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A New Invariant of Local Rings

Chikashi Miyazaki* Wolfgang Vogel

Presented by P. Ribenboim, F.R.S.C.

Abstract

We introduce the following invariant of local ring A:
n(A) = sup{ta(4/q)/e(q; A)},

where the supremum is taken over all primary ideals q belonging to the maximal ideal of A. We
describe n(A) in two cases: A is generalized Cohen-Macaulay and A is the coordinate ring of 2
nondegenerate projective variety with deg(X) < codim(X) + 2.

‘1 Introduction

The aim of this note is to study the problems stated in [11]. In 1965, D.A. Buchsbaum
posed the problem to describe the difference between the length and multiplicity of ideals
generated by systems of parameters by an invariant (see, e.g., [9]). An extended problem
of [11) considers the same question for the quotient. More precisely, let A be a Noetherian
local ring with maximal ideal m and q an m-primary ideal. We define an invariant of A
as follows:

n(A) = sup{¢a(A/a)/e(q; A)},

where the supremum is taken over all m-primary q, and £4(A/q) and e(q; A) denotes the
length of A-module A/q and the multiplicity of g in A, respectively (see, e.g., [7]). We
note that n(A) > 1, and if n(A) < oo, then we get a new invariant of the local ring A.

The important class of Cohen-Macaulay rings (see, e.g., [3]) is given in case n(A4) = 1.
The followmg theorem sheds some light on the importance of this invariant by describing
n(A) in two cases.

Theorem. Let k be an algebraically closed field. Let X be a pure-dimensional projective

subscheme of PY. Let A be the local ring of the cone over X at the vertez. Then we have

(i) If X is locally Cohen-Macaulay, then n(A) < 1+ I(A)/degree(X), and we have
equality provided X is arithmetically Buchsbaum.

(ii) If X is a nondegenerate subvariety with degree(X) < codimension(X) + 2, then
n(A) = 1 + (dim(A) — depth(A))/degree(X).

“This author would like to thank Massey University for financial support and the Department of
Mathematics for its friendly atmosphere while writing this paper.
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We note that there exists nondegenerate projective variety X with deg(X) =
codim(X) + 2 which are not locally Cohen-Macaulay. Therefore we conclude our note
with some examples.

2 Notation and preliminary results

Before proving our theorem we need to introduce some notation: Let k be an algebraically
closed field. By a graded k-algebra we mean a graded Noetherian ring A = ®n3044 such
that Ap = k and A is finitely generated over k by A;. From the point of algebraic geometry
we want to consider such graded k-algebras although it works mostly for finitely generated
modules over local rings. Let Hjy(A) be the local cohomology groups for i > 0, where m
is the irrelevant ideal of A. We set d = dim(A), and

d-1 d-1 .
=5 (47") i
i=0
If I(A) < oo, then A is said to be generalized Cohen-Macaulay, and Ca(A/q) — e(q; A) <
1(A) for all m-primary ideals q (sce, c.g., [10]).

We need to introduce strongly reducing system of parameters: A system of parameters
ay,--,aq of A is said to be a strongly reducing system of parameters if a; is not in any
prime p # m belonging to (a,---,a;-;) for any j = 1,---,d. Such systems of parameters
are generalizations of reducing systems of parameters in the sense of [1].

Lemma 1. n(A) = sup{ls(A/q)/e(q; A)}, where q runs through all m-primary ideals
generated by strongly reducing system of paramelers.

Proof. Applying [12], (VII1.22) we have an m-primary ideal q' C q generated by a system
of parameters such that e(q’; A) = e(q; A). Using Proposition 2 of [2], we see that g’ can
be generated by a strongly reducing system of parameters. This proves Lemma 1.

Moreover, we need the following lemma.

Lemma 2. Let X be a pure-dimensional projective subscheme of P} of dimension (d —
1) > 1. Let A be the coordinate ring of X and ay,---,aa a system of parameters of A.
Then we have

d
e((ar,- - ,aa)A; A) = deg(X) - ([[ deg(a.-)) .

Proof. The elements a,,---,a4 of A give raise to homogeneous polynomials fy,---, fa
of k[Xo,--,Xwn). The ideal I(Y) = (f1,---,fa) defines a complete intersection ¥ of
P). Since a;,--,aq is a system of parameters of A, we have X NY = 0. By taking
the cones over X and Y, denoted by ¢(X) and c(Y') resp., we get that the intersection
¢(X) N ¢(Y) is the vertex P. The reduction theorem of P. Samuel (8], (11.5.7.b) yields
that e((ay,- - - ,a4)A; A) = i(X,Y; P), where i(X,Y; P) is A. Weil's intersection number
of X and Y at P. Bezout's theorem provides i(X,Y; P) = deg(X) - deg(Y) = deg(X) -
(nf=, deg( f.~)) . This proves Lemma 2.
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3 Proof of the theorem

It is enough to prove our theorem for the graded k-algebra A = k[Xo,---, Xn]/I(X),
where I(X) is the defining ideal of X. We set the irrelevant ideal m = (Xo,---,Xn) of
A. We set d = dim(A) > 2 and r = depth(4) > 1.

(i) Let q be any m-primary ideal of A. Since X is locally Cohen-Macaulay, we have
s(A/q) — ea(q; A) < I(A). Thus we see £1(A/q)/ea(a;A) < 1 + I(A)/ea(q; A) <
1 + I(A)/deg(X) by Lemma 2. In Buchsbaum case we get the equality. Hence the
assertion is proved.

(ii) In case deg(X) = codim(X) + 1, we know that X is a variety of minimal degree.
Thus we see A is a Cohen-Macaulay ring, that is, n(4) = 1. Now let us assume that
deg(X) = codim(X) + 2 and A is not Cohen-Macaulay. By [6], Theorem B, we see
Hiny(A) = 0 for all i # r,d and H(A) = klyy,- -, ye1]¥(r — 2), where 1, ,yr—y
are algebraically independent elements of degree 1 of A. Firstly we want to show that
€4(A/q)/eal(q;: A) < 1 + (d — r)/ deg(X) for any m-primary ideal q. By Lemma 1 and
the proof of Proposition 2 of [2], we may assume q = (fy,---, fa) such that f;,---, faisa
strongly reducing system of parameters for A and f,---, f,-1 is a system of parameters
for k[y1,---,¥r—1]. Put d; = deg(f;) for all i. We set B= A/(fi, -, fr-1)A and §=qB.
Since f; is a non-zero-divisor of A/(f1,---,fic1)Afori=1,---,r — 1, we get ea(q; A) =
es(§; B), see, e.g., [7], (14.11). Thus we have €,(A/q)/ea(q; A) = €s(B/8)/es(d; B) <
1 + I1(B)/es(g; B) = 1 + I(B)/(deg(X) - I:=] d;) by using Lemma 2. In order to show
that I(B) = (d —r) - [1:2} di, we need the following claim.

Claim. Forj =1,---,r, we have Hin(A/(f1,--  fi-1)A) = 0 fori #r~j+1,d~j+1
and HiZ 7Y (A/(fr,- -+, fi-1)A)
= (k[yl" i vyr-l]/(.’h' . r-’}-l)klylv' . 'yf-ll)v(r - d' R b2 2)

Proof of Claim. We use induction. The case j = 1 follows from [6]. Let us consider the
case j > 2. Let us put R= A/(f,-, fj-2)A. By the short exact sequence

0= R(~d;c1) = R— R/f-1R =0

and the hypothesis of induction, we get Hin(R/f;-1R) = 0fori # r—j+1,r—j+2,d—j+1
and the exact sequence

0= H " (R/f;-1R) — H ™" (R)(~dy1) — H"**(R) — Hi”**(R/ f-1 R)-

Since H;ﬂ_j.n(n) = (klyh tee iyr-l]/(fl! s v.’}-?)klyh . ayr—l])v(r —dy == di-? - 2)
by induction and fj_, is a non-zero-divisor of k[y1, -+, ¥r—1)/ (1, * s fi-2)kly1, - ¥rma)s
we have Hyy'**(R/f;j-1R) = 0 provided r < d — 1, and Hp'*'(R/fi-1R) =

(Klyss == ye=al/(frs -+ fi=1))Klyas -+ s yr-a])¥(r — dy —--- — dj—y — 2). Hence the claim is
proved.

By the claimn we have
d-r

18 = 5 (477) eatinm
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1

(d - r) ¢ lﬂ(k[yl" hid 7y'-l]/(fl! b vfr—l)k[yh A 'yr-ll)

r=1

(@-r)-T]
i=1

Thus we sce £4(A/q)/ea(q; A) < 14+ 1(B)/(deg(X)TTi2] d:) = 1+ (d = r)/ deg(X). lence

we proved that n(A4) <1+ (d - r)/ deg(X).

Next we will show n(A) > 1+ (d—r)/deg(X). In order to prove this, we take a linear
stropgly reducing system of parameters z,-- -,z for A such that zy,---,z,., is a system
of parameters for klyy,--,yr—1). We set B = A/(z1,"+-,21)A, q = (21,*-,24) and
d = qB. Note that B is Buchsbaum by our claim. Hence £5(B/§)—ep(d; B) = I(B). Thus
we have £4(A/a)/ea(q; A) = €a(B/a)/en(d; B) = 1+1(B)/en(d; B) = 1 +(d—r)/ deg(X),
where the last equality follows from our claim and Lemma 2. Hence we see n(A4) >
1 4 (d - r)/ deg(X).

Therefore we obtain that n(A) = 1+ (d—r)/deg(X). This completes the proof of our
theorem.

4 Examples

We discuss in conclusion some examples. Following our introduction we want to study a
subvariety X with deg(X) = codim(X) + 2 which is not locally Cohen Macaulay.

Example 1. Let X be the surface given parametrically by
(s>, s, stu, su(s — u), u?(s — u)}.

Let A be the coordinate ring of X. Then we have the following facts: X is a irreducible
and reduced surface of degree 4. It follows from [9], (V.5.2) that X is not locally Cohen-
Macaulay. Our theorem shows that €4(A/q) < 2¢(q; A) for all m-primary ideals q.

This example gives a subvariety with n(A) < 2. However, there are subvarieties
with n(A4) > 2 which are even arithmetically Buchsbaum of codimension 2. Example 2
describes such varieties which show that Problem 1 of [11] is not true in general.

Example 2. Let k be an infinite field, and S = k[Xo,---,Xa),n > 4. Let E; be the
i-th syzygy S-module of k for ¢ = 3,---,n — 1. By the well-known theorem of Evans and
Griffith (see, e.g., [4]) there are prime ideals p; of S of height 2 such that S/p; is a normal
domain and we have the following short exact sequence:

0+ F—E —p,—0
with some free S-module F. This exact sequence provides

0 for g#i~1,n—-1

Hin(S/p;) =
k for q=i-1,

where m = (Xp,-:-,X,). Hence S/p; is a Buchsbaum ring. We can take a subring

R = klyo, - ,yn-2] of S such that S/p; is a maximal Buchsbaum R-module. We set

n = (¥0,"**,¥n-2) in R. By Goto's structure theorem [5], S/p; is isomorphic to the
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(¢ - 1)-th sygyzy module of R, say F;_;, as R-module. Since Is(S/p;) = Ir(S/p;) and
es((S/p:)/n(S/v:)) = €a((S/p:)/n(S/p;)), we bave only to consider the category of R-
module. Now let us calculate &(F;—y/nF;;) and I(Fi-1). By the construction of the
syzygy module, F;_; ® R/n is an R/n-vector space of rank (n — 1)!/((i — 1)}(n - i)!).
Hence we see

Er((S/p:)/n(S/p.)) = Er(Fizr[nFica) = ( '::ll ) '
On the other hand

sy = 1R =3 (5 ) enttiesn = (127 ).

=0

Note that for Buchsbaum R-module F;_,;
n-1 n-—2 n-—2
°(“'F‘")=( i-1 )'( i-1 )"( i-2 )
Thus we get by Lemma 2:
-2
deg(ps) = (1 5/p) = e(m; Fioa) = ( n-2 ) .

By our theorem, (i), we have

1(S/p:) ('::12) n-1
nS/P) =1+ Geglpy) =l+('-‘-22) o
i—

We apply this result in order to discuss Problem 1 of [11}. This problem is the following:
Let X and Y be irreducible and reduced subschemes of P}. Is then

2. deg(X) - deg(Y) > deg(X NY)?

Take X = X; given by the prime ideal p; of S for some i. Let Y be a complete intersection
of degree 1 such that dim(X NY) = dim(X) + dim(Y) — n = —1. By Lemma 2 and the
above calculations we get

n(S/p;) - deg(X) - deg(Y) = deg(X NY),
where we set deg(X NY) = deg(c(X)Nc(Y)). But n(S/p;) = (n—1)/(i—1) > 2 provided
n + 1 > 2i. Hence Problem 1 of [11] is not true in general.
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Incompatible Poisson Structures and
Integrable Hamiltonian Systems

Oleg 1. Bogoyavlenskij*

Presented by I.M. Sigal, F.R.S.C.

Abstract: Supplemental invariant Poisson structures P, which are incompatible
with the original Poisson structure P; are discovered for an arbitrary completely
integrable Hamiltonian system. For the non-degenerate case, the complete classi-
fication of the invariant Poisson structures P. is obtained. The instability of the
property of compatibility of the supplemental invariant Poisson structure P, with
P, is established. The concepts of dynamical compatibility (DC) and dynamical
compatibility in the strong form of pairs of Poisson structures are introduced.

