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Homogeneous ultrametric spaces,

semi-valued groups and fields

Sibylla Priess-Crampe and Paulo Ribenboim F.R.S.C.

Abstract

This note is devoted to the study of homogeneous ultrametric spaces, in par-
ticular those endowed with an appropriate group-action. We study Hahn spaces,
immediate and dense extensions. Then we apply the theory developed so far to
study semi-valued groups and skewfields extending the classical results on fields

with Krull valuations.

1 Homogeneous Ultrametric Spaces

A. Definition of homogeneous ultrametric spaces

An ultrametric space (X.d,T) is said to be homogeneous when the following condition is
satisfied: forally € T'\ {0}, € Max(g), D.Ee€ X/_.';: we have card(D/a) = card(E/a).
It suffices that for all D. E as above, there is a bijection ¢ = ppg : D — E such that

d(p(z),(y)) = d(z,y), for all z, y € D.
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B. Examples

An action of a group G on an ultrametric space (X,d,T) is a homomorphism A from 7
onto the group Aut(.X.d.T') of distance preserving self-bijections of X. If there exists a
faithful and transitive action of a group on (X,d,T), then the space is homogeneous. In
this case, we say that (G. ). X,d,T) is a group-space. An important special case occurs
when X = G is a group and the action ) is by translation. Another important case occurs
when Aut(X,d.T) is transitive.

The following construction yields homogeneous spaces. Let (F,).ev be a non-empty
family of sets E,. each one with at least two elements. Let P = H E, for f,g € P,
let d(f,9) = {v € V' | f(r) # g(v)} € P(V) (Boolean algcbra of‘:l:bscl.s of V). Then
(P,d.P(V)) is an ultrametric space on which the group of automorphisms acts transitively,
thus giving a group-space. This leads to interesting special cases. Taking E, = E for all
v € V. respectively E, = {0,1} for all v € V, we have the group-spaces EV and P(V)
(with the distances already introduced). Similar examples are obtained by taking any
Boolean algebra A. with the distance d : A x A — A given by the sum d(a,b) =a + b=
(a A V)V (a' Ab). In the same vein, we have the space C(V, E) of continuous functions
from the topological space V to the discrete space E (having more than one point) and
distance having values on the Boolean algebra of open and closed subsets of V.

Hahn spaces are also examples of grc;up-spaces. We recall their definition ([10]). Let
(V, <) be a partially ordered set, let (E,).ev be a family of sets, each one having more
than one element, let 0 = (0,), where 0, € E, forallve V. If fe P = H E,, let
supp(f) = {v € V| f(v) # 0,}. The Hahn space Hy consists of all the f e“e;: having
noetherian support (i.e. the support does not contain any infinite ascending chain). Let

A(V) be the set of all antichains of V (i.e. trivially ordered subsets of V). A(V) is
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naturally ordered as indicated in [10] and d : Ho x i — A(V) is defined by d(f,g) =
Max{v € V | f(r) # g(v)}. It may be shown that Aut(Hp) acts transitively on Ho, thus

giving rise to a group-space.

C. The pointed Hahn space

Let (X.d.T') be a homogeneous ultrametric space. In [10] we considered its Hahn space
(Ho,d, A(V(X))) associated to the skeleton (£(X),V(X),gr,~) of the given space and
to 0 = (0y)uev(x). Given zo € X we define the pointed Hahn space. For each (a,7) €
V(X) let €%a,3) = {(C,By(z0)) | C € B,(z0)/a}. For each v = (a,5) let 0, =
(Izo)os B-(z0)). The associated Hahn space is denoted by (H°,d, A(V(X))) and it is called
the pointed Hahn space at zo, associated to (X,d,I'). It is a solid spherically complete
ultrametric space on which the group Aut(H°) acts transitively, thus it is a group-space.
If (11'.d. A(V(X))) is the pointed space at z, € X, and if (X,d,T) is a homogencous
space, then H®. H! are isomorphic.

We compare the Hahn space Hy with the pointed Hahn space 1Y, when for every

v = (a.z) € V(X) we have ([zo]a, B4(%0)) € N(v) and thus it is identified with 0,,.

(1.1) If(X.d,T) is a homogeneous ultrametric space, there is a contracting transforma-
tion from Ily to H®, which is the identity on H°.

D. Comparison of the space with its associated pointed Hahn
space

We obtain the following:

(1.2) Theorem: Lt (X,d,I') be a homogeneous ultrametric space, let o € X. There

ezisls an injective expunding transformation from (X,d,I') to (11°,d, A(V(X))).
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This result will be made more precise when (T, <) is totally ordered.

E. Immediate extensions of homogeneous ultrametric spaces

We first obtain the following results:

(1.3) If/(X.d.T)im=< (X".d',T') and (X', d',I') is homogeneous, then so is (X, d, r).

(1.4) The relation of “immediate extension” in the class of homogeneous ultrametric

spaces is inductive.
Then. we prove the following remarkable result:

(1.5) Let (X.d,T)im < (X',d'T). If (X',d'.T") is homogeneous, then card(X’) <

card(XT).
This leads to:

(1.6) Theorem: Every homogeneous ultrametric space has an immediate ezlension

which is homogeneous and marimal.

For group-spaces. (G. A, X,d,T) < (G, X', X', d',T") means that (X, d,T) < (X', d". r,
G is a subgroup of G’ and for every g € G, A, restricted to X is equal to the automorphism

A of (X,d,T).

(1.7) The relation of eztension in the class of group-spaces is transitive and inductive.
(1.8) Every group-space has an immediate group-space ezlension which is mazimal
(among immediate group-space extensions).

F. Dense extensions of homogeneous ultrametric spaces

The relation of “dense extension” in the class of homogencous spaces is transitive but not

inductive. However:
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(1.9) The relation of “immediate and dense eztension” in the class of homogeneous spaces

is induclive.
Therefore:

(1.10) Every homogeneous ultrametric space has a dense and immediale eztension which

is homoegeneous and mazrimal.
We have also:

(1.11) Every group-space has a dense group-space ezlension which is mazimal.

G. Case when (I, <) is totally ordered

We assume now that (T, <) is totally ordered. As a consequence we obtain inore specific
results.

With previous notations:
(1.12) Theorem: If (X,d,I') is a homogeneous space and (I', <) is totally ordered,
there is a homogencous space (X, d, 1), which is isomorphic to (X,d,1') and such that the
pointed Hahn space (11°.d.T') associated to (X, d,I') is a mazimal immediate cctension of
(X,d.T).

Similarly:
(1.13) With the same hypotheses and notations, (X,d,I') has a dense homogeneous
exlension which is complete and isomorphic to a subspace of (11°,d,T).

We get also the following characterization:
(1.14) Let(X,d,T) be an ultrametric space with (T, <) totally ordered. Then the following

condilions are equivalent:

a) (X,d,T’) is homogeneous.



6 S. Priess-Crampe and P. Ribenboim

b) There ezists an immediate eztension of (X,d,I') which is a group-space.

2 Semi-valued and ultrametric groups

A. Definition of semi-valued and ultrametric groups

Let (G, +) be a group. (I'. <) a partially ordered set with smallest element 0. A surjective

mapping v: G — T is a semi-valuation when the following conditions are satisfied:
1. v(z) = 0 if and only if z = 0;
2. v(-z) = v(z);
3. f v(z) < v and v(y) < y then v(z + y) < 7.

If (T', <) is totally ordered, v is called a valuation. The semi-valuation v is said to be
invariant when v(z + y) = v(y + z).

An ultrametricspace (G, d, I') where (G, +) is a group and the distance is lelt-invariant,
i.e.d(z+z,z+y) = d(z.,y), is called an ultrametric group. If morcover, d(z + 2,y + z) =
d(z,y), we say that the distance is invariant.

Semi-valued and ultrametric groups correspond bijectively one to another, as follows:
given v, let d(z,y) = v(—z + y); given d, let v(z) = d(z,0).

Every ultrametric space is a group-space, where G acts on itself by translation.

B. Examples

The examples of ultrametric spaces of §1B vield ultrametric groups with invariant dis-
tance, when each E, is a group # {0}. In particular, the Hahn space (Ho,d, A(V)) is also

an ultrametric group.
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Another kind of examples is the following. Let G be a group, let P(g) be the subgroup
generated by g € G. let T = {P(g) | g € G}, ordered by inclusion. Defining v: G — T by

v(g) = P(g), then (G.¢.T) is a semi-valued group.

C. The skeleton

Let (G,d,T) be an ultrametric group, and (G, v,T') the corresponding semi-valued group.
A subgroup C of G is said to be (v-)convez (or (d-)convez), when the following condition
is satisfied: if z € C, v(y) < v(z), then y € C.

Let C denote the family of convex subgroups, ordered by inclusion. Let P denote
the family of convex subgroups which are principal, i.e. gencrated by one element of G.
A jump is a pair (C.P) when P € P, C € P and C is maximal properly contained
in P. It is easily seen that compatible equivalence relations of G correspond to convex
subgroups. This gives an order-preserving bijection from V(G) to the set of jumps of
G. Moreover, if v is invariant, then for each (a.g) € V(G), 8(0,5) is a group, and
fo(a,$) = {(C,Bs(0)) | C € B,(0)/a} is a subgroup called the residuc class group at
(a,g ). Thus for an invariant semi-valuation, the local skeleton is fully determined by the

jumps and the residue class groups.

D. Comparison of the ultrametric group with its canonical

pointed Hahn space

Let (G,d,T) be an ultrametric group with invariant distance. Then (H d, A(V(G))) is
also an ultrametric group with invariant distance.

For the main theorem which follows, we assume that G is a divisible abelian group and
d(1z,ly) = d(z,y) (where n is any positive integer). The following lemma, dating back

to Banaschewski [1] is essential:
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(2.1) There ezists a coherent family £ = (Sp)pe=(G), where Sp is a set of representatives
of G/B salisfying:

1. Sp is a subgroup of G;
2.GC= [0]0 ®85s.

(2-2) Theorem: There ezists an injective ezpanding transformation (0,0) from (G,d,T)
to the pointed Hahn space with operation defined by means of £, such that 8 is a group-

homomorphism.

E. Immediate extensions of ultrametric groups

We consider extensions and immediate extensions in the class of ultrametric groups, or
equivalently, in the class of semi-valued groups.
The relation “immediate extension” in the class of ultrametric groups, resp. semi-

valued groups, is transitive and inductive. Hence:

(2.3) Theorem: Every ultrametric group, resp. semi-valucd group, has an immediate

extension which is mazimal.

(2.4) If the ultrametric group is spherically complete, then it has no proper group exten-

sion.

F. Dense extensions of ultrametric spaces

We consider dense extensions of ultrametric groups, resp. semi-valued groups. Again, the
relation “dense extension” in the class of ultrametric groups, resp. semi-valued groups, is

transitive and inductive.

(2.5) Theorem: Every ultrametric group, resp. semi-valued group, has a dense ezten-

sion which is mazimal.



S. Priess-Crampe and P. Ribenboim 9
(2.6) If the ultrametric group is complete, then it is not dense in any proper ullrametric

group ezlension.

G. Case when (I, <) is totally ordered
If (T, <) is totally ordered. we have more specific results. With the previous notations:

(2.7) Theorem: If(G.d,T) is an ultrametric group and (T', <) is tolally ordered, there
is an ultrametric group (G.d,T), isomorphic to (G,d,T) and such that the pointed ultra-

metric Hahn group (H°.d.T) is a mazimal immediale group cztension of (G.d,T).
(2.8) Theorem: Let(G.d,T) be an ultrametric group with (T, <) tolally ordered. Then:
1. (G,d,T) has a mazimal immediate ultramelric group extension, which moreover is

spherically complete.

2. (G,d.T') is spherically complete if and only if it does not have any proper immediate

ultrametric group eztension.

(2.9) With the same hypotheses and notations, (G,d,T') has a dense ullrametric group
eztension which is complete and isomorphic to an ultrametric subgroup of the ultrametric

pointed Hahn group (1%, d,1').

3 Semi-valued and ultrametric skewfields

A. Definition of semi-valued and ultrametric skewfields

Let K be a skewfield. Iy its additive group, K = K\ {0} the multiplicative group of
non-zero elements. Let (I', <) be a partially ordered set with smallest element 0. Assume

that I'" = I\ {0} is an ordered monoid with neutral element .



10 S. Priess~Crampe and P. Ribenboim

A semi-valualion is a surjective map v : K — T satisfying the following conditions:
1. v is a semi-valuation of K;

2. u(1) =¢;

3. v(zy) < v(z)v(y)forall z,y € K.

If v(zy) = v(z)v(y) for all z, y, then the semi-valuation is said to be strict. Then, it
follows that I is a group. If (T', <) is totally ordered, a strict semi-valuation is called a
valuation.

If K, T are as above, the ultrametric space (K,d, ') is an ultrametric skewfield if
(K4,d,T) is an ultrametric group, d(1,0) = ¢, and d(tz, ty) < d(t,0)- d(z,y), d(zt,yt) <
d(z,y)-d(t,0). In the case of equalities in the above relations, we have a strict ultrametric
skrwfield. Then I'" is a group.

