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POLYNOMIAL OR POWER SERIES EXTENSIONS WITH

LINEARLY ORDERED INTERMEDIATE RINGS
David E. Dobbs and Michael S. Gilbert

Presented by P. Ribenboim, F.R.S.C.

Abstract. It is proved thatif R € T are commutative rings
and X is an indeterminate, then the set of rings between RIX]

and T[X] is linearly ordered by inclusion (if and) only if T = R.

All the rings in this note are assumed commutative, with 1.
Given rings D ¢ E, we also assume that the 1 of the subring D
is the same as the 1 of the ring E. Consider rings R c T. For
many properties P, it follows that T s algebraic over R - or
nearly so - if one requires that ® be satisfied by all the ring
extensions between R and T. For instance, if R is a field and T

is an integral domain such that A C B satisfies LO for all rings

Rc AcBCcCT, then tr.degR(T) s 1 (see [4, Proposition 3.7]).
(Following [7, p. 28], we use LO, GU, and INC to denote the

lying-over, going-up, and incomparable properties, respectively.)
Similarly, by [3, Corollary 4], A C B satisfies INC for all rings
Rc AcBc T if and only if each element of T satisfies a
polynomial over R with unit content.

Our focus in this note is on extensions of polynomial rings. Once

again, consider rings R C T, and let X be an indeterminate over
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T. For motivation, recall from [4, Corollaries 3.2 and 3.6] that A C
B satisfies LO (or GU) for all rings R[X] ¢ A ¢ B c TIX] if and
only if T is integral over R. (Cf.[2, Lemma, p. 160].) There is no
lack of examples of INC-behavior in this context either,as A C B
satisfies INC for all rings R[X) ¢ A ¢ B ¢ T[X] if T is integral
over R. We next sharpen the focus to a particular kind of
INC-extension.

Recall from (6] that a ring extension D C E s called a

A-extension if A+ B isaring for all rings A and B contained

between D and E. If D C E is a A-extension, then it follows by
combining [6, Lemma 3] with [3, Corollary 4] that D C E satisfies
INC, indeed that A C B satisfies INC for all rings DCc A C B CE.

It now seems natural to ask the following question: which ring

extensions R C T are such that A C B is a A-extension for all
rings R[X] c A c B c TIX]?

One case of the above question is easy to settle. Recall from [1]
(cf. also [5) and [8]) that an extension D C E of distinct rings is
said to be adjacent if there is no ring contained properly between

D and E. It is trivial that any adjacent extension of rings is a

A -extension. Thus, a special case of the above question would be
the following: which ring extensions R € T are such that A C B
is an adjacent extension for all rings R[X] ¢ A ¢ B ¢ TIX]?
Unfortunately, the answer is easy for this special case: T = R.
Indeed, if R is a proper subring of T, then for each non-negative
integer n, R + XR + -~ + XNR + XN*1T[X] is a ring contained strictly
between RI[X] and TI[X]

Matters become more interesting if we focus on the following
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class intermediate between the adjacent extensions and the

A -extensions. We say that a ring extension D C E is a
A-extension ("A" for “linear”) in case the set of rings contained
between D and E is linearly ordered by inclusion. (The
second-named author is preparing an extensive manuscript on

A-extensions.) It is evident that any adjacent extension is a

A-extension and that every A-extension is a A-extension;
examples show that neither of these assertions has a valid

converse. We are thus led to the following special case of the above

question concerning A-extensions: which ring extensions R C T
are such that A C B is a A-extension for all rings R[X] c A c B
C TIX]? The answer is given in our main result, which is stated
next and which indicates that, for these purposes, A-extensions

behave like ad jacent extensions.

IHEOREM. Let R € T berings and X an indeterminate over T.
Then R([X] c TI[X] is a A-extension if and only if T = R.

Before proving the Theorem, we give two preliminary results. [t

is interesting to note, by [6, Lemma 4], that the condition on D C E
in the following Proposition implies that D € E is a A-extension;

this condition also evidently implies integrality (and thus, LO, GU,

and INC for all the intermediate extensions).

PROPOSITION, Let D ¢ E be distinct rings such that E = D + De
for some e € E. Consider the conductor I = (D: E) := (f ¢ E:fE C D).

Then there is an inclusion - preserving and inclusion ~ reflecting
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bijection between the set of rings contained between D and E

and the set of ideals of D/I.

Proof, The D-module homomorphism f: D = E/D, d ~ de + D, has
ker(f) = (D:E) = 1 and im(f) = (De + D)/D = E/D. Hence, D/I = E/D
as D-modules. We thus have an order-isomorphism between the
set of ideals of D/l and the set of D-modules between D and E.
It now suffices to show that if M is a D-module contained

between D and E, then M is a ring. For this, consider o, p € M.

We need only show that op € M. Write « = dq +dge and p =
dz + d4e, with all d; € D. Observe that dge = o - di € M;
similarly, dqe € M. As e2 = a + be for some a, b € D,

op = dydz + dq(dge) + dz(dge) + dpdga + dyb(dge)

is a sum of elements of M, whence ap € M, to complete the proof.

LEMMA. (a) If D ¢ E are rings, then (D[X]:E[X]) = (D:E)X].
(b) If D is a nonzero ring, then the ideals of D[X] are not

linearly ordered by inclusion.

Proof, (a) may be proved by straightforward calculations. As for
(b), observe that (X + 1)D[X] and XDI[X] are incomparable ideals.

Proof of Theorem. The "if" assertion is trivial. Suppose that the

converse fails. Then R[X] ¢ TIX] is a A-extension and T = R.
First, we claim that the set of R-modules contained between R

and T is linearly ordered by inclusion. Indeed, if 1 and J are
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R-modules contained between R and T, then
A:=R+IX + X2T[X] and B:= R + JX + X2T[X]
are rings contained between RIX] and TI[X]. As RI[X] c T[X] is a
A-extension, either A C B or B C A. Hence, by comparing
coefficients of X, we have that either 1 ¢ J or J C 1, thus
proving the above claim.
Next, we claim that if I is an R-module contained between R
and T, then either I =R or T =12(:= {ZCde:CJ, d..i €1}). Indeed,

C:= R+RX + X2T[X] and D:= R+ IX +12X2 + X37T([X]
are rings contained between RI[X] and TI[X]. As R[X] c T[X] is a
A-extension, either C ¢ D or D C C. Hence, by comparing
coefficients of X2 if C ¢ D and coefficients of X if D € C, we
have that either T = 12 or I = R, thus proving the second claim.

Our final claim is that T = R + Rv for some v € T. To see this,
choose u ¢ T\ R, and consider E:= R + Ru. Without loss of
generality, T = E. As E = R, it follows by applying the result of the
preceding paragraph to [ = E that T = E2 = R + Ru + Ru?. Now,
since T = E = R + Ru, we see that u? does not belong to E. In
particular, R + Ru? is not contained in E. Thus, by the claim
established in the first paragraph of the proof, EC R + Ru2. Hence,
T=E+(R+Ru?) =R+ Ru2; so, by taking v = u2 , we have
proved the final claim.

We may now complete the proof. Let v be as in the preceding
paragraph. Applying the Proposition to the extension R[X] c T(X]
= R[X] + RIXlv, we see that the ideals of RI[XJ/(R[X]:TI[X]) are
linearly ordered by inclusion, since RI[X] € T[X] is a A-extension.
However, by part (a) of the Lemma,

RIX]J/(RIX]: TIX])) = RIXI/(R: TAX] & (R/(R:TNIX];
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and, by part (b) of the Lemma, the ideals of (R/(R:T))X] are not
linearly ordered by inclusion, since R/(R:T) is a nonzero ring.

This (desired) contradiction completes the proof.

REMARK. (a) The above Theorem may be generalized by
replacing X with any nonempty set (X,]) of indeterminates. This
is a consequence of the one-variable case (ie., the Theorem) and
the fact that if A € B are rings such that Al(X,]] € Bl(X4]] is a

A-extension, then A C B is a A-extension.

(b) The results for power series are more complicated only
because the "power series” analogue of part (b) of the Lemma is
false. The above methods may be modified to prove the following.
Let R be a proper subring of a ring T. Then RIIX]] c TIIX]] is a
A-extension if and only if T/(R:T) is a two-dimensional algebra
over the field R/(R:T); but if (XyJ)I> 1, then RII(X o)) € TI(X )N

is not a A-extension, essentially since (R/(R:T)I[(X )] is not chained.
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ASYMPTOTIC EXPANSION AND GENERALIZED SCHLAFLI INTEGRAL
REPRESENTATION FOR THE EIGENFUNCTION OF A SINGULAR
SECOND ORDER DIFFERENTIAL OPERATOR.

M.N. LAZHARI - L.T. RACHD! - K. TRIMECHE

Presented by G.F.D. Duff, F.R.S.C.

ABSTRACT. In this work we consider the eigenfunction V(A,t) satisfying a condition at
infinity of a aingular second order differential operator on (0, +oo). We give an asymptotic
expansion of this solution with respect to the variable A as [A\| — +00, which permits to

establish a generalized Schlafli integral representation for the function V(A,2). Next we
give some applications of these results.

L. Asymptotic expansion and generalized Schlifli integral representation
of the function V(),t).

We consider the following class of singular second order differential equations of the
form
(1) w(t) - [ — 27— x(O)]u(t) =0, a > —1/2, t >0, A€ T,
where x is a C*-function on ]0, +oo of the form x(t) = & +e % F(t), § > 0, a € IR, here
F and its derivatives are bounded on all interval [tg,+00[, tg > 0.

This class contains ( after some transformation ) a wide class of singular second order
differential equations of the form

(@) Au(t) + Mu(t) =0,¢>0,A €T,
with
3) Au(t) = Z5[AR O + a(tul),

where A(t) = t2*+1C(t), « > —1/2, and C is an even positive C®-function on IR such
that C(0) = 1.

The Bessel and Jacobi operators whose functions A and g are given respectively by
A(t) = 122+ ¢(t) = 0, and A(t) = 2U@+#+1) ginh(2)22+! cosh(t)??+!, ¢(t) = (@ + B+ 1)?,
a > —1/2, B € IR, are of the type (3). Also the radial part of the Laplace-Beltrami
operator on a symmetric riemannian space of rank one is of type (3).

We denote by V(),t) the unique solution of the equation (1) which is C* on 0, 400
with respect to the variable ¢ and satisfying V(),t) = (iA)~(®+¥/2)e=My(),1) with
U(At) — 1 ast — +0o. This function is analytic on {A € € : Im()) < 0} with
respect to the variable A. (See [1]).

Using Olver’s method ( see [3] page 219) we prove the following asymptotic expansion
of the function V(A,t) with respect to the variable A as |A\| — +oc0, which intervens the
Mac-Donald function K, ( see [5] p 78).

Theorem I.1. For all m € IN, we have
i) Yt €]0,+00[, VA€ €, Im()) <0,
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V(A c)_\/_ 2 (t)"(";;fr}f)+nm(x.t).

where a,, p € IN, are C""-functxona on ]0 +oo| given by the recursive relations

ao(t) = l
{ ap41 () = —} [+ [ali(s) + 2=X2ted g (5) + (BESHE 4 x(s))ap (2))ds,

here x is the}funct:on given in the equation (1).
ii) The remainder Rpm(A,t) satwﬂm, fort >0 and A e cC, Im(x) <0:

m(Al¢ o —
a1 e ([ Wnsa(olen esptyyy [ 125 — i)
v Ex m(t)e= 1m0t e -1/

- x(ﬁ)ldﬂ},

I Rm 0l < 2o ( " ) esph [

wbere
o(m,a) SBMTZ02 L if m>1
ban@®={ @B . if m=0 ad a2/
c(a) . if m=0 and 0<a<l1/2
c(—a) , if m=0 and -1/2<a<0,
and ¢(m, a), c(a) and c(—a) are positive constants.

The following propositions gives properties of the remainder R (A, t) and its deriva-
tives.

