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New Orthonormal Sets and Frames in the 

Paley-Wiener Space 

Ahmed I. Zayed 

Presented by G.F.D. Duff, F.R.S.C. 
Abstract 

The Paley-Wiener space Bl, also known as the space of bandlimilcd 
functions with bandwidth o. consists of all entire functions of exponential 
type at most cr that are aquare integrable when restricted to the real line. 
We show that the cardinal Bsplincs can be used to generate orthonormal 
sels, aa well as, frames in Dl. \ new ortltonormal set of fimctions in Bl. is 
ohtained from one single function by translating it by integer multiples of 
2ir/<7. This function is calculated explicitly in terms of Young's function. 

1 Introduction 
The Paley-Wiener space of bandliinited functions, denoted by Bl, is defined 
as the space of all functions /(f) e L2(7l) whose Fourier transforms, / , have 
support in (-o,<r|, or equivalently it is the space of all functions /(/) that can 
be written in the form 

for some F € £,*(-&, o). 
We shall say lhat a function 5(() is a sampling function with respect to 

the sequence h n } " - c if S{in) = 60in where hn}"»-». ' s « sequence of real 
numbers sudi that io = 0. Tliroughout this article, we assume that 5 is either 
in Ll{n) or L^Tl). 

One can easily verify that [<t>{t -<n)}!rL_oo. is an orthogonal basis of B2, 
where #(t) = sinot/at and /„ = nn/a. Moreover, the function <t>{t) is readily 
seen to be a sampling function with respect lo the sequence {fn}"-a,- As a 
consequence of that, we have for any / G Dj 

which is known as the Whiiiakcr-Shannoii-Koteriiikov sampling tlieorcm for 
bandliinited functions |5|. 

It is known |I, 2| that the cardinal C-splinc of order n, (n = 0,1,2,...), 0„(i), 
with knots al the integers, can be used to generate an orthoiiorinal wavelet basis 
of L2(n) of the form ..^...^(i) = 2-,"/20(2-mx - k); k. in 6 Z. 
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In this article we borrow some Ideas from wavelet analysis and sampling 
theory to show that the Fourier transform of the square root of the cardinal 
B-splines can be used to generate orthonormal sets and frames in various Paley-
Wiener spaces consisting of functions with different bandwidth. Although the 
results provide only exisience of such orthonormal sets of functions, we have 
been able to calculate one such set In dosed form using Young's function. 

2 Preliminaries: 
Young's functions were introduced by W. H. Young in 1912 [3] in his investi-
gation of non-converging Fburier series. They also appeared In connection with 
the Hardy transform, whidi generalizes the Hankel and the Y transforms; for . 
more details, see [4]. Young's function of order i/(i/ > 0) is deflned by 

Clearly, Yû(i) = cosz and Yi(z) = sin*. It can be shown that Y^i) /*" is an 
entire function of exponential type. For 0 < i/ < 1, Y„ is no longer periodic, 
but fills up the analytical gap between the sine and cosine functions. 

We define the cardinal B-spline, ^n, of order n as follows: 

*>(w) = X(-»/I,<F/J)(W) , 

and 
*n{u;) = V ^ Ô ^ n - i • *o)M, n = 1 . 2 

where XA is the characteristic funclion of A. 

3 The main results 
Theorem 1 Let S bea sampling function urith respect to the sequence {t„ = nw/tr}nçZ 
such that S{w) > 0 a.e. Then S generates an orthonormal family of functions 
{Vn(0}n€2 in L7iTl), each of whidi is obtained from one single function il> by 
a translation by an integer multiple ofv/o, namely, 0n(t) = VC - tn) for all 
nGZ. 

Conversely, any orthonormal family in LJ(7J) that is generated from one 
single function by translations by t„ oan be obtained from a sampling function 
(with respect to the séquence {fn}n€2 ) vilh positive Fourier transform. 

Now we show how the cardinal B-splines can be used lo générale orlhunor-
mal sets in the Paley-Wiener space. But first, let us recall thai the set {<£(( -
kitfo))%,_— is orllionornial in B2, where ipit) = y/ô/rt {sinot/al) . In terms 
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of Young's funclion, <t> can be rewritten as 0(() = \/a/rtYi(,ot)/{at). In the 
next theorem we show, among other tilings, that there is another orthonormal 
system in B2 that is generated by Young's function of order 3/2. 

Theorem 2 a) Let Vn(tu) be the cardinal B-spline of order n defined above. 
Fix n and define iMO by 

^••(w) = ^TT)75^" (w) . 

ond set Vu.t(0 = Vn {« - 2 * i ) . it = 0,±1. ±2 Then {Vn^Ol^-oo 
ii an ortltonormal scl in tlie Paley- Wiener jpace B?llT|)ff/j- ' " porlicu/ar, 
{ff(' — a l i t e z " orthonormal in Bl, where 

... fïYwiot) 

andY3/2{z) M Young's function of order j . 

b) The set {git - ^ r ) } t e 2 " complete in B^ j , but nol in B2, and, in 
addition, it is a frame in B | for any 0 < A < a/2. 
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181|. Note on Wendt*s determinant 

Aleksander Grytczuk 

Presented by P. Ribenboim, F.R.S.C?. 

I. Introduction. Let ^ =c/rc(on,o1 a,.,) be a given circulant matrix. Stem 
proved ([3]), that d*A = f l ^ / ^ / > • w h e r e £> are the n'th roots o f u n i t y and 

/{x) = a<,+a,x+.+a,.lx-x. Next, in 1894 Wendt [4] introduced special form of 
the circulant matrix. Namely, he considered the matrix 
»r=cin:jf"\["l f " ]} , where ["].«2 2 denote the binomial coefficient 

From the Stem's result easily follows that fF. = det W = fj (( i + f, )" -1). 
/•» 

Wendt applied this determinant to examination of Fermat Last Theorem, (see 
[2] ,p.62-63 ). The following interesting properties are known: 
(1) W. =-(2"-l)«'.w = 2/;M6Z 

(2) if din then WJ^. 

(3) ^ = 0 iff 6/n. 
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2. Result 

In this Note we prove an extension ofthe property ( I ) proving ( I ) for any 
natural number /122 and giving more information about the number u eZ. 
Namely, the following Theorem is true : 

Theorem I. Let ir,=deic/rC|M/"\....f " 1} .then 

(4) ^-(z'-t^ri^J j f «=2/ 

(5) rf.^'-i^n&J Jf « = 2/+i. 
where 

(6) ^=2-( - i )*cos-—-1 . 
n 

Proof. By the result of Stem we have w, = fl £,.&=(•+*.)'-1 where 
ct;* = 0,1 ;>-1 are the roots of unity ofthe degree ». Since 

2iik . . 2nk __ j . 2/it _ , nk . 2tik - . rA ide »(,__ ,„„ 
Et = cos +/sin and I +cos = 2cos —.sin = 2sin —cos— tnen we 

n n n n n » n 
obtain 
(7) ^=(i + 0"- i = 2 - ( - i ) W ^ - i . 

From (7) we have £, = 2" -1 and we can prove that & = £..,. Indeed ,by (7) it 
follows that 

•1 (8) £ . . .=2"( - i r *cos ' - *^ 

and c o s ^ ^ = -cos—, then by (8) it follows that 
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n 

Therefore (S) is proved. On the other hand if n = 2/ then by (7) it follows 
that 41 = 1 = 2"(-l),cos'--1 = -1 and consequently (4) is fulfilled. The proof 
ofthe Theorem 1 is complete. 

Remark. From the Theorem easily follows (1 ) and (2). 

Another application of this Theorem is contained in the following : 

Corollarv. For any natural number «^2 we have 

(•) g M j w f ^ . 

Proof. Let IF=c/rclf "],["] [ " ] | . Then It is well-known that the trace of 
the matrix w is equal to the sum ofthe eigenvalues of this matrix . Hence 

a-1 

£& = nw. On the other hand we have TrW = »» and consequently we get 
t.o 

(9) S^=«. 
tsO 

By the Theorem 1 and (9) it follows that 

(10) £ £ = 2 " £ ( - i ) W ^ - « . 

Comparing (9) and ( 10) we obtain 2'£(-i)4 cos' — = 2n and the proof of 
4.0 " 

Corollary is complete. 

Moreover, we can prove the following : 

Theorem2. Let « = 2/ , 3//i,then n / , / w « '/'>2-
P-OTI 
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Proof. For the proof of the Theorem 2 we use two following Lemmas : 

Lemma 1 . (see, [I] ) Let fl,, denote the 2/-th Bernoulli number. Then for 
every positive integer / we have 

Bv^l^Q*-!) 'W h e r e 7 " ( , ) = , a n d ^0 = ( - i ) ' , + S ( - , ) ' , , ( 2 ^ l ) ^ - y ) . ^ 2 

Lemma2. Let «« = ^ , W„.D„) = I. Then l)u = fl / ' 

Lemma 2 is well-known result of von Staudt and Clausen . 

From the Theorem I we have 

(11) »f2J = -(2"-i)i/! , «=n^=2-n(-i)*cos"—-I. 

By Lemma I , Lemma 2 and ( 11 ) we obtain 

(12) 2ll'N7lfV,l ={-})• mi)"1 UP 
r-i'M 

Since v / then by (3) it follows that w,, * o and from ( 12) we get 

2wnNvivi,=i-i)'llV)ir [\p.p>2 . Since (/UJ" u) = ip.N2l) = I then by the last 
f i / H 

equality it follows that [\i>'w,,,p>2 and the proof of the Theorem 2 is 
fi 1.21 

complete. 
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GROUPE DES CLASSES DES ANNEAUX DE POLYNÔMES SUR UN 

D+M 

Driss Nour el abidine 
P re sen t e d by F . Ribenboim, F .R.S .C. 

INTRODUCTION 
Les anneaux considérés sont commutatifs unitaires. Si R esl un anneau intègre, on 

désigne par Rto) = RJXi XJ l'anneau de polynômes à n indétenninées à coefficients 
dans R si n 2 1 et RW = R. CI(R) son groupe des classes (cf. [6, 7]) (notion introduite 
par A.BOUVIER el MZAFRULLAH pour un anneau intègre, et qui généralise les 
notions classiques définies dans la classe des anneaux de Krull ou de Pilfer), Pic(R) son 
groupe de Picard et G(R) = CI(R)/Pic(R) son groupe local des classes (cf. [5,7]). 

Soient A et R deux anneaux intègres tels que A = K + M et R = D + M, où K est un 
corps. M est un idéal maximal de A et D est un sous anneaux du corps K. l'anneau ainsi 
construit, est étudié dans plusieurs articles ( 1 ], [3] et [8]. Dans [ I ]. D.F.ANDERSON et 
A.RYCKAERT se sont intéressés spécialement au groupe des classes de ce type 
d'anneaux, et ils ont établit le résultat suivant : si K = Frac(D) (corps des fractions de D), 
alors il existe un diagramme commutatif avec lignes et colonnes exactes : 

0 0 0 
i i 1 

0 • Pic(D) . Pic(R) —"—• Pic(A) . 0 
i I i 

0 -CKD) — 5 — CI(R) — ? — . CI(A) 
i i i 

0 • G(D) a * • G(R) P ' • QfA) 
l i i 
0 0 0 

Dans cet article, nous nous intéressons à donner une généralisation du résultat 
précédent, c'est-à-dire, à relier, pour tout n € IN, le groupe des classes el le groupe local 
des classes de l'anneau R<n) à ceux des anneaux D<D) el AK 

0. NOTATION • TERMINOLOGIE 

Soient Run anneau intègre. K son corps des fractions. Etant donnés I et Jdeux idéaux 
fractionnairesdeR.on note par I : J s { x e K : xJ C 1). I'1 s R : I. Iv s (H)-> et It = 
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U Jy. où J parcourt l'ensemble des idéaux de type fini contenus dans I. On dit que I est 
un v-idéal (resp. un t-idéal. un idéal v-fini ) à I» = I (resp. si h = 1, si I = Jy où J est un 
idéal de type fini contenu dans l).On désigne par D(R) l'ensemble des idéaux divisoriels 
de R. Cait(R) l'ensemble des idéaux inversibles de R. D((R) l'ensemble des idéaux 
v-finis de R et P(R) l'ensemble des idéaux principaux de R. On dit qu'un t-idéal I est 
t-inversiWe. s'il existe un t-idéal J tel que (IJ), = R. Déagnons par l,(R) l'ensemble des 
t-idéaux t-inveisiUes de R. IrfR) est le plus grand sous-groupe du monoïde DtfR) (21. 
Comme dans (61. on appelle le groupe des classes, le groupe C1(R) = li(R)/P(R). 
Lorsque R est un anneau de Knill (resp. un anneau de Priifer), C1(R) est l'habituel 
groupe des classes D(R)/P(R) [9] (resp. Pic(R) = Cart(R)/P(R)). Si 1 G WR), [I] 
désignera sa classe dans CI(R). On rappelle, que si B est une extension plaie de R. alors il 
existe un homomorphisme «p : CKR) ——* C1(B) défini par ip([l]) = [IB], où I e li(R) 

(U-
Cette note fait partie des travaux de l'auteur présentés dans sa thèse 111]. Les notaums 

et les résultats de base sont dc [1], [4]. [6] el [10]. 