As in the case of groups, semi-valued skewfields correspond canonically to ultrametric

skewfields and strictly semi-valued skewfields correspond Lo strictly ultrametric skewfields.

B. Examples

The classical examples are fields endowed with a Krull valuation and skewfields endowed
with a Schilling valuation (see [7], [14]). Jaffard, Gilmer and others studied strictly semi-
valued fields, as a generalization of Krull valued fields (see [3], [3]).

More examples are given by skewfields of power series with coefficients in a field and
exponents in a totally ordered group (considered by Hahn (4], Krull [7), Neumann [8))
and also by fields of generalized power series (Elliott & Ribenboim [1]).

For this last example, let F be a field, (S, +, <) a (partially) ordered abelian group,

let K be the ring of generalized power series: all f: S — F having noetherian and narrow
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support.

It was shown in [2] that K is a field if and only if the group § is torsion-free and the
order < is subtotal (that is, if s, { € S there exists an integer k 2> 1 such that ks < kt or
kt < ks). Let T be the set of finite antichains of S ordered as follows: if 7,6 €T, 7 <6
when for every s € v there exists ¢ € 6 such that s < t.

It was shown in [13] that it is possible to define a natural mull.iplical.i(_)n on I'\ {0},
which makes it an ordered monoid. Let v(f) = Maxsupp(f) for every f € K. Then
(K,v,T') is a semi-valued field. It is strict if and only if the order on S is total. With the
associated distance, we obtain the ultrametric field (K,d,I’). We have indicated in [11)

the necessary and sufficient condition for the ultrametric field to be spherically complete.

C. The skeleton

We supplement the results obtained in §2, when (K, v,T’) is a semi-valued skewfield — or

for the corresponding ultrametric skewfield.

(3.1)
1. [0]s = B,(0) is a ring. If a € =(K), then [0], is a right and left [0)s-module.

2. If the distance is strict, then [0];.— is invarian! under inner aulomorphisms, every left

(or right) [0]s-submodule of K is v-convez, so equal lo some [0]a, with a € =(K).

Thus, if (K,v,T) is a strictly semi-valued skewfield, the following sets coincide:
(a) the set of all v-convex subgroups of K;
(b) the set of all two-sided [0]z-submodules of K ;

(c) the set of all left [0]s-submodules of K ;
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(d) the set of all right [0]z-submodules of K.
The set [0]s = B.(0) is called the semi-valua‘tion ring or the unit ball of (K,v,T); also
denoted by B.
If the distance or semi-valuation is strict, then Max(z) corresponds to the set Q(K)
of all maximal two-sided ideals of the semi-valuation ring. For each o € Max(z) the
skewfield B,(0)/[0), is called the residue skewfield of (K,v,T) at a.

If the distance is strict. there is a natural bijection between the scts Max(g). Max(=)
E

(for any v, v € T'\ {0}). as easily seen. This implies:

(3.2) If(K.d,T) is a strictly ultrametric skewfield, for each (0'5‘) € V(K) there czists
M € Q(K) such that E(a,g) = K/M (as additive groups), and E"(a,g) = B/M (as

rings); in particular €°(a,$) is a skewfield.
Thus, the local skeleton is fully determined by I' and the residue skewfields.

D. Immediate extensions of ultrametric skewfields

We consider extensions and immediate extensions in the classes of semi-valued skewfields

and of ultrametric skewfields. We have the following characterization:

(3.3) Let (K',v'.T) be a strictly semi-valued skewfield, which is an eztension of (K,v,T)
(as semi-valued skewfields). The extension is immediale if and only if the following con-

ditions are salisfied:
1. The mapping M' +— M' N K from Q(K') to Q(K) is a bijection.

2. B'=B+ M, for every M' € Q(K').

From this characterization, it follows that the relation of “immediate extension” holds
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for two strictly semi-valued skewfields if and only if it also holds for the associated ultra-
metric skewfields.

The relation “immediate extension” in the classes of semi-valued skewfields and of
ultrametric skewfields is transitive and inductive.

Also:
(3.4) If an ultrametric skewfield is spherically complete, then it does not have any proper
immediale ullramelric skewfield cxlension.
E. Dense extensions of ultrametric spaces

We consider dense extensions of semi-valued skewfields and of ultrametric skewfields and

we show:

(3.5) Let (K,v,I') be a semi-valued skewfield, let (K',v',I') be « strictly semi-valued
skewfield which is an eztension of (K,v,T'). This ezlension is dense if and only if the

Jollowing conditions are satisfied:
1. For every ' € K’ there ezists z € K N (z' + B').
2. For every M' € Q(K'), B'=M'+ (K n B').
The relation “dense extension” in the classes of semi-valued skewfields and of ultra-

metric skewfields is transitive and inductive.

(3.6) Theorem: FEvery semi-valued (resp. ultrametric) skewfield hus a dense extension

which is mazimal.

(3.7) If the ultrametric skewfield is complete, then it does nol have any proper dense

ultrametric skewfield extension.
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F. Case when (I', <) is totally ordered

Now we indicate the more specific results obtained when (T, <) is totally ordered. A
strictly valued field is just a field endowed with a Krull valuation and the theory is clas-
sical. We show that in this case, we can deduce the following (known) results for valued
fields from our results on ultrametric groups ((2.7), (2.8), (2.9)). For the proof, we need

Kaplansky’s theorems [6] about the adjunction of pseudolimits to valued fields.

(3.8) Theorem: The valued field (K, v,T) is without any proper immediate field exten-
sion if and only if (K,v,T) is spherically complete. FEvery valued field has an immediate

field ezxtension which is spherically complete.

(3.9) Theorem: Let (K,v,T') be a valued ficld. Assume that its residue field has
characleristic 0. Assume furthermore that the value group I'" is root-closed and that the
valuation ring B contains a subfield F with B = F ® M, where M denotes the valuation
ideal. Then with respect to a suitably chosen set of representatives, the pointed Hahn
group H® of (2.7) becomes a field of formal power series, into which (K,v,T') is mapped
by a value- and field-operations preserving monomorphism. Moreover H® is a mazimal

immediate ezlension of the image of (I{,v,I') under this monomorphism.

(3.10) Theorem: Let (K,v,T) and its pointed Hahn group (H° v,T) be as in (3.9).
Then (K,v,T) has (with respect to the associated ultrametric d) a dense field extension

which is complete and value-isomorphic to a valued subfield of (H®,v,T).
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A BURNSIDE RING THEORETIC PROOF OF T.Y.
LAM’S RESULTS CONCERNING THE ARTIN
EXPONENT OF FINITE GROUPS.

K. K. Nwabueze
Presented by P. Ribenboim, F.R.S.C.
Abstract

For a finite group G of order a power of a prime p say p°, it is well known (sec (2]) that the
Artin ezponent A(G), depends on whether G is cyclic or not. A(G) =1 if and only if G is
cyclic and A(G) = p°~! when G is noncyclic ezcluding the cases for which G is one of the
special class of 2-groups considered here in Section 4. In this paper we demonstrale a Burnside
ring theoretic proof of these results.

1 Introduction

Recall that for a finite group G that the set of isomorphism classes of finite left G-sets form
a commutative semi-ring with respect to disjoint union and cartesian products. Let B¥(G)
denote this semi-ring. The universal ring associated to B*(G) is called the Burnside ring B(G)
of G. For every subgroup U of G there exists a canonical homomorphism, xv : B(G) —
Z, (the integers) which maps every finite G-set S onto the cardinality, xuy(S) := #SY, of
its subset SV := {s € S| us = s for all u € U}, of U invariant elements. So we can consider
B(G) in a canonical way as a subring of the ghost ring, B(G) = U[(laz, of G, consisting of all
maps from all subgroups of G into Z which are constant on each conjugacy class of subgroups,
by identifying each z € B(G) with the associated map U — xuv(z), (also denoted by z) from
the set of all subgroups of G into Z. It is well known (see[6] chapter 1) that there is an exact
sequence 0 — B(G) — B(G) =+ (L])(Z/(NG(U ) : U)), where (U) runs over a set of G-conjugacy
class of subgroups. For more details on the Burnside ring see [6].

Now let G(QG) denote the Grothendieck ring of all rational representations of G and Gc(QG)
the ideal in G(QG) generated by rational representations of G induced from cyclic subgroups.
The Artin exponent of G has been computed by finding the characteristic of the quotient ring
G(QG)/Gc(QG) (seef2]). In this paper, we prove a reformulation in Burnside ring theoretic
terms of some results concerning the Artin exponent of finite p-groups which arises in the

context of the definition in section 2.

There are various reasons why the Artin exponents are studied. As can be observed, these
ideas are natural generalizations of number theoretic notions which in themselves have aesthetic
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values. Moreover there are applications in other branches of mathematics. For example, a full
knowledge of these invariants may sometimes yield nontrivial information about the induction
theorems for various functor K on the category of finite groups (see[3]). Finally and above all
the procedure used here affirms the utility of the Burnside ring in the representation theory of
finite groups.

2 Definition of the Artin exponent in terms of Burnside
rings
One can also describe the elements in B(G) which are in B(G) as follows:

Definition and Theorem 2.1 Let G be a finite group. For U a family of subgroups of G
closed with respect to conjugation, define ey € B(G) by,

1, JyUelU

i) o= {o, fUGU.

Then |G| - eu € B(G) for any U. Furthermore define,
A(G , U) := min(n € N | n-ey € B(G)). The integer A(G , U) is said to be an Artin
exponent of G. We have that |G| > A(G , U). More precisely, A(G , U) divides |G| (see[4]).

Theorem 2.2 Let z € B(G). Then z € B(G) if and only if for every U AV < G with (V : U)
a prime power one has that, Y. z(<v, U >)=0(mod (V:U)).
weVU
Proof: see [1]
Furthermore one has,

Corollary 2.3 n-ey € B(G) if and only if for every U QV < G with (V : U) a prime power,

Y n-eu(<v, U>)=0mod (V:U)). where
wWeVIU
eu(<v, U>)=#{wUeV/U | <v,U>e€ U}.

It then implies that n - ey € B(G) if and only if (V : U) divides
n-#{wUeV/U | <v,U>e€ U}

In the important special case where U := { C £ G | C cyclic } we obtain a reformulation
of T.Y. Lam's definition and call (putting A(G) := A(G , U) in this case), A(G) the Artin
exponent of G.
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3 Some useful results concerning p-groups

For the proofs of the results in this Section, see [4]. For the reader's convenience we list the
notation used here; For G a finite group, we denote by: {1g}, the trivial subgroup of G; p, a
prime number; Z(G), the centerof G; Zg(N), the centralizersof Nin G; < T >, subgroup
of G generated by T; < T >, the normal subgroup of G generated by T'; g, the g conjugate
of h; [g, h], the commutator of g and A, in particular [S, T) :=<[s, f]|s€ S, teT>.

Lemma 3.1 Let G be a finite p-group and let U and H be subgroups of G such that U is a
cyclic normal subgroup with U C H. Let C(H) denote the set of all cyclic subgroups V of H
withU <V and (V : U) = p, and let C'(H) = C'y(H) denote the subset of C(H), consisting of
those V € C(H) which are normal in H. We have:

(a.) [C(H)| = |C'(H)| (med p).

(b.)H =Hy:={he€ H|[h, HIC U}, is a normal subgroup of H.

(c.) C'(H)=C(H')

(d.) If G € H QG, then |C(H)| = |C(C’)|(mod p).

Lemma 3.2 If G is abelian, then the following are equivalent:
() icG)=1

(ii) IC(G)| # O(mod p)

(iii) G is cyclic

Lemma 3.3 With the dcfinitions and assumptions of (3.1), if G is a 2-group, one has,

(a.) |C(H)]| = 1(2) = Z(G) is cyclic.

(4.) If |G, G) C U and |C(H)| is odd, then G is cyclic or nonabelian of order 8.

(c)IfH <G uwith{H , HCU C H and |[{V € C(H) | V C H}| = 1(1nod 2), then H is cyclic
or nonabelian of order 8.

(d.) If |C(H)| = 1(mnod 2), then either H' is cyclic or G is nonabelian of order 8.

(e.) If |C(H)] = 1(mod 2), then G contains a cyclic normal subgroup of indez 2.

Lemma 3.4 Let G be a noncyclic abelian p-group (p # 2) and U Q G, |U| = p. Then there
ezists a normal subgroup V QG of G of order p?, containing U and isomorphic to Z, x Z,.

4 The Artin Exponent

We shall be concerned with results dealing with p-groups. The global discussion is established
similarly - more precisely by observing that the condition that G is a p group can be removed.
This is discussed in a scparale paper (see [5]). By a standard argument (see[d]), we can show
that to calculate the Artin exponent one only needs to find for each prime p the minimum of
alln € N such that (V : U) dividesn-c(U, V) holdsforallU 9 V < G with U cyclic,
U < Z(V) and V a p-group, wherec(U , V) :=#{vU e V/U | <v, U > iscyclic }. This
is precisely what we shall do here to get A(G). We shall need the following result (sec[7]);
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Lemma 4.1 Let G be a p-group of order p”. If there ezists a g € G of order p"~! then G has
one of the following presentations for some h in G.

