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A New Invariant of Local Rings 
Chikashi Miyazaki* Wolfgang Vogel 

Presented by P. Ribenboim, F.R.S.C. 

Abstract 

We introduce the following invariant of local ring A: 

n(A) = sup{</,(yl/q)/e(q;/l)}, 

where the supremum is taken over all primary ideals q belonging to the maximal ideal of A. We 
describe n(A) in two cases: A is generalized Cohen-Macaulay and A is the coordinate ring of a 
nondegenerate projective variety with deg(X) < codim(jr) + 2. 

1 Introduction 
The aim of this note is to sludy the problems stated in [11]. In 1965, D.A. Buchsbaum 
posed the problem to describe the difference between the length and multiplicity of ideals 
generated by systems of parameters by an invariant (see, e.g., [9]). An extended problem 
of (11) considers the same question for the quotient. More precisely, let A be a Noetherian 
local ring with maximal ideal m and q an m-primary ideal. We define an invariant of A 
as follows: 

n(A) = sup{M/l/q)/e{q;A)}, 

where the supremum is taken over all m-primary q, and l^A/q) and e(q; A) denotes the 
length of A-module A/q and the multiplicity of q in A, respectively (see, e.g., |7]). We 
note that n(A) > 1, and if n(A) < oo, then we get a new invariant of the local ring A. 

The important class of Cohen-Macaulay rings (see, e.g., [3]) is given in case n(A) = 1. 
The following theorem sheds some light on the importance of this invariant by describing 
n(A) in two cases. 

Theorem. Let k be an algebraically closed field. Let X be a pure-dimensional projective 
subscheme ofPff. Let A be the local ring ofthe cone over X at the vertex. Then we have 

(i) If X is locally Cohen-Macaulay, then n{A) < 1 + /(A)/degree(A^), and we have 
equality prodded X is arithmetically Buchsbaum. 

(ii) If X is a nondegenerate subvariety with degree(X) < codimension(A') + 2, Ihen 
n(A) = 1 + (dim(A) - depth(A))/degree(X). 

'This author would like to thank Massey Univeisity for financial support and the Department of 
Mathematics for its friendly atmosphere while writing this paper. 
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We note that there exists nondegenerate projective variety X with degiX) = 
codim(X) + 2 which are not locally Cohen-Macaulay. Therefore we conclude our note 
with some examples. 

2 Notation and preliminary results 
Before proving our theorem we need to introduce some notation: Let k be an algebraically 
closed field. By a graded it-algebra we mean a graded Noetherian ring A = (Bn>oAn such 
that Ao = it and A is finitely generated over * by Ai. From the point of algebraic geomeiry 
we want to consider such graded it-algebras although it works mostly for finitely generated 
modules over local rings. Let H'm(A) be the local cohomology groups for t > 0, where m 
is the irrelevant ideal of A. We set d = dim(A), and 

/(/»)=!:( ('71)'^mM))-
If /(A) < oo, then A is said to be generalized Cohen-Macaulay, and MA/q) - eiV> A) < 
/(A) for all m-primary ideals q (see, e.g., [10]). 

We need to introduce strongly reducing system of parameters: A system of parameters 
at,- •• ,aj of A is said lo be a strongly reducing system of parameters if aj is nol in any 
prime p 5̂  m belonging lo (01, •• • ,a>-i) for any j = I, • • • ,d. Such systems of parameters 
are generalizations of reducing systems of parameters in the sense of (1|. 

Lemma 1. n(A) = 8up{^(A/q)/e(q;A)}, where q runs through all m-primary ideals 
generated by strongly reducing system of parameters. 

Proof. Applying [12), (VIII.22) we have an m-primary ideal q' Ç q generated by a system 
of parameters such that e(q'; A) = e(q; A). Using Proposition 2 of |2), we see that q' can 
be generated by a strongly reducing system of parameters. This proves Lemma 1. 

Moreover, we need the following lemma. 

Lemma 2. Let X be a pure-dimensional projective subscheme of Pj' of dimension id — 
1) > I. Let A be the coordinate ring of X and au---,0,1 a system of parameters of A. 
Then we have 

eiiau--,ai)A;A) = degiX) (edegto)) 

Proof. The elements ai,• • • ,oj of A give raise to homogeneous polynomials fi,---,fi 
of k\Xo,--,XN\. The ideal liY) = ifi,--,fd) defines a complele intersection K of 
Fj'. Since oi,---,0,1 is a system of parameters of A, we have .Y n V = 0. By taking 
the cones over X and Y, denoted by c(X) and ^K) resp., we get that the intersection 
c(X) D c{Y) is the vertex P. The reduction theorem of P. Samuel [8], (ll.5.7.b) yields 
that c((a1, .- ,aa)A;A) = iiX,Y,P), where iiX,Y;P) is A. Weil's intersection number 
of X and Y at P. Bezout's theorem provides iiX,Y,P) = degiX) deg(V') = deg(X) • 
(n?=i deg(/,)) . This proves Lemma 2. 
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3 Proof of the theorem 
It is enough to prove our theorem for the graded A-algebra A = klXo,-•• ,XN\/I{X), 
where I{X) is the defining ideal of X. We set the irrelevant ideal m = (.YQ, • - • ,XN) of 
A. We set d = dim(A) > 2 and r = depth(A) > I. 

(i) Let q be any m-primary ideal of A. Since X is locally Cohen-Macaulay, we have 
iAiAM - eAiq;A) < /(A). Thus we see eAiA/q)/eAiq;A) < 1 + /(A)/e>,(q; A) < 
1 + /(A)/deg(A') by Lemma 2. In Buchsbaum case we get the equality. Ilence the 
assertion is proved. 

(ii) In case deg(A') = codim(X) + 1, we know that X is a variety of minimal degree. 
Thus wc see A is a Cohen-Macaulay ring, lhat is, n(A) = 1. Now let us assume lhat 
deg(X) = codim(X) + 2 and A is not Cohen-Macaulay. By [6], Theorem B, we see 
IliniA) = 0 for all i ^ r,d and H^A) S % , , • -,»r_i]v(r - 2), where y „ - - , y r - , 
are algebraically independent elements of degree 1 of A. Firstly we want to show that 
^(A/q)/e^(q; A) < 1 + (d — r)/deg(X) for any m-primary ideal q. By Lemma 1 and 
the proof of Proposition 2 of [2], we may assume q = (/i,-•-,/<i) s u c h that / i , - - - , /d is a 
strongly reducing system of parameters for A and / i , • - •, fr-i is a system of parameters 
for ifcl»i,"-,if,_il. Put d. = degf/i) for all «. We set B = A/if,,---,fr-t)A and q = qfl. 
Since /; is a non-zero-divisor of Afifx,--- ,fi-\)A for 1= !,••• ,r -- 1, we gel e>t(q; A) = 
efl(q;B), see, e.g., |7), (14.11). Thus we have ^A/qJ /e^q; A) = £B(fi/q)/efl(q; B) < 
I + /(B)/cfl(q; B) = 1 + /(B)/(deg(A') • [ ] ' ; ' di) by using Lemma 2. In order lo show 
lhat / (B) = (d — r) • XYiZi di, we need the following claim. 

Claim. Forj = l,-,r,we have i ï i i ( A / ( / , t - - , / i - i M ) = Q fori^r-j+ l,d-j+ 1 
a n d / / ^ + , ( A / ( / I , . . . . / i . 1 ) A ) 

= ( % i . " . » r - i l / ( / i , " . / i - i ) % i . • • • ,»r- i l ) v (r-di d j - i - 2 ) . 

Proof of Claim. We use induction. The case j = 1 follows from [6]. Let us consider the 
case ; > 2. Lei us put R = A/(/ i , • • •, /,_j)A. By the short exact sequence 

0 -4 Ri-d,^) ^R^ R/fi-iR-»0 

and the hypothesis of induction, we get Bfn(B//j_ifl) = Ofori 5̂  1—j+l,r—j+2,d—j+l 
and the exacl sequence 

0 -* II^iR/fi-iR) - H£'»m-d,-i) - H'n'+*iR) -* H'^iR/f^R). 

Since / / ^ + J ( f l ) ^ ( % „ • • • , y r _ 1 ] / ( / 1 . - - , / i _ 2 ) % I , - - , y r . I ] n r - d , d , -S-2) 
by induction and /j_i is a non-zero-divisor of it[yi,• • • ,yr-il/(/i, • • •, fi-i)Hyi,' ' •, Vr-i], 
we have tf£i+'(«//,-irt) = 0 provided r < d - 1, and H^'^iR/fj-iR) = 
(%i, • • • ,yr- i | / ( / i , • • • , / > _ I ) % I , • • • .yr-i])w(r - d, dj-i - 2). Hence the claim is 
proved. 

By the claim we have 

'(*) = E(d7r)MWfn(B)) 
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= (d-r).£f l(*Iy1.. . . ,j ,r_1]/(/I , . . . , /;_,)%„... ,y r . I]) 

= id-^.'fidi. 
i=l 

Thus we s«.^(A/q)/ey l (q;A)< l+ / (B) / (dcg(X) 11:1;^)= l+(rf-r) /dcg( .Y) . llcncc 
we proved that n(A) < I + (d - r)/dcgiX). 

Next we will show n(A) > 1 + ( d - r ) / d e g ( X ) . In order to prove this, we take a linear 
strongly reducing system of parameters «i, • • •, zj for A such that zi, • • •, z , . ! is a system 
of parameters for %i , - - - ,yr- i j . We set B = A/(z i , - - ,z r _ i )A, q = («t,- •,«a) and 
q = qB. Note that Bis Buchsbaum by our claim. Hence £B(B/q)-eB(q;B) = / (B) . Thus 
wehave^(A/q)/e,4(q;A) = £fl(B/q)/efl(q; B) = l+/(B)/eB(q;B) = l+ (d -r ) /deg (X) , 
where the last equality follows from our claim and Lemma 2. Hence we see n{A) > 
l+ (d -r ) /deg (A- ) . 

Therefore we obtain that n(A) = I +(d-r) /deg( .Y) . This completes the proof of our 
theorem. 

4 Examples 
We discuss in conclusion some examples. Following our introduction we want lo study a 
subvariety X wilh deg(JY) = codim(X) + 2 which is not locally Cohen Macaulay. 

Example 1. Let X be the surface given paramelrically by 

(s3,s7l,slu,suis- u ) ,u ' ( s - i i ) ) . 

Let A be the coordinate ring of X. Then we have the following facts: A is a irreducible 
and reduced surface of degree 4. It follows from (9), (V.5.2) that X is not locally Cohen-
Macaulay. Our theorem shows lhat £4(A/q) < 2e(q;A) for all m-primary ideals q. 

This example givea a subvariety with n(A) < 2. However, there are subvarieties 
with n(A) > 2 which are even arithmetically Buchsbaum of codimension 2. Example 2 
describes such varieties which show that Problem I of [11] is nol true in general. 

Example 2. Let k be an infinite field, and S = Jt(.Yo, • • •,-Y»), n > 4. Let B, be the 
i-th syzygy S-module of A for i = 3, • - -, n — 1. By the well-known Iheorcm of Evans and 
Griffith (see, e.g., [4]) there are prime ideals p, of 5 of height 2 such that 5/p,- is a normal 
domain and we have the following short exact sequence: 

0 - » F — B j - f p i - » ! ) 

wilh some free 5-module F. This exact sequence provides 

!

0 for q^i-l,n-\ 

k for q — i- I, 
where m = iXo,---,Xn). Hence Sfpi is a Buchsbaum ring. We can take a subring 
R = Myo. " • ", Jn-î] of S such that 5/p,- is a maximal Buchsbaum A-module. We set 
n = (ift),'--.ïn-î) in R. By Colo's structure theorem [5], 5/pj is isomorphic to the 
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(« - l)-th sygyzy module of R, say Fi-i, aa B-module. Since IsiS/Pi) = //i(5/p,) and 
tsiiS/Pi)/niS/9i)) = tRiiS/pJWS/Pi)), we have only to consider the category of B-
module. Now let us calculate «(J^/nFj- i ) and / ( / i - i ) . By the construction of the 
syzygy module, fi-i ® B/n is an B/n-vector space of rank (n - l)!/((i - l)!(n - i)!). 
Hence we see / 1 \ 

^((S/pi)/n(5/pi)) = eRiFi.t/nFi.l) ^[IZi)-

On the other hand 

/(5/pi)-/(Fi-1)=g(n72)w^^-))=(":?)' 
Note that for Buchsbaum B-module FJ-I 

Thus we gel by Lemma 2: 

deg(pi) = e(n;5/p.) = e(n;^_,) = ( V ^ j • 

By our theorem, (i), we have 

/o/«i . , f^/P.) , , i i - 1 / - n - 1 

n^^ = l+d^-)-[+pr^- i-i-
We apply this result in order to discuss Problem 1 of (1 lj. This problem is the following: 

Let X and Y be irreducible and reduced subschemes of PJ. Is then 

2 • degiX) • degiY) > degiX D K)? 

Take X = Xi given by the prime ideal p̂  of 5 for some i. Let V be a complele intersection 
of degree 1 such lhat dim(A r\Y) = dim(X) + dim(y) - n = - 1 . By Lemma 2 and the 
above calculations we get 

n(5/p,) • deg(X) • d e g W = deg(A' fl Y), 

where we set degiXHY) = deg(c(X)nc(K)). But n(5/pj) = ( n - l ) / ( t - 1 ) > 2 provided 
n + 1 > 2t. Hence Problem 1 of (11) is not true in general. 
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Incompatible Poisson Structures and 
Integrable Hamiltonian Systems 

Oleg I. Bogoyavlenskij* 

Presented by I.M. Sigal , F.R.S.C. 

Abstract: Supplemental invariant Poisson structures Pc which are incompatible 
with the original Poisson structure Pi are discovered for an arbitrary completely 
integrable Hamiltonian system. For the non-degenerate case, the complete classi-
fication of the invariant Poisson structures Pc is obtained. The instability of the 
property of compatibility of the supplemental invariant Poisson structure Pj with 
P! is established. The concepts of dynamical compatibility (DC) and dynamical 
compatibility in the strong form of pairs of Poisson structures are introduced. 

I . In his 1978 paper (4) Magri proved, using the Lenard scheme, a general 
Theorem that states that a dynamical system or system of partial differential 
equations that preserves two compatible non-degenerate Poisson structures 
(the bi-Hamiltonian system) is completely integrable in the Liouville sense. 
Since then more than one hundred papers and several books were published 
devoted to the investigation of the diverse properties of compatible pairs of 
Poisson structures and bi-Hamiltonian systems. A review of these papers 
and their extended bibliography is contained in monograph (6]. 

One of the well-known unsolved problems in this area is 

The Inverse Problem. Are ihere supplemental invariant Poisson struc-
tures for a general completely integrable Hamiltonian system on a manifold 
Mn, n = 2k, with a non-degenerate Poisson structure Pi? Are they neces-
sarily compatible with Pi ? 