PropositionI.l. fa=k+r, k € IN and r €] - 1/2,1/2), then for all m, p, in IN with
0 < p < m+k, and o > 0, there exists a C*®-function Cpm p on ]0, 400, bounded on every

interval [to, +o0], 2o > 0, such that forallt >0, A € GI I{n)ﬁl) < —o, we have
=|Im(A

|—'R,,.(A t) < Cm.p(‘)m—,+,,.—..,;a,—,
Proposition 1.2. Let a = k+r, k € IN, r €] - 1/2,1/2] and m € IN. The function
Rm(A,t) given in the theorem L1, possesses the following integral representation
Rn(M 1) = / Km(t,8)e=**ds, t >0, A € €, Im(}) < 0.

Here the kernel Ky, satisﬁes‘
i) Forallt >0, 8 = Km(t, s) is a C™t*-function on ]0, +oo[ with support in [¢,+oo.
ii) For all 8 > 0, t — Km(t,5) is a C™**-function on 0, +oco[ with support in [0, ].

Proposition 1.3. i) For all m € IN aad (t, s) E]O +oo[x]0 +oo[, 0 < t < 8, we have
Km(t,s) = )°-1/=rc.,,(t s),

20-1/30(a + 1/2)( t
where _
-for allt > 0, 8 = Kpn(t, ) is a C™-function on ]0,+oo[ with support in [t, 400,
- for all 8 > 0, t — Kn(t, 8) is 8 C™-function on 0, +oo[ with support ia [0, 5].
ii) We have the recursive relation
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= —¢3 -
where (a 4+ 1/2)m41 = r(;(:+:'/g)m,

In 1871 Schlifli has proved the following integral representation
- r(l/2)(z/2)” /oo -28(.2 v=-1/2
K,(z) = Tw+12) J, e *(s"-1) ds,
where Re(z) > 0 and Re(v) > —1/2 ( see [5] p 172).
From this relation we deduce the following formula
U Kq(iM) _ t-oh/? +eo
7 (N 2o-130(a+1/2) J,
Using this relation and the proposition 1.1 we establish the following result.
Theorem 1.2. The functign V(A,t) admits the generalized Schlafli integral representation
VL) = / K(¢,5)e=Mds, for all ¢ >0, A€ €, Im(}) <0,
t—a‘+1/2 4
where K(t,8) = 31T (a ¢ 1/2)(8
function given in the proposition 1.2.

(82 - tl)a—lﬁe-l‘hds_

— 1)1/ Ty 1oof(8) + Kolt, 8), and Ko(t, s) is the

IL Applications.
In the following we give some applications of the previous study.
IL1. The operator A.

We consider the singular second order differential operator A given by the relation

3).
/
We assume that the functions A and g satisfy also the following conditions : '_lfg:m %(%)- =

2p > 0, and there exist two C™-functions Fj and F; bounded together with their deriva-
tives on all interval [to, 400, to > 0, such that

?'((3 =2 2°’t+ ! ot e-8R(1).if p>0,
%% = e Fy(t),if p =0,

o) ="+ 5+ P,

where 6 >0, 8 € IR.
It is known ( see [1]) that there exists a unique function ®_x(¢) which is C* on
]0, +oo[ with respect to the variable ¢, satisfying the differential equation

{ Ad_,\(t) = =A3Q_,(t),
O_(t) = e~(A42) | (8 — 400).
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This function is analytic on {\ e € : Im(X) < 0} with respect to the variable ).

The function t*+Y/ 3/C (f)( A)"‘“”

to the variable A as [\ — +o0 given by the theorem 1.1, and using the theorem 1.2, we
deduce the following result.

admits the asymptotic expansion with respect

Q..;(t)

Theom I1.1. The fonction W

possesses the generalized Schlafli integral repre-

sentation
®_a(t)
(ix)a+173

where ’H(t, 8) = m

IL2. The Jacobi operator.

In this case the function ¥_) = <I>(_°,\'ﬂ), a > —1/2, B € R, is the Jacobi function of
second kind, (see [2]), given by . 1
BP0 = (of = s oA P L BratPE Ly 4 i sinh~2(e)

= / H(t,8)e**ds, forallt >0, A € €, Im()) <0,
'

K(t,s), and K(t, s) is the kernel given by the theorem I.2.

where 3 F) is the Gauss hypergeometric function.
In the following we assume that a > —1/2 and § = —1/2. In this case the kernel
H(t, s) given by the theorem II.1 can be written explicitely.

Theorem I1.2. If « > —1/2 and § = —~1/2 then the kernel H(t,s) has the form :
s

Ht,0) = ot (16) + [ (e, 0)P(e = 0]

with
'Hlx(t 8) = [(cosh(s) — cosh(t))(@-1/2) 4

J? (cosh(v) — cosh(£))(==/2) f'(s — v)du] Ty poui(s),
P and f are given by

i) ifa = 1/2, then P(s) = f(s) = 0,
ii) if o €] - 1/2,1/2], then P(s) = 0 and

f(8) = T(i/z2=a)(1/2+a) Jo (s — v)“’“/?(l - e'")"’“”dv

iii) ifa =k + 1/2, k € IN°, then f(s) 0 and
k-1

P(8) E '(k p— 1)'(d‘ll) [H("‘J)]u:ﬂ
iv)ifa=k+r, ke lN‘ andrE]— 1/2 1/2[, then

P(s) = }: ,(k = 1)-( )[H(v+l/2 —j=1)o=o

f(ﬂ) = P(l/2 = r)r(l/2 = r) /o (8 - v)r-l/?(l - e—u)—r—llzdv.
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IL3. The Whittaker operator.
We denote by Mp (s the Whittaker function, (see (3] p 260), given by
Mg () = tAHYIP(A - B — 1/2;2i) + 1;8)
where F(a;c;t) is the confluent hypergeometric function of first kind (see [3] p 255)
The function e*/3Mp ¢x(e~*) satisfies the followmg differential equation u"(t) — [—e -

Pe=* — ATu(t) = 0, with e*/2Mp sa(e~") & Z (t—v+oo)

The function e‘/’Mp ia(e”!) admits t.he asymptotxc expansion with respect to the
variable ) as |\ — 400 given by the theorem 1.1, and applying the theorem 1.2 we obtain:

Theorem I1.3. The function ﬁz.%(&':). admits the Generalized Schlafli integral represen-
tation

- -]
Mep, i;\A(e ) / K(s,t)e=**ds, forall t >0, A € T, Im(}) <0,

where K(t, ) is continuous on Jt, +oo[ with support in [t,4oof. Moreover we have K(t,s) =
e~ Ty, 4ooi(8) + €*/2Ko(2, 8), and Ko(t, s) is the function given in the proposition 1.2.
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Intégrales Supérieures de Fubini
Enrique de AMO" et Manuel DIAZ CARRILLO"*

Presenté par P. Ribenboim, F.R.S.C.

Résumé - On établit une version du théoréme de Fubini dans un cadre trés
général. Les résultats obtenus sont pour une fonctionnelle sublinéaire positive,
unc approche qui généralise les théorémes antérieurs de type Fubini aussi bien
dans le cas dénombrablement additif que dans le cas finiment additif.

1. INTEGRATION ESSENTIELLE. - On utilise la notation ensem-
bliste habituelle. Sur la droite réelle achevée IR, nous adoptons les conven-
tions suivantes: a + b := 0 et a + b := oo, sia = —b € {—00,0c}. On note
aAb:=min{a,b},aVb:= max{a,b},a* :=taVO0etant:=(ant)V(-t),
si a,b,t M.t >0.

Pour tout sous ensemble A CIR on a inf A.sup A €R. avec les conventions
usuelles inf @ := oo et sup @ := — .

e , s =X § s

Etant donné un ensemble non vide X. IR~ designera I’ensemble des fonctions
de X dans R.

Les opérations et les relations entre les fonctions sont définies ponctuellement.

Pour un sous ensemble M CE-ZX. nous posons +M = {f € M; f > 0}.
Supposons que M soit un treillis vectoriel, i.e.. un espace vectoriel de fonctions
telles quesi f € M implique |f| € M; alors fAget fVg € M pour toute f,g € M.

. X S St v v .
Une fonctionnelle g : R™ — IR est dite intégrale supérieure si

2(0)=0.q(f +9) Sa(N) 4 ale)et g(/) S qh). si f.g.heR".[<h.

L’intégrale supérieure g est dite reguliére en M si q(h) = q. (k) := —q(—h),
pour toute h € M, et elle est dite determinée par M sig(f) = inf {q(g): f < g € M}
pour toute f Gﬂ-ix ;

- : =X o
Dans tout ce qui suit, on suppose que q definie sur IR . est une intégrale
supérieure reguliére determinée par un treillis vectoriel /.

. =X . v e .
Une fonction f €R™ est dite ¢ — M-intégrable si elle est dans la fermeture

=X s . - s 5w
de M dans IR, relativement a la seminorme intégrale ¢ (|:]). ou d'une mainiére
équivalente 4 ¢(f) = q.(f) €R.
o . X e i - .
Etant donnée f €/R . 'intégrale supérieure localisée de q est definie par:
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q(f):=sup{qg(fAh);h € +M}

(c’est une version simplifiée de la definition de [12, p. 120]).

. ’ _w _— =X
Il est clair que g, est, & nouveau, une intégrale supérieure. g < q dans 0 et
qe(f) = q(f) s'il existe h € M tel que f < h.

. s =X s s
THEOREME 1.- Pour une fonction f €R", les affirmations suivantes sont
équivalentes:

5 B =X i s
1. f appartient & la fermeture de M dans IR relativement a la semi-norme

qe (1)
2. ¢(f)=q.(f) €R.
3. Pour toute h € +M, f A h est ¢ — M-intégrable et g¢(|f]) < +o0.

4. Quelque soient h,k € +M,(f A h) V (—k) est ¢ — M-intégrable et

h.l!ieTM ql(f ARV (=k)]

existe en IR. (La limite est prise relativement a (+M) x (+M) ordonnée
par <.)

5. ¢°(f) = ¢ (f) ER, ot

¢°(f) := inf (S“P al(JAR) V(- k)l)

ke+M

et ¢o(f) :=—¢*(-]).

. =X . . o . : 7 i3
Une fonction f €R" est dite ¢ — M-essentiellement intégrable si elle vérifie
les conditions équivalentes 1-5 anterieures. L'ensemble de toutes les fonctions
g — M-essentiellement intégrables est designé par M.

2. THEOREME DE TYPE FUBINL. - On etudie des systémes produit
par rapport a deux intégrales superieures g, et g, données.

Les notations et définitions sur les systémes produit. utilisées dans la suite.
sont les mémes que dans [9), [11] et [1].

Supposons que pour i = 1,2, X; est un ensemble arbitraire non vide, A/, CIR
est un treillis vectoriel et ¢; est une intégrale supérieure reguliére et déterminée
par M;.
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Soint X3 := Xi x Xz et f Eﬂ-lx’ . Pour chaque z € X, on pose f; (y) :=
S (z,y), pour tout y € X; et (g2f) (z) := g2 (J2).

" nX: . ’ o« i .2 =X

Soient M3 CIR™" un treillis vectoriel et g; une intégrale superiéure en R™"

détermineé par Mj. Par g;4,i = 1,2,3, nous notons la localisation intégrale cor-
respondante.

On appelle (X3, M3, g3) systéme integrale produit si les conditions suivantes
sont vérifiées:

1. f: € M,, pour tout z € X,.
2. quf € My
3. &:(f) = q(aaf).

Pour obtenir un théoréme de typé’ Fubini satisfaisant, les conditions suivantes
apparaissent d’une maniére naturelle (voir (9], [6] et [1]):

(a) Pour f e+R etz e X, il existe g € M tel que f; < g.

(B) Pour h € +M, et g € M, il existe k € M, tel que g(y) < k(z,y), si
k(z) > 0, pour z € X, et y € X,.

(7) Si h € +M,, alors I Ak € M, (Condition de Stone) et q; (h A€) — 0, si
€ — 0 (continuité en 0).

LEMME 2. - Si les conditions (8) et (v) sont vérifiées et f € + R™ vérifie
(a), alors

760924 (f) < qae(f).
Etant donneé une intégrale supérieure arbitraire g sur R. un ensemble A C X
est dit g—nul si ¢(x4) = 0.