(A) If G abelian:

()n21, Zpn: k" =1 or

(ii)n>22, ¢ =1, =1,gh=hg

(B) If G is non-abelian and p odd, n 2 3.

(iii) " =1, =1, hgh™' = g,

(C) If G nonabelian and p=2 ,n 2 3.

(iv) ¢~ =1, h* =g, hgh™' =g~', i.e. the generalized qualernion group:(Q).
(W) g =1, h* =1, hgh™' = g7, i.c. the dihedral group:(D).

(D) If G is non-abelian and p =2, n 2 4.

(vi) g =1, h*=1, hgh™' = g,

(vii)g"" "' =1, h*=1, hgh™' = g~"*"". ie. the semi-dihedral group:(SD).

Also we observe (see [4]),

Theorem 4.2 Let G be a noncyclic p-group (p # 2) of order p°. Let U denote the set of
subgroups of G closed with respect to conjugation. Define for2<f < a, zp€ é(G) by

pmf, ifWUI<p’
z5:={p*#, if|U|=p" and U is noncyclic
o,

otherwise .

Then zp is contained in B(G).

Proposition 4.3 Let G be a p-group of order p° and consider U, the family of all cyclic
subgroups of G. For n € N and a subgroup U < G, let z, € B(G) be defined by

n, ifU is cyclic
Ty =
0, otheruwise
Then, A(G) =1 if and only if, G is cyclic.
Proof: Assume U 9V < G, U cyclic, |V|=p*, (p a prime). Then z, € B(G) implies

Y z(<v,U>) =n-#{oUeV/U | <v,U> cycic} = 0(mod (V:U)).
weviu

il

Since n is arbitrary, we get A(G) by making the following assumptions (see[d]): Set |U| = p
and V = G. These assumptions remain valid for the proof of (4.4) and (4.5). Then ifn =1,
one has that #{gU e G/U | <g, U > iscyclic} = O(mod (G :V)). That is, |G| | #{g €
G| <g,U> iscyclic}.Soforall g € G, <g, U > is cyclic. This implies that G is cyclic
since if G is not cyclic then from (3.4) there exists a normal subgroup V' 9 G such that Vv
contains Uand V = Z,x2, = UxZ, = Ux <g>forsomege€G.Thatis< g, U>=V
for some g € G. Therefore we must have that G is cyclic.

The converse is clear. o
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Proposition 4.4 Keeping the assumptions of (4.3), one has that if G is a noncyclic p-group
of order p® and p # 2 then A(G) = p™~'.

Proof: From the assumptions and proof of (4.3) one has that because G is noncyclic that |G|
does not divide z(< g, U>) = #{gUe€G/U | <g, U> cyclic }. But,
#{gUeGIU | <g,U> iscyclic}

Y =) #{W < G | Wiscyclicof order p*, W 2 U}
21
1 4+ p=1-#{W<G | W iscyclic of order p*, W D U}

+2(P =P #{W < G | Wiscydlicof order %, W 2 U}.
Y]

z(<g,U>)

It suffices to look at the number #{W < G | W is cyclic of order p?, W 2 U}. Recall
that from (3.2) and (3.1), one has that, #{W < G | Wiscyclicof order p*, W 2 U} =
0(mod p). This implies that A(G) = p*~'. o
Proposition 4.5 With the assumptions of (4.3) one has that if G is noncyclic 2-group of order
2°, then A(G , U) =27}, unless G = Q, D or SD (as defined in Lemma 4.1), in which
cases we have A(G) = 2.

Proof: Following the proof of (4.3) one has that if,

#{W < G | W iscyclicof order 4, W 2 U} = 0(mod 2), then A(G , U) = 2°~'. On the
other hand if, #{W < G | Wiscyclicoforder4, W 2 U} # 0(mod 2) then by (3.3) G
is cyclic or nonabelian group of order 8. Since G is noncyclic it must be nonabelian of order 8
and so must correspond to one the groups Q, D or SD (of order 8) as presented in (4.1) and
it is easy to see by direct computation that in any of these cases that A(G) = 2. o
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JACOBI FUNCTIONS WITIlL RESPECT TO TIIE DUAL VARIABLE,

N. BEN SALEM - K. TRIMECHE

Presented by G.F.D. Duff, F.R.S.C.

Abstract. We prove a Mehler representation for Jacobi functions q)&am(t) with respect to the dual
variable A. We exploit this representation to define a pair of dual integral transforms Xa.p and its

transposed 'xu We give some spaces of functions on which Xq B and ‘xa N are isomorphisms and
we establish invemon formulas for these transforms.

L. Dual Mehler representation of the Jacobi function.
For a2 ﬂ 2 -1R, )\ € @ t 2 0, the Jacobi function tp(u'm(t) is defined by

a0 =2F|(—(p+ ), _(p -iN), a+l,-sh?t), where p = a+B+1 and ,F | is the Gauss

hypergeometric function. The function t ---> cp‘“"”( t) is the unique solution of the following
dlfferentlal equation A, g qwga'm (t)-=-(7\2+p )q; B (1), satisfying (p(aﬁ)(o) =1,

a1, is the Jacobi differential operator,

4  @p al.
@3 7/(0) = 0, where A, M|

dt «p” A_o(1) (c) alhes
with A, (1) =2 (sht)2o*! (cht)zB” .
For special values of a and B, the Jacobi functions are interpreted as spherical functions

on non compact riemannian symmetric spaces of rank one, for more details see the very
interesting survey of T.H. Koomwinder [2].

We give the following integral representation for the Jacobi function q:(a m(t) with
respect to the dual variable A.
Theorem 1.1: Let x 2B 2 -% J(a,p)» (-%, --il-). Then the function cpgf:'ﬂ)(t) possesses the
following dual Mehler representation

2
V120, VAR, 9{P(1) = = [Tbgp(Ae,A)cosMdN.

where ba.ﬂ(A o M) is a nonnegative kernel.
Example Fora=12andp =-1/2,a computation gives the kemel b/ -172(Ao,A). We have

_ wshaA, chotA + chmA,,
VAgAER, by -y2(he.A)= 2rg e T+ D=

In the following we give the main properties of the kemel ba'ﬂ.
Theorem 1.2. : The kernel ba,B satisfies the following properties.
. . g 2
i) ForallA,, A€R , by g is nonnegative and we have = [bg g(Ao,A)dA = L
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ii) The kemel ba‘ﬂ(ho, A) can be extended to an even analytic function on the set
{(Ag MET2/Im A J + |im Al < p}.

iii) Forall A € R, the function A, —> ba.ii (A, A) is even and analytic on the strip
{(AoE(IIIIm Al<p} :

iv) There exists a constant ¢ > 0, such that for all A € R and A € €, lim Al<p,we

have
1 1

+ 3 )
p-ImAyl  (p-{ImA,))
v) For all Aoe C,iim Al<p,the function A--—-> ba.p(hn' A) isan even C”- functions

1D, e M1 S

on IR, rapidly decreasing..
Remark: It is well known ( see [2] ) that the function t-—>@{®9)( 1 ) possesses the following
Mehler representation:

vt>0, VA €@, P = j:xa (t,u)coshu du,
where Ka,p(" .) is a nonnegative even function continuous on |- t,t | and with support in |-t,t ).
We observe that the kernels Ka'ﬁ(t,u) and ba,p“ o A) have not the same properties.

Let us define the following functions spaces
- S,(IR) the space of even C™- functions on R, rapidly decreasing.
- S(R) = {(cht) " S.(R)}, for0<rs2.
Clearly Si(RR) is invariant under 8, ¢ Give Si(R) the topology defined by the semi-norms
Q, (0= sup Ich " (1 +1)" A 5]
[ 4

nm &
-D,={A€@/|ImAl < (2/r- bp}.
- Hi the space of even holomorphic functions  in D, Cin B, and rapidly decreasing
that s :
n 4%
Vm,neN, P _(p)= Sup |(I+A7) —= p(A)] <+,

n.m A€ Dr d)‘m
Notice that H2= S,(R) and if r<s then HEC HS. The space H is equipped with the
topology defined by the semi-norms Pom-
Netations: we denote by
- dpg g = (2m"% 2% (sh ?%*! (ch P at.

2°" (iA) Mo + 1) ,
a+f+l+ia _a=-Pf+l+ir

( 2 )I( > )
Definition 2.1: (i) The Fourier-Jacobi transform &, 5 of f € L'(10,+, dg,) ( the space
of integrable functions on [0,+o0] with respect to the measure o) is defined by

- dvg ) = (20721, (M2 AN where Cop =
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F 6,00 = [ 00D duq 5(0).
(ii) The inverse Fourier-Jacobi transform 3’,','4; ofh eL! (10,+ooo, dvgg) ( the space
of integrable functions on [0, +oo[ with respect to the measure Va.p) is defined by
Fap 00 = A0 dva M)

We have the following Paley-Wiener type theorem for the Fourier-Jacobi transform
F
ap

Theorem 2.1 : The Fourier-Jacobi transform & ,p15 an isomorphism from S¢(R) onto HE.

. CJ(R) the space of even C™-functions on R.
. C‘,b( R) the space of even, continuous and bounded functions on R.

.Forf€C,,(R), il = suplf(x)].
* xeR

Definition 3.1 : The dual Mehler transform denoted by Xa.p is defined for a suitable -
function f by

Vi € R, Xog(NAA) = % f: ber.p(A o MF(A)AA.

Remark:We have for all A € R, and u 20, tp&‘:‘m(uh xa_,,(cos(-u))(w-

Proposition 3.1: i) For f € C,y(R), Xqq(f) € C, ,(IR) and we have [ixg s(NIL. < IfiL..
wiffe L'([0.+°°[, d)), (the space of integrable functions on [0,+c9 with respect to the

Lebesgue measure dA ), then the function 7\0---> Xa.a( f) ) is well defined on the strip

| Im A | < p and it is analytic on this strip.

iii)The transform x p is defined on H! and it is injective on this space.

Definition 3.2 : The transposed of x,, 5 denoted by % a,pis defined for g€ L|(|0"'°°|'d"a,p) by
VAER, 'x, 8)0)= J:' bet, (A 0s ME(A o)V 5(Ao)-

We have the following properties for the transform X,
i) For g€ L'(|0,+°°[, dva.ﬂ’ , the function ‘xa'a(g) is analytic on the strip |Im A} < p.
ii) For fe L'([0.+°°|. dA ) and g€ L'((0.+°°[, dv G-ﬁ)’ we have the following duality relation
[ a s (A )vapho) = % [ F(A) Xa s GXNA.
iii) For all g€ S,(IR), we have the following formula &5 '5(8) = ¥ 0 'Xq,5(8) where Fog
denotes the inverse Fourier-Jacobi transform and & o the Fourier-cosine transform.

From the previous results we deduce the following theorem.
Theorem 3.1 : The transform lxa.ll is a topological isomorphism from S,(IR) onto H!.
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Remark: It is well known that the Mehler representation of the Jacobi function (p(a'm(t)

with respect to the variable t permits to define the Abel transform and its dval which are
permutations operators between the differential opemlorAa'ﬁ and i;— (see [3]).

A natural question arises, whether or not the operators Xa,p and 'xa‘ﬂ are permutations
operators with some differential operators or distributions to define?

(a) The first example, a = 1/2 and B = -1/2: Wehave Lx ;p-1/2 = X12.-1/2 D? and

: 2
'x"z’_uz L= D2 tXIIZ.—lIZ where L=D2 *; D and D=

(b) The second example a = 3/2 and f = 1/2: We have P X3/2.1/2 = X312 Q and

2. 2
P- 2 =
"Xar2u2 P = Q ‘X322 where P =D +(A2 R el
22 3
Q=D’- 'z—Z( " (3 + b D™ + =25 D~ 5§ (-1)" 5,827,
450 4+)\ A%+

here 5%) denotes the k-derivative of the Dirac distribution at 0 and (aa) and (b ) are the
coefficients given in the followmg expansxons

2
-—-ch2t= Za,, and Tz'zﬂ Zob,,: %,

We observe that in the first example there exists a differential operator which gives the
permutation relations with D?.In the second example there exists a distribution Q which
gives the permutation relations with the differential operator P .

4 - Inversien formulas for the operntors X, o ind X,

In this section we shall define some functions spaces on which we can inverte the
operators X, 5 and 'xa‘n.
Nofations : We denote by

5 Sy (IR) the subspace of S,(IR) consisting of functions f satisfying : Vne N , f(O) 0.
.,,(IR) the subspace of S,(IR) consisting of functions f satisfying :
VneN, J:"r(;\)ﬁ“dx = 0.
. He , the subspace of HS consisting of functions h satisfying : Vne N, J:h()\)}\zud}\ =0,
. H ) the subspace of HE consisting of functions h satisfying :
vne N, [Th(hea(Advgg®) =0,

where ¢, (A) = ﬁ‘,_u(?\.s)sznds.
Theorem 4.1 : i) The Fourier-cosine transform &F | is a topological isomorphism from
- S;I:O(IR) onto S,. n(IR).
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-(chy™® s._o(m) onto HZQ "

ii() The Fourier-Jacobi transform s'a.l! is a topological isomorphism from
(ch) "5, ; (R) onto HE ;.
Proposition 4.1 : i) The operator T, defined by T () = (2 )12 A, 5 57(0] is a
topological isomorphism from HZQ onto S.'o(lR) .

ii) The operator TN, defined by TM.(f) = (2r )2 slﬂ-DlAa-D‘ 3';"0(0] is a topological
isomorphism from H{ ; onto H:{i'- D o<e<t.
Moreover we have TN, = ('XG.D)-I oM, o 'XG.D'
Theorem 4.2:i) The transform Xa.p is a topological isomorphism from Sf:o(lR) onto Hl’ 1.

ii) The transform ', g is a topological isomorphism from H* ; onto H3G.