•Supported by NSERC grant OGPIN 337. 
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In the present paper we solve this problem. We derive the general and 
previously unknown formula 

^ = di^^)Adipa + df0iI)^dI0, il) 

dHil) 
dla 

in the action-angle coordinates / j , • • •, / t , tpu'" .9fc- Here 5 ( J ) and fail) 
are arbitrary smooth functions of k variables. Formula (1) presents a contin-
uum of the invariant closed 2-forms u;e and the invariant Poisson structures 
Pe = u}~1 for an arbitrary completely integrable Hamiltonian system with 
the Hamiltonian function / / . 

In general the constructed Poisson structures Pc are incompatible with the 
original Poisson structure Pi = wf1, W] = dla A dipa. Magri's definition 
(4) of compatibility states: Two Poisson structures Pi and Pj are compatible 
if their sum Pi + Pj is a Poisson structure. This definition is equivalent to 
the condition that the Schouten bracket (P^Pj) vanishes. Later Gelfand and 
Dorfman in [3] and Magri and Morosi in (5) proved that the compatibility 
is equivalent to the condition that the Nijenhuis tensor NA vanishes where 
A is the (1,1) tensor A = PiPf1. Therefore we prove the incompatibility 
of the Poisson structures Pe and Pi by a direct calculation of the non-zero 
components N^t of the Nijenhuis tensor in the action-angle coordinates. 

IL The second well-known unsolved problem in the theory of compatible 
Poisson structures is 

The Stability Problem. Is the property of compatibility with Pi stable 
for the supplemental non-degenerate Poisson structure Pj that is invariant 
with respect to the completely integrable non-degenerate Hamiltonian system? 

In Theorem 2, we prove that the compatibility property is unstable. Using 
the key formula (1) and a method of "toroidal surgeries" we construct a 
continuum of invariant Poisson structures Pc in any neighbourhood of Pj 
which are incompatible with Pi. 

III. Let Pl' be a non-degenerate Poisson structure on a manifold M n , 
n = 2k. A Hamiltonian system 

x^PfH,,, , H,a=dH/dx0 (3) 



0. Bogoyavlenskij 125 

is called completely integrable in the Liouvllle's sense if it has fc = n/2 
independent involutive first integrals Fi ( i ) , • • •, Pik(i): 

{Fj,Fl} = P^F^Ft,0 = O. (4) 

The summation with respect to the repeated indices is taken everywhere in 
this paper. 

The Liouville Theorem (1] implies that almost all points of the manifold 
M" (excluding a set 5 C Afn, dim 5 < n - 1) are covered by a system of 
open toroidal domains Om C Mn with the action-angle coordinates h,-- ,1k, 
ipi,---,<Pk- In these coordinates the completely integrable system (3) has the 
form 

/i = 0, * i = | p H = Hifi,-Jk). (5) 

The symplectic structure wi has the canonical form W| = dla A dip0. The 
Hamiltonian system (5) preserves the symplectic structure wi and the Poisson 
structure Pi = u»f ' : wi = 0, Pi = 0. 

The action coordinates / i , • • •,//t are defined in a ball 

Br: è(/i-/io)2<r2. (6) 
}=i 

The angle coordinates ipi,---,<pic run over a torus T*, 0 < v»} < 27r. i n t h e 

compact case or over a toroidal cylinder T"1 x R*-m, 0 < m < i if the manifold 
/j(u) = IJO is non-compact. 

IV. Let us consider a completely integrable Hamiltonian system (3) for 
which the submanifolds of constant level of the k involutive first integrals are 
compact. Almost all of these invariant submanifolds are tori T : 

T*: /i = c i , - - - , Ik = Ck, 0 < v * < 2 3 r . (7) 

The completely integrable Hamiltonian system (3), (5) is called non-
degenerate if the condition for the Hessian 

d* « IBS'b 4 0 m 
is met almost everywhere in the action-angle coordinates 
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h,--,h, Vi. • • •. V*» W = Vt-niod(2jr). (9) 

In this paper we study the problem of the existence of supplemental invari-
ant non-degenerate Poisson structures for the completely integrable Hamilto-
nian system (3). This problem is equivalent to the investigation of all closed 
2-forms w.j which are invariant with respect to the system (3). 

Theorem 1 fn the toroidal domain O C Mn defined by conditions (6) and 
(7) a closed 2-form u>e is invariant with respect to the completely integrable 
non-degenerate Hamiltonian system (3), (5) having compact invariant sub-
manifolds (7) if and only if it has the form (1), where BiJi,-• • ,Jk) and 
faih,'" ,Jk) ore arbitrary functions ofk arguments. 

Let us prove that any 2-form wc (1) is preserved by the Hamiltonian 
system (3), (5). Using classical properties of the Lie derivative Lvu)e = ùc 

with respect to the dynamical system (5) and substituting (2) we obtain 

Therefore all 2-forms we (1) are invariant with respect to the completely 
integrable Hamiltonian system (3), (5). 

Theproof of the uniqueness of the invariant closed 2-forms (1) is presented 
in our paper [2]. 

The invariant 2-form u;c (1) is non-degenerate if and only if 

d"iOi^ •te'»S>0- (II) 
V. Theorem 1 implies that in tbe action-angle coordinates the recursion 

operator A = PiP^1 has the kxk block structure 

with the following entries (here and below we assume 1 < i,j,t,m < k): 

A) = B{iI), /!}+*= 0, >lj+fc=<ry(/), A%k
k = B)iI), (13) 
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For any (1,1) tensor A% the Nijenhuis tensor N%y is defined by the formula 

A& = < T ^ - >45.TA; + {A}n - A^jW. (14) 
After substituting formulae (13) into (14) the compatibility condition [3,5] 
NAiu,v) = 0 yields the system of partial differential equations 

i+k d'BjindBM d'BADdBnil) _ 
'j+kt - dltdlm dU dlidlm dh 

If function i?(J(/)) is generic then equations (15) are not satisfied and there-
fore the supplemental invariant Poisson structure Pe = w^1 (1) is incompat-
ible with the original Poisson structure Pi. 

VI. Assume that a completely integrable non-degenerate Hamiltonian 
system (3) is given on a symplectic manifold M", n = 2A:, with a symplectic 
form ui and Poisson structure Pi = wf1. Assume there exists a second 
non-degenerate Poisson structure Pj that is invariant with respect to the 
dynamical system (3) and is compatible with the original Poisson structure 
P, = wf'. The following theorem proves that for the supplemental invariant 
Poisson structure Pj the property of compatibility with Pi is unstable. 

Theorem 2 In any neighbourhood of the Poisson structure Pa there exists 
a non-degenerate Poisson structure Pc that is incompatible with the Poisson 
structure Pi and invariant with respect to the Hamiltonian system (3). 

The proof is based on formula (1) and on a "toroidal surgeries" method 
that extends the symplectic structure (1) on the whole manifold M". The 
proof is presented in our paper [2]. 

VII. These results show that the notion of the compatibility of Poisson 
structures and its counterpart, incompatibility, are conceptually inadequate 
for a good insight into the diversity of the Poisson structure pairs. Therefore 
we introduce the following 
Definition 1 Two Poisson structures Pi and P2 on a manifold Mn are co//ed 
dynamically compatible (DC) if there exists a non-trivial dynamical system 
that preserves both of them. 
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Any two Poisson structures which are compatible in the Magri sense are 
dynamically compatible. But two dynamically compatible Poisson structures 
Pi and P2 are not compatible if the corresponding Nijenhuis tensor NA is not 
equal to zero. 

Definition 2 Two Poisson structures Pi and Pi on a manifold Mn, n = 
2k, are called dynamically compatible in the strong form if there exists a 
dynamical system that preserves both of them and is completely integrable 
and non-degenerate with respect to some non-degenerate Poisson structure 
P, and its invariant submanifolds are compact. 

Theorem 1 implies that all constructed invariant incompatible Poisson 
structures Pe = w"1 are mutually dynamically compatible in the strong form. 
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Lie Algebraic Invariants of Two 
Compatible Poisson Structures 

Oleg I. Bogoyavlenskij* 

Presented by G.F.D. Duff, F.R.S.C. 

Abstract : An alternating (1,2) tensor is introduced for an arbitrary (1,1) tensor 
A having multiple eigenvalues. For a pair of compatible Poisson structures and the 
corresponding recursion operator A. this (1,2) tensor satisfies the Jacobi identity 
and defines a structure of solvable Lie algebra in each tangent space TxiMn). 
Formulae for the commutator relations and the corresponding Cartan-Killing form 
are presented for a generic pdr of compatible Poisson structures. 

I . During the last two decades more than one hundred papers and several 
books were published devoted to the investigation of diverse properties of 
compatible pairs of Poisson structures and their applications in mathematical 
physics. Magri's definition [4] of compatibility states: Two Poisson structures 
P, and Pz are compatible if their sum Pi + P2 is a Poisson structure. This 
definition is equivalent to the condition that the Schouten bracket (Pi,P2] 
vanishes. Later Gelfand & Dorfman in (3] and Magri & Morosi in [5] proved 
that the compatibility is equivalent to the condition that the Nijenhuis tensor 
NA vanishes where A is the (1,1) tensor A = PiP-f1. These results show 
that for two compatible Poisson structures the main tensors which can be 
constructed from Pi and Pj are identically equal to zero. 

One of the well-known unsolved problems in this area is 

T h e Tensor Invariants Problem. To find non-trivial lensor invariants 
of two compatible Poisson structures. 

'Supported by NSERC grant OGPIN 337. 
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In this paper we introduce a new alternating (1,2) tensor Bciu,v). For 
two arbitrary compatible Poisson structures Pi and Pj this tensor defines a 
structure of Lie algebra Ax in each tangent space T^M"), n = 2k. We prove 
that these Lie algebras always are solvable and present concrete non-trivial 
examples. 

II. We proved in [2] that the (1,1) tensor 

Ai
iix) = PiixriP2-iix))oj ii) 

for two arbitrary Poisson structures Pi and P2 satisfies the algebraic equation 
of degree n/2: 

QiA,x)=^2qmix)Amix) = 0, (2) 
m=0 

Q(A,x) = Pf(Pi(x) - AP2(x))Pf(P2-,(^))-
Here polynomial Pf 5 is the classical Pfaffian of an arbitrary skew-symmetric 
matrix 5: detS = (PfS)2. The characteristic polynomial P(A,x) of the (1,1) 
tensor Aj(a:) (1) is a perfect square P(A,i) = Q7iX,x). 

Let C(A,x) be an arbitrary polynomial-valued function on the manifold 
Mn that has the same roots as the characteristic polynomial P(A,i) of the 
(1,1) tensor /4(i) and annihilates the operators Aix) 

CiX,x) = J2clix)Xt, * = !, CiAix),x) = 0. (3) 

Obviously the minimal polynomial m(A,i) of Aix) is a divisor of the poly-
nomial C(A,x). The coefficients c^x) are functions of the eigenvalues A,(x) 
of the operator Aix) or equivalently are functions of the invariants fdx): 

1 1 B " f)rt 

/4x) = iTr/r(x) = iEAr, rfc,=E l r r f / - (4) 
m m fel m=l a J™ 

The integrable distribution Cx C rr(Mn) is defined by two equivalent 
systems of equations 

£ , : rf/m = 0, m = l , • • • , « ; dA.-= 0, t = l , • • - , « . (5) 
We introduce the following alternating (1,2) tensor 
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Bc{u,v) = E U X ) E A'NAiA'u,A'v)+ (6) 
m=2 p+q+s=m-2 

m=0 

This tensor plays a crucial role in the solution of the following problems: 
1) Algebraic identities for the Nijenhuis tensor A^C", w)-
2) Necessary conditions for the existence of conservation laws for a quasi-

linear first order system of n partial differential equations. 
3) Necessary conditions for the dynamical compatibility of two incompat-

ible Poisson structures. 
4) Tensor invariants of two compatible Poisson structures. 
III . The first three problems are investigated in our papers [1,2]. In the 

present paper we study the fourth problem. 
Theorem 1 If the Nijenhuis tensor ^ ( u , ^ ) vanishes then the (1,2) tensor 
Bciu,v) (6) defines a structure of solvable Lie algebra Ax in each tangent 
space TxiMn). The derivative Lie subalgebra A'x belongs to the subspace Cx 
(5) This subspace is a commutative ideal in Ax that is invariant with respect 
to the (1,1) tensor Aix). Any linear subspace £x C TxiMn) that is invariant 
with respect to the operator Aix) is a Lie subalgebra in Lx. This subalgebra 
is commutative if either £x C Cx or £r fl £ r = V. 

Proof. Let us prove that the Jacobi identity 

BciBciu, v),w) + BciBciv, w),u) + BciBciw, ti), v) = Q (7) 
is satisfied for arbitrary tangent vectors «, v, m G r.(A/n). Applying Theorem 
2 of our paper (2) and the compatibility condition NAiu,v) = 0 we obtain 

d/m(/?c(«,«)) = 0, <MBc(u,«)) = 0, m , / > l , u . u e T U A r ) . W 

In view of NAiu,v) = 0, the (1,2) tensor 5c(«,v) (6) has the form 

Bc{u, v) = E M c ^ / T u - u M / T u ) . (9) 
m=0 
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This expression and formulae (8) yield 

BciBciu,v),w) = J2(wicm)AmBciu,v)-Bciu,v)icm)Amw)=i\0) 
m=0 

= E (v(c,)U»(cm)/lm+'u - uictM^A^'v). 
l,m=0 

The Jacobi identity (7) follows after the substitution of the formulae (10) 
anti the similar terms cancellation. Therefore the (1,2) lensor Wc("i") (6) 
defines a structure of Lie algebra Ax in each tangent space TTiMn). 

The key relations (8) prove that 

Bciu,v)€Cz, or > i ; c £ r . (11) 

If two vectors ii, « belong to Cx then formulae (4) and (5) yield 

iiice) = dciiù) = 0, vict) = dctiv) = 0, i = 0,-,r. (12) 

Substituting (12) into formula (9) we get Bciû,v) = 0. Therefore subspace 
Cx is a commutative ideal in the Lie algebra Ai. Hence we obtain 

A:=[A'x,A'x] = 0. (13) 

That means that the Lie algebra Ax is solvable. 
For NAiu,v) = 0, the conservation laws Adfn = fm+i (7) imply 

dUAû) = (>lrf/m)(u) = rf/m+iW = 0 (14) 

for any tangent vector û Ç Cx. Therefore the subspace Cx is invariant with 
respect to the operator Aix). 