I. In his 1978 paper [4] Magri proved, using the Lenard scheme, a general
Theorem that states that a dynamical system or system of partial differential
equations that preserves two compatible non-degenerate Poisson structures
(the bi-Hamiltonian system) is completely integrable in the Liouville sense.
Since then more than one hundred papers and several books were published
devoted to the investigation of the diverse properties of compatible pairs of
Poisson structures and bi-Hamiltonian systems. A review of these papers
and their extended bibliography is contained in monograph [6].

One of the well-known unsolved problems in this area is

The Inverse Problem. Are there supplemental invariant Poisson struc-
tures for a general completely integrable lamillonian system on a manifold
M", n = 2k, with a non-degenerate Poisson structure P,? Are they neces-
sarily compatible with P, ¢

*Supported by NSERC grant OGPIN 337.
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In the present paper we solve this problem. We derive the general and
previously unknown formula

6B(J)

we = d(—+—) ANdp, + dfa(I) A dl,, (1)
_ aH(l) _ !
Ju . a= 1,k (2)

in the action-angle coordinates Iy,-- -, Ix, ¢y, -,k Here B(J) and fo(7)
are arbitrary smooth functions of k variables. Formula (1) presents a contin-
uum of the invariant closed 2-forms w, and the invariant Poisson structures
P. = w_' for an arbitrary completely integrable Hamiltonian system with
the Hamiltonian function H.

In general the constructed Poisson structures P, are incompatible with the
original Poisson structure P, = wj', w; = dls Adp,. Magri’s definition
[4] of compatibility states: Two Poisson structures P and P, are compatible
if their sum P, + P, is a Poisson structure. This definition is equivalent to
the condition that the Schouten bracket [Py, P;] vanishes. Later Gelfand and
Dorfman in [3] and Magri and Morosi in [5] proved that the compatibility
is equivalent to the condition that the Nijenhuis tensor N4 vanishes where
A is the (1,1) tensor A = P, P;'. Therefore we prove the incompatibility
of the Poisson structures P. and P; by a direct calculation of the non-zero
components Nj;, of the Nijenhuis tensor in the action-angle coordinates.

II. The second well-known unsolved problem in the theory of compatible
Poisson structures is

The Stability Problem. Is the property of compatibility with P, stable
for the supplemental non-degenerate Poisson structure P; that is invariant
with respect to the completely integrable non-degenerate Hamiltonian system?

In Theorem 2, we prove that the compatibility property is unstable. Using
the key formula (1) and a method of “toroidal surgeries” we construct a
continuum of invariant Poisson structures Pc in any neighbourhood of P;
which are incompatible with P;.

IIL. Let Pfj be a non-degenerate Poisson structure on a manifold M",
n = 2k. A Hamiltonian system

&'=P°H, , H,=0H/0z" (3)
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is called completely integrable in the Liouville’s sense if it has k = n/2
independent involutive first integrals Fy(z),- -, Fi(z):

{F’j’ F't} = PlapF:baFloa = 0' (4)

The summation with respect to the repeated indices is taken everywhere in
this paper.

The Liouville Theorem [1] implies that almost all points of the manifold
M (excluding a set S C M®, dimS < n — 1) are covered by a system of
open toroidal domains O, C M™ with the action-angle coordinates I, - - -, Iy,
@1, -,k In these coordinates the completely integrable system (3) has the
form

oH
al;’
The symplectic structure w, has the canonical form w, = dl, A dp,. The
Hamiltonian system (5) preserves the symplectic structure w; and the Poisson
structure Py = w;': wy =0, B =0.

The action coordinates Iy, - -, I are defined in a ball

ij=0, ¢;= H=H(L,---, I). (5)

B, : 2":(1_, - I_,'o)z < r2. (6)

J=1

The angle coordinates ¢y, -+, run over a torus T, 0 < p; < 2, in the
compact case or over a toroidal cylinder T™ x R¥-™ 0 < m < k if the manifold
I;(u) = Ijo is non-compact.

IV. Let us consider a completely integrable Hamiltonian system (3) for
which the submanifolds of constant level of the k involutive first integrals are
compact. Almost all of these invariant submanifolds are tori T*:

T : L=c,---, Iy = cx, 0< @i <27 (7)

The completely integrable Hamiltonian system (3), (5) is called non-
degenerate if the condition for the Hessian

*H(I)
31,91, [I#0 (8)

is met almost everywhere in the action-angle coordinates

det ||
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Il:"',lln O1y* "y Pky i =(,9;mod(21r). (9)

In this paper we study the problem of the existence of supplemental invari-
ant non-degenerate Poisson structures for the completely integrable Hamilto-
nian system (3). This problem is equivalent to the investigation of all closed
2-forms w;; which are invariant with respect to the system (3).

Theorem 1 In the toroidal domain O C M™ defined by conditions (6) and
(7) a closed 2-form w, is invariant with respect to the completely inlegrable
non-degenerale Hamillonian system (38), (5) having compact invariant sub-
manifolds (7) if and only if it has the form (1), where B(J,---,Ji) and
Ja(hhy+ -+, It) are arbitrary funclions of k arguments.

Let us prove that any 2-form w, (1) is preserved by the Hamiltonian
system (3), (5). Using classical properties of the Lie derivative Lyw, = w,
with respect to the dynamical system (5) and substituting (2) we obtain

6B(J ) 0H, 3*B(J)

=d(—7—") A d( a) 37,07,

Therefore all 2-forms w, ( 1) are invariant with respect to the completely
integrable Hamiltonian system (3), (5).

The proof of the uniqueness of the invariant closed 2-forms (1) is presented
in our paper [2].

The invariant 2-form w, (1) is non-degenerate if and only if

a*B(J O*H(I
det s izo, de) L 1o (1)

V. Theorem 1 implies that in the action-angle coordinates the recursion
operator A = P, P! has the k x k block structure

A=(€' g) (12)

with the following entries (here and below we assume 1 < ¢,j,¢,m < k):

I 41 AdJ, = 0. (10)

Al =Bi(I), Al =0, A#t =gy, Ath=Bi(I), (13)
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0B,(I)
oI, '’
For any (1,1) tensor A3 the Nijenhuis tensor Ng, is defined by the formula

B = aun) = 2250, o) = g - fis

NGy = A5 Ap = A5 AL+ (A5, — Asp)Ar. (14)
After substituting formulae (13) into (14) the compatibility condition (3,5
Na(u,v) = 0 yields the system of partial differential equations

ik _ O*Bi(I)0Bm(I) 9*B;(I1)0Bn(I) _ 0 15

kT P11, 0L 0Ldl. dle (15)
If function B(J(I)) is generic then equations (15) are not satisfied and there-
fore the supplemental invariant Poisson structure P = w; ! (1) is incompat-
ible with the original Poisson structure P;.

VI. Assume that a completely integrable non-degenerate Hamiltonian
system (3) is given on a symplectic manifold M™, n = 2k, with a symplectic
form w; and Poisson structure P, = wy 1 Assume there exists a second
non-degenerate Poisson structure P; that is invariant with respect to the
dynamical system (3) and is compatible with the original Poisson structure
P, = w;'. The following theorem proves that for the supplemental invariant

Poisson structure P, the property of compatibility with P, is unstable.

Theorem 2 In any neighbourhood of the Poisson structure P, there ezists
a non-degenerate Poisson structure Pc that is incompatible with the Poisson
structure P, and invariant with respect to the Hamiltonian system (3).

The proof is based on formula (1) and on a "toroidal surgeries” method
that extends the symplectic structure (1) on the whole manifold M™. The
proof is presented in our paper (2].

VIIL. These results show that the notion of the compatibility of Poisson
structures and its counterpart, incompatibility, are conceptually inadequate
for a good insight into the diversity of the Poisson structure pairs. Therefore
we introduce the following

Definition 1 Two Poisson structures P, and P; on a manifold M™ are called
dynamically compatible (DC) if there ezists a non-trivial dynamical system
that preserves both of them.
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Any two Poisson structures which are compatible in the Magri sense are
dynamically compatible. But two dynamically compatible Poisson structures
P, and P, are not compatible if the corresponding Nijenhuis tensor N, is not
equal to zero.

Definition 2 Two Poisson structures P, and P, on a manifold M, n =
2k, are called dynamically compatible in the strong form if there ezists a
dynamical system that preserves both of them and is completely integrable
and non-degenerale with respect to some non-degenerate Poisson structure
P, and its invariant submanifolds are compact.

Theorem 1 implies that all constructed invariant incompatible Poisson

structures P, = w! are mutually dynamically compatible in the strong form.
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Lie Algebraic Invariants of Two
Compatible Poisson Structures

Oleg 1. Bogoyavlenskij*

Presented by G.F.D. Duff, F.R.S.C.

Abstract: An alternating (1,2) tensor is introduced for an arbitrary (1,1) tensor
A having multiple eigenvalues. For a pair of compatible Poisson structures and the
corresponding recursion operator A. this (1,2) tensor satisfies the Jacobi identity
and defines a structure of solvable Lie algebra in each tangent space T:(M").
Formulae for the commutator relations and the corresponding Cartan-Killing form
are presented for a generic pair of compatible Poisson structures.

I. During the last two decades more than one hundred papers and several
books were published devoted to the investigation of diverse properties of
compatible pairs of Poisson structures and their applications in mathematical
physics. Magri’s definition [4] of compatibility states: Two Poisson structures
P, and P, are compatible if their sum P, + P, is a Poisson structure. This
definition is equivalent to the condition that the Schouten bracket [Py, P2}
vanishes. Later Gelfand & Dorfman in [3] and Magri & Morosi in [5] proved
that the compatibility is equivalent to the condition that the Nijenhuis tensor
N4 vanishes where A is the (1,1) tensor A = PPy 1. These results show
that for two compatible Poisson structures the main tensors which can be
constructed from P; and P; are identically equal to zero.

One of the well-known unsolved problems in this area is

The Tensor Invariants Problem. To find non-trivial tensor invariants
of two compatible Poisson structures.

*Supported by NSERC grant OGPIN 337.
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In this paper we introduce a new alternating (1,2) tensor Bc(u,v). For
two arbitrary compatible Poisson structures P, and P, this tensor defines a
structure of Lie algebra A; in each tangent space T:(M"),n = 2k. We prove
that these Lie algebras always are solvable and present concrete non-trivial
examples.

I1. We proved in [2] that the (1,1) tensor

Aj(z) = Pi(2)*(P5" (2))o; (1)
for two arbitrary Poisson structures P; and P, satisfies the algebraic equation

of degree n/2:

n/2
Q(A,z) = E_:qu(z)A"‘(z) =0, (2)
Q(A,z) = Pi(Py(z) = APy(z)) PR(P; ().

Here polynomial P{ S is the classical Pfaffian of an arbitrary skew-symmetric
matrix §: det § = (PfS)2. The characteristic polynomial P(}, z) of the (1,1)
tensor Ai(z) (1) is a perfect square P(),z) = Q%A x).

Let C(A z) be an arbitrary polynomial-valued function on the manifold
M™ that has the same roots as the characteristic polynomial P(}, z) of the
(1,1) tensor A(z) and annihilates the operators A(z)

Co) =Y e(@, e=1, C(A(z),z)=0. 3)
=0

Obviously the minimal polynomial m(), z) of A(z) is a divisor of the poly-
nomial C(),z). The coefficients c,(z) are functions of the eigenvalues \i(z)
of the operator A(z) or equivalently are functions of the invariants fe(z):

1 1 & Oc
fm(z)=;TrA'"(z)=;l2=:l)«;". dee = Z ¥ f: (4)

The integrable distribution £, C T:(M") is defined by two equivalent
systems of equations

Ly: dfn=0, m=1,---,n; d\=0, i=1,---,n (5)

We introduce the following alternating (1,2) tensor
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Be(u,v) = Er:c,,.(z) Y. APNy(A%u,A%) + (6)

m=2 p+eto=m=—2

4
+ Y (v(cm)A™u - u(cm)A™v).
m=0

This tensor plays a crucial role in the solution of the following problems:

1) Algebraic identities for the Nijenhuis tensor N4(u,v).

2) Necessary conditions for the existence of conservation laws for a quasi-
linear first order system of n partial differential equations.

3) Necessary conditions for the dynamical compatibility of two incompat-
ible Poisson structures.

4) Tensor invariants of two compatible Poisson structures.

IIL. The first three problems are investigated in our papers [1,2). In the
present paper we study the fourth problem.

Theorem 1 If the Nijenhuis tensor Na(u,v) vanishes then the (1,2) tensor
Bc(u,v) (6) defines a structure of solvable Lie algebra A, in each tangent
space To(M™). The derivative Lie subalgebra A’ belongs to the subspace L
(5). This subspace is a commutative ideal in A, that is invariant with respect
to the (1,1) tensor A(z). Any linear subspace £. C T(M") that is invariant
with respect to the operator A(z) is a Lie subalgebra in L.. This subalgebra
is commulative if either £, C Ly orENL: = 0.

Proof. Let us prove that the Jacobi identity

Be(Be(u,v),w) + Be(Be(v, w) u) + B¢(Bc(w,u),v) =0 (7

is satisfied for arbitrary tangent vectors u,v,w € Tx(M "). Applying Theorem
2 of our paper [2] and the compatibility condition Na(u,v) = 0 we obtain

dfm(Bc(u,v)) =0, dci(Bc(u,v)) =0, m,l21, u,ve€ T(M™). (8)
In view of Na(u,v) = 0, the (1,2) tensor Bo(x,v) (6) has the form

Bo(u,v) = 3 (0(cm) A — ulcm) A™). 9)

m=0
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This expression and formulae (8) yield

Be(Bg(u,v),w) = zr:(w(c,,.)A”‘Bc(u,v) — Be(u,v)(cm)A™w) =(10)

m=0

Y (v(cew(em) A™H e — u(cw(cn) A™H0).