Theorem 4.3:We have the following inversion formulas for the operators X a.p and ‘xa.ﬂ 3

forall fEHL . f=x,5 0T 0% 40,

i) forall fe HT . f=x50% 50 U,

ii) forall f € M, F="%, gox, 50 T (0,

iv) forall fe ng , f= 'xa‘no m O Xgp ().
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CLOSED MODEL STRUCTURES FOR ALGEBRAIC MODELS
OF r-CONNECTED SPACES

Antonio R. Garzén and Jesis G. Miranda!

Presented by P. Ribenboim, F.R.S.C.

ABSTRACT. In this Note we give, for any r > 0, a Quillen’s simplicial model structure
to the category Simp(Gp) of simplicial groups where the weak equivalences are those
morphisms f, such that m,(f,) is an isomorphism for ¢ > r + 1. We then make explicit
typical constructions for the associated homotopy theory as the cylinder and path ob-
jects and the loop and suspension functors, and we show that this homotopy theory is
equivalent to the homotopy theory in the category of the r-connected spaces.

1.PRELIMINARIES - In what follows, Simp(Gp) will denote the category of simplicial
groups and if G, € Simp(Gp), N.(G.) and 7.(G,) will denote the normalized complex
and homotopy groups of G, in the sense of Moore. The n-th-simplicial kernel of a
(n — 1) truncated simplicial group G,,,, denoted A"(G.,,), is the subgroup of (Gat)™*
whose elements are those (Zo,...,Zs) such that diz; = dj-,z; for i < j. Using this
simplicial kernel construction, one has a functor, cosk™™, from the category of (n — 1)-
truncated simplicial groups to Simp(Gp), which is right adjoint to the (n —1)-truncating
functor, tr*~!, which truncates the simplicial group at dimension n — 1. We will denote
Cosk™ ! = cosk®'tr"~' and A™(G,) = A™(tr"~'(G.))-

Given a (n — 1)-truncated simplicial group G, we will denote AZ(Gey), 0 < k < 71,
the group of open k-horns of G, which is the subgroup of (Gpn-1)" whose elements are
those (Zo,...,Zk,---,Zn) such that d,z; = dj_\zi, i < j, i,j # k. For G. a simplicial
group, we will denote A}(G,) = AR(tr"~'(G.))-

The category Simp(Gp) is a simplicial category (see [6]) where the function complex
Homgimp(Gp)(Ge, He) has as n-simplices the simplicial maps F,: G, x Aln} = H, such
that F; : G, = H,, given by Fi(z) = Fy(z,t), is a group morphism. Also, given a
simplicial set K, and simplicial groups G, and H,, there are simplicial groups G.® K, and
HX* where (G.® K,)n = ke]'tl( (Gn)e with (Gr)x = Ga, and (HX*) = Homsimp(set)(Ke %

Aln],G.). In particular, the simplicial group H2!! can be identified with the simplicial
group whose n-simplices are

{(z(!v--"xn) € H:I: / d;z; = diziy 1< 1 < n.}
and the face and degeneracy operators are given by:
di(Zo, - - -1 Zn) = (di1Z0s - - - dig 1 Tam 1y diZig1s - - diTn), 0K TS

5j(Zoy ... Tn) = (s_,-“:co,...sj“:z:_,-.s,zj,...,s,-x,.), 0<j<n

'Supported by DGICYT: PB94-0823
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If one considers the simplicial subset A [n) (respec. Aln,k]) of Aln] (see [2]), it is
easy to see that to give an element of A*(G,) (respec. AR(G,)) is equivalent to give a
simplicial morphism F A [n] = G, (respec. FA[n,k] & G,) where F is the free group
functor.

Proposition 1.1. Let f, : G, = H, be a morphism of simplicial groups. Then,

i) The natural morphism G, =+ H, X an(n,)A™(G.,) is surjective if and only if f, has the
RLP (right lifting property) with respect to the simplicial morphism F A [n] = FA[n]
induced by the canonical inclusion A [n] = A[n].

ii) The natural morphism G, — H, x A AR(GL), 0 < k < n, is surjective if and
only if f, has the RLP with respect to the simplicial morphism FA[n,k] —» FA[n] ,
0 < k < n, induced by the canonical inclusion Aln, k] = A[n].

A morphism satisfying the condition ii) will be called a Kan fibration in dimension n.

Lemma 1.2. Let f, : G, = H, be a morphism in Simp(Gp). Then f, is a Kan fibration
in dimension n if and only if N,(f,) is surjective.

The following lemma is used in the characterizations of the (trivial) fibrations given
in propositions 2.3 and 2.4.

Lemma 1.3. Let f, : G, & H, be a morphism of simplicial groups.

i) If f, verifies the RLP with respect to FA[n + 1,n + 1} = FA[n + 1], m,(f.) is
surjective and m,_1(f,) is injective, then f, verifies the RLP with respect to F A [n] —
FA[n).

ii) If f, verifies the RLP with respect to F A [n] = FAln], then m,(f,) is surjective
and 7,-;(f,) is injective.

iii) If f, verifies the RLP with respect to both morphisms F A [n + 1] = FA[n + 1]
and F A [n] = FA[n), then f, is a Kan fibration in dimension n + 1.

For r > 0, Simp(Gp), will denote the full subcategory of Simp(Gp) consisting
of the r-reduced simplicial groups, i.e., reduced to the identity in dimensions < r. The
inclusion functor I : Simp(Gp), — Simp(Gp) has a right adjoint E,, given by E,(G,) =
Ker(G. = Cosk™'G,) and also, it has a left adjoint L, which can be defined in a dual
way to E,. The category Simp(Gp), supports a closed model structure (see [7]) with
cofibrations and weak equivalences defined to be those morphisms in Simp(Gp), which
are cofibrations and weak equivalences respectively in Simp(Gp) and with fibrations
defined by the RLP with respect to the trivial cofibrations (the dual process to this one
has been studied in [1]).

If 7; denotes the category of the (r — 1)-connected topological spaces, then one has

Theorem 1.4. ([7], th 3.1 and th 6.1).- There is an equivalence of the homotopy theory
in 7; with the homotopy theory of the closed model category Simp(Gp);-1.
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2. THE 7-STRUCTURE IN Simp(Gp).- We will consider the distinguished classes of
morphisms given in the following:

Definition 2.1.- Let f, : G, = H, be a morphism of simplicial groups and r > 0.

i) f. is said to be an 7-fibration if it is a Kan fibration in dimensions > r + 1.

ii) f. is said to be a weak F-equivalence if my(f,) is an isomorphism for ¢ > r.

iii) f, is said to be an 7-cofibration if it has the LLP with respect to the 7-trivial
fibrations.

This kind of structure has been considered recently in the categories of topological
spaces and simplicial sets (see [4]). Note that, for r = 0, the above concepts give the well
known model structure in Simp(Gp), [6], and that this structure can be generalized,
in a complementary way to the 7-structure, by considering weak equivalences as those
morphisms inducing isomorphisms in the homotopy groups until dimension r (see 3] for
simplicial sets or topological spaces and (5] for simplicial groups).

Let us note also that all simplicial group is F—fibrant and that one has the following
sequences of inclusions

(fibs.) € (1~ fibs.) C
(triv. fibs.) C (T - triv. fibs.) C

wC(F-fibs.)C(r+1— fibs.) C ...

. C (F—triv. fibs.) C (r + 1 — triv. fibs.) C ...
Proposition 2.2.- If f, : G, = H, is an 7-fibration, [ is the image of N.(f.) and H.(J)
denotes the homology of the complex I, there is a long exact sequence

— ppi(Ker fo) — 741 (Go) — mr i (Ho) — 1 (Ker fo) — 7(G.) — H,(I)

and a factorization of the morphism m,(f,), 7r(Ge) —= H,(I) —».(H.) , where 7 is
injective.

Fibrations and trivial fibrations can be characterized in terms of lifting properties
(RLP) with respect to families of morphisms which have sequentally small domains, and
also, by using the Moore complex functor.

Proposition 2.3.- Let f, : G, — H, be a morphism of simplicial groups. Then, the
following are equivalent:

i) f. is an 7-fibration.

ii) f. has the RLP with respect to the families of morphisms FA[p, k] — FA[p] ,
p2r+1,0<k<p.

iii) Np(f,) is surjective for p > r + 1.

Proposition 2.4.- Let f, : G, — H, be a morphism of simplicial groups. Then, the
following are equivalent:

i) f, is an F-trivial fibration.

ii) f. has the RLP with respect to the families of morphisms F A [p] = FA[p] ,
pr+land FA[r+1,k| 2 FA[r+1,0<k<r+1

iii) Ngs+1(f,) is surjective, mg(Ker f,) =0, ¢ 2 r and 7,(f,) is surjective.
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Using the characterizations given in propositions 2.3 and 2.4, and the so called “small
object argument”, we can show the factorization axiom and the lifting axiom required in
the proof of the following:

Theorem 2.5.- With the definitions of 7-fibration, 7-cofibration and weak F-equivalence,
r 2 0, the category Simp (Gp) is a closed simplicial model category.

In the following we will characterize the ¥— cofibrations.

Proposition 2.6.- Let f, : G, & H, be a morphism of simplicial groups. Then fo is an
T-cofibration if and only if the following conditions are satisfied: "

i) f. is a cofibration,
ii) tr"='(f,) is an isomorphism,

iii) For any y € H, there is zo,...,z, € G, such that (f,(zo),... y fe(zr),y) € A™HY(H,).

Corollary 2.7.- Let f, : G, = H, be a cofibration of simplicial groups. If ¢r"(f,) is an
isomorphism, then f, is an F—cofibration.

Note that f, : F A [r] = FA[r] is a cofibration of simplicial groups with tr"~!(f,) an
isomorphism which is not an 7-cofibration. On the other hand, the morphism f, : FA[r+
1,k =» F A [r +1] is a cofibration of simplicial groups with tr*=!(f,) an isomorphism
(but tr"(f.) not) which is an F-cofibration.

The characterization of the 7-cofibrations applied to the morphism 0 — G, gives the
following:

Corollary 2.8.- A simplicial group is 7—cofibrant if and only if it is free and r—reduced.

Using Proposition 2.6 we can prove that the simplicial structure in Simp(Gp) is
compatible with the 7-model structure (see [6]) and so we have the following:

Teorema 2.9.- The category Simp(Gp), with the F-structure, is a closed simplicial model
category.
3 M Y F-. T -~ We use

the adjoint situation I I- E, to compare the homotopy theory associated to Simp(Gp)
with the F-structure and the homotopy theory of the closed model category Simp(Gp):;.

Proposition 3.1.- Let f, : G, = H, be a morphism in Simp(Gp),. Then:
i) fo is a cofibration if and only if I(f,) is an F—cofibration.
ii) /. is a weak equivalence if and only if I(f,) is a weak T-equivalence.
i) f, is a fibration if and only if I(f,) is an F—fibration.
iv) I(f,) is a fibration implies that f, is a fibration.

Proposition 3.2.- Let f, : G, = H, be a morphism in Simp(Gp). Then:
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i) f, is an 7-fibration if and only if E, f, is a fibration.

ii) f is a weak F-equivalence if and only if E, f, is a weak equivalence.

iii) f, is a fibration (weak equivalence) implies that E, f, is a fibration (weak equiva-
lence).

The counit in the above adjunction is a weak ¥~ equivalence and so we have (see th.
3, chapter 1,4 , [6]) the following:

Theorem 3.3.- The above adjunction induces, for r > 0, an equivalence of categories
Ho;(Simp(Gp)) =~ Ho(Simp(Gp),).

and an equivalence between the homotopy theory in Simp(Gp) associated to the F—structure
and the homotopy theory in Simp(Gp),.

Remarks:

1. Using Theorem 2.9 we have that, if G, is an 7-cofibrant simplicial group, G. ® A[l]
is a cylinder object for the F-structure, i.e., we have a factorization of the codiagonal
morphism

G.11G. 2 G, @ All] =2~ G,

where o is a weak T-equivalence and iy + %, is an F-cofibration.
Also, for any simplicial group H, , (which is 7-fibrant), we have

Homyosimp(cp))(Ge, He) =[G, H.]

where the member on the right denotes the set of simplicial homotopy classes of simplicial
morphisms from G, to H,. On the other hand, by using theorem 3.3, one has that

Hom”o;(Slmp(Gp))(Gu Ho) = Homﬂo(Slmp(Gp)')(Gn ErHo)

and this last set is (see [7], prop. 3.6 ) the set [G., E,H,] of simplicial homotopy classes
of maps from G, to E, H,, or equivalently, the set [G,, H.), since G, ® A[l] is a cylinder
for the F-structure.

