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PDIVIMOMIAI. OR PnWFR SFRTF^ FVTFMSTnMR WTTH 

1 IMFART.V riRDFRFn IMTFRMFniATF RINGS 

David E. Dobbs and Michael S. Gilbert 

Presented by P. Ribenboim. F.R.S.C. 

Abstract . It is proved tha t if R C T are commuta t ive rings 
and X is an indeterminate , then the set of rings between R[Xl 
and T(X1 is linearly ordered by inclusion (if and) only if T = R. 

All the rings in this note are assumed commuta t ive , with 1. 
Given rings D c E, we also assume that the 1 of the subring D 
is the same as the 1 of the ring E. Consider rings R C T. For 
m a n y properties TP, it follows tha t T is algebraic over R - or 
near ly so - if one requires tha t V be satisfied by all the ring 
extensions between R and T. For instance, if R is a field and T 
is an integral domain such tha t A C B satisfies LO for all rings 
R c A C B C T. then t r . deg R(T) s 1 (see [4, Proposition 3.7]). 
(Following [7, p. 28). we use LO, GU, and INC to denote the 
lying-over, going-up. and incomparable properties, respectively.) 
Similariy, by [3, Corollary 4], A C B satisfies INC for all rings 
R C A c B c T if and only if each element of T satisfies a 
polynomial over R with unit content. 

Our focus in this note is on extensions of polynomial rings. Once 
again, consider rings R c T. and let X be an indeterminate over 
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T. For motivation, recall from t4. Corollaries 3.2 and 3.6) tha t A c 
B satisfies LO (or GU) for all rings R(X] C A c B c T[Xl if and 
only if T is intégral over R. (Cf. [2. Lemma. p. 160].) There is no 
lack of examples of INC-behavior in this context either, as A C B 
satisfies INC for all rings R(X] C A c B c T[X] if T is integral 
over R. We next sharpen the focus to a pa r t i cu la r kind of 
INC-extension. 

Recall from (6] tha t a ring extension D c E is called a 

A-extension if A + B is a ring for all rings A and B contained 

between D and E. If D C E is a A-extension, then it follows by 

combining [6, Lemma 3] with [3, Corollary 4] tha t D c E satisfies 

INC, indeed tha t A c B satisfies INC for all rings D c A c B C E. 

It now seems na tu ra l to ask the following question: which ring 

extensions R c T are such that A c B is a A-extension for all 

rings RIX] c A c B c T[X1? 

One case of the above question is easy to settle. Recall from [1] 
(cf. also [é] and (8]) that an extension D C E of distinct rings is 
said to be adjacent if there is no ring contained properly between 
D and E. It is trivial tha t any adjacent extension of rings is a 

A-extension. Thus, a special case of the above question would be 

the following: which ring extensions R C T are such tha t A c B 

is an adjacent extension for all rings R(X] C A C B c T[X)? 

Unfortunately, the answer is easy for this special case: T = R. 

Indeed, if R is a proper subring of T. then for each non-negat ive 

integer n, R + XR + - + XnR + Xn+1T[X] is a ring contained strictly 

between R[X] and T[Xl. 
Matters become more interesting if we focus on the following 
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class i n t e r m e d i a t e between the ad jacent extensions and the 

A -extensions . We say t h a t a r ing extension D C E is a 

X-extension ("X" for "linear") in case the set of rings contained 

between D and E is linearly ordered by inclusion. (The 

second-named a u t h o r is preparing an extensive manuscr ip t on 

X-extensions.) It is evident t h a t a n y adjacent extension is a 

X-extension and t h a t every X-extension is a A - e x t e n s i o n ; 

examples show t h a t nei ther of these asser t ions has a valid 

converse. We are thus led to the following special case of the above 

question concerning A-extensions: which ring extensions R C T 
a re such tha t A c B is a X-extension for all rings R[X] C A c B 
c T[X]? The answer is given in our main result , which is stated 
next and which indicates that , for these purposes, X-extensions 
behave like adjacent extensions. 

THFORFM. Let R c T be rings and X an indeterminate over T. 
Then R[X] C TtX] is a X-extension if and only if T = R. 

Before proving the Theorem, we give two prel iminary results. It 

is interesting to note, by [6, Lemma 4], tha t the condition on D c E 

in the following Proposition implies tha t D C E is a A-extension; 
this condition also evidently implies integrality (and thus, LO, GU, 
and INC for all the intermediate extensions). 

PROPOSITION. Let D C E be distinct rings such tha t E = D + De 
for some e € E. Consider the conductor I = (D: E) : = (f € E: fE C D). 
Then there is an inclusion - preserving and inclusion - reflecting 
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bijection between the set of rings contained between D and E 

and the set of ideals of D/I. 

Proof. The D-module homomorphism f: D -• E/D, d •-» de + D, has 

ker(f) = (D : E) =• I and im(f) = (De + D)/D = E/D. Hence, D/I s E/D 

as D-modules. We thus have an order-isomorphism between the 

set of ideals of D/I and the set of D-modules between D and E. 

It now suffices to show t h a t if M is a D-module contained 

between D and E, then M is a ring. For this, consider a , p € M. 

We need only show tha t otp € M. Write ot = d^ + d2e and p = 

d3 + d4e, with all dj € D. Observe tha t d2e = cc - d^ e M; 

similarly, d4e € M. As e^ - a + be for some a, b € D, 

ocp = d 1 d3 + d1(d4e) + d3(d2e) + d2d4a + d2b(d4c) 

is a sum of elements of M, whence a p C M, to complete the proof. 

LEMMA, (a) If D c E are rings, then (D[X]:E(X]) = (D:E)[Xl. 

(b) If D is a nonzero ring, then the ideals of DIX] are not 

linearly ordered by inclusion. 

Proof, (a) m a y be proved by straightforward calculations. As for 
(b), observe tha t (X + 1)D[X] and XD[X] are incomparable ideals. 

Proof of Thporem. The "if" assertion is trivial. Suppose tha t the 
converse fails. Then R[X] C TlX] is a X-extension and T î< R. 
First, we claim tha t the set of R-modules contained between R 
and T is linearly ordered by inclusion. Indeed, if I and J are 
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R-modules contained between R and T, then 
A : = R + IX + X2T[X1 and B : » R + JX + X2T[X] 

are rings contained between R[X] and T[X]. As R[Xl c T[XJ is a 
X-extension, either A c B or B C A . Hence, by comparing 
coefficients of X, we have that either I C J or J C 1, thus 
proving the above claim. 

Next, we claim that if I is an R-module contained between R 

and T. then either I = R or T = I 2 ( :" (ScjdjiCj, dj €l } ) . Indeed. 

C : = R + RX + X2T[X1 and D : » R + IX + I2X2 + X3T[Xl 
are rings contained between R[X] and T[X]. As RlX) C T[X] is a 
X-extension, either C C D or D C C. Hence, by comparing 
coefficients of X2 if C c D and coefficients of X if D C C, we 
have that either T = I2 or I = R. thus proving the second claim. 

Our final claim is that T - R + Rv for some v € T. To see this, 
choose u € T \ R, and consider E:» R + Ru. Without loss of 
generality. T * E. As E »« R, it follows by applying the result of the 
preceding paragraph to I = E that T - E2 = R + Ru + Ru2. Now, 
since T * E = R + Ru. we see that u 2 does not belong to E. In 
particular, R + Ru2 is not contained in E. Thus, by the claim 
established in the first paragraph of the proof, E C R + Ru2. Hence, 
T = E + (R + Ru2) = R + Ru 2 ; so, by taking v = u 2 , we have 
proved the final claim. 

We may now complete the proof. Let v be as in the preceding 
paragraph. Applying the Proposition to the extension R[X] C TlX) 
= R(X1 + R[X]v, we see that the ideals of R[Xl/(R[X] : T[X]) are 
linearly ordered by inclusion, since R[X] C T[Xl is a X-extension. 
However, by part (a) of the Lemma, 

RIX]/(RIX]:T[XJ) « RlXl/(R:T)(Xl = (R/(R :T))lXl; 
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and. by part (b) of the Lemma, the ideals of (R/(R :T))[X] are not 

linearly ordered by inclusion, since R/(R :T) is a nonzero ring. 

This (desired) contradiction completes the proof. 

REMARK, (a) The above Theorem m a y be generalized by 
replacing X with any nonempty set (X^) of indeterminates. This 
is a consequence of the one-variable case (i.e., the Theorem) and 
the fact that if A C B are rings such tha t ANX^] C B[(Xa)) is a 
X-extension, then A c B is a X-extension. 

(b) The results for power series a re more complicated only 
because the "power series" analogue of par t (b) of the Lemma is 
false. The above methods may be modified to prove the following. 
Let R be a proper subring of a ring T. Then RHXII c T[(X]] is a 
X-extension if and only if T/(R:T) is a two-dimensional algebra 
over the field R/(R:T); but if KX^I > 1, then R[[{Xa)]] c TlKXa)]) 
is not a X-extension, essentially since (RARiTJHKXof}]] is not chained. 
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ASYMPTOTIC EXPANSION AND GENERALIZED SCIILÂFLI INTEGRAL 
REPRESENTATION FOR THE EIGENFUNCTION OF A SINGULAR 

SECOND ORDER DIFFERENTIAL OPERATOR. 

M.N. LAZHARI - L.T. RACHDI - K. TRIMECHE 

Presented by G.F.D. Duff, F.R.S.C. 

ABSTRACT. In this work we consider the eigenfunction ViX, t) satisfying a condition at 
infinity of a singular second order differential operator on (0, +oo). We give an asymptotic 
expansion of this solution with respect to the variable A aa |A| —* +oo, which permits to 
establish a generalised Schliifli integral representation for the function V(Alf). Next we 
give some applications of these results. 

I. Asymptotic expanaion and generalized Schlafli integral representation 
of the function ViX,t). 

We consider the following class of singular second order differential equations of the 
form 
(1) u"(t) - [H-^Zl - A 2 - x ( 0 M 0 = 0. a > - 1 / 2 , <> 0. A € €, 
where x is a C00-function on JO, +oo[ of the form x(0 = p + e-4* Fit), 5 > 0, a e 01, here 
F and its derivatives are bounded on all interval [io,+oo[, to > 0. 

This class contains ( after some transformation ) a wide class of singular second order 
differential equations of the form 
(2) Au(0 + A2u(0 = 0 l t > 0 1 A e ( E , 
with 
(3) A i i ( t ) = ^ ^ ( 0 i i ' ( 0 ) ' + 9(0«(0. 
where j4(t) = t2a+lCit), a > —1/2, and (7 is an even positive C^-function on IR such 
that C(0) = 1. 

The Bessel and Jacobi operators whose functions A and q ate given respectively by 
Ait) = <2o+«, qit) = 0, and AH) = 2!I<o+''+1)sinh(02<,+1 cosh(0w + 1 , ?(<) = (a + /J+ l)a , 
or > —1/2, /} € IR, are of the type (3). Also the radial part of the Laplace-Beltrami 
operator on a symmetric riemannian space of rank one is of type (3). 

We denote by V (̂A,t) the unique solution ofthe equation (1) which is C00 on jO.+oof 
with respect to the variable t and satisfying ViX,t) = (iA)-(*+1/2)e-'A*f/(A10 with 
UiX,t) — I aat -* +oo. This function is analytic on {A € Œ : 7m(A) < 0} with 
respect to the variable A. (See [1]). 

Using Olver's method ( see [3] page 219) we prove the following asymptotic expansion 
of the function ViX,t) with respect to the variable A as |A| —* +oo, which intervens the 
Mac-Donald function Kv ( see [5] p 78). 
Theorem 1.1. For a// m € IN, we have 

') Vt €]0,+oo[, VA € Œ, M A ) < 0, 
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V(A.«) = y î f ^ O ^ g ^ +7MA.*). 
psO 

where ap, p e IN, are C00-functions on ]0,+oo[ given by the recursive relations 

fao ( t )= l , 
\ «̂ .,(1) = - | j;+«K(s) + i=2^a ; (n) + ( ^ + XW)-PW]*. 

here x ts the function given in the equation ( 1 / 
ii) The remainder 72m(A,t) satisfies, for t > 0 and A € (E, /m(A) < 0: 

j d 

iwy ± n ^ S ^ (/^ i«UiWH «H^/ i 5 ^ - xm*}, 
and 

where 

*A.m(0 = 

• c ( m , a ) l $ $ £ ^ . .7 m > l . 

^ i S p ^ . «7 n» = 0 and a > 1/2, 
c(a) , if m = 0 and 0 < a < 1/2, 

. c ( -o ) , if m = 0 and - 1 / 2 < a < 0, 

and c(m, a), c(a) and c(—a) are positive constants. 
The following propositions gives properties of the remainder 7Zm(A,i) and its deriva-

tives. 

Proposition 1.1. Ifa = jfc + r, J b e l N a n d r e ] - 1/2,1/2], then for ail m, p, in IN with 
0 < p < m + i , and a > 0, there exists a (7°°-function Cm.p on ]0, +oo[, bounded on every 
interval [t0l+oo[, to > 0, such that for aU t > 0, A € (D, /m(A) < -a, we have 

ffl e-|/m(A)l< 
^ ^ ( A , * ) ! < cm,Pii) ^a+m_p+m. 