If a linear subspace £x C TxiMn) is invariant with respect to the oper-
ator A(x) then for any vectors û,v Ç £x formula (9) implies Bciû,v) E £T-
Therefore the £x is a Lie subalgebra in Ax. Using (11) we obtain Z?c(w,w) € 
£xnCx. Ilence £'x C £xr\Cx and the Lie subalgebra £x is commutative when 
£xn£I = 0. 

Corol lary 1 Any two compatible Poisson structures Pl1 and P^ define by 
virtue of the (1,2) tensor Bqiu,v) a structure of solvable Lie algebra Ax 
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m each tangent space Tx(A/n). i4ny bi-Hamiltonian flow that preserves the 
two Poisson structures preserves the (1,2) tensor BQiu,v) also. Therefore 
for any trajectory x(<) of a bi-Hamiltonian flow the Lie algebras Ax(t) are 
isomorphic to each other. 

Remark 1. Theorem 1 describes a new way of the appearance of the finite-
dimensional Lie algebras in problems of differential geometry and mathe-
matical physics: the (1,2) tensor Bciu,v) defines a structure of solvable 
Lie algebra in each tangent space r r (M n ) . These Lie algebras are not con-
nected with any symmetry of the initial problem in contrast to the classical 
symmetry-based Lie algebraic constructions of mathematical physics. 

IV. Assume that for two compatible Poisson structures all eigenvalues of 
the recursion operator A = PiP^1 are real and doubly degenerate. In view of 
the compatibility condition TV^u, u) = 0 the Nijenhuis Theorem [6] implies 
that the local coordinates xl,yl,'",xk,yk exist where the (1,1) tensor Aj 
has the form 

/i;. = dia6(Al(x,),AI(x,),"-,Afc(xfc),At(x*)), 2k = n. (15) 
Polynomial (2) for the (1,1) tensor A) (15) has the form 

Q(A,x) = n ( A " M*.)) = E *"(x)Am. (16) 
t = l m = 0 

In view of NAiu,v) = 0, the (1,2) tensor J3g(u, t) (6) takes the form 

BQiu,v) = E M ? m M ' n « - uiqm)Amv). (17) 
m=0 

The formulae (15) - (17) imply 

Formulae (18) provide an independent proof that the (1,2) tensor BQ(U,U) 
defines the structures of non-trivial solvable Lie algebras Ax in the tangent 
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spaces TxiMn). These Lie algebras are split into direct sums of the two-
dimensional solvable Lie subalgebras in the planes spanned by vectors A-, ~ . 

Using formulae (18) we readily find the corresponding Cartan-Killing form 

k 

giu,v) = Traduadv = E(W.))2rfM«)rfA.(")- (19) 
fel 

Obviously all tangent vectors « 6 £ r are null-vectors of this symmetric form. 
The solvable Lie algebras Ax defined by virtue of the (1,2) tensor BQ(U, V) 

have more complicated structure when the (1,1) tensor A has complex eigen-
values or when its Jordan normal form is non-diagonal. The tensor invariants 
BQiu,v) and giu,v) introduced in the present paper can be applied for the 
classification of the non-isomorphic compatible pairs of Poisson structures. 
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T h e Dyer-Lasbof Algebra in Bordism 
(extended abstract) 

Terrence Bisson and André Joyal, F.R.S.C. 

We present a theory of Dyer-Lasbof operations in unoriented bordism and in-
vestigate their behavior on the canonical splitting N.{X] ~ N.® H,(X), where 
AT.v ) is unoriented bordism and # , ( ) is homology mod 2. For any finite covering 
space we define a "polynomial functor" from the category of topological spaces 
to itself. If the covering space is a closed manifold we obtain an operation de-
fined on the bordism of any .Ec-space. A certain sequence of operations called 
squaring operations are defined from two-fold coverings; they satisfy the Cartan 
formula and also a generaUzation of the Adem relations that is formulated by us-
ing Lubin's theory of isogenies of formal group laws. We call a ring equipped with 
such a sequence of squaring operations a D-ring, and observe that the bordism 
ring of any free £oo-space is free as a D-ring. In particular, the bordism ring of 
finite covering manifolds is the free D-ring on one generator. In a second compte-
rendu we discuss the (Nisbida) relations between the Landweber-Novikov and the 
Dyer-Lasbof operations, and show how to represent the Dyer-Lasbof operations 
in terms of their actions on the characteristic numbers of manifolds. 

1. T h e algebra of covering manifolds. 
We begin with the observation lhat a covering space p -.T —* B can be used to define a 
functor X >-* p(Jf ) from the category of topological spaces to itself, where 

p{X) = {(ti.i) ( 5 6 B, u : p-lib) - X). 

Then j^X) is the total space of a bundle over B with fibers J f " ' ^ ' , and any continuous 
map / : Jf -» K induces a continuous map p( / ) : piX) — p(K). We shall say that pi ) 
is a polynomial functor. For functors F and G from the category of topological spaces to 
itself, we have functors F + G, F x G a n d P o G given by (F + G)iX) = F ( X ) + GiX), 
( F x G)iX) = FiX) x G(A'), and ( F o G)(X) = F(G(J:)). Polynomial functors happen 
lo be closed under these operations, and we obtain well-defined operations p + q, pxg and 
poq on coverings. These operations satisfy the kinds of identities that one should expect 
for an algebra of polynomials. 

We define the derivative p' oî a covering p : T -» B to be the covering whose base 
space is T and whose fiber over t € T is the set p~lipit)) - [t]. The rules of differential 
calculus apply: (p + q)' = p' +q',ip* q)' = p' X q + p* q' aadipoq)' = (p' oq)x q'. If 
we observe that the total space of p is p '( l) (where 1 denotes a single point) and that its 
base space is p(l) the formula (p x q)'il) = p ' ( l ) x «(1) + p(l) x g'(l) expresses the total 
space of (p x q) in terms of the total and based spaces ofp and q. Similarly for the formula 
( p o , ) ' ( l ) = p ' ( 9 ( l ) ) x 9 ' ( l ) . 

R e m a r k 1: There is a parallel between this algebra of covering spaces and the algebra of 
combinatorial species developed in (9] and (10). 
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Remark 2: By using the Euler-Poincare characteristic one can associate a polynomial 
Xip) to any covering p of a finite complex. We have x(p + q) = xip) + xiq), xiP x q) = 
Xip) x Xiq), XiP o «) = XiP) o Xi<l), and x(p') = xip)'-

Remark 3 : It is also possible to define various kinds of higher differential operators on 
coverings. For example, the group Ea acts on any second derivative p" by permuting the 
order of differentiation, and we can define 

l d I P - n " / 
2 ! ^ _ p / i : ' -

Higher divided derivatives can be handled similarly. 

Remark 4: Polynomial functors of n variables are easily defined. They are obtained from 
n-tuples (p i , . . . ,Pn) where pf.Ti -* B iaa finite covering for every i. 

Let us now consider coverings of smooth compact manifolds. We aay that two coverings 
of closed manifolds are cobordant if together they form the boundary of a covering. Let 
iV,S denote the set of cobordism classes of closed coverings. Let Ndlln denote the set of 
cobordism classes of degree n (i.e. n-fold) coverings over closed manifolds of dimension d. 

Proposition 1. The operations of sum + , product x, and composition o are compatible 
witb tbe cobordism relation on closed coverings. They define on JV.E the structure of a 
commutative Zj algebra, graded by dimension. 

Notice that if p e iV*E,„ and 5 6 JVPSB then p o ç 6 Ar m r + t E m n . This defines in 
particular an action of 7V,E on N.EQ = N,. More generally, let us see that iV.E acts on 
the bordism ring of any Foo-space. 

Recall (see (1), (18)) that an Foo-space X has structure maps FE B xzn X" -* X for 
each n. These structure maps give rise to structure maps piX) -* X for every degree 
n covering space p : T -* B. To see this it suffices to express p as a pull back of the 
tautological n-fold covering un of BEB along some map B -* B E n . This furnishes a map 
piX) -* uniX) = FE„ X E . Xn and the structure map p(Jf) - • ^ is then obtained by 
composing with u„iX) —» X. 

Recall (see (6] for instance) that an element of N,X is the bordism class of a pair 
(Af, / ) where f :M -* X and Af is a compact manifold; then p(M ) is a compact manifold 
and the structure map for X gives p(Af ) -» p(.Y) - • X, representing an element in N.X. 

Proposition 2. Let JT be an Foo-space. Each covering of degree n and dimension d defines 
an operation NmX —» Nnm+jX. Cobordant coveting spaces give tbe same operation. 
Moreover, for double coverings these operations are additive. 

It should be noted that tom Dieck (7) and Alliston (3) develop bordism Dyer-Lashof 
operations which agree wilh ours; the relationship will be clearer after section 2. 

Example: The classifying space for finite coverings is B E , the disjoint union of the clas-
sifying spaces of the symmetric groups BE». Then iV.BE. = AT.E and B E . has a natural 
Foo-space structure defined from disjoint sum. The covering operations on AT.BE, corre-
spond to composition of coverings. 
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Remark: Il is a classical resuit (19), [8], (12) that the inclusion i : En- i C En defines a 
split monomorphism i . : JV.En_i -* AT.E,,. In our setting i. is the map pi— x x p. It is 
easy to see, by applying the rules of differential calculus, that the map 

dq I tPg î 1 «fo 
^ ^ + X 2 ! d ? + ïW + -

is a splitting (11). 

For any space JV let e : N,iX) -» H.iX) denote the Thom reduction, where B.( ) 
is mod 2 homology. If ( M , / ) € N.iX) we have e(A/,/) = / . ( p w ) where p M denotes the 
fundamental homology class of Af. If X is an Foo-space then each covering of degree n 
and dimension d defines an operation HmX -» Hnm+iX which is the Thom reduction of 
the corresponding operation in bordism. 

We now describe the sequence of cobordism class of double coverings that leads to the 
concept of D-rings. It is a classical result that N'iRP00) = JV.((t]). Let qi, in iV.BEj = 
^ . ( i î F 0 0 ) be represented by the canonical inclusion BP* «-» HP00. Thesequenceqoi?!»---
is a basis of the AT.-module N.iRP00). The Kronecker pairing N'iRP00) x ^ . (BF 0 0 ) - . 
JV, defines an exact duality between N'iRP00) and N^RP00). Let do,d| , . . . be the basis 
dual to the basis t0, f ' , ( 2 , . . . under the Kronecker pairing. The relation between the two 
bases of N.{RP°°) can be expressed as an equality of generating series 

(XIIBBVKE*1*) = ( E 9nXn), 
• >0 k>0 n>0 

where z is a formal indeterminate. We have da = go, and d| = 91 since [RP0] = 1 and 
[BP1] = 0. It turns out (see (2] for instance) that d„ can be represented by the Milnor 
hypersurface B(n, 1) '-• RPn x BP 1 —» BP". The coverings dn and qn give operations 
which are distinct in bordism but agree in mod 2 homology. 

2. D-rings and Dyer-Lasbof operations 

Recall that a formal group law over a commutative ring B is a formal power series 
F(x,!/) Ç R\[x,y]] which satisfies identities corresponding to associativity and unit; (see 
Quillen [21] or Lazard [13] for instance). We say that a formal group law F has order two 
i f F ( z , i ) = 0. 

The Lazard ring (for formal group laws of order two) is the commutative ring with 
generators a,,,- and relations making F(x, y) = ^2 atjx'yi a formal group law of order two. 
Let us temporarily denote this Lazard ring by L. Then for any ring B and any formal 
group law G(z, y ) € B((zt yj] of order two there is a unique ring homomorphism 4> : L —* R 
such that (^F)(z1y) = G(z,y). Quillen (21) showed thai L is naturally isomorphic to 
N, = N,{pt). This provides a beautiful interpretation of Thom's original calculation of 
the unoriented cobordism ring. 

Let B be a commutative ring and let F € B((z, y]| be a formal group law of order two 
(this implies that B is a Zj-algebra). According to Lubin [14] there exists a unique formal 
group law Fi defined over R[[t]] such that A,(z) = zF(z, t) is a morphism A» : F —» F,. The 
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kernel of ht is {0, t), which is a group under the F-addition z +Fy = F(x, y). We will refer 
to F* as the Lubin quotient oî F hy {0,t) and to At as the isogeny. The construction can be 
iterated and a Lubin quotient F(,« of Ff can be obtamed by further killing h((s) € R\\t, s]]. 
The composite isogeny F —» Fi —» F«,# is 

h,..(z) = h,ix)Ftihtix),htis)) = xF(z , t )F(z , s )F(z .F(s , t ) ) 

Its kernel consists of {0,i ,s ,F(s,()}, which is an elementary abelian 2-group under the 
F-addition. By doing the construction in a different order we obtain F«,i but it turns out 
that F... = F..,. 

Deflnition: A D-ring is a commutative ring B together with a formal group law of order 
two F defined over B and a ring homormorphism Di : B —» B(((]] called the total square, 
satisfying the following conditions: 

i) Do(a) = a1 for every a in B; 
ii) D((F) = F,; 

iii) Dt o D, is symmetric in t and s. Here we have extended D| : B -* B((t]] lo Di : 
B((s)l - • B((a,tJ) by defining D,(s) = hiis) = sF(s, t ) . 

A morphism of D-rings is a ring homomorphism which preserves the formal group 
laws and the total squares. A D-ring is also an algebra over the Lazard ring N,, and a 
morphism of D-rings is a morphism of JV.-algebras. 

A D-ring is gmded if B is graded and F is homogeneous in grade —1 and D((z) has 
grading 2i in B((t|] for each element of grading < in B (where t and s have grading — 1 ). 

Example ; The Lazard ring JV, has a unique ring homomorphism Dt : JV, —> TV, ([tjj such 
tbat D|(F) = Ft, and this defines a D-structure on JV.. Thus JV, is initial in the category 
of D-rings. 

Proposi t ion. If X is an Foo-space then N.X is a commutative ring under Pontryagin 
product; it is also an JV,-algebra. II da,d\,... are the double coverings described in the 
previous section then the total squaring 

D,(z)=x;«'«(*)'n 
n 

gives an D-structure on JV.Jf. 

Example: BG., the disjoint union of the classifying spaces of the orthogonal groups 
BG(n), is an Foo-space with JV.BG. = JV.(6o,6i,...]. It forms a D-ring with F given by 
the cobordism formal group law over JV, and wilh D | determined by 

Dtib)ixFix,t)) = bix)biFix,t)) 

where 6(z) = J^fciz'. 

We shall refer to any D-ring B with F = (+) as a Q-ring. The mod 2 homology of 
an Foo-space F is a Q-ring, and the Thom reduction t : JV.(F) —» B . ( F ) is a morphism 
of D-rings. 
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Proposition. A commutative ring Eisa Q-ring if and only if it bas a sequence of additive 
operations ?„ : B —» B which satisfy tbe foUowing three conditions: 

i) Squaring: ço(z) = x2 for aJJ z € B. 
ii; Cartan formula.- 9n(zy) = E.+j=n9«(x)9>(î') for «" « i ï e B. 

iii; Adem relations: qmiqnix)) = S j (jjIîJ.l'Jîm+aii-ajteW) for ali x € B. 
In the graded case, grade(îB(x)) = 2 • grade(x) + n. 