2. For any H, € Simp(Gp) the simplicial group HA!M is a path space object in
Simp(Gp) for the 7-structure, since one has a factorization of the diagonal morphism

H, —2 o @2)

H, x H,
where p,(z) = (50T, . ..,5.T) is a weak T-equivalence and (8, 8,), induced by the mor-
phisms (3)a(Zo, - - ., Zn) = doZo and (8))n(Zo, - - - +Zn) = dn41Zn, is an F-fibration.

3. Given H, € Simp(Gp), the fibre of the morphism (8, 8,), QH., verifies that m,(H,) =
Tn-1(H,), n > 1, and it is weak equivalent to the loop complex associated to H, defined
in [2]. Then, both constructions determine the same functor Q : Ho(Simp(Gp)) —
Ho(Simp(Gp)) and then Q determines the loop functor Q¥ in Hox(Simp(Gp)) and there
exist natural equivalences at the level of the homotopy categories OF & QE,,, = EQ. -
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4.Given G, € Simp(Gp), the cofibre £G, of the morphism iy +1,, which can be identified
a8 (ZG.)n = %1 (Gn)is (Gn)i = Gu, determines a functor T : Simp(Gp) —+ Simp(Gp)
which is left adjoint to Q. Now, by remark 1, £ determines the suspension functor £ in
Ho 7 (Simp(Gp)) which is naturally equivalent to L,Z.

5. The functor 2 : Simp(Gp) — Simp(Gp) carries weak F-equivalences into weak
(r'=T)-equivalences, and so it induces a functor

Q : Hox(Simp(Gp)) = Ho;=;(Simp(Gp))
On the other hand, the suspension functor £ induces a functor
£ Ho—(Simp(Gp)) + Ho(Simp(Gp))
and the identity functor induces another functor
Ho;=(Simp(Gp)) — Hox(Simp(Gp))

The composition will be denoted by I : Ho—=(Simp(Gp)) — Hor(Simp(Gp)) and
this functor is left adjoint to Q : Hox(Simp(Gp)) - Ho—(Simp(Gp)) since, given
G., H, € Simp(Gp), we have

Homyosimp(Gp))(EGe, H,) = Hompysimp(Gp)) (EGe, E-H,)

= Hompo(simp(Gp))(Ges RE, H,) = Homyo(8imp(Gp)) (C't" E..\QH,) =
= Hompo—simp(Gp))(Ge, 2H,)

REFERENCES

(1] J.G. CABELLO and A.R. GARZON, Closed model structures for algebraic models of
n-types, J. of Pure and Appl. Algebra, 1995.

[2] E.B. CURTIS, Simplicial Homotopy Theory, Adv. in Math., 6, 1971, 107-209.

(3] C. ELVIRA and L.J. HERNANDEZ, Closed model categories for the n-type of spaces
and simplicial sets, Math. Proc. Camb. Phil. Soc., 118, 1995, 93-103.

(4] J.1. EXTREMIANA, L.J. HERNANDEZ and M.T. RIVAS, A closed model category
for (n-1)-connected spaces, Proc. A.M.S. (to appear).

[5] A.R. GARZON and J.G. MIRANDA, Homotopy theory for truncated weak equiva-
lences of simplicial groups, Preprint 1995.

(6] D. QUILLEN, Homotopical Algebra, Springer Lect. Notes in Math., 43, 1967.

(7) D. QUILLEN, Rational Homotopy Theory, Ann. of Math., 80, 1969, 205-295.

Departamento de Algebra
Fac. Ciencias, Univ. Granada
Granada 18071. SPAIN
AGarzon@goliat.ugr.es

Received November 29, 1995



mailto:AGarzon@goliat.ugr.es

C.R. Math. Rep. Acad. Sci. Canada - Vol. XVIII, No. 1, February 1996 fevrier
33

CLOSED MODEL STRUCTURES FOR n-TYPES
OF SIMPLICIAL GROUPS

Antonio R. Garzén and Jesiis G. Miranda!

Presented by P. Ribenboim, F.R.S.C.

ABSTRACT. We consider in the category Simp(Gp) of simplicial groups weak n-
equivalences, for any n > 0, as those morphisms f, such that m,(f,) is an isomorphism
for 0 < ¢ < n. With suitable definitions of n-fibration and n-cofibration we have a closed
model structure in Simp(Gp) whose homotopy theory is equivalent to that one in the
category of the connected and (n + 1)-coconnected CW-complexes. Cylinder and path
objects for this n-structure are then given and we show that the associated homotopy
relation is obtained by truncating the simplicial homotopy relation.

1.PRELIMINARIES.- From now on, Simp(Gp) will denote the category of simplicial
groups and if G, is a simplicial group, N.(G,) and m.(G.) will denote the normalized
complex and homotopy groups of G, in the sense of Moore.

Using the simplicial kernel construction, one has a functor, cosk™!, from the category
of (n — 1)-truncated simplicial groups to Simp(Gp). This functor is right adjoint to the
(n - 1)-truncating functor, ¢tr*~!, which truncates a simplicial group at dimension n — 1.
We will denote Cosk™! = cosk™~'tr"~!. The truncating functor tr"~! has also a left
adjoint, sk™"!, called the (n — 1)-skeleton functor, which can be described by iterating
the notion of n-simplicial cokernel (see [2]). We will write Sk™~! = sk"~'tr"~! and then,
this functor is left adjoint to Cosk™~!.

The category Simp(Gp) is a closed model category in the sense of Quillen, [6], where
the cofibrations were characterized as the retracts of the free simplicial group maps. Next
we recall some constructions in the homotopy theory associated to this closed model
structure.

For any simplicial group G, and I = A1}, G, ® I is the simplicial group with (G, ®

+1

Iy = ’.ll_lo(G,,).-, (Gn)i = G, Vi and natural simplicial operations. If G, is cofibrant, this
=i

construction gives a cylinder object for G, in Simp(Gp) since one has a factorization

of the codiagonal morphism, G.lIG. 222G, ® I “—+G,, where o,, which is the
morphism induced by the identities, is a weak equivalence and io + i;, which is the
induced morphism by the first and last inclusions respectively, is a cofibration.

Given H, € Simp(Gp) recall that H! = Homgimp(sets)(I, He) is the simplicial
group whose n-simplices are (H!), = Homsgimpsets)(! X Aln], H,) = {(zo,....,Zn) €
HMH [ dizi = dizi-y,1 < i < n}. H! is a path space object for H, in Simp(Gp) since

L] 'a
one has a factorization of the diagonal morphism, H, — H! @A), x H, , where s,

is a weak equivalence and (8, 8,) is a fibration.

!Supported by DGICYT: PB94-0823
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These cylinder and path constructions determine adjoint functors
~® I+ (-)' : Simp(Gp) — Simp(Gp)
and also they determine adjoint functors (suspension and loop functors)
L+ Q:Simp(Gp) — Simp(Gp)

where IG,, which is the cofibre of the morphism io + iy, is the simplicial group with
(ZG.)a = L (Gn)i, (Gn)i = Gn Vi, and QH,, which is the fibre of (8,8)), is the
1=

simplicial group with (QH,) = {(zo,...,2,) € H3}}! [ dizi = diziy 1 < i < n; dozg =
dny1Zn = 0}-

The category Simp(Gp) is a closed simplicial model category, (6], where the function
complex Homsg;mp(Gp) (G, He) has as n-simplices the simplicial maps F, : G,xA[n] = H,
such that F; : G, — H,, given by Fi(z) = Fy(z, t), is a group morphism. Given morphisms
Jo190 : Go = H,, f, is simplicially homotopic to g, if f, is homotopic to g, when f, and
9o are regarded as 0-simplices of Homgimp(cp)(Ge, Hs). A simplicial homotopy from f,
to g, is then a simplicial map F, : G, x I — H, such that F; : G, — H, is a group
morphism and such that dyF, = f, and d,F, = g,. This is equivalent to give either a
simplicial morphism «, : G, ® I — H, verifying x.ip = f, and x.i, = g, or a simplicial
morphism «x; : G, — H! verifying Gy« = g, and s, = f..

Note that to give such a morphism «, is equivalent to give a system of morphisms
(k} : Ga = Hy, 1 < j < n) satisfying the following identities:

Aokl = fo-1do | dik} =K}-d; fori<j | sk} =k;''s; Jori>j
Ankp = gn-1dn | dik? =k37'd; fori> j | sik? = k3tls; fori<j

Note also that to give such a morphism &/, is equivalent to give a system of morphisms
(A} : Gn = Hpy1,0 < j < n) satisfying the following homotopy identities with respect
to the face and degeneracy operators:

dohg = fu dnihy =gn | dih? = h-1d; fori<j;
sihj™ = hjy s fori<j djs1h3yy = djnh}
sh?' =h%,_, fori>j d;h? = h?~'d;_, fori>j+1

The equivalence between both systems of morphisms is given by the rules kP =d;h?
and h? = klHls;.

Let us consider now the full subcategory of Simp(Gp) whose objects are those sim-
plicial groups with trivial Moore complex in dimensions > n. This category, denoted
n — Hypgd(Gp) because it is the category of n-hypergroupoids of groups in the sense of
Duskin-Glen, [4], was showed as a closed model category in [1]. The fibrations and weak
equivalences were defined as those morphisms which are fibrations and weak equivalences
respectively in Simp(Gp), and the cofibrations were defined by the LLP with respect
to the trivial fibrations. This category is a reflexive subcategory of Simp(Gp) and if P
denotes the reflector functor, the adjunction P - J induces an equivalence of categories
(see [1])

Ho(n — Hygpd(Gp)) = Ho(Simp(Gp)|n — coconnected)
where the member on the right denotes the full subcategory of the category Ho(Simp(Gp))
whose objects are those simplicial groups n-coconnected, i.e., with #; = 0 fori > n+ 1.
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Thus one has an equivalence between Ho(n — Hypgd(Gp)) and the homotopy category
of the (n + 1)-coconnected CW complexes.

2.THE n-STRUCTURE IN Simp(Gp).- Let us consider, for any n > 0, the pair of ad-
joint functors in Simp(Gp), Sk™*! - Cosk™*!. We then propose the following structure
in this category:

Definition 2.1.- Let f, : G, = H, be a morphism in Simp(Gp) and n > 0.
i) f. is said to be an n-fibration if Cosk™*'(f,) is a fibration in Simp(Gp).

ii) £, issaid to be a weak n-equivalence if Cosk™*+!(/,) is a weak equivalence in Simp(Gp).
iii) f, is said to be an n-cofibration if it has the LLP with respect to the trivial n-

fibrations.

It is clear with this definition that all simplicial group is n-fibrant for all n > 0.
Note that a similar structure has been proposed in [5] for crossed complexes and in
[3] for the categories of topological spaces and simplicial sets.

Proposition 2.2.- If f, : G, — H, is an n-fibration, I is the image of N,(f.) and H.(I)
denotes the homology of the complex I, there is a long exact sequence

e =t 7rn+l(Go) - Hn-{—l(l) - Wn(Kerf-) —bﬁn(G.) - WR(H.) e
and a factorization of the morphism 7,.(f.),
”n+l(GO) — Hn+l(l) — st (He)
where ¢ and vy are surjective.
Next, we characterize the (trivial) n-fibrations.

Proposition 2.3.- Let f, : G. — H, be a morphism of simplicial groups.

i) f, is an n-fibration if and only if N,(f.) is surjective for 1 < ¢ < n+ 1 and
Ker(Nny1(G.) = No(G,)) = Ker(Nny1(H,) = N,(H.)) is surjective.

i) f. is a weak n-equivalence if and only if m,(f.) is an isomorphism for 0 < ¢ < n.

iii) f, is a trivial n-fibration if and only if Ny(f.) is surjective for 0 < g < n+1 and
mo(Ker(f,))=0for0<g<n.

Proposition 2.4.- Let f, : G, =& H, be a morphism of simplicial groups.

i) /. is an n-fibration if and only if f, has the RLP with respect to FA[g, k] - FAlg),1 <
g<n+1,0 < k < q, and with respect to FA[n+2,k] = F A [n+2],0< k< n+2.

i) f, is a trivial n-fibration if and only if f, has the RLP with respect to F A g =
FAlg,0<g<n+1.
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Note that one has then the following inclusions of classes of morphisms:
{triv.fibs.} C ... C {(n +1) — triv.fibs.} C {n — triv.fibs.} C ...
... € {n-cofibs.} C {(n+1)~ cofibs.} C...{cofibs.}
We can now prove the following:

Theorem 2.5.- Simp(Gp) is a closed model category, for any n > 0, with the structure
given in definition 2.1 (this structure will be called the “n-structure”).

The cofibrant objects and the cofibrations in Simp(Gp) with respect to the n-
structure are characterized as follows:

Proposition 2.6.- Let G, be a simplicial group. Then G, is n-cofibrant, n > 0, if and only
if G, is cofibrant (i.e., a free simplicial group) and G, = Sk"+!(G,).