{,m=0

The Jacobi identity (7) follows after the substitution of the formulae (10)
and the similar terms cancellation. Therefore the (1,2) tensor Be(w,v) (6)
defines a structure of Lic algebra A; in each tangent space T:(M™).

The key relations (8) prove that

Be(w,v)€ Ly, or A,CL,. (11)

If two vectors i, ¥ belong to £, then formulae (4) and (5) yield

ﬁ(C() = dc,(ﬁ) = 0, 6(c:) = dct(f)) = 0, (= 0, vk 8 o T (12)

Substituting (12) into formula (9) we get Be(it, 9) = 0. Therefore subspace
L. is a commutative ideal in the Lie algebra A,. Hence we obtain

AL = [A, Al =0. (13)

That means that the Lie algebra A, is solvable.
For N(u,v) = 0, the conservation laws Adfy, = fm41 [7] imply

dfm(A) = (Adfm)(8) = dfim41 (@) = 0 (14)

for any tangent vector & € £;. Therefore the subspace L is invariant with
respect to the operator A(z).

If a linear subspace £ C T.(M") is invariant with respect to the oper-
ator A(z) then for any vectors i,% € £; formula (9) implies B¢(i,9) € E;.
Therefore the £, is a Lie subalgebra in A.. Using (11) we obtain B¢(i,9) €
E:NL,. Hence &, C E.NL, and the Lie subalgebra &; is commutative when
&ENL, =0

Corollary 1 Any two compatible Poisson structures PP and Py define by
virtue of the (1,2) tensor Bg(u,v) a structure of solvable Lie algcbra A,
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in each tangent space T.(M"). Any bi-Hamiltonian flow that preserves the
two Poisson structures preserves the (1,2) tensor Bg(u,v) also. Therefore
for any trajectory z(t) of a bi-Hamiltonian flow the Lie algebras A, are
isomorphic to each other.

Remark 1. Theorem 1 describes a new way of the appearance of the finite-
dimensional Lie algebras in problems of differential geometry and mathe-
matical physics: the (1,2) tensor Bc(u,v) defines a structure of solvable
Lie algebra in each tangent space Ty(M™"). These Lie algebras are not con-
nected with any symmetry of the initial problem in contrast to the classical
symmetry-based Lie algebraic constructions of mathematical physics.

IV. Assume that for two compatible Poisson structures all eigenvalues of
the recursion operator A = P, P;! are real and doubly degenerate. In view of
the compatibility condition N4(u,v) = 0 the Nijenhuis Theorem [6] implies
that the local coordinates z',y',--,z¥,y* exist where the (1,1) tensor A}
has the form

Aj- = diag(M(z'), A(z!),- - ,/\k(x"), /\k(tk)), 2k = n. (15)
Polynomial (2) for the (1,1) tensor A% (15) has the form

k k

QA z) = [T - M=) = Z__:oqm(x)/\"‘- (16)
i=1 m=

In view of Ny(u,v) =0, the (1,2) tensor Bq(u,v) (6) takes the form
k
Bo(u,v) = 3 (v(qm)A™u — u(gm)A™v). (17)

The formulae (15) - (17) imply
4 9 — RSN, I__@_ ' _ M
BQ(E?’ a—yj) = 6)Q (’\l)’\iayp ’\i = Tdo ! (18)
a d a 9
Ba(5037) =0 BQ((')—;;—"?')F =0.

Formulae (18) provide an independent proof that the (1,2) tensor Bq(u,v)
defines the structures of non-trivial solvable Lie algebras A in the tangent
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spaces T:(M™). These Lie algebras are split into direct sums of the two-
dimensional solvable Lie subalgebras in the planes spanned by vectors ;Z;, ;2.

Using formulae (18) we readily find the corresponding Cartan-Killing form

k
g(u,v) = Tradyad, = Y_(Q"(X:))?dAi(u)dAi(v). (19)
i=1

Obviously all tangent vectors u € £, are null-vectors of this symmetric form.
The solvable Lie algebras A, defined by virtue of the (1,2) tensor Bg(u,v)
have more complicated structure when the (1,1) tensor A has complex eigen-
values or when its Jordan normal form is non-diagonal. The tensor invariants
Bq(u,v) and g(u,v) introduced in the present paper can be applied for the

classification of the non-isomorphic compatible pairs of Poisson structures.
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The Dyer-Lashof Algebra in Bordism
(extended abstract)

Terrence Bisson and André Joyal, F.R.S.C.

We present a theory of Dyer-Lashof operations in unoriented bordism and in-
vestigate their behavior on the canonical splitting No(X) =~ N, ® H.(X), where
N, ) is unoriented bordism and H.( ) is homology mod 2. For any finite covering
space we define a “polynomial functor” from the category of topological spaces
to itself. If the covering space is a closed manifold we obtain an operation de-
fined on the bordism of any En-space. A certain sequence of operations called
squaring operations are defined from two-fold coverings; they satisfy the Cartan
formula and also a generalization of the Adem relations that is formulated by us-
ing Lubin’s theory of isogenies of formal group laws. We call a ring equipped with
such a sequence of squaring operations a D-ring, and observe that the bordism
ring of any free Eoo-space is free as a D-ring. In particular, the bordism ring of
finite covering manifolds is the free D-ring on one generator. In a second compte-
rendu we discuss the (Nishida) relations between the Landweber-Novikov and the
Dyer-Lashof operations, and show how to represent the Dyer-Lashof operations
in terms of their actions on the characteristic numbers of manifolds.

1. The algebra of covering manifolds.

We begin with the observation that a covering space p : T — B can be used to define a
functor X — p(X) from the category of topological spaces to itself, where

X)) ={(u,0) | b€ B, u:p~'(b) = X).

Then p(X) is the total space of a bundle over B with fibers X ?"'(®, and any continuous
map f : X — Y induces a continuous map p(f) : p(X) — p(Y). We shall say that p( )
is a polynomial functor. For functors F and G from the category of topological spaces to
itself, we have functors F + G, F x G and F o G given by (F + G)(X) = F(X) + G(X),
(F x G)(X) = F(X) x G(X), and (F o G)}(X) = F(G(X)). Polynomial functors happen
to be closed under these operations, and we obtain well-defined operations p+ ¢, p X ¢ and
po g on coverings. These operations satisfy the kinds of identities that one should expect
for an algebra of polynomials.

We define the derivative p' of a covering p : T — B to be the covering whose base
space is T and whose fiber over ¢ € T is the set p~!(p(t)) — {t}. The rules of differential
calculus apply: (p+q) =p'+¢',(pxq) =p' xg+px ¢ and (pog) =(p'og)xq". I
we observe that the total space of p is p'(1) (where 1 denotes a single point) and that its
base space is p(1) the formula (p x ¢)'(1) = p'(1) x ¢(1) + p(1) % ¢'(1) expresses the total
space of (p X q) in terms of the total and based spaces of p and ¢. Similarly for the formula
(pog)(1) =p'(g(1)) x ¢'(1).

Remark 1: There is a parallel between this algebra of covering spaces and the algebra of
combinatorial species developed in [9] and [10}.
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Remark 2: By using the Euler-Poincare characteristic one can associate a polynomial
x(p) to any covering p of a finite complex. We have x(p + ¢) = x(p) + x(q), x(p % ¢) =
x(p) % x(q), x(p © g) = x(p) © x(g), and x(p') = x(p)'.

Remark 3: It is also possible to define various kinds of higher differential operators on
coverings. For example, the group T; acts on any second derivative p" by permuting the
order of differentiation, and we can define

1dp
2 dg2 ~ P /B

Higher divided derivatives can be handled similarly.

Remark 4: Polynomial functors of n variables are easily defined. They are obtained from
n-tuples (p1,...,pn) where p; : T; — B is a finite covering for every i.

Let us now consider coverings of smooth compact manifolds. We say that two coverings
of closed manifolds are cobordant if together they form the boundary of a covering. Let
N, denote the set of cobordism classes of closed coverings. Let N T, denote the set of
cobordism classes of degree n (i.e. n-fold) coverings over closed manifolds of dimension d.

Proposition 1. The operations of sum +, product x, and composition o are compatible
with the cobordism relation on closed coverings. They define on N,X the structure of a
commutative Z, algebra, graded by dimension.

Notice that if p € Ny, and ¢ € N,E, then poq € Nmrs4Emn. This defines in
particular an action of N,I on NIy = N.. More generally, let us see that N, acts on
the bordism ring of any E.,-space.

Recall (see [1], [18]) that an Eq.-space X has structure maps ET, xg, X" — X for
each n. These structure maps give rise to structure maps p(X) — X for every degree
n covering space p : T — B. To see this it suffices to express p as a pull back of the
tautological n-fold covering u, of BZ, along some map B — BE,. This furnishes a map
P(X) = un(X) = EZ, xg, X" and the structure map p(X) — X is then obtained by
composing with u,(X) — X.

Recall (see [6] for instance) that an element of N.X is the bordism class of a pair
(M, f) where f : M — X and M is a compact manifold; then p(M) is a compact manifold
and the structure map for X gives p(M) — p(X) — X, representing an element in N, X.

Proposition 2. Let X be an Eo-space. Each covering of degree n and dimension d defines
an operation NmX — Npm4aX. Cobordant covering spaces give the same operation.
Moreover, for double coverings these operations are additive.

It should be noted that tom Dieck [7] and Alliston [3] develop bordism Dyer-Lashof
operations which agree with ours; the relationship will be clearer after section 2.

Example: The classifying space for finite coverings is B, the disjoint union of the clas-
sifying spaces of the symmetric groups BE,. Then N,BE, = N.X and BE, has a natural
Eqoo-space structure defined from disjoint sum. The covering operations on N.BE, corre-
spond to composition of coverings.
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Remark: It is a classical result [19], [8], [12] that the inclusion i : £,_; C £, defines a
split monomorphism i, : N.Z,—) — N,Z,. In our setting i, is the map p— z x p. It is
easy to see, by applying the rules of differential calculus, that the map

dgq 1 d% 21d’q
"ttt

is a splitting [11].

For any space X let € : No(X) — H.(X) denote the Thom reduction, where H.( )
is mod 2 homology. If (M, f) € N.(X) we have (M, f) = f.(urs) where pps denotes the
fundamental homology class of M. If X is an E-space then each covering of degree n
and dimension d defines an operation Hn X — Hpm4+dX which is the Thom reduction of
the corresponding operation in bordism.

We now describe the sequence of cobordism class of double coverings that leads to the
concept of D-rings. It is a classical result that N ‘(RP°°) = N,[[t]). Let gx in N,BE, =
N.( RP*) be represented by the canonical inclusion RP* «+ RP*, The sequence go, g, -
is a basis of the N.-module N,(RP*). The Kronecker pairing N*(RP*) x N, (RP°°) -
N, defines an exact duality between N*(RP*) and N,(RP®°). Let dy,d,, ... be the basis
dual to the basis t°,¢!,¢2,... under the Kronecker pairing. The relation between the two
bases of N.(RP>) can be expressed as an equality of generating series

CUIRPAL)Y diz*) = (3 gnz™)

i>0 >0 n20

where r is a formal indeterminate. We have dy = ¢y, and d; = ¢; since [RP°] = 1 and
[RP'] = 0. It turns out (see [2] for instance) that d, can be represented by the Milnor
hypersurface H(n,1) — RP™ x RP!' — RP". The coverings d, and g, give operations
which are distinct in bordism but agree in mod 2 homology.

2. D-rings and Dyer-Lashof operations

Recall that a formal group law over a commutative ring R is a formal power series
F(z,y) € R|[z,y]] which satisfies identities corresponding to associativity and unit; (see
Quillen [21] or Lazard [13] for instance). We say that a formal group law F has order two
if F(z,z) =

The Lazard ring (for formal group laws of order two) is the commutative ring with
generators a; ; and relations making F(z,y) = ¥ a; jz'y’ a formal group law of order two.
Let us temporarily denote this Lazard ring by L. Then for any ring R and any formal
group law G(z,y) € R|[z,y]] of order two there is a unique ring homomorphism ¢ : L — R
such that (¢F)(z,y) = G(z,y). Quillen [21) showed that L is naturally isomorphic to
N. = N.(pt). This provides a beautiful interpretation of Thom's original calculation of
the unoriented cobordism ring.

Let R be a commutative ring and let F' € R[[z, y]] be a formal group law of order two
(this implies that R is a Z,-algebra). According to Lubin [14] there exists a unique formal
group law F, defined over R[[t]] such that h¢(z) = zF(z,t) is a morphism h; : F — F;. The
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kernel of A, is {0, ¢}, which is a group under the F-addition z+ry = F(z,y). We will refer
to Fy as the Lubin guotient of F by {0,t} and to h; as the isogeny. The construction can be
iterated and a Lubin quotient Fy, of F; can be obtained by further killing h¢(s) € R][t, s]].
The composite isogeny F' — Fy — F, is

he,o(z) = he(z)Fi(he(2), he(3)) = zF(z,t)F(z,s)F(z, F(s,t))

Its kernel consists of {0,t,s,F(s,t)}, which is an elementary abelian 2-group under the
F-addition. By doing the construction in a different order we obtain F, but it turns out
that Fy, = F, .