Proposition 1.2. let a = ib + r, jfc € IN, r ej - 1/2,1/2] and m G IN. The function 
%n(A, t) given in the theorem I.I, possesses the foiiowing integral representation 

^ ( A . t ) = / ICmit,8)e-iXsds, t > 0, A € Œ, /m(A) < 0. 
Here the Irernei JCm satisfies 

i) For allt>0, a-* ICmit, s) is a <7m+*-function on ]0, +oo[ with support in [t, +oo[. 
ii) For all s > 0, t —* ACm(t,«) is a C^-function on ]0,+oo[ with support in [0,s]. 

Proposition 1.3. î  For ai/ m € IN and (t, s) €]0, +oo[x]0I +oo[, 0 < f < s, we have 

where 
- for ai/ f > 0, « —f ICmit,s) is a, (^-function on ]0, -f-oo[ with support in [t, -t-oof, 
- for aU s > 0, t —• ICmit,s) is a CV-function on ]0,+oo[ with support in [0, a], 
ii) We have tbe recursive relation 
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i. t A-un _r(a + m-f3/2) where (o, + l /2)m +i = r ( t t + 1 / 2 ) • 

In 1871 Schlâfli haa proved the following intégral representation 

where iïc(z) > 0 and iîe(i/) > -1 /2 ( see [5] p 172). 
FVom this relation we deduce the following formula 

VTT (iA)- 2<»-i/3r(a +1/2) 7, V ; 

Using this relation and the proposition 1.1 we establish the following result. 
Theorem 1.2. The function ViX,t) admits tbe generaUzed Schlâfli integral representation 

V^A,*) = / iC(M)e-a 'ds , for all t > 0, A € (D, /m(A) < 0, 
| - o + l / 2 

where «( t ,s) = 2 a _ 1 / 2 + 1 / 2 ) ( s 2 - 1 2 ) " - 1 ' 7 %i+oo[(») + Ko(t,a), and KoH.s) is tbe 

functioa given ia the proposition 1.2. 
IL Applications. 

In the following we give some applications of the previous study. 

IL l . The operator A. 
We consider the singular second order differential operator A given by the relation 

(3)- • W) 
We assume that the functions A and q satisfy also the following conditions : j jjm . . . = 

2p > 0, and there exist two C^-functions Fi and Fj bounded together with their deriva-
tives on all interval [toi+oo[, to > 0, such that 

• m = 2 p - ^ ± L + e--Flit),ifp>0, 

1 
C(t) 

9 ( < ) = V + 7J + c-4 ,F2(t) , 

where 6>0, PefR. 
It is known ( see [1]) that there exists a unique function *-x(t ) which is C00 on 

]0,+oo[ with respect to the variable t, satisfying the differential equation 

/ A*_A(0 = - A 2 » - A ( 0 . 
1 *_A(f) S c-("+^,

1 (t - +oo). 
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This function is analytic on {A G (C : /m(A) < 0} with respect to the variable A. 
The function fa+i/a ̂ /(7(t) , ~*M2 admits the asymptotic expansion with respect 

to the variable A aa |A —» +00 given by the theorem 1.1, and using the theorem 1.2, we 
deduce the foUowing result. 

4 xit) 
Theorem II.l. Tbe fonction . 7 ^ ^ possesses the generalised Schlâfli integral repre-
sentation ^ 

^a+i,, = j"nit,8)e-ix'ds, for all t > 0, A 6 (D. Jm(A) < 0, 

where Tilt, a) = ; — = = £ ( * , s), and Kit, s) ia the iernei given by the theorem 1.2. 
x ' f+Ws/cff!) 

IL2. The Jacobi operator. 

In this case the function *_A = *;!* , « > -1 /2 , ^ € IR, is the Jacobi function of 
second kind, (see [2]), given by 

^f\t) = ( e«-<-« r^aFI(< A-< >^+ 1
t
i A + 0^+1

;l + iA;-inh-a(t)) 
where 3F1 is the Gauss hypergeometric function. 

In the following we assume that a > —1/2 and /? = —1/2. In this case the kernel 
Hit, a) given by the theorem II.l can be written explicitely. 

Theorem II.2. If a > - 1 / 2 and /3 = - 1 / 2 then the terne/ Hit, a) baa the form : 
W(t'B) = 2^^+7/2)[?<l(t-a) + /'niit'V)P{8 - V)dv] 

witb 
Tliit.s) = [(cosh(s) - eoab(i))i*-1W+ 

//(cosMv) - eoAitW—Wf'is - v)dv] %.+„!(«), 
P and f are given by 

i) if o = 1/2, then F(s) = /(«) = 0, 
ii; if a €] - 1/2, l/2[, then F(s) = 0 and 

«•'=fm=mm^)iy - •)-",<I - «"•>""-"* 
iiij i fa = Jb + 1/2, Jb 6 IN', then /(«) = 0 and 

iv) i fa = Jb + r, Jb € IN* and r €] - 1/2, l/2[, then 

and J 
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ILS. The Whittaker operator. 
We denote by Mp.ix the Whittaker function, (see [3] p 260), given by 

Mp,ix(t) = «IA+1/aF(iA - 0 - 1/2; 2tA + l;t) 
where F(a;c;t) is the confluent hypergeometric function of first kind (see [3] p 255). 
The function etl,MB,ix(e~t) satisfies the foUowing differential equation u"(t) — k e - 2 ' — 4 

,-tXi 
06-* - A2]ti(t) = 0, with e'^MpMie-*) S î ^ - (f -> +oo). 

The function e'^Mp^xie'*) admits the asymptotic expansion with respect to the 
variable A as |A —» +oo given by the theorem 1.1, and applying the theorem 1.2 we obtain: 

Theorem II.3. The function ***'$' ' admits the GeneraUzed Schlâfli integral represen-
tation 

^ g p - = H JC(s,t)c-<Alds, for aU t > 0, A € Œ, 7m(A) < 0, 
where £(t,.) is continuous on ]t, +oo[ with support in [t, +oo(. Moreover we have £(t, s) = 
c - ' / 2 II]JI+00[(«) + c~|/2ACo(t,»), and ^(t .a) is the function given in the proposition 1.2, 
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Intégrales Supérieures de Fubini 

Enrique de AMO" et Manuel Df AZ CARRILLO" 

Présenté par P. Ribenboim, F.R.S.C. 

Résumé - On établit une version du théorème de Fubini dans un cadre très 
général. Les résultats obtenus sont pour une fonctionnelle sublinèaire positive, 
une approche qui généralise les théorèmes antérieurs de type Pubini aussi bien 
dans le cas dénombrablement additif que dans le cas fmiment additif. 

1. INTÉGRATION ESSENTIELLE. - On utilise la notation ensem-
bliste habituelle. Sur la droite réelle achevée Bi. nous adoptons les conven-
tions suivantes: o + 6 := 0 et a + 6 := oo, si a = —6 € {—oo,oc) . On note 
a A 6 : = min{a,6},oV6:= max {a, 6}, a* := ±o V 0 et a D < := (a A t) V (-<), 
si a,b,teR.t >0. 

Pour tout sous ensemble A ClR on a inf A. sup A £#?, avec les conventions 
usuelles inf 0 := oo et supB := — » . 

- x Etant donné un ensemble non vide X. K désignera l'ensemble des fonctions 
de .V dans IR. 

Les opérations et les relations entre les fonctions sont définies ponctuellement. 
Pour un sous ensemble M ClR . nous posons +M = {/ 6 A/; / > 0} . 

Supposons que M soit un treillis vectoriel, i.e., un espace vectoriel de fonctions 
telles que si f Ç M implique | / | G M; alors fAg et fVg G M pour toute / , p G M. 

- x 
Une fonctionnelle q iR —*IR est dite intégrale supérieure si 

qiQ)=0.q[f + g)< , { / ) + qig) et , ( / ) < qih).S\ f.g.h eRX.f < h. 

L'intégrale supérieure q est dite régulière en M si q{h) = q.ih) := —qi — h), 
pour loute h G A/, et elleest dite déterminée par M si q{f) = inf [qig): / < fl € M] 
pour loute / GiR . 

- x Dans tout ce qui suit, on suppose que q définie sur iR . est une intégrale 
supérieure régulière déterminée par un treillis vectoriel M. 

Une fonction / GW *"st dite q - Af-integrable si elle est dans la fermeture 
- x 

de Af dans R , relativement a la seminorme intégrale qi\-\). ou d'une mainiere 
équivalente â qif) = q. if) ÇR. 

- x 
Etant donnée / £JR . l'intégrale supérieure localisée de q est définie par: 
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qtif):=sup{qifAh),he+M} 

(c'est une version simplifiée de la definition de [12, p. 120]). 
- x 

Il est clair que qt est, â nouveau, une intégrale supérieure, qt < q dans iR et 
qt (/) = q (/) s'il existe h G Af tel que f < h. 

THÉORÈME 1.- Pour une fonction f €R , les affirmations suivantes sont 
équivalentes: 

_ x 
1. / appartient â la fermeture de M dans iR relativement a la semi-norme 

9/(ll)-

2. qif) = q.if) eR-
3. Pour toute h G +Af,/ A A est ç - Af-integrable et qt (|/|) < +oo. 

4. Quelque soient h,k e +M, ( / A h) V i-k) est q - Af-integrable et 

h,kS+M 

existe en iR. (La limite est prise relativement a (+Af) x (H-Af) ordonnée 
par <.) 

5- q'if) = q.if)eR,oil 

, • ( / ) : = inf ( s u p , [ ( /A / i ) V (-*)]) 

et <?.(/) :=-<?• ( - / ) • 

Une fonction / GiR est dite q - .Vf-essenliellement integrable si elle vérifie 
les conditions équivalentes 1-5 antérieures. L'ensemble de loutes les fondions 
q — Af-essentiellement intégrables est désigné par A/". 

2. THÉORÈME DE TYPE FUBINI. - On eludie des systèmes produit 
par rapport a deux intégrales supérieures 171 et q-i données. 

Les notations et définitions sur les systèmes produit, utilisées dans la suite, 
sont les mêmes que dans (9), [II] et [lj. 

Supposons que pour i = 1,2, ^ est un ensemble arbitraire non vide, A/, C R 
est un treillis vectoriel el 9, est une intégrale supérieure régulière et déterminée 
par Mf. 
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Soint X3 :- Xi x X2 et f ÇR 3 . Pour chaque x G A'i, on pose /«(y) := 
/ (*.y) 1 pour tout y G A, et (çj/) (1) := gj ( / , ) . 

Soient M3 CR * un treillis vectoriel et qa une intégrale supérieure en R 
déterminée par M3. Par 9,̂ ,» = 1,2,3, nous notons la localisation intégrale cor-
respondante. 

On appelle (A3, Ma, 93) système intégrale produit si les conditions suivantes 
sont vérifiées: 

1. / , G Afj, pour tout x € At. 

2. ï J / G Af,. 

3- q3if)=9i(l2f). 

Pour obtenir un théorème de type Fubini satisfaisant, les conditions suivantes 
apparaissent d'une manière naturelle (voir [9], [6] et [1]): 

(Q) Pour / G-HR** et x G A, il existe g G M?' tel que / , < g. 

i/i) Pour h G +Mi et fl g Af̂  il existe fc G M3 tel que fl(y) < fc(:r,y), si 
h ix) > 0, pour x G Ai et y G Aj. 

(7) Si A G +Afi, alors 1 A A G Af, (Condition de Stone) et qi (A Ae) —• 0, si 
e —• 0 (continuité en 0). 

LEMME 2. - Si les conditions (/9) et (7) sont vérifiées et f € + R ' vérifie 
(o), alors 

9i,<oq2./{/) < q3.tif). 

Étant donnée une intégrale supérieure arbitraire q sur R. un ensemble A C X 
est dit g—nul si qiXA) = 0-

THEOREME 3. (Théorème de type Fubini) - Supposons que les condi-
tions iff) et (7) soient vérifeés. Si / G Af̂ 3-' vérifie (a), alors on a les affirmations 
suivantes: 

1. Il existe une suite (An) d'ensembles ci,;—nuls dans X\ telle que 

{xGA.î /^AfMcO^. 
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2. ^/.(ft^.eAf,"'. 
3. q3,tif) = qi,toq2,tif). 

Esquisse de la démonstration: Lemma 2 nous donne 

q3Af) > quoqiAÎ) > l^'^'f] * "•'• 0 f'-'-̂  ^ il^Aif)-
(ii.iiin.inj) 

Posons h(i) := ç2,/(/x) - iqi.t). (/x), pour tout z G A| et 

/ l n : = { x G A ) ; A ( x ) > A } 

avec n G/V. Alors, si x G A i - U An, on a h ix) = 0. 
n=l 

3. APPLICATIONS. - (Voir [3] et [1].) Étant donné un treillis vectoriel 
M CR et une fonctionnelle non négative / dans Af. avec 

qif) = I-if):=\nf{Iig);f<g€+M} 

on obtient la classe A/«' des fonctions intégrables abstraites de Riemann dans [3], 
classe qui contient la "one sided-completion" de Loqmis [10. p.178). 