Proposition 2.7.- Let f, : G, = G, L1 FU, be a cofibration of simplicial groups. Then f,
i8 an n-cofibration, n > 0, if and only if every element of U, is a degenerated simplex for
g2n+2

3.THE HOMOTOPY THEORY ASSOCIATED TO THE n-STRUCTURE - Next we will

use the adjoint situation P |- J to compare the homotopy theory associated to Simp(Gp)
with the n-structure and the homotopy theory associated to the closed model category
n — Hypgd(Gp) recalled in Section 1.

Proposition 3.1.- Let f, : G, = H, be a morphism in n — Hypgd(Gp). Then f, is
a fibration (resp. weak equivalence) if and only if I(f,) is an n-fibration (resp. weak
n-equivalence).

Proposition 3.2.- Let f, : G, = H, be a morphism in Simp(Gp).
i)If f, is an n-cofibration P(f,) is a cofibration.
i) f. is a weak n-equivalence if and only if P(f,) is a weak equivalence.
iii) If f, is an n-fibration then P(f,) is a fibration.
If Ho,(Simp(Gp)) denotes the homotopy category of Simp(Gp) with the n-structure

and we use the criterion for an equivalence of homotopy theories given by Quillen in [6],
we have:

Theorem 3.3.- The adjunction P - J induces, for n > 0, an equivalence of categories
Ho,(Simp(Gp)) = Ho(n — Hypgd(Gp))

and an equivalence between the homotopy theory in Simp(Gp) associated to the n-
structure and the homotopy theory in n — Hypgd(Gp).
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Remarks:

1. Let G, be a simplicial group and let G, ®, I be the simplicial group defined by the
following pushout diagram (where I =A (1

Sk G, ® ) —+G.® I
Sk"""(io+i|)l To+n
Sk (G, @ 1) 2+ G, ®n 1

If G, is n-cofibrant we have a factorization of the codiagonal morphism

GG, =G.® Iy —" + G, ®, I =+~G.

where @, is a weak n-equivalence and i, + 1, is an n-cofibration and so G, ®, I is a
cylinder object for G, in Simp(Gp) with the n-structure.

Note that Coker(Sk™*!(ig + i;)) & Coker(ip + 1) ="L(G.), the suspension functor
in Simp(Gp) for the n-structure. On the other hand we have that

Coker(Sk™!(ig + 1)) = Sk™*(Coker(io + 1)) = Sk™'(Z(G.))

and therefore "I(G,) = Sk"*(Z(G.,)).
It is not very difficult to prove that the following pushout diagram also gives a cylinder
object for G, with respect to the n-structure

Sk'G. @ Ip—+G.® I,

|

Sk"G, @ I —=G,®, I
and then, one deduces casily that "£G, and L(Sk"G,) are weak n-equivalent.

2. Given H, € Simp(Gp) consider the simplicial group ,H! given by the following
pullback diagram
nH! — (Cosk"*'H,)!
(30.51) l 1(00.01 )
Hlo — (Cosk™+'H, )"

This construction gives a functor which is clearly right adjoint to the first cylinder
functor defined in 1) and we have factorization of the diagonal morphism

H =12y« H, = H

where 3, is a weak n-equivalence and (Jy, 3, ) is an n-fibration. Thus, ,H! gives a path
object for H, in Simp(Gp) for the n-structure.

Note that "QH, = Ker(0p,d,) = Ker(6,d,) = Q(Cosk™'H,). This functor "Q is
right adjoint to the suspension functor "Z.
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3. Given f,,g. : G. = H,, we can truncate the concept of what a homotopy from f, to
g is, in two different ways.
On the one hand, we say that f, is n-homotopic to g, if there is a system of morphisms
{kf : Gy, = Hp,1 < p<n+1,1<i< p} satisfying the identities
QoY = Jpido | G =Kidy Jori<j | sk =k fori>;
dok® =go1dp | ikl =K;'d; fori>j | siki=kilisi fori<j
On the other hand, we can say that f, is n-homotopic to g, if there is a system of
morphisms (hY : G; = Hy41,0 £ ¢ £ 1,0 £ j < g) satisfying the following homotopy
identities with respect to the face and degeneracy operators:

dohd = fq dg1hd = g, d.h} = h}:: i fori<j
Sih;-‘ = h}+13i for i< J dj+|h}+l = dj.th
sihi™' =his;., fori>j dhi=h""d,_, fori>j+1

The first concept of n-homotopy is equivalent to the concept of homotopy which is
derived from the first cylinder object defined in 1) (or equivalently from the path object
defined in 2)), i.e., f, is n-homotopic to g, if and only if there is a simplicial morphism
Ko : G ®n I = H, such that k(T + 1)) = fo + Ge-

The second concept of n-homotopy is equivalent to the concept of homotopy which is
derived from the second cylinder object in 1), i.e., f, is n-homotopic to g, if there is a
simplicial morphism «! : G, ®}, I = H..

It is not difficult to see that the morphisms %y, 1; : Go = G. ®, I are n-homotopic in
the second sense, so that there exists a morphism G, ®, I =+ G, ®, I. This gives that
the first concept of n-homotopy implies the second one. Now, if G, is n-cofibrant (since
H, is always n-fibrant), both concepts of n-homotopy coincide, because, they are just the
left homotopy relation derived from the n-structure.

Note that for any abelian group the morphisms 0, Id : K(4,n+1) = K(A,n+1) are
n-homotopic but obviously they are not simplicially homotopic.
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A NOTE ON THE 12(g — 1) BOUND

RUBEN A. HIDALGO
Presented by H.S.M. Coxeter, F.R.S.C

ABSTRACT. In these notes we consider a particular family of groups of conformal
automorphisms on closed Riemann surfaces of genus at least two. We sec that
the order of such groups are bounded by the classical 12(g—1). Asa consequence,
we obtain the results in [5] and [4]. We also obtain the following: (1) Let H be
a group of conformal automorphisms on a stable Riemann surface R of genus at
least two, with at least one node, with the property that: if for some h € H we
have that h* keeps invariant a component R; of R minus its nodes and it acts as
the identity there, then A* is the identity. Then H has order at most 12(g — 1).
(2) Let K be a function group, different from a Fuchsian one, with invariant
component A. If K contains a group G such that A/G is a closed Riemann
surface of genus g > 2, then the index [K : G] is bounded by 12(g - 1).

In many articles appear the bound 12(g—1) for some type of groups of conformal
automorphisms on closed Riemann surfaces. Examples of groups with this bound
property are the following:

(1) groups of conformal automorphisms of a closed Riemann surface of genus
greater than one which can be lifted to some Schottky covering 5],
(2) groups of conformal automorphisms of a closed real Riemann surface of genus
at least two, with real points, that commute with the real structure [4).
In these notes we observe that a certa.tin family of groups of conformal automor-

phisms of closed Riemann surfaces of genus at least two, say g, have the property
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that their orders are bounded by 12(g — 1). The examples above are particular

cases of such a category.

First of all, we start with the following easy fact due to the Riemann-Hurwitz
formula. If H is a group of conformal automorphisms of a closed Riemann surface
S of genus g > 2, and S/H is different from an sphere with exactly three singular
points, then |H| < 12(g — 1). In fact, the Riemann-Hurwitz formula asserts that
Area(S) = |H|Area(S/H). But the smaller area for the quotient S/H, under the
assumption that it is not a sphere with exactly three singular points, is 7/3 (the
area of the sphere with four singular points of orders 2,2,2, 3). Then we have the
inequality Area(S) = |H|Area(S/H) < |H|r/3. Since Area(S) = 4n(g — 1), the
inequality |H| < 12(g — 1) follows.

The category of groups of conformal automorphisms we are interested in these
notes are the following. Let S be a closed Riemann surface of genus g > 2 and
T # 0 a family of pairwise disjoint homotopically independent simple loops on
S. Denote by N(X) the normalizer of £ in the free homotopy group of S. We
set Aut(X) the group of conformal automorphisms of S that preserves, up to free
homotopy, the group N(Z).

We have that the groups considered by Zimmermann and May have the property
that they leave invariant a family L as above. In particular, they leave invariant

N(Z). The main result is the following:

Theorem. The quotient S/Aut(X) is not a sphere with ezactly three singular
points. In particular, |Aut(Z)| < 12(g - 1).

Proof. Let us consider a regular covering 7 : A — S dcfined by N(Z), that is, a
smaller regular covering for which the loops in N(Z) lift to loops. This is a planar

covering [3].
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The group Aut(Z) can be lifted to a group K of conformal automorphisms of A
via 7. Set G the Deck group of the regular covering 7 : A — S defined by N(Z).
In particular, G is a normal subgroup of K of index |Aut(Z)|.

The planarity theorem of B. Maskit in [3] asserts that we may assume A to
be a connected open subset of the Riemann sphere and K a group of Mébius
transformations. Since the group G has finite index in K, we have that K is a
Kleinian group with A as invariant set inside its region of discontinuity. It follows
that K is a function group with an invariant component A containing A. Since
A/G C Do/G and A/G is a closed Riemann surface, we must have that A = O.

If S/Aut(T) = A/K is a sphere with exactly three singular points, then it follows
from a result of I. Kra [2] that K is a Fuchsian group and, in particular, that G
is a Fuchsian group. We obtain a contradiction to the fact that ¥ is a non-empty

family. (]

Another family of conformal groups that belongs to the above category is given
by the following. Let R be a stable Riemann surface of genus at least two. Assume
that R has at least one node. Set H the group of conformal automorphisms of R
with the following property: if for some h € H we have that h* keeps invariant
a component R; of R minus its nodes and it acts as the identity there, then h*
is the identity. One may now produce, after fattening the nodes of R, a closed
orientable surface S of the same genus as R, a group J of orientation preserving
homeomorphisms of S, an isomorphism 8 : J — H and a natural deformation
d: S — R satisfying dj = 6(j)d for all j € J.

The Nielsen realization theorem (1] asserts that we may assume S a Riemann
surface and J a group of conformal automorphisms. The family T in this casc
is given by the loops obtained from the fattening process of the nodes of R. It

follows from the above theorem that the order of H is bounded by 12(g — 1).
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Another result, direct consequence of the proof of the theorem and the results of
[3], is the following. If F is a function group with invariant component A, different
from a Fuchsian group, A/F is a closed R.ieniann surface of genus g > 2, and K a
Kleinian group containig F' as a normal subgroup (in particular, a function group

with the same invariant component) , then the index of F in K is at most 12(g—1).
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PAIRES DE GUELFAND GENERALISEES
ET LE GROUPE D’HEISENBERG

Kamel MOKNI

Presented by P.C. Greiner, F.R.S.C.

Résumé

La paire (Up o AHp q,Up ) est une paire de Guelfand généralisée. Nous déterminons
les distributions sphériques de type positif qui interviennent dans la formule
de Plancherel, et nous décrivons les représentations unitaires irréductibles de
Up.q A Hp ¢ qui leurs correspondent.

Abstract

(Upg A Hpq,U, ) is a generalised Gelfand pair. We determine the spherical
distributions of positive type wich appear in the Plancherel formula, and we
describe the correspondent irreducible unitary representations of Up q A Hp .

La notion de paires de Guelfand généralisées a été introduite par Thomas [3].
Dans ce travail on considére le groupe d’Heisenberg Hp , = IR x €? x C? muni du
produit: (tz1,22)(, 20, 28) = (t + t' + Im(*212") ="' 2222), 21 + 2}, 22 + 23)
Upq et Up x U, opérent sur H,, par automorphismes de la fagon suivante:
9(t,z) = (t,9(z)) de sorte qu'on a les produits semi-directs: G = Upq A H, 4
et G' =Up, x Uy A Hpq. (G',Up x Uy) est une paire de Guelfand et (G, U, q) est
une paire de Guelfand généralisée. Van Dijk a remarqué dans [4] que cette paire
est de Guelfand en utilisant d’autres arguments.

Si T est une distribution sphérique pour (G, U, ,) alors c’est une distribution
de type positif sur H, ; invariante par U, x Uy, une telle distribution se décompose
d'une facon unique suivant les fonctions sphériques de (G'. U, x U,). L'idée de ce
travail est de déterminer cette décomposition et d’utiliser I'unicité de la mesure de
Plancherel pour déduire la formule de Plancherel pour (G,U,,q) a partir de celle
de (G', U, x Uy).

Aux constantes de normalisation pres les fonctions sphériques de type positif
qui interviennent dans la formule de Plancherel dc (G, U, x U,) sont données pour
tout A € R*,1n,n € N par:

Brmont, 2) = ™M TF IR HED Lo (212, )L (1A122 )
LE-1etLi~! sont des polynémes de Laguerre. La formule de Plancherel s'écrit:

1 +
S0 = W/ z;N@A,,,.,,.w 9d)

6o étant la mesure de Dirac a l'origine de H, 4, elle correspond au noyau de
L*(Hp4). Pour ces résultats voir Mokni [1].
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1. Représentations admettant un vecteur distribution Up.q-invariant

Les représentations unitaires irréductibles de Hj 4 qui ont une restriction non
triviale sur le centre se réalisent dans les espaces de Fock-Bergman définis pour
A € IR® par H) l'espace des fonctions f holomorphes sur CP*? = CP x €7 telles
que:

/q:r+. 1£(G1s Ga)Pe~ I gy dy < oo

La représentation =, associée est définie par:
["A(ta 2y, 22)f](cl ,(;) - e—i‘\‘clxl((l .ll)elf\K(z-me-L}l(l'n I?+|‘,|')f(<l -2z, C'I - E)

Wolf a prouvé dans [4] que la classe de la représentation m est Up g-stable, et
qu’elle se prolonge en une représentation #, de Up A H, ; dans M. 7, est décrite
par Sternberg et Wolf dans [2]. Les représentations unitaires irréductibles de G
relatives aux 7 sont de la forme 75 ® v o v € U q.