Definition: A D-ring is a commutative ring R together with a formal group law of order
two F defined over R and a ring homormorphism D, : R — R|[t]] called the total square,
satisfying the following conditions:

i) Do(a) = a? for every a in R;

ii) Dy(F) = Fy;
iii) Dy o D, is symmetric in ¢ and s. Here we have extended D, : R — R|[t]] to D, :

R|[[s]] = R|[s,]] by defining D¢(s) = h¢(s) = sF(s,t).

A morphism of D-rings is a ring homomorphism which preserves the formal group
laws and the total squares. A D-ring is also an algebra over the Lazard ring N.,, and a
morphism of D-rings is a morphism of N,-algebras.

A D-ring is graded if R is graded and F is homogeneous in grade —1 and Dy(z) has
grading 2i in R|[t]] for each element of grading i in R (where t and s have grading —1).
Example: The Lazard ring N, has a unique ring homomorphism D, : N, — N.|[[t]] such
that Dy(F) = Ft, and this defines a D-structure on N,. Thus N, is initial in the category
of D-rings.

Proposition. If X is an E.-space then N.X is a commutative ring under Pontryagin
product; it is also an N,-algebra. If dy,d,,... are the double coverings described in the
previous section then the total squaring

Di(z) =) _ da(2)t"

gives an D-structure on N, X.

Example: BO., the disjoint union of the classifying spaces of the orthogonal groups
BO(n), is an Ey-space with NoBO, = N,[bo,b1,...]. It forms a D-ring with F given by
the cobordism formal group law over N, and with D; determined by

Dy(b)(zF(z,t)) = Hz)XF(z,t))

where ¥z) = ¥ b;z".

We shall refer to any D-ring R with F = (+) as a Q-ring. The mod 2 homology of
an E-space E is a Q-ring, and the Thom reduction ¢ : N,(E) —» H.(E) is a morphism
of D-rings.
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Proposition. A commutative ring R is a Q-ring if and only if it has a sequence of additive
operations gn : R — R which satisfy the following three conditions:

i) Squaring: go(z) = z* for all z € R.

ii) Cartan formula: gn(zy) = ¥;4 j=n 6i()gj(y) for all z,y € R.

iii) Adem relations: qm(gn(z)) = }_; p=g=] )am42n-2i(gi(z)) for all z € R.

In the graded case, grade(ga(z)) = 2 - grade(z) + n.

This is exactly an action of the classical Dyer-Lashof algebraon R. This idea of writing
Adem relations via generating series is suggested by [4] and by Bullett and MacDonald [5).
Sce [17], [15), [16] for background on Dyer-Lashof operations.

Example: The Q-structure on H,BO, = Z,|bo, b,...] is characterized by
Q:(d)(z(z + t)) = Y(z)b(z +¢t)

where 5(z) = ¥_ b;z*. This expresses via generating series a calculation of Priddy’s in [20}.

Notice that if A and B are Q-rings then AN, B = A®z, B = A®B is a Q-
ring. Let Q(M) denote the free Q-ring generated by a Z3z-vector space M. If M has a
comultiplication, then Q(M) has a comultiplication extending it which is a_morphism of
Q-rings.

Recall that Eo(X) is the free Eoo-space generated by X (see [18] or [1] for back-
ground). The following is a classical result:

Theorem 1. (May [17]) For any space X the canonical map
Q(H.X) — H.Eco(X)

is an isomorphism which preserves the comultiplication. In particular, H,BE, = Q(z) is
the free Q-ring on one generator.

If A and B are D-rings then A ®, B is naturally a D-ring. Let us denote D(M)
denote the D-ring freely generated by an N,-module M. If M is a coalgebra in the category
of N.-modules, then D(M) has a comultiplication.

Theorem 2. The bordism of an E,-space is an D-ring. Moreover, for any space X the
canonical map

D(N.X) = N.Eos(X)

is an isomorphism which preserves the comultiplication. In particular, N.X = N,(BEZ) =
D(z) is the free D-ring on one generator.

Thus, both D(z) and N,Z are algebras equipped with operations of substitution; the
former because it is the set of unary operations in the theory of D-rings and the latter
because we have defined a substitution operation among coverings of manifolds. The
above theorem says that the canonical isomorphism of D-rings D(z) — N, I which sends
the generator z to the unique non-zero element z in No(BZ,) preserves the operations of
substitution.
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Nishida Relations in Bordism and Homology
(extended abstract)

Terrence Bisson and  André Joyal, F.R.S.C.

This is the second of a series of Compte Rendus. In the first [1] we have presented
a theory of Dyer-Lashof operations in unoriented bordism. Here we shall discuss
the (Nishida) relations between Dyer-Lashof and Landweber-Novikov operations.
They are used to represent the algebra N, T of covering manifolds in terms of
their homology characteristic numbers. The proofs are based on the properties
of the covering space operations and the notions of D-ring and Q-ring introduced
in [1).

1. The Nishida relations in homology.

In homology mod 2 the Nishida relations are commutation relations between Dyer-Lashof
and Steenrod operations (see [4] for instance). We shall express the Nishida relations
as a commutative square which involves the Milnor coaction and the Q-structure on the
homology of any Eoc-space discussed in [1].

Recall that the Milnor Hopf algebra A, is the dual of the Steenrod algebra; see (6]
for instance. As a graded algebra it is A. = Zal¢F, 61,62, ] = &' Zaléo, 1,62y - ] with
grade(;) = 2° — 1; the diagonal § : A, — A, ® A, Is the unique ring homomorphism
such that 6(€) = (€ ® 1) o (1 ® £) where £(z) = " &z*'. We are diverging from the usual
convention that puts § = 1.

The homology of any space has a natural (left) coaction

a: H(X) = A. ® Ho(X) = H.(X)[65.61.62,- . )

which restricts to the usual (left) coaction when we put £ = 1 and to the “grading”
coaction a(z,) = £; "Zn for T € Hy(X) when weput 0=§1 =6 ="---.

For example, for X = RP*™ we have a(b)(z) = b(§(~1)(z)) where b(z) = ¥, b;z* and
bo,bi,... is the canonical basis of H,RP* and £(~")(z) is the composition inverse of the
power series £(z).

Proposition. If R is a Q-ring, then there is a Q-structure on A. ® R determined by
Qu(€)(z(z + t)) = £(z)é(z + t). In particular, there is a unique Q-structure on A, such
that Q:(§)(z(z +t)) = §(z)é(z +1).

Remark: Since the definition forces
Qe(é0) = & Z &t

we see that the Q-structure on A, cannot survive if we try to insist that {o = 1.

Suppose now that R is both a Q-ring and has a Milnor coaction. We give A, ® R the
Q-structure from the proposition.
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Definition: The Nishida relations hold for a Q-ring R if the following diagram

R —Q‘——> R([¢)]

a a

A.®R &> A. @ R[[t]]

commutes, where a is extended to R|[ft]] by putting a(t) = £(t).

Theorem. If X is an E,-space, then H,(X) is a Q-ring with a Milnor coaction, and the
Nishida relations hold for H.(X).

This is a complete description of the Nishida relations in mod 2 homology. We want
to give a similar description in unoriented bordism

2. The Nishida relations in unoriented bordism.

For any Zj-algebra R let B,(R) be the group of inversible formal power series f(z) €
zR[[z]) under substitution. The functor R — B,(R) is representable by a Hopf algebra
B, called the Faa di Bruno Hopf algebra (see example 49 in [2] for instance). We have
B, = z,[hg:, hi,...] = hg'Zalho, hy,...] and the diagonal of B, is given by

8(h) =(h®1)o (10 h)

where h(z) = ¥, hnz"*!. We want to consider left comodules over B.. Recall that the
tensor product of left comodules over a bialgebra is a left comodule.

Example: Let N, denote the Lazard ring for formal power series of order two (see [5)
for example). There is a natural (left) coaction ¢ : N, — B, ® N, encoding change of
parameters in formal group laws. We have ¢(F)(z,y) = h(F(h~'z,h~1y)) where ¢ : N, —
N.[hg, hy,.. )

Notice that N, ® N, — N, is a morphism of left B, comodules, so that N, is a monoid
in the category of left B, comodules.

Definition: A Landweber-Novikov coaction is a module over N, in the category of B,-
comodules. More explicitly, this is a module over N, with a comodule structure over B,
such that the module structure map N, ® M — M is a map of B,-comodules.

In order to describe the natural Landweber-Novikov coaction on unoriented bordism,
we first need to recall the theory of cobordism characteristic classes for vector bundles,
as sketched by Quillen in [5] for instance; we use a slightly unstable version of the usual
definitions, however. For any space X the total characteristic class of a real vector bundle
V on X is the element c(V) € N*(X)[bo, b1, ...} having the following properties:

1) the map V — ¢(V') is a natural transformation c : Vect(X) — N*(X)[bo, b1, ...]

2) (Vi ® V2) = c(Vi)c(Va)
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3) ¢(L) = S bie(L)* if L is a line bundle with euler class (L) € NY(X).
We have an expansion
oV) =3 calV)s?
R

where bR = bj°bj! - -« for R = (ro,r1,...). For virtual bundles the total characteristic class
is the element of N*(X)[bZ, b1, ...] defined by putting c(V = W) = ¢(V)c(W)™2.
Example: The unoriented bordism group N.(X) of any space X has a Landweber-
Novikov coaction given by the Landweber-Novikov (total) operation

¢: N.(X) = B, ® No(X) = No(X)[hF, by, ...
It can be defined via the following explicit formula. If f : M — X represents an element
of N,(X) then

$(M, f) =, fo(crlva) Npa)h®
R

where vp = —7p is the normal bundle of M and pas is the fundamental class of M.

Example: The Landweber-Novikov coaction on N, (RP*) is characterised by the identity
$(b)(z) = b(h(~")(z)) where b(z) = T, biz".
Proposition. If R is a D-ring, then there is a D-structure on B, ® R = R[hf,hl,..'.]
determined by D (h)(z(z + t)) = h(z)h(F(z,¢)).

Suppose now that R is a D-ring which also has a Landweber-Novikov coaction. We
give B, ® R the D-structure from the proposition.

Definition: The Nishida relations hold for a D-ring R if the diagram

R—2 5 Ry

¢ ¢

B,®R -ﬂ> B, ® R[[t])
commutes, where ¢ is extended to R[[t]] by putting ¢(t) = h(t).

Suppose that X is an Eeo-space. Then N, X is an D-ring together with a Landweber-
Novikov coaction.

Theorem 2. If X is an Eo-space, then the Nishida relations hold for N.X in that the
following diagram commutes:

N,(X) L} N.(X)((el)
¢ ¢

B. ® N.(X) = B. ® N.(X)(i]
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Here ¢ has been extended to N,(X)|[[t]] by putting ¢(t) = h(t).

Recall from (1] that for any space X we have N, Eoo(X) = D(N,(X)), the free D-ring
generated by N.(X). Of course, N,(X) also has a Landweber-Novikov coaction.

Theorem 3. Suppose that M has a Landweber-Novikov coaction, and let D(M) be the
free D-ring generated by M. Then there is a unique Landweber-Novikov coaction on D{M)
which satisfies all of the following:
i) the canonical map M — D(M) is a comodule map;
ii) D(M) is an algebra over its Landweber-Novikov coaction;
iii) D(M) satisfies the Nishida relations.

The theorem shows that the Landweber-Novikov coaction on N, Ee, (X) is fully deter-
mined by its values on N, X. In particular, the Landweber-Novikov coaction on N, (BE,) =
D(z) is determined by the relation ¢(z) = z.

It is well known that the Thom reduction € : N, (X) — H,(X) induces an isomorphism

N.(X) ®@nN, 23 ~ H.(X)

We shall write ¢ : B, — A, for the ring homomorphism such that e(h) = §. We will char-
acterize the behavior of the Thom reduction with respect to the usual Landweber-Novikov
operations in unoriented cobordism and the Steenrod operations in mod 2 homology by
showing that the Thom reduction gives rise to a simple equivalence of categories.

Let [B,M,] denote the category of Landweber-Novikov coactions (left B,-comodules
which are modules over N,) and let [A.] denote the category of Milnor coactions (left
A.-comodules).

For any M € |B.N.] let us put T(M) = M ®p, Z3. By composing the coaction
M — B, ® M with ¢ : B, =+ A, we obtain a coaction M — A, ® M. By further
tensoring with Z; we obtain a coaction T(M) — A, ® T(M). This defines a functor
T: [B.N.] — [Al)

Proposition. The functor T defines an equivalence of categories [B,N,] =~ [A.).

In fact, we get a similar result even when we take the Dyer-Lashof operations into
account, which we do by using monads which encode the Dyer-Lashof operations in bordism
and homology. For background on monads and their category of actions see [3] for instance.

The functor M ~— D(M) from [B.N,] to itself is a monad that we shall denote D (it
is a monad since D(M) is a free structure). The D-actions are exactly the D-rings with
a Landweber-Novikov coaction which satisfies the Nighida relations. Let us denote this
category by [B.N,]P. Similarly, the functor M +~+ Q(M) from [A,] to itself is a monad
that we shall denote Q. The Q-actions are exactly the Q-rings with a Milnor coaction
which satisfies the Nishida relations. Let us denote this category by [A.]9.

Proposition 2. The functor T transforms the D-actions into the Q-actions and defines
an equivalence of categories
[BN]P = [AL)°.

This result shows that for any E..-space X, the D-ring N,(X) can be recovered
entirely from the Q-ring H.(X) as long as the coaction of A, on H,(X) is knoun.
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3. Characteristic numbers and covering space operations

The bordism classes of manifolds are determined by their tangential characteristic numbers,
or equally by their normal characteristic numbers.