Si en plus on suppose la condition de continuité de Daniell (i.e.. /(An) -* 0, 
avec A„ G +Af, An (x) \ 0 pour chaque x G A) avec 

qif) := inf ("E / ( M ; / <+f hn.hn G +Af} . 
1,1=1 n=l ' 

pour toute / eR*, on obtient la classe M"' des fonctions /-intégrables au sens 
classique de Daniell. Dans ce cas les hypothèses du lemme 2 sont vérifices (voir 
[3, p.424]). 

Le théorème 3 donne un résultat de type Fubini. même sans aucune hypothèse 
de continuité monotone pour l'inlégrale élémentaire, en différant du processus 
d'intégration de Daniell. 

Considérons maintenant Af et / induits par une fonction d'ensemble finimenl 
additive p sur un semi anneau fi. i.e.. M = Mn := rlasse des fonctions élageés 
â valeurs réelles définies sur il. 1 = lu := f dp. (Les rondilions ill) et (7) sont 
vérifiées d'une manière automatique.) 

Avec q := / " aminir auparavant, on iililienl In classr .W,',' des foinlioiis /< 
intégrables abstraites Riemann de Gunzler (8. A.1-16). classe laquelle contient 
l'espace L1 (A, il, p. R) des fonctions /i-intégrables au sens de Dunford-Schwartz. 
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Si il est un a-anneau etq = I~ avec p dénombrablement additive, alors Ri [p, Rj : 
Lt (p, BÙ = la classe des fonctions /i-intégrables au sens de Lebesgue. 

Le théorème 3 établit, avec une preuve simplifiée, un théorème de type Fubini 
pour l'intégration par rapport aux mesures Animent additives, lequel généralise 
les résultats correspondants de [9] et [12]. (Voir aussi [I].) 
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Inversion Formulas for The Generalized Radon 
Transform and Its Dual Associated with 

Singular Partial Differential Operators 

LT.RACHDI AND K.TRIMECHE 

Presen ted by P.G. Rooney, F.R.S.C. 

Abstract. We consider the geneialized Radon transform 'k^o and its dual R^\ a, (M>. associated 

wilh two singular partial differential operators D. and D2 . We give some results about Ihe harmonic 

analysis associated wilh Ihe operalois D| andDj. We deduce inveision funnulas for the openilnrs Ra p 

and 'R «and a Plancherel theorem for the operator'R^O. Next we prove lhat Ihe operalois R^ 

sni ' R - a «re transmutation operators on some spaces of fiinctions. 

I. Generalized Radon transform nnd its dual associated with the ouerators I), a M D2 

Nolalions. We denote hy 
• 6,(31) the space of even C" hinctions on K. 

• S,(IR) the space of even G* functions on lR.rapidly decreasing together with their derivatives. 

• JS^IR) the space of even C" functions on IR with compact support. 

Fora.p^0.suchthatp-a>0, the Sonine transfomi S | M / 2 a . | / 2 l s defined on Ô,(IR) by 

S,, ,„ , „ (fKx) = g lË^gJ f ' ( i - u - ) " ' 0 1 ^ u) iru du. and Its dual on J9»(IR) hy 
11-1/2. a-l/2v " n(l-allla»l/2) Jo 

d2 2y d 
Let y >0, the Bessel operator Ly „ , on |0, + «[ is defined hy LY -1/2" ; ' ^J" • 

i)The Riemann-Liouville transfonn Ry |/:, is defined on 6 , (E) hy 

\./2cn(.)=^j;(i-y2r,f(«y.*.(see|4I, 
ii)The Weyl transfonn Ls defined on J9,(!R) hy 

w,.1(^<'"-îSï^^(>,-:,"'"""l' 
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y-1/2 

iii) The generalized translation operator Tx is defined on 6*(1R) by 
Y-l/2 

Tj- ( f ) ( y ) = ^ ^ J 0 f(Vx2*y2
+2xycose) (sW^-'de 

Let Dj and D2 be the singular partial differential operators given hy 

Theorem I. I. The system of paitial differentialequations 

ID| u(r,x) = - \2u(r.x ) , X € Œ 
D2U(r.x) = -p2u(r,x).p€(t 

[u(0, 0) = I, ^ (r,0) = 0, ^ (Ojt) = 0 

(a^) ft—T . 
admits a unique solution given by q) (r,x) = Ja(rVii"+X" )j„ jr(Xx) .where 

jy(s)-(2ï r(y+l)lY(x))/sv isthe nonnalized Bessel function. Jy being the Bessel function of 

firet kind and order y ([S]). 
Notations. We denote by 
• 6,(IR ) the space of G** functions on IR2, even with respect to each variable. 
• S,(IR2) the space of G** hinctions on IR2, even with respect to each variable and rapidly 

decreasing together with their derivatives. 
• JS),(IR ) the space of G functions on R . even with respect to each variable and with compact 
support. 

Definition 1.1. The generalized dual Radon transfbnn Ra _ associated with the operalois D, 
and D2 Ls defined on e,(H2) by 

r1 -. a-l/2 p-i/2 i—-
l)lfPiOanda-P>0, Raip(fXM)=8aJ0(M-) S

 a.uu.U2°T* oRp ^ (f(rl..))(rVl.|-)dl 

ii) If â Oand p-a>0, Ra.p(f)(r,x)=aaJo ( • - « ^ " ' ' " s ^ ^ 1 / 2 o T ^ o R a i / 2 (f(ri..)Kx)dt 

J*1 , a-l/2 a-l/2 /—r 

o {H-) T̂  oRttir{f(rt,))(rVl-|-)dl 
where aa = 2r(a+l) /Jii r{a+l/2) 

, ia.|)) 
Remark. For (p. X) € <r, we have <pM x (rji) = Rap(cos(M.)cos(X.))(r.x). 
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Definition 1.2. The generalized Radon transfonn ^-associated with the operators D, and 

D2 is defined on JB,(R2) by r i ^ Q 1/2 p—1/2 / * ^ 

(«"-•)" Sa-l/24H/2o Wp-l/2o Tx (g(UXVr - r >* 
I*" •) 9 0-1/2 ^,0""2 t 

ID If a«)aiKip-a>0. 'Ra.pfgXW^Jj (r2-12) W a . | / 2 o T ^ ^ o'S^.^.^gfr^WWrfr 

iu) If a-PiO. \a{gyft*) ^o r*1*',2)al/2 Wa-i « oT»' «Sfr-)*^2 >* 

II. Palev-Wiener and Plancherel theorems for the generalized Fonrier Iransform 
associated with the oncrators D, and D 2 . 

Notations . We denote by 
• F = R 2 U {(ip.X) : (M.X) € R2 and IMI^ |X|} 
• L2(r2a* 'x^ckdx) the space of square integrable fimctioas on |0,+ «>|x |0,«of with respect to the measure 

^•V-Pddx. 
• L2(dy ) the space of square integrable fiinctions on T with respect to the measure dy given by 

{ji*m**. 2t'2a? {(T IT f(..x)(r+x2,ax2Pididx+ r r f(iM)(x2-i2)ax2Pididx} 
Jr r2(a+i)r2ip*i/2) JoJo .'0-'0 

• 5 , ( 0 the space of functions g : r —> Œ, infinitely differentiable, even with respect to each variable and 
rapidly decreasing together whh their derivatives. 
• TB. n(Œ2) the space of entire functions f : Œ2 ~-> Œ .even wilh respect to each variable rapidly decreasing 

of exponential type and such that fbr all ke N: 
Sup{(l-M2+2X2) |f<ip.X)|; Oi.X) C R2. (ni S |X| } < • «' 

. fi" # (R2) the space of distributions on R2,even with respect to each variable .with compact support. 

. % JQ?) the space of entire functions g : Œ2 —> Œ. even with respect to each variable .slowly 
increasing of exponential type and such that ther exists ke Ft: 

s u p { ( l V • 2X2)'k|g{ip,X)|, (ji. X) € E2 . |p| 5 IXl} < +~ 

Definition II.l. The generalized Fourier transfonn 3 ^ passociated with the operators D ^ d D2 is 

defined on S,(R2) by ^^Oft iA) =££ f(r*)<Vl**\r*) ra* ' x2" «Wx: (M- X) e r. and on fi' «(R2) 

by ya .pCnfM.Xl^^.q»^'>; (pM e Œ2 . 

Using analogous proofs as in |3], we obtain the following results 
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Theorem II.l. i)The generalized Fourier transfonn tFa . is an isomoiphism ftom S«(R£) onto 5 , ( 0 . 

The inveise transfonn is given by D ^ (O(rji) "IJi**) V ^ C w ) dy (zA). 

ii) For all fe S,( R 2 ) , we have the Plancherel formula forS^.: 

£ £ |f(W)|2r2a*,x2f,d1dxoJr|yap (f)(zA)l2*(tX) 

iii) The generalized Fourier transform ^ ^ a can be extended to an isometric isomoiphism from 

LVa+1x2pckih) onto L2(dy). 

Theorem l!.2^of Pialey-Wiener) The generalized Fourier transfonn ÎT^p is an isomoiphism from 

J0,(R2) ( respectively fi',(R2) )onto ]H#)0((i:2)( respectively ̂ ^^(a:2)). 

III. Fractional powers of the Laplacian and of the Bessel operator . 
Notations . We denote by 

• S* (R) the space of even tempered distributions on R. 

• S*(R2) the space of tempered distributions on R 2 , even with respect to each variable. 

a) Fractional powers of tfae Laplacian onR2 .(III. 121) 
,2 g2 

For y € Œ-Z, the fractional power (-A)y ofthe laplacian A = —j + —j on R z is defined 

on S»(R2) by (-A^ffr.x) = {22vni»y) /JIH- yllCT^S+^j-H • f)(r.x), where • is the classical 

convolution product on R 2 and (22Yr(l+y) /irr(- y t t T ^ ^ - y - I is the distribution of S*(R) given by 

the function (22Yr(l+y)/ffr(-y))(s2+y2)•v", . 

Again, for y e (C. y t N u (-(1/2) - N), we define the operators (- J, ) r and (- J2)y on S,(R2) 

by (-J1)Yf(r.x) = b y f - I ^ L . d s . a n d (-J,)YfM =byf - i ^ d y , whereb,- § ^ . 

b) Fractional poweraof the Bessel operator on JO.+o»! 
Forae Œ and a >-1/2, we denote by [xj9 the even tempered distribution on R defined hy 

<|x|a,<P>=r<«x)x'+2a+ldx, = <x!+2a+l,cp>. <pe S,(R) 
The mapping a —> jxj* can be extended to an holomorphic distribution valued function on 

a : - { a / a = -2(a+k), k€ N*} 
» d2 2a+1 d 

Fora € Œ - N U (-a - N*), the fractional power (-La)a of the Bessel operator La- —+ j -

is defined on S^R) by (-La)a f(x) = L - I j ^ L l ? bf2* a ' 2 #af(x), where # a is the Bessel convolution 

product defined hy T #af(x) = <T, T? f >; T € S l (R) . f € S,(R) .T° being the generalized translation 

operator associated with the Bessel operator. 



L. Rachdi and K. Trimeche 141 

IV. Inversion formulas for the onerators Ra<paiul tRa ^ 

Notations . We denote by 
• S n(R2) the subspace of S,(R2) consisting of fonctions f such that for all one variable polynomials P 

and Q we have rP(r)f(r,x) dr = 0; x i 0. and rQ(x)f(v) dx = 0; r :> 0 

• S° (R2) the susbspace of S^R2) consisting of functions f such that the function 

(iv.i) yaip(f)(M.x)=J7J7f(r-x>Jo<,»,)Vi/2(Xx),2a+,x2e,1, ,h: ^ • X ) C I R 2 

is suppoited in {(t,x) € R2,|t|> |x|>0}-

. S the distribution of S«(R2) defined by < S . ç > = Ç&vt) *20 ds; «pe S^R2). 

, ' d2 2o+id , « ô2
x2po . / , * i r U i r , i 2 a r i ! „\* 

'L«m^*~TS' LP-i/2"^5'+Tflr,A«.P ( L « , - l / 2 ' L a n " L a , ^ H » ^ 
• Fora, ps 0 and p-a>0, we define the Sonine transfonn S* a on S*(R )by 

<Spia (D. ip> = < T(rj0, 'Sp a (tp(.,x))(r) >. «p € S,(R2) 

• T
a p the distribution of S* (R2) defined by 

i) If a=p,T
ap=lii3/22,-6a)/(r3(a+l)r3(a+l/2))Aaa(S) 

ii) I f a * ^ Ta>p=(irs/2r(p + i)) / (24a*2,,*lr4<a*i)r3(P*i/2))Aaip 80.(5(5) 

iii) If p> a, Ta^ = (ff5/22,'2a"*)/(r2<a *i)r4(P + i/2)r(p H))Aa^ Spia(S) 

. « is the Hilhert transform defined by ,)t(f)(t.x) = j j ( ^ ( L T 8 ^ ' ' f(s>x) e',""5,r ds)dr. 