Pour simplifier les notations, on va décrire les résultats pour A = 1, les choses
sont tout a fait analogues pour A quelconque. On pose 7 = #, et H = H,. Pour

de Zsoit Hy = {f € H,; f(r(;,%(g) = r4f(¢1,G2)} c’est I'adhérence du sous
espace de H engendré par les fonctions polynémes homogénes de degré n; en (;
et homogénes de degré n, en (; avec n; — ny = d. On note v, la restriction de
mu,., a Mgy et par ¥} sa contragrédiente.

Sternberg et Wolf [2] ont montré que v, est irréductible, et on a le théoréme
suivant.

Théoréme 1

Pour tout d € Z la représentation # ® U admet un vecteur généralisé non nul qui
est U, o-invariant , il est égal a:

Y il en)" G aa)”

m-n=d

2. Distributions sphériques et formule de plancherel

En remarque que pourd € Z, Hy = @ Hm(CP)@Ha(C?), Hm(CP) étant
m—n=d
I'espace des polynémes sur € homogéne de degré m.

. Bt s 1 m1 R
Le noyau reproduisant de Hy est égal a m;_d ;n—!((1.01> E(Cz.az) d’apres
le théoréme précédent, et le noyau reproduisant de Hn,(CP) ® H,(C?) est

1 m 1 n
'—"!(Cl,al) -;!(Cz,az) .

Ces propriétés nous donnent
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Théoréme 2
Les distributions sphériques associées aux représentations précédentes sont
données pour tout (A,d) € R* x Z par: AKg = z ®r,mn-

m-—n=d
La convergence a lieu dans D'(H, q).
Ce théoreme et la formule de Plancherel pour (G', U, x U,) donnent:

Théoréme 3

La formule de Plancherel pour la paire de Guelfand généralisée (Up g A Hp 4,U; o)

est donnée par
1 +
b = ;*'—'l/n;' Z AKqAPT9dA
dE€Z

Démonstration: La distribution § se décompose en somme de distributions
sphériques de type positif U, x Us-invariantes de la facon suivante:

1
5 = ___/ B3.m.alAPHIdA
° Lt R* nmzelN
1
- S [LTCT amais
d€EZ m-n=d

1

1
) / 2 aKalArtedx

Le fait que les K4 soient des distributions sphériques de type positif Up q-
invariantes et I'unicité de la mesure de Plancherel nous donnent le résultat.

3. Expression analytique des distributions sphériques

Pour ,K4 on a plus explicitement:

Théoréme 4
Pourd€e Z—{1-p,1-p+1,..,g—1} et A € R*, K4 est une fonction localement
intégrable de Hp o \ {z ; |21]* — |22|* # 0} et on a pourd > q - 1:

2 2
_ (23 [1 ES U £ 1 el | -
\Kalt z) = ldle=* == Liarp w1 (M1 = 122%]) sur [21] > |2

0 sur |z;| < |z}

pourd<1-—p:

| " - _ e 2- 101
-1

L7 (|Allz1]2 = |222]) sur |z < |2
Kalt,z) = == Ddrr g1 (A1 2 = |22 sur |21] < |za]
0 sur |2,] > |22]
Les égalités ont licu dans D'(Hpq \ {2 ; |21]® — |22|* # 0}).
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Nous avons vu dans le théoréme 2 un premier lien entre les distributions sphériques
de la paire de Guelfand généralisée et les fonctions sphériques de la paire de
Guelfand, nous allons maintenant établir un autre lien.

Pour (2,2) € Hp 4, soit ;) 'orbite de (¢,z) dans Hp , sous I'action de U, ,.

A une constante multiplicative prés Q(, ) posséde une seule mesure U, ,-invariante.
Pour une fonction f sur Hp 4 on notera par My .)(f) l'intégrale de f, lorsqu’elle
existe, par rapport a cette mesure.

Théoréme 5

Pour m,n € N tels quem—n > q ou n—m > p, pour presque tout (z;,23) € CP*?
la fonction sphérique ®,m, est intégrable sur Q,, ;,) et on a:

Axm—n(t: Z]’ 22) = CM(‘,Zl.lj)(¢xvm'n)

¢ est une constante ne dépendant que du signe de m — n, et I’égalité a lieu dans
D'(Hpg\ {z; |21f? — |22 #0)).

Bibliographie

[1] K.MOKNI: Analyse harmonique sur certaines paires de Guelfand. Séminaire
d’analyse Harmonique, faculté des sciences de Tunis 1982

[2] S.STERNBERG-J.A.WOLF: Hermitian Lie algebras and metaplectic repre-
sentations . Transactions of the American Mathematical society 238 (1978)(1 —43)
[3] E.G.F.THOMAS: The theorem of Bochner-Schwartz-Godment for gener-
alised Gelfand pairs.Functional analysis,”surveys and recent results III” K.D Bier-
stedt et B. Fuchsteiner ed.,Elseviers sciences publishers. B.V.1984

[4] G.VAN DIJK: Group representations on spaces of distributions. Russian J.
of Math. Physics, 2 (1994) 57 — 68.

[5] J.A.WOLF': Representations of certain semi-direct products. J.Functional
analysis 19 — 1975(339 — 372)

Faculté des sciences de Monastir
département de Mathématiques
5019 MONASTIR TUNISIE

Received December 19, 1995



C.R. Math. Rep. Acad. Sci. Canada - Vol. XVIII, No. 1, February 1996 fevrier 47

Chinburg’s Second Conjecture For Quaternion Fields

J.J. Hooper and M.V. Tran*

Presented by V. Snaith, F.R.S.C.

1 Introduction

Let N/K be a Galois extension of number fields with Galois group G(N/K). In 1] T. Chin-
burg introduced three important elements of the projective class group CL(Z [G(N/K))),
denoted Q(N/K,i) (for i = 1,2,3), which have become known as the Chinburg invari-
ants. In the case where N/K is a tamely ramified extension, the second Chinburg, invariant
Q(N/ K, 2) is equal to the class of the ring of integers of N (cf. [2]) and in this case M. Taylor
(10] proved that R(N/K, 2) is equal to the class Wayx in CL(Z [G(N/K))]) which is manufac-
tured from the Artin root numbers of the irreducible symplectic representations of G(N/K).
A. Frohlich and Ph. Cassou-Nogués extended the definition of the class Wyx to the case
where the extension has wild ramification, and the second Chinburg conjecture asserts that
for every N/K, Q(N/K,2) = Wy in CC(Z[G(N/K)]). There is additional evidence to
support such a statement. In particular, C. Greither has recently shown that this conjecture
holds for every abelian Galois extension N/Q of number fields having odd conductor.

In (3] it is shown that (N/K,2) — Wyx vanishes in the class-group of a maximal order
of Q[G(N/K)). Little further evidence is known except the results of S. Kim [4][5] which
verify the conjecture for all quaternion extensions, N/Q, for which the prime 2 is not totally
ramified.

In this note, we sketch the proof of the following extension of Kim’s result.

Theorem 1.1 Let N/Q be any Galois eztension with G(N/Q) & Qs. Then
(N/Q,2) = Wnyq € CL(Z[G(N/Q))) = (Z/4)".

2 Notations and Constructions

In this section we set out our notation and recall briefly the construction of the second
Chinburg invariant 2(N/Q,2). We follow the notation of [9, §6.1]. We begin by recalling
that the quaternion group of order 8, Qs, is defined via generators and relations as

Qs = {z!ylz’ = y" !l‘ =1and zyz-l = y-l }'

*The authors were partially supported by NSERC Postgraduate Scholarships during the course of this
work. .
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2.1 Totally Ramifled Qs-Extensions of Q,

Let N/Q be a Galois extension with G(N/Q) Qs in which the prime 2 is totally ramified.
Then N contains a unique biquadratic extension K/Q. We let E and L denote the comple-
tions of K and N, respectively, at the prime 2. Then it is well known that E = Q,(v/a, vb),
where either (A) ¢ = 3 and b = 10, or (B) ¢ = 2 and b = 3. Moreover the biquadratic
extension E/Q; is contained in precisely two Qs-extensions L/Q;, namely L = E(a), where
o = (1 + 3 + LB 4 ¥F) in case A and o? = +%(1 + v2)(V2 + V3) in case B. From
now on we shall refer in either case to the positive choice as ‘case I' and the negative choice
a3 ‘case II'. In all four cases we denote by 7, an appropriate choice of uniformising element
in the local ring O.

2.2 The map k and the module M
We begin by constructing the following diagram of Z[Qs]-modules and homomorphisms:

Ker(d) — Z[Qs]) ® Z[Q0) 4 Z[Qs)) =+ Z
kl il il .
L - L3 B oz

Here the bottom row is the 2-extension constructed in [7, p. 202] which represents minus
the fundamental class in H?(G(L/Q,); L*) & Z/8, while the upper exact sequence is the
beginning of the standard, periodic Z{Qs}-resolution of Z.

We construct the map k as follows. Let b, ¥ denote the free generators of Z[Qs) ® Z[Qs).
Thea the map d is defined by d(b) = z—1 and d(¥’) = y—1. Ker(d) is the Z[Qs}-submodule
of Z[Qs] ® Z[Qs] generated by ¢; = (1 + z)b— (1 + y)¥ and c; = (1 + zy)b + (= — 1)¥.

map i sends 1 to g and j(V) = mpty, j(b) = ¢3 where t;, t; € L] are chosen to satisfy
F(h)i7! = y(xL)xp® and F(t;)t5* = z(wp)ng’. The restriction map k is injective (cf. §2.3)
and we define M = L*/Tm(k). '

2.3 Imjectivity of the map k

Here we give an outline of the proof that the map k defined in §2.2 is injective. We first
note that it suffices to prove that k maps YV = (Ker(d)) N k~*(O*) injectively to Or°. Set
Yi={z€Y|z}z) =%z} andleto=(1+z+2*+2°)(1+y), 7= (1+z+ 22 +2°)(1 -y),
A=(1+y+4*+ 7)1 - 2) and p = (1 + 2y + (2p)* + (2y)°)(1 - 2) in Z[Qs]. Then
Y;0Q=(cY®Q) & (Y ®Q) @ (\Y ®Q) @ (rY ® Q), and we show that each of the four
factors maps injectively under k. This shows that k : Y; — (OL°),. is injective.
Since Y_ ® Q is a module over the rational quaternions Q[Qs)/(z? + 1), the map

k:Y_®Q— (Or°)- ® Q is injective because it maps ¢; — ¢; nontrivially. a

2.4 Construction of the Second Chinburg Invariant

In this section we recall briefly the definition of the second Chinburg invariant (N/Q,2).
Details may be found in [1] or [9).
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We first construct the local invariant at the prime 2, ; = Q(L/Q;,1 + X;). Setting
Xa = Zy|G(L/Q,))(a2), where for some t 2> 2,

a3 =21+ va+ Vb4 Vab+a), (24.1)

we compose the map k with themap L* — L*/(14X;) togetamap k' : Y2 ®Z — L*/(1+X3).
With this notation we have

Q, = [Coker(K')] — [Ker(K')] = [M] — [Ker(K)] € CL(Z[G(L/Q,)]),

where M is as in §2.2. Asin [9, §2.2.3] we define a locally free Z[Qs)-module, X, by specifying
its local completions, X,. In particular, the above X is the local completion at the prime 2.
By definition, the second (global) Chinburg invariant is (N/Q,2) = [X] 4 Q; in our case.

3 Proof of Theorem 1.1

As noted in the introduction, the results of S. Kim [4][5] reduce us to considering only those
quaternion extensions N/Q for which the prime 2 is totally ramified. But for such extensions
the results of sections 3.1-3.3 show that

Q(N/Q,2) = [X] + Qs = [X] + [M] - [Ker(K)] = Wijq € CL(ZIG(N/Q)) . O

3.1 Computation of [M]
In this section we show that [M] is trivial in CL(Z [Qs]) = Z/2. From the exact sequence

0 - E(Ker(d)) =+ L° + M =0

we obtain an exact cohomology sequence

0 = F(Ker(d)) > - (L°)% = M% = H'(Qs; k(Ker(d))) = 0.

Hence,
Mo B g = T & __
EKer(@) " (o), i(o¥))
It can be shown that j(ab) = o(t2) = 5 + 8a and j(ob¥') = o(nt)) = 2c, where a € Z; and
¢ € 54 8Z,. It follows easily that 2 ~ 1 in M9 and M = Z/2.