Recall the discussion in section 2 of characteristic classes in unoriented cobordism.
The total Stiefel-Whitney class w(V) € H*(X)[bo, b1, ...] of & vector bundle V on X is the
Thom reduction of the total cobordism characteristic class. Then w( ) is multiplicative in
that w(Va ® V2) = w(Vi)w(V3), and w(L) = ¥, bie(L)* for any line bundle over X, where
e(L) € H'(X) is the euler class of L.

The tangential characteristic numbers can be grouped together as the coefficients of
a polynomial 87(M) € Zy|ko, hy,...]- We have

BT (M) =5 " (wr(rm), pm)h®

R

where w(rar) = g wr(7m)bR is the total Stiefel-Whitney class of the tangent bundle of
M and pu is the fundamental class of M.

In keeping with the Landweber-Novikov coaction, we can work instead with charac-
teristic number polynomials for the normal bundle, the virtual bundle vp = —7p. More
generally, as in [5) for instance, we can define a Boardman map

B: N.(X) — B, ® Ho(X) = Ho(X) 5, b, )
by the explicit formula

B(M, = Z.f.(wn(vu) n ﬂM)hR.
R

Let BE, denote the classifying space for finite covering spaces. It is an Eoo-space.
Let N.T denote N,BE. and H,E denote H,BY. The Boardman map §: N,E — B, ®
H,X obviously preserves sums and products. In fact, it also preserves the operation of
substitution, when substitution is properly defined on B, ® H,Z.

Proposition. If R is a Q-ring then there is a Q-structure on B, ® R determined by
Qi(h)(z(z + t)) = h(z)h(z +t). In particular, there is a unique Q-structure on B, such
that Q.(h)(z(z + t)) = h(z)h(z + t).

From (1] we have that H,E = (z) is the free Q-ring on one generator. Since B.@ H.E
is the coproduct in the category of Q-rings, we can view B, ® H. I as the collection of unary
operations in the theory of Q-rings which are extensions of B,. Therefore H.E[hg:, hy,..] =
B, ® H,T admits an operation of substitution. Here is an explicit formula for substituting
two elements of H.E[hF, h1,...):

(X rrh®) o (3 grh®) = Y prlash)K®
R R RS

where the operations pg are applied to the elements gsh’ of the Q-ring B, ® H.I.
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Theorem 4. The Boardman map § : N,E — H,E[hE, h,,...] preserves sums, products
and substitutions.

We view this as describing for each covering p of closed manifolds how the normal
characteristic numbers of p(M) are determined by the characteristic numbers of M. The
complete description is summarized by the formula

B(p(M)) = (B(p))(B(M)),
where the right-hand substitution takes place in H,Z[AT, hy,...).
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A _duality for the category of
directed multigraphs

by R. Squire

Presented by J. Lambek, F.R.S.C.

Abstract. The category, Grph, of presheaves over the category - =3. can be interpreted
as a category of graphs; more exactly, of directed multigraphs. The subgraphs of any such
graph form a complete completely distributive Heyting algebra; moreover a map between
graphs induces, by pulling back, a function which preserves all joins, all meets, and the
binary implication operation. We add to these operations a single unary operation, and
to the equations one further equation. The category of algebras which model the enlarged
equational theory is dually equivalent, via the contravariant subgraphs functor, to the
category Grph.

Introduction. The prototype of the duality to be described is that induced between Set
and caBool, the category of complete atomic Boolean algebras, by the two element algebra
2. The topos Set is replaced here by the topos Set:. the algebra 2 by a new internal
algebraic structure { on the subobject classifier 2, and caBool by a category of algebras
Alg, equivalent to the category caBool:"+. Much of what is done can be carried out
under the hypotheses that the replacement for Set is a topos Set®" with C finite and R a
cogenerator. In the case to be considered the duality can be made particularly transparent.

—
1. The categorv of directed multigraph. The exponent category of Set ™ consists of two
objects A and V and two parallel non-identity morphisms t and h from A to V. The letters

are the initials of Arrow, Vertex, tail and head; they indicate how a funtor from St
Set is to be interpreted as a directed multigraph. We follow the conventions of category
theory (5], denoting Setj by Grph and calling its objects graphs. When the context is
clear we abbreviate G(£) to ¢, where G is a graph and £ € {t,h}.-

Since Grph is a topos it possesses a subgraph classifier true: I — Q. In terms appro-

priate to the duality this means that the subgraph z < Q corresponding to true is generic,
in the sense that for any K — G, there is a uniquely determined f : G — Q for which
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the function f* : Sub{R?) = Sub(G), induced by pulling back subgraphs of Q along f,
satisfies f°(z) = K. The bijection between Sub(G) and [G, )] so determined extends to
an isomorphism between the contravariant functors Sub and [—, Q). This isomorphism lifts
and reflects any limit defined structure on € to and from a similar structure on Sub.

The procedure for calculating Q2 and its Heyting algebra structure is standard ([2],[3}).
The opposite of the exponent category for Grph becomes by the Yoneda embedding a full
subcategory V' =3 A. The graph V consists of a single vertex, A consists of a single arrow
between distinct vertices, and the parallel graph maps t and h send the vertex to the tail and
bead of the arrow. The graph Q< in the category of posets is given by Q<(V) =~ [V, Q<] =
Subc V' = 2¢, a two element chain; D<(A) = Subg(A) = (2<)? € 1, a poset arising from
the addition of a new top element to the 4 element poset (2 )% (V) = {0,1} with0< 1
and Q(A) = {0,b,a,¢,1} with0 < a < e < 1and 0 <b< e The graph mapst and h
induce by pulling back two order preserving maps ¢* and h* from Q<(A) to §<(V); they
are determined by the principal up-sets (2°)~'{1} = {b,e,1} and (h*)~'{1} = {a,¢,1}.
The maps t* and h* organize the two posets into a graph £, which, together with its
generic subgraph is depicted below

Ol
= 10)
Cormiily b a
O

The corresponding po object Q< in Grph has a uniquely determined Heyting algebra

01!

structure

Qu = (00,1,A,V,=) .
The arrow b generates a smallest containing subgraph < b >; this subgraph is classified by
an endomorphism 7 of Q which has the explicit description
forall z€QV) wv(z) = 1
forall yeNA) raly) = (yebd)ve

1if y=b
eif y#b .
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The structure

ﬂ_= (90,1, 7,A,V, )

will play the role of a dualizing object for finite graphs.

The finite powers of § together with the operations of §) generate an algebraic theory
(or abstract clone), whose category of set valued models, Alg, we call graphic algebras;
thus ) itself is a graphic algebra in Grph. An equation is valued for Q iff it is valid for
both Q(V') and 2(A), but since the former is a homomorphic image of the latter we may
drop (V). Thus by Birkhoff's theorem ([6]) Alg is the category of algebras whose objects
form the variety HSP {Q(A)}.

The contravariant functor Sub: Grph —+ Alg sends a graph G to a graphic algebra

Sub (G) = (Sub (G);0,G,r,A,V,=)

where, for I a subgraph, r(K) is given by
T(RK)(V) G(V)

T(K)(4) 7Y (K(V)) = h™ (K(V))
all arrows with tail in K
{ and head outside A’ } ’

|

2. Axiomatization of Alg. We first give an equational basis for HSP {Qx(A)}. The reduct
algebra Qy(A) satisfies some finite set £y of equations for Heyting algebras - for example
[1] p.177. Any further finite set of equations (even if it includes 7) can be converted to a
single one thus: t = s can be convertedtot & s=1; y=1landfd=1topAf=1 A
basis for HSP {Qu(A)} ([7),(8]) is Ex U (M A L = 1} where
M=zVv(z=>(yV-y)) and
L=-(zAy)V-(aA-y)V-{-zAy).
A basis for HSP{Q(A)} consists of the above basis for HSP{Q#(A)} together with
a new finite list involving the unary operation 7. We first define e = r1. The new list is:
e (zV-z)=1, ro=re=e rzATz=¢

and zV(e=2z)VrzVr-z=1.
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3. The finitary dualitv.

The structure  is a graphic algebra in Grph, thus the contravariant functor {—, Q]
has as values graphic algebras (in Set). The corresponding structure Q is a graph in the
category Alg, thus (—, Q] has as values graphs. The latter functor is calculated at a graphic
algebra A by [4,81(B) = [A,Q(B)] for B € {V,A}. The two functors are adjoint on the
right

('-m
Grph & Alg (1)
l--Bl
The bijection G, [4,0]] = !4,(G, Q)] relates a map 8 : G — [A, Q] of graphs to a homo-
morphism f: A =[G, 8] by

(65(2))(a) = (f(a))5(=)

where B € {V,A}, z€ G(B) anda €] A|.
If we restrict to the full subcategories Algy and Grphy, of finite algebras and finite graphs,
respectively, we get

Theorem 1. The funtors Sub and [—, Q] constitute a dual equivalence.

Using this dual equivalence we can calculate the free graphic algebra on n generators as
Sub(Q"); in particular the initial gta..phic algebra is the three element chain Sub (I), and the
free a.lgebra;: one generator z is a 39 element algebra, Sub(f2), with z <+ Q as generator.
The dual adjointness (1) fails to be a dual equivalence; however using Gabriel-Ulmer
duality we can derive a new equivalence from (2). For finite toposes and locally finite vari-
eties “finite”() coincides with “Gnitely presentable”(fp), thus Algs, ~ (Setfh— V) =
(Boolv_"—: 4) 1ps 50 Alg = Boolv:" A Explicitly, if A is a graphic algebra then A, the
corresponding graph in Bool, is given by
AVig=({z el Al:z e}y 5)
AA)c=({vel Al e <y}, <)
where the partial order is that induced by A; (The Boolean algebra structure is then

IN

uniquely determined)

t(z)=--zVrz and h(z)=-—zVr-zT.
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For a homomorphism, f : A = A’, the map f : A = A’ is given simply by restricting f to
the principal filter 1 e and the principal ideal | e.

The inverse functor. assigning a graphic algebra B to a graph B in Bool, is a poset
B.S « B(V)< x B(A)< with the induced order, and

|Bl={(z,y): y <tz Ahz) .

The Heyting algebra structure of BS is then uniquely determined. The operation r is given
by r(z,y) = (1,tz A ~hz). The extension of the inverse functor to morphisms, 8 : B — B,
is by 6(z,y) = (0v(2).0a(v)) -

4. The infinitarv dualitv. We now enrich Q to Q by introducing, for each small cardinal
a, the meet and join operations A,V : 2° =+ Q. The algebra Q then satisfies, in addition
to (0) the equations already given for f, (1) a class of equations stating that A aad
\/ are meet and join for each cardinal a, and (2) a class of equations stating that §
is completely distributive. A model ([4]) of these operations and equations is simply a
complete completely distributive graphic algebra (a ccd algebra). The category of all such
algebras with join and meet preserving homomorphism will be denoted by élé

Theorem 2. The functors ‘S_‘\.xb and [, Q] constitute a dual equivalence

Grph I% Alg . (3)

The functor [—, ] can be replaced by a more concrete equivalent functor, Spec, using
the join and meet operations. The new functor is described as follows.

An element p of a ccd algebra A is called a prime if for all U C| A |,
<\VU)=>Au(zel) &(p<2).
For A a ccd algebra we define a graph Spec(A) by Spec(A)(V) = {atoms of A}, and
Spec(.A)(A) = {non atomic primes of A}; the tail and head maps are
t(a) = /\(z :a<~—zVrz}
h(a) = /\{: :a<~~zVr-z}.

For f: A — A’ in Alg, the left adjoint ¥ Ay — Ag preserves atoms and preserves non

atomic primes, in such a way that tails and heads are preserved. Thus T restricts to a
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graph map Spec(f) : Spec A’ — SpecA. This makes Spec a functor naturally equivalent
to [~,Q); that is the dual equivalence (3) is:
03
Grph = Alg . (4)
The prototypical equivalence is included in (4) by viewing sets as graphs with no
arrows and complete atomic Boolean algebras as ccd graphic algebras satisfying e = 1.
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Presented by E. Bierstone, F.R.S.C.

ABSTRACT. An Ishikswa iteration scheme for a family of self meppings of a
convex metnc space is defined. S e , the above shems is used to ¢ common
Mtghmmvhich. in turn, certain thearems of Ciric (1], Ding [2] and

1. DEFINITIONS AND NOTATIONS. For the sake of completencss we recall the
following definitions on convex metric spaces. For details we refer to Takahashi [9).

Definition 1.1. Let (X,d) be a metric space and I be the closed unit interval. A
mapping W: XxXxI + X is called a .comvex structureon X ifforallx,y € X, A ¢ |,
d(u,W(x,y,2)) < 2d(u,x) + (1-2)d(u,y) for all u € X. X together with a convex structure
is called a convex metric space.

All Banach spaces and their convex subsets are convex metric spaces. However there
are many convex metric spaces which are not embedded in any normed space{cf. Takahashi
&))2

Definition 1.2. A nonempty subset C of a convex metric space X is called convex, if
W(x,y,2) € C wheneverx,yc Cand A € L.

2.COMMON FIXED POINTS OF ¢ ~ CONTRACTIVE MAPTINGS.

Throughout this section, let R + denote the set of non—negative reals. Let U denote the

family of all mappings ¢: (R +)5 <R + which are upper semicontinuous and non~decreasing
in each coordinate variable. Any pair of mappings satifying condition (1) below will be

called ¢ — contractive. Now we have the following.