• The generalized convolution product is defined for f c S»(IR ) and Te S«(1RT by 
(T If f)(r.x) = <T,3' f >, where cT Ls the generalized translation operator associated with the 
operators D. and D,,, given hy 
g- f^yy=naii>nÊlH22 f T f( V^ ^ i ^ O. V»2 +v2* 2llyco,!p )(sine)-a(sinV-,,,-,d9dp ; s,yiO 

0-.x)w' ar(a + l/2)r(P).|o.|o 
• c

a,p={al),(22a*2ti*1 I-2(a*l)r2(p*l/2)) 

Theorem IV.l i) The operator Kâ,p=ca p%£-(-A)a(-J,)P is an isomoiphism from S#0(R2) onto itself. 

ii) The operator K ^ g ) =Ta p«g is an isomoiphism from s2(R2) onto itself. 

iii)Theoperator Ka^=c0 p(-J1)l/4(-J2)l'/2 (-A)a/2is an isomoiphism from S. 0(R2) onto itself. 

Theorem IV.2. i) For fe S# 0(R2) and g€ s2(R2), we have the inversion foimulas for R^p 

8 = Ra.p < P ,Ra.p ^ f = Ki.P,Ra.p Ra.p (f> 
ii) For fe S<0(R2)and g€ s2(R2). we have the inveision fonnulas for ^ p 

f=,Ra,p K » .P R a .p«: B = K » P R « . e , R « .P ( g ) 
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v.Phmchml thmem for the operator'R,,^-

Notations . We denote by 
• l^(i:2a+lx2piWx) the space of square integrable fonctions f on [0,+ ««(x I0.+»>1 with respect to the J 

measure r^'x^dnlx such that the fonction ^fa^ defined by the relation (IV.l) is suppoited 

in {(t,x) eR 2 , t t l> |x |>0}• 
• L2 (drdx) the space of square integrable fimctions on (0,+ «{x IC+H with respect to the measure drdx. 

Proposition V.l. Let g be in S2(R 2 ) , wehave the Plancherel foimula for ^ p 

i T C ' « ^ r20+l ̂  *dx " CC|K°.PtR°P toi^i * dx 
Theorem V.l. (of Plancherel for ,Ra p ) The operator K ^ p ^ p can be extended to an isometric 

isomoiphism from Lo^^'x^dnh) onto L2 (drdx). 

VI. Transmutation operators . 

Theorem VI. I. i)The generalized Radon transfonn ,Ra p is bijective from S2(R2) onto S^^R 2 ) and 

satisfies the following permutation relations 

' Ra.p(D2(0)(r.x) = 4' l R«.P( f){r.x): ' Ra.p(Di(f))(r,x) - ^ - , R a . P ( f )(r,x) 

ii) The generalized dual Radon transform Ra ~ is bijective from S# 0 (R 2 ) onto 52(R2) and satisfies 

the following permutation relations 
2 2 

D2(Ra.p(g))(r.x) = R a * ( ^Tg)('.«): DlCRa^Cg^fr.x) = Ra^(|^g)(r.x) 
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A N EXACT SOLUTION OF REYNOLDS 
VISCOUS FLOW EQUATIONS FOR THE 

TIME DEPENDENT MOTION OF A SPHERE 
IN AN INFINITE LIQUID. 

K. B. Ranger, F.R.S.C. 

Abstract . The Reynolds equations for viscous, incompressible flow contain 
an additional term to the Navier-Stokes equations which renders the equations 
truly non-linear in the highest order derivatives. An exact solution is found for 
the velocity field from Reynolds equations describing the time dependent expo-
nentially decaying motion of a solid sphere in an infinite liquid. Also considered 
is the two dimensional analogue of an infinitely long circular cylinder moving 
perpendicular to its axis. 

Introduction. In 1883 (1) Reynolds published a paper where he presented a set of 
hydrodynamical equations describing the motion of a viscous fluid and arc in fact a gen-
eralization of the Navier-Stokes equations. At the time his paper was written Reynolds 
considered the Navier-Stokes equations were not totally consistent with the no slip bound-
ary condition. Another author in the same era Crudeli [2] came to a similar conclusion 
using a difierent argument. 

The Reynolds equations contain an additional term multipUed by the square of a 
length scale which when equated to zero reduces to the Navier-Stokes equations. In time 
dependent parallel flow the authors of [3] claim the additional term influences the rate of 
decay of vortex motion. The Reynolds equations are more non Unear than thr Navier-
Stokes and are uo longer quasi-linear, or Unear to the liighcst order derivatives. 

It is not the intent of the present note to contest the correctness, or otherwise, of the 
Reynolds equations but merely to compare some physical residts with the corresponding 
flow as depicted by the Navier-Stokes equations. The specific motion considered here is 
the motion of a sphere translating and rotating with exponential time decay iu a viscous 
incompressible Uquid relative to a uniform stream which also decays exponentially with 
time. It is possible to construct an exact analytic velocity field iu a concise finite form 
from the governing flow equations, which reduces to an exact Navier-Stokes solution when 
the length scale is set equal to zero. A compact expression is found for the force on the 
sphere. 

The two-dimensional analogue where the sphere is replaced hy a rirnilar rylindcr is 
briefly considered using a similar analysis. 
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The flow equations 
The Reynolds equations for the motion of a viscous, incompressible Uquid are described 

by . 
* ^ ^ - V - P . + ./V'ç, (1) 
dt- dt —po 

0^=o- âhl+d-z). (2) 
where the symbols have their usual meaning except for / which is a length scale and wiU 
be discussed later in connection with the boundary conditions. In this paper it is assumed 
that the fluid velocity £ can be written as 

2 = ( Q + V0fe)e- Î '" , (3) 

with Vo a constant speed, and 

QSQ^y,X + ̂ i y (4) 

where a is a constant which has the dimension (length) ~ , . Since 

±tq = e-'"'" [e^'Q, + VoQ] - a'u (Q + V0k) e^"' 

+ l{\\Q\2e~7a3'"} -\Q* curlG] e-20'"*, 

and 
VJtl = e-2"'"'*2 ( ^ " ' Q , + VoQ,) - a2ue-a'''tV2Q 

+ VV2 H I Q ^ e - 2 ^ " | - V2 {[Q x curlQ] c-2 - ' ' " } , 

it foUows that the equations of motion are satisfied exactly if Q satisfies the Beltrami 
equation 

c u r I Q = [ V x Ç ] = / î £ , 02 = ( 1 fQ2p) (7) 

and the pressure field satisfies 

P. + l l Q ^ e - 2 0 ' ' " - f2V2 ( - | Q | 2 e - 2 o î , " | - VQ2a7ue-a3'" = constant. (8) 
Po 2 — \2 ) 

The specific flow to be discussed here is the translating motion of a sphere with velocity 
Voke-"7"', and rotation with angular velocity ue'"'''', relative to a uniform stream with 
velocity Voke'"*1". If 0(x, y, z) is a fixed frame of reference then the velocity of the sphere 

(5) 

(6) 
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is 2Voe-', •", and its angular velocity is ue~a "*. At infinity z2 + y7 + z2 -» oo, the 
velocity of the fluid is q-* Voe-" "'fc. If 0'(a;,y,z'), where z' = z + â'Jg" - is a frame of 
reference moving paraUel to the z-axis with velocity Voe-0 wfc, then the relevant boundary 
conditions for Q are expressed by 

Q = Vok on 5, Q-*0, at infinity. 

The equation of the soUd sphere 5 referred to the fixed frame 0(2, y, z) is 

*2+y2 + z + 
Voe •a'vt 

= «2, 

(9) 

(10) 

or if (r, $, 4) are spherical polar coordinates in the moving frame 0'{x, y, z') defined by 

r = r sin (? cos <6, y = rsin^cos^, z' = rcos0, (11) 

the boundary is more simply represented by r = a. Since the Beltrami forrc-free field equa-
x,y,z + "gi"—j an axisymmetric 

velocity field Q see (4] with swirl is given by 

Px* 

• sin fl J r sin 0 ' 

where (fr = — sin oi + cos4>j, and x = xir,0), satisfies 

— Irsmfi J 

iL.l+02)x=O, L . l S _ + _ _ ^ _ - j 

(12) 

(13) 

The boundary conditions in terms of x zre defined by 

Xe = VQU2 sin 0 cos 0, Xr = Voosin2 9 
0X = a2w sin2 0, at r = a. 

(14) 
(15) 

(16) 

The solution of the boundary value problem for x is straightforward see [5], and is given 
by x = G r̂) sin2 9. where 

and 
x/r sin ô -f 0 as r -> oo. 

+ [3^a + liZ^)]sin^-a)}, 
(17) 
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provided that 2w = Vo0. It is noted that for a given Vb, u and a, the length scale /, if not 
known, is expressed by 

r J ^ - 4 ^ , 4*2<a
2V2. (18) 

In the case of the Navier-Stokes equations / = 0, and ui, a, Vo axe not all independent since 
2u) = aVo. 

The force on the sphere 
The sphere experiences a force which is described by the formula 

F^I'TRI a2sm0d0d<l>, (19) 
JO JO r\ r=o 

where the stress vector is expressed by 

r ^ = - p r + poi'I r ^ - £ + V (g • r) J . 

On calculation it is found that the force is given by the formula 

F = « W y . ^ U ( a ) _ 2G[a)l _ ^ v ^ ^ ^ s j k e - ' " ' 
— 3 [ a2 J 3 

(20) 

(21) 
= -*!LVopoi'a>ia2+02)ke-''3,'t. 

The torque on the sphere is defined by 

G = / ' / ' [r x flj ^ sin 0 d0d<t>, (22) 

On calculation it is found that 

G = 5 ^ ( « 9 ; ( « ) - ? , ( a ) I f c e - a ' " > (23) 

where 9,(r) = /?G(r)/r, and since G(o) = ^Vo2, G'(a) = Vo, it foUows that G = 0, on 
r = o. This result would appear to be a consequence of the time dependent character of 
the motion. 

Two-dimensional flow 
In the case of two-dimensional flow there is a stream function V" = ^(*,y.0i a n ^ t^e 

velocity field is given by 
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£ = curl(-0fc) = - 0 , i + rl>xj, (24) 

where 0 satisfies 

where V2 = ^ j + -g-j. There is a solution given by 

i> = {x-Voy)e-'^, x = yfx-f ^ " " ' . y j (26) 

and 
(V2+i92)x = 0, /?2 = ï - f L _ . (27) 

For the translating motion of a cylinder with radius o moving with velocity Vo«e_a "', 
relative to a uniform stream with velocity Vote-" "' of the fluid as a whole, the boundary 
conditions are defined by 

--Xe = Vocos0,Xr = -Vosin0, at = o 

Vx —>• 0, as r -• oo. 

The polar coordinates (r,0) are measured in the moving frame with velocity Voie-0 "', 
and defined by 

x' = x + l21^ =rcosfl, y' = y = rsm«. (30) 

The solution of the boundary value problem is expressed by 

X = ±naV0 {(yi(/?a) - 0aY{i0a)] M0r) + \flaJ'xipa) - J.^a)] K.^r)} sin*. (31) 

Where J\iPr). Y\iPr) are the Bessel functions of the first and second kind respectively, 
and order 1. As before, the force per unit thickness of cyUnder is represented by the formal 
expression 

F= f'l-pr + pou ^ - £ + V ( £ r ) l | a d f l , (32) 

in which the expUcit calculation is somewhat more compUcated than iu (21). Needless to 
say, the force decays with the same exponential time dependence produced by the forced 
flow, and reduces to the Navier-Stokes expression in the case / = 0, see [5]. 
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Conclusions 
The velocity fields which are exact solutions of boundary value problems for Reynolds 

equations have been constructed in connection with the time dependent motion of a sphere, 
and a circular cylinder, in an infinite viscous Uquid. In the case of the sphere the force 
exerted by the fluid on the sphere is always less than the corresponding quantity for the 
Navier-Stokes equations, due to the presence of the length scale in the governing equations. 
The length scale if not known, can be determmed in terms of the prescribed translatoty 
velocity Vo of the sphere and its angular velocity w. The other fact of interest is that the 
decay of vortex motion with respect to time and the spatial coordinates is essentially the 
same as for the Navier-Stokes equations. 
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CHARACTERIZATIONS OF SOME CLASSES OF 
QUASI-HEREDITARY ALGEBRAS 

Piroska Lakatos 
Presented by Vlastimil Dlab, F.RS.C. 

ABSTRACT. Inspired by the work of Mirollo and Vilonen [MV] describing the cat-
egories of perverse «heaves aa module categories over certain finite dimensional 
algebras, Dlab and Ringel introduced |DR2) an expUcit recursive construction of 
these algebras in terms of the algebras A{i). Io particular, they characterized the 
quasi-hereditary algebras of Cline-Parshall-Scott (PS) and constructed them in this 
way. The present paper provides a chaiaetariiatioa of lean, shallow and replete 
algebras In terms of this recursive process. A detailed presentation of the results 
will appear elsewhere. 

Let D be a division K"-algebra, C a basic if-algebra, pSc and CTD finite-
dimensional bimodules with K acting centrally. Let 7 : CTD ®D SC -» cCc, be 
a bimodule homomorphism whose image lies in radC.Let B = Z)t<(o5c®cïb) 
be the "split" K-algebra with the coordinate-wise addition and multiplication 
given by 

(di,si ® ti)id2,S2 ® ti) = (didi.disj ® tj + si ® tida + sniU ® «2) ® tj). 