1. QUELQUES PROPRIETES DE L'ANNEAU (D+M)(Xi,...,XB] 

On a besoin de deux lemmes techniques concernant les propriétés, plus au moins 
classiques, des anneaux de type (D + M)*0) qu'on va utiliser par la suite pour évaluer leur 
groupe des classes el leur groupe local des classes. 

Lemme 1. 
1/ Soit J un idéal entier de RW, alore J contient M[Xi XJ si et seulement si 
J = l + M[Xi XJ. où lest un idéal de DW. 
2/ R(n) est un DW-module fidèlement plat 
3/1 est un idéal fractionnaire de type fini (resp. invetsiUe) de DW si et seulement si IRW 
est un idéal fractionnaire de type fini (resp. inversible) de RW. 
4/1 est un idéal fractionnaire principal à et seulement si IRW est principal. 
Preuve; [cf. [1. Prop.2.1]. 

Lemme 2. Ftour tout I idéal entier de EK»») dont la trace sur D est non nulle ;«i a: 
l/(IR(ii))-l = I-»RW. 
2/(lRW)v = IvRW. 
3/1 e DKDW) à et seulement si IRW e D|(RW). 
Preuve: On reprend les mêmes techniques utilisées dans [l. Prop.2.4], el on exploite le 
fait que 1 sdl un idéal entier tel que I n D ̂  0 vérifie IRW = I+MW et HRW =l-i+MC». 
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Théorème. Soient A = K + M et R = D + M.où D est un sous anneau de K. Si Frac(D) 
= K. alors il existe un diagramme commutatif avec lignes et colonnes exactes : 

0 0 0 
i i 1 

0 -PicdDW)—2^-.Pic(RW)—ËL-.pi^ACn)) . Q (•*) 

1 i i 
0 .CKDW) — ^ — Cl(RW) —Ê_ci(AW) (•) 

i i i 
0 • G(DW) a ' . G(RW) P' .0(AW) (•••) 

l i i 
0 0 0 

De plus, la suite 0 • Pic(DW) — Pic( RW) • Pic(AW) —— o est scindée. 

Preuve : Pour la preuve de ce théorème, nous allons nous inspirer da la même technique 
utilisée dans (l>Theorem33]. Pour cela, la démonstration se fait en trois étapes: 
L'exactitude de la suite (*) : 
Puisque RW est un DW-module plat et que AW est un RW-module plat comme anneau 
des fractions de RW (Lemme 1). les morphismes a et p sont bien définis par : a[l] = 
[I RW] pour tout I € 1 ,(DW) et P[J] = [JAW] pour tout J e l,(RW) (§ 0). En outre. IRW 
est principal si et seulement si I est principal dans DW (Lemme 1). d'où l'injecti vite de a. 

Parmi les difficultés qui s'imposent à la généralisation de ce théorème, sera la preuve 
de l'égalité Ima = Keifl. On va procéder d'une autre manière que celle de [1] en se 
ramenant uniquement aux t-idéaux t-inversiUes entiers de R dont la trace sur D est non 
nulle, en eflet : soit I e l|(DW), alors IKW e 1,(KW) ; donc IKW est un idéal principal 
de KW car CI(KW) = 0 [9], par suite IAW = I K W A W = gRWAW = gAW avec g G 
Frac(KW) (car K W A W = A W ) , ce qui montre que Ima est inclus dans Kerfî. 
Démontrons l'inclusion inverse. Soit [1] € Ker^ où I € Ii(RW) ; PP] = 0 équivaut à IAW 
= xA W, on peut supposer que x € I car RWS = AW, où S est la partie multiplicative 
D\{0}. Posons J = x(I : RW) ; on a x(I : RW)AW - XQAW : A W) = AW car I est v - fini 
[1. Prop. 2.2]. donc JAW = AW. S'il existe un idéal ID € lt(DW) tel que OPD] = [J], 
donc J = WDRW avec b € Frac(RW). alors 1 = I v = xJ» = x(blDRW)-> = xb-U^RW car 
ID est v • fini [1. Prop. 22], ce qui montre que [I] = PpRW] = a(Ip]. Donc on peut 
supposer que I est entier et IA W = A W ; d'où 1 D D * 0. D'après le lemme 1.1 = IDRW. 
où ID = m DC"). Comme 1 e D|(RW) (§ Q). on a ID € D^RW) (Lemme 2). et ce qui 
montre que H = IpRW) car ID est v - fini [I, Prop. 22]. On a RW s (IM)V •= 
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(iDRWijjRtn))),, n (IDI^RW),, = (Wi^vRW car Wij est un idéal entier dont la trace 

sur D est non nulle (Lemm 2). Par conséquent ( I D ^ V = ^ (Lemme I). et ce qui « 

montre que ID £ It(DW) ; d'où Kerp est inclus dans Ima. 
L'exactiiude de ta suite (**) se démontre de la même manière que [I. Prop. 3.1] ; il 
suffit de remarquer que le diagramme suivant 

R(D) DC») 

AW KW 
reste un produit fibre et que Pic(KW) s 0. 

L'exactitude de la suite (*••) utilise les même arguments que celles dans [ 1. Th. 33 ] . 
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PROOF OF A CONJECTURE OF 

TERJANIAN FOR REGULAR PRIMES 

CHARLES HELOU 

P r e s e n t e d by P . Ribenboim, F . R . S . C . 

ABSTRACT. G. Terjanian conjectured that if, in the cyclotomic field of /-th roots of 
unity, with / a prime number § S, the norm residue symbol, at the prime above I, 
pairing oi s a — ( with the "cyclotomic units* is equal to 1, where a g Z and < 
is a primitive f-th root of unity, Ihen a s 0,1 or -l(mod I'). We here prove the 
conjecture for the regular primes (. 

INTRODUCTION 

Let / be a prime number ^ 5, C a primitive /-th root of unity in C and A = 1 — C-
For a,P^0in Z[(], let [a,P\ be the element of the finite field F/ defined by 

ia,p)x = C^1. 

where (a, P)\ is the norm residue symbol relative to the prime ideal (A), as defined 
in [2]. When [a,p\ = 0, we say that a and P are orthogonal. We denote by C the 
multiplicative group generated by the cyclotomic units un = ^ ^ - ( l < n < { — 1). 
Let a € Z and a j = a — (. G. Terjanian conjectured ([5]) that ai is orthogonal 
to (every element in) C if and only if a = 0, 1 or - 1 (mod I2). He showed 
that whenever this property, called LC, holds for /, the first case of Fermat's Last 
Theorem holds for { too. He also introduced an equivalent property (£C)+ ([6]): 
oti is orthogonal to the multiplicative group U+ of real units (resp. C+ = C n R of 
real cyclotomic units), in Q(C), if and only if a = 0 or - 1 (mod {) or a = 1 (mod P). 
His proof of the equivalence of LC and iLC)+ amounted essentially to showing that 
a — C is orthogonal to C+ if and only if a' — C is orthogonal to C. 

In a previous paper ([3]), we established necessary and sufficient conditions for 
ai to be orthogonal to C, and noted the reduction of the conjecture to showing 
that if «i is orthogonal to C then a = 0, 1 or - 1 (mod I). In this paper, based 
on the previous one, we prove that the conjecture is true for all regular primes 
1 ^ 5 . This also follows from ((5), Enoncé 8), which refers to arguments of Hasse 
and Mirimanoff. However, the present approach is quite different, as the proof here 
uses a result of Carlitz and Olson ({1, 4|) expressing a determinant of Maillet in 
terms of the relative class number of Q(C)-

I am grateful to Guy Terjanian who brought the result in ([1]) to my attention, 
and shared with me some of his unpublished work and insights into the subject. 

1991 AfotAetnalicj Subject Classification. 11R18, 11A15, UD41. 
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§1 ORTHOOONALITY CONDITIONS 

We assume in the sequel that the relative integer o fe l(mod I). By Theorem 2 
of [3], ai is orthogonal to C if and only if the following two conditions are satisfied: 

(I) a ' s a . ( a - l V s a - l , (a + l ) ' 5 o + l (modi2) 

gMfi = o. inF,. forl<n<l-l (H) 

where, for a real number i , [ij is the largest integer < x. 
It is easily verified that 

(1) ^l + [(Ll2)*]=4_, (i<„.ife</-i). 
Henoe, for 1 < n < I - 1, 

(2) l ^ g ^ ] ^ - ^ 
ti k tie* a'-a (c-l)'-a'-H 
2.° -2^T = T^T I ' 
/tel hal 

the last equality following from [3], Lemma 2. In F,, ^ i - Q and, taking into 
account condition (I), <a-1>'-a'+1 = 0. Therefore, in conjunction with (I), we have 

(3) E M T = - E [ ^ ] ^ ^^•-» . 
so that in (II), the equation for / - n is a consequence of that for n. Thus, one 
may limit consideration in (II) to 1 < n < ^ j 1 , and even to 2 < n < ^ j 1 , since the 
equation for n = 1 is a trivial identity. We also note that the equation for n = 2 
can be written 

(n-2) £T= a 

Exchanging ib and n in (1), we get 

(!>) [î£] + p i z* ) ] = n - l (l<n.*</-l). 
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Hence, for 1 < n < / — 1, 

*•=! 1 J , + ( n - l ) E T . 
*=i L • J ,-=141 J 

where the latter sum is equal to 0 if (II-2) is satisfied. Moreover, in the sum before 
the last, if 1 < n < ^ i , one may drop the terms corresponding to Jt = 1, 2, 
for which [^J = 0. Therefore the conditions (I) and (II) are equivalent to the 
conjunction of (I), (II-2) and the foUowing 

Hence 

Proposition 1. Iei a € Z, a ^ 1 (mod /) and ai = a - <. TAen ai is orthogonal 
to ihe group C of cyclotomic units in Z[<] if and only if ihe conditions (I), (II-2) 
and (II') are satisfied. In pariicular, in ihis ease, ihe elements y* = P'+P'"* in F/ 
3̂ < A: < -=*•) form a solution of ihe system of *=£ iinear homogeneous equations 

in l^jr unknovms 

(S) E[T]«"=0 (3^^)-
jRemarfc 1 The system (S) is trivial for I = 5. But then, one may check directly 

that the only solutions of (II-2) are a = 0 or 2 (mod 5), in which case condition (I) 
is then satisfied only if a = 0(mod 52). Thus the conjecture holds for / = 5 and we 
may assume in what follows that / g 7. 

Let aii be the determinant of the — x i-â matrix A of coefficients of (S), i.e. 

- ( [ T I L . , ^ • * = i * 

We may compute A; in Z and then reduce it (mod I) to get its value in F(. 

§2 MAILLET'S DETERMINANT 
For any z € Z, denote by resiix) the least residue > 0 of 1 (mod /), i.e. 

(7) rc3,(x) = i - / [ y ] . 



196 CHARLES HELOU 

Ul\x, denote by z' the least positive inverse of x (mod /), Le. 1 < z' < I - 1 and 
zz' = 1 (mod I)-

Maillet's determinant is defined ([1,4)) to be of order i j 1 and to have its (n, *)-th 
entry equal to re3f(nJb'), for 1 < n, fc < i^1, i.e. 

(8) A = | ( r e s , ( n t ' ) ) , < B l t ^ l | -

In order to relate A| and Di, we start with A|. In view of (7), if we multiply the 
matrix A by I, we get 

(9) M = (nfc-rMf(nt))3<fl | à<i i l . |M| = I ^ A , . 

Augmenting the matrix IA by a first column corresponding to fc = 2 in (9) then by 
a first row equal to (2fc),<t<i^i, we get the ^ x ^ matrix 

(10) 5 = (6„ i ) 2 < n ( à <m , \B\^im = ^ A , , 

with bnt = nJt - rcs((nJt) if 3 < n < i=l and 6Bt = 2fc if n = 2 (2 < fc < ty); 
the expression for the determinant of B being obtained by expansion along the first 
column. If, for every 3 < n < ^j^-, we subtract from the row corresponding to n, in 
B, the first row multiplied by n/2, we get a matrix whose entries are of the form 
±resi(nfc). We thus have 

(11) B' = ( r « , ( n f c ) ) 2 < B , t ^ , ^ = ± ^ = ± 4 1 ^ , . 

