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DUALITY FOR A FAMILY OF NONLINEAR 
FRACTIONAL PROGRAMMING PROBLEMS 

by 

S.S. Chadha and R.A. Heeg 

Presented by G.F.D. Duff, F.R.S.C. 

ABSTRACT: Duality, an important concept in mathematical programming, is being investigated 
for a class of fractional programming problems. A dual is constrained as a function ofthe primal 
variables and the duality theorems are established. 

1. INTRODUCTION 

A group of functions for which local optimum is global optimum, and for which local 

optimum occurs at an extreme point ofthe constraint set are, as is well known, quasimono-

tonic in nature [4]. A family of objective functions of our primal problems is a subgroup of 

the group of quasimonotonic functions. The constraint set ofthe primal problem is linear in 

nature with a finite number of extreme points. Motivated by [1,3], we have formulated a dual, 

which is constrained as a function ofthe primal variables. The desired relationship between 

the primal and the dual problem is established wilh Ihc help of duality theorems. 

2. STATEMENT OF THE PROBLEMS AND ASSUMPTIONS. 

We take the following problem as our primal problem: 

JCr+C0 G ( x ) 
Minimize: fix) = . s —— 

•' fDx+DQ "W 

(1) 

Subject to: xeL , where L = {xlAx >b,x>0) 

Here A is an mxn matrix, x and b are column vectors with n and m components, respectively, 

C and D are row vectors with n components; C0 and Do are constants. 

Furthennore, we assume that, problem (1) is nondegenerate; Cx + t \ i and Dx + D() aie 
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positive for r in L, and that /(x) is differentiable. We present the following dual problem: 

Maximize: / 

S u b j e c t t o ^ / ^ / f e ( 2 ) 

-Ub + t^&^r H{x) H(x) 

u,tiO . Let M denote the set of all feasible solutions ofthe dual problem. 

We shall now establish the following lemmas: 

Lemma I. The fimction/fcl is quasimonotonic over the set L. 

Proof: Supposex1and X2 areinLwith/(xi)à/(x2) . 

By Martos [4], it sufiices to show that /(xi) i / (xo) ^ / f o ) 

for all XQ = AjC| +{1 - \)x2 where 0^X51 . 
jCxy+C0 JCx2+C0 

Now,/(xi) ^/(Jfi) implies that , £ . r .which means 
1 2 JDxx+D0 jDx2+D0 

IjT^^^T^ o r (Cx1+C0)(Dx2+Do)^(Cx2+Co)(Dx1+Do). 

Now, (Cx, +Co)(Dxo +Do)-(Cx0 +Co)(Dx1 +Do) 

= (Cx, +C0XD[kxl +il-X)x2] + D0)-(C[lxl+il-\)x1] + C0){Dxl +D0) 

= ^Cx, +Co)(Dx1 +D0) + (1 -X.)(Cx, +C0)(Dx2 +Do) -

MCx, +Co)(Dx1 +Do)-(I -X)(Cx2 +Co)(Dxl +D0) 

= (1 -^[(Cx, +Co)(Z)x2 +Do)-(Cx2 + Co)(£)x, +Do)] > 1-X 

à 0. Thus. (Cx, +Cxo)(Dxo +Do) â(Cxo +Co)(Dxl +Do) 

which implies that 

Qc.+C0 Cx0+C0 JCX^Q yCx0+C0 „ v w / * 
jrr n s -, " ; or ,.,.. s , ; which proves that / (x , ) >/(x0) 
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An analogous argument will show that / f a ) ^ / ( 'o ) • 

Remark: For a differentiable function,/(x;. it has been shown by Martos [4] that the above 

criterion for quasimonotonicity has the following simple form: 

/Oq) */(*2) impHes /*(xo)(xi -*i)*0 , foral1 XQ = **I + 0 " x ) * 2 . 0 * >• * • ; 

/ x (x 0 ) = - — 1 is the gradient row vector o(f{x) at x 0 . 

Lemma 2: Let x = (x J, o) be an optimal solution to the primal problem. Then for all 

columns fly ofthe matrix iA,-I) the following holds: 

(DflXfl + DoKC, -'CBB-^J) * (CflxB + Co)(Dy - DBB-laj) (3) 

Here Cy and Dj are theyth components ofthe vectors C and D respectively; B, 

Cg, and DB are the submatrices of/I, C. and D corresponding to ihe optimal 

basic feasible solution x. Tis used to denote the transpose ofa matrix. 

Proof: In light of Lemma I and [4], it follows that the optimum solution ofthe primal 

problem will occur at a basic feasible solution ofthe set L. Let that basic feasible 

solution be x=(.vJ,o) with» = (ti , .":. •""<) being (he corresponding basic 

matrix and xB = «"'A An improved basic feasible solution v , formed by 

replacing column ar with column aj, is given by [2] 

xB = xB -Gay andx; = 9 . ay = fl-'ay and 9 = ^ . (4) 

Inserting the O-components corresponding to the nonbasic variables, (4) is the same as 

x = x - 6 â y + 9 «. where ây = (aj ,Oj and e, is a unit column 

vector of n components wilh I in they"1 component. Because/W is quasimonotonic 

and differentiable, it follows that, fix) >/(x) implies that 
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o s/xMCr-x) =M*BW*J-*J )r=/xy(*a) -MXB)CLJ . 
Thus,under the non-degeneracy assumption,if for somej;fxj{xB) -fxixgfctï < 0 

then/(x) >/(f), showing that the insertion of column ay into the basis will 

decrease the value ofthe objective function. Consequently, if x = ^x ,̂ OJ is an 

optimal solution to the primal problem, then inequality (3) will be true. 

3. DUALITY THEOREMS. 
solution 

Theorem 1. If x is any feasible solution ofthe primal problem and (u,t) is any feasible ofthe 

dual problem, then t </(x). 

Proof: Consider any (u,t) of M and any x of L. 

By (2) and the fact that x à 0 , it follows that uAx+ ^ <, Sh • 
nix) n{x) 

Now, Axzb and M à 0 imply that uAx à ub . Substituting in the above inequality yields 

..î. . t*Dx , Cx . . . 

r2Dn Co /2Z)A Cn 
_ ^ . J L ^ t h e r e f o r c w é > _ * _ _ £ By(2).-«* + ^ ^ a n d t h e r e f o r e * * ^ - ^ (6) 

Combining (5) and (6) we get ^ - ^ + ^ S ^ i 

, Cx+Cn JCi+C0 which yields tl i " and / S ' which proves the theorem. Djf+D0 jDx+Do 

Theorem 2. If for any x* of L and for any (« V*) of M /(x*) = g(u*,f) ; then x* minimizes 

the primal problem and (w*,/*) maximizes the dual problem. 

Proof: From Theorem I, giu, I) s / (x) , for all («/,/) of M and all x of L. Therefore, 
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giu, 0 *A**) for aU («/,/) of M. Since/x*) = g(u*,lV, we have giu, l) fi g(u*, /*) 

for ail (M,/) ofW implying that («•,/*) maximizes the dual problem. The other part 

foUows similarly. 

Theorem 3: If XQ = ( x j . Oj is the optimal solution to the primal problem, then the 

corresponding optimal solution ofthe dual problem is given by 

M0 = 

'0 = 

CBB-lb+C0 

JDBB-{b+D0 DBB-h+D0 JDBB-lb+D0 

JCBxB+C0 

•B' 

jDBxB+D0 

Proof: Since x0 is the optimal solution to the primal problem, it follows from Lemma 2 that 

(DBxB+Do)(c-CBB-lA)-(CBxB+C0)[D-DBB-iA) *0. This is the same as 

C.CBB-U + [^^]{D-DBB-U),0t 

yDBxB*Onr y-» \DBxB + D0J «J" 

CS/gD + [ C f l - ( p ^ ^ ) D B V ' / < . Dividing by jDBxB+D0 yields 

Cfl fCBxB+Co} DB 
fDBxB + DQ {DBxB + D0) JDBXB+D0 

B-lA + '1° 
JDBXB*D0 yDflxfl + D0 ' 

and xfl = fl-,6 gives UQA + ' O 7 / ^ S 7J(^) 
Using DBxB = DXQ, CBxB = Cxo and xB = B - 1 * we can write u0 as 

«o 
CB JC*o+co} DB 

JDX0 + D0 VDx0 +D0; jDx0+D0 
B-
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Therefore, i,oA = ^ - , ^ . 

0 //(x0) W(x0) "'•H H(xQ) J-m?0) + {Dx0+D0J{ H(x0) J - mïtf • 

^Dn 
Thus, -ub + -jjç*- <, jjjL holds as an equality. 

Finally, the constraints ofthe primal problem can be written as i4x - X5 = A . The 

optimality of x 0 requires that the condition of Lemma 2 holds for all columns e, 

associated with the surplus variables x^ . TWs reduces to the condition that i/0 defined 

above is indeed non-negative. Thus the solution (w0, l0), as defined above, is feasible 

for the dual problem and in light of Theorems 1 and 2 is indeed optimal. 
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EXAMPLES OF NON-KÀHLER, ALMOST 
KÂHLER SYMMETRIC SPACES 

Presented by P.A. Fillmore, F.R.S.C. 

TAKASHI OGURO 

ABSTRACT. Concerning the Goldberg conjecture, il is worthwhile to study integra-
bility of almost Kahler structures on asymmetric space. Few examples of non-Kalilcr 
almost Kâhler symmetric spaces are known. In the present paper, we construct un-
countably many almost Kahler structures on the Riemanniem product of the hyper-
bolic space and the Euclidean space. 

1. INTRODUCTION 

An almost Hermitian manifold M = {M, J, g) is caUed an almost Kahler mani-
fold if the corresponding Kahler form ft is closed, and is a Kâhler manifold if the 
almost complex structure J is parallel with respect to the Levi-Civita connection 
V of the Riemannian metric g. The almost Kâhler condition dii = 0 is equiv-
alent to e.\,Y.z9ii^xJ)y,Z) = 0 for aU vector fields A', 1", Z € ï ( M ) , where 
@ denotes cyclic sum. Hence, a Kâhler manifold is necessarily an almost Kâhler 
manifold, and an almost Kâhler manifold with integrable almost complex structure 
is a Kâhler manifold. A non-Kâhlcr almost Kâhler manifold is called a strictly 
almost Kahler manifold. Examples of strictly almost Kâhler manifold have been 
constructed by many authors ([lj, (2], [8], [16J and so on). Concerning integrability 
of almost Kâhler manifolds, the following conjecture of Goldberg is still open ([5]): 
The almost complex structure of a compact almost Kâhler-Einstein manifold is in-
tegrable. Some progress has been made by several authors under some additional 
curvature conditions ([3], [4]. [10). [13). [14). [15) and so on). 

