l + 2 r ) û a . ) a . ) 2 ' ' - l ( 5 2 ( I + 2 S ) / 3 î / ) y ) 2 * 

by the Cauchy-Schwarz inequality for the term (52(1+2r)o'A!'2'cx,x)2. Hence, for 
all n, and all x, y G H, 

| ( 5 ( l + 2 r ) a + ( l + 2 S ) ^ a . ) J / ) | 2 " 

< ||52(1+2r)Q|| HAT2"|| ||x||2(52<1+2r^x,x)2"~1-1(52<1+2â)'îy,î/)2,,"1• 

The required inequality follows easily if we take the 2n-th root of both sides and 
pass to the limit as n —• oo. 

COROLLARY 1. Let S >0, r,s>0 anda,l3 e [0,1]. Then, for all x,y G H, 
we have 

(1) |(5(1+2r)Q+<1+2a^+1x,y)| ^^IIS^+^^xllHS^+^^yll. 
(2) |(5(1+2s^A'x,y)| < r(^)||x|| ||5(1+2â^y|| if K is Hermitian. 
(3) \{S^l+23WKx,y)\ < rWUSMl ||5(1+2s^y|| if SK is Hermitian. 
PROOF. (1) Let if = 5 in the Theorem. 
(2) Let a = 0 in the Theorem. 
(3) Let 2(1 + 2r)a = 1 (or o; = 1/2 and r = 0) in the Theorem. 
Note that the Halmos version of the Reid inequality is obtained from the 

inequality (3) in Corollary 1 when (1 + 2s)/3 = 1/2 (or /? = 1/2 and s = 0) 
and y = x. It is interesting to compare the inequalities in the Lemma and (1) in 
Corollary 1. In fact, the inequality in the Lemma is a special case of the Theorem 
when K = I, the identity operator. 

COROLLARY 2. Let S > O, s > 0, /3 e [0,1], and letT = A + iB be the 
Cartesian form of T. Then, for all x, y G H, we have 

| (5(1 + 2^Tx,y) |<[r(A) + r(B)]||x||||5(1+2s)M|. 

PROOF. This follows obviously from the inequality (2) in Corollary 1. 
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