THEOREME 3. (Théoréme de type Fubini) - Supposons que les condi-
tions (8) et () soient vérifeés. Si f € M3 verifie (a), alors on a les affirmations
suivantes:

L. Il existe une suite (A,) d’ensembles ¢; ,—nuls dans X telle que

(e X M2} B, A
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2. grafy(@ref). € MP.
3. @e(f) =qreoquelf)-

Esquisse de la démonstration: Lemma 2 nous donune

g5 (f) = qreo qae(f) 2 {('°'-')-(°=-">} > q1ee 0 2 () 2 (32). (/).
a.e((e2.ef),)

Posons h(z) := ga2.¢(fz) — (g2.¢). (/=) , pour tout z € X et
An:={z € Xi;h(z) > L}

avecn €IN. Alors,si z € X, — ntjl An.,onah(z)=0.

3. APPLICATIONS. - (Voir [3] et [1].) Etant donné un treillis vectoriel
M CH-ZX et une fonctionnelle non négative / dans M. avec

q()=1"(f):=inf{I(9);/ < g€ +M}

on obtient la classe M3 des fonctions intégrables abstraites de Riemann dans [3],
classe qui contient la "one sided-completion” de Loomis [10, p.178].

Si en plus on suppose la condition de continuité de Daniell (i.e.. I (k) — 0.
avec h, € +M, h, (z) \, 0 pour chaque z € X) avec

gt e=ind {2 1(h):f <E huoho € 421},

- X . : ; —_—
pour toute f €/R", on obtient la classe A% des fonctions / -intégrables au sens
classique de Daniell. Dans ce cas les hypothéses du lemme 2 sont vérifices (voir
(3. p.424)).

Le théoréme 3 donne un résultat de type Fubini. méme sans aucune hypothese
de continuité monotone pour l'intégrale élémentaire. en differant du processus
d'intégration de Daniell.

Considérons maintenant M et I induits par une fonction d’ensemble finiment
additive p sur un semi anneau . i.e.. A = Mg := classe des fonctions étageés
a valeurs réelles définies sur 2, I = [, := [ -dp. (Les conditions (i3) et (7) sont
vérifiées d'une maniére automatique.)

Avee g 2= I comme auparavant, on obtient la classe MY des fonetions pi-
intégrables abstraites Riemann de Giinzler 8, A.146]. classe laquelle contient
I'espace L! (X, 9, p. IR) des fonctions p-intégrables au sens de Dunford-Schwartz.
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Si ) est un o-anneauet ¢ = I avec p dénombrablement additive, alors R, (p. E-i) =
Ly (p, ﬂ-i) = la classe des fonctions p-intégrables au sens de Lebesgue.

e théoréme 3 etablit, avec une preuve simplifiée , un théoréme de type Fubini
pour l'intégration par rapport aux mesures finiment additives, lequel généralise
les resultats correspondants de [9] et [12]. (Voir aussi [1].)
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Inversion Formulas for The Generalized Radon
Transform and Its Dual Associated with
Singular Partial Differential Operators

L.T.RACHDI AND K.TRIMECHE

Presented by P.G. Rooney, F.R.S.C.
Abstract, We consider the generalized Radon transform 'Ra.b and its dual Ra.ﬂ' a, P20, associated
with two singular partial differential operators Dl and D2.We give some results about the harmonic
analysis associated with the operators Dl and Dz. We deduce inversion formulas for the operators Rtx B
amd lRa btmd a Plancherel theorem for the operator'Ra.o. Nextwe prove that the operators Rab

and ‘Ra.b are transmutation operators on some spaces of functions.

I._Generali Radon transfor i 1 i with th rl)‘;;_ll(!l)2

Notations. We denote by
o 8,(R)the space of even G functions on R.

e S,(R)the space of even T" functions on R rapidly decreasing together with their derivatives.

o O,(R) the space of even T~ functions on R with compact support.
For a.p 2 0, such that p~a>0, the Sonine transtorm S“_ . a1 is defined on & (R) by

ar ‘ﬂ“'/ ) 2 a-i . 2a %
S"-m' u_”._,(t')(x) Fpor ‘u"mj- (1-u ) fix w) u=% du. and its dual on DO (R) by

t - (23 V7)) 2 2y B-al
sﬁ 12, a-172 @9 = rg-an (aoll")_[ =¥ sy xdx .

Let y >0, the Bessel aperator Lv- y2 0N 10, + =< is defined by Ly -|/3=::-_ +%!--E~
i) The Riemann-Liouville transform Rv | is defined on S (R) by
20(y+1/2) 2,y
R, (0= T Jo (1-y7) "fix ydy (see[4])
ii) The Weyl transform is defined on &,(R) by

2ey+172 2 2y
W D= T [ (o7 iy dy
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-1
iii) The generalized translation operator T: is defined on 8,(R) by
y-1/2 n Ay
Ty @O)y)= l"(:;l(l:)) o f(in+y2+2xyeos6) (sinB)”" l4o

Let D, and D, be the singular partial differential operators given by

92 20 2 2a+10
D' g.p " ax' 2:3‘—2~ p br-Dl. azO.ﬂZO

Theorem [. 1. The system of partial differential equations
Dyu(r,x) = - Azu(r.x) JAEC@
Dau(r,x) =- uzu(r.x) yuea
du Ou .
lu(O. 0)=1, 5 (r,0) =0, - ©Ox)=0

(@) . .
admits a unique solution given by (p" y = ]a(rJu‘Hr )]D. 112%) where
jy)=(2Y T(y+10y(x))/s’ is the normalized Bessel function. JY being the Bessel function of
first kind and ordery ([S]) .

Notations . We denote by

o 8,( R?) the space of B functions on mz, even with respect to each variable.
o S,(R?) the space of T” functions on R2, even with respect to each variable and rapidly

decreasing together with their derivatives.
. .L‘),(IR2) the space of " functions on Rz. even with respect to each variable and with compact

support.

Definition I.1. The generalized dual Radon transform Ra.s associated with the operators Dl
and D, is defined on 8.(R?) by

1
. 2 @12 gs-w
i) If p20and a-B>0, R, o(fNrx)=agy o (147) su-uz.s-m"Tl B UG ey
o 1 I, e oo
ii) If a20and p-a>0, Ra.u(m"")'aa_l;““ ) sp_mwmo . l_l:ol!m.m(f(n..))(x)d!

|
12 a-l2 5
iii) If a=p320, Ra,a(‘)('-")=aa O(H'l)al T(l oR (f(n,))(n/F) dt

X a-i/2
where a = 2I'(a+1) 1J7 T(a+1/2)

a.p)
Remark . For (u, A) € ¢2. we have cp” A ()= Ra o(cos{p.)com.))(r. X) .
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Definition 1.2.The generalized Radon transform 'R, ; associated with the operators D, and
D, is defined on D,(R?) by

g-172
D If 20anda-5>0, R, o0 =, [ @B S0 g Wy 0 Tx el
-1/ a-1/2
ii) If @20and p->0, ‘R, fEn=a r(rz ! 2“’.: 1120 oT" B_mu BNk

- a-1/2
i) If a=p20, 'R (sXtx)=2 roz & w__ 0T, (g(r,)er % e

Notations . We denote by

o T=R? U {GnN): @A € R? and il < I}

o L2(P0! x2Pinkx) the space of square integrable functions on [0,+ e°}x [0,+= with respect to the measure
P12t

o L%(dy) the space of square integrable functions on ' with respect to the measure dy given by

I-2a-28 2 2a 2f .2 2ap
I f(z.)\m(zl):m {J-:J:, fitx)(t"+x~) x ldull"J:’.J: fitx)(x~-17) x ldldx}

« S,(I) the space of functions g : ' —> C, infinitely differentiable, even with respect to each variable and

rapidly decreasmg together with their derivatives.
o H o(¢ ) the space of entire functions f : @2 —> € ,even with respect to each variable rapidly decreasing

of exponential type and such that for all k € N:

sup{(1-u+n2)% MM @4 € Rl SR} <+
« & (IR‘) the space of distributions on IR2 even with respect to each variable ,with compact support.

. %.,0(([2) the space of entire functions g : €2 —-> @, even with respect to each variable slowly
increasing of exponential type and such that therexists k € N:
sup{(1-n2 + 203 “fgluni (e M) € B ) S M1} <+ oo
Definition [I.1. The generalized Fourier transform & assocnated with the operators D and D, is

defined on S+(R?) by F , ;(Mu.) r rf(, 20" m(u) 2041 2B g (o ) € T andon & (R

(ub)

by F ﬂ('l')(u)‘) <T<P > @A) € @,

Using analogous proofs as in 3], we obtain the following results
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Theorem 11.1. i) The genenalized Fourier transform S'G’a is an isomorphism from S.(]Rz) onto S ().
The inverse transform is given by Fg'g ((rx) = RCY qa‘l‘"f’(u) dy (@) .
ii) Forall fe S.(Rz) , we have the Plancherel formula for 3'0'3:
J: J: e’ Pauine 15 5 OE o)
iii) The generalized Fourier transform & ap ©a be extended to an isometric isomorphism from
L2 'x?Paatx) onto L2@y).
Theorem I1.2.(of Paley-Wiener) The generalized Fourier transform ¥
B ,(R?) ( respectively &',(R?) Jonto H, ((C)( respectively 36, (€.

a.p is an isomorphism from

N_Qmmms__. We denote by
.S, (R) the space of even tempered distributions on R.

. S; (Rz) the space of tempered distributions on Rz, even with respect to each variable.
a) Fractional powers of the Laplacian on R? ([1].12]) .,

Fory € -2, the fractional power (-A)" of the laplacian A = i—;— + %5 on R? is defined
on S,(le) by (-A)Y f(r,x) = 22V r(1+y) IaT(- y)) (T(,‘l a2yl = £)(r,x) , where = is the classical
convolution product on R2and (22r+y) /ar(- v))T(uz,yz)-y-l is the distribution of S;(lR) given by
the function (22Yr(1+y) /al(-y) 62 +y2y Y .

Again, fory € €, y ¢ N U (- (122) - N), we define the operators (- Jl)v and (- 2)" on s,(Rz)

\/ _ f(s,x) Y f(r.y) - 2°VrUsy)
by (4,) f(r.x)-byj' L ds, and () J' erdy, whereby~ Zch.

b) Fractional powers of the Bessel operatoron 0.+ .
Fora € € and a>-1/2, we denote by [x[* the even tempered distributionon R defined by

20+
<P, o> =j:w) 2 gy o axt 2 0s) pe SUR)

The mapping a —> x| can be extended to an holomorphic distribution valued function on
C-{a/a=-2(a+k), k€ N*}
¢|2 J2a4d

Fora€ € -N U (-a - N*®), the fractional power (-L, )? of the Bessel operator L= —

is defined on S,(R) by (-l.u)al f(x) = :,mf:;:‘" ':: fyr2e-20-2 # f(x). where #_ is the Bessel convolution

product defined by T#af(x) =<T, Tgf > Te Sa(R), f € S.(R) .'r‘: being the generalized translation
operator associated with the Bessel operator.
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IV. Inversion formulas for the operators R, cand 'R,

Notations . We denote by

.S _,O(JRZ) the subspace of S.(le) consisting of functions f such that for all one variable polynomials P
and Q we have J: P@)f(c,x) dr=0; x 20, and J:Q(x)f(r.x) dx=0; r20

. Sg (IRz) the sushspace of S.(IRZ) consisting of functions f such that the function

av.y é‘a',,(f)m.mj;' J:' fe2) jo ) ., 00 22 Pt @, %) € B2
is supported in {(t,x) € RZ, 1t > x| > 0}
« § the distribution of S, (R?) definedby <S ,p>= J:' e 2P & g SURD).

r 9 + o x 2 F) b 4 r r 2a X D
s M 212 g —;*—ﬂ-— 6= (Lp12-La)(-La)” (-Lp1r)

x 0x’

« For a, B2 0 and p-a>0, we deﬁne the Sonine transfunn Sp o on S,(le)by

<S54 M, 0> =<T 'Sy o (@O >, @€ SURY
s Ta.b the distribution of S, (R2) defined by
DIf a=p T o=/ (raenrdaama, ()
i) If a> B Tag =G"2r+en) / @** ' r%aenr’e+1/2)A0g Sa.p(S)
iil) If B> &, Tg = (0 22" 2% ®) /(@ +0* B + 17276 +1)Ag g Sp,a(S)
« 96 is the Hilbert transform defined by %6(f)(t.x) = 5;' J: “( J: ~ sgner) fisax) € ).
 The generalized convolution product is defined for fe s.(mz) and Te S, (IR") by

(T #Dx) = <T,9'(r o is the generalized translation operator associated with the
operators D, and D,, given by

_Na+r+v2) ] 73 s oala . 20 .
“T(r.x)f(s'y)'nr(u,uz)r"ﬂ') .E.l:‘f(Jl" +s *’-’motO.Jx +y=+2xycosp )(sind) (sinp~ dBdp: 5y 20

¢ Cqp= T 2041 12 (g e r2per)

f >, where ‘J’"_”

Thegrem IV.1 i) The operator l(u £, 636 (-A) (-], ) is an isomorphism from § 0(Il?.z) onto itself.
ii) The operator Ka 8® =Tn ﬂng is an isomorphism from S.([Rz) onto itself.
iii)The operator K?,5= Cap ("'1)“4('-'2)”/2 (-A)anis an isomorphism from S‘,O(IRZ) onto itself.