Taking account of the fact that an irreducible symmetric space is an Einstein 
space, it is worthwhile to study the integrability of almost Kâhler structures on n 
locaUy symmetric space. Murakoshi. Sekigawa. and the author proved that a four-
dimensiunal compart almost Kiihlcr locally syminotric space is a Kahler manifold 
((9)). Moreover. Sekigawa and the author constructed the first example ofa strictly 
almost Kâhler structure on a symmetric space, which is the one on H3 x R. the 
Riemannian product manifold of the three-dimensional hyperbolic space and the 
real line ([11]). However, to my knowledge, there arc no known examples of strictly 
almost Kahler symmetric spaces of dimension > 6. 

In the present paper, we study almost Kâhler structures on Mm x R2"-"'. 
the Riemannian product of the m-dimensional hyperbolic space and the (2n — 
m)-dimensional Euclidean space, and construct uncountably many strictly almost 
Kâhler structures on ïï3 x R2"-1 (2n > G). 

1991 Mathematics Subject Ctassijicalton. 5.1C'25. r>:iC:l5. .VICôô. 
Key words and phrases. Almost Kahler manifolds, Kahler manifolds. Symmetric spaces. 
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Gromov showed that on a non-compact, connected manifold M, any almost 
complex structure is realized by a symplectic form (with arbitrary choice of the 
element in the 2-dimensional de Rham cohomology group) ([7]). However, for a 
specified Riemannian metric on M, it is not always true that M admits an almost 
complex structure J such that iJ,g) is an almost Kâhler structure. In fact, in 
Section 3, we shall prove that Mm x R 2 n - m admits an almost Kâhler structure only 
when m = 3. 

The author express his sincere thanks to Prof. K. Sekigawa for valuable advice. 

2. PRELIMINARIES 

We denote by IHIm and R2"-"» the m-dimcnsionnl hyperbolic space of constant 
sectional curvature —1 and the (2n — m)-dimensional Euclidean space, respectively. 
We regard the Riemannian product manifold Ifilm x R2"-"» as the Riemannian 
manifold Mm = (R+n,5), where 

R ^ = { (ai xm,xm+1 i 2 n ) 6 R2n | x, > 0 } , 
t m — 

g = -jY^dxi®dxi + 2 ^ dxi®dx,-. 
^ i=l i=m+l 

We put Xi = xiid/dxi) (i = 1 m) and Xt = d/dxi (t = m + 1, . . . , 2n). 
Then {..Yi,... , Jfjn} forms a global orthonormal frame field on Mm. Let V be the 
Levi-Civita connection ofthe Riemannian metric g and put Ttjk = ff(V,Y,X;,X*)-
Then 

(2.1) r,-,-, = -r,-,, = 1 
for t = 2 , . . . , m and are otherwise zero. We denote by iî the Riemannian curvature 
tensor, where we assume that R is defined by RiX,Y) = (V.v.Vy) - V ^ v ] for 
X,Y e jE(Mm). The components Riju = giRiXi,Xj)Xk,Xt) of i î are given by 

(2.2) Rijtl = -iSuSjk - SitSj,), 

for 1 < i,j,kj < m and are otherwise zero. 
Now, let iJ,g) be an almost Kâhler structure on Mm. We put J^ = giJXi,Xj) 

and ViJjjt = giiVxiJ)Xj,Xk) for 1 < i,j,k < 2n. Then, it is obvious that 
2n 

(2.3) Jij = -Jji, 2^ JikJjk = Sij 
k=l 

for 1 < i . j < 2n. Furthermore, from (2.1). we see that the almost Kâhler condi-
tion 6i,j,k ViJjk = 0 is equivalent to the foUowing first order partial differential 
equations: 

l<j<k<m. 
l<j<m<k<2n. 
m< j <k <2n. 
l<i <j <k < 2n. 

A", Jjk + XjJk, + XkJij - 2Jjk = 0. if 
-Yi Jjk + XjJki + XkJij - Jjk = 0. if 
-Yi Jjt + XjJki + XkJij = 0, if 
XiJjk + XjJki + XkJij = 0, if 
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3. EXAMPLES 

We assume that (Afm,jr) admits an almost Kahler structure (J,ff). Since our 
aim is to extend the example in (11), in the rest of the present paper, we as-
sume that the smooth functions J 0 on M are functions on R 2 n - m , namely J^ = 
Jijixm+i,-. • ,X2n). Then, the system (2.4) reduces to the foUowing: 

Jjk = 0 , if 1 < j < t < m, 
XkJij = Jjk, ^ 1 < j < m < fc < 2n, 

, - „ XjJki+XkJxj = 0, if m < j < f c < 2 ^ 
( 3 - 1 ) XiJjk +XjJki + XkJij = 0, 'f m < t < j < f c < 2 n , 

XjJki + XkJij = 0 , if K i < m < j < fc < 2ii, 
- Y t J i ^ O , if l < i < j < m < f c < 2 n . 

First of all, we shaU prove the following. 
Proposit ion. If the iitcmannton manifold iMm,g) admits an almost Kâhler struc-
ture iJ,g), then the dimension m ofthe hyperbolic space in Mm must be three. 

Proof. We recall the curvature identity due to Gray [5): 
2n 

Riikt - Rati - « îJU + Rr,u + Run + «:>*/ + *.J*J + Rrjti = 2 E(v-J'^v-JH 

for 1 < i,j, fc, / < 2n. where R^ = giRiXi,Xj)JXk, JX,) and so on. In particular. 
2n 

(3.2) Rij.j - 2 i7 u i ; + n-.jij + n„ij + 2Ri],j + Rr,., = 2 E ( V a J l / ) 2 . 
a = l 

From (2.1)~{2.3) and (3.2). 
in ni " ' m 

i - 4j?j + Y,Ji + t<Jl+Y,J"J*-Y, JM»"1»-
a = l fl=l 11.6=1 0.6—1 

= 2\iXlJiJ)2 + Y,iX«JiJ-SaiJlj-SaiJil)2+ E ^"^j 
I ,1=2 a=»i+i 

for 2 < / < j < rn. Hence, from (3.1). xve have J2, + /?, = 1 for nU i. j with 
2 < » < j < m. From (2.3). ^ . 1 , Jtk = 1- Therefore, we conclude in = 3. D 

Now, we consider H3 x R3 and write down strictly almost Kahler structures on 
it. 
Example. Let .7 be the (l.l)-tensor field defined by 

iJii) = 

/ 0 cosfl sinfl 0 0 0 \ 
- c o s * 0 0 - ^ s i n * - ^ s i n f l -^sinê 
-.inO 0 0 ^ c o s f l ^ . « s * ^ c o s f l 

V 0 ^ s i n * -^cos9 M. - £ 0 
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where 0 = 0 ( i 4 , i 5 , x 6 ) is a smooth function on R3 satisfying 

f^V fàe\2 feeV , d2e d2e d2» n 

It is easy to verify that (IK3 x R3,J,g) is a strictly almost Kâhler manifold. 

iJemorfc 1. Let (c4,C5,C6) € R3 with c2 + Cj + c | = 1, and define *(i4,X5,X6) = 
C4X4 -1-csXs -l-C6X$. Then, the function 0 satisfies (3.3), and hence, the corresponding 
almost complex structure J determines a strictly almost Kâhler structure on M3 x 
R3. This means that H3 x R3 admits uncountably many strictly almost Kâhler 
structures. 

Remark 2. In the higher dimensional case, it is difficult to write down general 
solutions satisfying (2.3) and (3.1). However, we may observe that H3 x Rn (n > 3 
and odd) admits uncountably many strictly almost Kahler structures. 
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Real Prime-Producing Quadratics 
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Abstract 

The purpose of this paper is to announce results about quadratic 
polynomials of positive discriminant that generate maximal numbers 
of consecutive, distinct primes for an Initial range of input values. 
This provides the real analogue of the recent result that we provided 
for the complex side In [21, which generalized the well-known Rabi-
nowitsch criterion for class number one in complex quadratic fields. 
This generalization linked the prime-production of quadratic polyno-
mials with negative discriminant to complex quadratic fields with class 
groups of exponent one or two. In this paper we link the real quadratic 
prime-producers to class groups of real quadratic fields with exponent 
one or two. 

1 Notation and Preliminaries 
In [2], we gave a complete explanation of why polynomials of negative 

discriminant, such as Euler's polynomial x2 + x + Al, produce primes for 
an initial range of input values. The reasons are intimately linked to the 
exponent of the class groups of the underlying complex quadratic fields. In 
this paper, we look at the real side, and provide explanations for the prime-
production of quadratic polynomials of positive discriminant. 

The polynomial, which is the template for the study in [2], has a real 
analogue as follows. First recall that a fundamental discriminant or field 
discriminant is an integer A such that A = ^ D , where D, called the radicand 
associated wilh A, is square-free, a = 2 if D = 1 (mod 4), and tr = 1 
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otherwise. In this paper we will only be concerned with positive fundamental 
discriminants. 
Definition 1.1 Let à > 0 be a fundamental discriminant having N + 1 
distinct prime factors, with p being the largest. Suppose that q denotes ihe 
product of the N distinct prime factors of A excluding p,andq=lifN = 0. 
Then, the following is called the q* Euler-Rabinowitsch polynomial; 

F^ix) = qx2 + ia- l)qx + ((a - 1)<72 - A)/i4q), 
where a = 1 i/4(7|A, and a = 2 otherwise. 

It is the prime-production of F^ix) that we will study herein and link to 
the exponent of the class group of the underlying real quadratic field. Recall 
that the exponent of the class group of Qiy/D), denoted CU, is the smallest 
posiUve integer eA such that {Z}'4 ~ 1, where {/} denotes the equivalence 
class of the ideal / in eAl and ~ denotes equivalence in the class group with 
1 representing the principal class. 

2 Results 
We maintain the notation set down in section one throughout the balance 

of the paper. We provide the following results. However, the proofs, far too 
lengthy to reproduce here, will appear elsewhere. 