Let C be the ^ x ^ matrix obtained by augmenting B' by a first column all of 
whose entries are equal to 2 then by a first row whose first entry is 1 and all the 
others are 0. Thus B' borders B with a first row equal to (1 ,0 , . . . , 0) and a first 
column equal to (1,2, . . . ,2) , and we have |C| = |B'|. Adding to the first row of 
C the second row multiplied by 1/2; then multiplying, in the resulting matrix, the 
first column by 1/2, we get a matrix C" whose first column has all its entries equal 
to / and whose entries in the other columns are resj(nfc) for 1 < n < (I — l)/2, 
2 < fc < ( / - l ) / 2 . Moreover \C'\ = £|C| = | |B' | . In C, we add the first column to 
all the remaining ones; next, we add the new second column to the first one, then 
we multiply the resulting first column by 1/2. We obtain a matrix C" all of whose 
entries are of the form/+res/(nfc) and whose determinant is |C"| = § |C | = j|B'| . 
Thus, in view of (11), we have 

(12) C,' = (' + ™'(«*))i<«,*<m • |C"I = ± ^ , . 

This leads to 
Lemma. , , 

D, = ± / T - A | . 

Proof. Let ir be the permutation of (1 ,2 . . . . , ( / -1 ) /2} given by w(fc) = min(fc'./-
Jt'). By definition, D| is the determinant of the matrix ii = (rnt) whose entries axe 
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r»» = rM|(nîr(fc)) if fc' < (/ - l) /2 and rnk = l- re3|(n>r(fc)) if fc' ̂  (/ +1)/2, for 
1 < n, fc < (/ - 1 ) / 2 . Since v is an involution, it is easily checked that Jf < (/ -1 ) /2 
if and only if ff(Jt)' < (f — l)/2. Thus, setting j = ir(Jt) and reordering the columns 
of R, we get a matrix 

(13) K'i'ni)^^ , A =±1^1, 

with x„j = res/(nj) if j ^ J and xnj = / - re3|(nj) if j € J, where J is the set 
of integers 1 < i < (/ - l ) /2 such that ;' è (' + l)/2. Since the determinant of a 
matrix is a multilinear alternating function of its columns, we have 

(w) lin^D^i. 
i€J 

where iẐ  is the ^ x =̂1 matrix whose j-th column has all its entries equal to / and 
whose entries in the other columns are resi(nfc) for fc ̂  J (1 < n, Jt < (/ — l)/2). 
Note that the determinant with entries resi(nfc) (1 < n, fc < (i — l)/2) and all 
\Rj\ with j ^ 3 have their second column equal to twice their first one, and are 
thus equal to 0. Therefore the summation in the right-hand side of (14) is for 
j € J n {1,2}; and since 1 ^ J while 2 € J, then 

(15) IH'l = ±1^1-

We similarly have for the matrix C" in (12) 

( l - l ) / 2 
(16) |C"|= £ l^j = 1̂ ,1 + 1̂ 1. 

Moreover, iii and Rj differ only in their first two columns; and the second column 
in iZ] is twice the first one in Rj. Therefore |iii| = —2|iÎ2|, and (16) becomes 

(17) |C"| = - | i i 2 | . 

Ftom (13), (15) and (17), |£>j| = i j C j . Hence the result, in view-of (12). 

Proposition 2. We have 
Ai = ± fc - , 

where h~ M <Ae relative class number 0 / 0 ( 0 , *•'• h~ = & vhere h and h+ are 
the class numbera o/Q(C) ond of its maximal real subfield Q(C)+, respectively ([l\). 

Proof. This resuls from the formula proved in [1] (see also [4]): 

_ . 1 = 8 . 
Dl=:±l-T-h 

in view of the Lemma above. 
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§3 CONCLUSION 

Theorem. If I is a regular prime S S, tAen Terpanian'j conjecture is true for l. 

Proof. We may assume I ^ 7, by Remark 1. Let ai = a — C be orthogonal to C 
and suppose a ^ 1 (mod I). By Proposition 1, the elements y* = (a* + a'~k)/k 
in Ft (3 < fc < (I — l)/2) form a solution of the system (S) of linear homogeneous 
equations. The determinant of the coeffidents of (S) is, by Proposition 2, Aj = 
±h~. Since I is a regular prime, i.e. I does not divide the class number A of Q(C), 
then I does not divide the factor h~ of A, i.e. A( ^ 0 in F|. Thus the system (S) 
has only the trivial solution in Fj, i.e. a* + a'-* = 0 (mod I) for 3 < fc < (/ - l ) /2. 
Hence 

a" = - a ' s - a (mod /) (3 < fc < (I -1 ) /2 ) . 

In particular, a'"1 s - a (mod I), j.e. either a s 0 (mod 1) or o1 - 1 = 1 = - a (mod /). 
Thus, having assumed a ^ 1 (mod /), we have a = 0 or —1 (mod /). It then follows 
that ([3], Proposition 6) a = 0 or ±1 (mod I3). This, in conjunction with Proposition 
42 of (5|, proves the desired conjecture (that I possesses the property LC, in the 
tenninology of [5], §8). 

•Remarfc 2 In view of what was said in the Introduction (based on (5], Theorem 
2), the previous Theorem implies a new (albeit indirect) proof of the first case of 
Fermat's Last Theorem for regular primes. 
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The A-jB-C-Cohomologies for Dynamical 
Systems 

Oleg I. Bogoyavlenskij* 

Presented by G.F.D. Duff, F.R.S.C, 

Abstract: The /t-B-C-cohomologies ff^A/"), HgiV.M"), HgiV,Mn) 
are introduced for a dynamical system K on a smooth manifold At". The rep-
resentations Rm ofthe Lie algebra S of symmetries ofthe dynamical systems V in 
the yl-B-C-cohomologies are constructed. The invariance of the B-cohomologies 
HfliV, M") with respect to any connected Lie group of symmetries of system V 
is established. 

/. In paper [2], we introduced the cohomology if*(Vi M") for the dynam-
ical systems 

xi = Viixl,--,xn) il) 

on the smooth manifolds M". Ia this paper wc generalize that cous true tiou 
and consider a representation of the Lie algebra of symmetries S of the 
dynamical system V (1) in the newly-constructed A-B-C-cohomologies. 

Let A™ be the linear space of the smooth differential m-forms on the 
manifold Mn that are invariant with respect to the dynamical system V {!). 
The operator tV of the interior product and the operator d of the exterior 
derivation act on the K-invariant differential forms. Any V-invariant m-form 
u;m is annihilated by the Lie derivative [1] Lv = ivoa + doiy, Lvuim = 0. 
Therefore the two operators iy and d satisfy the equations 

'Supported by NSERC grant OGPIN 337. 
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il = 0 , d2 = 0, tv o d = - d o iV (2) 

on the V-invariant differential forms. In view of Eqs. (2), the operator 
dy = ivod = —doiy satisfies the equations 

dy = 0, dy e iy = tV » dv = 0, dy o d = d o dy = 0. (3) 

The linear spaces A" of the V-invariant differential forms with the three 
operators iv, d and dy = tyod form the A-, B- and C-complexes respectively: 

d . An-l d —• Ay — 1 . A{, - ^ Aîr - ^ Aft 0 

>i >iv >K »K 
dy dy 

îL Ar1— 
jKv y/àv riv »v. dy dy 

A » - ' - ^ A 0 0 

y/dv dy 

These complexes are invariant with respect to a shift in the vertical direction. 
Therefore their cohomologies have only one index. 

//. We define three different rings of the A-, B- and C-cohomologies 

H\iV,Mn), H'BiV,Mn), HciV,Mn)- (4) 
The ring structures in the cohomologies (4) are induced by the wedge product 
of the V-invariant differential forms. The rings ff^V, A/"), ff£(V, M") and 
ifc(V, M") are cohomologies with respect to the operators t'y, d and dy 
respectively: 

H'AiV,Mn) = Keriy/Imiy, ff£(V,A/n) = Ker d/Imd, 

flS(V,Mn) = Kerdy/Imdv'. 
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The linear spaces (4) inherit the ring structure with respect to the wedge 
product of the V-invariant differential forms because tbe operators ty and d 
are skew-derivations and the operator dy = ty <> d is a derivation: 

dy(u; A 17) = dyw A IJ + fa» A dy 17. 

Here w and i; are arbitrary V-invariant differential forms. 
Remark 1. Recall that the d-cohomologies H'B{V,Mn) coincide with 

those introduced in our paper [2]. Probably, the B-cohomologies are the 
most important of the A-B-C types considered here because of their inter-
relationships with the de Rham cohomologies [2-4]. Another reason is that 
only the B-cohomologies have analogues for the mappings of the manifold 
M" into itself. Let T : Mn —¥ Mn be an arbitrary smooth mapping. There 
exists a complex of T-invariant differential forms with the operator d. We de-
fine the cohomologies of the mapping T : HgiT, M") = Ker d/ Im d. If T is 
a shift for the time 1/n along the trajectories pf the dynamical system V (1), 
then the cohomologies HgiT, M") of the mapping T form an approximation 
of the S-cohomologies iïfl(V, ilf") of the dynamical system V. 

Remark 2. For any constant c, the operator dc = d + civ satisfies the 
equation dj! = 0 on the V-invariant differential forms. Therefore there exist 
the cohomologies with respect to the operator de as well. 

///. An example. Let us consider the dynamical system V: 

Ji = 0, ipt = Jt (5) 

in the toroidal domain O — Ba xTk where B0 is a /c-dimensional ball, and 
Ji e Ba, ifi e TT*. The system (5) is the canonical form [3] of all Liouville-
integrable Hamiltonian systems that are non-degenerate in the Kolmogorov 
sense and have compact invariant submanifolds. In paper (3], we demon-
strated that the V-invariant 1-, 2-, and 3-forms have the form 

u,,=tf.(J)dJ., (6) 

Wj = <!«(J)dJi A dJ( + bitiJ)dJi A d ^ , (7) 

W3 = bitmiJ)dJi A dJt A dipm + c17m(J)dJ, A dJt A dJm. (8) 
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Here coefficients a«( J ) and Ctfm(,7) are alternating and coefficients 6«( J ) and 
bibniJ) satisfy the equations 6«(J) = M J ) , bumiJ)+btn»iJ)+bmuiJ) = 0. 

(o) For the V-invariant differential forms (6) - (8), we have 

tywi = 0 , iywa = -6«(J)J<dJ„ iyWa = biimiJ)JmdJi A dJt. (9) 

Hence we find Hl
AiV,0) = 0, H\iV,0) = i ï~. The elements of the coho-

mology group H\iV, O) are represented by the 2-forms 

wia = buiJ)dJiAd<pt, (10) 

where 6«(J) = 6«(J) and M J ) J / = 0 ' 
ib) In papers [2,3], we proved that Hl

BiV,0) = 0, HliV,0) = H~, 
H%iV,0) = 0. The elements of the cohomology group HliV,0) are repre-
sented by the closed 2-forms 

aJiOJt 
where B( J) is an arbitrary smooth function. 

(c) Eqs. (7) and (9) yield dyW2 = -diywj = dibitiJ)Jt) A dJ;. Therefore 
the cohomologies £fJ(V, Af") = i î~ are represented by the 2-fonns 

fid l\ 
wjc = aitiJ)dJi A dJt + bi(iJ)dJi A d ^ , M J ) J < = - g j " 2 . (1 2) 

where C(J) is an arbitrary smooth function and 6i<(J) = 6«(J). 
The formulae (10) - (12) imply that the three cohomology groups i /J( V, O), 

HliV, O), H%iV, O) are different and that the B-cohomology group HliV, O) 
is the "smallest" one. 

IV. Theorem 1 The Lie derivative operator Lu defines the representa-
tions Rm ofthe Lie algebra S of symmetries ofa dynamical systems V in the 
cohomologies 

HXiV,Mn), HSiVM"), ff£(V,A/n). 

The representations Rm in the B-cohomologies B£(V, A/n) are trivial. 



0. I. Bogoyavlenskij 203 

Proof. For any symmetry U € S and any V-invariant i(,k) tensor T/, 
we have l y l y l * = ( iyLy - L[u,v])T£ = 0. Hence the (^ib) tensor lyT^ is 
V-invariant. 

(o) Any element of the group B"(V, Mn) has the form uim + iyUm+i, 
where iywm = 0. The two operators iy and Ly commute in view of the 
identity l y i y - ivLy = i(y,v] and the equation [U, V] = 0. Hence we obtain 

Luium + tVwm+i) = Liiu)m + ivLiiujm+u iyl(/a;m = L(/iyu;m = 0. 