As in {9, Prop. 6.2.2] we have M_ = mf—:ﬁ%”. Direct computation shows that for
some u € O, k() = ;!{(1 +mp+ 7 +urd) ~ 1+ 7,4 ] +unf in L°/E* and k(c) =
1+ 3 4+ n} mod P§. Using the actions of 1 +z,1+y,z + v, the squaring map and the fact
that in L*/E*, 1} ~ uy for some uy € U] \ U§, we manage to generate every filtration level
Up/Uzt for n € N,n # 5. Since M- is a left Hz-module which is isomorphic to Hz/(Hz(z))
for some z € Hz, we have that |M_| > 4. This implies that

M_=(m14n8|n?=(1+r")=1€L*/E)=Z/20Z/2.
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Using the methods of [9, §6.2] it can be shown that |[M,| > 2%, and so | M| = |[M_|-|M,| =

We now use the actions of z+1,y+1,z2+1,z +y and the squaring map on the leading
terms in the expansions of k(c,) and k(c;) to compute the filtration levels generated by the
k(c;)'s and deduce that ‘

M= (m,14+7°|7'% = (1+ 2% =1 e L*/k(Ker(d))) = Z/16 & Z/16.
Lemma 8.1 [M] is trivial in CL(Z[Qs]) = Z/2.
Proof: Consider the induction map Inda‘) : CL(Z(z)) = CL(Z[Qs)). Since (z) = Z/4,
CL(Z(z)) = 0, and since Ind(3((Z/16]) = [2/16 & Z/16],
(M) =(Z/16©2/16) =0 € CL(Z[Qs]) O

3.2 Computation of [X]
The purpose of this section is to sketch the proof of the following result.
Proposition 3.2 In CL(Z[Q,)),

| Wanjq incasell *

As in [9, 6.3.2] we let 1, x1, X2, X1x2 and v denote the irreducible complex representations
of Qs, where x3,x2 and x1x2 are one dimensional and v is two dimensional. The Hom-
description representative of [X] — Wivq is (cf. equation 2.4.1):

xv-){h'%jl , ifp=2

1 , otherwise ~

Here (-|-) denotes the resolvent homomorphism while 7(x) denotes the local Gauss sum.
Define
h:RQ) =23 by h(x) 2/ =zl
and x4:(Z/8) =+ {£1} by x4+(-1)=1 and x4(3)=-1.

Then, in CL(Z[Qs]) = (2/4)

=¥ — _(aaly)  ((aall+x1+x3 +X1X1))
H=[X]-Wuo= () Y\ (14 x1 + X3+ x1x3) ol

Further computations show that (kere W; = Wq,(v) denotes the local root number at 2
applied to v)

—J 1 mod4,incasel _J -1 incaseA |
(“"")={-1 mod 4, in case I W"{ 1 incaseB
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2°.15 incase A
and (tull+x:+x:+x:x=)={ 20.3 incaseB °

Letting f(v) denote the Artin conductor of v, we compute that
)= II P’ =1mod 4.

P ramified in NIQ
p#2
Using the fact that Wiinite(v) = Tl finie W (v) = /T(#)7(v), we deduce that

H=1!" (D"') X+(Do) mod4 incasel
- (ﬁ;; x+(Do) mod4 incasell ’

where Do denotes the odd part of \/Dg/q.
The result follows, since (-g—;) x+(Do) = 1. o

3.3 Computation of [Ker(¥ )

In this section, we state the results needed in the computation of [Ker(k’)]. Following [9),
we use the formula given in [11), p. 88:

lo) = g(v) (1) 98 GO+xi+x+x1x3)) ( mod 4) .
In our case, for o, 7,p, A defined as in the proof of the injectivity of the map k, we compute
o(t2) mod Ug,, 7(t2) mod Ul ), A(ta/7t1) mod U(l)l,(\ES)’ A(mty) mod Ua.(\/i) and k((1 -
z%)(cy — ¢2)) mod U}® to get

34+8Z; incaseA
g(1) € 1 4 82,, Q(Xl)e{'(.'.gz, in case B °

7+8Z, i A
g(x1x2) € 1 +8Z,, y(x:)E{3 +8§: ;:zzB.

1+4Z; incasel
— 9(")6{3+4z, in case II *

Finally, using the above formula for [g], we have

—1)(3/4)ts,(5)
certk = bl = { 3y Koromcs

~1 mod 4, incasel
l1mod4, incasell °

nm
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On A Parametric Diesel Function

Arcadii Z. Grinshpan and Mourad E.H. Ismail*
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Abstract

We consider the solution of a nonlinear differential equation related to dicsel fuel spray. We
investigate monotonicity properties of the logarithmic derivative of the solution. This work
was motivated by an inverse problem in diesel engineering.

1. Introduction. One of the componeats of the parameterization method for mathemati-
cal models is the introduction of a suitable parametric representation of the characteristics under
consideration. Parametric representations play a significant role in solving some technological prob-
lems. In the cases we are interested in, the appropriate parameter is a function . For example
the phenomenological model of atomized liquid spray uses to introduce the necessary functional
parameter through a differential equation. This model is the basis for computational problems of
the diesel working process. For details and references see [3]. It also leads to purely mathematical
questions whose solutions are of independent mathematical interest and may bhave applications to
Engineering.

We shall consider the parametric representation for the case of simplified ideal diesel fuel spray.
This is the case of constant injeclion pressure and negligible evaporation. According to the model
in (4] and [2] the fuel spray length S may be represented as

S(r,V,K) = y(z)VV?*|K, z=KV'’s,
where the monotone increasing function y(z) satisfies the nonlinear initial value problem
" 1-y)? no ’
an =gy, as0 yo=0y0) =1

Here 7 is time, V is the rate of injection, @ > 1 and X > 0 are constants (independent of 7) but
depend on the physical properties of the gas and fuel involved. It is often assumed that o = 3/2,
which is the average value of a, in some sense [4]. The function y is a parameter in the system which

*Rescarch partially supported by NSF grant DMS 9203659.
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includes some other equations, [4], [5), [2]. In [2] strong numerical evidence has been established to
support the assertion

(12)  [s¥'(=)/y(z)) <0, for a=3/2 andz>0.

The property (1.2) can be used to prove the following. Given any two points on the spray curve
(71,8) and (73, 83) with 7; < 7; one can find the corresponding values of X and V and a unique value
ofz, z>0, K = ‘/: y(z)/(s1m) and V = z8,/(y(z)n) if and only if (r2/11)' < 82/sy < 1af71.
Necessary and sufficient conditions, such as the ones mentioned above, allow us to investigate some
inverse problems for diesel fuel spray. The question is to search for connections among the conditions
of the injection from the knowledge of the parameters of the diesel spray [4). It turns out that the
inequality (1.2) is just one inequality among many properties of the logarithmic derivative of the
function y.

Recall that a function f defined on an interval ] is completely monotonic on I if it has derivatives

of all orders on I and (-—I)"—{ > 0 for z € I. When I is (0,00) we say that f is completely
monotonic. Bernstein's theorem, [10], asserts that f is completely monotonic if and only if there is
a positive measure dy supported on a subset of [0,00) such that f(z) = o e~*'dp(t),z > 0. An
important concept in probability theory is the concept of infinite divisibility, (1}, The connection
between infinite divisibility and complete monotonicity of measures supported on subsets of [0, c0)
is the fact that dp is infinitely divisible if and only if 53 e™*'du(t) = &™) where h(0) = 0, h is
infinitely differentiable on [0,00) and A’ is completely monotonic. Note that

W(z) = —-F(z)/F(z), with F(z)= /: e=dp(t).

This raises the question of complete monotonicity of —F'(z)/F(z) for certain functions F. In the
cases of specific probability distributions F is usually a special function and special function methods
bave used to establish the complete monotonicity of several quotients of special functions and the
infinite divisibility of the corresponding probability distributions, see for example [9]. Since many
special functions are solutions of linear differential or difference equations with suitable boundary
conditions one would like to establish criteria for the complete monotonicity of logarithmic deriva-
tives of solutions of differential equations. This led to the interesting work of P. Hartman [6), [7], [8]
on the complete mononicity of the logarithmic derivatives of solutions of linear ordinary differential
equations.

In this paper we give some support to our conjecture that (1.2) is just an instance of the
complete monotonicity of zy(z)/y(z) for & in an interval containing & = 3/2. It is clear that
the above conjecture implies the infinite divisibility of a probability distribution whose moment
generating function is exp{— J ty'(t)/y(t) dt}. The differential equation (1.1) is nonlinear and as
such does not fit into Hartman’s theory. This raises the question of possible extending Hartman’s
theory to include nonlinear differential equations such as (1.1).
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2. Some Recurrence Formulas. In (1.1), let a € {1,00) and

y= iC,.z", C| =1

n=1
The next sct of calculations uses only properties of forinal power serics. We shall prove that the
differential equation (1.1) has a unique formal power series solution. In particular this will show
that (1.1) bas at most one solution which is analytic in a ncighborhood of z = 0.

We shall first establish some recurrence formulas for logarithmic derivative of the function y.
From the above series for y we find that (1.1) implies the following recurrence relations

(21) i((n +2)(N +3)Cny2+9n) Cra2-n =0, N=0,1,.

where the coefficients g, are defined by

22) WEF= g;guz". go=1

Equation (2.1) leads to the following recursive definition of C,,

(23)  Casz=[(N+1)(N +6)7'6 Z ((V + 3)(n +2)Cns2 + 9n) CN42-n — 9N)-

Note that g, depends only on Ca,++Cas, hence the right-hand side of (2.3) contains only
CE."‘CHV+v

(-] (-~
Lemma 2.1 Lel ¢ = Ea,,::", ag = 1, be a formal power series and let ¢° = S Pz, a€ .

n=0 n=0
Then Py =1 and

k4

(24) Pn= ,.aN_..(a(N ~n)-n), N21

IIM

W
Proof. The formal power series identity a¢®d = (¢°) ¢ casily implies (2.4).

Using Lemma 2.1 and (2.2), we obtain

@25) o= % gn(N +1=n)ChsronlalV —n)—n), N21.

uMz

Let

(26) h(z) = zy'(z)/y(=) = <;fi'h,,z“.
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It follows that hy = 1 and
N-1
(2'7) hN(a) = hN = NCN+I = E hnCN-H-ln N21

a=l

The relationships (2.3), (2.5) and (2.7) define the sequence {k,(a)}S’ recursively for any a < oo.

Now we consider the limiting case a — 00. Let y(z) = z + g(z) in (1.1). Then

Il~_ﬁ_ ne
(28) g¢"= 2 (1+¢).

Again, we use only properties of formal power series. Let

Jim o (Z) = s(a),

then
Jimog (2) = ra), and Jim g (Z) = s(a).
We have from (2.8)

@9 f'= -# e b Jl)e f;’ fuz™

Equation (2.9) gives

(2.10) g((" +2)(N + 3)fnt2+¢n) IN42-a =0, N=0,1,.:-
where the cocfficients ¢y are defived by

(211) ') = iq,,:", =1

Lemma 2.2 For cvery N 2 1
1 N-1
(2'12) gNn = 'l'v' E qu(N +1- n)(N - ")IN+I—nt
n=0

where coefficients f, and g, are defined by (2.9) and (2.11) respectively.
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Proof. Equating like powers of z in the identity f*e¢/' = (e")' gives (2.12).
Using (2.10) and Lemma 2.2, we have for N =0,1,...

N-1
(2.13) frsa= WI(N-M) 6 g ((N 4+ 3)(n + 2) fas2 + ¢a) IN42-0 - q~] .

It is casy to see that for A defined by (2.6)

i, (4(2) - 1) o= 10 - 222
We define
/

(2.14) ho(o0) :=1, h,.(oo)::{f’—-;} =nfo4r, =12,

Formulas (2.12), (2.13) and (2.14) define the sequence {h,(00)}g” recursively.

3. Number of Alternating Signs. Let N(a), a € [1,00] be the maximum number n € N
such that

h(a)he—1(a) <0, e=1,...,n
where coefficients A, are defined by (2.7) or (2.14). Since hg = 1, h; = -1/6 for any a, and
o 1 1
hy(a) = -3 < oo and bhy(o0) = TR

36
we conclude that N(a) > 2 for a € [1,00). The recurrence relations of Section 2 yield

N(1)=3, N(1.1)=5 N(1.2)=19, N(1.21)=159.

Further calculations show that the function N(a) is rapidly increasing and a computer search
indicates that it is very likely to be unbounded for « € [3/2,00). For example,

N(1.25) > 600, N(1.3)> 1,600, N(1.35)> 4,000.

(87)

flow in computations. The corresponding logarithmic derivative is h(z) with the Taylor coefficients
hB(n=0,1,...).

It secms reasonable to expect that, in fact, N(a) = oo for a in some interval |ag,a;]. The
above-mentioned ideas and many computer calculations of function k and some of its derivatives

We used the function ¥ instead of y(z) with some suitable value of # > 0 to overcome over-

led us to the following conjecture.
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Conjecture 8.3 The function h is completely monotonic Jor any value of the parameter a €
lao, @y}, for some a5 € (1.2,1.5} and ay € (1.5, o0].
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