Theorem 2.1. Let {, g be self mappings of a non—empty closed convex subset O of a
complete convex metric space X. Suppose there exists a ¢ € U such that for all x,y € O,
(1)  dlfxey) < d(xy), d(x.fx), d(r.ev), d(xigy), d(.fx) ),
where ¢ satis the condition
(2)  max{ §t,t,t,0,t), §{0,0,t,£,0), $(0,4,0,0,t) } < tforall £ > O.
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Suppose that {x } is an Ishikawa type iteration scheme defined by

@) I €C, Yn= w(ﬁntxnoﬂn)t xn+1 = W(Syn-!n.an)- n 2 0 where {an} and {ﬂn}
satisfy 0 < o ﬁns 1.

i {an} is bounded away from zero and {xn} converges to p, then p is a common fixed

point of f and g.
Proof. From (3) and Takahashi(9 ,p 145), it follows that d(x ,.x}) =

AWy xp op)xy) = a d(gy,x, ). Since X + P, dx,, pXp) t0asne. Also {ah} is
bounded away from sero, it follows that d(gyn.xn) +0as n+o. By condition (1) we have
(1) dlEger,) < Wy v Ayt dlrevy), dayer,): dry fe)

Purther, d(x_,7,) € Ak, W(Ex,x,8,) € Fyd(x, fr,) < B [d(x, 67,)+d(grpfxy)] <
d(x,,67,) + d(gyfx,)- Similarly we have d(xp,fx ) < d(xevp) + d(gy,,fx, ) (v e7y)
<d(fx ev,) + d(x,.gy,) and Ay fx) ¢ d(x,fx ). Suppose r = lim_ sup d(fxn,gyn).
Then r = 0. Otherwise, from (4) it follows that r < &(r,x,1,0,r) < r, which is absurd. Hence
r=0and limnd(fxn.gyn) =0.

Since d(xn,fxn) < d(xn.gyn) + d(gyn,fxn) +0asn-+ o, it follows that d(p.txn) -0
asn +o . Again by settingx =x andy =p in (1) and using d(p,gp) < d(p,xn)-l-d(ﬁ.gp).
d(x,.6p) < d(xn.kn)+d(fxn.gp). it follows that s = lim_sup d(fx ,gp) = 0. Otherwise , s <
$(0,0,8,5,0) < s, a contradiction. Therefore lim  sup d(fx,,gp) = 0 and thus limnd(fxn.gp)
=0.

Further, since d(p,gp) < d(p,x,) + d(xp fx)) + d(fx ,gp) +0asn e, it follows
that p = gp. A similar argument will lead to p = fp. Hence p is 8 common fixed point of f
and g.
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Cozollary 2.2. Let X and C be as in Theorem 2.1 and let f and g be self mappings of
C. Suppose there is a constant k € [0,1) such that for all 1,y € C,

d(fx,gy) < k max{d(x,y), d(x,fx), d(v,e¥), d(x,gy)+ d(y.gx) }.
If {x,} is an Ishikawa type iterative scheme satisfying the conditions of Theorem 2.1 and

converging to p, then p is a common fixed point of f and g.

Proof. If ¢(t1 ,tz,ts.t4,t5) = k max{ tutatat 4-l-ts} for all (tl'tTtS't 4.t!.,)e (] +)5'
then ¢ satisfies all the requirements of Theorem 2.1 and hence the conclusion follows.

Remark 2.3. For f = g, the results of Ding [1, Theorem 2.3 and Corollary 2.1] follow
as special cases of our above results, which in turn, generalise the results of Naimpally and
Singh [6, Theorem 1.2) and Rhoades [8, Theorem 9].

The following two theorems follow from Theorem 2.1 .

Theorem 2.4. Let X and C be as in Theorem 2.1. Let F be the family of all self
mappings of C such that for any pair f, g € F, there exists a ¢ = ¢(f,g) € U such that

conditions of Theorem 2.1 are satisfied. If for any pair {, ¢ € F, the corresponding sequence
{xn} of Ishikawa type iteration converges to p, then p is a common fixed point of f and g .

Theorem 2.5. Let X and C be as in Theorem 2.1. Let F be the family of all self
mappings of C such that for any pair f, g € F, there exist positive integers m = m(f,g) ,
n = n(f,¢) and a ¢ = ¢(f,¢) such that conditions of Thearem 2.1 are satisfied with f and g

being replaced by 2 and gn respectively. If the corresponding sequence of Ishikawa type

iteration {xn} converges to p, then p is a common fixed point of f and g.

3. COMMON FIXED POINTS OF QUASI-CONTRACTIVE MAPPINGS.

These mappings were introduced by Ciric [1). While studying the convergence of
Ishikawa iteration procedure[3] ,Rhoades (8] asked an open question that if the above
procedure could be extended to quasi—contractive mappings. This question was answered in

affirmative, among others by Liu [4, 5] in Hilbert spaces and by Ding (2] in convex metric
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spaces. In this section we continue to generalize above results.
Let 2 + denote the set of non—negative integers. Form, n € I + withm > n, let
on,m =y X ¥y ij. @;ii=n n+l, ..., n+m }, where f and g are as defined in
Theorem 3.1 below. Further let 6(0Il m) denote the diameter of O = . Now we have the

following.

Theorem 3.1. Let f and g be self mappings of a non—empty closed convex subset C of
a complete convex metric space X. Suppose there exists a constant k € (0,1) such that for
alxyeC,
(1)  d(fxgy) < k max { d(x,y), d(xfx), d(3.6Y), d(x,g¥), d(7.fx),
(2) max{d(fxfy) dexgy) } <k &0, 1)

Suppose {xn} is an Ishikawa type iteration scheme defined by

(3) X €C, In= w(ﬁnlxnu’n)l xn+1 = w(gynvxnl an)v n20o,
where {an} and {ﬂn} satisfy 0 < a, f) <1 and & o diverges.

Then {x,} converges to  unique common fixed point of f and g .
Proof. From conditions (1) and (2) for p,q € 2 + with n < p, q < m, it follows that
Further, using conditions (1) ,(2) and proof techniques of Ding [2), it can be easily

verified that
(5) O(On'm) = max { d(xn.ij). d(!nnﬂj)i n<j<m}.

Hence for anym € 2, §(O ,m) = max { d(xo.ij). d(’o-gyj) 10<j<m} < d(xpexy) +
max{ d(gxo,fr;), d(gxy6y;); 0 < j<m} € dlxggxg) +k KOp ry). Therefore &0 1) <

(1/1-x) d(x;.gxy). A similar argument will lead to J(Oo'm) < (1/1-%) d(xpfx,).
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Setting s = max { d(xp,fx,), d(xpgx,)}, we have O, 1)) < 4 /1-k.

Further, by (5) 80, 1) = max{ d(x fx;), d(x,y;)in < j < m }. Now the
following cases arise. (8) KO, ) = d(x,fx.). In this case for any m, n € I with 0 <n ¢
m we have 5(0, ) = d(x,fx;) = dlfx,x, ) = d(fx; Wgy,, X, 0oy 1)) <
oy 1d(Exey ) + (—ay_y)d(Egxy () =ay kKO 4 )+ (1o 1) 8O 4 1) =
- (l—k)an_l]J(On_l'm). (b) ‘(on,m) = d(xn,gyj) . Now using a smilar argument as in
(a)s it can be easily verified that O, ) ¢ [1~ (1-K)ay_,}8(O,_; ) form, n € I, with

0 < n < m. Hence in either case

ROpm)  <N=(-K)eyy 1] 40, 1)

FA—
n—1 n—l
] <0-smpion ) <010 L] - 000y

Since 1-k > 0 and Sjaj diverges, Hj [1- (l—k)aj ] = 0. Therefore ‘(on,m) -0
asn,m -+ and hence {x } is a Cauchy sequence. We also note that d(x,,fx;) - 0 and
d(xn.gxn) -+ 0 as n + o, Since X is complete, X s for some s € X. Thereforefx -3 and
g, 8 as 1 -+ ». Now using condition (1) withx =x , y = s and makingn -+ it follows

that s = gz . A similar argument will result in s = fs . Hence s is 8 common fixed point of

and g . The uniqueness of s as a common fixed point of f and g can be easily verified.
Remark 3.2. Our above theorem generalises a result of Rhoades [ 7, Theorem 7]

among other results. In particular, for f = g, we have a result of Ding | 2, Theorem 2.1].
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FERMAT AND EULER TYPE QUOTIENTS

TAKASHI AGOH
Presented by P. Ribenboim, F.R.S.C.

1. INTRODUCTION

Let p be a prime and n be a positive integer > 2. For an integer a with (a,p) =
(a,n) = 1, we denote by g,(a) and g(a,n) the Fermat and Euler quotients with base
a, respectively. That is,

1 olm) _ |
9,(a) = and gla,n) = ——,

where ¢ is the Euler totient function.
It is easily seen that the above quotients satisfy the “logarithmic property® as
follows: if (ab,p) = (ab,n) = 1, then

g(ab) = gy(a) + gp(b) (mod p),
q(abvn) = Q(a’ ") + q(as n) (mOd n)'

Many interesting arithmetic properiia of these quotients are known in connection
with Bernoulli numbers and Wilson quotients for prime and composite numbers (see,
e.g., (1, 2]).

In his classical papers (3, 4], Lerch introduced the following beautiful expressions
for Fermat and Euler quotients:

alo) =3 = ](mod o,
kﬂl

n—l
dam= 5 (%] (modn)
(t'.':)'-n
where [z] means the greatest integer < z.
For a and n with (a,n) = 1, we now define the following special quotient:

Q(a,n) =

where e = ord,a (the order of a modulo n), i.e., e is the least positive exponent of
a such that a®* =1 (mod n).

This quotient possesses similar properties to Fermat and Euler quotients. Clearly,
if a is a primitive root modulo n, then Q(a,n) coincides with ¢(a,n).

In the present paper we shall introduce basic properties of Q(a,n) and discuss
some expressions of the Lerch type for Q(a,n) and ¢(a,n).

a—l
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2. BAsIC PROPERTIES OF Q(a,n)
First, we deal with a relation between g(a,n) and Q(a,n):

Proposition 1. Let a,n be integers with (a,n) = 1 and e = ordsa. Then
g(a,n) = -‘p—(;'L)-Q(a, n) (mod n).
Proof. We let u = ¢(n)fe. Then
a?™ 1 =((a*-1)+1)* -1
=11 (';)(a' ~1)
il

=u(a® — 1) (mod n?),

which proves the assertion. O

The following proposition corresponds to the logarithmic properties of g,(a) and
g(a,n) mentioned in the Introduction.

Proposition 2. Let a,b, n be integers with (ab,n) =1 and let e = ord,a,l = ord,b,
k = ord,ab. Then

elQ(ab,n) = kIQ(a,n) + ekQ(b,n) (mod n).
Proof. We shall use an identity
(@) — 1= (a* = )" = 1) + (¥ = 1) + (¥ — 1),
where X is any integer. Here, take X = ekl. Then both sides become
(ab)™ — 1 = {((ab)* —1) + 1} =1 = el((ab)* —1) (mod n?)

and

(@ = 1) = 1) + (@™ — 1) + (b — 1)

={((a* = 1)+ 1) =1} + {((t' = 1) +1)* -1}

= kl(a® — 1) + ek(b' — 1) (mod n?),
which deduce the congruence as desired. [

Proposition 3. Let a,n be integers with (a,n) = 1, z be any integer and e = ord,a.
Then
Q(a + zn,n) = Q(a,n) + ? (mod n).

Proof. Noting that ord,a = ord.(a + zn), we have

Q(a+ zn,n) = fatan) ~1 = - thead + (e)a"'::

n n

= Q(a,n) + i:- (mod n),

as indicated. O
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Proposition 4. Let a,m,n be integers with (a,mn) = (m,n) = 1 and let d =
ord,,a,e = ord,a, f = ord,,a. Then

Qla,mn) = LQ(a,m) (mod m),
Q(a,mn) = -e%;Q(a, n) (mod n).
Proof. We can easily deduce
Qamn) = S22 = (e~ 1) + 1)1 1)
= L(!{d)(d‘ -1)

mn

a/ -1

= '¢{_nQ(“vm) (mod m),

which proves the first formula. The second one can be given by interchanging m
and n (and so, d and ¢) in the first. O

Proposition 5. Let a,m,n,d,e, f be as in Proposition 4 and let X,Y be integers
satisfying m®*X +n?Y = 1. Then

Q(a,mn) = nd—fYQ(a,m) + —";—I-XQ(a,n) (mod mn).

Proof. For brevity, set A = (f/d)Q(a,m),B = (f/e)Q(a,n) and C = Q(a, mn).
From the first congruence of Proposition 4 there exists an integer ¢ such that nC =
A + tm. Since the second congruence gives mnC = Bn (mod n?), we have m(A +
tm) = Bn (mod n?), hence m?* = nB — mA (mod n?). Multiplying by X, it
follows that m*X = (1 — n?Y)t = t = (nB — mA)X (mod n?). Hence, we may
write t = (nB — mA)X + ns, where s is some integer. Using this we obtain
nC=A+mt=A+m{(nB-mA)X +n’s)
=(1-m’X)A+mnXB
=n’YA+mnXB (mod mn?),
hence C = nY A + mXB (mod mn). This completes the proof. O

We note that the original result for Euler quotients corresponding to Proposition
5 has been proved by Lerch [4). In fact, he mentioned that, with the same notations
as above, if (a,mn) = (m,n) =1, then

g(a,mn) = ng(n)Y ¢(a, m) + mp(m)Xq(a,n) (mod mn).