Therefore, the representation Rm is well defined. 
(6) Any element of the group Bg (V, A/n) has the form LJm +<L;m_i, where 

dwm = 0. Applying the Cartan formula Ly = d o iy + iy <> d, we find 

£y{wm + du;ra_i) = d(iywm + £ryuim_i). 

This element represents zero in the group Bg (V, Af"). 
(c) Any element of the group B"( V, Mn) has the form wm + dvù)m where 

dywm = 0. Applying Eqs. (2) and the equation iy e ty = —iy o iy, we obtain 

• I>y(wm + dywm) = LyWm + dy£ryb>m, 

dy Lywm = iyd(d o iy + iy o d)wm = diyiycL;m = diydyWm = 0. 

Therefore the representation Rm is well defined. • 

Theorem 1 implies that any one-parametric group of symmetries of a 
dynamical system V defines the identity representation of R1 in the B-
cohomologies Bg ( V, M"). Therefore, any connected Lie group of symmetries 
G preserves the B-cohomologies HgiV, Mn) and does not preserve in general 
the cohomologies B^VAf") and B£(V, A/n). 

V. We introduce another set of cohomologies using Eqs. (2) and (3). The 
.4-cohomologies B^(V,Afn) form a differential complex with respect to the 
operator d: 

0 —• B3( V, Mn) - A Hl
AiV, Af ) - ^ U HîiV, Mn) —¥ 0. (13) 
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Let B^B(V, Af") denote the cohomology ring of the complex (13). 
The B-cohomologies BJJ(V, AT*) form a differential complex with respect 

to the operator iy: 

0 <— HliV, AT) iP- H\iV, Af") <i£- • • • <^- B3(V, Af") 4— 0. (14) 

Let HgAiV, Af ") denote the cohomology ring of the complex (14). Note tbat 
the operator dy annihilates the cohomologies B^(V, Af") and HBiVt Af"). 

The C-cohomologies Bc(V, Af") form the two differential complexes with 
respect to the operators iy and d: 

0 <— Bg^Af") j * - B^V.Af") £-••<?- HZiV,Ar) i— 0. 

0 —> Bg(V, Af") A B^V, Af") - ^ U BS(V, Af") —^ 0. 

Let B^(V, Af") and Bcfl(V, Af") denote the cohomology rings of these two 
complexes respectively. 

Remark 3. The Lie derivative operator Ly defines the representations 
Bn, of the Lie edgebra S of symmetries of the dynamical systems V in the 
cohomologies B ^ V M " ) , B£,(V,Af"), B5U(V,Af"), B?fl(V,Af»). The 
same methods as in Theorem 1 prove that the representations Rm in the 
cohomologies L%(V,Afn) and B£,(V;Af") are trivial. 
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Fluid velocity fields derived from 

the Navier-Stokes equations 
K. B. Ranger, F.R.S.C. 

Department of Mathematics, University of Toronto 
Toronto, Ontario, M5S 3G3, Canada 

Abstract: It is shown that there is a class of solutions to the 
Navier-Stokes equations in which the pressure field is a general three-
dimensional harmonic which may be considered as the forcing flow and 
one of the Cartesian components of velocity is an arbitrary function of 
position and time subject to suitable conditions explained in the pre-
sentation. The remaining two velocity components can be found by the 
application of appropriate integrability or consistency conditions. 

Introduction According to the Oxford EngUsh Dictionary the word, 'arbitrary', means, 
'derived from mere opinion or random choice'. The purpose of the following short paper 
is to show that the Navier-Stokes equations for viscous, incompressible flow can exhibit 
solutions in which one Cartesian component of fluid velocity is an arbitrary function of the 
space and time coordinates, subject to the usual preferential conditions of continuity aud 
differentiability. In addition the pressure field is a general three dimensional harmonic. By 
the application of a suitable integrability or consistency condition it is possible to explicitly 
construct the remaiuiug two velocity components. If £ is the fluid velocity then tbe results 
found here are applicable to regions ofthe fluid in which (9-curl q) ^ 0. Siuce uj = ( g i j ) 
is arbitrary, where 0(zi,X2,X}) is a fixed frame of reference, the velocity field q exists at 
least for a region of finite extent. 
The flow equations and method of solution. The phenomenological equations de-
scribing the motion of a viscous incompressible liquid based ou a Newtouiau rheology are 
defined by 

| = + ( 2 . V ) £ = - V P + i/VJ2 (1) 

div £ = 0. P = p/po (2) 

whereq = Ujij, Uj = Ujix\,X2,xz,t), j = 1,2,3 is the fluid velocity, p = /i(x1,X2,xj,0 
is the pressure field, po the constant density aud v the kinematic viscosity. It is roiivenietit 
for the present analysis to decompose the velocity field iu the fonn 

q = 0 + V<A, Q = Qiij, «, = Q j - ro^ , (3) 

where o, Q are scalar aud vector functions of (x 1, xj , r j , / ) respectively. It is also supposed 
that M3 isarbitrarily prescribed subject to suitable couditions of coutiuuity aud differen-
tiability. There is also a further condition which will appear later in the analysis. With 
the aid of standard vector identities equations (1), (2). (3). oau be recast iu terms of au 
equivalent set of equations expressed by 

OQ 
(7 x (Q + V*)I = (curl Qy.iQ + Vd>)\ = VB + vV2Q - - ^ , (4) 
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divQ + VV = 0, u, = Qs+d>xt, (5) 
and 7 = curl Q + A(Q + V^), where A is an arbitrary scalar function of position and time. 
The part of tÊese equations involving 7 will be relevant at a later point in the analysis. 
The scalar extended Bernoulli function is defined by B = i/VV -4>t- P - \\g\2. With 
W — Wjij = curl Q, this system of equations is completely equivalent to the set 
expressed by (1), (2) and 

BS7+uV2Q2 + Wiu, _ WjUj - B„ - uV2Qx 

'Wi ' *'» ~ W* «xa t w - V l t-"^Ittl , rrjUj -Qn -vv VI ,,., 
*»i = n; • Vx, = ûF. • W 

*r. = us-Qa, div£ + V V = 0, (7) 
together with the equation 

WiiBIl+uV2Ql-^) + W2iBr7+uV*Q2-^) + WiiBri+uV2Qz-?j£-) = 0. (8) 

The basic assumption to be made at this point in the analysis is that IV* = I j i _ *2i. = 
K where A' / 0 can be chosen to be a constant. In this case equations (6), (7) are linear 
inhomogeneous if u 3 is given or prescribed and may be exhibited in the form 

^ V
2

Q l . ^ + W l U i ) + ^ m u s . ^ Q l + ^ ) + K ^ = 0, (9) 

K'+B^+B^+^iuVQi-^-Wturi+^-iWiUi+uV^-^) = 0. (10) 

-(Vyjuj — i/V ^ 
1 

dQ2 dQi 

W - £ i ) A - + ^ - ( V V 2 u , - ^ V 2 Q 1 - l - ^ - ) - B r | X 3 = 0 . (11) 

o . = K. (12) 
ax 1 0x2 

As aheady remarked equations (9)-(12) constitute a linear iuhoiuogeneous system aud 
solutions exist for Qj, j — 1,2,3. B without restricting uj. In turn it follows from (6), (7) 
that à also exists. However with the constraints IV» = A*. Qj + or3 = «3, it appears that 
the additional equation (8) which is part of the full system of the Navier-Stokes equations 
is not satisfied and the system is over-determined. To show this is not the case can be 
estabUshed by the foUowing argument. First it is observed that if 7 = curi Q + A(Q + V^), 
where A is any function of position and time then 

0Q 
div {(curl QxiQ + V^)] - VB - uV7Q + -^) 

OQ = d i v { ( 2 x ( 2 + V^) l -VB- i /V 2 Q + - ^ } (13) 

= UQ + £p) • curl 2) - kurl ^l2 - •*((<? + So) • "«rl Q) - V2B - i/VMiv Q 

+ ^ d i v g = 0, 



K.B, Ranker 207 

if A is defined by 

x = UQ + S W • curl 2) - |curl Q\2 - V2B - i/V»div g + ^div Q 
((Q + S N - c u r l Ç ) ' ( 1 4 ) 

and ((Q + V^) • curl Q) ± 0, in the fluid region. The partial differential equation for 7 can 
then be displayed by _ 

7 ( ( Q + Y ^ ) c u r l Q ) = curl Q((Q + V^)-curl Q) (15) 

+ ( 0 + ^ ) { ( ( Q + V^) • curl 2) - Icurl 0 | 5 - V7D - i/V7<Uv Q + | . . l iv Q). 

This additional Unear inhomogeneous equation possesses solutions for 7 which exists in 
the fluid region ensuring that (13) is satisfied without restricting Q,B or 113. In view of 
(13) there is a vector function R = Rjij such that 

(curl Qy.\Q + Vj,]] - VB - uV2Q + - = = curl R, (16) 
— — at 

and from (6), (7) which lead to (9)-(12) it foUows that 

0R1_0RL _ 0RL_0Ri 
Oxi 0x2 ~ Ox, Oxi " "• ( 1 7 , 

This in turn impUes | f j - - | f f = 0- A t t l l i s P0«ut (8) c a n be satisfied and there is a solution 
of the Navier-Stokes equations iu which 113 is given or prescribed and (q • curl q) / 0. 

With this knowledge it is of interest to construct the remaining velocity components 
«I. «2. To this end it is expedient to consider the system of equations 

Oq 
< l i v { ( , . V ) 2 + - = + V P } = div 7 = 0. (18) 

- ^ + ( 2 Y)u3 = _ p r a + l .V 2 « , . (19) 

in which 113 is prescribed. Since div (I/V2<J) = 0. equation (18) impUes that 

0q 
^ + (2 Y)2 = - VP + i/V22 + <url B, (20) 

where B is a vector function of position and time with div B = 0. Equation (20) ImpUes 
that the Navier-Stokes equations, viz. 

curl l-£ + iqV)q + VP-vV2q\ = 0. (21) 

only if 
cur l 2 B = grad div B - V 2 B = - V 2 B = 0. (22) 
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Since div i t = 0, there exists S. = 5(*i»«Si«SiO such that i t = curl £ and V2£ = 0. In 
this case equation (20) can be re-written as 

| | + (î • V)£ = - VP + vV2£ + Vdiv £, (23) 

and V2div 5 = 0. There are two situations to consider because if div 5 is constant, 
then the Navier-Stokes equations are satisfied but P, u,, ut are determined by appUcation 
of integrability conditions to the full system of equations and represent an excessively 
cumbersome exercise in terms of algebraic detail. As a result this case wiU be omitted 
from the present discussion. In the second case which is less compUcated analyticaUy, 
consistency is only achieved with the Navier-Stokes equations and the original system 
(18), (19), if P is chosen to be an arbitrary three dimensional harmonic, that is V2P = 0. 
An appropriate representation for P is expressed by the mtegral formula in (1). It is a 
straightforward matter to show that the only solutions of (18), (19) with P harmonic 
are solutions of the Navier-Stokes equations. This derivation may be illustrated by the 
following procedure. 

If 2 is the Navier-Stokes solution with V2P = 0, and £', P' is another solution of (18), 
(19) in which iq-iz) = iq'-S») = aj, and V2P' = 0, then from the equation of continuity 
the most general form ofg is given by g' = 2 + curl vi». The velocity fields £,2' satisfy 
the system of equations 

div((2.V)£} = 0 , div {(2'-V)2'} = 0, (24) 

(£ • V)u, + ^ = - P„ + fV2!.,, (2' • V)a , + ^ = -Ka - »*'**• 

These equations imply that 

div {(curl 0X8 • V)^ + (2 • Y)curl il>i» + (curl vxs • V)curl eit} = 0, (25) 

and 
(curl t i , Y)tt, = P r . - B ; . . (26) 

or since V2P = V2P' = 0, (26) is equivalent to 

V2(curl iZ-ij-V)!!, = 0. (27) 

The only consistent solutiou of (25). (27) without restricting 2 is ^ = constant iu wliich 
case 2' = q. 