The first result tells us what must necessarily follow from the q"1 Euler-
Rabinowitsch polynomial producing consecutive, distinct initial values up to 
a Minkowski bound y/Â/2. 
Theorem 2.1 In what follows, (1) =* (2): 

(1) Î AflWI is I or prime for any integer x withO <x< {•\/A/2-Of+l)/a. 

(2) CA < 2 ond y/Kf2 < p. 

The following result shows that when A = 1 (mod 8) and (1) of Theorem 
2.1 hold, then we are reduced to a single value. This is the analogue of the 
result for complex quadratics given in [2, p. 20]. 
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Corollary 2.1 / / A = 1 (mod 8) and (1) of Theorem 2.1 holds, then A = 
33. 

We now turn to the case where A = 0 (mod 8). 

Theorem 2.2 Let A = 0 (mod 8). / / I F A ^ I ) ! is I or prime for all non-
negative integers x < \fD, then one of the following holds: 

(1) D = r2 + 1 = 2s with either D = 2 or else 5 = 1 (mod A) is prime, 
/IA = 2, and r is the only split prime less than y/D. 

(2) D = [y/D)2 + 2 = 2s where 5 = 3 (mod 4) is prime, h* = 1 and there 
are no split primes less than y/D. 

(3) D = q^jy/D/q)2 + q, h& = 2N~X, and there are no split primes less 
than y/D. 

(4) D = Kr + 3)/2]2 - 2 = 2s unfA s = 2((r + 3)/4]2 - 1 prime, fcA = 1, 
r > y/D is prime and there are no split primes less than y/D. 

The following table illustrates Theorem 2.2. In fact, it follows from [1, 
Theorem 6.2.2, p. 202) that the list is complete with one possible exceptional 
value remaining, whose existence would be a counterexample to the gener-
alized Riemann hypothesis (GRH). As a result of this last fact, this is the 
only illustration that we are able lo provide herein, since the known values 
for whicli the remaining results are known to hold under GRH, arc far too 
numerous to tabulate. 

Tkblo 2.1. D = 0 (mod 2) with ^ « ( x ) ! = I or prime for all 
x e T = { 0 . 1 . 2 . . . . , l V ^ J } . 

(a) D = r2 + 1 > 2, r < -y/D, /IA = 2. 

D 
10 
26 
122 
362 

r 
3 
5 
U 
19 

FA, (X) 
2d1-h 
2 i 2 - 1 3 
2 i 2 - 6 I 
2i2 - 181 

|FA.a(i)| for all i € T 
5,3,3,13 
13,11,5,5,19,37 
61,59,53,43,29,11,11,37,67,101,139,181 
181,179,173,163,149,131,109,83,53,19 
19,61,107,157,211,269,331,397,407,541 
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(b) £>=|y^JZ + 2,ftA = l. 

D 
6 
38 

Féfix) 
2 i 2 - 3 
2 ^ - 1 9 

FAJ,(X)| for ail x e T 
3,1.5 
19,17,11,1,13,31,53 

(c) D = \ir + 3)/2|2 - 2, r > >/D, hA = 1-

D 
14 
62 
398 

r 
5 
13 
37 

FA.,(*) 
2 x 2 - 7 
2 x 2 - 3 I 
2x2 - 199 

FA^(I)1 for ail x 6 T 
7,5,1,11 
31,29,23,13,1,19,41,67 
199,197,191,181,167,149,127,101,71,37, 
1,43,89,139,193,251,313,379,449,523 

We now tum to A = 4 (mod 8). 

Theorem 2.3 Let A = 4 (mod 8). / / IFA, , (I) | is 1 or prime for all non-
negative integers x < iy/D - l)/2, then BA < 2, and one of the following 
holds: 

(1) D = ly/D\2+q with /IA = 2W~1
I and there are no split primes p < y/D. 

(2) D = ily/D\ + l ) 2 - 2, with /IA = I and r = 2[y/D\ - \, is the only 
split prime less than VA. 

(3) D = (Lv̂ DJ + I)2 - s = st with s < t primes, /IA = 2 and r = 
[y/D] + 1 - (s + l)/2, is tAe only split prime less than y/D. 

(4) D = i[y/D\ + I)2 - s, where s is the second largest prime dividing A, 
andhA = 2N-1. 

(5) D = [y/D\2 + s where s is the second largest prime dividing A, ond 
/IA = 2 ' V - 1 . 

(6) D = i[y/D\ + l)2-q, vnthh*. = 2N-1, ondr = 2[y/D] -q+l, is the 
only split prime less than y/K. 

The remaining case where A = 1 (mod 4), reduces to the case D = A = 5 
(mod 8) by virtue of Corollary 2.1. The case where AA = 1 is special and 

the only result we have is the following, which remains unresolved. 
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Conjecture 2.1 7/A = qiqj = 5 (mod 8) wilh 91 = fe s 3 (mod 4) primes 
wilh qi < q2, then the foUowing are equivalent: 

(1) J F A ^ X ) ! is 1 or prime for all non-ncgalive integers x < iy/D - 2)/4, 

(2) D = q2s2 ± 4<7i or Aqfs2 - qi, and AA = 1-

We do however have a result in the remaining case where AA > I-

Theorem 2.4 Let A = 5 (mod 8) tuitA AA > 1- // |FA1,(X)| is 1 or prime 
for all non-negalive integers x with x < iy/D - 2)/4, tAen CA < 2, and one 
of the following must hold (where s is the second largest prime dividing D): 

(1) D = Lv^J2 + Aq, he, = 2N~l, and there are no split primes less than 
y/Df2. 

(2) £> = (3r + s + I)2 - 49 toitA AA = 2 = 2N-1, s = 1 (mod 3), ond r is 

(3) 

(4) 

(5) 

(6) 

(7) 

pnme. 

D-

D-

D-

D 

D-

= l2- As, 

= /2 + 4s) 

= / 2 ±4 , 

= l2-Aq, 

= l2 + Aq, 

with AA 

witA AA 

wilh AA = 

wilh AA 

wilh AA 

= 2N~l. 

= 2N-1. 

--2. 

= 2N-\ 

_ 2" - ! 

Therefore, the above represents the completion of the project designed to 
find all Euler-Rabinowitsch polynomials producing initial consecutive distinct 
primes. Complete lists of litem are given in (1], and tho lists aro known 
to be complele wilh one possible exception, whost; exisience would be n 
counterexample to the GRH. 
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On the Global Existence of Mild 
Solutions of Initial Value Problems 

Dorel Baxbu 

Presented by G.F.D. Duff, F.R.S.C. 

Abstract. In this note we give a global existence result for mild solutions 
of semilinear initial value problems in abstract spaces where the linear part 
is the infinitesimal generator of a compact Co-semigroup. 

AMS Subject Classification (1991): 47 B 05 
Key Words and Phrases: Compact Co-semigroup, global existence. 

Let A be the infinitesimal generator of a compact Co-semigroup {T(t)},>o 
on a Banach space A', {S(t)}(>o be a continuous family of bounded linear 
operators on X and / : [0,oo) x .Y —» X a continuous function. We consider 
the following semiliniar initial value problem: 

jî^l = Axit) + Bit)xit) + fit,xit)). t>0. (1) 
1 J (0 ) = xo, xo € -Y. 

If (1) has a classical solution then this soltition x satisfies the integral equa-
tion: 

xit) = r(/)xo + J Tit - s)[Bis)x(s) + fis.xis))) ds (2) 

A continuous solution x of the integral equation (2) will be called a mt'M 
solution of the initial value problem (1). We recall (3. Th. 6.2.2): 

Let A be the infinitesimal generator of a compacl scwigrup T{1), I >0 on 
X. If f : (0, oo) x .V -» -Y is continuous and maps bounded sets in (0, oo) x ,Y 
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into bounded sets in X then for every xo£ X the initial value problem (I) has 
a mild solution x on a maximal interval of existence [0, tmax). / / t m u < oo 
then lim,tiro„ ||x(f)|| = oo. 

Using this result we will prove the following: 

Theorem.ft) Let / : [0, oo) x A" —* X he continuous, satisfying the 
inequality 

| | / ( t ,x) | |<7(tM| |x | | ) (3) 
tu/iere w : [0,oo) —» [0,oo) is a continuous nondecreasing function, uj(t) > 0 
fort>Q and / i " ^ y = oo anrf 7 : [0,oo) -» [0,oo) is continuous. TAen the 
maximal mild solutions of (1) are defined on (0,00). 

(ii) In addition to (i), assume that fffais) + ||B(s)||) ds < 00. 
lf\\Tit)\\ -» 0 as t -» 00, tAen | | i(t) | | - • 0 os t -» 00. 

Proof, (i) We observe that / maps bounded sets in [0,00) x X into 
bounded sets in X. Therefore there exists a maximal mild solution of (1) on 
[0,tmax). 

Suppose that tmM < 00. Then limit<m„ ||x(t)|| = 00. From (2) it follows 
that 

N0ll< r (0^ | | + j[V(f-s)|| (11̂ )11 \\*is)\\ + \\fi*,*i*))\\))ds 

< K2 + A't jf<(7W + l|B(s)||)(t»(||x(J.)||) + HxH) rfs. t € [0.tm„), 

where A', = sup,e(0i,mM) | | r ( t ) | | < 00 and K2 = h'i\\x0\\. 
Applying the Bihari inequality (see [1]) we obtain 

I W 0 l l < G - V ^ / o ' ( 7 ( s ) + | | B ( s ) | | ) r f s ) , t e t O . t ^ ) , (4) 

where G(u) = / ^ ^rffads, u > 0. Evidently G is a increasing continuous 
function, GfA'j) = 0 and G(oo) = 00 since / j 0 0 j ^ y = 00 in our hypotheses 
(see [2]). Therefore G(A-2) + A', /0'(7(s) + ||B(s)||) rfs £ Dom(G-1) for which 
(4) makes sense. 
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From (4) we obtain 

limsup||i(0|| < G^ih't fm"(yis) + ms)\\)ds) < oo 

witch is a contradiction with our assumption. Therefore <mM = oo, 
(ii) First we remark that the maximal mild solution of (1) are global by 

(i). From the principle of uniform boundedness it results that there cxisis a 
constant Af > 0 such that ||r(t)|| < Af. t > 0. Therefore, like in (i). we 
obtain , 

IWOII < ^-'(^(Af Ijxoll) + Af jf (lis) + \\B{s)\\) ds) 

< G-xiGiM\\x0\\) + Mk) = L<oo 

where it = /0
0O(7(s) + ||B(s)||) rfs. 