This is exactly an action of the classical Dyer-Lashof algebra on B. This idea of writing 
Adem relations via generating series is suggested by (4] and by Bullett and MacDonald [5]. 
See (17], (15), (16] for background on Dyer-Lashof operations. 

Example: The Q-structure on B . B O . = Zjfo, 6|,. • •) is characterized by 

Q,(6)(x(x-M))=6(x)6(z-l-0 

where 4(z) = J3 ̂ x ' - This expresses via generating series a calculation of Priddy's in (20). 

Notice that if A and B are Q-rings then A ® N . B = A 0 z , B = A ® B is a Q-
ring. Let QiM) denote the free Q-ring generated by a Zj-vector space Af. If Af has a 
comultiplication, then Q{M) has a comultiplication extending it which is a. morphism of 
Q-rings. 

Recall that Foo(^) is the free Foo-space generated by X (see (18) or (1| for back-
ground). The following is a classical result: 

Theorem 1. (May (17]) For any space JC the canonical map 

QiH.X) -* B.FooW 

is an isomorphism wliich preserves the comuitipifcation. In particular, B . B E , = Q(z) is 
the free Q-ring on one generator. 

If A and B are D-rings then A 0Af. B is naturally a D-ring. Let us denote D(M) 
denote the D-ring freely generated by an JV.-module M. If Af is a coalgebra in the category 
of JV.-modulea, then D(M) has a comultiplication. 

Theorem 2. The bordism of an Foo-space is an D-ring. Moreover, for any space X tbe 
canonical map 

DiN.X) - N.EooiX) 

is an isomorphism which preserves the comultiplication. In particular, JV,E = JV,(BE) = 
D{x) is the free D-ring on one generator. 

Thus, both D(z) and JV,E are algebras equipped with operations of substitution; the 
former because it is the set of unary operations in the theory of D-rings and the latter 
because we have defined a substitution operation among coverings of manifolds. The 
above theorem says that the canonical isomorphism of D-rings D(x) —» JV.E which sends 
the generator x lo the unique non-zero element x in JVo(BEi) preserves the operations of 
substitution. 
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Nishida Relations in Bordism and Homology 
(extended abstract) 

Terrence Bisson and André Joyal, F.R.S.C. 
This is the second of a series of Compte Rendus. In the first [1] we have presented 
a theory of Dyer-Lashof operations in unoriented bordism. Here we shall discuss 
the (Nishida) relations between Dyer-Lashof and Landweber-Novikov operations. 
They are used to represent the algebra JV.E of covering manifolds in terms of 
their homology characteristic numbers. Tbe proofs are based on the properties 
of the covering space operations and the notions of D-ring and Q-ring introduced 
in (lj. 

1. The Nishida relations in homology. 
In homology mod 2 the Nishida relations are commutation relations between Dyer-Lashof 
and Steenrod operations (see [4] fbr instance). We shall express the Nishida relations 
as a commutative square which involves the Milnor coaction and the Q-structure on the 
homology of any Foo-space discussed in [1]. 

Recall that the Milnor Hopf algebra A is the dual of the Steenrod algebra; see [6] 
fbr instance. As a graded algebra It is A = Zj^.^i ,&, . . . ] = fi^ZsKo.fti^f-l with 
grade(6) = 2* - 1; the diagonal 6 : A, -> A, & A, is tbe unique ring homomorphism 
such that SO) = (f ® 1) «> (1 ® 0 where {(z) = Eftz'' . We are diverging from the usual 
convention that puts (o — 1-

The homology of any space has a natural (left) coaction 

a : H,iX) - A ® B,(X) = H.{X)[£,&,&,.. •] 

which restricts to the usual (left) coaction when we put 6) = 1 and to the "grwlmg" 
coaction Q(I„) = fiT'Zn for z 6 Bn(X) when we put 0 = {i = 6 = " • 

For example, for X = BF00 we have a(6)(z) = dtf*-1^*)) where h(z) = £V 6^* and 
to,hi,... is the canonical basis of B.BP00 and ^"^(i) is the composition inverse of the 
power series Hx). 
Proposition. 1/ B is a Q-ring, then there is a Q-structure on A ® B determined by 
Q»(0(*(* + 0) = iix)iix + 0- la particular, there is a unique Q-structure on A such 
that Q.(0(x(x +1)) = 4(z)az +1). 
Remark: Since the definition forces 

• 

we see that the Q-structure on A, cannot survive if we try to insist that &» = 1-

Suppose now that B is both a Q-ring and has a Milnor coaction. We give A ® B the 
Q-structure from the proposition. 
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Deflnition: The Nishida relations hold for a Q-ring B if the foUowing diagram 

R Qt >B(M] 

A®B-^>A®B({t l ] 

commutes, where a is extended to R[[t]\ by putting ot(t) = 4(t). 
Theorem. IfX is an Eoo-space, then H.iX) is a Q-ring witb a Milnor coaction, and tbe 
Nisbida relations bold for H.iX). 

This is a complete description of the Nishida relations In mod 2 homology. We want 
to give a similar description in unoriented bordism 

2. The Nishida relations in unoriented bordism. 
For any Zj-algebra B let £?,(B) be the group of inversible formal power series fix) e 
zB[(z]] under substitution. The functor B >-• B.(B) Is representable by a Hopf algebra 
B. called the Faa dt Bruno Hopf algebra (see example 49 In [2] for instance). We have 
S. = Zjf/iJ, Ai,...] = A^'Zjf/io, A|,...] and the diagonal of B. is given by 

«(A)=(A®l)o(l®A) 

where A(i) = ^ n A„zn+1. We want to consider left comodules over B,. Recall that the 
tensor product of left comodules over a bialgebra is a left comodule. 
Example: Let JV, denote the Lazard ring for formal power series of order two (see [5] 
for example). There is a natural (left) coaction <t> : N, -* B. ® N, encoding change of 
parameters in formal group laws. We have ̂ (F)(z, y) = A(F(A~1z, h^y)) whore 0 : JV, -• 
N.\h*,hi,...\. 

Notice that JV. ® JV, -» JV. is a morphism of left B. comodules, so that JV. is a monoid 
in the category of left B. comodules. 
Definition: A Landweber-Novikov coaction is a module over JV, in the category of B.-
comodules. More explicitly, this Is a module over JV, with a comodule structure over B. 
such that the module structure map JV. ® Jlf -* Jlf is a map of B.-comodules. 

In order to describe the natural Landweber-Novikov coaction on unoriented bordism, 
we first need to recall the theory of cobordism characteristic classes for vector bundles, 
as sketched by Quillen in [5] for instance; we use a slightly unstable version of the usual 
definitions, however. For any spaoe X the total characteristic class of a real vector bundle 
V on X is the element c(V) 6 JV*(JC)[6o,6i,...] having the following properties: 

1) the map V -• c(V) Is a natural transformation c : VecliX) -* JV*(Jf)(6o,fci, •••] 
2)c(VieV2)=c(Vi)c(Vi) 
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3) c(i) = E M ^ ) ' if L is a Une bundle with euler class e(L) € JVl(X). 
We have an expansion 

cOO = l>(V06R 

R 
where bR = 65°6Î1 • • • for B = (ro, ri , . . . ) . For virtual bundles the total characteristic class 
is the element of N*iX)[b$,bi,...] defined by putting ciV-W)= c O O c W 1 . 
Example: The unoriented bordism group N,iX) of any space Jf has a Landweber-
Novikov coaction given by the Landweber-Novikov (total) operation 

<t> : N.iX) -* B, ® JV,(J0 = N,iX)[l$,hi,...\. 
It can be defined via the foUowing expUcit formula. If / : Af -• Jf represents an element 
of W, (JQ then 

*(Af, /) = ^Mcnivu) npM)hR 

R 
where uu = -TM IS the normal bundle of Jlf and pu ia the fundamental class of Jlf. 
Example: The Landweber-Novikov coaction on JV, (BF00) is characterised by the Identity 
it>ib)ix) = biht-^ix)) where h(z) = E*^**-
Proposition. If R is a D-ring, then there is a D-structure on B, ® B = BfA*,hi,...] 
determined by Df(A)(i(i + 0) = A(a;)A(F(z,t)). 

Suppose now that B is a D-ring wbich also has a Landweber-Novikov coaction. We 
give B, ® B the D-structure from the proposition. 
Definition: The Nishida relations hold for a D-ring B if the diagram 

B - >B(t]] 

t * 

B,®B—^B.®B((t] ] 
commutes, where <j> is extended to B([t]] by putting (pit) = A(t). 

Suppose that Jf is an Foo-space. Then JV. Jf is an D-ring together with a Landweber-
Novikov coaction. 
Theorem 2. If X is an Eoo-space, then tbe Nisbida relations hold for N.X in tbat tbe 
following diagram commutes: 

N.iX) Dt > JV.WIWI 

0 

B. ® JV.(Jf) — ^ B, ® JV,(Jf)((t]l 
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Here $ bas been extended to JV, (Jf )[(t]] by putting <j>it) =» A(0< 
RecaU from [1] that for any space JT we have JV,Foo(JO = D(JV,(J:)), the free D-ring 

generated by N.iX). Of course, N.iX) also has a Landweber-Novikov coaction. 
Theorem 3. Suppose tbat M basa Landweber-Novikov coaction, and let D(Af ) be the 
free D-ring generated by M. Then there is a unique Landweber-JVoviJcov coaction on D(M ) 
which satisfies all of the following: 

i) tbe canonical map Af -* D(Jlf) is a comodule map; 
ii) D(Af) is an algebra over its Landweber-JVovitov coaction; 

iii; D(M) satisfies the Nisbida rdations. 
The theorem shows that the Landweber-Novikov coaction on JV,Foo(JO ia &>% deter-

mined by its values on JV, Jf. In particular, the Landweber-Novikov coaction on JV, (BE,) = 
D(z) Is determined by the relation ^(z) = z. 

It is well known that the Thom reduction e : JV,(Jf) -» H.iX) Induces an isomorphism 

N.iX) ®w, Z2 =i H.iX) 

We shaU write e:B.-*A. for the ring homomorphism such that e(A) = (. We wiU char-
acterize the behavior ofthe Thom reduction with respect to the usual Landweber-Novikov 
operations in unoriented cobordism and the Steenrod operations in mod 2 homology by 
showing that the Thom reduction gives rise to a simple equivalence of categories. 

Let [BJ*/.] denote the category of Landweber-Novikov coactions (left B.-comodules 
which are modules over JV,) and let [A] denote the category of Milnor coactions (left 
A-oomodules). 

Fbr any Af € [B.N.] let us put T(Jlf) = Af ®jv. Zj. By composing the coaction 
Jlf -» B, ® Af with e : B. -* A we obtain a coaction Af -+ A ® M. By further 
tensoring with Zj we obtain a coaction T(Af) -» A ® T(Jlf). This defines a functor 
r : (BjV, ]w[A] . 
Proposition. The functor T defines an equivalence of categories [B.N.] a [A.]. 

In fact, we get a similar result even when we take the Dyer-Lashof operations into 
account, which we do by using monads which encode the Dyer-Lashof operations in bordism 
and homology. For background on monads and their category of actions see [3] for instance. 

The functor Af >-* D(Af) from [BJl/^] to itself is a monad that we shaU denote D (it 
Is a monad since D(Af) is a free structure). The D-actions are exactly the D-rings with 
a Landweber-Novikov coaction which satisfies the Nishida relations. Let us denote this 
category by \BJ^,]D. Similarly, the functor Af t-* Q(Af} from [A] to itself is a monad 
that we shall denote Q. The Q-actions are exactly the Q-rings with a Milnor coaction 
which satisfies the Nishida relations. Let us denote this category by [A] 9 . 
Proposition 2. Tbe functor T transfonns tbe D-actions into tbe Q-actions and defines 
an equivalence of categories 

[BJ^]D ~ [ A ] 0 . 
This result shows that for any Foo-space X, the D-ring N.iX) can be recovered 

entirely from the Q-ring H.iX) as long as the coaction of A, on H.iX) is known. 
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3. Characteristic numbers and covering space operations 
The bordism classes of manifolds are determined by thdr tangential characteristic numbers, 
or equaUy fay their normal characteristic numbers. 

RecaU the discussion in section 2 of characteristic classes in unoriented cobordism. 
The total Stiefel-Whitney class iu( V) 6 H*iX)[bo, bu...] of a vector bundle V on Jf is the 
Thom reduction of the total cobordism characteristic class. Then ui( ) is multipUcative in 
that ui(Vi e VJ) = iii(Vi)ui(Vj), and to(L) = E|6ie(L)' for any line bundle over Jf, where 
e(L) e HliX) is the euler class of L. 

The tangential characteristic numbers can be grouped together es the coefficients of 
a polynomial /TfJlf) 6 Zj[Ao,hi,...). We have 

/9r(Af) = ^(u»R(TM),AtM>hfl 

A 

where wiru) = E n «"«(^M)^ is the total Stiefel-Whitney class of the tangent bundle of 
Af and PM is the fundamental class of Af. 

In keeping with the Landweber-Novikov coaction, we can work instead with charac-
teristic number polynomials for the nonnal bundle, the virtual bundle I/M = -ru- More 
generally, as in [5] for instance, we can define a Boardman map 

0 : JV,(Jf) -» B, ®B,(Jf) = H,iX)lht,ht,...] 

by the explicit formula 

PiM, /) = E /•(«"»("«)n w*)** 
Jt 

Let BE, denote the classifying space for finite covering spaces. It is an Foo-space. 
Let JV,E denote JV,BE, and B,E denote B,BE. The Boardman map 0 : JV,E -• B, ® 
B,E obviously preserves sums and products. In fact, it also preserves the operatton of 
substitution, when substitution is properly defined on B, ®B,E. 
Proposition. Jf B is s Q-ring then there is a Q-structure on B, ® B determined by 
Q»(h)(z(x +1)) = A(z)A(z +1). Jn particular, there is a unique Q-structure on B. sucb 
tbat Q«(/i)(z(z + 0) = hix)hix +1). 

From [I] we have that B,E = Q(z) is the free Q-ring on one generator. Since 8,®B,E 
is the coproduct in the category of Q-rings, we can view B. ® B.E as the collection of unary 
operations in the theory of Q-rings which are extensions of B,. Therefore B, E(/i0 , Ai,...] = 
B, ® B,E admits an operation of substitution. Here is an expUcit formula for substituting 
two elements of B,E(A0 , At, ...J: 

(Ep***) ° Œ>fcH)=Ep^sh^hR 

R R R,S 

where the operations pa are applied to the elements qshs oî the Q-ring B, ® B,E. 
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Theorem 4. The Boardman map P : JV.E -» B.E(Aj, Ai,...] preserves sums, products 
and substitutions. 