Finally it is necessary to show (18), (19) with V2P = 0 do iu fact admit solutions 
UI.Uî, because at first inspection the system appears to be over-determined. This is not 
the case and cau be demonstrated by utilizing the earUer argument involving 2 Now if 
7' = curl £ + A'2 where A' is au arbitrary function of position and time, then 

div {(£ • Y)2} = V2 i I,!2 + <Uv (V x ç] = V2 i l2l2 - (V • "»'! 2) + «2 • c"rl l') (28) 

= V2i |2 |2 - |curl 2I2 + (2- curl 7') - A'(2- curl 2) = 0. 
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if 
V 2 l l a | a - | c u r l a p - K a c u r l V ) 

A ( f l e u r i ^ • (2 9) 

where (g • curl g) / 0, in the fluid region. The partial differential equation for 7' is then 
given by 

( ^ i l ^ - j c u r l ^ - K ^ c u r l V ) } 
^ = Cmlq- + q- = ( g . c u r l g ) ' ^ (3 0) 

Since (19) and div£ = 0 are both Unear inhomogeneous if U3 is prescribed then U|IU2 
exist, and substitution in (30) shows that the equation for 7' is linear inhomogeneous and 
7' exists so that (18) is satisfied, la fact there are solutions of (18) (19) which are mutuaUy 
consistent provided that (q • curl q) £ 0. 

It remains to construct the velocity components u,, uj from (18), (19) and 

u, = Am + B', (31) 

vhere 
_ dut du» f j dus du3 

and from the equation of continuity 
0*2' 

du, _ 1 Qu, Af3tt, r ^ -(^.^-^iM 
OZi AÔZi A ' \dx2 OxJ A 

On expUcit calculation (18) results iu the equation 

(33) 

d i v f n V k = 2 < — 2lL + 9}il 9ltl. + ^l fo2_<h± 0u2_0u^ 0ui_0u± duj) 
2 2 "[dXi'dxj Ozy' Oxt dXi' 0X3 dxt'dxj OX2' Oli Oxt'dXif 

= 2 / — ^îil + ^ i ^iii + ^îii Ou^Ou^ Out f9"*}7 \ _ / o , , 
\ Ox, ' 0x2 Ox, ' Oxi 0x2 ' 0x3 0xx ' Ox. \0x3) j ~ { ' 

With the substitution (31) for u^ in terms of U| a major simplification urrurs because '?-*• 
is eliminated aud the oidy integrabiUty condition is now 

(OA .O&^Ou^fiM ÇB^Oi^ Jlui 0A_ _(0u1\2 _ ^ 3 ^ 
\d*,0x,)dXi \0x2Ui + 0x2)0xl ~ OXiOx,"1 \0x3) 0X20X2' { ) 

It is now possible to solve for § ^ , § ^ from (33), (35) in ihe form 

Oux __ a'u} +b'ul +c' Out _ au} + tui +<• 
Oxt " ui+d ' 0x2 ~ t i , + < / ' 
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where 
SA . SA iM 

ASsa.. M. _ M.. aBL A. Ar9A Ar&L - M.. SML _ iia.. M. 
^IC? ax. 31? ^FT ^ ^ ^ Sxi .1 _ ^ÏÏZ Bx, Bx, 3x, ggj 

(37) 

i _ ox, ax» Ox, Bx, oxi i» _ axa o«a ox, ox, ax, tio\ 
I T T T M ' 0 ~ M.4.AÊA. ' W 
dxi ^^Bx, Sr, +yi3x. 

(39) 

in the fluid region. Now the equations (18), (19) with V2P = 0 have solutions in common 
with the flow equations and it only remains to apply the integrabiUty or consistency con-
<^t'on Bx a'x = Bx Bx t o ^ta in the equation satisfied by tit - This is found to be given 
by the cubic equation 

pot»?+pitt?+p2ti l+pj = 0 (41) 

where 

aa Qa' .Oa db dd ., . , , dd M db' 
1,0 = ô ^ - ^ Pi =dd^+â^-adrl

+ab-ba+adr2-ddr2~dr2 
= 2(ac'-a'c) d—- b— — b' — d — — 

dii Oil 0x\ 0X2 dX2 0X2 
, , ,, ,0c dd ,dd Jd 

Pi =bc'-cb'+d- c1r-+c'7i d—. 
ax\ ozi 0x2 0x2 

The cubic equation has at least one real root and cau be treated by standard methods [2]. 
The calculation of u 1,112 in terms of P,u3 now only requires a network of routine 

substitutions described by tbe above equations. This calculation is subject to the condition 
that iq • curl q) £ 0, iu the fluid region and this is guaranteed at least iu a finite uon-zero 
region of the Huid by the fact that 113 is essentiaUy arbitrary. 
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EXACT SOLUTIONS OF NAVIER-STOKES EQUATIONS 2 1 1 
BY RECURSIVE SERIES OF DIFFUSIVE QUOTIENTS 

R. B. Leipnik 
Presented by G. F. D. Duff, F.R.S.C. 

Abstract . Large classes of exact solutions for the velocity a and pressure p of suitably 
forced unsteady three dimensional Navier-Stokes equations are found, in rectangular co-
ordinates. They are series a = Smum, p = Emp^r, jfa = fc"mi»m, pZ = h-mpm, where 
Vjfc = ijV,/i+r(£,0'»+4(£,0- The solution sequence {«„) is obtained by introduction 
of a sequence of vector potentials iAm) satisfying a difference relation îim = V x An + 
(m - l )An-i x i^h), which also permits easy verification of incompressibility, where Am 
satisfies linear differential equations. An auxiUary Unear Poisson equation permits the 
determination of p m from vm and iym_,, where (V, = {r ,s ,h ,£;ui , . . . ,Uj ,p i , . . . ,P j ) , 
and £ is a conservative force. 

1. Introduction 
General expUcit methods (hodograph, Lie, Clarkson-Kruskal, pole series, etc.) for exact solution 

of non-Unear systems have shown limited success with Navier-Stokes (N-S) systems. The Cole-
Hopf solution of Burger's ID model as the quotient ( ^ I J / T 1 Vx*) of 'wo diffusions is weU-known. 
The goal here is an extension of Cole-Hopf useful for N-S equations, initially considered by the 
writer around 1980, inspired by the BBGKY hierarchy for integration of tbe Liouville equation. 
Much of the work is based on electromagnetic (vector potential) techniques adapted to series 
of quotients, and conventional system theory for Unear PDE. Rectangular coordinates are used 
to simpUfy analysis. The main equations (11). (21), (27) are sUghtly modified Ladyxhenskaya 
equations. AuxiUary are (12), (24), (32). 
2. Proposals. Preliminaries, Incompressibility 

Tbe incompressible Navier-Stokes system is 

(1) V,u + ( u V ) 3 t + V ( p - I p ) = 'jV,Ji + £ , £ = -Vfi , V-u = 0. 

The ansatze proposed are 

(2) S.= Zmh-mvm, p = E m A - m p m , f o r m > l , where 

(3) (V,-tlVt)h = r{x,t)h + s{x,t), A / 0 a.e. 

Eq. (3) is a forced (if s ^ 0), reaction (if r JE 0) diffusion. Assume 

(4) n = smA-mnm, 

where n m ( i , 0 are independent of h. This series method could be called an SDQ (scries diffusive 
quotient) method, since the paravelocities w™ are diffusions. The range of functions h satisfying 
Eq. (3) is large, since r and s are only assumed to be pieceuiise continuous, diffcrculiablc, etc. 

Flroni (2) and (3), rearranging powers of ft"1 gives 

(5) V,u = Em/i-r o [ V , ^ - m r t ^ - (m - l)ti„._,(T/V'/i + «)] 

Typnwt by .-l.viS-ïfcX 



212 R« B« I ^ i p n l k 

(6) (» • V)u = £ „ / . - » l^JiliH- v )an-« - S^l^m - / - Oa^nCl!» • V)fc] . 

FVom (2), note 

(7) VO,"1?) = p-'E^-'lVp*. - (m - l)pm_, VA]-

(8) £ = -Em/i-m(vnm - (m - l)nm_iVH 

The significant quantities V • a, V x a, V2u can also be expressed as SDQ. Thus 

(9) V • a = EmA-m(V lu-im- IK.- , • Vh], V u = ^h'"^^ 
-2{m - l)iVh • V ) ! ^ . , - (m - l^^Vh + (m - l)(m - 2)t!m_,(VA),l 

The first main result of the choice (2) of a quotient series for a is the incompressibUity recursion 
theorem (which is independent of the choice (3) for h). 

Theorem. If iAm} is any sequence of C" vectors, and 

(10) «„ = V x 4 m + (m - l U m - i x (Vfc), for m > 1, 

tAen (2) implies that V • a = 0 formally. 
Outline of Proof. FVom (9), V -a = 0 Is impUed by V • o,^ = [(m - l)£m_i • V))A. But, 

V • «„. = (m - 1)V • iAm-x x (VA)) = (m - 1)[(V x >!„._, • VJfc 
= ("» - l)[ism.l -im- 2)Am.i x VA)) • V]A = (m - l ) ! ^ . , • V)A), 

since the vector VA appears twice in the mixed triple product. Thus incompressibUity is provided 
almost automaticaUy by (2) and (10). 

3. Momentum equation—first level 
The momentum equations (1) are now separated by level, beginning with level 1 in A- 1. Col-

lecting A-1 terms from (5) to (9) yields 

(11) VtvL-itV*vL-rvL+Vip-lpt+ni) = i, V w L = 0 

The standard device of applying V- and Vx to a vector equation yields first 

(12) V^p-'p, +11,) = (i^- V)r 

a Poisson equation for parapressure pi (if Vr JE 0) which depends on iji_, a Laplace equation, 
otherwise. Thus if r is time dependent only, then the pi problem is classical, but t^ must be found 
anyway. 

Now Vx eUminates the force terms, leading to a para-vorticity equation 

(13) V x [(V, - IJV» - r)»J = (V, - IJV2 - r)(V x wj - (Vr) x w = 0. 
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Again, if Vr = 0. the equation (13) simpUfies to an unforced vector reaction diffusion equation for 
wj. = V x i^: 

( " ) (V, - IJV2 - r ) ^ = 0, V UJL = 0. 

another Ladyzhenskaya equation which is almost classical, but apparently over-determined This 
is also a problem for (13) if Vr £ 0, since V • *,_ = 0 is needed to "begin on" incompressibiUty. 

The antlvorticity device », = V x 4 , is now invoked, producing a fourth-order properly deter-
mined equation 

(15) (Vi - ijV» - r)V x (V x Ai) - Vr x (V x 4 , ) = 0, 

provided that V - ^ is not prescribed. The principal part of the operator in ( 15) is V,( V x ( V x )) 
and the principal equation is 

(16) V a ( V x ( V x £ ) ) = V x ( V x ( V 2 £ ) ) = V x ( V x 2 ) = 0, 7 = V 2 £. 

An elementary Fourier treatment of (16), based on the expansion in a bounded cube, with A 
replaced by i yields conditions on the coefficients d(a, e / a in a Fourier expansion for J,: 

(17) A ^ = 
n\ - n2 n ,» , mm I [ 7 i n ] 

«in, nj - n* mm j j / j f l = 0 
mm mns nl-n2\ [/3„J 

where n = nj + n | + nj, and ^ stands for ^ or £„. These MaxweU-type matrices N^ each of 
rank 2, have nice properties. If ^ = 0 for j = 1 or j = 2 or > = 3, but n / 0, then / ,„ = 0 and 
a x J^ = 0. If n^ = nk = 0, then /in = fkn = 0. If mntm ï 0, then the only constraint on 
/ ^ is a x / ^ = 0. The eigenvalues are (0, - n 2 , - n 2 ) . These conditions are appUcable to ^ = i , 
a i l d Za, = ^a. independently, as the sine and cosine submodes of the solution are indepëndenr 
Obviously finite Fourier series ( ^ = e^ = 0 for n, + n, + ns > N) are possible. Thus, 

(18) V ' B ^ i ) = Jt{x) = d,fl + E a [d < a cos (2»(a i ) / i + ^„siii(2ir(u i) / / , )] , 

clearly Poisson equalions forced by Fourier series. Because of linearity, the single mode complex 
equations VJfl#a(i) = / / n e ' " (a£) / l c a l l be solved for complex /,B and Bf„ over the region K as 
a Fourier series 

Binil) = EaÀrn.H.e,'i(!a£>/t, where 

i 2 -
I19) J*.a.a = ~4ran2^< '" ' a n d Eff l^„m2j/j,^ = 0, f = 1,2,3, aUn 

Particular solutions are 9,a „ = 0, m / n- 5° Bt(x) are quadratics in z plus 

(20) £,.„(£) = - ^ E „ f^cos(2>r(n . z ) / i ) + ^sin(2.T(a i V i ) ] . 

The solutions of the principal equation may be bounded and oscillatory. 
Classification of (15) is difficult, because of the occurrence of V x i^ = V x (V x 4,) which 

prevents the time-independent parts of (15) or (13) from being strongly elliptic and so the entire 
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equation is not paraboUc In the sense of Vlslk. Nevertheless It can be put In standard first order 
form, from which Taylor series can be constructed by routine methods. 