Clearly. B is a local K-algebra with radB = S c ® c T . It follows that 5 has 
the structure of a fl-C-bimodule by (d.s ® t) • s' = ds' + s-tft ® s') and T the 
structure of a C-B-bimodule by t' • (d,s ® t) = t'd + -yit' g s)t. In (DR21, the 

2 x 2 matrix A=(T c ) with multiplication given by 

fb s\fb' s'\_{bV + iO,s(S)t') b-s' + sc* \ 
\t c)\t' c?)~\ t-b' + ct' -yitss^+cd) 

is shown to be a Ait) ring, viz. the quotient of the tensor algebra over the 
(C x D) - (C x D)-bimodule T ® 5 by the ideal generated by the elements 
t ® s - 7 ( t ® s ) . 

Let cj = f*1*0* p ) and ec = (62.63 Cn) be a complete sequence 
* ' n 

of primitive orthogonal idempotents of C so that J]" . . , e* = 1 : .4^ = © e,^. 
Write e = ey» = (ei,e2 e„), d = et + et+i + . . . -i- e0 for 1 < i < n and 
fn+l = 0. 

Let Ac(«) and A?.(i) be the right and left standard modules of (C.ec), 
respectively (see (Dl) for basic definitions and notation). Dlab and Ringel have 

Research partially supported by NSERC grant No A-7357. The author is indebted to 
Vlastimil Dlab for introducing her to the subject during her visit to Carleton Cniversity. 
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shown In (DR2] that (A,e) is quasi-hereditary If and only If (C.ec) Is quasi-
hereditary and 5 c and cT have Ac-filtration and Ag- filtration, respectively; 
in fact, they have shown that all basic quasi-hereditary algebras over a perfect 
field K can be obtained by iterating this construction, starting with a division 
K-algebra C. In the present note, we are going to characterize lean algebras, as 
well as shaUow and replete quasi-hereditary algebras A in terms of properties 
of C, D^C. cTp and the homomorphism 7. 

Recall that iA,e) is lean (see [ADL]) if 
e^radyl)^ = ei(rad.A)5m(rad,A)ei foraU 1 < i , j < n and m = minft, j ) . 

Equivalently, (A,e) is lean if and only if (C,ec) is lean and for i,j>2, the 
products CiAeiAej (C e^rad^)^) belong to (radC)2. Since these products 
generate the Image of 7, we have the foUowing statement. 

PROPOSITION 1. The algebm iA,é) is lean if and only f /(C,ec) ts icon and 
Im7Ç(radC)2. 

Denoting the standard right and left modules of A by A(i) = A^t ) and 
A0(i) = AJ(t), respectively, (A,o) said to be quasi-hereditary if 

o 
dlmif A = ] £ ( 1 M ) dlmK A(t) dim^ A^t), (*) 

where di = dimjf End 5(t); here, and in what follows, S(t), P(t) and V(i) denote 
the simple right /l-module, P(t) ss ê A its projective cover and V(t) the kernel 
of the canonical epimorphism P(t)-»A(i). The equaUty (•) is equivalent to 
the fact that EndA(i) a EndS(«) for all 1 < i < n and that the regular 
representation AA has a A-filtratlon (which has been the original definition of 
Cline-Parshall-Scott; see also [DRl]). Indeed, this foUows from the following 
series of statements (A)-(C) (cf. (D2J): 

(A) For every A-module X, [X : S(i)l = (l/dj) dlm/c Xe^, thus 
[AA : Sin)] = il/dn)dimKAen = (lAUdlm* A^n). 

(B) Always, dlm/r AenA < (l/dn)dim/f A(n)dim/f A^n). 
(C) The equality dlmK-AenA = (l/dn)dimK A(n)dimK-A',(n) holds if 

and only if End^ A(n) = End^ 5(n) and AenA s e A(n). 
finite 

The quasi-hereditary algebra ( A, e) is called shallow if aU rad A(i) and rad A0(t) 
(1 < i < n) are serai-simple. This is equivalent to the fact (see [ADL]) that 
«((radA)^ = ej(radA)£Af(radAJe^ for all 1 < i,j < n and M = max{t,j}. 

As a consequence, both Ac-filtration of 5c and A^-filtration of cT are in 
this case top filtrations (see [ADL]), and (C.ec) is a shallow quasi-hereditary 
algebra. The following example shows that these properties are not sufficient 
for (A, e) to be shallow. 
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EXAMPLE . Let iA,e) be the path algebra of the quiver 2 —» 1 —» 3; then 
(i4,e) is quasi-hereditary (in fact, hereditary). Since e2(radi4)3e3 ^ 0 and 
e2(radi4)e3(radi4)e3 = 0, iA,e) is not shallow. However, C = e j ^ a is shallow 
quasi-hereditary algebra and both 5 c and cT are simple C-modules. The key 
missing property is leanness. 

PROPOSITION 2. The algebra iA, e) is shallow if and only if (C, ec) is a shallow 
quasi-hereditary algebra, Sc has a top Ac -filtration, cT has a top Aç-filtration 
andlmfÇindC)2. 

Proof (of sufficiency). We need only to show that, under the conditions for C, 
Sc, cT and 7, 

ej(rad j42)e;- C ej(radi4)cA/(rad.A)e, for all 1 < i, j < n and A/ = inax{t,j}. 

First, let i,j > 2. Then, in view ofthe fact that (C,ec) is shallow, 

ei{tàd A)£ M{iaxi A)ej = ei(radC)eAf{radC)e^ = ei(radC)2ej, 

which, in turn equals to e,(rad /l)£5(rad>l)ef. Since, by Proposition 1, {A.e) is 
lean, we get 

ei{radi4)2ej = eiiradA)£mitadA)ej C e,{Tad A)e2(ràd A)ej, 

as required. 
If » = l,j > 2, the inclusion ei(radi4)2ej C ei(radi4)«,^(rad/4)e) follows 

hom the fact that the A-filtration of rad P(l), induced by tbe top Ac-filtration 
of 5c (which exists by |DR2|), is a top filtration. A similar argument can be 
applied to i > 2, j = 1. 

Recall that the quasi-hereditary algebra (A e) is said to be replete if all 
Vii) = e,Ae,+iA are projective, top submodules of rad P(i) = e, (rad A), and all 
Vii) = Aei+iAei are projective, top submodules of rad P0(i) = (rad A)e, (see 
(ADL)). If (i4,e) is a replete quasi-hereditary algebra, then (C ec) is a replete 
quasi-hereditary algebra and both 5c and c T are projective C-modules. Again, 
these conditions alone do not imply that {A. e) Is replete. In the above Example, 
(C,ec) is replete and both 5 c and c T are simple (projective) C-modules. but 
(A,e) is not replete. The missing property is leanness again. 

PROPOSITION 3. The algebra (A,e) is a replete quasi-hereditary algebra if and 
only t /(C,ec) is a replete quasi-hereditary algebra Sc and cT are projective 
C—modules and Im7 Ç (radC)2. 
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Pnof (of sufficiency) We want to show that V^t) is a projective, top 
submodule of radP(t). Consider first t > 2. Since Vc(i) = eiirsAA)ei+iA£2 
is projective, top C-submodule of the C-module radPc(«) = e^radA)^, 
Vii) = Vcii) ®ce2A Is a projective A-module. 

Moreover, since A is lean by Proposition 1, we have the equaUty 

cj(rad A)2e<+i = e4(rad A)c2(radA)ei+i, 

and thus can identify the top of V(t) in the top of radP(t) with the top of 
Vc(t). This yields a top embedding of Vii) in radP(i). Rirthermore, since 5 c 
is projective C-module, V(l) = radP(l) = 5 c « c ^ is projective A-module 
(trivially embedded in radP(l) as a top submodule). 

One can use simUar arguments to deal with the left A-modules V0(i). 

Let us conclude our brief note with the remark that simUar characteriza-
tions of the left and right medial algebras (for a definition, see (ADL)) can be 
made combining the conditions of Propositions 2 and 3. 
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JORDAN TORI 

YOJI YOSHII* 
Presented by R.V. Moody. F .R.S .C. 

ABSTRACT. A new class of infinite-dimesional Lie algebras, called extended affine Lie alge-
bras, has recently been introduced by physicists. In their description, the classification of 
so-called tori is an important step. The class of assodative tori is known as quantum tori. 
Alternative tori have also been classified. In this announcement, we will describe the classi-
fication of Jordan tori. An important tool in our work is Zelmanov's structure theorem for 
prime Jordan algebras. Jordan tori can be used to coodinatize extended affine Lie algebras 
of type G2 ànd Au while altemative tort can be used for type Ft and A2. 

Let F be a field of characteristic ^ 2 and T a (not necessarily associative) unital algebra 
over F. To say that T is graded by an abelian group A means T = (BaeA Ta (direct sum of 
F-spaces) and TaTfi c Ta+fi for all a,/3 e A. We define the centre Z(T) of T as ZiT) = 
{1 € T : (zy) = ix,y,z) = iy,x,z) = iy,z,x) = 0 for all y,z e T] where [x,y] = xy-yx 
and ix,y,z) = ixy)z - xiyz). 

Definition 1. A unital algebra T = ® a e z . Ta graded by Zn is called an n-torus or simply a 
torus if dimF ra = 1 and ra7> = Ta+p for all ot, /3 6 Zn. 

As a basic property of tori, we have: 

Lemma 1. A torus has no zero-divisors. 

In particular, the centre Z = ZiT) of a torus T has no zero-divisors, and is therefore an 
integral domain. Let if be the field of fractions of Z. We define T = Z ® z T and caU it the 
central closure of T. Then T imbeds into T via 1 >-• 1 ® 1. We identify T as a subalgebra 
ofT. 

Definition 2. A torus is called an associafit/e tonis if it is an associative algebra, an alter-
native torus if it is an altemative algebra, and a Jordan torus if it is a Jordan algebra. 

Example 1. (1) Let F = F ^ j " , . . . ,7^') be the associalive algebra of Laurent polynomi-
als in non-commuting variables Ti,... ,Tn over F, let q = (çy) be an n x n matrix such that 

Key words and phrases. Jordan tori, alternative tori, quantum tori. 
1991 Mathematics Subject Classification: Primary 17C10, Secondary 17D05. 
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fti = 1 and qp = Cy1, and let / , be the ideal of E generated by {TJTj - ç y T ^ : 1 < i,j < n}. 
Then the guontum torus associated to g is defined as F, = Eflq. One can show that F, is a 
torus and that every assodative torus is isomorphic to some F,. In particular, an assodative 
torus which is commutative is isomorphic to Fi where 

jl ... 1\ 
l = l n = : •• : (alUy = l). 

This is nothing but the algebra of Laurent polynomials In n-variable, F[Tf1,... , Tf1], One 
can also check that F+ is a Jordan torus if and only if 

(2) Let 

J = J n = 

(*) 

/ 1 
- 1 

1 

fl 9,7* ¥> - 1 for aU (a, an),(jS,,... ,#.) e Z». 

-1 
1 
1 

1 \ 

1 

(gI2 = —l, (j2i = —1 and cy = 1 for the other i,j). 

Then one can show that the quantum torus F> is a quaternion algebra over its centre Z = 
ZiFf) = FfTf", Tf1, Tf1,... , T*1], which we call the quaternion torus. The Cayley-Dickson 
doubling process yields an octonion algebra OT = (F -̂.Ts) over Z, taking Tz € Z as the 
structure constant. One can show that the F-algebra OT is an altemative torus, which we 
caU the octonion torua (Table 1). This was called the alternative torus in [BGKN]. 

(3) Let 

• 1 \ 

(jJ = Un 

( 1 
uP-
1 

V i 

w 
1 
1 

1 1 / 

iqn = OJ, cj, = u2 and ffy = 1 for the other i,i). 

where w e F is a primitive 3rd root of unity. One can show that the central closure TZ of 
the quantum torus Fu is a central (associative) division algebra of degree 3 over the field 
^ = FCT?, I?, T3,... , r„). Thus we can construct an Albert algebra (Fw, Ts) over ÏÏ by Tits' 
1st construction [Ja), taking Ta € Z C ^ as the structure constant. Let AT be the Jordan 
F-subal^bra of (T'uir3) = T '„e7 , „e7 ' u generated by ^ ' . ^ . ( O . l . O ) * ' , ? ? 1 I*1 

(Note (0,1,0)3 = Ta). Then one can dieck that AT = F„ © F„ ® Fu is a Jordan torus (over 
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F) whidi we call the Albert torus (Table 2). This example appears in [AABGP] where it is 
caUed the Jordan torus. It was also found independently by the author. 

Theorem 1. An altemative torus is isomorphic lo either a quantum torus or the octonion 
torus. 

Remark 1. This result was proven for certain base fields (e.g. F is algebraicaUy dosed.) 
in [BGKN]. It is in fact true for any field F of characteristic ^ 2. 

For the classification of Jordan tori we first prove: 

Lemma 2. A Jordan torus is strongly prime. 

Because of Lemma 2, we can apply Zelmanov's structure theorem of prime Jordan algebras 
[M-Z]. Hence, a Jordan torus is of Clifford type, hermitian type or exceptional type. 