We view this as describing for each covering p of closed manifolds how the normal 
characteristic numbers of p(Af) are determined by the characteristic numbers of Af. The 
complete description is summarized by the formula 

/î(p(Af)) = (flp))(/7(Af)), 

where the right-hand substitution takes place In H.T\hf,ht,...]. 
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A duali ty tor the catef orv of 
directed mwltfrrapha 

by R. Squire 

Freaented by J . Lambek, F.R.S.C. 

Abstract. The category, Grph, of presheaves over the category • —f - can be interpreted 

as a category of graphs; more exactly, of directed multigraphs. The subgraphs of any such 

graph form a complete completely distributive Heyting algebra; moreover a map between 

graphs induces, by pulling back, a function which preserves all joins, all meets, and the 

binary impUcation operation. We add to these operations a single unary operation, and 

to the equations one further equation. The category of algebras which model the enlarged 

equations! theory is dually equivalent, via the contravariant subgraphs functor, to the 

category Grph. 

Introduction. The prototype of the duality to be described is that induced between Set 

and caBool, *he category of complete atomic Boolean algebras, by the two element algebra 

2. The topos Set is replaced here by the topos Set—*, the algebra 2 by a new internal 

algebraic structure g on the subobject classifier Q, and caBool by a category of algebras 

Ajjj, equivalent to the category caBool—*. Much of what is done can be carried out 

under the hypotheses that the replacement for Set is a topos Set0* with C finite and fl a 

cogenerator. In the case to be considered the duaUty can be made particularly transparent. 

1. The category of directed multigraoh. The exponent category of S e t — ' consists of two 

objects A and V and two parallel non-identity morphisms t and h firom A to V. The letters 

are the initials of Arrow, Vertex, tail and head; they indicate how a funtor from —^ to 

Set is to be interpreted as a directed multigrapb. We foUow the conventions of category 

theory (5], denoting S e t - * by Grph and calling its objects graphs. When the context is 

clear we abbreviate G(l) to I, where C is a graph aad t € {t,h). 

Since Grph is a topos it possesses a subgraph classifier true: I -f fi. In terms appro-

priate to the duaUty this means that the subgraph i <-+ fi corresponding to true is generic, 

in the sense that for any A' «-»• G, there is a uniquely determined f : G -¥ Sl for which 
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the function /* : Sub(fi) -* Sub(G), induced by puUing back subgraphs of fi along / , 

satisfies /*(x) = A'. The bijection between Sub(G) and (G.fi] so determined extends to 

an isomorphism between the contravariant functors Sub and (—, fi]. This isomorphism lifts 

and reflects any limit defined structure on fi to and from a similar structure on Sub. 

The procedure for calculating fi and its Heyting algebra structure is standard ([2],[3)). 

The opposite of the exponent category for Grph becomes by the Yoneda embedding a fuU 

subcategoiy V ^t A. The graph V consists of a single vertex, A consists of a single arrow 

between distinct vertices, and the paraUel graph maps t and h send the vertex to the tail and 

head of the arrow. The graph flg in the category of posets is given by fi<(V) ss (V.ûsl « 

SuJ>< V w 2<, a two element chain; QgiA) ss Sub<(i4) ss (2<), G I, a poset arising from 

the addition of a new top element to the 4 element poset ( 2 1 )1; fi( V) = {0,1} with 0 < 1 

and SliA) = {0,6,a,e, 1} with 0 < a < e < l a n d O < t < e . The graph maps t and h 

induce by pulling back two order preserving maps t* and h' from 2^(/l) to JB^O7): they 

are determined by the principal up-sets ( f ) - ^ 1 } = ib',1) a»*1 C ' T ' O ) = {a,e,l). 
The maps t' and h' organize the cwo posets into a graph fi, which, together with its 

generic subgraph is depicted below 

The corresponding po object Qs in Grph has a uniquely determined Heyting algebra 

structure 

QH = in;0,i,*,v,=>). 

The arrow 6 generates a smaUest containing subgraph < b >; this subgraph is classified by 

an endomorphism T of fi which has the expUcit description 

foraU z6f i (V) 

for all y € SliA) 

TV(X) = 1 

Tv»(y) = ( y « * 6 ) v e 

= { 1 if y = fc 
e if y ^ i . 
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The structure 

a = (n;0,l,r.A,V,=>) 

will play the role of a dualizing object for finite graphs. 

The finite powers of fi together with the operations of 2 generate an algebraic theory 

(or abstract clone), whose category of set valued models, Alg. we call graphic algebras; 

thus Q. itself is a graphic algebra in Grph. An equation is valued for ft. iff it is valid for 

both Q[V) and QiA), but since the former is a homomorphic image of the latter we may 

drop 2(1''). Thus by Birkhoff's theorem ((6)) Alg is the category of algebras whose objects 

form the variety HSP [QiA)}. 

The contravariant functor Sujj: Grph —t Alg sends a graph G to a graphic algebra 

Sub (G) = (Sub (G);0.C,r,A.V.=>) 

where, for A* a subgraph, r(A') is given by 

r(A-)(V) = GiV) 

r(A-)M) = r'wvH-h-^A'OO) 

{aU arrows with tail in if "I 
and head outside A' j 

2. Axiomatization of Alg. We first give an equatlonal basis for HSP {QniA)). The reduct 

algebra QH(-4) satisfies some finite set Sw of equations for Heyting algebras - for example 

[1] p.ITT. Any further finite set of equations (even If it includes r) can be converted to a 

single one thus: t = s can be converted to ( 0 5 = 1; ^ = 1 and fl=lto0Atf=l. A 

basis for HSP {QK(X)} ((71,(81) is E« U {A/ A L = 1} where 

M = x V (x =* (y V -.y)) and 

L = - (x A y) V - ( i A -y) V -'(-.i A y) . 

A basis for HSP{QiA)) consists of the above basis for HSPiQniA)) together with 

a new finite list involving the unary operation r. We first define e = rl . The new Ust is: 

e =* (x V ->x) = 1, ro = re = e, rx A T->X = e 

and x V (e =» x) V TX V r-'X = 1 . 
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3. The finitary duaUtv. 
The structure Qisa graphic algebra in Grph, thus the contravariant functor (-,QJ 

has as values graphic algebras (in Set). The conesponding structure 2 is a graph in the 

category Alg, thus (-,21 has as values graphs. The latter functor is calculated at a graphic 

algebra A by [AMB) = [A,QiB)] îot B € {V,A). The two functors are adjoint on the 

right 
I-.QI 

Grph T£ Alg (1) 

The bijection (C,(.4,811 =* |A{G.211 relates a map tf : G -+ [A,Q] of graphs to a homo-

morphism f:A-* (G,2I by 

(tffl(x))(o) = (/(o))B(x) 

where B € {V,A), x 6 G{B) and o e M I-
If we restrict to the fiiU subcategories Alg/ and Grph/, of finite algebras and finite graphs, 

respectively, we get 

Theorem 1. The funtors Sub and (-.fij constitute a dual equivalence. 

Grph/ I S Alg/ (2) 

Using this dual equivalence we can calculate the free graphic algebra on n generators as 

Su^(fin)-, in particular the initial graphic algebra is the three element chain Sub (I), and the 

free algebra in one generator z is a 39 element algebra, Sub(fi), with x •-• fi as generator. 

The dual adjointness (1) fails to be a dual equivalence; however using Gabriel-Ulmer 

duaUty we can derive a new equivalence from (2). For finite toposes and locaUy finite vari-

eties "finite" (/) coincides with "finitely presentable" (/p), thus Alg/,, w (Set^, -* *'),", « 

(Bool" ~~ A)fp, so Alg sa Bool1' ""* x . ExpUcitly, if ,4 is a graphic algebra then Â, the 

corresponding graph in Bool, is given by 

ÂiV)< = i{xe\A\:x<e), <) 

MA)< = UV 6| .4 h e < y}, <) 

where the partial order is that induced by A; (The Boolean algebra structure is then 

uniquely determined) 

t(x) = -•-'i V rx and h(z) = -"X V r-rr . 
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For a homomorphism, f -.A-* A', the map f :À-* X'IS given simply by restricting / to 
the principal filter î e and the principal ideal 4- e. 

The inverse functor, assigning a graphic algebra S to a graph B in Bool, is a poset 
B< '-* B(V)< x H(J4)< with the induced order, and 

| 0 | = { ( x , y ) : y < t x A / i x } . 

The Heyting algebra structure of 0< is then uniquely determined. The operation r is given 

hy T(Z, y) = ( I, (x A -•hx). The extension of the inverse functor to morphisms, 0 : 8 -* B', 

lsbytf(x,»)=s(tfv(x),Mtf)). 

4. The infinitary duaUtv. We now enrich 2 to fi by introducing, for each small cardinal 

a, the meet and join operations ^S/ : Sl" -*• ÇI. The algebra f£ then satisfies, in addition 

to (0) the equations already given for 2 , (1) a class of equations stating that f\ and 

V are meet and join for each cardinal a, and (2) a class of equations stating that Q, 

is completely distributive. A model ([4|) of these operations and equations is simply a 

complete completely distributive graphic algebra (a ccd algebra). The category of ail such 

algebras with join and meet preserving homomorphism wiU be denoted by Al^. 

Theorem 2. The functors | u £ and [-.Q] constitute a dual equivalence 

Sab 
Grph ^ AÏS- (3) 

l-BI ""* 
The functor (—.Q) can be replaced by a more concrete equivalent functor, Spec, using 

the join and meet operations. The new functor is described as foUows. 

An element p of a ccd algebra A is called a pnme if for all Lr C| .4 |, 

(P < V D') =* 3x^x e n ^ p ^ ZM • 

For A a ccd algebra we define a graph Spec(>l) by SpeciA)iV) = {atoms of ^4}, and 

Spec(.4)(.4) = {non atomic primes of A); the tail and head maps are 

<(«) = A^1 : a - ̂ ~x v rx^ 
hia) = f\{x : a < —x V T - . I } . 

Fox f : A-* A' in Alg, the left adjoint J : A't-* A< preserves atoms and preserves non 
atomic primes, in such a way that tails and heads are preserved. Thus / restricts to a 
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graph map Spec(/) : Spec A! -» Spec4. This makes Spec a functor naturaUy equivalent 
to (—,fil; that is the dual equivalence (3) is: 

Grph S Ahj. (4) 

The prototypical equivalence is included in (4) by viewing sets as graphs with no 

arrows and complete atomic Boolean algebras as ccd graphic algebras satisfying e = 1. 
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FDCBD POIMT BHIK AWA ITBRATKM> nr A ooiivwc ngniia SPACT 

S.N. MISHRA 

Presented by E. Blerstone, F.R.S.C. 

ABSTRACT. An Iihikwra type itqaticn tchame fo a famflr d teH MPPJBCT ci a 
m i r a metnc q>ace û ^'fa^A, SidHMfBuiftf) tht abon ihenu ic wad to jptora ccwmw 
b e d peint theoroni whidi, in turn, g—wmw eotain thcctemt ef (Sric [î], Ding [2] «Bid 

1. DBFIOTTIOMS AMD NOTATIONS. Por the take of completeneii we recall the 

foUowmg definitioni on convei metric cpacei. For detaHi we refer to Takahashi (9). 

Definition 1.1. Let (X,d) be a metric (pace and I be the cloied unit interval. A 

mapping W: X«X«I -» X i* called a convex itnctore on X if for all x,y e X, A € I, 

dCu.WCx,j,A )) < A d(u^) + (1-A )i(n,j) for all u e X. X together with a convex itractnre 

it called a convei metric (pace. 

All Banach spaces and their conrex rob(et( are convex metric tpaeei. However there 

are many convex metric ipacei which are not embedded in any noxmcd ipace(ef. Takahaihi 

Defimtion 1.2. A nonempty rabiet C of a convex metric tpace X ii called convex, if 

W(x,y,A) 6 0 whenever x.y e 0 and A 6 I. 

2.COMMON FDCRD POINTS OF ̂  - OONTRACTIVB MAPPINQS. 

Throughout thii lection, let i , denote the iet of non-negative reals. Let (/denote the 

family of aH mapping! $: (R. )6 •• R • which are apper lemicontinuoui and non-decreaiing 
in each coordinate variable. Any pair of mapping» latifying condition (l) bdow will be 

called $ - contractive. Now we have the fdlowing. 

Theoiem 2.1. let f, g be idf mappingi of a non-empty doted convex labeet 0 of a 

complete convex metric (pace X. Suppoie there exirti a ̂  € 7 mch that for all x,y € 0, 

(1) d(fx.gy) < « d(x.y). d^fx). dCy.gy^ d(x1gy). d(y,fx) ). 

where ̂  tatii the condition 

(2) max{ •(t.t.t.O.t), •(O.O.t.t.O), •(0,t,OlO,t) } < t for aH t > 0. 
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Suppoie that { x \ il an Iihikawa type iteration icheme defined by 

(3) x0 € 0. y n = W(fxa.xll,/?n). x n + 1 = W(gynIxn.«a). n > 0 where { a j and { ^ 

iat i i&0<ft t t f ^ n <l . 

If {* } i« bounded away ftom aero and ( x ^ converges to p, then p ie a common fixed 

point of f and g. 
Proof. From (3) and Takaha»hi(9 ,p 145], it followi that d(xn + 1,xn) = 

d(W(gyll.xn.«n).xn) = V t o n - ^ - S i n c e xn " * d(xn+l'xn) - « " ^ —• A1BO K > « 

bounded away from aero, it followi that d(gynlxn) -» 0 ai n -• ». By condition (1) we have 

(4) d(fxn,gyn) < *(d(xn,yn), d(xn,fxn), d(ynlgyI1), d(xn.gyn), d ^ f x j ) 

Further, d(xn,yn) < d(xn,W(£xn,xlll/?n) < ^ « n ^ ^ ^ n ^ V ^ + ^ n ' M S 

dCXjj.gy^ + d(gyIl,fxn). Similarly we have d ^ f c j < d(xn,gyn) + d(gyI1.£xJ1). d(ytt,gyn) 

< d(fxn,gyn) + d(xn.gyll) and d(yn,fxn) < ̂ x ^ ) . Suppoie r = lin^iup dC^gy^. 

Then r = 0. Otherwiie, from (4) it foUow( that r < (Kv.r,0,r) < r, which is abiurd. Hence 

r = 0 and limnd(fxn,gylx) = 0. 