Given any c > 0 we choose tt > 0 so that 

Af ML) + L) J^i-ria) + \\Bis)\\) ds < s. 

Observe that 

i(f) = r(t)xo + r(t - 1 , ) ^ " r(t, - s)(B(s)x(s) + /(s,x(s))) rfs+ 

+ f Tit - s){Bis)xis) + fis,xis))) ds, t > U, 

and therefore 

l|x(t)||<||T(t)||||x0||+||r(t-t1)||||jf"r(tl-s)(B(s)x(s)+/(s.x(s)))rfs|H-

+Af (ic(L) + L)^'(7(3) + j|B(s)||)rfs < 2e for all large t. 

Thus x(t) -» 0 as t - • oo.O 

Remark. .4s the proof shows, it t.s enough lo asume that 7 is locally 
integrable in (i). Therefore, taking it'(e) = t, t > 0. the classical global 
existence result from [3, Section 6.2f is a pariicular case of our theorem. 

For fit,x) = jj^xlndlxll + I), t > 0. 1 € -Y, and BU) = O.t > 0. we 
can apply our theorem whereas the result in 13] is not applicable. 
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INTEGRO-DIFFERENTIAL EQUATIONS ASSOCIATED WITH THE BESSEL 
OPERATOR ON THE COMPLEX DOMAIN 

N. BEN SALEM and W. MASMOUDI 

Presented by G.F.D. Duf f , F.R.S.C. 

Abstract. In this work we consider the Bessel differential operator on (£\(0) delined by 

A = i_ + 2 £ l i i . .. ocŒ I |-l,-2,-3....|, Rc<a) > - 1 / 2 -

We define a generalized convolution product associated with A denoted ft and we study the 

Integro-differential equations ofthe type n #f = £ a n A n t , where {an) Is a sequence of complex 

numbers and p is a measure over the real line. We characterize the solutions of these equations 
as restrictions on K of even entire functions of exponential type. 

O.lntroductlon. 
We consider the Bessel differential operator defined on Œ\{0) by 

A o i _ + l S L l i i . ; acŒ\|- l , -2.-3. . . . | . Re(a) > - 1 / Z 
dl2 z dz 

By using the method of generalized Taylor series in the sense of Delsarte (see |21), we associate 
with A generalized translation operators which permit to define a generalized convolution product 
of a convenient measure M on the real line and an even analytic funclion f on Œ, denoted M f. 

In this work, we are interesting in the study ol the following integro-differential equations 
oo 

M#f(z)= £ a n A n l ( z ) . (1) 
aio 

where (apl^Q is a sequence of complex numbers. 
These equalions characterize a class of even and entire (unctions of exponential type. In fact 

this sludy shows Ihal when Ihe measure M satisfies Jon|x|.i|p| < <•». where o is a positive number, 
R 

then every even entire function ol exponential type less than a, is a solution ol such equations and 
conversely if f Ls an even C^-lunction on R satisfying the equation (1) and if ]£»„ z-" is 

nia 
analytic inside Ihe disk |z| < a . a S o , then f is Ihe restriction on R of an even entire (unction o( 
exponential type at most a. 

Next, we assume that a eR, a > -1/2. In this case, the restriction on R of Ihe generalized 
translation operators associated with A possess an integral representation which is available (or 
even cominuous functions on R. so that we can consider equations of Ihe type JJ #( = Anf when 
f is an even C2" -function on R and JI is a convenient measure. We establish, under some 
assuptions, lhat every even C 2 n -function on R satisfying M #' = An ' is the resticlion on R ol an 
even entire function of exponential type. 
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We denote by y x z ) the unique solution of the following system 

| A U = - X 2 U , x e d , 

lu(0)=l ,u,(0) = 0 . 
The function y Xz) is given by 

2 a r ( a * l A ^ , if Xz-O, 
(Xz)a 

if Xz = 0 
where Ja is Ihe Bessel function of first kind and order o , (see (40. 
The function j a has the following properties : 

i) There exists a constant k > 0 such that : V zc Œ , i y z)| i. k el l m z' 
il) The function ^ can be expanded in entire series as follows 

lC((^)= I ( - l ) n X 2 n b n (z ) 
n =o 

Ha + 1) z 2n 
where the functions bn ,nf IN, are defined by hn(z)° r77(?) • 

11 nu vu + n + tj z 
|z|2n 

We remark that lor all zc I and (or all nc IN , we have lbn{z)|s —— and Abn+ ! = bn. 

Notations : We denote by 
- 5C.(Œ) the space of even entire functions on Œ, provided with the topology of uniform convergence 

on every compact of Œ. 
• %'.((r) the topological dual ol %.(<t). 
• Exp.(Œ) the space of even entire: functions of exponential type ; we have 

Exp.(a:)= u Exp., a ( i ) 

where Exp. a(Œ) = {f€%.(Œ)/ sup |f(X) e*a,x,| < - } . 
X d 

The space Exp., a (Œ) provided with the norm Na{f) = sup |f(X)e'alx'| < <». is a Banach space. 

We provide Ihe space Exp.((I) wilh the inductive limit topology. 
Definilion 1.1 : The generalized translation operators associated with A, denoted by Tz , zc(t, 

oo 

are delined on 30.(0:) by : Vue Œ, Tz f(w) = I bn(o))An f(z) . 
n = o 

We give Ihe following properties of the operators T z , (see [3], for more details). 
Proposition 1.1 : The operators Tz satisfy the following properties : 

i) For every zc Œ, the operator Tz is a linear and continuous map from %.(<l) Into itself, 
ii) For all function f in %.{(L) and for every zc Œ we have 

T2 f(u)) = Twf(z), T0f(z) = t(Z), A Tz f = Tz Af. 

ili)Forall zcŒ, w d and XcŒ,wehave Tz Ja(Xu) = ja(Xio)la(Xz). 

Iv)lf ac R,a>-1/2, we have for an even continuous function on R : 

Vx, y C R , Tx f(y) = r ( g * —. ffilj*2**2 * 2xycose)(sine)20' JO. 
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Definition 1.2 : The Fourier-Bessel transfonn JTg of an analytic functional Sc %'.{€) Is defined 

b y : 
vx€(t,yB(S)(x) = <s,yx.)>. 

K. Trimeche has established In [3] the following Paley-Wiener type theorem. 
Theorem 1.1 : The Fourier-Bessel transform CFg is a topological isomorphism from W.(Œ) onto 
Exp.(Œ). 

With the help of Theorem 1.1 we prove the following Polya representation type theorem for 
an even entire function of exponential type. 
Theorem 1.2 : Let f be an even entire function of exponentiel type a , a > 0. Then f has the 
following Integral representation 

f(z) = fja(z«o)F(u)du . 

where e > 0 and F Is an analytic funclion outside the disk centered at the origin and with radius a 

From Theorem 1.2 and the properties of the function j a , we deduce the following. 

Proposition 1.1 : Let f be an even entire (unction of exponential type a , a > 0. Then for every 
nc IN, the function Anf is even, entire and of exponential type a. 
Proposition 1.2 : Let f be an even entire function of exponential type a , a > 0. Then we have for 
every zc(I,ioe(r ande>0 

|T2 l(u) |^e{a + tHW+N), 
where \''sa positive constant. 

Notation : Let o > 0, we denote by M0(R) the space of Radon measures on R satisfying 

("«'""dljij < + ~ 

Définition 1.3 : Let f be an even entire (unction of exponenetial type a. a > 0, and pt M^R) with 
o > a. The convolution product associated with A ol the funclion I and Ihe measure p is the 

function denoted p HI, defined by 
vze Œ , p # f(z) = f TZI (y)Jp(y) 

Proposition 1.3 : Let f be an even entire function of exponential type a > 0, and pc M0(R) with 

o > a. Then the (unction p #f is even, entire and of exponential type a. 

Definition 1.4 : Let p be a measure in M (R). The Fourier-Bessel of Ihe measure p is Ihe 

function denoted p , defined by : Vzed , )'i(z) = f .i,,(zy)iiM(y) 
• • " a i 

We remark that for pc M0{R), the (unction p is even and analytic in the strip |lm z| < o. 

2 - Integro-differential equations associated with the Bessel operator A on the 
anace of entire functions of exponential type. 
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Theorem 2.1 :Lat pcMa(R). Then every even entire function of exponential type a, 0< a < o, 

satisfies the following equation 
oo 

Vze Œ , p #f(z) = !>„ A" f(z), (2.1) 
n "o 

where 
( - l ) n d2" . 

Proposition ^.1 : Let ( a n ) n i 0 be a sequence of complex numbers such that i: «„ z2n Is analytic 
n2o 

in the disk centered at the origin and whh radius o > 0, and p cM0(R). If the equation (2.1) Is 
satisfied by any function f In Exp., a (Œ), with 0< a < o.Then an Is given by the formula (2.2). 

Theorem 2.2: Let pc M0(R) and f an even C^-function on R satisfying 

VXC R , p#f{x) = £ an An f(x) . (2.3) 

where (a,,),,.^ is a sequence of complex numbers such thai the series £ an z2n is analytic inside 
nio 

the disk Izj < a , 0 < a < o. Then f Is the restriction on R of an even and entire function of 
exponential type at most a. 

Example. 

Letp be the measure defined by dp(y) = e"yy2a+1 1j0+<„[(y)dy , a >-1/2. Consider the 
equation 

P^f- Ï. an4nf. (2.4) 
n-o 

3 
r(a*n*-) 

a2a*l 

where a,, is given by a = f-
ntl'tn»—) 

By compulation, we have, (or |z| < 1 , M(Z) = • ? — J ^ L l ^ l ^ l l L , Then Theorem 2.1 shows 

lhat (2.4) is satisfied by every even entire function of exponential type less than 1. 

EtPPPSltlon 2.2: Let pcM^R) and u0 a zero of multiplicity N of the function 

g (z )=M(z ) -Z{ - l ) n c n z 2 " , 

where (cn)0 s n S k is a finite sequence in Œ. The function defined by f{x) = 2;an,hmiUi(x) is a 
ni"i) 

solution ol the equation 

M*f(x)= IcnAnr(x)., 

where hIIMIo(x) •=• xm ^""{"nX) and ( a , , , ) ^ , ^ . . , is a finite sequence in Œ. 