Theorem 2. Let J be a Jordan torus over F, and assume that a € F implies v'ô e F and 
that F contains a primitive Srd root of unity. Then 

(i) J cannot be of Clifford type, 
(ii) J is of hermitian type if and only if J ^ F* with (•) (Example 1 (1)), 
(iii) J is of exceptional type if and only if J = AT. 

Remark 2. The first assumption for F is used for the proof of (ii), while the second is used 
for the proof of (iii). 

Corollary 1. Let J be as above. Then J is special if and only ifJ = F+ wilh (»), ond J is 
exceptional if and only if J = AT. 

We define the decree of a torus T as the degree of the generic minimal polynomial of the 
central closure T over 2 [Jaj. Then we can show: 

Lemma 3. (i) A quantum torus of degree 2 is isomorphic to the quaternion torus Fj 
(ii) A quantum torus of degree 3 is isomorphic to Fw. 

Remark 3. (1) For (ii), we assume that w 6 F. Otherwise, there does not exist such a 
torus. 

(2) F, = F,. does not imply q = tf after renumbering the rows and columns of q', if 
necessary. For example, one can check that F, = Ff for 

( 1 - I - 1 \ / 1 w w \ 

- 1 1 - 1 OTq = U3,q'=\ w7 1 w j . 
- 1 - 1 1 / {J* J* \ J 
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FinaUy, we can prove: 

Corollary 2. Let A be an altemative torus and J a Jordan torus with the same assumption 

for F as in Theorem 1. Then: 

(1) A is of degree 2 if and only if A is isomorphic to either the quaternion torus or the 

octonion torus. 
(u) J is of degree S if and only if J is isomorphic to either F* or the Albert torus. 

Remark 4. The central dosures Tj, T%,&t=(Fj, Tj), and XT = (Fo,, T3) are aU division 

algebras. 

APPENDIX 

Table 1. Multiplication table for the octonion torus: 

OT = (fi.Ta) = F,- © F,- = © Fta 
aer> 

where, for a = (ai, . . . , £*„), 

f(T"7r,0) if as = 2m 
^ ^(O.Trrç") ifa3 = 2m + l (raez) 

andr a = TÏ"7?ï7f4..-7^». For 0 = ifii A,) G Z", the multiplication in OT is given 

by 
(I) as = ft = 0 (mod 2) (aU = are mod 2 below) : 

tah = (-ir"'W/» 
(II) aa s 0, ft = 1 : 

•^"{(-l 
to+fl i f o i s a 2 s 0 

tatB \ . .1)o,ol+i((i+/> otherwise 

(III)aa = l . f t = 0 : 

(IV) oa = 1, ft s 1 : 

"^"{(-D-
t 0 + / j if a i = 02 = 0 

)a,ft+It0+fl otherwise 
The structure constants are {±1}. 
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Tbble 2. Multiplication table for the Albert torus: 

A T = F u e F u e F „ = {71kl,7?1,(0,l,0)±1,73tl 7 * , ) = ® F t 0 
aEZ* 

where, for or = (ai,. . . .a»), 

(T^TJ'.O.O) ifa3 = 3m 
to = • (0ir<,7y,,0) if Oa = 3m+ 1 

b(0,0,Tr7î») if oa = 3m - 1 (m e Z) 
and T" = Tf'TTT? •1%'. For 0=iPi,... ,ft) G Z", the multiplication in AT is given 
by 

(1) oa s ft = 0 (mod 3) (all = are mod 3 below) : 

U<i = ^(w0,A+o/>'/")ta+<. 

(II) oa E= 0, ft = 1 

tatff { ta+f, if Oi = a? = 0 
otherwise 

(III)aa=0,ft = - l : 

_ f ta+0 if o, = 
^ \-^^ta+0 otherwi 

= 0 2 = 0 
otherwise 

(IV)oa = l , f t = - l : 

_ f Uf0201 ta+0 if 01+01= 02+ 02 
't0~ y-^ujai01ta+0 otherwise 

= 0 

( V ) o a = f t s l o r o a = ft = - 1 : 

tat/» = 

ta+0 If Ol = 02 = ^1 = ft = 0 
-èWfl if [ o l = O 2 s 0 and (ftfÉOor ft^O)] 

or [(o, je 0 or oj ^ 0) and ft = ft = 0] 
-liurito+uT^ta+p if (o, JE 0 or oj ^ 0) and (ft ^ 0 or ft je 0) 

and Qi + ft = 02 + ft = 0 

±ibJai02+tJ"'3,)ta+0 otherwise 
Since w2 + w + 1 = 0, the structure constants are 

2 1 LJ u2 I u w .̂ 
{ l ^ . w , - - , - - , - - p ^ , 4 , 4 > ' 
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University of New Brunswick University of Alberta 
FVedericton, New Brunswick Edmonton, Alberta 

Canada E3B 5A3 Canada T6G 2G1 

Abstract 

Groups are constmctcd which afford rings of polynomial functions. Using invariant 
derivations of these rings along classical lines, yields Lie algebras which are completions of 
free Lie algebras. 

Throughout this report 1 will be a finite set * and IK a field of characteristic 0. 

For each i € 7 we consider a multiplicative copy F,- := {Fi(A), A 6 K) of (IK,+). 

Thus EiiX)Eiip) = Eii\ + p). Our group F is the free product F = *,6/Fi. 

Let W be the free associative monoid (words) on 7. Then for 10 € W, tn ?£ 1, 

one has iu = UM • • • v»a with u; > 0 and tffi,• • • ,raw in 7 unique (so we use bold face 

characters for words, and the corresponding unbold characters for their lengths). There is 

also a unique expression, called reduced, ofthe form to = tïï"' • •. uy£? where t2>n ^ t0„+i. 

We set 57 := t»i • • • xoxs and W = {«> : w € W) (reduced words). 

Both authors acknowledge the generous support of NSERC Canada. 
I This assumption is not essential. It is made in this report for ease of exposition, to rend some of 

the notation and concepts used more managable. 
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To each w €W we attach a function irm : IK" —f F by 

irw : i>ii,...,Xw) >-*• EWli\i) ••• E„miXw). 

A function / : F -»• IK is polynomial if for all to € W the function / „ , : = / o jrw ia 

polynomial. The ring of all such functions we denote by Pol(F). 

Let A be the free associative K-algebra on the set of symbols {x,}i6/. To each 

to € Ĥ  we attach the element x" := fj I«>( ^ A Consider the completion 3Î of .4 and 
i=l 

corresponding Magnus group 

M:=:ll+ 5Z c««", c» G K} C X 

For each i € / tbere is a group homomorphism e,- : IK -> M given by 

^ A-x» 
ei : A »-̂  2 ^ n j • 

By universal nonsense these yield a (unique) group homomorphism c : F -+ M. 

For each a e W define X™ € T (dual space) by (A"("), X) c»*») = ,s«.»c» 
lew 

(Kronecker (J). This yields a function 

X*'.= XMoe: F->TK. 

These functions are polynomial and allow us to describe Pol(F) : When can a 
formal expression ^ cX* be thought of as a function on F? The answer is that the 

sew 
set S := {s €W : c, ^ 0} must have the property that the set 5r, := {s G 5 : 5 < L) 
be finite for all L G IN. We call such sets summable. 
Proposition 1. Every polynomial function on F can uniquely be written in the form 

Y, c*x*i c« € K, toherc the set S := {s €W : c,£0} is summable. D 
s€W 
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In view of this result the multiplicative structure of Pol (F) is completely determined 

by 

Proposition 2. Let a,beW. Then 

X*Xi= J] X' 
iCa»»»! 

where «w. u the shuffle product. Q 

We now begin to look at the derivations of Pol (F). Recall that Pol(F) has a natu-

ral right F-module structure via (x-/)(y) = / ( y x - 1 ) . Recall also that 5 G End Pol (F) 

(the IK algebraof IK-linear endomorphisms of Pol(F)) is right invariant if x .(5(/)) = 

dixf) for all x G F and / G Pol(F). 

Let 9 G End Pol (F) and for aU seW write a ^ * ) = ^ di,Xw. Assume that 
mew 

for all summable sets 5 we have 

CONT 1: For all weW the set {s G S : % ^ 0) is finite. 

CONT 2: The set {to G W : 3s G 5 with % ^ 0} is summable. 

Then if / = E c . * * G Pol (F) we have dif) = E c . ^ A - 1 ) . Such endomorphisms 

we call continuous. 

For u» G W define d(ti>) G Z7 by d(to)(i) := Card {n : ii»n = . } . 

Proposit ion 3 . Let d G End PoI(F). For w G Z7 and s e W write d^X*) = 

J3 d^Xw (a finite sum). Assume d is continuous. Then 
dlxo)-u+d(s) 

(i) du can uniquely be extended to a continuous operator on Pol iF). Moreover 

d= Yl &*> (&*> I*** *«"» wilh the obvious meaning). 
w6Z' 

(ii) If d is a derivation then so is dw. 

(iii) If d is right invariant then so is du. Furthermore d» =0 unless w G Z i , 
Ct.e. uii) < 0 for all i G / ) . • 
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For each i G 7, aad s G W with reduced expression » — âl ••• âj , define 

. ni.Yr« •" *r tl i = s i 
%{X') = \ 

0 otherwise. 

It is easy to see that dt extends uniquely to a contmuous operator on Pol (F) which is 

also a right invariant derivation of Pol (F). 

For each w £ W let 5* := dWl ••• dwm. By acting on the X'%B one sees that 

the d^'s are Unearly independent, and hence that the associative subalgebra A of 

End Pol (F) generated by the dj's is free. This together with Proposition 3 and 

Frederich's theorem yields: 

Theorem 1. Let Lie (F) be the Lie algebra of right invariant continuous derivations of 

Pol(F). Then 

(i) The di's generate a subalgebra L of Lie (F) which is free. 

(ii) If d€ Lie (F) ond we write 0= J2 &> i^en « ^ &*> belongs to L. 

(iii) Lie (F) is a completion of the free Lie algebra L. More precisely 

Lie(F) = ( I I L<-) n ( 0 ( II K9") )• n 

"€Zl rçW w€W 
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A Concept of Integrability of Dynamical 
Systems 

Oleg I. Bogoyavlenskij* 

Presented by G.F.D. Duff, F.R.S.C. 

Abstract: A new concept of integrability of Hamiltonian systems on a symplectic 
manifold Af", n = 2fc, is introduced. The concept of integrability describes the 
Hamiltonian systems that have quasi-periodic dynamics on tori 7* or on toroidal 
cyUnders tm x R»-"1 of an arbitrary dimension q = n.n - l . - . . , 2 .1 . This con-
cept includes, as a particular case, aU Hamiltonian systems that are integrable in 
Liouville's classical sense, for which q < n/2 = k. A concept of integrabiUty of a 
dynamical system on a manifold Mn of an arbitrary dimension n is proposed. 

/. According to the terminology we adopt here, a Hamiltonian system 

i T = V'T = P r X i P = v~1: cL.- = 0. d0 = O (1) 
on a symplectic manifold M2k is called integrable in the .4-sense (or just 
A-integrable) if Liouville's condition [8] is satisfied: The system (I) has k 
functionally-independent first integrals F I ( J ) . . .• ,FI..(J-) that are in involu-
tion {Fi,Fj} = P^Fi.rFj.v = 0. The Liouville condition implies that system 
(1) has an abelian fc-dimensional Lie algebra 5 , of Hamiltonian symmetries 
[/r = P'Tij,. The abelian Lie algebra of symplectic symmetries Sa is iso-
morphic with the abelian Lie algebra of first integrals F,(jr) with respect to 
the Poisson brackets. 

Our key idea about the properlies of the general integrable Hamiltonian 
systems ( I ) consists of the following: 

•Supported by NSERC grant OGPIN 336. 
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a) The integrable Hamiltonian system must possess functionally inde-
pendent first integreds Fi(x), . • •, Fp(x) but the Liouville condition of their 
involutiveness is not necessary and p can be arbitrary: 0 < p < n, 

b) The integrable Hamiltonian system must possess an abelian (n — p)-
dimensional Lie subalgebra of symmetries Sa C S that preserve the first 
integrals Fj(x) but the symmetries must not necessarily be symplectic. 

Definition 1 The Hamiltonian system (1) on a symplectic manifold M2k 

is said to be integrable in the B-sense (or just B-integrable) if it possesses: 
(a) p functionally independent first integrals F i ( i ) , • • •, Fp(x), where 0 < p < 
n, (6) an abelian (n — p)-dimensional Lie subalgebra Sa of symmetries that 
preserve the first integrals Fj(x). 

In Liouville's 1855 definition [8] the independent conditions (a) and (6) 
were incorporated into the single condition of the involutiveness of first in-
tegrals. It is this hidden confusion of ideas that is probably the reason why 
Liouville's definition has served as the most general characterization of inte-
grability since that time. 

An example. Let symplectic manifold M4 be the cotangent bundle of a 
torus T2, M* = r'(Tr2), with coordinates pi,P2,tfii,r!2, and with the non-
standard symplectic structure 

u, = Pldpl-pldpiMa*dv2-a'd*t)+ (2) 
Pl +P2 

+ (Pidpi + P2dp2) A (o'd^i + a2dip2) + aadpi A dpj - a0dv?i A di^j. 