Since d(xn,fxn) < d(xn,gyn) + d(gyll,fxn) - 0 a( n -. « . it follow» that dfofx^ - 0 

ai n -» « . Again by letting x = xll and y = p in (1) and using dfr.gp) < d(p^11)-l-d(xn,gp), 

d(xnlgp) < d(xnlfxn)+d(fxn,gp), it foUowi that i = limsup dCfi^gp) = 0 . Otherwiie , i < 

41(0,0,1,1,0) < i, a contradiction. Therdore limttiup d ^ . g p ) = 0 and thui limnd(fxn,gp) 

= 0 . 
Further, lince d(p,gp) < d(p1xIl) + d ^ f x ^ + d(fxIllgp) - 0 ai n -i « , it followi 

that p = gp. A similar argument will lead to p = ft). Hence p ii a common fixed point oi I 

andg. 
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Oearollarv 2.2. Let X and C be a» in Theorem 2.1 and let f and g be «df mapping» of 

G. Suppoie there il a coûtant k Ç [0,1) inch that for aU x,y € C, 

d(fx,gy) < k max{d(x,yX à{xM), d^.gy), d(x,gy)+ dfogx) }. 

If {i } ii an Iihikawa type iterative icheme eatiifying the condition» of Theorem 2.1 and 

converging to p, then p ii a common fixed point of f and g. 

Proof, if •Cvtytytj.tj) = k mas< h-Wi+Vf o r "" ( W y V ^ ̂ +)5' 

then $ latiifiei all the requirementi of Theorem 2.1 and hence the conduiion follow». 

I^iulc 2.3. For f = g, the reeolt» of Ding [1, Theorem 2.3 and Corollary 2.1] follow 

as tptcial ca»ei of our above reiulti, which in turn, généralité the reiulti of NaimpaUhr and 

Singh (6, Theorem 1.2] and Rhoadei [8, Theorem 9]. 

The following two theoremi follow from Theorem 2.1 . 

Theorem 2.4. Let X and C be at in Theorem 2.1. Let F be the family of aU idf 

mapping» of C inch that for any pair f, g € F, there exiiti a ^ = ^ . g ) € U inch that 

conditloni of Theorem 2.1 are latiified. If for any pair f, g € F, the coiretponding lequence 

{x } of Iihikawa type iteration convergei to p, then p ii a common fixed point of f and g . 

Theoiem 2.S. Let X and C be at in Theorem 2.1. Let F be the family of all idf 

mappingi of C inch that for any pair f, g € F, there exitt poiitive integert m = m(f1g), 

n = n(f,g) and a 4» = ^ftg) inch that condhiont of Theorem 2.1 are tatitfied with f and g 

being replaced by fm and g0 reipectively. If the correiponding tequence of Iihikawa typa 

iteration {i } convergei to p, then p it a common fixed point of f and g. 

3. COMMON FDCED POINTS OF QUASI-CONTRACTIVE MAPPINGS. 

Thete mappings were introduced by Ciric (lj. While ttudying the convergence of 

Iihikawa iteration procedure[3) .Rhoades (8] aaked an open question that if the above 

procedure could be extended to quati-contractive mappingi. Thit queition wa» anewered in 

affirmative, among other» by Liu (4, 5] in Hilbert tpaeei and by Ding (2] in convex metric 
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ipace». In thi» »ection we continue to generalise above result». 

Let I . denote the iet of non-negative integer». For m, n e I + with m > n, let 

0T, « = u { x;» Jii f*;. gy; ! i ^ ^ n +l i ••• t a+m }. where f and g are ai defined in n,in 1 J J J 

Theorem 3.1 below. Further let ((0_ _ ) denote the diameter of 0 . Now we have the 

following. 

Theorem 3.1. Let f and g be idf mappingi of a non-empty closed convex sublet G of 

a complete convex metric ipace X. Suppoie there exirts a conitant k € (0,1) inch that for 

all x,y € G, 

(1) d(fit,gy) < k max { d(x,y), d(x,£x), d(y,gy), i^^gy), d(y,fx)I 

(2) max{d(fa,fy).<l(gi,gy)}<ktf(On(m). 

Suppoie {x^} ii an Iihikawa type iteration icheme defined by 

(3) «o e C ' ^n = W*** V n * xn+l " W(ern'xn-an)' n >- 0' 
where {arn} and {^n} latiify 0 < «n, ^ < 1 and ^a^vergei . 

Then {x } convergei to a unique common fixed point of f and g . 

Proof. From condition» (l) and (2) for p,q € I . with n < p, q < m, it followi that 

(4) max{ d(fxp>gy(l).d(gy1).fxq).d(£xp.£x(1),d(gyp.gyq)} < k « (O^J 

Further, using eonditiont (1) ,(2) and proof techniques of Ding [2], it can be easily 

verified that 

(5) ^ n ^ " m M < d(x
a.frj). tit^erj): a < i < m }• 

Hence for any m ç I + , f(O0(m) = max { î Xg.fXj), d(x01gyj) ; 0 < j < m } < d(x0,gx0) + 

max{ d ^ ^ ) , d(gx0,gyj)! 0 < j < m } < d(x0,gx0) + k é(O0(m). Therefore iiO^J < 

(1/1-k) d(x0,gx0). A limilar argument wiU lead to 3(0^) < (1/1-k) d(x0,fx0). 
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Setting /i = max { ^.fx^), d(x0,gx0)}, we have K\m) < A» /I-*-

Further, by (5) 1(0^) = max{ d(xn^j)1 d(xn,gyj); n < j < m }. Now the 

following ca»es arise, (a) ^(0 ) = d(x ,£c-). In thi» caie for any m, n € I . with 0 < n < 

m we have SiO^J = d ^ ) = dflxyxj = d(fxj,W(gyn_1,xI1_1,*n_1)) < 

^ l ^ j ^ n - l ) + a - V - l ^ j ^ - l ) " «n-1k « V W + ( ^ n - l ) ^ V l , m ) = 

[1 - (l-k)ftn_1)f(On_1(m). (b) «(O^J = d(xn,gyj) . Now uting a nnflar argument a» in 

(a), it can be easily verified that *(0. m ) < (1- (l-*)«ll_1l*(On_1 m) iotm, n € I + with 

0 < n < m . Hence in either cate 

KOntm) <[ l-( l -*)V-l ,mWn-l ,m) 
< 

n-1 n-1 
< 

Since 1-k > 0 and SjOr. diverge», i L [ 1- (l-k)ar. ) = 0 . Therdore $ ( 0 ^ ) -» 0 

at n, m -» os and hence {x } it a Cauchy tequence. We alto note that d(xnl£^1) -* 0 and 

d(x_,gxn) -» 0 at n -»<«. Since X it complete, xn -• i for tome • ç X. Therdore fxn -• « «td 

p -»» atn-»o». Now uiing condition (1) with x = xn, y = » and making n-» «̂  it followi 

that » = gt . A limilar argument will remit in » =» ft. Hence i il a common fixed point of f 

and g. The uniqueneti of a at a common fixed point of f and g can be catOy verified. 

RemaA 3.2. Our above theorem generalise! a remit of Rhoadei ( 7, Theorem 7] 

among other reiulti. In particular, for f » g, we have a remit of Ding [ 2, Theorem 2.1]. 



158 S.N. Mlshra 

Admewfcdyment. The above research wa» funded by URO reiearch grant 4044 for 

which the author it thankful to the Univeriity of Trantkei. 

RBFBREHOBS 

[l] Giric, L.B, A generalisation of Banach't contraction principle, Proc. Amer. MatL 
Soc. 45(1974), 267-273. 

[2] Ding, X P , Iteration proceiwt iet nonlinear mappingi in convex metric tpacet, 
J. MatL Anal. Appl. 132(1988), 114-122. 

[3] Iihikawa, S., Fixed pointt by a new iteration method, Proc. Amer. Math. Soc. 
44(1974), 147-150. 

[4] Liu, Q., On Naimpally and Singh,! open qaettiont, J. Math. Anal. Appl. 124(1987), 
157-164. 

[5] •, A convergence theorem of Iihikawa iterate! for quati-contractive 
mappingi, J. Math. AnaL Appl. 146(1990), 301-305. 

[6] Naimpally. S.A. and Singh K.L, Bxtennont of iome fixed point theorem! of 
Rhoadei, J. MatL Anal. Appl. 96(1983), 437-446. 

[7] Rhoadei. B.E, Fixed pdnt iteration! uiing infinite matrices, Tranc. Amer. Math. 
Soc. 196(1974X 161-176. 

[8] , Comment» on two fixed point iteration methods, J. MatL Anal. 
AppL 56(1976), 741-750. 

[9] Takahaihi, W., A convexity in metric ipace and nonexpandve mappingi I, Kodai 
Math. Sem. Rep. 22(1970), 142-149. 

Department of Mathematici, University of Trantkei, Umtata, South Africa 
e-mail: MiihraOgetafix.utr.ac.sa 

Received July 10, 1995 

http://MiihraOgetafix.utr.ac.sa


C.R. Math. Rep. Acad. Scl . Canada - Vol. XVII, No. 4, August 1995 août 
159 

FERMAT A N D EULER T Y P E QUOTIENTS 

TAKASHI AGOH 

Presented by P. Ribenboim, F.R.S.C. 

1. INTRODUCTION 

Let p be a prime and n be a positive integer > 2. For an integer a with (a,p) = 
(a, n) = 1, we denote by fp(a) and 9(0,n) the Fermat and Euler quotients with base 
a, respectively. That is, 

ap- ' _ 1 a^" ' - I 
9p(a) = a n d qia,n) = , 

p n 
where (p is the Euler totient funclion. 

It is easily seen that the above quotients satisfy the "logarithmic propertif as 
followa: if {ab,p) = (a6,n) = I, then 

9P(a6) = 9P(o) + 9P(6) (mod p), 
qiab,n) = 9(a,n) + 9(a,n) (mod n). 

Many interesting arithmetic properties of these quotients are known in connection 
with Bernoulli numbers and Wilson quotients for prime and composite numbers (see, 
e-g-, [1, 2]). 

In his classical papers [3, 4], Lerch introduced the following beautiful expressions 
for Fermai and Euler quotients: 

P-I . 

toi -~ I P 
n-1 l 

Viu,n)= 53 — 
k-i aK 

(mod p), 

— I (mod n), 
n J 

where [x] means the greatest integer < z. 
For a and n with (a,n) = 1, we now define the following spedal quotient: 

« , . <»c - 1 Q(«.n) = - _ — , 

where e = ordno (the order of a modulo n), i.e., e is the least positive exponent of 
a such lhat oe = 1 (mod n). 

This quotient possesses similar properties lo Fermai and Euler quotients. Clearly, 
if o is a primitive root modulo n, then Q(a,n) coincides with 9(0,n). 

In the present paper we shall introduce basic properties of Q{a, n) and discuss 
some expressions of the Lerch type for Q(a,n) and 9(0, n) . 
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2. B A S I C PROPERTIES O F Q{a,n) 

First, we deal with a relation between 9(0, n) and Q{a,n): 

Proposition 1. Let a,n be integers with (a,n) = 1 and e = ordna. Then 

9(a,n) = ^ Q ( a , n ) (modn). 
e 

Proof. We let « = v(»»)/c. Then 

-nW-ir 
= u ( a e - l } (modn*), 

which proves the assertion. D 

The following proposition corresponds to the logarithmic properties of 9p(a) and 
9(0, n) mentioned in the Introduction. 

Proposition 2. Let 0,6, n be integers mth (ab,n) = 1 and let e = ordna,I = otdnb, 
k = ordna6. Then 

elQiab, n) = klQia, n) + ekQib, n) (mod n). 

Proof. We shall use an identity 

iab)x - 1 = (ax - l)ibx - I) + (a* - 1) + (6X - 1). 

where X is any integer. Here, lake X = ekl. Then both sides become 

iab)M - 1 = {((06)' - 1) + 1}'' - 1 = eliiab)k - 1) (mod n*) 

and 

(o'" - l)(6e*' - 1) + (a'u - 1) + (6'*' - 1) 
= {((a' - 1) + 1)" - 1} + {({6' - I) + 1)'* - 1} 
S klia' - 1) +eJb(6' - 1) (mod n2), 

which deduce the congruence as desired. O 

Proposition 3. Let a, n 6e integers wilh (a, n) = 1, z ie any integer and e = ord„a. 
T&en 

ze 
Qia + xn, n) = Ç(a, n) + — (mod n). 

a 
Proof. Noting that ordna = ordn(a + zn), we have 

Q { a + x n t n ) = (fLtfnllzi = °lzl+(;)«.-« 
X6 

= Qia,n) + — (mod n), a 
as indicated. • 
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Proposition 4. Let o,m,n be integers with (a,mn) = (m,n) = 1 and let d = 
ordma, e = ordna, / = ordmna. Then 

Q(a,mn) s T-Q(o,m) (mod m), on 

Q(a,mn) = —Q(o,n) (mod n). em 
Proof. We can easily deduce 

Qio,mn) = t - i = —{((orf - 1) + 1 ) ^ - 1} mn mn 

= faQia>m) (mod m ) . 
which proves the first formula. The second one can be given by interchanging m 
and n (and so, d and e) in the first. D 

Proposition 5. Let a,m,n,d,e, f be as in ProposiUon 4 and let X,Y be integers 
satisfying m7X + n'K = 1. TAen 

Q(a,mn) = ^KQ(a ,m) + ^LxQia,n) (mod mn). 
a e 

Proof. For brevity, set A = (//d)Q(o,m).fl = (//e)Q(a,n) and C = Ç(a,fnn). 
From the first congruence of Proposition 4 there exists an integer t such lhat nC = 
A + tm. Since the second congruence gives mnC = Bn (mod n2), we have m(y4 + 
fm) s Bn (mod n1), hence m't = nB — mi4 (mod n7). Multiplying by X, il 
follows that m7lX = (I - n7Y)t S t S (nB - mA)X (mod n*). Hence, we may 
write t = (nB — mA)X + n7s, where s is some integer. Using this we obtain 

nC = A + mt = A+ m{(nB - mA)X + n's) 
•~il-m1X)A + mnXB 
S n7YA + mnXB (mod mn2), 

hence C = nYA + mXB (mod mn). This completes the proof. • 

We note lhat the original result for Euler quotients corresponding to Proposition 
5 has been proved by Lerch (4]. In fact, he mentioned that, wilh the same notations 
as above, if (a,mn) = (m,n) = 1, then 

9(0,mn) = nipin)Yqia, m) + mip{m)Xq{a, n) (mod mn). 

3. LERCH TYPE EXPRESSIONS 

In the following, assume lhat a, n are positive integers wilh n > 2 and (a, n) = I. 
Let Pin) = {fc 11 < fc < n — 1, (fc, n) = 1). We now consider a nonempty subset 
Aia) of r(n) satisfying the following properlies: 
(I) For any z Ç Aia), there exists an element y € Aia) such lhat oz = (oz/n] n + y. 