Theorem IV.2. i) ForfeS s 0(IR.z) and g € sS(mz). we have the inversion formulas for R a.p
1 -
g= Ru.ﬂ Kﬂ-ﬂ ‘Rc.ﬁ (8); f= Kﬂ-ﬂlka.ﬁ Ra.ﬂ 0]
ii) For f€ S .'O(IRZ) and g € s?unz). we have the inversion formulas for !Ra.p
f='R 5 KagR, (0 8=KipR, 'R ()
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t
V Blancherel theorem for the operator 'R, o

Notations . We denote by

'L%(l’zaﬂxzbd!k) the space of square integrable functions f on [0,+ ~fx [0,+=] with respect to the ~
measure 2%*'x?Purdx such that the function é‘a'b(ﬂ defined by the relation (IV.1) is supported
in {tx) € B2 1> >0} .
o 12 (dr dx) the space of square integrable functions on [0,+ oo{x [0,+o{ with respect to the measure drdx .

Proposition V.1. Let g be in S(R2), we have the Plancherel formula for 'R 0.6
+$00 400

I, I el 24P da - j'o jo IK,.D 'Rep @)nf d dx

Theorem V.1. (of Plancherel for 'R‘x 6) The operator Ki'a'ku's can be extended to an isometric
isomorphism from L2 (2%*!x2Pduix) onto L2 dr dx) .

VI. Transmutation_operators .

Theorem VI.1. i) The generalized Radon transform 'R, , is bijective from S2(R?) onto S, (R and
satisﬁes the following permuumon relations
' Ro,p(Da(HXr.x) = Ra p(F)(r.x); " Ra,p (D1 () )r.x) = Ra.o(f)(r,X)

ii) The generalized dual Radon transform R

2.6 is bijective from S ‘_o(lkz) onto S,(IRZ) and satisfies

the following permutation refations

2 2
D3(Rgg(8))(r.x) = Rgg( %:g)(r-x): Dn(Ra.p(g))(r.x)=Rap(£5-g)(r.x)
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AN EXACT SOLUTION OF REYNOLDS
VISCOUS FLOW EQUATIONS FOR THE
TIME DEPENDENT MOTION OF A SPHERE
IN AN INFINITE LIQUID.

K. B. Ranger, F.R.S.C.

Abstract. The Reynolds equations for viscous, incompressible flow contain
an additional term to the Navier-Stokes equations which renders the equations
truly non-linear in the highest order derivatives. An exact solution is found for
the velocity field from Reynolds equations describing the time dependent expo-
nentially decaying motion of a solid sphere in an infinite liquid. Also considered
is the two dimensional analogue of an infinitely long circular cylinder moving
perpendicular to its axis.

Introduction. In 1883 (1] Reynolds published a paper where he presented a set of
hydrodynamical equations describing the motion of a viscous fluid and are in fact a gen-
eralization of the Navier-Stokes equations. At the time his paper was written Reynolds
considered the Navier-Stokes equations were not totally consistent with the no slip bound-
ary condition. Another author in the same era Crudeli (2] came to a similar conclusion
using a different argument.

The Reynolds equations contain an additional term multiplied by the square of a
length scale which when equated to zero reduces to the Navier-Stokes equations. In time
dependent parallel flow the authors of (3] claim the additional term influences the rate of
decay of vortex motion. The Reynolds equations are more non lincar than the Navier-
Stokes and are no longer quasi-linear, or linear to the highest order derivatives.

It is not the intent of the present note to contest the correctness, or otherwise. of the
Reynolds equations but merely to compare some physical results with the corresponding
flow as depicted by the Navier-Stokes equations. The specific motion considered here is
the motion of a sphere translating and rotating with exponential time decay in a viscous
incompressible liquid relative to a uniform stream which also decays expouentially with
time. It is possible to construct an exact analytic velocity field in a concise finite form
from the governing flow equations, which reduces to an exact Navier-Stokes solution when
the length scale is set equal to zero. A compact expression is found for the force on the
sphere.

The two-dimensional analogue where the sphere is replaced by a cirenlar eylinder is
briefly considered using a similar analysis.
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The flow equations

The Reynolds equations for the motion of a viscous, incompressible liquid are described

> dq
4 _por¥_ _gP 2
14—V = vp°+uv a0 (1)
¥-g=0 —d=—8+@~V.) (2)
! dt — 8t !

where the symbols have their usual meaning except for | which is a length scale and will
be discussed later in connection with the boundary conditions. In this paper it is assumed
that the fluid velocity g can be written as

g=(Q+Vok) =™, (3)
with V; a constant speed, and
Vi —aut
Q_EQ_(&’.]},:-{- oigu )! (4)

where a is a constant which has the dimension (length)~'. Since

f_q = e—2a’mt [eu’wQ‘ + Von] . (_Q_+ Vof:) e—ovt

dt=
1 2 2 (5)
+V {§|Q|2e"2° "'} - |Q X curlQ| e~ 3wt

Vz_gt_-q- = C—ZQ’vlvz (ea’vlgt + VOQ,) _ azye—a’vtVZQ

+VvVv? {%|Q|’e"°"“} -v? { (@ x curl Q] e"“z"‘} )

it follows that the equations of motion are satisfied exactly if Q satisfies the Beltrami
equation

(6)

a?

- -— 2 EE c—
curl @ = [V x Q] = 4Q, B (1 + o) ™
and the pressure field satisfies
p£ + -;IQFe'"'"" - 2v? {%IQPe"“""} — Voza?ve™®""' = constant. (8)
. A ~

The spe?ciﬁc flow to be discussed here is-the translaging motion of a sphere with velocity
Voke™® "',.a.nd ;otation with angular velocity we™ *!, relative to a uniform stream with
velocity Voke=®""*. If O(z,y, z) is a fixed frame of reference then the velocity of the sphere
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is 2Vpe~"¥!, and its angular velocity is we—"¥!, At infinity z? + y? -;- 22 3 oo, the
velocity of the fluid is g — Voe="**k. If O'(z,y,2'), where 2’ = z + ="' 5 a frame of

reference moving parallel to the z-axis with velocity Voeov tk, then the relevant boundary
conditions for Q are expressed by

Q=Vk on S, @-—0, atinfinity. (9)

The equation of the solid sphere S referred to the fixed frame O(z,y, z) is
2
2 2 oe-ﬂ vt _ 2
2 +y +[z+———n,u ] =a’, (10)

or if (r,8, $) are spherical polar coordinates in the moving frame O’(z,y, 2') defined by
z=rsinfcosd, y=rsinfcosd, z' =rcosd, (11)

the boundary is more simply rcpresented by r = a. Since the Bcltmmi force-free field cqua-
tion is invariant under the transformation (z,y,z) — (z, y,z+ !‘1‘—;5:—") an axisymmetric
velocity field Q see [4] with swirl is given by

X 2. Bxé
Q = eml {rsinod,} + (12)

rsinf’

where ¢ = —sinoi + t_:os¢5', and x = x(r,8), satisfies

8% sinf 8 1 9
2y L =9 , mvo 9
(L +8)x=0,  La=gr+ B0 (0. (13)
The boundary conditions in terms of x are defined by
xo = Voa®sinfcosd,  x, = Vpasin®@ (14)
Bx = a®wsin? 4, at r=a, (15)
and
x/rsin@ —+0 as r—oco. (16)

The solution of the boundary value problem for x is straightforward see (5], and is given
by x = G(r)sin? 8. where

Vo
233a

G(r) = {g [ﬂzaz -3+ aTa] cos B(r — a) -

+ [3ﬁ’a + (_3_:_;;_3_2.:_2)] sinB(r — a)} ,
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provided that 2w = VpB. It is noted that for a given Vo, w and a, the length scale I, if not
known, is expressed by

. [azyoz _wzli ‘

o 4? < a®V3. (18)

In the case of the Navier-Stokes equations | = 0, and w, a, Vp are not all independent since
2w = aVjy.

The force on the sphere

The sphere experi'ences a force which is described by the formula

in px
-[ [=
0 Jo | r=a

where the stress vector is expressed by

a? sin 0 d6dg, (19)

i)
r§r=—P_§+PoV["‘8%-1+_V_@'£)]- (20)

On calculation it is found that the force is given by the formula

E 87“;;’”“ - v(k [Gll( ) 2G(a) Vpouaza’ke —a3ut
(21)
= ——3-Vopoua’(a +Bz)ke’° ve,

The torque on the sphere is defined by

2x oW
G= / / [ x R ] o* sin0 dods, (22)

o Jo

On calculation it is found that
8

G= "”°"" lag)(a) — gs(a)] ke, (29)

where gs(r) = AG(r)/r, and since G(a) = }Va?, G'(a) = Va, it follows that G = 0, on
r = a. This result would appear to be a consequence of the time dependent character of
the motion.

Two-dimensional flow

In the case of two-dimensional flow there is a stream function ¥ = ¥(z,y,t), and the
velocity field is given by
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g = curl (~vk) = =i + ¥, (24)
where ¢ satisfies
B2y, OB VY) poa [ o Vi) _
AR o) {?ﬁvz"’+"b(T,sT}‘"V“’" 5

where V2 = 38;, + ;%’q. There is a solution given by

—a’v V -a“vt
¥ =(x - Voy)e™ ™, x’=‘x(’+_%T’y) (26)
and 2
(V24+8%)x =0, f2= -1—:;? (27
a ul

For the translating motion of a cylinder with radms a moving with velocity Vpie™
relative to a uniform stream with velocity Voie™® vt of the fluid as a whole, the bounda.ry
conditions are defined by

1
—;XB=Vocos0,x.-=-Vosin0, at =a

(29)
Vx =0, as r — 00.
The polar coordinates (r,6) are measured in the moving frame with velocity Voie—o™t,
and defined by
%e—a’ut
! .
=zt =rcosé, vy =y=rsinb. (30)

The solution of the boundary value problem is expressed by

x = g7aVe {[¥i(Ba) — Ba¥{(Ba)l J1(r) + [Bati(Ba) — H(Ba) Yi(Br)} sinb.  (31)

Where Jy(Br). Y;(8r) are the Bessel functions of the first and second kind respectively,
and order 1. As before, the force per unit thickness of cylinder is represented by the formal
expression

in which the explicit calculation is somewhat more complicated than in (21). Needless to
say, the force decays with the same exponential time dependence produced by the forced
flow, and reduces to the Navier-Stokes expression in the case { = 0, see [5].
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Conclusions

The velocity fields which are exact solutions of boundary value problems for Reynolds
equations have been constructed in connection with the time dependent motion of a sphere,
and a circular cylinder, in an infinite viscous liquid. In the case of the sphere the force
exerted by the fluid on the sphere is always less than the corresponding quantity for the
Navier-Stokes equations, due to the presence of the length scale in the governing equations.
The length scale if not known, can be determined in terms of the prescribed translatory
velocity Vp of the sphere and its angular velocity w. The other fact of interest is that the
decay of vortex motion with respect to time and the spatial coordinates is essentially the

" same as for the Navier-Stokes equations.
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CHARACTERIZATIONS OF SOME CLASSES OF
QUASI-HEREDITARY ALGEBRAS

Piroska Lakatos
Presented by Vlastimil Dlab, F.R.S.C.