We consider the Hamiltonian system xr = (w- 1 )'"//.,, with a Hamiltonian 
function 77(7), 1 = p] + p^. The system has the form 

Pi = -a0fp2, PJ = a0/Pi. <Pi = "V- ^2 = a7f, (3) 
where / = dif(7)/d7. It is easy to verify that system (3) preserves the 
symplectic structure w (2). The invariant submanifolds of this system are 
the 3-dimensional tori 

T3 : pl + pl = c, 0<yi<2K. 0 < v2 < 2;r. 

The trajectories of system (3) have the form (i = 1,2) 
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ptit) = p°cos(a0/t + t0), Mt) = p5sin(o0/< + <o). V.(0 = «7< + V?- (4) 

The trajectories (4) are quasi-periodic and everywhere dense on the 3-dimensio-
nal tori T3 provided that the constants a0, a1, a3 are rationally independent. 
Therefore the Hamiltonian system (3) is not integrable in the A-sense. 

However, the Hamiltonian system (3) is integrable in the B-sense. Indeed, 
the system has one first integral I = p] +pl and possesses 3-dimensional Lie 
algebra 5a of symmetries 

rr d d rr d rr d 

opi api dtpt oip2 
that preserve the first integral / . 

A direct product of A; copies of the symplectic manifold 7,*(72) with the 
Hamiltonian systems (3) for different functions /7(7) and constants a0, a1, a2, 
provides the B-integrable Hamiltonian systems on the symplectic manifolds 
M*k = r*(T2*). These Hamiltonian systems have invariant coisotropic tori 
T3* and are T3*-dense in general. For these systems, we have p = k and 
q = U. 

It. Recall that a torus IT* (ç = fc) is a Lagrangian submanifold if its tan-
gent bundle coincides with the w-orthogonal bundle: rx(T*) = Txi7k)±. A 
torus IT'is isotropic or coisotropic if ^(T») C TxiT^)± or Trit") D ^ ( T ' ) - 1 

respectively. The Lagrangian and isotropic tori appear in the A-integrable 
Hamiltonian systems. These systems have been studied in numerous papers 
and books over the 140 years since the Liouville paper [8]. The Hamiltonian 
systems with coisotropic invariant tori were discovered by Parasyuk [11]. 
These systems and their links with KAM theory were studied by Herman 
[7], Parasyuk [11,12] and Moser [10]. For general, integrable systems, the 
invariant tori TT9 are not necessarily Lagrangian. isotropic or coisotropic. 

777. Theorem 1 ff a Hamiltonian system (1) is integrable in the B-sense, 
then the following properties are realized: 

1) The components ofthe invariant submanifolds Mq, q — 2k—p, Fj(x) = 
Cj, are tori T9 if they are. compact and toroidal cylinders Tm x RT"m if they are 
non-compact. In a toroidal neighbourhood O = 5 a xT m x?.»"m of any toroidal 
cylinder there exist local coordinates A, • • •, /p, ^ i . • • •.,5™• Pm+i• ' -Pq- The 



166 0. Bogoyavlenskij 

coordinates Ij run over a ball Ba C R''. The angle coordinates <Pi,---,ipm 
run over the torus Jm, 0 < tpj < 2w, and the coordinates Pm+i,--- ,pq run 
over the Euclidean space l '~m. 7n these coordinates, the Hamiltonian system 
(1) has the form 

/i = 0, ^ ( / ) = w » ( / ) , AT = ^ ( / ) (5) 
and therefore it is integrable in the conventional sense. 

2) For each compact component f of the invariant submanifold A/', we 
assume that system (5) /,• = 0, ^o(/) = Wo(/) « V-dense. This assumption 
does not cause any loss of generality. The invariant symplectic structure 
UJ = P~l is reduced to the canonical form 

q T q (p-O/J 
we = ^ 5Z atdIi A dy»,, + £ ) Co0dtpa Adtp0+ 5Z dIr+} A dlh+j (6) 

a=i r=i i».fl=i i=' 

in the new coordinates / i , • • •, ip, ¥>i, • • •, Vç «'« the toroidal domain O = BaX 
¥«. /7ere p-|-9 = n = 2fc, 0 < r < p , A = (p + r)/2. TAe uec<ors a; € R' ore 
orthonormal null-vectors of theqy.q constant, skew-symmetric matrix Cap: 

c0,/jof = 0, iat,aj) = Sj, r = 9 - r ank (| c ^ ||, j,t = l,--,r. 

There are fc(fc + l)/2 canonical forms (6) that are non-isomorphic to the 
Liouville's classical form [1,2,8]. There are fc - 1 canonical forms for which 
tori T' are coisotropic. There are k canonical forms with a non-degenerate 
inherited symplectic structure on the tori T' (for q = 2k we have M2k = J2k). 
For the remaining ik - l)(fc - 2)/2 canonical forms (6) the invariant tori J" 
are not Lagrangian, isotropic, coisotropic, or non-degenerate. 

3) A T'-dense Hamiltonian system that preserves the symplectic structure 
(6) has the canonical form 

71=0,- . , /p = 0, ^ t ^ a f + ig. (7) 

77cre 77(7) ts an arbitrary smooth function of the r variables /1 , • • •, 7r and 
vector bo is orthogonal to the vectors at. System (7) has the Hamiltonian 
form xT = (w" 1 )" 1 ^ , 0 = dHil) + cal}b%dfa. For a general function 
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7/(7), system (7) is V-dense if and only if the image space C C W of the 
qx q skew-symmetric matrixcag contains no vectors m = (mi,• • • ,m,) with 
integer coordinates ma, orthogonal to vector bo, (m, 6̂ ) = 0. 

4) Any Hamiltonian system (7) is integrable in the B-sense. The variables 
¥'l»•••^V,^ are supposed to run over a torus T' or otier a toroidal cylinder 
•jm x R , -m ^gj.g m = Q, 1, • • • , Ç - 1. 

The proof of the key Theorem 1 is split into four parts which will be 
published in paper [4]. The strategy of the proof is the following: 

(i) The proof of the existence of coordinates 7i, • • •, 7p, VM, • • . , fm, Pm+i, 
••• ,Pq where the Hamiltonian system (1) has the form (5), provided that the 
system is integrable in the B-sense. 

(ii) The derivation of a complete classification of all closed 2-forms a;c 

that are invariant with respect to the T'-dense dynamical system (5): Ij = 
0, fo-il) = WoC/). Hence we obtain the general form of the original symplec-
tic structure u> = P~l (1) in the coordinates I\,--- ,IV, (fix, • • •, W 

(iii) The construction of a sequence of transformations of coordinates 
Ai• • • . ip . Vii• • • «V» that transforms the symplectic structure w to one of 
the canonical forms (6). These transformations preserve the general form of 
the dynamical system (5) Ij = 0, fail) = w0(7). 

(iv) The derivation of the canonical form (7) for the dynamical system 
(5) Ij = 0, s M i ) = w o( i ) >n the newly-constructed coordinates where the 
symplectic structure u has the canonical form (6). 

The constructed fc(fc + l ) /2 canonical forms of integrable Hamiltonian 
systems (7) cannot be integrated through Liouville's Theorem because the 
maximal number of their independent involutive first integrals is equal to 
r + ( p - r) /2 = (p-f 7 - rank || ca0 ||)/2 < fc. The classical Liouville canonical 
form [1,2,8] is the particular case of (6) and (7) for af = 6f, 6JJ = 0, ca0 = 0, 
p = qi = r = fc. 

Remark 1 The integrable Hamiltonian systems (7) are invariant with 
respect to the action of the torus T'. This action preserves the symplectic 
structure u;e (6) because it has constant coefficients. However, this action is 
not a Poisson action as defined by Souriau [13] and by Marsden & Weinstein 
[9] and that was studied by Atiyah [3], Cartier [5] and Flaschka [6]. The 
torus T' action has the Hamiltonian form (1) where the closed 1-forms 6 are 
not exact in general. 
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IV. The introduced concept of F-integrability of Hamiltonian systems 
is a particular case of the following concept of integrability of a dynamical 
system x' = V(x) on a manifold Mn of an arbitrary dimension n. 

Definition 2 A dynamical system i* = ^'(x1, ••• ,xn) on a manifold M" 
is integrable in the B-sense (or just B-integrable) if it possesses: p function-
ally independent first integrals Fi(x),'••,Fp(x), where 0 < p < n, and an 
abelian (n — p)-dimensional Lie algebra Sa of symmetries that preserve the 
first integrals Fjix). 

Theorem 2 Assume that a dynamical system x' = V'ix) on a manifold 
Mn is B-integrable. Then the general submanifolds Me CV of constant level 
of first integrals Fj{x) = cy are h>ri Tn~m or toroidal cylinders T' x R"-"*-». 
The dynamical system x' = ^'(x) has the form (5) in the corresponding 
toroidal coordinates and therefore it is integrable in the conventional sense. 

The proof is obtained by the same methods as the proof of Theorem 1. 
REFERENCES 
[I] Abraham, R., & Marsden, J. E. 1978 Foundations of Mechanics. London: 

The Benjamin/Cummings Publishing Company. 
[2] Arnold, V. I. 1978 Mathematical methods of classical mechanics. Berlin: 

Springer Verlag. 
[3] Atiyah, M. F. 1982 Bull. London Math. Soc. 14, 1-15. 
[4] Bogoyavlenskij, 0 . I. 1996, submitted for publication. 
[5] Cartier, P. 1994 in: Progress in Math. 115. Singapore: World Scientific 

Publishing Company, 2-41. 
[6] Flaschka, H. 1994 in: Progress in Math. 115. Singapore: World Scientific 

Publishing Company, 43-101. 
[7] Herman, M. R. 1991 C. R. Acad. Sci. Paris, 312. S. I., 989-994. 
[8] Liouville, J. 1855 J. Math. Pures Appl. 20, 137-138. 
[9] Marsden, J. & Weinstein, A. 1974 Rep. Math. Phys. 5, 121-130. 
[10] Moser, J. 1996 Abstract ofthe talk at Conference at UCLA. 
[II] Parasyuk, I. 0 . 1984 Ukr. Math. J. 36, 380-385. 
[12] Parasyuk, I. O. 1994 Ukr. Math. J. 48, 572-580, 994-1002. 
[13] Souriau, J. M. 1970 Structure des systèmes dynamiques. Paris: Dunod. 

Department of Mathematics and Statistics 
Queen's University, Kingston, Canada, K7L 3N6 

Received July 9, 1996 



C.R. Math. Rep. Acad. Scl. Canada - Vol. XVIII, No. 4, August 1996 août 169 

ON THE STABILITY OF MULTIPLICATIVR AflDITIVE MAPPINQS 

Bruce R. Ebanks 

Presented by J. Aczel, F.R.S.C. 

Abstract. We consider the question of whether an approximately additive, approximately 
multiplicative function between normed algebras must be near an additive multiplicative function. It 
is shown that the answer is posilive for normed algebras in which the norm is multiplicative. 

This paper deals with a stability question posed by G. L. Forti in [2]. Let A and B be 
normed algebras, and suppose that/: A-»B is both approximately additive and approximately 
multiplicative in the sense that there are two constants 8|, 62 > 0 for which 

(I ) Wfix+y) -fix) -f[y)\\ £ 6, (llxll + Ilyll), 
(2) \\f{xy)-Ax)f[y)\\ <.h2\\x\\\\y\\ 

for all x, y e A. The question is whether there must exist a multiplicative additive map h: 
A-»B which approximates/in the sense that 

(3) \\f{x)-h{x)\\ s Af IUII. x e A, 

for some constant Af. It will be shown that the answer to this question is affirmative for those 
normed algebras in which the norm is multiplicative, i.e. 

ILryll = IUII llyll. 

This applies also for instance when A or B is a field with a real valuation 11.11, such as the 
rationals Q with p-adic valuation. Henceforth we assume that A and B are such multiplicatively 
normed algebras. 

Z. Gajda has shown in [3] that inequality ( I ) alone is not enough for stability of the additive 
equation (pCx+y) - (p(jt) - ipCy) = 0. In particular, there exists a function/: R-»R satisfying (I) 
for some 5| > 0 and such lhat for every additive (p the quotient 

| / (A-)-«PU)| 

l-vl 
x€ R \ ( 0 ) , 
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is unbounded. This is one reason for studying the system (I), (2). 
Additional motivation comes from some results of B. E. Johnson [4], [5]. He is concerned 

primarily with the case where/is either a bounded linear map between Banach algebras or a 
bounded linear functional on a Banach algebra. Johnson's results are not comparable with those 
presented here, for several reasons. First, he considers continuous maps on Banach algebras; we 
assume neither continuity off nor completeness of either A or B. Second, his maps are assumed 
to be linear, so that ( I ) is satisfied trivially. Third, Johnson asks whether for each M>0 there 
exists a 62 > 0 such that (2) implies (3) for some multiplicative linear h; thus he requires a stronger 
type of stability than the one posed here. He finds an affirmative answer for many classes (and a 
negative answer for one class) of Banach algebras. Recently, P. Semrl [6] has extended some of 
the results of Johnson by taking/to be approximately additive in the sense of ( 1 ), rather than 
linear. He finds that, in the case of real Banach algebras, such an approximate homomorphism 
must be near a homomorphism if 51,62 are sufficiently small. 