The 54 distinct overt terms in (15), some appearing several times, include VMij (6), VyV^Au 
(6), VjA,» (6), V.VyVjkAi* (6), V.VjA,» (6), VfVjVkA,* (18), and VjVjAu (6). In addition, 
a minimum of 21 spatial bridging terms Vi Vj V» Au are needed to reach the 24 fourth order terms 
(in one-derivative steps) from the 12 second order terms. FVom the six pure fourth order terms, 
three (i.e., V ' A ^ V J A M , VJAn) can be chosen to solve for in terms of the other 72 = 75 - 3 
derivative states via four 33 x 33 state matrices for the first level, unsteady case. These matrices 
are 98% sparse, and can be decomposed. 

Equations of the type (15) are critical to this method, as they appear at every level, always the 
same size with increasingly complex entries, and generaUy forced, unUke (15). 
4. Momentum Equations—Second Level 

CoUecting the A-2 terms in (3) from (4), (5), (6), (7), (9) leads to 

(21) (V, - Zr)^ - (nV2A + sfo + (t^ • Vfc., + p-'fVp, - p, VA) 
= - (vn, - n, VA)+i}[v2u, - 2(VA • v ) ^ - BLV2A] 

Cancelling i}V2Av]_ from each side of (21) now yields 

(22) ( V« - IJV2 - 2r)vi =3^ + 03., where 

(23) »! = [J - 2i7VA • V - ( ^ V))^-!- (p-'p, + n,)VA, 
V t » l = ( u 1 V ) A , £2. = - V(p-,p, + «2) 

AppUcation of V- and Vx to (22) produces a Poisson equation for p~lp2 + fij in terms of v* 
and a forced vector reaction diffusion paravortldty equation. 

The Poisson equation is evidently 

(24) V • [(V, - i,V2 - 2r)ta) + V2(p-,p1 + Jl, ) = V • s,. 

Expansion of sj_ and the use of many previous identities (and much algebra) leads to 

(25) V2(p-Ip2 + ft,) = 2(1^• V)r + r ^ • V)A - 2i7Ei<>(V1 V,A)(V>w1. + V ^ ) 

- ijEi:S>(Vj»,i)(Vii;,i) + (p-'p, + nl)(Ar + s), 

with a simple dependence on t^. Thus pj depends on t£, t^. A, r, s, and pi. As for uj, 

(26) V x [(V, - 17V2 - 2^»!) = V x aj, V w l = ( 2 L . V ) A 
Now V x S2. depends only on vj.. A, r, s, and pi, and Uke V-o^ (expanded in (25)) can be expanded 
in the vij. Since 

v x ((p-1?, + novA) = v(p-,p, + n.) x VA. 
Pi can be eUminated from V x sj. in favor of v, by using (11), giving uj in terms of v±, by a finite 
but long formula. 

As mentioned earUer, the series for a cannot generaUy stop at the first level, but can stop after 
two levels, although series which stop after three levels are more interesting. 
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S. Momentum Equations—Level Three and Beyond 
The third and higher (or deeper) levels are considered together, because DO new types of terms 

are needed, although the length of the memory tail increases linearly with the level m, but its nature 
remains Unear-biUnear. Suppose that levels, 1,2 m — 1 are complete for A,,A2,...Am-i; or 
«iLitl.'-.Um-i. Md p~lpi + Slt,...,p~lPm~i + OHI-I- After coUecting the coefficients of A""", 
the mth level equation for v^ is 

(27) V.wa. - mrv^ - (IJV2A + s)(m - l)2m_, + E^lVlU • V ) ^ ^ 
- ^ ' ( m " I - l)£m-«-i(^ • V)h = -V(p-,pr a + nm) + (m - iKp-'p™-, + ftra-I)VA 

+n^2Sm. - «(m " 1)(VA • V ) ^ . , - (m - Ite™.,V2A + (m - l)(m - 2)£m_2(VA)2l. 

CanceUation of (m - OijJim.i V2A from both sides of (27), yields 

(28) (V, - IJV2 - miOwm =im+Zm, where 

(29) f a = (m - l ^ j ^ - i " S^i'Oif v k » - < + ^ ^ ' ( m - < " l)2m-r.t(Jir • ^ ) * 
+(m - iKp-'p™-! + ««-OVA + i,(m - 1)(-2(VA • V ) ^ . , + (m - 2)1jm_J(VA)2] 

(30) » „ =-V(p- , pm + nra), V « a = (m- l ) (£ < B _ iV)A. 

AppUcation of Vx to (28) yields a forced vector-reaction diffusion equation for V x tim, and 
appUcation of V- to (28) produces 

(31) V • [(V. - 17V2 - mrKJ = V • ^ - V2(p-lpm + Om). 

As in Section 4, V • s^ can be manipulated and so finaUy yields parapressure pm: 

(32) (V, - ijV})(m - DK,- , -VjA - m(Vr) • v^ - m(m - igvm.l • V^r 
= V • {(m - l ) 5 v m - , - 2 ( m - l)i,(VA • V ) ^ . , + r,(m - l)(m - 2)tjm_2(VA)3 

- S ^ ' d v • V ) ^ . , + E^-,(m - ^ - l ^ . ^ a » / - V)A 
+[m - l ) (p- | p m - , + nm-,)VA) - V2(p-lpm + llm). 

Note that «v enters only one term in (27), the rest depending only on u^,...,,!)„._,,7n,r,A,s and 
p-'Pni-i + flm-i- If ^r = 0, even the v^ dependence is absent. As before, p~lpm + Um can be 
obtained by a Poisson integral of the remaining terms in (32). 

The equation for v^ itself is 

(33) V x [(V, - i/2 - iiir)!^) = V x *„, 

where im is defined in (29), which can be solved by the anli-vorlicity methods mentiunod in sections 
3 and 4, and is an e(|uation of the same type as (2G). As to tenuination, if u^ = 0, thou V x s^ = 0, 
which is a complicated identity relating u^,^},.. • Vm-i- Also ^ = -o^ = V^)"';;,„ + IJ,n), from 
(33). ll is logical to set p'xpm + llm = const lo assist in the lermiualiun, so s^ - 0, yielding a 
less complicated relation between the various levels involved, than that obtained from V x s,„ = 0. 
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For example, if m = 3, termination involves the Unear first-order system, depending on vL,A,p-,pa+ 
(li: 

(34) 2 ^ - ((ta.- ̂ )«a.+ Oa- v)«!iJ+a(il• v ) ' , + ^ " ' w + ft2)v', 

+ 2fj[-2(VA • V)^-!- v^^h)2] = 0 

This is a first order PDE system for çr However, note that 

(35) V2(p-,p2 + ft2) = V a 1 - ( V , - i j V 2 ) V - i > l + 2V.(r«1) 

also depends Unearly on 02 and V • «j. = («i/ V)A, so p~lP2 + ftj can be written aa the output of a 
Unear integral operator on «£, and all dependence on tg., except for 2(tj2 • V)r, caa be eUminated 
from the right side of (35). Thus «j. can be determined from v^ and pi in such a way that t̂ . and 
all later paravelocity terms are zero. Termination conditions for £Ar+1 = 3^+2 • - - = 0 are similarly 
available, though increasingly tedious. Not only has the determination of »„ and pm been reduced 
to the solution of exactly Unear differential equations, but also the discovery of terminating velocity 
series can be so reduced, without recourse to (post-1900) global functional analysis or numerical 
computation. 
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ON SET-VALUED FUNCTIONS OF 
CONVEX TYPE 

Elzbieta Sadowska 

Presented by J.D. Aczel, F.R.S.C. 

Abstract 
Let K be a convex cone in IR", T be a positive constant and W(T) be the class 

of set-valued functions /" : A' - . n(lRm) satisfying (1). It is shown that if 0 < Ti < 
72 < 1 or 1 < T, < T, then W iT2) C H^T,) . Moreover, if F € W{T) for some 
T > 1 and 0 € f(0), then r f ( x ) = F ( r i ) for all i € K and r € (0,oo). 

In [1] J.Matkowski and K.Nikodem presented relations between the classes of real 
functions defined on the half line and satisfying 

fitx + iT-t)y) < tfix) + iT-t)fiy) , x.y G ni+, « € [0,TJ, 

for a fixed T > 0. They also gave the form of the solutions of the above inequality for 
T > 1 under the assumption that / ( 0 ) = 0. 

In this paper we present counterparts of those results for set-valued functions. 
In the whole paper we will assume, that A' C lRn is a convex cone and that F and 

4> are set-valued functions from K into nonempty subsets of JRm. Moreover inslud of 
"set-valued function1' we will write "s.v. function". 

For a given T > 0 we will consider the class of s.v. functions satisfying 

n+m+l /n+m+l \ 
E t.Fix.) c F M r ux,] (i) 
1=1 V 1=1 / 

for every i ! , . . . , z n + m + i € K and all tl,...,i„i.m+l 6 [0,T] summing up lo T (the sum on 
the left hand side means the algebraic sum of sets). Let us denote 

WiT) = {F: K -> n(IRm) : F satisfies the condiUon (1) } . 

Recall that an s.v. function F : K —* n(lRm) is said to be convex if 

fF(x) + (1 - f)F(y) C Fitx + (1 - l)y), x,y e K, I € [0,1]. 

1991 Mathematics Subject Classification: 26A.'il.2Gli25,54C60. Key words and phrasi-s: srt valued 
functions, convex set- valued functions, sadwich tlieorcm. 
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Thus (cf [2, Theorem 2.3]) Wil) coincides with the family of all convex s.v. functions on 
K. 

L e m m a 1 An s.v. function F belongs to WiT) if and only if there exists a convex 
s.v. funclion * : A' -» n(IRm) such that 

*(x) C F(i) C r - ' ^ T i ) , xeK. (2) 

Proof: Let f, = To,, Q, G [0,1], for i=l,2 n+m+l. Using (1) we obtain 

n+m+l / n+m+l \ 
53 o.Ffïi) C T^ 'F lT E OixA , i,,...,i„+m+i € A'. 
is l \ i=l / 

By [3, Theorem 1.1 and Remark 2] there exists a convex s.v. function H : 1< -* n(IRm) 
such that 

F ( i ) C Hix) C T-'FiTx), x 6 A'. 

Putting *(x) := THiT~lx), for x € A', we can easly check that 4> satisfies condition (2). 
The converse implication is obvious. 

• 

Now we will present two lemmas on convex s.v. functions $ for which 

* ( i ) C T - ' ^ T x ) , x e A , (3) 

holds for some T > 0. 

L e m m a 2 If an s.v. function 4> is convex and satisfies condition (3) with aT > I, 
6,1 Q(T,x) Q(T-,x) 

VTUT2 6 (0,oo) 0 < T, < 7-2 =!• - V - i C - ^ M x € K. 
ll 12 

Proof: Let us take Ti and T2 such that 0 < T, < TV Because T > 1, there exists 
a it G IN for which TkTi > T2. Hence there exists an a G (0,1) such that 

Tj = « 7 , + ( 1 - 0 ) 7 , 7 - * . (4) 

By the convexity of *, we get 

*(72i) D a*(7 l x ) + ( l -a)<l»(7,7*x) , 1 G A. 
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From (3) it follows that 
* (x) C 7 - * * ( 7 t x ) , x G A . 

Hence 
• (72X) D O * ( 7 , X ) + ( 1 - û ) 7 * * ( 7 ' , X ) , x G A. 

Because $ is convex its values arc also convex, so we can rewrite this inclusion in the form 

* ( 7 2 T ) D ( û + ( 1 - « ) 7 * ) < I ) ( 7 ,
1 X ) , X G A . 

Finally, using equality (4) wc gel the assertion of the lemma. 

L e m m a 3 Ifans.v. function^ is convex and satisfies condiUon (3) for aT £ (0,1), 
(Aen 

V 71,^2(0,00) 0 < i i < f2 => — = D —— , x G A. 
l l 12 

Proof: The proof of this lemma is similar to the above one. For G < 7i < 72 we 
choose such it G IN for which 7*72 < Tj. There also exists an o G (0,1) such that 
Ti = Q 7 2 7 * + (1 — Q ) 7 2 . And now arguing like in the previous proof we obtain the desired 
inclusion. 

• 
Theorem 1 

(i) If \<Ti< 72 then W (7.) C W (T , ) , 

(ti) / / 0 < 7 , < 72 < 1 then W (7,) D W (Ti) . 

Proof: (i) Let F G W (7i). By Lemma 1 there exists a convex s.v. function * such that 
condition (2) holds for 7 = 7, ; by Lemma 2 it holds for 7 = TJ , too. This means that 
F G W(72). 

The part (ii) can be proved in the some way by use of Lemmas 1 and 3. 