The previous result can be extended to the infinite case as follows. 
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Fora>-l /2 , letdp(. )=j ' 2" ,
0

1 '" ; ^ ^ 
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Propoaition 2.3 : Let |ieMa{E) and u0 a zero ol multipUcity N olthe (unction 

g W - M W - E C - O - C n Z 2 " . 
n-o 

Suppose that the series lcaz2n is analytic in the disk |z| <: a < o and |u0| < a. Then every 
aio 

function of the form f(x) = N i a m hm.Uo(x),, Is a solution of the integro-dilferential equalion 
m-o 

p#f(x)= j;cnAnf(x). 

Example 
Fori 

To construct solutions of the equation 
p # f = A l (2-5) 

we look at the roots of the funclion g(z) = p (z) + r = y^fila+W + z ^ 

Since there are an infinite number of zeros of this function, then there are an infinite number of 

solutions of (2.5). 

Proposition 2.4 : Let f be an even entire function ol exponential type a . a > 0 , | »n »" an 

analytic funclion in the disk |z| s b, which contains Ihe conjugate indicator diagram of f and 
p eM (R) , with o i b . If moreover f satisfies the equation 

n-o 
Then wehave 

M my-[ 
Kzl- I i:i»nzn.i;r,<Xkzj 

k-o n-o 
where (Xk), Osk<M. is Ihe set ol zeros of multiplicity mk of the function 

g(z) = M(z)- t(-\)n»air" 
n-0 

which are contained in the conjugate indicator diagram ol f. and Pn are conslants depending on (. 

3 . Inteoro-dlfferpptial Bouatlnns assoclatert with the Bpssel operator A pn the 

SBlfig o* o e n C2n-fMnctions on R. 

In the following we suppose lhat a c R. a> -1/2. 
Notations : We denote by 

- c t ( E ) . kc IN. the space of even Ck-functions on R. 
-cr (H) the space of even c~-(unctions on R. 

Bfiliplilan 3.1 : Let ( be an even continuous (unction on E. We say ihal the nonnegative and 
even function «; is a bounding funclion of f, if we have 

i)VxcE.|((x)|iu)(x) 
li) There exists a constant A(n') such that 
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vx,y c R, Tx tp(y) s A(tp) tp(x) v(y). 

The smallest constant saUsfying the latter Inequality will be called the supporting constant. 

We have the following results. 
Proposition 3 .1 : l)Let fbe such that Am(ccS(R).Thenf €C ? t k ( R ) . 
ll)Let fc c:(R) and p a measure on R. If tp Is a bounding function of f, satisfying 
L V(y)JlMl(y) < +00. Ihen p#f€ c2(R) and we have A(p#f) = p #Af. 

lll)Let f be in c r (R ) . Suppose that there exist a positive constant B and an even, nonnegative and 
continuous function ç on E such that 

Vx e H , |An f{x)| s B2" ip(x) , vn c IN. 
Then f is Ihe restriction on R of an even entire function of exponential type B. 

Proposition 3.2: Let fc C2(R), tp a bounding function of f and p a measure on R such that 

JR1>(x)d|p|(x) = V<+oo 

If f is a solution of the equation p # f = Af, then f is the restriction on R of an even entire funclion 
of exponential type al most (AV)1'2, where A is the supporting constant. 

Theorem 3.1 : Let f be in C2 n(R), n i l , satisfying 
i) |f(x)| s MeT|x| , 
i i )p#f = Anf, 

where p is a measure on E such that V= fe(T*,),ll,d|Ml(x) < +«. Then f Is the restriction on R of 

an even entire function of exponential type at most V 1 ' 2 n . 
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LINEAR STABILITY OF COUETTE-POISEUILLE FLOW B E T W E E N 
ROTATING PERMEABLE CYLINDERS 

A. A. KOLYSHKIN AND RÉMI VAILLANCOURT 

Presented by K.B. Ranger, F.R.S.C. 

ABSTRACT. The convective instability boundary of a circular Couette flow in the annu-
lar region bounded by two co- or counter-rotating coaxial porous cylinders with axial and 
outward or inward radial flows is studied. Bifurcation diagrams are obtained for axisym-
metric and non-axisymmetric disturbances and computational results are compared with 
experimental data. 
RÉSUMÉ. On étudie la frontière d'instabilité convective d'un courant de Couette circulaire 
dans la région annulaire bornée pnr deux cylindres poreux coaxiaux rotatifs en sens semblable 
ou opposés, avec flot axial et flot radial entrant ou sortant. On obtient des diagrammes de 
bifurcation pour des perturbations axisymétriques et non-axisymétriques et l'on compare 
les résultats numériques et expérimentaux. 

1. In t roduct ion . A rotating filter usually consists of an inner rotating porous cylinder and 
an outer stationary impermeable one. As a suspension moves axially between the cylinders, 
the filtrate passes radially through the wall of the Inner cylinder nnd the concentrnto is 
collected at the exit end of the annulus. Thus, in a rotating filter, a circular Couette flow, 
an axial flow caused by an axial pressure gradient, and a radial flow through the porous wall 
of the inner cylinder are superposed. 

Theoretical and experimental studies of nmvertive instability boundary of a viscous flow 
in an nnnulus between two rotating coaxial cylinders has been surwyod, for instance, in (1|. 
In [2), it is found that a Couette flow with a radial flow and axisymmetric perturbations is 
stabilized by an inward radial flow nnd destabilized by a weak outward radial flow. A strong 
outward flow has a stabilizing effect on the onset of Taylor vortices. 

The stability problem of a Couette flow with an axial flow duo to an axial pressure gradient 
has been solved [3, 4) for different values of the Reynolds number. Re, defined in terms of the 
mean axial velocity. In the presence of non-axisymmetric disturbances {5, 6. 7), the critical 
Taylor number, Tac, does not increase monotonically with Re. In [G] numerical results 
indicate that there exist regions of stabilization and destabiUzation in the (Rc,Ta)-plaiic: 
moreover, theoretical and experimental data are in good agreement for Re < 40, but for 
Re > 40 the discrepancy increases slightly with Re. 

Numerous applications of rotating filter separators have stimulated interest in the study of 
the stability of superposed axial, radial and circular Couette flows, and recently experiments 
[8] have uncovered different flow regimes. 

In this note we study the combined influence of axial and radial flows ou the convective 
stability of a circular Couette flow. The linear stabiUty problem of both axisymmetric 

Key words and phrases. Stability of Couette flow: rotating porous cylinders: axial flow, rndial flow. 
This work was partially supported through NSERC of Canada, Grant No. A791C aud the Centre <lc 

recherches mathématiques of the Université de Montréal. 
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(toroidal) and non-axisymmetric modes is solved for different values of the axial and radial 
Reynolds numbers. Numerical results are given for the cases of co-rotating and counter-
rotating cylinders, and theoretical results are compared with experimental data [8]. 

2. Formulation of the problem. Consider two infinitely long coaxial porous cyUnders, of 
radii Ri < Pj, which are rotating with constant angular velocities wi and U2, respectively. 
Let the measure of length, time, velocity, and pressure be given by A» = (Pa - Pi)/2, 
t = h2/i/, v = Uih, and p = pvwu respectively. We introduce a system of cylindrical 
coordinates (r, 0, z) with the z-axis coinciding with the common vertical axis of the cylinders 
and where r and z are dimensionless variables. The annular region between the cylinders is 
fiUed with a viscous incompressible fluid. We assume that a Couette flow coexists together 
with an inward or outward radial flow through the cylinder walls and an axial flow caused 
by a constant axial pressure gradient. If the velocity vector is a function of r only, the 
dimensionless Navier-Stokes equations have a steady axisymmetric solution of the form 

with 

vT = Uoir), ve = Voir), v, = Woir), p=*Poir,z) =:poiir)+po2i=), 

U0ir) = §?, Vo(r) = Ar"+1 + f 
. . . „ dpyf r j - r ? r?rg-rjrf rj_\ 
Wo{r' - dz [2(2 - a)(Tf - r?) r + 2(2 - a)(rj - rf ) 2(2 - Q)J 

(1) 

(2) 

(3) 

where 

A = 
prj- r ,2,o+2 

r2 — r 
2 

..a+'t ' 8 = H T - M^rr 2ro+2 

- a + ï . ,a+2 

2TI i W2 Ri r uiiR* — Rl) n = , r2 = , p = —, ri = -^-, i = i-i) i-n wi "2 4i/ 

a = uiRi/v is the radial Reynolds number, and U| is the radial velocity at r = r,. The rndial 
flow is inward if Q < 0 and outward if a > 0. It is assumed in (l)-(3) that dpmi^/dz = roust 
mid n ^ -2 . If a = -2 , the solution contains a logarithm; but this case is excluded from 
our analysis. 

It is convenient to define the axial Reynolds number as Re = 2Wa»/i/i/, where 

is the average velocity. We seek a perturbed solution to the Navier-Stokes equations in the 
form 

Vr 
ve 
Vz 

V 

Voir) 1 
Voir) 
W0ir) 

[poir,z) 
+ 

u(r) 1 
vir) 
wir) 

[ qir) J 

„-AI+iit«+mfl (5) 

where w(r). v(r), wir) and qir) are the complex amplitudes of the normal perturbations. 
k is the wave number, A = Q + i;3 is a complex eigenvalue, aud n is the azimuthal mode 
number. The numbers n = 0 and n = 1,2,... correspond to axisymmetric (toroidal) and 
non-axisymmetric perturbations, respectively. 
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Substituting (5) into the Navier-Stokes equations and using a standard linearization pro-
cedure, we obtain the following system of ordinary differential equations for u(r), vir), w{r) 
and qir), 

- ^ T ^ + ̂ u + ^nu + W^u-luV^-^ + Lu-^-inli.. 

-Xv + T(u^ + U0£ + ̂ inv + W0ikv+*rV0+V-U0}=-i^ + Lv-l+inln, 

-Xw + T hi'-^ + Uo-jp + y inw + W0i kw) =-ikq+Lw, 

where 

du u mv -r- + - + + tkw = 0, dr r r 

dr2* rdr r2 

The boundary conditions for «, v and u- are zero at r = n for t = 1,2. This problem is 
transformed into an eigenvalue problem by means of a pseudospectral collocation method 
based on Chebyshev polynomials. The eigenvalues. A, = Q, + ipa, s = 1,2 determine 
the stability of the flow (2)-(3), which is said to be stable if o, > 0 for all s, nnd convcctlvoly 
unstable if a, < 0 for at least one value of s. The imaginary part. /?,, of the eigenvalue A, 
determines the axial velocity of the translation of the vortices. The IMSL routine GVLCC 
is used to solve Ihis problem MS cxplnincd. for insinua!, in (!)]. 