ABSTRACT. Inspired by the work of Mirollo and Vilonen [MV] describing the cat-
egories of perverse sheaves as module categories over certain finite dimensional
algebras, Dlab and Ringel introduced [DR2] an explicit recursive construction of
these algebras in terms of the algebras A(7). In particular, they characterized the
quasi-hereditary algebras of Cline-Parshall-Scott [PS] and constructed them in this
way. The present paper provides a characterization of lean, shallow and replete
algebras in terms of this recursive process. A detailed presentation of the results
will appear elsewhere.

Let D be a division K —algebra, C a basic K-algebra, pSc and ¢Tp finite-
dimensional bimodules with X acting centrally. Let v: ¢Tp®p Sc — cCc, be
a bimodule homomorphism whose image lies in rad C.Let B = Dx(pSc®cTb)
be the "split” K —algebra with the coordinate-wise eddition and multiplication
given by

(d1, 51 ® t1)(dz, 52 ® ta) = (dida,d132 ® t2 + 51 @ trdz + 517(t1 @ 52) B t2).

Clearly, B is a local K —algebra with rad B = Sc 8c T. It follows that S has
the structure of a B-C-bimodule by (d,s®1t) - s' = ds' + s7(t ® s’) and T the
structure of a C-B-bimodule by ¢’ - (d,s ®t) = t'd + v(t' 8 s)t. In [DR2], the

(? g) with multiplication given by

b s\ [t s\ _(bb+(0,s®t) b-s'+sc
t cJ\t ) t-b+ct!  (t8s') +cc
is shown to be a A(y) ring, viz. the quotient of the tensor algebra over the

(C x D) — (C x D)—bimodule T ® S by the ideal generated by the elements
t®s—7(t®s).

Let ¢ = ((160) g) and ec = (ez,€3,....en) be a complete sequence

of primitive orthogonal idempotents of C so that 3_;_,ei =1: da = él ed.
1}

2 x 2 matrix A=

Write € = e4 = (€1,€2,..-,€n), & = €i + €41 +... +enfor1 <i<n and
Ensy1 =0. ’

Let Ac(i) and A%(i) be the right and left standard modules of (C.ec),
respectively (see [D1] for basic definitions and notation). Dlab and Ringel have

Research partially supported by NSERC grant No A-7257. The author is indebted to
Vlastimil Dlab for introducing her to the subject during her visit to Carleton University.
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shown in [DR2] that (A4, e) is quasi-hereditary if and only if (C,ec) is quasi-
hereditary and S¢ and ¢T have Ac-filtration and A%- filtration, respectively;
in fact, they have shown that all basic quasi-hereditary algebras over a perfect
field K can be obtained by iterating this construction, starting with a division
K-algebra C. In the present note, we are going to characterize lean algebras, as
well as shallow and replete quasi-hereditary algebras A in terms of properties
of C, pSc, ¢Tp and the homomorphism 7.

Recall that (A, e) is lean (see [ADL)) if
ei(rad A)%e; = ei(rad A)em(rad A)e; forall 1 < i,j < n and m = min(i, j}.
Equivalently, (4, e) is lean if and only if (C,ec) is lean and for i,j > 2, the

products e;Ae; Ae; (C ei(rad A)%e;) belong to (rad C)?. Since these products
generate the image of v, we have the following statement.

PROPOSITION 1. The algebra (A,e) is lean if and only if (C,ec) is lean and
Im+v C (rad C)2.

Denoting the standard right and left modules of A by A(i) = A4(i) and
A°(i) = A4 (i), respectively, (A, e) said to be quasi-hereditary if

n
dimg A = Y _(1/d;) dimy A() dimg A°(i), (+)
i=l
where d; = dimx End S(i); here, and in what follows, S(i), P(i) and V(i) denote
the simple right A—module, P(i) = e;A its projective cover and V(i) the kernel
of the canonical epimorphism P(i) — A(i). The equality (») is equivalent to
the fact that End A(i) ~ End S(i) for all 1 < i < n and that the regular
representation A4 has a A-filtration (which has been the original definition of
Cline-Parshall-Scott; see also [DR1]). Indeed, this follows from the following
series of statements (A)-(C) (cf. [D2]):
(A) For every A-module X, [X : S(i)] = (1/d;) dimg Xe;; thus
[Aa : S(n)] = (1/d,) dimg Ae, = (1/dn) dimk A°(n).

(B) Always, dimy AepA < (1/d,)dimg A(n)dimg A°(n).
(C) The equality dimyx Ae,A = (1/d,)dimg A(n)dimx A°(n) holds if
and only if End4 A(n) = End4 S(n) and de, A =~ ﬁel A(n).
nite
The quasi-hereditary algebra (A, e) is called shallow if all rad A(i) and rad A°(3)
(1 € i € n) are semi-simple. This is equivalent to the fact (see [ADL]) that
ei(rad A)%e; = e;(rad A)eps(rad A)e; for all 1 < i,j < n and M = max{i, j}.
As a consequence, both Ac-filtration of Sc and Ag-filtration of ¢T are in
this case top filtrations (see [ADL]), and (C,ec) is a shallow quasi-hereditary

algebra. The following example shows that these properties are not sufficient
for (A,e) to be shallow.
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EXAMPLE . Let (A,e) be the path algebra of the quiver 2 — 1 — 3; then
(A,e) Is quasi-hereditary (in fact, hereditary). Since ez(rad A)%e; # 0 and
ez2(rad A)ez(rad A)es = 0, (A, e) is not shallow. However, C = e2A¢3 is shallow
quasi-hereditary algebra and both S¢ and cT are simple C-modules. The key
missing property is leanness.

PROPOSITION 2. The algebra (A, e) is shallow if and only if (C, ec) is a shallow
quasi-hereditary algebra, Sc has a top Ac -filtration, cT has a top A% -filtration
and Im~ C (rad C)2.

Proof (of sufficiency). We need only to show that, under the conditions for C,
Sc, c¢T and v,

e;(rad A’)e, C eg(rad A)eps(rad A)e; for all 1 < i,j < n and M = max{i, j}.
First, let 1, > 2. Then, in view of the fact that (C, ec) is shallow,
ei(rad A)ers(rad A)e; = e;(rad C)ep(rad C)e; = ei(rad C)ze,-,

which, in turn equals to e;(rad A)ez(rad A)ey. Since, by Proposition 1, (A, e) is
lean, we get

e;(rad A)’e,- = e;(rad A)em(rad A)e; C e;(rad A)ez(rad A)e;,

as required.

If i = 1,j > 2, the inclusion ej(rad A)%e; C ei(rad A)e;(rad A)e; follows
from the fact that the A-filtration of rad P(1), induced by the top Ac-filtration
of Sc (which exists by [DR2)), is a top filtration. A similar argument can be
applied toi > 2,j = 1.

Recall that the quasi-hereditary algebra (A.e) is said to be replete if all
V(i) = e; A€+ A are projective, top submodules of rad P(i) = e;(rad A). and all
V(i) = Aei41Ae; are projective, top submodules of rad P°(i) = (rad A)e, (sce
[ADLY]). If (A, e) is a replete quasi-hereditary algebra. then (C.ec) is a replete
quasi-hereditary algebra and both S¢ and ¢T are projective C-modules. Again,
these conditions alone do not imply that (A. e) is replete. In the above Example,
(C,ec) is replete and both S¢ and ¢T are simple (projective) C-modules. but
(A, e) is not replete. The missing property is leanness again.

PROPOSITION 3. The algebra (A,e) is a replete quasi-hereditary algebra if and
only if (C,ec) is a replete quasi-hereditary algebra Sc and cT are projective
C—modules and Im y C (rad C)2.
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Proof (of sufficiency) We want to show that V(i) is a projective, top
submodule of rad P(i). Consider first i 2 2. Since V¢(i) = ei(rad A)eiy1 A2
is projective, top C-submodule of the C-module rad Pc(i) = ei(rad A)ea,
V() = Vo(i) ®c €24 is a projective A-module.

Moreover, since A is lean by Proposition 1, we have the equality

ei(rad A)%ey1 = ei(rad A)ea(rad A)eisa,

and thus can identify the top of V(i) in the top of rad P(i) with the top of
Ve(i). This yields a top embedding of V() in rad P(i). Furthermore, since Sc
is projective C-module, V(1) = rad P(1) = Sc ®c €24 Is projective A-module
(trivially embedded in rad P(1) as a top submodule).

One can use similar arguments to deal with the left A-mcdules V°(i).

Let us conclude our brief note with the remark that similar characteriza-
tions of the left and right medial algebras (for a definition, see [ADL]) can be
made combining the conditions of Propositions 2 and 3.
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JORDAN TORI

YOJI YOSHII*

Presented by R.V. Moody, F.R.S.C.

ABSTRACT. A new class of infinite-dimesional Lie algebras, called extended affine Lie alge-
bras, has recently been introduced by physicists. In their description, the classification of
so-called tori is an important step. The class of associative tori is known as quantum tori.
Alternative tori have also been classified. In this announcement, we will describe the classi-
fication of Jordan tori. An important tool in our work is Zelmanov's structure theorem for
prime Jordan algebras. Jordan tori can be used to coodinatize extended affine Lie algebras
of type G3 and A,, while alternative tori can be used for type Fy and A3.

Let F be a field of characteristic # 2 and T a (not necessarily associative) unital algebra
over F. To say that T is graded by an abelian group A means T = @,es Ta (direct sum of
F-spaces) and ToTg C Tuyp for all a,8 € A. We define the centre Z(T) of T as Z(T) =
{zeT:(zy] = (z,v,2) = ¥, 2,2) = (y,2,z) =0 for all y,z € T} where [z,y] = 2y — yz
and (z,,2) = (z3)z - 2(y2).

Definition 1. A unital algebra T = @aez~ Ta graded by Z" is called an n-torus or simply a
torus if dimp T, =1 and T, T = Toyp for all o, B € Z".

As a basic property of tori, we have:
Lemma 1. A torus has no zero-divisors.

In particular, the centre Z = Z(T) of a torus T has no zero-divisors, and is therefore an
integral domain. Let Z be the field of fractions of Z. We define T = Z®; T and call it the
central closure of T. Then T imbeds into T via z — 1 @ z. We identify T as a subalgebra
of T.

Definition 2. A torus is called an associative torus if it is an associative algebra, an alter-

native torus if it is an alternative algebra, and a Jordan torus if it is a Jordan algebra.

Example 1. (1) Let E = F(T{,... , T') be the associative algebra of Laurent polynomi-
als in non-commuting variables T, ... , T, over F, let ¢ = (g;;) be an n x n matrix such that

Key words and phrases. Jordan tori, alternative tori, quantum tori.
1991 Mathematics Subject Classification: Primary 17C10, Secondary 17D0S.
*This work was partially supported through NSERC.
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g« = 1 and g5 = g;;', and let I, be the ideal of E generated by {T;Ti —¢;;TiT; : 1 < 4,5 < n}.
Then the quantum torus associated to q is defined as Fy = E/I;. One can show that F is a
torus and that every associative torus is isomorphic to some Fg. In particular, an associative
torus which is commutative is isomorphic to F; where

1 -+ 1

1=1a=|: .. : | (allgy=1).