Notice that the class W(l) is not included in any class W(T) where 7' ^ I. For 
example a funclion F : [0, oo) - • n(IR), defined by F(x) = {I ) , belongs to W( 1 ) but does 
not belong to W(T) for any 7 ^ 1 . 

Now we will assume, that K is a convex cone with zero and for a given 7' > 1 wc will 
present the form of s.v. functions F belonging to the class i y ( 7 ) and such that 0 G F(0). 
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L e m m a 4 Let K CimC he a convex cone with zero. If an s.v. function $ : K -* 
n(IRm) is contiex anif such that G G * (0), (hen 

„ „ *iTix) * (72i ) 
V x G A V ^ . T j G ^ o o ) 0 < 7, < 72 = > - ^ D - ^ r - ^ . 

Proof: Because 0 6 * (0) and * is convex, we get the following inlusions 

Q * ( X ) C o*(x) + ( l - a ) * ( 0 ) C * ( o x ) , orG|0,l) , xG A. (5) 

For 7i,72 satisfying 0 < 7i < Ti there exists an a G (0,1) such that 7i = otTi. Using 
these two facts we obtain 

72- ,*(72x) C ^ p ^ = Ti-^iTix), x G A. 
Or J 2 

which was to be shown. 

T h e o r e m 2 Let K C ffi." he a convex cone with zero. If an s.v. function F : A -» 
n(IRm) belongs to the class WiT) for some 7 > 1 ond G G F(0), then F is convex and 

VrG(0 ,oo) V i G i f r F ( i ) = F ( r i ) . (6) 

Proof: Because F G WiT), by Lemma 1 there exists a convex s.v. function * satisfying 
condition (2); in particular, 0 G *(0). Using Lemma 4 for 7i = 1 and 72 = 7 we obtain 

7 - 1 * ( 7 i ) C * ( i ) , i G A, 

which together with (2) gives 

T - ' ^ T x ) = *(x), x G A . (7) 

Applying (2) and (7) we get 

* ( i ) C F( i ) C 7 - 1 * (7x) = *(x), x G A , 

This means that 
F(x) = * ( i ) , i G A, (8) 

and so, F is convex. 
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Now we are going to prove the condition (6). By (8) and (5) we have r F ( i ) C F(rx) 
for r G [0, lj . Let us take an r > 1. We can find a it G IN such that 0 < — < 1. Using 
(5), (3) and (7) we get 

^ W C F ( ^ ) = ^ , X€A - , 

i.e. rF(x) C F(rx) for x > 1. Thus for all r G (0,oo) wc have the inclusion iF(x) C 
F (rx). The converse inrlusioii we ohtain inulliplying the following one liy r 

- F ( r x ) C F f - r x ) = F(x), for r G (0,oo). 

C o r o l l a r y 1 Let A = (O.oo) and assume lhat an s.v. function F : A -» n(IRm) 
belongs to the class WiT) for some 7 > 1. If 0 & F(0), then there exists a convex set 
A C IRm such that 

F(x) = iA, xG (0,oo). (9) 

Proof: Using Theorem 2 for x = 1 we obtain 

r F ( l ) = F ( r ) . rG(0,oo) , 

i.e. (9) holds with A = F( l) . By the convexity of F, the set A is convex, which finishes 
the proof. 

• 

Notice that the s.v. function F : [0,0©) -» IR, F( i ) = [0,oo), x G [0,oo), belongs lo 
the class W(T) and 0»nF(0), but it does not satisfy the condition (9) for x = 0. 

R e m a r k 1 For an arbitrary convex cone A C IR" with zero, if F G W(7') for some 
7 > 1 and 0 G F(0) then F is subadditive. 

Indeed, by the positive homogeneity and the convexity of F we obtain 

F(x) + F(y) = F ( o i ) + F ((1 - o)-^-) = 

= a F Q ) + (1 - û )F ( j ^ ) C F(x + y), x, y G A. 
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The following example shows that under the assumptions of Theorem 2 the s.v. func-
tion F need not to be additive. 

E x a m p l e 1 Let A = [O, oo) x [0, oo) and F : 1< -* n(IR) be defined by the formula 

F(x, y) = [0, min {x, y)], ix, y) G K. 

It is easy to check tbat F is convex and satisfies 2F(i ,y) = F(2x,2y). So it satisfies 
the condition (2) with * = F and 7 = 2; so by Lemma 1, F G W(2). However F is not 
additive. For instance F (2,0) + F(0,2) = {0} and F ((2,0) + (0,2)) = [0,2]. 

R e m a r k 2 The theorems presented above remain true if (see [3, Theorem 1.1 and 
Remark 2]) in the definition of the classes 1^(7) we assume that F satisfies (instead of 
(I)) the following condition 

n+m /n+m \ 

5>F(x0 CF Ef.i. , 
•sl \ i=l I 

for all Z|,...,zn+m G A and all f|,...,tn+m G (0,7) summing up to T and, moreover, 
that the graph of F is the union of n+m connected subsets of IRn + m. In the same way 
as in the proof of Lemma 1 we can show (using [3, Theorem l.lj) that also in this case 
F G W(7) if and only if there exists a convex s.v. function 4> : A —• n(lRm) such that 
condition (2) holds. 
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THE SQUARE CLASSES * 

IN LUCAS SEQUENCES WITH ODD PARAMETERS 

Paulo Ribenboim, F.R.S.C and Wayne L. McDaniel. 

Abstract. For all odd relatively prime parameters P and Q, P — 4Q > 0, we show that 

the square classes of the Lucas sequences {UJP, Q)} and {Vn(P, Q)} contain at most 3 

elements, and explidtly detennine those square dasses, except for the dasses {Um, U ^ } 

and {V , V, ); in the exceptional case, we prove tbat there exists an effectivdy 

computable constant C such that m < C. 

1. INTRODUCTION 

Let P and Q be non-zero integers, and a aad 0 i0 < a) be the roots of 

X2 — PX + Q = 0. The Lucas sequence {Un) and "assodated Lucas sequence" {V|i} are 

defined, for n > 0. by ^ = UJP . Q) = ^ ^ p ^ V,, = Vn(P. Q) = a0 +/?", 
2 2 

respectivdy. If there exist non-«ero integers x and y such that x Um = y ^n, or 
equivalently, U U = a, then we say that Um and \Jn are in the same square class 

("*P. vmvn). 

Our purpose, here, is to report that for P and Q odd, gcd(P, Q) = 1 and 

P 2 - 4Q > 0, we have explidtly determined all integers m and n, 0 < m < n, n ^ 3m such 

that U U = o and V V = o; if n = 3ra1 m > 1, we have shown that there exists an m n m n 
effectivdy computable constant C such that if U , ^ , , , = a (<» v

m
V 3 m = a ) . t h e i 1 n>< C. 

In adddition, we have shown that with a slightly stronger hypothesis, no additional square 

dasses occur when n = 3m. In either event, each non-trivial square class of {UJ contains 

at most 3 elements and each non-trivial square class of {Vn} contains at most 2 elements. 
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2. THE THEOREMS. 

We assume that P and Q are odd, gcd(PI Q) = 1 and P - 4Q > 0. In addition, we 

assume, for convenience, that P > 0; the results hold for P < 0, as well, since U(P, Q) and 

U(-P, Q) (resp. V(P, Q)) differ only in the sign of alternate terms. 

THEOREM 1. 

(a) If, for 1 < m < n, U ^ = a, then (m, n) = (1,2), (1, 3), (1, 6), (1,12), (2, 3), 

(2, 12), (3, 6) or (5,10), or n = 3m, m > 1, m odd. 

(bl) U1UI1 = ai f fU n = o (see {10)). 

(b2) UjUj = a iff P = a and P2 - Q = o; If UjUj = o, then Q s 1 (mod 4). 

(b3) U3U6 = a iff P = a and P2 -3Q = D, or P = 30 and P2 - 3 Q = 3D; if UjUg = o, 

then Q = 3 (mod 4). 

(b4) U5U10 = D iff P = 50 and P4 - 5P2Q + 5Q2 = 5D; if U5U10 = a, then 

P s Q s S (mod 8). 

(bS) U2U12 = o iff P = o, P2 - 3Q = o, P2 - Q = 2D, P2 - 2Q = 3o and 

(P2 - 2Q)2 - 3Q2 = 6o; if U2U12 = o, then Q = 3 (mod 4). 

(cl) If m > 1 and V^m = 0'thea m i8 ^ ^ 3'''m• Q 5 1 ^mod 4^ a n d ("Ql11) = + 1-
(c2) If m > 1 and Q are given, and UmU3m = o, then P is bounded; spedCcally, 

P < | Q + l |-
(c3) If m > 1 and P are given, and UmU3m = a, then there exists an effectivdy 

computable constant C > 0 such that Q < C. 

(c4) If P and Q are given, and U U, = a, then there exists an effectivdy computable 

constant C > 0 snch that m < C. 
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COROLLARY 1. A square das» C of {Ua} ia non-trivial only if 

(1) C » {Uj. U2, UJ} or {U5. U10} when Q s P 5 1 (mod 4). 

(2) C = {Vv Uj, U6} when Q = 1 (mod 4) and P s 3 (mod 4), 

(3) C » {Uj, U2, U12} or {Uj, Ug} when Q = 3 (mod 4), or 

(4) C = {Um, U j ^ , m > l, m odd, 3/m, P < |Q + l | , Q = 1 (mod 4), and 

(-Q j P) » +1, for at most a finite set of values of m. 

THEOREM 2. 

(a) If, for 0 < m < n, V V = a then (m, n) = (0,3) or (0, 6), or n = 3m, m > 1, m odd. 

(bl) VQVJ = D iff P = 3o and P2 - 3Q = 6o. If V0V3 = o, then Q = 1 or 3 (mod 8) and 

P = 3 (mod 24). 

(b2) V0V6 = o iff P2 - 2Q = 3a and (P2 - 2Q)2 - 3Q2 = 6o. If V0V6 = o, then 

Q = 3 (mod 4). 

(b3) VJVJ = o iff P2 - 3Q = o. If Vj Vj = o, then Q = 3 (mod 8) and 3|P. 

(cl) If m > 1 and VmVjm = o, then m is odd, 3/m, Q = 3 (mod 4), 3JP and 

(-3Q|P) = +1. 

(c2) If m > 1 and Q are given, and VmV3 m = o, then P is bounded; spedCcally, 

P < |Q/k +kl for k = §03 s 0.90. 

(c3) If P and Q are given, and V Vj = o, then tbere exists an effectivdy computable 

constant C > 0 such that m < C. 

COROLLARY 2. A square dass C of {VJ is non-trivial only if 

(1) C = {V0I V3} when Q = 1 or 3 (mod 8), 3]P, 

(2) C = {Vj, VJ} when Q = 3 (mod 8), 3J[?. 

(3) C = {V0, Vg} when Q = 3 (mod 4), or 

(4) C = {Vm, \3m], m > 1, m odd, 3|m, P < ]Q/k +k] for k = ^ Q B 3 (mod 4). 

and (-3Q ) P) = + 1, for at most a finite set of values of m. 
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3. THE PROOFS. 

Essential to our proofs are the results of [S], [10] and [11]; aa in those papers, 

extensive use of the Jacobi aymbol ia made. The proof that there exist only a finite number 

of values of m such that { U ^ Ujm} (or {Vm, V3 m}) ia a aquare class requires a result 

proven by Schinzel Ic Tijdeman [12]. 

The details of the proofs are contained in [6]. 

4. COMMENTS ON PREVIOUS RESULTS. 

The square dasses in Lucas sequences have been previously determined in certain 

spedal cases. When P = 1 and Q = - 1 , {Un} = {Fn} and {Vn} = {Ln} are the familiar 

sequences ot Fibonacci and Lucas numbera, respectivdy; Cohn found the square classes 

containing Fj (i. e., the class of all squares in {FQ}) in 1S63 [1], and in 1966 through 1972 

[2], [3], [4], found all square dasses for {VJ and {VQ} when Q = ±1 and P is odd or has 

certain even values. For an alternate determination of the square classes for {Fn) and 

{L }, see [7]. More recently, Ribenboim and McDanid found all square classes in 

{UJP, Q)} containing U^P, Q) for P and Q odd, gcd(P, Q) = 1, P2 - 4Q > 0 [10). If 

P = Q + 1 > 0, Ribenboim [8] determined the square-dasses, for all non-negative Q, 

of U and, when Q is even, of V . See, also, [9], for a rdated result. 
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Théorie des Nombres • 

Sur l'équation z* — v* = 1 lorsque p = 5 mod B 

Maurice Mignotte, Strasbourg 
Presented by CL. Stewart, F.R.S.C. 