Wo shall restrict attention to Ihe detennination of the convpctivc instability curves in 
the (fc, T)-plane. that is, the absolute minimum (fcc,rc) of each such curve, where fcc is the 
critical wave number and Tc = miiu. T. Our results are given in terms of the critical Taylor 
number 

_ *iRi{R2-Ri) 4T; „ Tâ  = !—2 li = — i - Tc. (6) 
u I -1) ' 

3. Numerical results. 

3.1. Radial flow without axial flow: o # 0 anrf Re = 0. This case generalizes the analysis of 
axisymmetric perturbations (n = 0). fonnd in (2), to iioii-nxisymiiictric porturbations (n ^ 0) 
since the latter perturbations arc the most unstable ones for some negative values of p. 

In Fig. 1, Ta,. is plotted as a function of a for Re = 0. ^ = 0.8. and /< = - 1 , -0.5 nnd 
0. First, we discuss results for oiitwnrd radial flow (n > 0). It is seen that Tac decreases for 
small but increasing a. As a becomes sufficiently large, the outward rndial flow begins to 
stabilize the Couette flow; but as a grows further. Ta, increases. 

For /t = 0 and p = -0.5, only axisymmetric perturbations lead to instability whereas for 
p = -1 there is a sequence of transitions from the most unstable mode (n = 2) at a = 0 to 
the axisymmetric mode as n increases. For /« = - 1 . segments AD, DC and CD and DE 
correspond to modes n = 1,2.3.-1. respectively. For p — -0.5, the corresponding transition 
points are marked with primes iA'. etc.l. The part of the curves on the right of the points 
A aud A' correspond to axisymmetric mode with n = 0. 

Second, we consider inward rndial flow (o < 0). A stabilization of the Couette flow is 
observed in Fig. 1 as the intensity of the inward radial flow increases, that is, as a decreases. 
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We see that stabiUzation is stronger for negative a. For instance, with |t =s 0, Ta,, = 119.27 
and Ta» = 214.21 for a = 20 and Q = -20, respectively. If /* = 0, the flow is unstable with 
respect to the sole axisymmetric perturbations. If /x = -0.5, there is a sequence of transitions 
from the axisymmetric mode (at Q = 0) to the first, second and third (n = 1,2,3) non-
axisymmetric modes at a = -2.47, -4.4 and -12.5, respectively. If/i = - 1 , the stability 
curve also goes through a sequence of bifurcations from the second non-axisymmetric mode 
(at Q = 0) to the third and fourth (n = 4) non-axisymmetric modes. 

As shown in (10), the critical Taylor number for non-axisymmetric disturbances without 
radial flow is only slightly greater than for axisymmetric disturbances. Therefore, the appear-
ance of non-axisymmetric modes for /* < 0 and some a can be associated with the influence 
of these parameters on the mutual location of the stability curves for the non-axisymmetric 
and symmetric cases. 

3.2. Radial flow with axial flow: a^O andRs^O. All computations for this case have been 
made with 17 = 0.5 and /x = -0.5, 0, and 0.2. The results for the case a = -2.5 are shown in 
Figs. 2 and 3. Only axisymmetric disturbances correspond to instabiUty if p = 0. However, 
for large Re the stability curve in the (fc,Ta)-plane has two minima (see Fig. 3 in [9]); this 
explains the existence of a corner at the point (Re, Ta,) = (39.5,279.3) on the stability curve 
for /i = 0 (see Fig. 2), where a transition from ke = 1.31 to fcc = 3.02 takes place. Note 
that such nonmonotonic behavior of the convective instability curves in the (fc,Ta)-plane has 
been observed [4] in the absence of radial flow, but for larger values of Re. 

The case p = 0.2 is characterized by a sequence of bifurcations from the axisymmetric 
mode to the non-axisymmetric. mode with n = 6 as Re grows from 0 to 50. A slight 
discontinuity in the axial size of the cells can be observed at each bifurcation point. The 
non-axisymmetric mode with n = 1 changes to the axisymmetric one at Re = 7.8 for 
p = -0.5; then Tac increases with Re. but instability remains axisymmetric, at least, up to 
Re = 50. 

It is known that even a classicnl Taylor-Couette flow (without radial and axial flows) may 
give rise to a rich variety of flow patterns. For example, fifteen different flow regimes were 
found in (11). The variety of passible instability phenomena certainly increases when both 
centrifugal and shear instability mechanisms are present. The present study has focussed 
on the linear stability analysis and the determination of the convective stability boundary. 
Further work (both experimental and theoretical) is needed for a better understanding of 
the physics of flow (for example, the appearance of non-axisymmetric vortices). 

4. Comparison with experimental results. Circular Couette flow with axial flow and 
no radial flow has been studied experimentally in [6, 12. 13, 14]. 

In Fig. 4, our results for 77 = 0.85 are compared with results in [8], which is devoted to 
the study of processes in rotating filter separators. Experimental points corresponding to 
different flow regimes are indicated by the symbols Q for Couette-PoiseuiUe flow, Q for 
laminar vortices, and A for helical vortices. Theoretical data are represented by a solid line, 
where segments AB and BC correspond to axisymmetric and non-axisymmetric instability, 
respectively. The agreement is satisfactory for small values of Re. However, as Re grows, 
the discrepancy between experimental and theoretical data slightly increases. Note that the 
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»Re 

FIGURE 1. Convective instability curves for p = - 1 , -0 .5 and 0, at Re = 0, 
IJ = 0.8 for outward (a > 0) and inward (or < 0) radial flows. Segments 
AB, BC, CD, and DE of the curve for /i = - 1 correspond to the modes 
n = 1,2,3,4, respectively. Segments A'D', D'C, and C D 7 of the curve for 
p = -0 .5 correspond to the modes n = 1,2,3, respectively. 

FIGURE 2. Convective instability curves for p = - 0 .5 ,0 and 0.2, at Q = -2 .5 , 
77 = 0.5. The numbers identifying the segments of the curves correspond to 
instabilities with respect to toroidal (n = 0) or non-axisymmetric (n > 0) 
perturbations. 
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FIGURE 3. Critical wave number fcc versus axial Reynolds number Re for p = 
-0 .5 , 0 and 0.2. at û = -2.5, »; = 0.5. The numbers identifying the segments 
of the curves correspond to instabilities with respect to toroidal (n = 0) or 
non-axisymmetric (n > 0) perturbations. 

FIGURE 4. Comparison between theoretical and experimental [8] data at a = 
0 and 77 = 0.85. The symbols arc: Q for Couette-PoiseuiUe flow, • for laminar 
vortices, and A for helical vortices. The solid line represents the theoretical 
stability curve, where segments AB and DC correspond to laminar (n = 0) 
and helical (n = 1) vortices, respectively. 

Re 
20 

same phenomenon has been observed in [6. 15]. The existence of a vortex development length 
is suggested in [6] as a possible explanation for this discrepancy. 
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This discrepancy may be explained by two important factors which cannot be taken into 
account m the framework of our model. Firet, in experiments (8) and in rotating filter sepa-
rators the outer cylinder is impermeable, while in our model it is permeable. Unfortunately 
a simple flow with structure (1) does not exist if one cyUnder is permeable and the other one 
is impermeable. In fact, ifwe assume as in (1) that Mr) = Cf„(r), then the function Uoir) 
satisfies a first-order differential equation and one cannot impose two boundary conditions 
on this function, one at r = r, and the other at r = r8. Secondly, the axial flow in [8] is not 
uniform Instead, it changes with the axial coordinate, whereas we assume that v, = WJr) 
see (1)) It is also found [8] that helical vortices disappear if û / 0. However, our compu-

tations show that helical vortices disappear and instability becomes axisymmetric for values 
ot |a| significantly larger than those reported in [8]. 
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D e c a y e s t i m a t e s for a s trongly d a m p e d nonl inear wave e q u a t i on 

M. AASSILA 

Presented by G.F.D. Duff, F.R.S.C. 

ABSTRACT. We prove the uniform stabilization of solutions to the stnnigly 
damped wave equation H„ = a u „ , + (1 + (3 /„' uj dy)uIT in (0.1) x /?+. i/((). /) = 
u(l . f ) = 0 , « > 0 , andu(i.0) = un(i).u,(3:.0) = i ( , ( . r ) . i e (0.1). 

1. Introduction 

Consider the nonlocal partial differential equation 

«r/ - « u m - (1 + J/o »;di/)i(x.- = 0 x 6 (0. !).« > 0. 
u(0,0 = u(1.0 = 0 t > ( ) . iP) 
u(x,0) = un(x). a,ix..Q) = HX[I). X e (0.1). 

where n.P are two positive constants with no specific assumptions ou their relative 
magnitudes.Problein (P) is the approximation of the following problem (P,) wliich 
describes the transverse deflection of an extensible beam 

( u,i+-:u,Ilr - nurT, - (1 + .*/„' iildyiiitz = 0 x- € (0.1)./ > 1). 
i«(0.«) = fi(1.0 = M«(0.t) = «„(! .<) ={) t>{). (P.) 

«(x.0) = «0(x). ii,(x.0) = ./.(x) . r€( 0 . 1). 
The question of wellposeduess for (Pt) is well in linnd.the reader is referred ti» 
Ball[l].Iloliii(!saiid Marsilen|7].Di(-key[3).Tabi)ada and Voii[l()J aud ril/<;il>l)i)ii|'t).c;ii)l>iil 
wpllposedncss of (P) is more difficult.Recently, by using the Galerkin aigimieiits 
(as in Bolun aud Taboada[2].Pohozac'v[!l] and Dix and Torri>jôn[-i]).Fitxgiblii)ii and 
PaiTottfG) have been successful in proving it.More precisely they proved thai fur 
all dm. in) 6 DiA1) x D(.4-)aiidr > O.we have 

lim( sup | | i / , ( . . 0 - ' / . . 0 | k ) = 0 
'-*>' (6(o.r| 

where u, and it are strong solutions to (P, nnd (P) re.spe<tively.aii<l .1 is the 
opera tor defined by 

A : DiA) C L^iÇl) - L-iïl) .4«(x) = -ii"(x xvith D(.l) = { . , . , /g / / - ( () . l)^//1
,,(ii. 1)). 
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To the best of my knowledge.there Is no result concerning the asymptotic behavior 
of the solution u(.,0 of (P) as t goes to iufinity.Iii this paper .we shall prove that 
the energy of the solution to (P) decays to zero uniformly. 