(II) The set A{a) contains no proper aubset satisfying (I). 
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Note that for any given positive integers a and n > 2 with (a, n) = 1, the exisience 
of such a subset A(o) satisfying (I) and (II) is obviously assured. Also, note that 
the set A(a) is not determined uniquely. In fact, if F* is the multiplicative group of 
irredudble system of residues modulo n, then Â(a) is any reduced residue class of 
r*/~, where the relation ~ is defined by uz ~ y (for z, y 6 F*) if and only if there 
exists an integer t such that x = a'y". 

As an example, if we take n = p = 13 and 1 < a < 12, then the subsets A(a) of 
r(n) satisfying the above (I) and (II) are: 

A(1):{1},{2},. . , { 1 2 } ; 
A(12):{1,12}>{2.11},{3,10},{4)9},{5,8},{6,7}; 
A(3),A(9): {1,3,9},{2,5,6},{4,10,12),{7,8,11}; 
A(5),A(8):{1,5,8,12},{2,3,10,11},{4,6,7,9}; 
A(4),A(10) : {1,3,4,9,10,12},{2,5,6,7,8,11}; 
A{2),A(6),A(7),A(11):{1,2.-,12}. 

Let i4(a) = {r^rj,--. ,r,} be any one of subsets of r(n) satisfying (1) and (II). 
Then, by changing order of elements of A(a) appropriately we can give the following 
cyclic relations: 

(3.1) 

ari = 

or2 = 

or, 
. n 
ar» 

l n j 

•<-i = 

arc = 

For.. 

n + r2. 

n + ra. 

. i l 
n + r„ . n J 

rarei — n + n, L n j 

where r, ^ rj if i ^j, 1 < i,j < e. 
Conversely, if i4(a) = {n, r,, • • • , r.} is the set generated by the procedure (3. 1 ), 

then it is clear that Aia) satisfies (1) and (II). 
It is also easily seen that the number e = *A(a) of elements of /1(a) is equal lo 

ordBa. In fact, since or,- = r,+i (mod n) for i = 1,2,--- ,e, where re+, = r^ we 
have o'ir = JT (mod n), hence (oe - l)ir = 0 (mod n), where ir = rir, • • • re. Noting 
that (jr,n) = I, we obtain a* = 1 (mod n). Simultaneously, we know from (3.1) 
that the number e is the least positive exponent of a satisfying this congruence, and 
so e = ordna. 

In the following, we fix an ordered subset A(o) of r(n) wilh e = #i4{a) satisfying 
(I) and (II) (hence (3.1)), and write it as Aia) = {r,,r2,-.. ,re}. 

Proposition 6. //(o,n) = I, then 

Q(«.B)S £ i - f^ l (modn) 
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and 

,(o,„)S42) £ JLg] (««dn). 

Proof. Since /1(a) satisfies (3.1), we have 

••"0 ([?]-+'«.) 
HT + n V —^ (modn'), 

tel n+i l n J * 

where ir = nrj • • • r, and re+, = r^ Since (a,ir) = I, we can deduce 

^ ( a . ^ s è r - I Ç l («"odn). 
fal ri+l l n J 

which shows the first congruence, because rj+i = or,- (mod n) for i = 1,2,••• ,e. 
The second congruence for 9(a,n) immediately follows from Proposition 1. D 
Proposition 7. / / (o,n) = 1, tAen 

Q(«,n)s-[«jr—î--el (modn) n \ i=i r«+i / 
ond 

9 ( « , „ ) s ^ l ( « è ^ - - e ) (modn), 
e n V faïr'+i f 

where r,+i = r,. 

Proof. From (3.1) we have 
ri 1 far,] 

a = — n + 1 
«•i+l n+i L n 1 

for i = 1,2,-•• ,e. Hence, summing over i = I,2,--- ,c we get 

• è — - « - « è — f - 1 . 
éïr.+i éï'-.+iUJ 

which concludes the staleraent by means of Proposition 6. D 

Next proposition deals wilh explicit expressions of Q{a,n) and 9(0,n): 

Proposition 8. / / (o, n) = I, tAen 

In particular, if a is a primitive root modn, then 

1 *W r/..-.i 

,Kn, = ig . *M( ? ] . 
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Proof. We obtain from (3.1) 
o'ri + 0°"'^ + • • • + aV,_i + or, 

= o'-1 Ri + o- ' f l , + • • • + afi._i + fi,, 

fi, = I—ij n + ri+,, i = l ,2,--- ,e, 

and r,+i = r^ This relation immediately yields 

"-"-(i-i?!)-
which proves the assertion for Q(o,n). For the second equality for 9(0, n) we have 
only to put e = fin). • 

We may choose any integer ri so far as (n.n) = 1 in the first procedure in (3.1). 
Therefore, if we take especially n = 1, then each r; (i = 1,2, • • • , e) can be expressed 
as follows: r ._,-

' • • = a " , - [ V ] n -

REFERENCES 

1. AooH, T., On Fermat and Wilson quotients. Preprint (1995). 
2. AOOH, T., SKULA, L. AND DILCHER, K., fermai and Wilson quotients for composite moduli. 

Preprint (1996). 
î . LERCH, M., Zur Théorie des Fermatchen Quotienten *,~|,'~l = qia). Math. Annalen 60 (1905), 

471-490. 
4. LERCH, M., Sur les théorèmes de Sylvester concernant le quotient de Fermat, C.R Acad. Sei. 

Paria 142(1906), 35-38. 

Department of Mathematics Received August 2 , 1995 
Science University of Tokyo 
Noda, Chiba 278 
Japan 
e-mail address: agohQnia.noda.sut.ac.jp 

http://agohQnia.noda.sut.ac.jp


C.R. Math. Rep. Acad. Scl. Canada - Vol. XVII. No. 4. August 199S août 
165 

Convolution algebras and factorization of 
measures on Chebli-THmeche hvpergronps. 

M.N. LAZHARI - K. TRIMECHE. 

Presented by G.F.D. Duff, F.R.S.C. 

ABSTRACT. We consider the Chébli-Trimeche hypergroup (IR + ,*(i4)) associa-
ted with the function Aon IR+, its Haar measure m A. the algebra (A/k(H+),4'(/l)) 
of buiinded complex measures on IU + and (£'( ! ! + ),•( A)) the subalgebra ot inle-
grable functions on 111+ with respect lo the measure m,i. In this paper we prove 
lhat the maximal ideal space of the algebras of (//'( IR + ), •(/!)) ( respectively 
(A/»( ffl +),•(/!)) ) is homeomorphic to the set £ = {A € Œ : ( Im(A) |< p] 
wilh /> = j rmir_+oo ^p? ( respectively Ê = EU {+OoJ ). We also establish some 
results on the factorization of functions and measures on the hypergroup ( 81 + , •(i4)). 

0. Introduction 
ThroiiRht this paper (IR+,*(i4)) will be the Chnbli-TVimcchc hypcrgmtip (sec 

|ll p:201-248, (C| and [7]) associated with the fimction A on 01+ = (0,+oo[ such 
that Air) = r2o+1Z?(r) with n > - 1 / 2 aud B is an positive and even C^-function 
on HI satisfying .0(0) = 1. We assume A not decreasing, Hm Air) = +oo, A'/A 

not decronsiug, lim i4'(r)/yl(r) = 2p > 0 and for all a > 0 there exist * > 0 such 
I « + 00 

that for nil r > o, wc have B'ir)/Bir) = 2p - (2a + IJr- 1 + e-*rF(r) if p > 0 or 
B'ir)/B(r) = c_*rF(r) if p = 0, where F is a C^-function on (a,-|-oo(, bounded 
together with its derivatives. 

As particular cases of Chébli-Trimcche hypergroups we have Besscl-Kingman and 
Jacobi hypergroups which correspond respectively lo Air) = r 2 a + l , a > —1/2, and 
Air) = 22<0 + t f + ,>s/»(r)2 o + ,c/.(r)^+ l. a > /J > - 1 / 2 . a > - 1 / 2 ( see (1] p:234-235, 
[61 and (71 ). 

Wc note lhat (IR+, •(A)) is commutative with neutral element 0 and the identity 
mapping as the involution ( see (1], (61 and (71 for general details on hypergroups ). 
Indeed Af6{ 01+) the space of bounded complex measures on 01+, is a commutative 
Banach algebra with norm || p \\= f ^ d | p j, convolution •(A) and identity *o 
where 6r is the unit point mass al r 6 IR+. The Haar measure m^ on (IIl+,*(A)) 
is absolutely continuous wilh respect to the Lebesgue measure, and can be chosen to 
have density A. 
1. Fourier transform and convolution on Chebli-Trimeche hypergroups. 

Let LA be the differential operator defined on 01^. by 

L^=W)&*r)d£r)))< 
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for each function u twice differentiable on IR+. 
The solutions ^A, A e C, of the differential equation 

{LA<pxir) = - ( A ' + p ^ r ) , 
\ ^ ( 0 ) = 1 , ^ ( 0 ) = 0. 

are multiplicative on (01+.•(A)) in the sense Umt 

m* <pxit)6r * 6.idt) = vxirfcxis), 

aad they give all multipUcative (unctions on the hypergroup. The dual is given by 
DW = {v* I A 6 01+ U i(0,/i|}. II is conveiiicnl to identify 01+ with the set 

IR+Ui[0,p). 

The function tpx, A € (D, satisfies the following properties 
i) For all r in 01+ we have | ^ ( r ) |< 1 if and only if A belongs to the set 

E = {A € « | | Iin(A) |< p). 
ii) For all A in (E, the function ipx admits the foUowing Mehler iuteeral re-

presentation: Vr € 01+, ipxir) = I if(r,u)co8(Ati)du, where A'(r,.) is supported 
Jo 

in (—r, rl and is infinitely differentiable on 1 — r, r(. 
iii) We suppose p = 0 and a > 3/2. Then for all iri<».-»ers Jt. 0 < Jt < o - 1/2, 

there exists a constant At > 0 such that 

Vr > 1. VA > 0, | (^)*(VA(r)I |< § - . 

(This inequaUty can be deduced from (4] Theorem 3.1 p:60). 
Notatation. 

For p g (1, +oo( we write L^mt) = { / | || / ||p< +oo}, where 

l l / l l p = ( / m \f(r)\'d,nAir)y>'. 

Définition 1.1. 
i) The Fourier transform of a funclion f in ^'(m^) is defined hy 

VA € E, ^ ( / ) ( A ) = / / ( r )^(r ) / l ( r )dr . 

ii) For r in 01+ and / in i ' tm^) the r-translate off is defined by 

Tr(/)(s) = / ( r * s ) = / fiu)diSr*S.]{u). 

Properties. (See (21, [4], (51, (6] and [7]). 
i) For all r, s in 01+ there exists a nonnegative function JF(r,s,.) supported 

in (( r - .i |,r + s], continuous on ] | r - s | ,r + s[, and belongs to I^rnyj) with 
II Wir,s,.) 11,= 1 aud i r • *,(du) = Wir,s,u)dmAiu). 
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ii) The funclion IV(r, s,.) is the kernel of the translation in the sense that 

Vr. . ,€0 1 ; , Tr(/)(5) = / ( r * s ) = / ' fiu)Wir,s,u)dmAiu). 
J\r-.\ 

iii) For aU r, s in IR+, and for all A in E, .F^WXr,.•»,.))(A) = ipxir)ipxis). 
iv) For nil / in ^ ( " M ) and r in 01+ we have 

VA € E, ^(rr(/))(A) = vxir^Aim). 

Deflnition 1.2. The convolution of two functions f and g in ^ ' (m^) is the fitnction 
/ • g in LlimA) defined by: / • ^(r) = / Tr(/)(s)5(s)dmA(*). 

^01+ 
Properties. 

i) For all / , g in L'im*) we have: VA G E. .F„(/ * y)(A) = ^ / i( /){A)^(f f )(A). 
ii) The spare (L'^ii / i) , *) is a commutativo Dimach algebra. 

2. The maximal ideal space of L ^ r n A 

Theorenie 2 .1 . To each homomorphism x from LlimA) into (C there corresponds a 
unique vhmrrnl A in E such that: xif) = fAif)i^), lor all f in L^rn^) . 

Remark. The theorem 2.1 proves thai the Fourier transform J7^ coincides with the 
Gelfand transform defined on L'imA), by : fix) = xif), X G S, where S denotes the 
set of all hoinomorphisms \ from Li(mA) into (D. 

Let L'imA)' the set of all / where / e L'(»"/»)• The Gelfand topology of 5 
is the weak topology induced by L ' fm^) ' , lhat is the weakest topology that makes 
every / continuous. Then we have: L}imA)' C CiS), where CiS) is the space of all 
complex r.ont.iuuons functions on S. 

The set S equipped wilh its Gelfand topology is usually called the maximal ideal 
space of LximA). 

Theorem 2.2. Tfae maximal ideal space S of L1 (m^) is homeomorphic to E equipped 
with the usual topology. 

Nota t ion . Let / be a closed ideal of L'fmyi). The zero set Z( / ) of / is defined by: 
Zii) = (A 6 E j /•>,(/)(A) = 0, for every / € / } . 

Theorem 2.3. We suppose o > 3/2. Then ibr ail Ao > 0 the set (AQ) is the zero set 
of at least two distinct ideals of L^WA). 

3. The maximal ideal space of M).(IR+). 

DeHnition 3.1. We define the Fourier tranform of a measure p in Mti 1*+) 'V 

VA € E, ^ ( ^ ) ( A ) = f Vxir)d,iir). 
J1R+ 
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For two measures p, c € Mt(IR+) the convolution is defined by 

f**1^ L L Trfis)dpir)duis), 
JDI+ .701+ 

where / is a continuous function on 01, with compacl support. 
lu particular il p = gmA and v = hmA with g and h arc L]{uiA), then p*u = 

ig • h)mA where g*his the function in ^'(m^) given by the Definition 1.2. 

The convolution p*v satisfies the relation 

VA e E, ?Aip * u)ix) = rAip)iX)rAiu)i\). 

Remark: Let p be a measure in M^ IR+). We put Jr.4(/i)(+oo) = /i({0}) = 
lim ^r

/|(/j)(A), then the Fourier transfonn FA(/i) can be extended ou Ê = EU{+oo}. 

Theorem 3.2. To cadi homomorphism \ : Afi(lR+) -» (D corre.s/>ojids a unique 
vlmnmt A in Ê surJi that: xil') = Jr>i(/i)(A), for aii p in A/»(m+). 

Remark. The theorem 3.2 shows that the Fourier transfonn TA coincide with the 
Gelfand transfonn defined ou Mj(IR+), by: pix) = xiv), \ 6 5*, where 5* denote 
the set of all homomorphisms x from Mt(IR+) into (T. 

Let A'/6(0l+)" be the set of all p. where p e A/&(ni+). The Gelfand topology 
of S* is the weak topology induced by A/»(IR+)*, lhat is the weakest topology that 
makes every ft continuous. Then we have: A/»(IR+)"C C(5*). 