3. LERCH TYPE EXPRESSIONS
In the following, assume that a,n are positive integers with n > 2 and (a,n) = 1.
Let '(n) = {k]1 < k < n-—1,(k,n) = 1}. We now consider a nonempty subset
A(a) of I'(n) satisfying the following properties:
(I) For any z € A(a), there exists an element y € A(a) such that az = [az/n]n+y.
(1I) The set A(a) contains no proper subset satisfying (I).
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Note that for any given positive integers a and n > 2 with (a,n) = 1, the existence
of such a gubset A(a) satisfying (I) and (II) is obviously assured. Also, note that
the set A(a) is not determined uniquely. In fact, if I is the multiplicative group of
irreducible system of residues modulo n, then A(a) is any reduced residue class of
I'* | ~, where the relation ~ is defined by “z ~ y (for z,y € I') if and only if there
exists an integer i such that z = a'y".

As an example, if we take n = p = 13 and 1 < a < 12, then the subsets A(a) of
I'(n) satisfying the above (I) and (II) are:

AQ1): {(1h{2},---, (12}

A(12) : {1,12},{2,11}, {3,10}, {4,9}, {5,8}, {6, 7};
A(3), A(9): {l: 3,9}, {2,5, 6}» {42 10,12}, {7,8,11};
A(5),A(8): {1,5,8,12}, {2,3,10,11},{4,6,7,9};
A(4),4(10) : {1,3,4,9,10,12},{2,5,6,7,8,11};
A(2)v A(s)t A(7)0 A(ll) . {1: 2,---, 12}'

Let A(a) = {ry,r3,-+ ,r,} be any one of subsets of I'(n) satisfying (I) and (II).
Then, by changing order of elements of A(a) appropriately we can give the following
cyclic relations:

[ar

ar; = "';l‘ n+rs,
[ary
ar =|—j|n+r;,
L n
(3_1) ......
ar..y
are_ = ] n+r,,

[ar,
ar.=|—in+r,
L n

wherer; #r;ifi#j, 1<i,7<e.

Conversely, if A(a) = {ry,rs,--- ,r.} is the set generated by the procedure (3. 1),
then it is clear that A(a) satisfies (I) and (1I).

It is also easily seen that the number e = # A(a) of elements of A(a) is equal to
ord,a. In fact, since ar; = ryy, (mod n) for i = 1,2,--- e, where r.,, = r;, we
have a*r = = (mod n), bence (a® — 1)r = 0 (mod n), where 7 = ryr,---r,. Noting
that (7,n) = 1, we obtain a* = 1 (mod n). Simultaneously, we know from (3.1)
that the number e is the least positive exponent of a satisfying this congruence, and
so e = ord,a.

In the following, we fix an ordered subset A(a) of I'(n) with e = # A(a) satisfying
(I) and (II) (bence (3.1)), and write it as A(a) = {ry,r3,*- ,re}.

Proposition 6. If (a,n) = 1, then

Qla,n)= Y -3 %] (mod n)

zcA(s) 2%
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and

q(a,n)sﬁ(e:)- P o [BE (mod n).

ceam oz Ln
Proof. Since A(a) satisfies (3.1), we have

ate = 1 ([22] o 4

)=l
=x+ nz— ar.] (mod n?),
i=1 Tidl
where ®* = ryry .- -r, and r.yy = r;. Since (a,7) = 1, we can deduce
Q(a,n) = Z = (mod n),

s ln

which shows the first congruence, because r;.; = ar; (mod n) for i = 1,2,:-- ,e.
The second congruence for ¢(a,n) immediately follows from Proposition 1. O

Proposition 7. If (a,n) = 1, then

Q(a,n) = % ( 2— - e) (mod n)

|=I

and

a(a,n) = 22 )( ) Ll —e) (mod n),

en imt Tidl

vhere royy =ry.

Proof. From (3.1) we have

r,- - [ar,] +1
fori=1,2,--. ,e. Hence, summing overi =1,2,--. ,e we get
% 1 [ar;
—_——e=ny) —|—,
i=1 Tidl i=1 Ti+1

which concludes the statement by means of Proposition 6. O
Next proposition deals with explicit expressions of VQ(a,n) and g(a,n):

Proposition 8. If (a,n) =1, then
Q(a,n) = ;l;'ga"" [%] :

In particular, if a is a primitive root mod n, then

q(a,n) = Z Pt [a;"] .
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Proof. We obtain from (3.1)

a’ry 40" 'ry 4 a%rey +are

=a"'Ry+a" Ry +++-+6Ree1 + Rey

where -

R; = [_';l] n + g1, i=1,2,---,¢,
and 14, = ry. This relation immediately yields

(a* =1y = (z: at [‘-’E ) n,
i=1 n

which proves the assertion for Q(a,n). For the second equality for g(a,n) we have
only to put e=p(n). O

We may choose any integer ry so far as (ry,n) = 1 in the first procedure in (3.1).
Therefore, if we take especially ry = 1, then eachr; (i = 1,2,--- ,€) can be expressed

as follows: .
i-1 [“'-l]
rn=a - |—] n.

n
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Convolution algebras and factorization of
measures on Chébli-Triméche hypergroups.

M.N. LAZHARI - K. TRIMECHE.

Presented by G.F.D. Duff, F.R.S.C.

ABSTRACT. We consider the Chébli-Triméche hypergroup (IR 4, #( A)) associa-
ted with the function A on IR 4, its Haar measure m 4, the algebra (My(R ), «(A))
of bounded complex measures on IR 4 and (L'(IR 4 ), #(A)) the subalgebra of inte-
grable functions on IRy with respect to the measure m . In this paper we prove
that the maximal ideal space of the algebras of (Ll( R,), ‘(A)) ( respectively
(Mp.( R 4),#(A)) ) is homeomorphic to the set L = {A el :| Im(A) I< P}
with p = %lilllr..+°° a:(.(;')l ( respectively £ = T U {400} ). We also establish some

results on the factorization of functions and measures on the hypergroup (R 4, t(A)).

0. Introduction

Throught this paper (IR4,*(A)) will be the Chébli-Triméche hypergroup (sce
[1) p:201-248, [6] and [7]) associated with the function A on IRy = [0, +oo| such
that A(r) = r?** B(r) with @ > —1/2 and B is an positive and even C*°-function
on IR satisfying B(0) = 1. We assume A not decreasing, rETwA(r) = 400, A'/A

not decreasing, lin;n A'(r)/A(r) = 2p > 0 and for all @ > 0 there exist 6 > 0 such

that for all r > a, we have B'(r)/B(r) = 2p — (2a + 1)r~' + e % F(r) if p > 0 or
B'(r)/B(r) = ¢ % F(r) if p = 0, where F is a C*°-function on [a, 00|, bounded
together with its derivatives.

As particular cascs of Chébli-Triméche hypergroups we have Bessel-Kingman and
Jacobi hypergroups which correspond respectively to A(r) = r?**', a > —1/2, and
A(r) = 2Ue+B+ gh(r 20t cp(r)28+ o > B> —1/2, a > ~1/2 ( see [1] p:234-235,
[6] and [7] ).

We note that (IR4, #(A)) is commutative with neutral element 0 and the identity
mapping as the involution ( see {1}, [6] and (7] for general details on hypergroups ).
Indeed My(IR,) the space of bounded complex measures on IRy, is a commutative
Banach algebra with norm || p ||= fm+d | # |, convolution #(A) and identity éo
where 6, is the unit point mass at r € IR,. The Haar measure m4 on (R4, *(A))
is absolutcly continuous with respect to the Lebesgue measure, and can be chosen to
have density A.

1. Fourier transform and convolution on Chébli-Triméche hypergroups.
Let L4 be the differential operator defined on IR by

1 . d du
2 (AN,

Lau(r) = .T(r_){dr
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for each function u twice differentiable on IR;.
The solutions ¢y, A € T, of the differential equation

{LAst(r) = = (A+p%)pa(r),
pa(0) = 1, ¢)\(0)=0.

are multiplicative on (IR4,¥(A)) in the sense that
[ oxtbe s 8.(d) = pa(rioato)
R,

and they give all multiplicative functions on the hypergroup. The dual is given by
Ry = {pa | A € Ry Ui[0,p]}). It is convenicnt to identify My with the set
R4 Ui[0,p).

The function ¢y, A € €, satisfies the following propertics

i) For all r in IRy we have | pa(r) |< 1 if and ounly if A belongs to the set
E={1eC||Im()) < p}.

ii) For all A in @, the functionrv,\ admits the following Mehler integral re-

presentation: Vr € IRy, oa(r) = / K(r, u) cos(Au)du, where K(r,.) is supported

(
in [—r,r] and is infinitely differentiable on | — r, r|.
iii) We suppose p = 0 and a > 3/2. Then for all integers k. 0 < k < a — 1/2,
there exists a constant Dy > 0 such that

d D
Vr21,VA> 0, | (g0 lealr)l IS 35

(This incquality can be deduced from [4] Theorem 3.1 p:60).
Notatation.
For p € [1, +0o[ we write LP(m4) = {f | || f ll,< +o0}, where

IS llo=( /m L £7) P dina(r))2.

Definition 1.1.
i) The Fourier transform of a function f in L'(m,) is defined by

VAe X, Fa(f)(A) = f(r)pa(r) A(r)dr.
A(FX /IR+ (r)ea(r) Alr
ii) For r in IRy and f in L'(m,) the r-translate of f is defined by
T. = *s)= d(8, + 8,)(u).
()s) = £(r v ) /IR+ F(u)d(8, + 8,)(w)

Properties. (Sce (2], (4], [5], [6] and [7]).

i) For all r, s in IR} there exists a nonnegative function W(r,s,.) supported
in {| r—s|,r + 3], continuous on | | r — s |,r + s, and belongs to L!(m,) with
“ W(r,s,.) "l= 1 and §, + §,(du) = W(r,s, u)dm 4 (u).
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ii) The function W(r, s,.) is the kernel of the translation in the sense that
r+»
Vr, s€ RS, TAf)(s) = f(r+s) = / FCa)W(r, s, u)dm  (u).
Ir—s|

iii) For all r, s in IRy, and for all A in B, Fo(W(r,s,.))()) = pa(r)ea(s).
iv) For all f in L'(1n,4) and r in IR4 we have

VA€ Z, Fa(TA)A) = oa(r)Fa(£)(N).

Deflnition 1.2. The convolution of two functions f and g in L'(my) is the function

[+ g in L'(my) defined by: f«g(r) = /IR+ T.(f)(s)g(s)dmA(s).

Properties.
i) For all f, g in L'(mny) we have: VA € B, FA(f *+ 9)(A) = FAa(F)A)Fa(g)(A).
ii) The space (L'(m,), +) is a commutative Banach algebra.

2. The_maximal ideal space of L'(my).

Theoreme 2.1. To each homomorphism x from L'(m,) into € there corresponds a
unique clement X in T such that: x(f) = Fa(f)(A), for all f in L'(n4).

Remark. The theorem 2.1 proves that the Fourier transform F4 coincides with the
Gelfand transform defined on L'(my), by : f(x) = x(f), x € S, where S denotes the
set of all homomorphisms x from L'(m,) into €.

Let L'(my)" the set of all f where f € L'(m,). The Gelfand topology of S
is the weak topology induced by L'(m4)", that is the weakest topology that makes
every f continuous. Then we have: L'(m4)” C C(S), where C(S) is the space of all
complex continuous functions on S.

The set S equipped with ita Gelfand topology is usually called the maximal ideal
spacc of L'(my,).

Theorem 2.2. The maximal ideal space S of L!(m 4) is homeomorphic to T equipped
with the usual topology.

Notation. Let I be a closed ideal of L'(m,4). The zero set Z(I) of I is defined by:
Z(N)={reX | Fa(f)(X)=0, for cvery f € I}.

Theorem 2.3. We suppose a > 3/2. Then for all Ay > 0 the set {\o} is the zero set
of at least two distinct ideals of L'(m ).

3. The maximal ideal space of M,(IR.,).
Definition 3.1. We define the Fourier tranform of a measure p in My(IR4) by

VAEE, Fau))) = /m oA(r)dn(r).
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For two measures 1, v € My(IR4) the convolution is defined by
* Y = Tr d d ’
wort) = [ [ THO Y

where f is a continuous function on IR, with compact support.
In particular if 4 = gm,4 aud v = hmy4 with g and h are L'(1n,g), then g+ v =
(9* h)m 4 where g s h is the function in L'(m4) given by the Definition 1.2.

The convolution p * v satisfies the relation

VAEE, Falp*v)(A)=Fa(p)A)Fa(v)(A).

Remark: Let 4 be a measure in My( R4). We put Fa(u)(+00) = p({0}) =
" ]il;l Fa(p)(A), then the Fouricr transforn F 4(p) can be extended on £ = LU{+00}.
=00

Theorem 3.2. To cach homomorphism x : My(IR4) — C corresponds a unique
clement X in & such that: x(n) = Fa(u)(A), for all p in My(IR ).

Remark. The theorem 3.2 shows that the Fourier transform F,4 coincide with the
Gelfand transforin defined on My(IR+), by: ji(x) = x(u), \ € S°, where S* denote
the set of all homomorphisins x from My(IR4) into €.

Let My(IR4)" be the set of all i where p € My(IR4). The Gelfand topology
of §* is the weak topology induced by My(IR4)", that is the weakest topology that
makes every j continuous. Then we have: My(IR,)" C C(S*).

The set §* equipped with its Gelfand topology is usually ealled the maximal
ideal space of My(IR4 ).

Theorem .3.3. The maximal ideal space S* of My( IR,) is homcomorphic to T
equipped with the usual topology.