2.Statement and proof of the main theorem 

It should be evident that the problem (P) may be written abstractly as 

«,,(0 + a / M O + Auit) + 0||i4*ti(t)lla'MO = 0 . * > 0. (2.1) 

u(0) = tio, u,(0) = n|. (2.2) 
where A is the operator defined by 

A.DiA)cL2iQ)-L2in) Auix) = -u"ix) with DiA) = {u,ue H2ii)A)nHliQ.l)). 

||.|| is the usual norm of L2(n),and Jfo
l(0,1), ^ (0 ,1 ) are the usual Hilbert Sobolev 

spaces. 
We define the energy of the solution u of (P) by the formula 

Bit) := Eiuit)) = i|K(t)ll2 + i|MM0||- + ^UUm4. 

A simple computation gives 

E'it) = -a\\Aiu,it)\\2 < 0. 

that is 
E ( 0 ) - £ ( « ) = / [ alA^ttfdxds. (2.3) 

the energy is non-increasing.Our main result is the following 

Main theorem 
We have 

Eit) < ,Ei0)r-' Vt > 0. 

where c and u; nre two positive constants independents of the initial data ( iin. «i ) € 
DiA4) x DiA*). 

Before giving the proof of the main theorem.we recall the following lenuna. 
Lemma 2.1(Komoriiik [8],tli.8.1) 
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Let E : R+ —' R+ he & non-increasing function and assume that there is a 
constant T > 0 such that 

f ** Eis)ds<TEin)Eit). VteP+. 

then we have 
£ ( 0 < £(0)c'••'•. V t > 0 . 

Proof of the main theorem 
We multiply the equation (2.1) with H and we integrate over (0.1 ) x (1). 7") .we 

obtain that 

0 = / / iu„u + aAu,u +Auu +P\A^u\2Auu)dxdt. 
Jo Ja 

after integration by parts.we conclude that 

0=[/1Mu(dxl - T flu2+ T [laAu,u+ f f,\Aiu\2+ f f . ^ « 1 ' . 
Vo Jo Jo Jo Jo Jo Jo Jo Jn I» 

lhat is 
\T rT rl rT rl 

f1 uu,dx\ -2 f / '«?+(/ [ iu2+\Aiu\2+p\A^i\,)dxdt)+1 f nAu,u. 
Jo Jo Jo Jo Ja Jo Jn In 

0 = 

whence 

2 f Eit)dt<-\f u.udr] +2 j f ujdxdt- f [ nAu,,,,!.,;!! 
Jo Uo in Jo Jn Jn Jn 

<r |E(0) — n / / A>i,udxdt (C| positive roustaiit). 
Jo Jn 

by the Cauchy-Schwarz inequality.thc non-increasing property of E.tlie Sobolev 
imbedding H1 C L2 and the relation (2.3). 

On the other hand, it is easy to verify that 

—r» / / .4u,Hf/xffr < r'-jEdl) (r., positive ronstantl. 
Jo Jn 

j Eit)dt <<:.xE{()) (ripositive constant). 
Jo 

hence 

Jo 

and bv lemma 2.1.we deduce the desired decav estimate 
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Remark 
The method of proof of the main theorem remains valid when the equa-

tion (2.1) is replaced by the equation utt - /(/o ujdy)ii„ - au„( = 0 with 
/ € Cli[Q, +oo)),/(a!) > m© > 0 and/or the strong damping term uxxi is replaced » 
by a weak damping of the form 6ut, 6 > O.In these cases.the global wellposeduess 
may be obtained by the same arguments as in (6). 

r' 
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Solution to a Problem Posed by H. S. M. Coxeter 

by 

Peter W A G N E R 

Presenced by H.S.M. CoxeCer, F.R.S.C. 

1. I N T R O D U C T I O N 

In [2], Prof. Coxeter posed the problein to show the identity 

f6 arcsec t ï 1 

Z, it + 2)y/t+T[yAT3' «-24 (« 15 

"without appealing to geometry or the computer". He established eq. (1) in |4, p. 71] 
by trisecting a spherical orthoschcmc of known volume into three smaller ones, and in 
[3, p. 20] by computation. 

Whereas the area of a spherical or of a hyperbolic triangle is given by \7r-a — i3 — -y\, 
n,/2,7 being its angles, there is—to my knowledge—no such formula expressing the 
volume V of a spherical or of a hyperbolic tetrahedron T in a symmetric way through 
its six dihedral angles (rf. the problein posed in [6. Rem. 2. p. 108)). As a stopgap, one 
can represent V as the sum of the volumes of six "orthoschcines'' arising by dissecting 
T (see (1.1.2. p. 19]). (The volume of such an orthoschemc is given by a famous formula 
of Lobachevsky, cf. [5, § 30. (160), p. 97].) There arc different ways to dissect T and 
the resulting formulae are different. One way to verify analyticaUy identities resulting 
in this way is differentiation with respect to a parameter controlling the size of T. In 
the last analvsis. this method relics on Schlafli's formula (cf. (7, Satz, p. 235). [3, p. 14], 
[1, (2.1), p. 26], (8, (9), p. 19|) 

dV = ±-^rTVada, 
n-1 *—' 

f spherical 1 
which expresses the differential of the volume of an n-dimensional i , • ,. f s 'm-

^ hyperbolic) 
plex by the volumes V'0 of the (n — 2)-ditnei,sioiial subsiinplires associated with the 
dihedral angles it. 
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JT . JT 

4 4 
^ ir 

0 : « < T-
4 

We shall apply this procedure, and shaU prove, by elementary means, the foUowing, 
more general identity, which is vaUd for axceosiy/ÏJS) < a < f : 

f1 arccos z f y/2eoaa . 2 1 , 
/ j eot» » (2i + 1) Vi + U y/2x sin2 a - cos 2a V*J 

2 /•0, /'cos2a(sin2t + co82a)\ . 
= 5 y o o

a r C C 0 8 l s i n ^ - c o s ^ a ) * 

_ | r ^ ^ t )d< + | ( a - J ) , (2) 

where ao •= arccos (cot a y i — 2COS2Q) and 

We note that, for or = f, ao= exccosiy/2/3) and 

cos2a(sin2t + cos2a) _ co3 2f 
sin21 - cos2 2a _ 1 - 2 cos 2t 

and hence the two integrals on the right-hand side of (2) cancel each other. Therefore, 
for a = f, (2) yields 

/"' arccos 1 [" 1 _2_1 d j _ 27r2 

y i / 6 (2x + i )v^+Tl> /3ÎTT y/î\ x 15' 

Up to the substitution x = 1/t, this is the equation (1). 
We observe that both sides of (2) vanish for a = arccos(y/STiJ) since then coto = 

)/2 and Q = QQ. Furthermore, elementary considerations show that aU integrals ap-
pearing in (2) are well-defined and give continuous functions of a over the interval 
nrccosiy/2/3) < o < f • As wo shall see below, these integrals arc also differentiable 
in the open interval arccos( v ^ ) < o < f, except for the first integral on the right-
hand side of (2), which integral is not differentiable at a = f. (This is caused by the 
non-differentiability of the function arccosx at x = 1. ) Hence, by continuity, eq. (2) 
can be verified by showing that the derivatives of both sides with respect to a coincide 
for arccos(v/273) < « < f. <*ïj-

2. VERIFICATION OF (2) BY DIFFERENTIATION 

(a) We first calculate the derivative of the left-hand side L in (2). To begin with, 
the fundamental theorem of calculus implies 

d /•' arccosx 2 , A fcot2a\ sin a 
— / , —= dx = 4 arccos I —-— . = • 
daAcot:'a(2x + l ) \ / îTTv / * V 2 /vT+si^o 

(3) 
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Similarly, from 

d / cos or \ (2x + l ) s i n a 
d Q V \ / 2 x s i n 2 a - c o s 2 a / (2x sin2 a - cos 2a) 3 / 2 ' 

we infer that 

d Z"1 \/2 cos Q arccos x t' \ /2 cos Q arccos x , 
/ = <Ix 

J\co\?a (2 i + l ) \ /x + l v 2 i s i n 2 « - r.os2o 

where 

/cot2Of\ cos2 or 
= 2arccosl — - — 1 , . + t, 

\ * / s ino v 1 + s in a 

r- /•' arccosx , 
1 '•= -V2sma / / — — • • — — . , . : "ar-

i l cot'o v/i + l(2xsin Q - COS2Q) 3 ' 2 

(4) 

The substitution x = 2u2 - 1, the formula 

f arccos(2y2 - 1) : y > 0, 
2 arccos v = \ • 

\ 27r - arccos(2y2 - 1 ) : y < 0, 

partial integration and the subsequent substitution u2 = 1 - u2 yield 

fl arccos u , 
/ = - 8 sin Or //,,......;,„ . . , . ? ^777 d " 

= 8 sin a 

arccos u 
ly/l+iin'o ( 4 u 2 s i n 2 o - l ) 3 / 2 

-1 1 
u arccos u 

\/<lu2 sin2 o — 1 y/l-Hnn3 

+ 8 s i n o / x / r ^ ^ •—. / - • -<1" 
'J sin o 

u 

Vl — M 2 V 4 U 2 sin o — 1 

2 sin a 8 sin a dv / \ / l + sin2 o \ %/! + sin2 n f 
= —4 arccos I — — , I : 1- / , r, — . ., 

\ 2 sin a y sin o JQ ^4 s i n 2 a - 1 - 4 « 2 s m n 

/cot2a\ \/l+sin2a A . ( Issirfa- 1\ 
= -2arccos — r — : -Marcsm \ r-r-^ T 

\ 2 J sma \ Y 4 s i n o — 1 / 
/ c o t 2 o \ cos2n+2sin2Q „ / COS2Q \ ,»> 

= -2arccos — — - . + 2 arccosl - — „ • I • W 
V 2 ; s i n a \ / l + s i n 2 a V l - 2 c o s 2 a y 

Hence collecting the terms from (3). (4), and (5) we obtain for the derivative of the 
left-hand side in (2) 

d i „ / cos 2a \ 
-— = 2 arccos I -— I. 
do \l-2cos2aJ 

file:///Y4sin
file:///l-2cos2aJ
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(b) Let us finally calculate the derivative dR/da of the right-hand side R in (2) for 
a^f. If 