1 - 1
This is nothing but the algebra of Laurent polynomials in n-variable, F[T7",... ,T%!]. One
can also check that F} is a Jordan torus if and only if

*) T1 a5 # -1 forall (,-.. @), (B, ,Bu) € 2°
i
(2) Let
1 -1 1 1
-1 1 1 :
J=Jdn= 1 1 1 : | (g12= -1, ga = -1 and g;; = 1 for the other i, j).
: KT |
1 eee ... 101

Then one can show that the quantum torus Fj is a quaternion algebra over its centre Z =
Z(F;) = FIT#, T2, T3, ... , T*'], which we call the quaternion torus. The Cayley-Dickson
doubling process yields an octonion algebra OT = (Fj,Ts) over Z, taking T3 € Z as the
structure constant. One can show that the F-algebra OT is an alternative torus, which we
call the octonion torus (Table 1). This was called the alternative torus in [BGKN].

(3) Let

1 w 1 1
w1 1 :
w=we=| 1 1 1 : | (g12 =w, ga1 = w® and g;; = 1 for the other i, ),
. 1
1 1 1

where w € F is a primitive 3rd root of unity. One can show that the central closure F, of
the quantum torus F, is a central (associative) division algebra of degree 3 over the field
Z =F(T},T3,Ts,... ,T.). Thus we can construct an Albert algebra (¥, Ts) over Z by Tits’
1st construction [Ja), taking 73 € Z C Z as the structure constant. Let AT be the Jordan
F-subalgebra of (F.,,T3) = F., ® F., @ F., generated by T#', T3,(0,1,0)*', T,... , T3
(Note (0,1,0)® =T3). Then one can check that A™ = F, @ F,, @ F,, is a Jordan torus (over
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F) which we call the Albert torus (Table 2). This example appears in [AABGP] where it is
called the Jordan torus. It was also found independently by the author.

Theorem 1. An alternative torus is isomorphic to either a quantum torus or the octonion
torus.

Remark 1. This result was proven for certain base fields (e.g. F is algebraically closed.)
in [BGKN]. It is in fact true for any field F of characteristic # 2.

For the classification of Jordan tori we first prove:
Lemma 2. A Jordan torus is strongly prime.

Because of Lemma 2, we can apply Zelmanov’s structure theorem of prime Jordan algebras

[M-Z]. Hence, a Jordan torus is of Clifford type, hermitian type or exceptional type.

Theorem 2. Let J be a Jordan torus over F, and assume that a € F implies \/a € F and
that F contains a primitive 3rd root of unity. Then

(i) J cannot be of Clifford type,

(ii) J is of hermitian type if and only if J = F} with (+) (Example 1 (1)),

(iii) J is of exceptional type if and only if J = AT.

Remark 2. The first assumption for F is used for the proof of (ii), while the second is used
for the proof of (iii).

Corollary 1. Let J be as above. Then J is special if and only if J = F} with (+), and J is
exceptional if and only if J = AT.

We define the degree of a torus T as the degree of the generic minimal polynomial of the

central closure T over Z [Ja). Then we can show:

Lemma 3. (i) A quantum torus of degree 2 is isomorphic to the quaternion torus F;

(ii) A gquantum torus of degree 3 is isomorphic to F,.

Remark 3. (1) For (ii), we assume that w € F. Otherwise, there does not exist such a
torus.

(2) F, = Fy does not imply ¢ = ¢ after renumbering the rows and columns of ¢/, if
necessary. For example, one can check that Fg = Fy for

1 -1 -1 1l w w
g=73s,q =| -1 1 -1 |org=ws,q = w1l w|.
-1 -1 1 W w1
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Finally, we can prove:

Corollary 2. Let A be an alternative torus and J a Jordan torus with the same assumption
Jor F as in Theorem 1. Then:

(i) A is of degree 2 if and only if A is isomorphic to either the quaternion torus or the
octonion torus.

(ii) J is of degree 8 if and only if J is isomorphic to either F} or the Albert torus.

Remark 4. The central closures F;, FF, OT = (F;, T3), and AT = (F.,, T) are all division
algebras.
APPENDIX
Table 1. Multiplication table for the octonion torus:
oT = (F;,T)) =F;@ F;= @ Fta
a€z
where, for a = (ay, ... , ),
t, = (T°T,0) ifay=2m
10, T°T™) fas=2m+1 (meZ)

and T® = TOTTYe - - - To~. For B = (r,-.. ,Bn) € Z", the multiplication in OT is given
by

(I) a3 = B3 =0 (mod 2) (all = are mod 2 below) :

tatp = (—1)"Pitays
(MDaz=0,/=1:

tte = t¢.+p if(![Eag"_—'-O
@8 = Y (~1)mP+4,,5 otherwise

(M a3=1,64=0:
tats = (=1)"Ptasp
(V)as=1,6=1:

totg = tass fay=a=0
op (—1)mP+ly, .5 otherwise

The structure constants are {1}.



JORDAN TORI! 157

Table 2. Multiplication table for the Albert torus:

AT=F,0F,®F, = (11 l,]z ‘,(0,1,0)*l,]‘ l'-" vqn l) = @ Ft,
a€z™
where, for a = (ai, ... ,an),

(T°TP,0,0) if a3 =3m
ta={ (0,T°T,0) if a3 =3m+1
0,0, T°T) if a3=3m—1(me2)
and T® = TOTNTM ... Te~. For B = (B,... ,Bn) € Z", the multiplication in AT is given
by
(I) a3 = B3 =0 (mod 3) (all = are mod 3 below) :

1
tats = §(w«:nﬁz +w°’")t.,+p

(Daz=0,=1:
tte = t°+p ifa.Ea,EO
*® 7 | -4w1tays  otherwise
(Ill) a3=0,f=-1:
bt = ta+p if0|502_='0
= —1u™Prt, 5 otherwise

(W)a;;El,ﬂ;E—l:

Vo WPt fay+bi=a+f=0
alf _}2_ a:ﬁlt°+ﬁ otherwise

Vas=h=loa=h=-1:

tass 1= =h=H=0
~dtays f ey =a;=0and (B, £0 or 5 #0)]
or [(cn 0 or a2 20) and fi = 2 =0]
~d(W*P + WP )ayp if (1 £ 0 or az #0) and (B #0 or B2 #0)
and ay + i =+ 5. =0

totﬂ = {

| L(w™P? + D)o, otherwise

Since w? + w + 1 = 0, the structure constants are

l w wlw
2 — . w——— —— — ——
{llwlw ’ 2! 21 2 ’4! 4
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FREE GROUPS OF LIE TYPE

Presented by R.V. Moody, F.R.S.C.

Y. BILLIG AND A. Pi1ANzoLA

Dept. of Mathematics & Statistics Dept. of Mathematical Sciences

University of New Brunswick University of Alberta
Fredericton, New Brunswick Edmonton, Alberta
Canada E3B 5A3 Canada T6G 2G1
Abstract

Groups are constructed which afford rings of polynomial functions. Using invariant
derivations of these rings along classical lines, yields Lie algebras which are completions of
free Lie algebras.

Throughout this report I will be a finite set ! and IK a field of characteristic 0.

For each i € I we consider a multiplicative copy E; := {Ei()), A € IK} of (IK,+).
Thus E;())E;(g) = Ei() + p). Our group F is the free product F = *;¢ E;.

Let W be the free associative monoid (words) on I. Then for w € W, w # 1,
one has w =w, -- w, with w> 0 and w;,--- ,w, in ] unique (so we use bold face
characters for words, and the corresponding unbold characters for their lengths). There is
also a unique expression, called reduced, of the form w = W} --- Wy~ where Wn # Wn+41-

We set @ := W) --- By and W = {@: w € W} (reduced words).

Both authors acknowledge the generous support of NSERC Canada.
! This assumption is not essential. It is made in this report for ease of exposition, to rend some of
the notation and concepts used more managable.
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To each w € W we attach a function 7y : IK¥ = F by
T ¢ (Al,...,/\w) HE-I(Ax) see E"(Aw)-

A function f: F — IK is polynomial if for all w € W the function fy := fomy is
polynomial. The ring of all such functions we denote by Pol (F).

Let A be the free associative IK-algebra on the set of symbols {z;}ics. To each
w € W we attach the element z¥ := ﬁ zy, € A. Consider the completion A of A and

i=1

corresponding Magnus grou;;

M= {1+ 3 c.,z",c..en{} cA
weEW,w#0

For each i € I there is a group homomorphism ¢; : IK -+ M given by

NN
giam 3 22
n!
n20

By universal nonsense these yield a (unique) group homomorphism ¢: F — M.
For each a € W define X(® e A’ (dual space) by (X, I czs) = dapcs
bW
(Kronecker §). This yields a function

X*:=X®oe: FoH K.

These functions are polynomial and allow us to describe Pol(F) : When can a

formal expression ¥ c,X* be thought of as a function on F? The answer is that the
WEW

set S:={s € W: ¢, # 0} must have the property that the set S :={s € S5:3< L}

be finite for all L € IN. We call such sets summable.

Proposition 1. Every polynomial function on F can uniquely be written in the form

3 coX®; co € K, where the set S:={s € W : c, # 0} is summable. a
sEW
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In view of this result the multiplicative structure of Pol (F) is completely determined
by

Proposition 2. Let a,b€ W. Then

XxX* X.= Z Xx°
s€Ea~d

where ~~ is the shuffle product. a

We now begin to look at the derivations of Pol (F). Recall that Pol(F) has a natu-
ral right F-module structure via (z- f)(y) = f(yz~!). Recall also that 8 € End Pol (F)
(the IK algebra of IK-linear endomorphisms of Pol(F)) is right invariantif z-(8(f)) =
O(z-f) forall z€ F and f € Pol(F).

Let 8 € End Pol(F) andforall s € W write 3(X*)= ¥ 82X™. Assume that
for all summable sets S we have o<

CONT 1: Forall w € W theset {s € S:82% #0} is finite.
CONT 2: Theset {we W : Js€ S with 8% # 0} is summable.

Then if f =3 c,X* € Pol(F) we have 8(f) = ¥ ¢,8(X*). Such endomorphisms
we call continuous.

For w € W define d(w) € Z' by d(w)(i) := Card {n: w, =1}.

Proposition 3. Let 3 € End Pol(F). For w € Z' and s € W write 8,(X*) =

0LX*” (a finite sum). Assume O is continuous. Then
d(w)=w+d(s)

(i) O. can unigquely be eztended to a continuous operator on Pol(F). Moreover
0= 2'8‘, (this last sum with the obvious meaning).
(i) If awzza derivation then so is 0,
(iii) If O is right invariant then so is 3,. Furthermore 8, =0 unless w € Z!,

(ie. w(i)<O0 forall i) 0



162 Y. Billig and A. Pianzola
Foreach i €I, and s € W with reduced expression 8 =3; ---3;, define

ai(x*) ={ mXh TR i =3

0 otherwise.
It is easy to see that 8; extends uniquely to a continuous operator on Pol(F) which is
also a right invariant derivation of Pol(F).

For each w € W let 8% := 8y, :-- Ou,. By acting on the X*'s one sees that
the 8%’s are linearly independent, and hence that the associative subalgebra A of
End Pol(F) generated by the 8;’s is free. This together with Proposition 3 and
Frederich’s theorem yields:

Theorem 1. Let Lie (F) be the Lie algebra of right invariant continuous derivations of

Pol(F). Then

(i) The 3i’s generate a subalgebra L of Lie(F) which is free.
(ii) If 0 € Lie(F) and we write 8= Y 8. then each 8, belongs to L.

wezZ!l
(iii) Lie(F) is a completion of the free Lie algebra L. More precisely

Lie(F) = ( [T £.)n (€D (I] xo*)). o

weZ! reW wew
B=r
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A Concept of Integrability of Dynamical
Systems

Oleg 1. Bogoyavlenskij*

Presented by G.F.D. Duff, F.R.S.C.

Abstract: A new concept of integrability of Hamiltonian systems on a symplectic
manifold M"™, n = 2k, is introduced. The concept of integrability describes the
Hamiltonian systems that have quasi-periodic dynamics on tori =7 or on toroidal
cylinders T™ x R?~™ of an arbitrary dimension ¢ = n.n = 1.---,2.1. This con-
cept includes, as a particular case, all Hamiltonian systems that are integrable in
Liouville's classical sense, for which ¢ < n/2 = k. A concept of integrability of a
dynamical system on a manifold M™ of an arbitrary dimension n is proposed.