Our main result is the following. 

Theorem 1. If/: A-»B satisfies (I) and (2), then either/ is additive and multiplicative o r / 
has the form 
(4) nx) = M\q(x), xeA, 

where q : A-*B satisfies 

(5) \\q(x)\\ £ - ( l + 71 + 457). xeA. 

Proof: Putting JC = y = 0 in ( I ), we see thaty(0) = 0. Define q: A-»B by 

f l l x i r ' / W . ifx*0 q{x) :=< 
[0 , ifx = 0. 

Then (4) is obvious, and by (2) we have 

i\q(xy)-q(x)q(y)\\ < 52. 

Applying a result of Baker [ I ], we conclude lhat q is either multiplicative or it is bounded as in 
(5). In the latter case we are finished. Now suppose that q is multiplicative. 

Since q is multiplicative, we have 
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Wq (x»)[\ = ll<7 WII". 

This means that if \\qix0)\l > I for some jr0 in A, then q is unbounded. That is, if q is bounded 

then II<7(x)ll 5 I for all x in A, which means that (5) is again valid. 
Now we consider the only case remaining - that q is multiplicative and unbounded. By (4), 

we see that/is multiplicative. It only remains to be shown that/is additive in this case. To this 
end. put x = tu and y = fv in ( 1 ). Then we obtain 

nyroiii!/(M+v)-/r«j-/rv)ii 
= i!/rf)[/i:«+v)-/i,«)-./rwiii 
= \\f[tu + tv)-f[tu)-f(tv)\\ 
^ 5 , (llftdl + ll/vll) 
= 6, llrll (Hull + IMI), 

for all /, «, v 6 A. By (4), this means that 

HitfDII l!/(tt+v) -f(u} -f[v)]\ £ 6, (Hull + IMI) 

for all f, H, v e A. Since q is unbounded, it must be the case that 

fiu+v) -f(u) -fiv) = 0. «, v 6 A . 

Therefore/is indeed additive, and the proof is finished. 

Example 1. If ^ is constant, satisfies (5) and \\q\\<,h\, then (4) defines/satisfying (1), (2). 

From Theorem I, we can easily deduce the following. 

CoroUary 1. If/: A-»B satisfies ( I ) and (2), then there exists an additive and multiplicative h: 

A - > B such that 

(6) Wfix) - h(x)\\ < ^(l + ^1 + 4 8 ^ Irl, .r e A. 

Proof: Apply Theorem I. If/is additive and multiplicative lake h =/; otherwise take /1 = 0. 

Theorem I can be generalized in the following way. Suppose now that, instead of (2). / 
satisfies 
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(7) Wfixy) -f(x)f[y)\\ £ Sj IWIP HyllP 

for some real number p. We shall prove the following. 

Theorem 2. Let/: A->B satisfy (1) and (7) for some positive constants S|, 82, and some 
constant p. Then one of the following three possibilities occurs: 

(i)/is additive and multiplicative, or 
(ii)/has the form 

(8) f[t) = MVq(t) 

with q satisfying (5), or 

(iii)/is multiplicative, not additive, and satisfies 

(9) n/Wiisiwi 

for all / in A-

Proof: We proceed as in the proof of Theorem 1, but define q(x) by dividing/frj by II x Ilf. As 
before, we find that q is either multiplicative and unbounded, or bounded as in (5). In the latter 
case, we have conclusion (ii) of the theorem. If 9 is multiplicative and unbounded, then either/is 
additive (giving (i)), or 

il/frjll £ Af lidl. 

for all / in A, for some constant M. But since/is multiplicative we have here 

WfiOW" = l!/rr)«[l = llfffMH i A/Ml ^ MiWI" 

for any posilive integer «. Hence \\f[t)\\ ^ MI/n llrll, which shows that M can be replaced by 
I. This gives conclusion (iii) and completes the proof of Theorem 2. 

Example 2. Let A = B = R, letp = 2 in (7). and let q(x) = min{ I, 1/ W). Then the/ 
defined by (8), namely 

/W = min{/2.l/l) 
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is a solution of ( I ) and (7) for 8], 82 2:1. This solution of category (ii) fits neither category (i) 
nor (iii) of Theorem 2. This function/also provides a solution of (I) and (2), again if 8|, 82^ 1. 
which is of the form (4) with q(t) - mini W, 1}. 

From Theorem 2, we also draw the following consequence when A = B = R. 

Corollary 2. .If A = B = R in Theorem 2. then case (iii) contains only the function yfc) = Ixi. 
and this function satisfies ( I ) if and only if 8] > 1. 

Proof: In case (iii),/being multiplicative and bounded on an interval, it follows thai fix) must 
be of the form UK or UK sgn x or constant ( = I or 0 ).But because of (9) and the facl lhal/is 
nol addilive, we are left with only Ul. This funclion satisfies (1) only if 8] ^ 1. 

We conclude by turning to the consideration of approximate homomorphisms of 
multiplicatively normed algebras. (Of course, in the case of fields with real valuation, we have 
been considering approximate homomorphisms all along.) Let A and B be normed algebras wilh 
multiplicative norms and a common scalar field K = R or C. By an approximate 
homomorphism, we mean a map/ A-»B which satisfies (1), (2), and additionally 

(10) [\fOjc)-Wx)\\<,gm\M 

for all X. e K and x e A . where g: R+-» R+ {R+ the nonnegative reals) is arbitrary. We prove 
the following. 

Theorem 3. Let/: A-»B be an approximate homomorphism of multiplicatively normed 
algebras A and B, Then either/is a homomorphism or/has the form (4) with q bounded as in 
(5). In particular, there exists a homomorphism h such lhat (6) is fulfilled. 

Proof: Applying Theorem 1, we find that either/is both additive and multiplicative or/has the 
form (4) with q satisfying (5). In the latter case there is nothing more to prove. Suppose that the 
former holds. 

From the proof of Theorem I, we see that it suffices to consider the case in which (cf. (4)) the 
map q is unbounded as well as multiplicative. By multiplicativity, (10) with x = lu yields 

\\[fiXt)-Xfii)]fiu)\\ = \\fiXiu)-\fi(iu)\\<g(\X\)\\iu\\. 

Thus 
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wfth) - vr';" i!/r«;ii ^ «(iw) IWI IWI. 
By (4), this transforms into 

\\fi}j) - X/rr)ll il̂ fH)!! s g(IXI) lifll, u * 0. 

Since q is unbounded, this means that 

Âk) = m, 

for all A. e Kandfe A. Thus/is homogeneous and consequently a homomorphism. 
The final statement of Theorem 3 follows easily, in the same manner as the Corollary to 

Theorem I. 
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THE SIGNATURE OF KAEHLER SURFACES IMMERSED INTO H P ^ l ) 

Llu Ximln 

Presented by T. Bloom. F.R.S.C. 

Abstract. In t h i s note we give some i n t e r e s t i n g topological r e s t r i c -

t ions for t o t a l l y complex immersion of Kaehler surfaces into the qua-

ternion project ive space H F ^ l ) , 

1. Introduction 

l e t HPn(l) be a quaternion projective space with constant quater-

nion sect ional curvature 1 [4] , and M a t o t a l l y complex submanifold of 

HI^(l)(for the d e f i n i t i o n of t o t a l l y complex submanifold c f . l 2 ] ) . We 

know that M has a natural Kaehler s tructure . 

Recall the standard imbeddings (2] : 

b* C P ^ D — Hi^d). 

along with the f o l l o v i n g standard imbedding [5] : 

T t C P ^ O x C P ^ l ) CP3(1), 

We define the imbedding of 4>2 = A .-c . 

Now l e t j : M — • HI^Cl) be a t o t a l l y complex immersion of a 2-dimen-

sional compact Kaehler submanifold into HP^d) . We denote by sign(M) 

and h the signature of M and the second fundamental form of the immer-

sion re spec t ive ly . In th i s paper we obtain the followingtheorems. 

Theorera 1. For M we have 

(1,1) 32Tr2sign(M) ? 5M(4 - | h | 4 ) » i 

Key words and phrases . signature, Kaehler surface , quaternion projec-
tive space. 
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where * denotes the Hodge s t a r operator and the equal i ty holds i f and 

only i f M i s an imbedded subman-ifold congruent to one of the f o l l o w -

ing embeddings: « y CP2(1) — HP2(1); «j>2; C P ^ O x C P ^ l ) — HP 3 (1) . 

Uieorem 2 . ( i ) If M has p o s i t i v e t o t a l scalar curvature, then the 

second b e t t i number of M s a t i s f i e s 

b 2 < 2 + i£i5ni Ul 4 - 4)*1 
where the equal i ty holds i f and only i f M is congruent to one of the 

fo l lowing embeddings: 4 v C p 2 ( l ) "* H p 2 ( l ) ; +2 : CP1 ( 1 ) x CP1 ( 1 ) — HP3( l ) . 

( i i ) I f M has sign(M)« 0, then 

Sfn lh | 4«1?4vol(M) 

where the equal i ty holds i f and only i f M i s congruent to the fo l lowing 

standard imbedding: <|>2: C P 1 ( l ) * C P 1 ( l ) —• HP 5 ( l ) . 

2 .Prel iminaries 

Let M be a 2-diniensional compact Kaehler manifold. I«t w1,w2 be 

the l o c a l f i e l d of unitary coframes. Then the Keahler 2-form 4». tbe . 

Ricci form Q and the sca lar curvature r are given by 

4»- Çrr S ^ 8 ' Q = ^ P a - b 1 - ^ 5b ' r = 2Z^â 
where P K i s t h e local components of the Ricci tensor f of M. I t i s 

well-known that the f i r s t chem c l a s s c1 i s represented by Q. we denote 

|R( and |P| the length of the curvature and Ricci tensor r e s p e c t i v e l y . 

The signature of M can be expressed by the fol lowing formulas(cf. Cll [3l ) 

( 2 . 1 ) 48Tr2sign(M) » SM^ ^ l 2 " 2 |R12)*1 

( 2 . 2 ) sign(H) - £ (- l )q i>p,„ 

where the b denotes the dimensional of the space of the harmonical 
P»Q 

forms of bidegree (p, q) on M. 
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3. Proof of Theorem 1 

Since H i s a total ly complex immersion in to HP n ( i ) l as in [6j , we can 

obtain ( 3 . 1 ) r = 6 - | h | 2 

( 3 . 2 ) i-ù,\h\2 = |Vh| 2 + 2 | h | 2 - 2 t r ( Z A ^ ) 2 - X(trA u A v ) 2 

where A i s the Laplacian, ^ h the covariant .derivat ive of h and Au 

the Weingarten maps associated with orthonormal basis Tj^ . . . , TJ4n_4 

0 f the normal space. From the equation of aauss , we have 

( 3 . 3 ) I f l 2 = 9 - 3 | h | 2
+ t r ( l A 2 ) 2 

( 3 . 4 ) IRI2 •» 12 - 4 | h l 2
 +22L(trAuAv)2 

Prom [6] ,we have 

( 3 . 5 ) 2 l ( t r A u A v ) 2 ^ | h | 4 

Taking the in tegra l of the both side of ( 3 . 2 ) and using Green's Theorem. 

we have 

( 3 . 6 ) J H | vh |» l = $ M (2tr (2:Aj) 2
 + 2 (trAuAv)2 _ 2 | h | 2 ) * l 

Now combing (2 .1 ) with ( 3 . 3 ) , (3-4) and ( 3 . 6 ) , we have 

( 3 . 7 ) 48Tr2sign(M) » 5M( j v h | 2 + 6 - 3 X(trAuAv)2 )*i 
From ( 3 . 7 ) , ( 3 .5 ) and(3 . l ) we get 

48TT2sign(.v|)? J M |7h | 2 » l + | JK(4 - | h | 4 ) * i ^ 5 M ( 4 - | h | 4 ) * l 

Prom which ( l . l ) fol lowing. Suppose the e q u l i t y holds in ( l . l ) , i . e . , 

( 3 . 8 ) 481T2sign(M) = | 5 M (4- l h | 4 ) * i 

Then M has p a r a l l e l second fundamental form, from the c l a s s i f i c a t i o n 

of submanifolds in HP^l ) which have p a r a l l e l second fundamental form [7] 

and ( 3 . 8 ) , we know that M i s congruent to e i t h e r cj) o r d ) , . 

4 . Proof of Theorem 2 

Since the t o t a l l y scalar curvature 3Mr*l i s p o s i t i v e , a resu l t of 

t e ] impl i e s that a l l plurigenera of M vanish. In part icular we have 
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bg.o = 0 - Then us ing b 2 f 0 = 0, b 2 f 2 = b 0 j 0 = i , b p ( q = b q ( p and 

Serre dua l i ty , from (2 .2 ) we get 

sign(M) = 2 - b 2 . Therefore ( i ) of the Theorem 2 fo l lows from Theorem 1. 

I f H has sign(H) ^ 0, from Theorem 1 we obtain ^ M | h | 4 * l ? 4vol(M). 

Moreover jwlh l 4*1 = 4vol(M) implies sign(M) = 0 and tue equal i ty in 

( 1 . 1 ) . Therefore M i s congruent to<j)2: CP1 (1 ) * CP1(i ) — » H P 5 ( i ) . 
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