_ . „ /'co8 2a(sin2t-l-co82a)'\ 
F(a , t ) := arccosl rk TZ ' ) , 

K ' \ 8 in 2 <-co8 2 2a / 
then F(a ,ao) = 0 and F(or,a) = arcco8(1_c^2f2(>) and thus 

where 

V 4 l 0 : « < 4 
(i.e., Y denotes Heaviside's function). Straightforwardly, one finds 

dFia,t) 2 s ip<(4cos 4 a -cos 2 f ) 
da (sin2 2a — cos2 t)Vcos2 ao - cos21 ' 

and hence, substituting u = cos t, we have 
f" dFia,t) ^ „ r0800 4cos4a-u2 

/ à dt = 2 —r- —-====du 
fa0 OO fees a (sin'2a - U2)v'COS2 OQ - U2 

fcma° 2du remao 8cos2 a cos 2a du 
yeo»o s/cos2 ao - u2 Jcona (sin2 2a - u2)y/cos2 ao - u2 J7J 

The first integral in (7) yield? arccos(1 J^'2"^) and the second one can be deduced 
from the elementary definite integral 

t du = 1 ma2+c2)-2QV\ 
Ja (c2 - u2)y/h2 - u2 2 c v / ^ r 6 7 arCCO A 6 2 ( o 2 - c 2 ) ) 

for 0 < fl < 6 < c. Here a = cosa, &=cosao, c = sin2a, \ /c2 - 62 = cot o |cos2o| , 
b2(a2-f c 2 ) - 2 a 2 c 2 _ 2 cos2 2a 

fc2(a2-c2) ~ ( l - 2 c o s 2 a ) 2 

which implies 

!

/ cos2a \ rt 

2 a r C C O S i l - 2 c o s 2 a J '''-I' 
n n ( cos2a \ * 
27r -2arccos ( -— —•) : a > - . 

v l - 2 c o s 2 a / 4 
Therefore, (6) and (7) furnish 

dR 8 » r „ / Jr\ 2 / cos2a N 
T— = - T - y i n - T l + r a r c c o s l - — - -
da 5 V 4 / 5 V 1 - 2 c o s 2 a / 

+ gsign(cos2a) 27rr(a - ^ ) + 2 sign(cos 2a) arccos f 1 _ o cÔs 2a j j 
/ cos 2a \ 

= 2 arccos I — ). 
\ l - 2 c o s 2 a y 

This completes the proof of formula (2). 

file:///l-2cos2ay
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A note on "Fluid velocity fields derived 
from the Navier-Stokes equations." 

K. B. Ranger F. R. S. C. 

Department of Mathematics 

University of Toronto 

Toronto, Ontario 

Canada 

M5S 3G3 

In connection with [1] some terms in equations (6) have been omitted and should be 

replaced by 
[BXi+uV2Q2-^ +Wiiii] 

*«. = ^ • W 

[W2U3-S.,-,/V2(?1 + ^ ] 
0 i , = ÛT • W W: 3 

Also it is not sufficiently general to set K = constant, and this function can be chosen as 

an arbitrary function of position and time. However this procedure is cumbersome and 

can be replaced by a simpler approach to determine the same result. 

The analysis of [1] is substantially complete except to show that the equations 

div (g • V) £ = 0, £ = Ujij (3) 
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(£-V)u3 = -Pzj + "V 2 ^, div£ = 0 (4) 

in which U3 is arbitrarily prescribed and P is a three dimensional harmonic, that is V 2 P = 

0, have a mutually consistent solution for Ui, uj. First it is possible to construct solutions 

from (4) by stapdard methods since the equations are linear-inhomogeneous. Now with 

7 = a; + A£, w = curl q and A arbitrary it is found that 

div(q • V) q = V2 J |q|2 + div (w x q] = V2 - |q|2 + div [7 x q] (5) 
— — 2 — » 

= V2 J kj2-!- (gcurl7) - (7-w) = V2 5 |£|2 + (£ • curl 7) - M* - A ( £ U i ) 

This expression vanishes if 

A = -L- {V 2 I \q\2 + iq • curl 7) - M 2 | (6) 
(£W) ( 2 - - - J 

where (£ • w) yi 0, in the fluid region. In this case it follows that 

7 = U + T ^ T ) { v 2 5 k \ 2 + ( i - c u r l l ) " l ^ l 2 } • ( 7 ) 

If 7 = P + Vx, then equation (7) can be written as 

^ + VY = y + ^ y | v 2 i M2 + (£curl p) - M 2 } (8) 

and elimination of x produces the equation 

curl P = curl w + curl { p ^ r fv2 i |£|2 + (£ • curl 0) - jd2] } • (9) 

To show that equation (9) can be satisfied without restricting q it is first convenient to set 

fi = Rjij = p-*- T - 1 ^ ( V2 \ kl2 + iQ • c»rl /3) - |u;l2| + S x (!<» 
- (£-w) I. 2 - J 

then the equations 

H-S'(i'-cu"«-a)+, i";nr,{(rs 
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f \ M' + k"*1 & - M1]}) = o, (U) 

are linear-inhomogeneous and local solutions exist for curl 0 without restricting q} apart 

from (w • g) ^ 0 in the fluid. In fact it £ = Zj ij = curl 0 the system expressed by (11) 

and (12) can be recast as a first order system of the form 

Aijk^ + BikZi +Cfc = 0, 4 = 1, 2, H = 0, (13) 

and the Ayk, Bik, Ck depend on uj. Even though from a constructive point of view it is a 

cumbersome procedure to exhibit the solutions for Zi explicitly it is sufficient for the present 

purpose to be assured that such solutions exist, at least locaUy, and this is confirmed by 

standard theory (2). It now foUows from (11), (12) that ^fj- - f j^ = ||L. - | S i = 0, 

and it is always possible to choose Rj such that | | ^ - f^j- = 0, in which case (9) is 

satisfied subject to (£ • w) ^ 0. The meaning of this result is that the solution space of div 

(<7 ' V) 9 = 0 is sufficiently large as to encompass or include solutions of equations (4). 

There is then a mutuaUy consistent solution of (3) and (4) which is identified in [1]. 
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models and their various applications (Montréal) 
Louis Pelletier: pclletl@CRM.UMontreal.CA 

16-17 An International Conference on Graph Theory 
(Waterloo) 
htip://math.uwaterloo.ca/CandO_DeptAutte/an 
nounce.html or tutte@math.uwaterloo.ca 

17-21 Model Theory of Analytic Functions (Toronto. 
Oniario) modcl@liclds.utoronto.co 

17-21 Workshop on The Bispeclral Problem(Montréal) 
iou;s Pclleticr:pelletl@CRM.UMonlrcal.CA 

21-22 AMS Special Session on Approximation Theory 
(Memphis. Tennessee) 
George A. Anaslassiou: 
anaslasg@maihsci.msci.memphis.edu 

APRIL 1997 AVRIL 1997 

5-13 Workshop on General Combinatorial Group 
Theory (Montréal) 
Louis Pelletier: pelletl@UMontrcal.CA 

8-11 FRACTAL 97, 4| h International Working 
Conference (Denver, COI 
htlp://wnw.kingsion.ac.uk/~ap.s4l2 

21-26 CRM Workshop on Transvcrbal Designs and 
Orthogonal Arrays (Kitchener Waterloo, ONI 
Kim Gingerich: katginge@eeves.uwatcrloo.ca 

MAY 1997 MAI 1997 

5-11 Geomeiry and Complexity IToronto. Ontario) 
complex @fields.utoronto. ca 

19-30 Workshop on Experimental Mathematics and 
Combinatorics (Montréal) 
Louis Pelletier: pelletl@UMonlreal.CA 

21 23 Intnrnnlionnl Conference Examines Interaction 
Between Computer Models nnd Expérimental 
Measurements (Rhodes. Greece) 
Sue Omen: WIT, wit@witcmi.ac.uk 

30-1 18th Annual Meeting Canadian Applied 
Mathematics Society - Société Canadienne dc 
Mathématiques Appliquées 
http://wvvw. fields.utoronto.ca/cams97.himl or 
CAMS97@fieldSMtoronto.ca 

JUNE 1997 JUIN 1997 

1-4 Annual Meeting of the Statistical Society ol 
Canada (New Brunswick) 
mureik@maih.unb.ca 

3-6 Filth Biannual Conlcrcncc dedicated lo 
Computations in Commutative Algebra and 
Algebraic Geometry(Hcrstmonccux Castle. East 
Sussex, England) 
Anthony V. Geramlta: gcrnmita@dima.unige.it 

6 8 International Linear Algebra Society IILAS) 
Workshop on Fast Algorithms for Control, 
Signals and Image Processing (Winnipeg, 
Manitoba) 
P.M. Shivakumar: insmath@cc.um3nitob3.ca 

6-8 Annual Meeting of Canadian Society for History 
and Philosophy ol Mathematics ISt. John's. 
Newfoundland) 
Glen Van Brummclcn: gvanbrum@kingsu.ab.ca 

7-9 CMS Summer Meeting / Réunion d'été do la 
SMC (Winnipeg, Manitoba) 
Monique Bouchard: meetlngs@ems,math.ca 

9 Session on Linear Algebra lor the Canadian 
Mathematical Society (Winnipeg. Manitoba) 
P.M. Shivakumar: insmalh@cc.umanitoba.ca 

9-20 Workshop on Algebraic Combinatorics 
(Montréal) 
Louis Pelletier: pelletl@UMontrnal.CA 

15 21 Conference m Honour ol Vladimir Arnol'd 
IToronto, Ontario) 3rn0ld@liclds.ui0r0nt0.ca 

25-28 Conlerence on Combinatorial Methods with 
Applications to Probability and Statistics 
(McMaster) 
is/a@mcmail.cis.nicmastcr ca 

23-27 Symplectic Geometry (Toronto, Ontario) 
syrnptcc@liclds.utor onto.ca 

JULY 1997 JUILLET 1997 

14-18 SIAM 45th Anniversary Meeting (Stanloid. CA) 
W. Coughran IATST, Bell Labsl, G.H. Golub 
ISt an ford Univ.) meetings@siam.org 

18-31 38th International Mathematical Olympiad 
(Mar Del Plata. Argentina) 
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