I. According to the terminology we adopt here, a Hamiltonian system

FT=V'=P*,, P=u' due=0 4d8=0 (1)

on a symplectic manifold M?* is called integrable in the A-sense (or just
A-integrable) if Liouville’s condition [8] is satisfied: The system (1) has &
functionally-independent first integrals Fy(x).---. Fi(r) that are in involu-
tion {F;, F;} = P™F;,F;, = 0. The Liouville condition implies that system
(1) has an abelian k-dimensional Lie algebra S, of Hamiltonian symmetries
U = P™F;,. The abelian Lie algebra of symplectic symmetries S, is iso-
morphic with the abelian Lie algebra of first integrals F;(r) with respect to
the Poisson brackets.

Our key idea about the properties of the general integrable llamiltonian
systems (1) consists of the following:

*Supported by NSERC grant OGPIN 336.



164 0. Bogoyavlenskij

a) The integrable Hamiltonian system must possess functionally inde-
pendent first integrals Fy(z), ---, Fp(z) but the Liouville condition of their
involutiveness is not necessary and p can be arbitrary: 0 < p < n,

b) The integrable Hamiltonian system must possess an abelian (n — p)-
dimensional Lie subalgebra of symmetries S, C S that preserve the first
integrals Fj(z) but the symmetries must not necessarily be symplectic.

Definition 1 The Hamiltonian system (1) on a symplectic manifold M?*
is said to be integrable in the B-sense (or just B-integrable) if it possesses:
(@) p functionally independent first integrals F\(z),-- -, Fp(z), where0 < p <
n, (b) an abelian (n — p)-dimensional Lie subalgebra S, of symmetries that
preserve the first integrals Fj(z).

In Liouville’s 1855 definition [8] the independent conditions (a) and (b)
were incorporated into the single condition of the involutiveness of first in-
tegrals. It is this hidden confusion of ideas that is probably the reason why
Liouville’s definition has served as the most general characterization of inte-
grability since that time.

An ezample. Let symplectic manifold M* be the cotangent bundle of a
torus T2, M* = T*(T?), with coordinates p;,p2,¢1,y2, and with the non-
standard symplectic structure

o = Prdpz = p2dpy

Pf o P% A (ald"lo? - a2d,’,‘) + (2)

+ (p1dpy + p2dp2) A (a'dey + a’diz2) + a%dpy A dpz — a%dipr A dipa.

We consider the Hamiltonian system ™ = (w™!)™H, with a Hamiltonian
function H(I), I = p? + p}. The system has the form

pr=—afp;, pr=afp, Gr=d'f. =2, (3)
where f = dH(I)/dI. It is easy to verify that system (3) preserves the
symplectic structure w (2). The invariant submanifolds of this system are
the 3-dimensional tori

™: pP4pl=c, 05 <27. 0< 52 <27,

The trajectories of system (3) have the form (i = 1.2)
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pi(t) = pf cos(a®ft + to), pa(t) = p3sin(a®ft + to), wi(t) = a'ft + ). (4)

The trajectories (4) are quasi-periodic and everywhere dense on the 3-dimensio-
nal tori T3 provided that the constants a° a!,a? are rationally independent.
Therefore the Hamiltonian system (3) is not integrable in the A-sense.

However, the Hamiltonian system (3) is integrable in the B-sense. Indeed,
the system has one first integral I = p? + p? and possesses 3-dimensional Lie
algebra S, of symmetries

7] 7] 0 0
Ul_plam Pzapl- Uz—a‘Pl'
that preserve the first integral J.

A direct product of k copies of the symplectic manifold T*(7?) with the
Hamiltonian systems (3) for different functions H(I) and constants a°,a', a?,
provides the B-integrable Hamiltonian systems on the symplectic manifolds
M* = T*(T%). These Hamiltonian systems have invariant coisotropic tori
T3 and are T**-dense in general. For these systems, we have p = k and
q = 3k.

II. Recall that a torus T* (¢ = k) is a Lagrangian submanifold if its tan-
gent bundle coincides with the w-orthogonal bundle: T(T¥) = TA(T*)*. A
torus TY is isotropic or coisotropic if Te(T?) C Te(T)* or Tx(T9) D T:x(T9)*
respectively. The Lagrangian and isotropic tori appear in the A-integrable
Hamiltonian systems. These systems have been studied in numerous papers
and books over the 140 years since the Liouville paper [§8]. The Hamiltonian
systems with coisotropic invariant tori were discovered by Parasyuk [11].
These systems and their links with KAM theory were studied by Herman
[7], Parasyuk [11,12] and Moser [10]. For general. integrable systems, the
invariant tori T? are not necessarily Lagrangian. isotropic or coisotropic.

II. Theorem 1 If a-Hamiltonian system (1) is integrable in the B-sense,
then the following properties are realized:

1) The components of the invariant submanifolds M9, q = 2k—p, Fj(z) =
c;j, are tori T9 if they are compact and toroidal cylinders =™ x R?*~™ if they are
non-compact. In a toroidal neighbourhood O = B,x~™x =™ of any toroidal
cylinder there ezist local coordinates Iy, -+, Ip. £1.*** . Pm. Pm41-** "+ Pq- The
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coordinates I; run over a ball B, C RP. The angle coordinates py,-:-,pm
run over the torus T™, 0 < ¢; < 27, and the coordinates pmy1,--+,pq TUR
over the Euclidean space R™™. In these coordinates, the Hamiltonian system
(1) has the form

I;=0, ¢all) =wall), py=uwy(]) (5)

and therefore it is integrable in the conventional sense.

2) For each compact component T of the invariant submanifold M?, we
assume that system (5) I; = 0, po(I) = wa(I) is T9-dense. This assumption
does not cause any loss of generality. The invariant symplectic structure
w = P! is reduced to the canonical form

9 r q (p-r)/2
= Z Z ajdl;Adpa + Y capdpa Adps+ 3" dIyjAdly;  (6)
a=]{=1 af=1 =1

in the new coordinates I, -+, Ip, 1, - - ,{pq in the loroidal domain O = B, x
TI. Herep+q=n=2k,0<r <p, h=(p+r)/2. The vectors a € R? are
orthonormal null-vectors of the q¢ X q constant, skew-symmetric matriz cop:

Copaf =0, (ae,a;) =8, r=gq—rank|caglly j€=1,--,r

There are k(k + 1)/2 canonical forms (6) that are non-isomorphic to the
Liouville’s classical form [1,2,8]. There are k — 1 canonical forms for which
tori T? are coisotropic. There are k canonical forms with a non-degenerate
inherited symplectic structure on the tori T9 (for ¢ = 2k we have M** = T2*),
For the remaining (k — 1)(k — 2)/2 canonical forms (6) the invariant tori T?
are not Lagrangian, isotropic, coisotropic, or non-degenerate.

3) A T9-dense Hamiltonian system that preserves the symplectic structure
(6) has the canonical form

. s H
Il=0"",lp=0, _Za (I) o+ba (7)
Here H(I) is an arbitrary smooth function of the r variables I ,---,1I, and

vector by is orthogonal to the vectors aq. System (7) has the Hamiltonian
form 2" = (w7')™0,, 0 =dH(I)+ Cagbhdiza. For a general function



0. Bogoyavlenskij 167

H(1), system (7) is T9-dense if and only if the image space C C R? of the
g X q skew-symmetric matriz c,5 contains no vectors m = (my,---,m,) with
integer coordinates m,, orthogonal to vector by, (m, b)) = 0.

4) Any Hamiltonian system (7) is integrable in the B-sense. The variables
P15+, pq are supposed to run over a torus T? or over a toroidal cylinder
T X R"™ wherem=0,1,---,g—1.

The proof of the key Theorem 1 is split into four parts which will be
published in paper [4]. The strategy of the proof is the following:

(i) The proof of the existence of coordinates Iy, -, Ip, P1,***y@ms Pm+1,
+++, pq where the Hamiltonian system (1) has the form (5), provided that the
system is integrable in the B-sense.

(ii) The derivation of a complete classification of all closed 2-forms w,
that are invariant with respect to the T%-dense dynamical system (5): 1 .
0, Ya(I) = wa(I). Hence we obtain the general form of the original symplec-
tic structure w = P~! (1) in the coordinates I, --, Iy, @1, , ¥q-

(iii) The construction of a sequence of transformations of coordinates
L,---,I,, ¥1, -+, that transforms the symplectic structure w to one of
the ca.nomcal forms (6). These transformations preserve the general form of
the dynamical system (5) I; =0, ¢o(I) = wa([).

(iv) The derivation of the canonical form (7) for the dynamical system
(5) I; = 0, $a(l) = wa(I) in the newly-constructed coordinates where the
symplectic structure w has the canonical form (6).

The constructed k(k + 1)/2 canonical forms of integrable Hamiltonian
systems (7) cannot be integrated through Liouville's Theorem because the
maximal number of their independent involutive first integrals is equal to
r+(p—r)/2 = (p+g—rank || cap ||)/2 < k. The classical Liouville canonical
form [1,2,8] is the particular case of (6) and (7) for af = 6¢, 6§ =0, cap =0,
p=q=r=k.

Remark 1 The integrable Hamiltonian systems (7) are invariant with
respect to the action of the torus T% This action preserves the symplectic
structure w, (6) because it has constant coefficients. However. this action is
not a Poisson action as defined by Souriau [13] and by Marsden & Weinstein
[9] and that was studied by Atiyah (3], Cartier [5] and Flaschka [6]. The
torus TY action has the Hamiltonian form (1) where the closed 1-forms 8 are
not exact in general.
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IV. The introduced concept of B-integrability of Hamiltonian systems
is a particular case of the following concept of integrability of a dynamical
system &' = V(z) on a manifold M™ of an arbitrary dimension n.

Definition 2 A dynamical system &' = Vi(z',---,z") on a manifold M™
is integrable in the B-sense (or just B-integrable) if it possesses: p function-
ally independent first integrals Fy(z),: -, F,(z), where 0 < p < n, and an
abelian (n — p)-dimensional Lie algebra S, of symmetries that preserve the
first integrals Fj(z).

Theorem 2 Assume that a dynamical system i* = V*(z) on a manifold
M™ is B-integrable. Then the general submanifolds M. C D of constant level
of first integrals Fj(z) = c; are tori T*~™ or toroidal cylinders T? x R""™~9,
The dynamical system &' = Vi(z) has the form (5) in the corresponding
toroidal coordinates and therefore it is integrable in the conventional sense.

The proof is obtained by the same methods as the proof of Theorem 1.
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Bruce R. Ebanks

Presented by J. Aczel, F.R.S.C.

Abstract. We consider the question of whether an approximately additive, approximately
multiplicative function between normed algebras must be near an additive multiplicative function. It
is shown that the answer is positive for normed algebras in which the norm is multiplicative.

This paper deals with a stability question posed by G. L. Forti in [2]. Let A and B be
normed algebras, and suppose that f: A-B is both approximately additive and approximately
multiplicative in the sense that there are two constants 8, 8, > 0 for which

) fix+y) = fix) = fN < &y (lixdl + (iylh),
2) flxy) — fix) il < 87 lixll iyl

for all x, y € A. The question is whether there must exist a multiplicative additive map A:
A—B which approximates f in the sense that

3) IAx) = h(M < M ixll, xe A,

for some constant M. It will be shown that the answer to this question is affirmative for those
normed algebras in which the norm is multiplicative, i.e.

1beytl = xll [Ivll,

This applies also for instance when A or B is a field with a real valuation ILIl, such as the
rationals Q with p-adic valuation. Henceforth we assume that A and B are such multiplicatively

normed algebras.
Z. Gajda has shown in [3] that inequality (1) alone is not enough for stability of the additive

equation ¢(x+y) — @(x) — @(v) = 0. In particular, there exists a function f: R—R satisfying (1)
for some §; > 0 and such that for cvery additive ¢ the quotient

If(x)l-lw(x)l‘ xe R\ (0},
X
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is unbounded. This is one reason for studying the system (1), (2).