Résumé .— Nous considérons l'équation de Catalan x* — y* = \ (avec p, q premiers et |x|, |y| > 1). 
Lorsque p = 5 mod 8, nous obtenons une majoration de q en fonction de p qui est meilleure que celle connue 
dans le cas général. 

On the equation zp — y' = 1 when p = 5 mod 8 

Abstract .— We consider Catalan's equation z? - y9 = 1 (with p, q prime and jxj, |y| > 1). When 
p = 5 mod 8, we prove an upper bound on q 

in terms of p which is better than tbe general one. 

1. Introduction 

En 1843, E. Catalan a posé le problème suivant: existe-t-il des entiers coqsécutifs autres que 8 et 9 qui 
soient tous deux des puissances parfaites? Cette question revient à considérer "l'équation de Catalan" 

(1) z* — |^ = 1, avec p, 9 premiers et |z|, |y| > 1. 

En 1976, R. Tijdeman (T] a montré que l'équation de Catalan ne possède qu'un nombre fini de solutions 
non triviales (p,f,z,y). La même année, M. Langevin [La] a obtenu la borne max{p, 9) < 10n o , cf. (S-T). 

Le résultat de Tijdeman est obtenu en considérant deux formes linéaires de logarithmes et en appliquant 
des minorations de telles formes. En 1960, Cassels [C] a montré que pour l'équation (1) l'entier z est divisible 
par q et l'entier y divisible par p; ce résultat implique des relations de la forme z — 1 = u'/p et y+l = v^lq, 
où u et o sont des entiers, juj, joj > 1. On considère alors les "formes linéaires" 

Ai = \i log [yu-'l + plogpj 

et 
A»= [p»log|u/ti|-plogp + çlogç[. 

On en déduit respectivement des majorations du type 

(2) Ç<C1p(logç)ïlogp 

et 

(3) P<Ci(\o%q)i. 
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Dans le présent travail, nous supposons q>ptt nous nous intéresserons exclusivement aux majorations 

de f eo fonction de p, donc du type (2). 
En utilisant lea résultats de [L-M-N], le meilleur résultat de la forme (2) est actuellement le suivant 

{ef. [M-Rl], relation (2.14)) 

(2' ) q< 2.77p (log((j/ logp) + 2.333)' logp, pour p > 3000. 

Dans le cas particulier où p = 3 (mod 4), toujoura grâce k [L-M-N], en considérant une forme linéaire 
nouvelle, on a mieux: 

(2") 9 < 4.51 pmax(3.46+ 1029,17}', 

résultat lui aussi démontré dans (M-IU). Dans le caa particulier p = S (mod 8), on peut encore améliorer un 
peu la relation (2'), c'est l'objet de la présente note. 

Notons que la démonstration de la majoration (2') repose sur la construction d'une forme linéaire de 
logarithmes qui résulte de la démonstration du premier critère d'Inkeri, [U]. C'est une démarche semblable 
que nous suivrons ici, k la différence près que nous utilisons cette fois la démonstration du critère publié 
en [M], elle-même inspirée de celle du second critère d'Inkeri, [12]. 

Pour le lecteur intéressé, signalons qu'une étude complète de l'équation de Catalan (jusqu'en 1992) est 
l'objet du livre de P. Ribenboim (R]. Notons simplement que d'après les travaux de Lebesgue (Le], Nagell 
[Na] et Ko Chao [K] on peut supposer p > S. 

2. Préliminaires algébriques 

Comme indiqué plus haut, notre démonstration reprend donc celle de [M]. Pour plus de détails, le lecteur 
pourra consulter cette note. 

On remarque d'abord que le résultat de Cassels cité plus haut implique l'existence d'un entier rationnel 
w tel que 

7 - r = p U 1 « . 

Ecrivons p - 1 = dt, où l est impair et d = 2'. Soit ( = e2"'' ct soit L = ip le corps cyclotomique 
Q(C). Désignons par g une racine primitive inudulo p. Alors le groupe de Galois Gal(L/Q) est cyclique, 
engendré par la transforniation a : ( > - » ( ' . Si r = (7d alors T{Q = C" où m = gd mod p. Désignons par 
K = Kp le sous-corps de Lp qui est invariant sous l'action de r. Alors K est un corps de type CM de degré 
det if = Q ( 0 o ù ( = C + <•" + ••• + <"•'"'. enfin Gal(/f/Q) = {1,<T <r''-,J et a*'2 est la conjugaison 
complexe. On désigne par HK le nombre de classes de K. 

Posons 

A{x) = f[{x-rJ), /3=i4(i) = n ( i - r ' ) , 

"Jore nto "'(/') =P-
Dans le corps K, noua avona la factorisation 

w* = 6i-.St, <S>=ff'-l(A(i)/^), i = l d. 
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où les 6 sont des entiers de K deux à deux étrangers (voir [12]). Si 9 / t a il existe un entier algébrique a et 
une unité q de K tels que 

A ( z ) = ^ « . 

On suppose désormais t >, alors les seules racines de l'unité appartenant k K sont ±1, et conune K eat un 
corps de type CM ced implique que ij = ±q. 

Remarquons aussi que 

AW = IliX - C—') = UiC'x -l) = -X' fllX2 -r') = -X* A(l/X), 
i=o ^=0 i=o 

la seconde égalité résultant de la congruence 1 + m + • • • + m'- 1 = 0 (mod p), elle-même conséquence des 
relations m' -g*1 = ï (modp). 

En particulier, on a 4 = 4(1) = -A( l ) = -0, et, puisque 4 = ±1;, on a aussi A{x) = T/JiK»*- De plus 
la preuve de [M] montre que Â(x) £ A(x). D'où les relations 

^(|)Xn(ff£Kn(^h-
3. La forme linéaire de logarithmes 

La relation (4) ci-dessus implique clairement 

A(z) (I) 
De manière précise, la formule x - 1 = tt'/p, où juj > 1 et 9 > p, montre que |z| > 2'/p > 6, ce qui implique 
|log(l + z/x)\ < ||r pour tout nombre complexe x de module 1 (où log désigne la détermination principale 
du logarithme) et donc 

log M l < ^ < l r < 2- [C» O»1 hnplique A(x) ^ -A(x).] A(x)l |z| 2? 

On pose 

si bien qu'il existe un entier rationnel k, avec \k\ < 9, tel que 

A = |9log(Q/a) - tiirj ^ 0, 

c'est la forme de logarithmes que nous allons étudier. 
Remarquons que le nombre algébrique â /o est racine du polynôme à coefficients entiers 

•i-l 
l[a*{â-aX) = NormHJf' + • ••, 
IsO 
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donc, comme tous les conjugués de ce nombre sont de module un, on a 

1 los luil 
h(a/Q) = ilog|Norm(a)| = - ^ - 1 , 

puisque NormA(x) s ±Norm(/3)Norm(a») = ±ptu', où h désigne la hauteur logarithmique absolue (définie 
par exemple en [L-M-N]). 

Nous supposons désormais que p = 5 (mod 8), alors p-l=it et donc 

4p 
(5) A < R 

En appliquant le Théorème 3 de [L-M-N], on a la minoration 

loglAl^-MTaH1, 

où D = iq(â/a) : Q]/2 = 2 et 

a > max[20, 10.98|log(Q/a)l + Dh(Q/o)} , 

H = max{l7, 2 ^ . Blog ( M + _!.) + 2.35D + 5.03}. 

D'après les résullnts dc [M-Rl] on sait I|IIR p > 10' fl 9 > 106, un calcul élémcntnire montre ensuite 
qu'on peut choisir 

o=34.5 + 2h(â/a), tf = 5 + 2log9. 

Ainsi 

(6) | log A| > -8.87 x (34.5 + 2 h (ô/o)) x (5 + 2 log 9)1. 

La relation (ip - l ) / (z — l) = pu>4, compte tenu du calcul de h(a/a) effectué plus haut, donne 

(7) h(â/a) = ! ^ d < ^ l l o g | x | < . 2 5 ? l o g | x | . 

Enfin, en [M-R1|, Jl, on trouve la minoration jij'' > (2(9 - l)p')' qui, jointe aux inégalités (5), (6) et 
(7), fournit la majoration 

9 < 17.75p(2.5 + log9)5. 
Considérons maintenant le cas où 9 divise Ji|f. On sait (voir [W]) que hjf = Aj • Aĵ  où h j < p, donc 9 

divise h^. Les majorations de Louboutin [Lo] montrent que h^ < plog2 p (et même mieux), donc l'inégalité 
ci-dessus est encore vérifiée lorsque 9 divise /IK- Nous avons donc démontré le résultat suivant: 

Théorème . Lorsque p = 5 (mod 8) et 9 > p, i'équation de Catalan x' - y« = 1 ne peut avoir des solutions 
non triviales que pour 

(2'") 9 < 17-75p(2.5 + log9)2-

On vérifie facilement que l'estimation (2'") est meilleure que (2') pour p > 3800; pour le domaine qui 
nous intéresse, c'est à dire pour p > 10s, le gain est d'un facteur supérieur à 1.46. 
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Corrigendum to "On the Diophantine equation x4 — py2 = zr" 
[C.R. Math. Rep. Acad.Sci.Canada 17(1995), no. 2,61—66] 

Zhenfu Cao 

P r e s e n t e d by G.L. S tewart , F . R . S . C . 

Let p be an odd prime. In the paper "On the Diophantine equation s* — fy* = 
s'" [ l ] . we proved the foUowing 

Theorem 1. If p = 1 (mod 4) and the Bernoulli number B(,_,,/, is not divisible 
by p , then the Diophantine equation 

*4 —M* =*» (1) 
has no integral solutions x ,y ,z with (z >?) *= 1, p |y and 2 jz . 

The proof of Theorem 1 needs the following result. 
Theorem 2([l].Tbeorem 3). L c t a , i€ Z , a > 0 , (o . i ) = J, u1 —t>0 .and 

a* — k = Db2 .where 0 is a square—free positive integer. If i = 3 (mod 4),then 

T+f ' £ : z , - i t e z ' <2) 
where 0 = 0 + 6 \fp ,§ = a — 6 Ju . 

In [ l ] .The proof of Theorem 2 has an error ( [ l ] , yp . 64 — 65) . Because "for 
any prime munber p > 5, p = 1 (mod 4) there exists a positive integer A such that 

? — 4A> 0» and "j — 4A(» + 1) = 1» isn't both true . 

Here, we give a right proof of Theorem 2. 
Let tn and n be coprime positive odd integers, a < m , and let B (I) = (a1 + /O/(o 

+ P') for 2 ^ . We write the following sequence of equalities 
in = 21,B +*ir , , 0 < r , < B , 
a = 2/jr, -+ ttr,, 0 < r, < r,, 
r, = 2/jr, + e,r,, 0 < r, < r,. 

(I)—-

• • — 1 = H n - i r . + « H - I ' H - I . ' " H - I = 1 » 

where t, —± 1, 2"K(» = 1.2,— ,5-1- 1) . Then we have 
Lemma l([l],Theorem 5). If t = 3 (mod 4) , then Jacobi's symbol 

(BM\ I —kVil -k^ I - M W m \ 
\BMr\BM) \BM) "'\Blr.)) [nj' 

where A, = 1, + %^— (» = 1,2.— . 4 + 1). 

Now, we also have 
Lemma 2. If r and i are odd . r > 0 , then I g 7 7 5 ) = ' • 
Proof. It is easy 10 see thai 

fr (mod 4), when * = 3 (mod 4) . 
Kmod 4) , when i s 1 (mod 4). 

(r ' 

file:///BMr/BM


23l|. 
Since 

<r- l ) r t <.-i)«/r \ ^zSPlr \ 
t-o \2i / j-o \Zj/ 

Thus (BfrA / (2a) ' - ' \ , 

Ifi = 3 (mod 4) . then ( f ^ ) ) = ( i r i ' ) s ^ 
when t < 0 . When i > 0 .we have 

(^)-<-M^)-<-»*<-»«m--
This completes the proof ot Lemma 2. 
From Lemma 1 and Lemma 2. we have 
Lemma 3. If i = 3 (mod 4).then (ÊSB1\= In] 

In [ 2 ] . we proved that If t B 1 (mod 4) then 

Hence, from Lemma 2 we also have 

Lemma 4. If i B 1 (mod 4) , then ( f r ^ r W I. 

Proot ot Theorem 2. Suppose that t s 3 (mod 4) and BCf) «= s*,* Ç Z. By 
Lemma 3 we have , 1 = liill\— ll.] 

for every odd q, f'iq. On the other hand » for a given odd prime y . let 9 be an odd 

number such that I ) ~ — 1 f t is easy to see that such an odd number q exists ). 

Then I „ / . 1= ( •r ) = = — 1a f t d w e 8 e t a contradiction. This completes the proof of 
Theorem 2. 
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