The s<!t S* equipped with its Gelfand topology is usually called the maximal 
ideal space of ^ ( 0 1 + ) . 

Theorem 3.3. The maximai ideai space S* of A/6( 01+) is homcouiorphic to E 
equippnl witb the usual topology. 

4. Factorization of functions and measures. 

In this paragraph wc suppose p = 0. We have : E = [0.+oo[ and E = |(),+ool. 

Theorem 4.1. For aii / iu L'fm/i) there are functions / , aud ft iu ^'(m^) such 
t i iat / = / , » / 2 . 

Theorem 4.2. IfK is a compact set in Ê aad p € A/6(IR+) satisfying ,F,I(AI)(A) / 0, 
for aii A iu K, then there exists M 6 Mt(lR+) such that 

VA€A' , TAip)i\)Tiv\\)=\. 

hx particular, if/C = S Ihen p * v = 60. 

Deflnition 4.3. A measure p in A/t(IR+) wiii be called 
i) invertible if there exists a measure v in A/t(IR+) such that p * i/ = li0, 
ii) reducible if we can write p = Pi * p? where pi aud pt arc iu A/i( 01+) aud 

neither is iuvertibie, 
iii) iiTcducihie if it is not miucibic. 
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Deflnition 4.4. The zero set of a measure p in Afi(IR+) is the set Cip) defined by: 
£ ( p ) = { A€Ê | ^ ( p ) ( A ) = 0}. 

Theorem 4 .5 . Let p be a measure in M((IR+). 
i) If Cip) = 0 then p is irrcducibic. 
ii) If Cip) = l+oo) then p is reducible il and only ifp is absolutely continuous with 
respect to tbe Lebesgue measure. 
iii) If Cip) contains at least two points then p is reducible. 

Nota t ion . We put h = in I C(u) = IA]], A € Ê. 

Theorem 4.6. For aii A in E \ {0} the set Ix contains reducible and irreducible 
measures. 

Remark . A. Schwartz has obtained in (31 the corresponding results for the Ocsscl-
Kingman hypergroup. 
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The Number of Ambiguous Cycles of Reduced Ideals 
Having No Ambiguous Ideals In Real Quadratic Orders 

R.A. MOLLIN* 
Presented by J.B. Frledlander, F.R.S.C 

For arbitrary real quadratic orders, we completely deiennine the number of ambiguous cycles 
of ideals having no ambiguous ideals in the cycle. 

Sl. Introduction. 

In this paper we classify, and deiemine the exact number of those ambiguous cycles (which 
am not necessarily classes) of ideals (which are not necessarily invenible) in real quadratic orders 
(which are not necessarily Dedekind Domains). The motivation behind the paper is an assertion 
in [1] about such cycles in the maximal order of a real quadratic field — an assertion which turns 
out to be incorrect. We do not claim that our results are new. but rather that what is set down in 
tbe literature is often confusing, and that this topic deserves a proper elucidation from a stricdy 
ideal-theoretic point of view in a concise and simple manner. 

s2.Notatlon and Preliminaries. 

Let .Cb > 1 be a square-free positive integer and set aa = 2 if Cb ^ l (modi) and oo =» I otherwise. 
Define uo » («ro-l+v^Çl/ffo and A© - fa-'J,)7 = 4Do/a$ where uj is the algebraic conjugate of MQ. 
Let WA c/uo+hfrn some /,fc € Z. and B = U/g)7Do where g = gcd(/,<ro)- Thus, if A = («4 - a^)1, 
then A » /JAo = iD/a2 where a = a0/s. Do is called the radicand associated wilh the discriminant 

If \a,0l •=aZ90Z, then Otk " | I .M| = II.WA). This is an order in K having conductor / and 
fundamentaldisrminimant Ao. Let / => \a,b+cu&], with a > a II is well-known (eg. see [2]) that 
/ g Z is an ideal in O* if and only if c|a, e|6 and ae|/V(6+ctfe). where N is the norm from q( v'A) to Q, 
Ix. N(a) <= oa'. Fn a eiven ideal / in OA with / 2 Z, the integers a and c are unique, and a is in fact 
Ihe least positive rational integer in /. We denote the least posilive rational integer in I by L{I) and 
wedenotethe value of ci(;) by «(/), which we call the norm o//. An ideal/ = |o,6+cu4liscaIled 
primitive H e " I. Moreover, if / = M + w )̂ is primitive then so is its conjugate I' = M + ^ J . 
TWo ideals / and J of OA are equivalent (denoted / ~ J) if there exist non-zero a, /? e OA such that 
(a)/ = {fi)J (where (x) denotes the principal ideal generated by z). 

Now we give an elucidation of the theory of continued fractions as it pertains to the above. The 
details and proofs may also be found in [2]. 

If / =» (W(/),* + WA1 is a primitive ideal in OA we denote the continued fraction expansion of 
(6+«AI/WO by («.ài.àa à,) with period length I = 1(1) where 

* 1991 Muhematics Subject Classification: URll, 111)29, 11R65. 
Key words and phrases: ambiguous cycle, real quadratic order, continued fractions, sums of squares. 
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(fl». Oo) = ((oo* + /(oo - 1 ) + ha0)/goa, ar/g), 

and {for i > 0), 
D^Ptn+QiQi+i, 

P,+I 0 0 , 0 , - P , , 

and 
o, = Kfl + >/D)/O.J. 

with I j being the greatest integer function. 
From the continued fraction factoring algorithm (as given, for example, in [2]), we get all 

reduced ideals equivalent to a given reduced ideal / = [/V(/), 6 + WA). i. e. in the continued fraction 
expansion of (ft + ua.)/NU), we have 

/ = /i = |Oo/o.(Po + ^ ) / o | ~ /, = |Qi/a,(Pi + VD)/o] ~ ... ~ /, = lOn/o^P,,, + x/Ô)/»]. 

Finally, /< = /o = / for a complete cycle of reduced ideals of length /(/) = /. Thcrcforc. the 
(Pj + •/D)/Q, are the complete quotients of (fc + U)A)/W). and the QJa's represent the norms of all 
reduced ideals equivalent to I. 

The following is a well-known result dating back to Lagrange, a proof of which may be found 
in [2], along with historical documentation. 

L e m m a 2 . 1 Let I "fab+uù\ be a reduced ideal, where i& is the fundamental unit of 0&. If 
P, and Q„for i = l.2,...,t(/) = I appear in the continued fraction expansion o/((. + wA)/a, then 

i 
ta°Jl(Pi + >n>)/Q, 

l - l 

and 
N{**) = (-1)'. 

|3. Ambiguous Cycles without Ambiguous Ideals. 

We begin by defining the basic notion of ambiguity. 

Def ini t ion 3 . 1 Let&>Obea discriminant. If I isa reduced Ideal in OA. then I is said to 
be an ambiguous cycle iflj^ I'for some integer j with 0<j<l. In particular, ifl a /', then I is 
called an ambiguous ideal. 

It is possible to have an ambiguous cycle of ideals having no ambiguous ideals, and this is our 
object of study. To detennine the exact number of such cycles, we first need to detennine when 
such cycles exist l b do this we need the following useful tool which is actually our classification 
device. 

Def in i t ion 3 . 2 Let A >obe a discriminant and tet I =• |o, (6 + v̂ A)/2) be a reduced Ideal 
in OA with 0 < {^TE - fc)/(2a) < I. If I is in an ambiguous cycle, then I' =• Ipfor some p e Z wilh 
o < p < (. We call p = p{l) the palindromic index of I. 
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Pint we need a couple of technical lemmas the proofs of the which may be found in [2]. 

L e m m a 3 . 1 . / / / - (o. (& + vft)/2| is a reduced ideal in OA with 0 < (VS - 6)/(2a) < 1 then, 
in Ike continued fraction expansion of (fc + i/û)/(2a), we have that ai-[{Pt + N/D)/0, J, and 

(/|+i)' = IQi/o.iPi + >/D)/o]' = IQi/c, («>. + VD)/o]. 

Lemma 3 .2 Let I, I andp be as in Definilion 32. then 

Uni)' = lp*l-i 

fora<i<p,and 
«i •» op-», Qi " Qr-i, fl+i = Pp-*. 

Moreover, ifli.p+2, then 
Ut+i)' = li*rn-i 

forp+l<i<t-l.aad 

at=a,+,.„ O.sQi+p—, Pi = Pitp-i*i. 

Now we are in a position to give our criterion for the existence of an ambiguous cycle of reduced 
ideals, having no ambiguous ideals in it. 

T h e o r e m 3 .1 Let &>0bea discriminant, then there exists an ambiguous cycle of reduced 
ideals without ambiguous ideals in OA if and oidy If there is a reduced ideal I in an ambiguous 
cycle of Où with p ̂  p(/) odd and 1 = 1(1) even. 
Proof. ByLemma3.2,(/i)'=./, forsomeiwiiho<t <i if andonly ifi = p- ior i = l + p - i . i.c. 
p o 2t or 1+p-2t, where p=>p(/). • 

T h e o r e m 3 . 2 LetA>0bea discriminant. In OA there exists an ambiguous cycle of reduced 
ideals containing no ambiguous ideal if and only ifN{(&) = I and D = a7/A is a sum of two squares. 

Proof. Let / be an ambiguous cycle without any ambiguous ideals. By Theorem 3.1. l(/) = i is 
even and p(/) o p is odd. By Lemma 2.1, Nfa) = (-1)' = / and by Lemma 3.2, Qb-w = Od^u/a 
thereby forcing D = ^ D / J +0^+,,/,. Conversely, if NM •= », then 1{I) is even for any reduced 
ideal /, by Lemma 2.1. If O = o'+fc», then / = [a/a, (t+%/D)/o| is clearly reduced, and ofc/2 = fl, = P/. 
T h u s ^ - o V + P,». However, O = 0J0|-| + /,l^ so 0(_, = 0 , =oo. It follows that p = (-1 and the 
result follows from Theorem 3.1 • 

Remark 3 .1 Now we need a definition which will lead us into the result which basically says 
that, ifwe have one ambiguous cycle of reduced Ideals without ambiguous ideals then we have the 
maximum possible. For maximal orders, this means that if we have one such class, then we may 
generate die class group entirely by such classes. 
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Def in i t ion 3 . 3 Let A. > o be a discriminant and let s be one half the excess of die number 
of divisors ofD = o7&/4 of the farm 4j +1 over those divisors of the form ij + 3. In other words, 
s = (ni - nI)/2, where m il the number of divisors of D of the farm ij +1 and nj is the number 
of divisors ofD of the form ij + 3. Thus, s corresponds to the number cf distinct sums of squares 
D = o'+fc' (where distinct here means that l <a<b). For example, the eight solutions of x7+y'1 a 6: 
(1.2). (-1.2). (I. -2), (-1, -2). (2.1), (2.-1). (-2.1) a«d(-2, -I) are considered as only one solution. 

T h e o r e m 3 . 3 Let &> obea discriminant. If there exists an ambiguous cycle of reduced 
ideals without ambiguous ideals, then there are s such cycles when D = a1 A/4 is even, and there 
are s/2 of them when D is odd. 
Proof. It is well-known that s>0 and that * = 0 if and only if A is divisible by the odd power 
of some prime congruent to 3 modulo i in its canonical prime factorization. By Theorem 3.2. the 
hypothesis implies that < > 0, and from the proof of Theorem 3.2. we see that we may choose an 
ambiguous cycle with an ideal / satisfying /' = /|-i = lp. Moreover, by Lemma 3.2, 

D = o7ù,/i = P^,)n + Q?p+()/, = P? + Ql 

If D is odd, then these two representations are distinct (since the only way there could be equal 
is if P, = Qip+i)/2, which cannot happen since the parity of the P.'s and Qi's differ when D is odd). 
Thus, we get a pair of equivalent reduced ideals 

|0</o.(P, + y/D)/a\ ~ (<?(,•,J/J/MP^,,/ , + </D)/a\ 

for each such pair of sums of squares. Hence, there are exactly s/2 ambiguous cycles of reduced 
ideals without ambiguous ideals. (Clearly s is even since each ambiguous cycle of reduced ideals 
without ambiguous ideals yields a distinct pair of two sums of squares by Theorem 3.2.) 

If D is even and D = a7 + b7 with \a,b + >/Â) ~ [i.a + yÂ|, for each ambiguous cycle without 
ambiguous ideals, then each such cycle corresponds to a sum of two squares. In other words, there 
are exactly s ambiguous cycles without ambiguous ideals. If. on the other hand. (o,fc+ >/S) is not 
equivalent to [b,a+ v/Â), then there is another sum of two squares O = c2 + d2 and [a,& + VS) ~ 
[c,d+ VE\. Also, in the cycle of (6, a+>/Â| = /, we have / ~ |d, e-f y/S]. Hence, each pair of sums of 
two squares yields two cycles as above, so there are exactly * ambiguous cycles of reduced ideals 
without ambiguous ideals. • 

R e m a r k 3 . 2 In (I, Ex. 9, p.I90], it is claimed that in the class group of a real quadratic 
field there is at most one ambiguous class without an ambiguous ideal. What Theorem 33 shows, 
for maximal orders, is that if there is one ambiguous class without ambiguous Ideals, then the class 
group CA can be generated entirely by such classes. For instance. 

E x a m p l e 3 . 1 Let & = MQ ~7* s-u and D = m = 2S.u = i97+77 ** iP+lT*. Inlhiscase 
s = 2 and the ideals / = [7,19 + v/îïo) and / = [ 11,17 + v/Tio] are inequivalent and are in ambiguous 
classes without ambiguous ideals. In fact, CA = {/) x (J). 
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Filially, we illustrate how. in the more general situation, we may have no ambiguous classes 
without ambiguous ideals, yet still have ambiguous cycles without ambiguous ideals. 

EXample 3 .2 L«A = 1224 = 23-3J-17. £) = 306 = 2-3s-17. £)0 = 2-17 = 34a/idAo = 2J.17. 
Therefore./^3,a=r^g=landO^^\l,y/M\. Inihiscase,s = land the ideal! = \9,l5+Jzog\is 
inanambiguouscyclewithoutambiguous ideals. Furthermore, I is the only such cycle representing 
the only sum of two squares, D = 9' +15'. 

Fmally, we present the classification. 

Theorem 3 . 4 LetA>0bea discriminant, then the fallowing are equivalent: 
(1) D » <raA/4 Is a sum of two squares and /V((A) » I. 
(2) There are « ambiguous cycles of reduced ideals without ambiguous ideals In OA when D is 

even, aad there are e/2 of them when D is odd. 
(3) There exists an ambiguous cycle of reduced Ideals without ambiguous ideals in OA-

Proof. (1)=>(2) by Theorem 3.3. That (2W(^Vs - V:u-, and (3)=*(1) by Theorem 3.2. a 

We trust that this presentation has made the inherent beauty of this topic manifest 
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