Additional motivation comes from some results of B. E. Johnson [4], [S]. He is concerned
primarily with the case where f is either a bounded linear map between Banach algebras or a
bounded linear functional on a Banach algebra. Johnson’s results are not comparable with those
presented here, for several reasons. First, he considers continuous maps on Banach algebras; we

assume neither continuity of f nor completeness of either A or B. Second, his maps are assumed
to be linear, so that (1) is satisfied trivially. Third, Johnson asks whether for each M > 0 there

exists a 8, > 0 such that (2) implies (3) for some multiplicative linear /; thus he requires a stronger
type of stability than the one posed here. He finds an affirmative answer for many classes (and a
negative answer for one class) of Banach algebras. Recently, P. Semrl [6] has extended some of
the results of Johnson by taking f to be approximately additive in the sense of (1), rather than
linear. He finds that, in the case of real Banach algebras, such an approximate homomorphism

must be near a homomorphism if 8;, 8, are sufficiently small.

Our main result is the following.

Theorem 1. If f: A—B satisfies (1) and (2), then either f is additive and multiplicative or f
has the form
(@) ‘ fix) =lixll g(x), xe A,

where g : A-B satisfies

5) lig(x)il < %(l +,/l+482). xe A.

Proof: Putting x =y =0 in (1), we see that {0) = 0. Define g: A—B by

_Juxwt fx), ifx#0
e e {o ,ifx=0.

Then (4) is. obvious, and by (2) we have
llg(xy) - q(x) gy < &,.
Applying a result of Baker [1], we conclude that q is either multiplicative or it is bounded as in

(5). In the latter case we are finished. Now suppose that g is multiplicative.
Since q is multiplicative , we have
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flg (x* )il = lig (x)Ii".

This means that if lig(xg)ll > 1 for some xg in A, then g is unbounded. That is, if ¢ is bounded
then lig(xjil < 1 for all x in A, which means that (5) is again valid.

Now we consider the only case remaining — that q is multiplicative and unbounded. By (4),
we see that f is multiplicative. It only remains to be shown that f is additive in this case. To this
end, put x = e and y = tv in (1). Then we obtain

UADN IR u+v) — flu) - fiv)il
= 1) (Ru+v) = flu) - fiv)ll
=lIfitu + tv) - fltu) - fiev)il
< & (Hrall + linvil)
= &y el (el + VD),

forall , u, ve A. By (4), this means that
lig(eM WRu+v) = flu) — fivll < 8y (llull + livit)
forall ¢, u, ve A. Since g is unbounded, it must be the case that
fu+v) = flu) - flv) =0, u ve A.
Therefore f is indeed additive, and the proof is finished.
Example 1. If g is constant, satisfies (5) and ll g ll g 8, . then (4) defines f satisfying (1), (2).
From Theorem 1, we can easily deduce the following. '

Corollary 1. If f: A—B satisfies (1) and (2). then there exists an additive and multiplicative h:
A—B such that '

(6) Wfix) - hx)l < %(l+,[1+482) Ixl, xe A.

Proof: Apply Theorem 1. If fis additive and multiplicative take /i = f; otherwise take h=0.

Theorem | can be generalized in the following way. Suppose now that, instead of (2),
satisfies
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) fxy) - fix) fiyl < 8 IcllP Tyl

for some real number p. We shall prove the following.

Theorem 2. Let f: A—,B satisfy (1) and (7) for some positive constants §;, 8,, and some
constant p. Then one of the following three possibilities occurs:

(i) f is additive and multiplicative , or

(ii) f has the form

(8) A1) =14 g(t)

with g satisfying (5), or
(iii) f is multiplicative, not additive, and satisfies

) i) < lidl
forall £in A.

Proof: We proceed as in the proof of Theorem 1, but define g(x) by dividing f{x) by Il x IlP. As
before, we find that g is either multiplicative and unbounded, or bounded as in (5). In the latter
case, we have conclusion (ii) of the theorem. If g is multiplicative and unbounded, then either fis
additive (giving (i)), or

A < Mildl,
for all £ in A, for some constant M. But since f is multiplicative we have here
RO = i)l = IRemIl < MIenll < M lidin

for any positive integer n. Hence {1l < M !/ 1idl , which shows that M can be replaced by
1. This gives conclusion (iii) and completes the proof of Theorem 2.

Example 2. Let A =B =R, letp=2in(7), and let g(x) = min{1, 1/ lxl}. Then thef
defined by (8), namely

fit) = min{#2, I}
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is a solution of (1) and (7) for 8, 83 > 1. This solution of category (ii) fits neither category (i)
nor (iii) of Theorem 2. This function f also provides a solution of (1) and (2), again if §;,8,2> 1,
which is of the form (4) with g(z) = min{ Id, 1}.

From Theorem 2, we also draw the following consequence when A =B =R.

Corollary 2. .If A = B = R in Theorem 2, then case (iii) contains only the function f{x) = Ixl,
and this function satisfies (1) if and only if §; > 1.

Proof: In case (iii), f being multiplicative and bounded on an interval, it follows that f{x) must
be of the form lxi¢ or Lxlc sgn x or constant ( = 1 or 0 ).But because of (9) and the fact that fis
not additive, we are left with only L. This function satisfies (1) only if §; > 1.

We conclude by turning to the consideration of approximate homomorphisms of
multiplicatively normed algebras. (Of course, in the case of fields with real valuation, we have

been considering approximate homomorphisms all along.) Let A and B be normed algebras with
multiplicative norms and a common scalar field K = R or C. By an approximate
homomorphism, we mean a map f: A—B which satisfies (1), (2), and additionally

(10) fAx) - Mixl < g(IA)) Il

forallAe Kandxe A, where g: R,— R, (R, the nonnegative reals) is arbitrary. We prove
the following.

Theorem 3. Let : A—B be an approximate homomorphism of multiplicatively normed

algebras A and B. Then either fis a homomorphism or f has the form (4) with g bounded as in
(S). In particular, there exists a homomorphism k such that (6) is fulfilled.

Proof: Applying Theorem 1, we find that either fis both additive and multiplicative or f has the
form (4) with g satisfying (5). In the latter case there is nothing more to prove. Suppose that the

former holds.
From the proof of Theorem 1, we see that it suffices to consider the case in which (cf. (4)) the
map q is unbounded as well as multiplicative. By multiplicativity, (10) with x = t yiclds

WAL — MID) Al = U Ae) = Af{nll < g(IND) Dadll.

Thus
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WAAL) — AR Rul < g(IAL) Nell flel.

By (4), this transforms into
WAL — Ml lig(u)ll < g(IA) e, uz0.
Since g is unbounded, this means that
Sy =2fl),

forallAe Kandre A. Thusfis homogeneous and consequently a homomorphism.
The final statement of Theorem 3 follows easily, in the same manner as the Corollary to
Theorem 1.
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THE SIGNATURE OF KAEHLER SURFACES IMMERSED INTO HP"(1)
Liu Ximin

Presented by T. Bloom, F.R.S.C.

Abstract. In this note we glve some interesting topological restric-

tions for totally complex immersion of Kaehler surfaces into the qua-

ternion projective space 2P (1).
1. Introduction

Let HP"(1) be a quaternion projective space with constant quater-

nion sectional curvature 1[(4], and M a totally complex submanifold of
HP?(1)(for the definition of totally complex submanifold cf.[2] ). We
know that M has a natural Kaehler structure.

Recall the standard imbeddings (2] :

¢y2 CP(1) -—- HP"(1),
along with the following standard imbedding(5]:
t:CP1(1)x cP1(1) === CP3(1),
We define the imbedding of ¢é = 4;1.1: .

Now let j: M — HPP(1) be a totally complex immersion of a 2-dimen-
sional compact Keehler cubmanifold into HFP({). We denote by sign(M)
and h the signature of M and the second fundamental form of the immer-
sion 'respectively. In this paper we obtain the follov;v.lngtheorems.

Theorem 1. For M we have

(1.1) 321[251910‘1) 2 SM“ - lhl4 )#q

B e e D ———
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signature, Kaehler surface, quaternion projec-~
tive space.
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where *# denotes the Hodge star operator and the equality holds if and
only if M is an imbedded subman-ifold congruent to one of the follow-
ing embeddings: ¢,: CP°(1) — HP?(1);  y: CPT(1) xCR'(1) — HP3(1).
Theorem 2. (i) If M has positive total scalar curvature, then the
second betti number of M satisfies
bp¢2 + g Jul 1014 - 4)e
where the equality holds if and only if M is congruent to ome of the
following embeddings: #1: CP2(1) — HP2(1); ‘}2: cp'(1)xcp'(1) = HPO(1).
(ii) If M has sign(M) €0, then
.SM Ihi 4*1?4vol(M)
where the equality holds if and only if N is congruent to the following

standard imbedding: ,: CP'(1)% CP'(1) —s HP>(4).

2.Preliminaries

Iet M be a 2-dimensional compact Kaehler manifold. Let w1,w2

be
the local field of unitary coframes. Then the Keahler 2-form ¢, the

Ricci form Q and the scalar curvature r are given by
4;: ZwaMT.'a ’ Q= %2?&,\#"/\ W, r-= 25P,5
where eag is the local components of the Ricci tensor (’ of M, It is

well-known that the first chern class c, is represented by Q. we denote
IR| and |p| the length of the curvature and Ricci tensor respectively,

The signature of M can be expressed by the following formulas(cf. (11 [3])
2
(2.1) 48T°sign(M) = SM( 01" - 2|R12)*1

(2.2) sign(M) = i (=1)2 bp "
Ps4=0

where the bp.q denotes the dimensional of the space of the harmonical

forms of bidegree (p, q) on M.
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3. Proof of Theorem 1

Since M is a totally complex immersion into HP"(1), as in [6), we can

2
obtain (3.1) r= 6= |h]

(3.2) Fam?=[gn] %+ 2im? - 2t0(TAD)? - T(emapa))?

where A is the Laplacian, fJh the covariant.derivative of h and A,

the Weingarten maps associated with orthonormal basis Y‘|1, SEE 7]4n-4
of the normal space. From the equation of 3Jauss, we have

(3.3) 1P12 = 9 - 3In|%+ tx(2a2)?

(3.4) |R12 = 12 - 4102 425 (tza A )2
From [6] ,we have

(3.5) 2% (traa,)? ¢ Injt
Taking the integral of the both side of (3.2) and using Green's Theorem,
we have

(3.6) SM I'V-h"" = SM(Ztr(zA,:‘:)Q + E(trAuAV)2 - 2|h|2)*1
Now combing (2.1) with (3.3), (3.4) and (3.6), we have

(3.7) 48 %sign(M) = SM( Whlz B 32("‘*\;%)2)*1
From (3.7), (3.5) and(3.1) we get

48 2sign() 7 Sylonl 21 3 g‘r«:“ - |h|4)*1235m(4 - In[*)*s
From which (1.1) following. Suppose the equlity holds in (1.1), i.e.,

(3.8) 48W2sign() = 2§, (4= In[4)*q

Then M has parallel second fundamental form, from the classification
of submanifolds in HP"(1) which have parallel second fundamental form 71
and (3.8), we know that M is congruent to either ¢1 or ¢,.

4. Proof of Theorem 2

Since the totally scalar curvature SMr*1 is positive,a result of
(s} implies that all plurigenera of M vanish. In particular we have
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b2,0 = O. Then using b2,0 = 0, b2’2 = b0,0 = 1, bp,q = bq,p and

Serre duality, from (2.2) we get

sign(M) = 2 = b,. Therefore (i) of the Theorem 2 follows from Theorem 1.
If M has sign(M) £ O, from Theorem 1 we obtain SM|h|4*1 2 4vol(M).

Moreover SHIM 444 a 4vol(M) implies sign(M) = O and tue equality in

(1.1). Therefore M is congruent to,: CP'(1)x CP'(1) —— HP?(1).
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