4. Factorization of functions and measures.

In this paragraph we suppose p = 0. We have : £ = [0, +00[ and T = [0, +-00].
Theorem 4.1. For all f in L'(m ) there are functions f, and f, in L'(m4) such
that f = fi + f,.

Theorem 4.2. If K is a compact set in £ and p € My(IR ) satisfying Fa(p)(A) # 0,
for all A in K, then there exists v € My(IR4) such that

VAE K, Falp)NF)A) =1.

In particular, if K = L then p s v = &.

Deflnition 4.3. A easure u in My(IR,) will be called

i) invertible if there exists a measure v in My(IR4) such that g+ v = &,

i) reducible if we can write p = py * py where py aud py are in My(IR,) and
neither is invertible,

iii) irreducible if it is not reducible.
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Definition 4.4. The zero set of a measure u in My(IR,) is the set L(p) defined by:
L(p) = {r € Z| Fa(p)(A) =0}.

Theorem 4.5. Let p be a measure in My(IR4).

i) If L(pe) = @ then p is irreducible. .

ii) If L(p) = {400} then p is reducible if and only if i is absolutely continuous with
respect to the Lebesgue measure.

iii) If L(j1) contains at least two points then p is reducible.

Notation. We put I = {u | L(p) = {A}}, A€ L.

Theorem 4.6. For all X in ¥\ {0} the sct I\ contains reducible and irreducible
measnres.

Remark. A. Schwartz has obtained in [3] the corresponding results for the Bessel-
Kingman hypergroup.
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The Number of Ambiguous Cycles of Reduced Ideals
Having No Ambiguous Ideals in Real Quadratic Orders

R.A. MOLLIN*
Presented by J.B. Friedlander, F.R.S.C

For arbitrary real quadratic orders, we completely determine the number of ambiguous cycles
of ideals having no ambiguous ideals in the cycle.

s1. Introduction.

In this paper we classify, and detemine the exact number of those ambiguous cycles (which
are not necessarily classes) of ideals (which are not necessarily invertible) in real quadratic orders
(which are not necessarily Dedekind Domains). The motivation behind the paper is an assertion
in [1) about such cycles in the maximal order of a real quadratic ficld — an assertion which tums
out to be incorrect. We do not claim that our results are new, but rather that what is set down in
the literamure is ofien confusing, and that this topic deserves a proper elucidation from a strictly
ideal-theoretic point of view in a concise and simple manner.

§2.Notation and Preliminaries.

Let Do > 1 be a square-free positive integer and setag = 2if Do = 1 (mod4) and g = 1 otherwise.
Define wo = (00— 1+vIk)/a0 and Ao = (wo—uh)? = 4Do/od where wj is the algebraic conjugate of wo.
Letwa = fuwo +h for some /,h € Z, and D = (f/g)? Do where g = ged(/, 00). Thus, if A = (wa - )%
then A = f3A¢ = 4D/ where o = au/g. Do is called the radicand associated with the discriminant

a.
If [a, ] = aZ @ BZ, then O = [1, fun] = [1,wa). This is an order in K having conductor { and

fundamensal disrminimant 8o. Let I = [a,b+ cwa), with a > 0. It is well-known (eg. see [2]) that
1 ¢ Zisanidealin O, if and only if cla, clp and ac|N (b +cwa), where N is the norm from Q(va)tq,
i.e. N(a) = aa’. For agivenideal I in O with / € 2, the integers a and c arc unique, and aisin fact
the least positive rational integer in /. We denote the least positive rational integer in 1 by L(I) and
we denote the value of ¢ L(7) by N(I), which we call the norm of I. Anideal I = [a,5+cwa) is called
primitive if c = 1. Morcover, if I = [a,b+ wa] is primitive then 5o is its conjugate I' = [a,5+ ).
Two ideals I and J of O, are equivalent (denoted I ~ J) if there exist non-zero a, 8 € Oa such that
(a)I = (B)J (where (x) denotes the principal ideal generated by z).

Now we give an elucidation of the theory of continued fractions as it pertains to the above. The
details and proofs may also be found in (2].

If I = [N(1),b+ wa) is a primitive ideal in Oa we denote the continued fraction expansion of
(b+wa)/N(I) by (a,37,33,- &) with period length { = (1) where

® 1991 Mathematics Subject Classification: 11R11, 11R29, 11R65.
Key words and phrases: ambiguous cycle, real quadratic order, continued fractions, sums of squares.
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(Po, Qo) = (00 + /(00 ~ 1) + hoo)/goo,ar/g),

and (for s > 0),
D =Pl +QQu,
Pisy =aiQi - P,
and
a = (P + VD)/Q.).

with | |} being the greatest integer function.

From the continued fraction factoring algorithm (as given, for example, in [2]), we get all
reduced ideals equivalent to a given reduced ideal I = [N(I),b+ wa), i. €. in the continued fraction
expansion of (b +wa)/N(7), we have

=1 =(Qo/o.(Po+ VD)/o) ~ I2 = [Qi/0,(Py + VD)/o] ~ ... ~ I = [Qi-1/a,(Pi-y + VD)/o).

Finally, I, = Io = I for a complete cycle of reduced ideals of length i(7) = I. Therefore, the
(P: + VD)/Qq are the complete quotients of (b+wa)/N(/), and the Q,/c"s represent the norms of all
reduced ideals equivalent to 1.

The following is a well-known result dating back to Lagrange, a proof of which may be found
in [2}, along with historical documentation.

Lemma 2.1 Let ! = [a,b+wa] be a reduced ideal, where «a is the fundamental unit of Oa. If
P and Q,, for i = 1,2,..., (1) = L appear in the continued fraction expansion of (b+ wa)/a, then

[}
ea =[[(P + VD)@,

N(ea) = (-1)".

§3. Ambiguous Cycles without Ambiguous Ideals.

We begin by defining the basic notion of ambiguity.

Definition 3.1 Let A > 0 be a discriminant. If 1 is a reduced ideal inO,, then 1 is said to
be an ambiguous cycle if I; = I’ for some integer j with 0 < j < 1. In particular, if 1 = I, then 1 is
called an ambiguous ideal.

It is possible to have an ambiguous cycle of ideals having no ambiguous ideals, and this is our
object of study. To determine the exact number of such cycles, we first need to determine when
such cycles exist. To do this we need the following useful tool which is actually our classification
device.

Definition 3.2 Ler A > 0 be a discriminant and let 1 = {a,(b + VB)/2) be a reduced ideal
in Oa with 0 < (VA - b)/(2a) < 1. If I is in an ambiguous cycle, then I' = Ip for some p € Z with
0 < p < 1. We call p = p(I) the palindromic index of 1.
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First we need a couple of technical lemmas the proofs of the which may be found in [2].

Lemma 3.1. IfI={o,(b+ vB)/2)is a reduced ideal in Oa with 0 < (V& - b)/(20) < 1 then,
in the continued fraction expansion of (b+ vB)/(2a), we have that a, = |(P; + vD)/Q|, and

(i) = [Qi/o, (P + VD)/of = (Qifa,(Pisr +VD)/o).

Lemma 3.2 Let1,1andp be as in Definition 32, then
(k1) = Ippr=i

Jorogi<p and
a=apey, QU=Qpiv Pipy = Ppoi.

Moreover, if1 > p+ 2, then

(li41)' = laper=i

forp+1<gigi-1,and

@ = Qep-un Q= Qup-n Pi= R#y-i#l-

Now we are in a position to give our criterion for the existence of an ambiguous cycle of reduced
ideals, having no ambiguous ideals in it.

Theorem 3.1 Ler A > 0be adiscriminant, then there exists an ambiguous cycle of reduced
ideals without ambiguous ideals in O, if and only if there is a reduced ideal 1 in an ambiguous
cycle of Oa with p = p(1) odd and 1 = I(1) even.

Proof. By Lemma 3.2, (1)’ =/, for some i with0 < i <lifandonlyifi=p-iori={+p-i, iec.
p=2i0ri+p=2i, where p = p(I). [ ]

Theorem 3.2 Let A > 0 be adiscriminant. In O4 there exists an ambiguous cycle of reduced
ideals containing no ambiguous ideal ifand only if N(ea) = 1 and D = 0% /4 is a sum of two squares.

Proof. Let 1 be an ambiguous cycle without any ambiguous ideals. By Theorem 3.1, i(J) =l is
even and p(J) = pis odd. By Lemma 2.1, N(ea) = (~1) = and by Lemma 3.2, Qi—1y/2 = Qo+ 1)/
thereby forcing D = P}, /3 + QF,y)2- Conversely, if N(ea) = 1, then I(J) is even for any reduced
ideal I,by Lemma2.1. If D = a?+82, then / = [a/o0, (b+vD)/o) is clearly reduced, and ob/2 = P, = P..
Thus, D =o%? + P2. However, D = QiQi_, + P?,50 Qi = Q, = oa. It follows that p = ¢ - 1 and the
result follows from Theorem 3.1 ™

Remark 3.1 Now we need a definition which will lead us into the result which basically says
that, if we have one ambiguous cycle of reduced ideals without ambiguous ideals then we have the
maximum possible. For maximal orders, this means that if we have one such class, then we may
generate the class group entirely by such classes.
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Definition 3.3 Let A > 0 be a discriminant and let s be one half the excess of the number
of divisors of D = o®A /4 of the form 45 + 1 over those divisors of the form 45 + 3. In other words,
& = (ny - n3)/2, where n, is the number of divisors of D of the form 4; + 1 and n, is the number
of divisors of D of the form 4j + 3. Thus, s corresponds to the number of distinct sums of squares
D = a?+b? (where distinct here means that | < a < b). For example, the eight solutions of 2 +y? = 5:
(1,2), (-1,2), (1, -2), (-1, -2), (2, 1), (2, -1), (-2, 1) and (-2, -1) are considered as only one solution.

Theorem 3.3 Let A > 0 be a discriminant. If there exists an ambiguous cycle of reduced

ideals without ambiguous ideals, then there are s such cycles when D = 0%A/4 is even, and there
are /2 of them when D is odd.
Proof. Itis well-known that s > 0 and that s = 0 if and only if A is divisible by the odd power
of some prime congruent to 3 modulo 4 in its canonical prime factorization. By Theorem 3.2, the
hypothesis implies that s > 0, and from the proof of Theorem 3.2, we see that we may choose an
ambiguous cycle with an ideal 7 satisfying /* = /,_, = I,. Moreover, by Lemma 3.2,

D =0%8/4= Py +Qlpenyn = P + Q1

If D is odd, then these two representations are distinct (since the only way there could be equal
is if P = Qp41)/2, which cannot happen since the parity of the R's and Q;'s differ when D is odd).
Thus, we get a pair of equivalent reduced ideals

[@/a,(Pi + VD)/o] ~ Qe+ 1y/2/9.(Pip 2 + VD)/o)

for each such pair of sums of squares. Hence, there are exactly s/2 ambiguous cycles of reduced
ideals without ambiguous ideals. (Clearly s is even since each ambiguous cycle of reduced ideals
without ambiguous ideals yields a distinct pair of two sums of squares by Theorem 3.2.)

If D is even and D = a? + 52 with [a,b + V&) ~ [b,a + VA), for each ambiguous cycle without
ambiguous ideals, then each such cycle corresponds to a sum of two squares. In other words, there
are exactly s ambiguous cycles without ambiguous ideals. If, on the other hand, (a,4 + VA) is not
cquivalent to (b,a + VA), then there is another sum of two squares D = ¢ + d? and [a,5 + V) ~
lc.d+VA). Also, in the cycle of [b,a + VA)] = I, we have I ~ [d,c+ V4] Hence, each pair of sums of
two squares yields two cycles as above, so there are exactly s ambiguous cycles of reduced ideals
without ambiguous ideals. -

Remark 3.2 In (1, Ex. 9, p.190}, it is claimed that in the class group of a real quadratic
field there is at most one ambiguous class without an ambiguous ideal. What Theorem 3.3 shows,
Jor maximal orders, is that if there is one ambiguous class without ambiguous ideals, then the class
group Cp can be generated entirely by such classes. For instance,

Example 3.1 LetA = 1640 = 2%.5.41and D = 410 = 2-5-41 = 192 +72 = 1124172, In this case
s = 2 and the ideals I = 1,19 + Va10) and I = (11,17 + V4T0) are inequivalent and are in ambiguous
classes without ambiguous ideals. In fact, Ca = (1) x (J).
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Finally, we illustrate how, in the more general situation, we may have no ambiguous classes
without embiguous ideals, yet still have ambiguous cycles without ambiguous ideals.

Example 3.2 Leta=1224=23.32.17,D=306=2-32-17, Dy = 2- 17 =34 and 8o = 217,
Therefore, f = 3,0 =1 = g=1and Oy = |1,/308). In this case, s = | and the ideal I = [9,15+v/306) is
inan ambiguous cycle without ambiguous ideals. Furthermore, 1 is the only such cycle representing
the only sum of two squares, D = 9% + 152,

Finally, we present the classification.

Theorem 3.4 Let A > 0 be adiscriminant, then the following are equivalent:
(1) D=o3A/4 is a sum of two squares and N(ea) = 1.
(2) There are s ambiguous cycles of reduced ideals without ambiguous ideals in Oa when D is
even, and there are s/2 of them when D is odd.
(3) There exists an ambiguous cycle of reduced ideals without ambiguous ideals in O,.

Proof. (1)=>(2) by Theorem 3.3. That (2)-+(3¥s «*var, and (3)=(1) by Theorem 3.2. ]

We trust that this presentation has made the inherent beauty of this topic manifest.
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