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On the Diophantine equation z! — py? = 27°
Zhenfu Cao

Presented by C.L. Stewart, F.R.S.C.

§ 1 Introduction

Let p be an odd prime. In [7], Terai proved the following

Theorem 1. if p = | (mod 4) and the Bernoulli number B(,—).2 is not divisible
by p.then the Diophantine equation

' —pyt=2z

has no integral solutions z,¥,= with (z,y) = 1,p |y and 2|z.

The proof of Theorem | needs a result of Rotkiewicz [5] on Lehmer's numbers.
In fact,Theorem 1 holds for z? — py! = =* (it is easy to see from the proof in [7]).

Let a .k € Z,a > 0, (a,k) = 1,a> — k > 0,and a* — k = Db*,where D is a
square-free positive integer. From the ideas of Ko [4] and Terjanian [8], Rotkiewicz
[5] consider Lehmer's number L, = (o — B?)/(a — B) = z? or pz’using properties

of Jacobi's symbol ,wherea=a + b \/E.ﬁ =a—b «/3 .In [2],we proved the fol-
lowing

Theorem 2. If ¥=1(mod 4) ,then

(@+p)/(a+B)#pztzEZ
In this paper, we'll prove
Theorem 3. If k=3(mod 4),then
(@ + p)/(a+ ) # 2%,z €Z
By Theorem 3 we obtain the following
Theorem 4. 1f p =1(mod 4) and p 1B -1z r»then the Diophantine equation

« Project Supported by Heilongjiang Province Natural Science Foundation.



62 Z. Cao

2t —pyt =2 )
has no integral solutions z ,y ,= with (z,y) =1, p|yand 2|z .
It is obvious that Theorem 4 contains Theorem 1.

§2 Properties of Jacobi's symbol (—g((':)) )

Let m and 5 be coprime positive odd integers, s <m , and let £(¢) = (d + ) /(a

+ B) for 2} t. We write the following sequence of equalities
m=2n+er,0<r <=,

n=2lrter, 0<rn<r,
r=2ratogry , 0<rg<ry, p (2)

P ) =2 sttt i1 T =1,
where &, =+ 1,2}r,(i=1,2,++,3+ 1) . Then (see [6]p . 332) the following formula

holds ;
(2) 2 = sttt pee

Now we shall find a formula for the symbol (i,((':)) )

Theorem 5. If k =3(mod 4), then
(333)= (75) (Fon) (7en) ™ (2)-

where A = I, + "—2?—‘« =1,2,008+ 1).

Proof. It is easy to see that E(x)=nr (mod 4) and (E(m),E(n)) = 1 whenk =

3(mod 4), (a,k) =land (m,n) = 1.
First we consider the case m = 2jn + r,0 <r, <1a,2}r,. We have

ﬂ' ,|
E(m) = & *2“ X2 . B(r)(mod E(x)). 3)

Leta, + b, /D =, 6.,6, €Z. Then
(@) + (F)% _ 2| s »
- > g |28 Jb)

o,
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= (b, /D ) = (— ¥*)" (mod 4, ).
Since a, = (a+ 8)/2 « BE(a) , from (3) and (4) it follows that
() (558 (e )
<-4

E(r))
Next, we consider the case m = 2)a — 5,0 <r, < 1,2}, . We have

1)

kME(m) = (@)Hf + (F)%. o = L -; (Fy* o E(ry)

a+ B
= (— k*)4E(r,)(mod E(n)),

and so

(Fe3)= (SN 5e8)=(75) (%)

E(r)
- ( e )"(— 1)'-?'*'5:-'( 5((:3) )

Now from (2) we have

(%F (s;(ui))"(— 1)'-;1-"”:'—'(5((,'.',)))

= (7w) (o) - pe e (585 - -

- (E—(:))H(s_(r:‘))&"'(x_(_:))w (- DTSR

(E_(uk))‘,(a?rf>)Ax"’(E—er))M(%)'

This completes the proof of Theorem 5.

]

Remark 1. In [2],we proved that if ¥ =1 (mod 4) then
(563)= (75" (7em) {7em)™
E@®)) \E@)) \E(y) B(r)] -~

§ 3 Proof of Theorems

Proof of Theorem 3. Suppose that ¢ =3(mod 4) and E(p) = z%,z €Z. By Theo-

rem 5 we have
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1= (583)= (7o) (en) (&) ~(5) ®

for every odd ¢ < p .

First we consider the case
1. p =7(mod 8). Then we have
P =2¢—(g—2),
g=2(q—2)—(g— 4,
(6)

g—2(s—1)=2(g —28) — (g —2(s+ 1))
forq = p —2, where ¢ — 2(s+ 1) = 1. From (2) and (6) ,we sce that e; =— 1.4,

= (i = 1,24*>*»8 + 1) and so 4 = 0(i = 1,2,°*+,8+ 1) . Thus,(5) gives
= (3)- (53 (-
9 9 q
which is impossible.
I.1f p =3(mod 8),then we have

g=2p — (p —2),

p=20p—2)—(p — 4D,

pP—2s—1)=2(p —28) — (p — 2(s+ 1))
forp =q — 2 ,where p — 2(s + 1) = 1.Thus,by Theorem 5 we have

1= ii’;; )= 5(‘3)= (8-(:))',(5—(:))\"(E-(:))*»-(%)

- () (159 (3]

which is impossible.

H. Suppose that p =1(mod 4), 7 >5. Let Abe a positive integer such that (%)
=—1and p — 42 >0(It is easy to sce that such a positive integer A exists,see (31,
Ch. 7). Then we have

g=2p — (p — 42),
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p=2(p —4A) — (p — 42+ 2),
P—4AMs—1)=2(p —4A+8) — (p —4A+ (s 4+ 1))
forg = p + 44 ,where p — 44 ¢+ (s 4+ 1) = 1.Thus,by Theorem 5 we have

l=(ig; =(§((:;)= B—(:)) (3("!)) (3("))&”( )

4 ? ?
which is also impossible.

If p =5,then from (5) since 5=2X3—1 we have

1= (Fo)=(3)=-

which is also impossible.

This completes the proof of Theorem 3.

Remark 2. Let a,Sbe the different zeros of the trinomial z% — \/-I_;z + M ,where
LM EZ,L>0,K=L—4M>0and (L,M) =]. And let Q. = (a" + f*)/(a+ p)
for 2}n , then Theorems 3 and 5 hold for Q..

Proof of Theorem 4. We use a result of Adachi to prove Theorem 2. In (1],
Adachi proved that if p is an odd prime and a, b relatively prime and of opposite pari-
ty with p =1(mod 4), p¥B,-pnzand |5 , then

a?—pbi=c"=Da+bp = (ut+v/p)
holds for some integers % and v .
Now suppose that the Diophantine equation (1) has integral solutions z,y,=

with (z,y) =1, p|y and 2| z . Then it follows from the result of Adachi that

t4ydr =G+op) ')

where (a,b) =1. Leta=a +bs/-;.ﬂ=a —b~/;- » then (7) gives

zz__.."";ﬁ':a.‘:i‘;'=aot(p). ®
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It is easy to see that a >0 and (a,B(p) )= (a,pb*"'p?~"?%) = (a,b) =1 since

?ly,(z.y) =1and

a? =W IpYpI > 0,

(p—~1)/2
EB(p) = [ ;

3=0
Thus from (8) we have

B(p) =ctc €EZ. (€D}

2

Since 2|z ,(z,y) =1, we have 2|a, 2}b . Hence by 2 =1(mod 4) we obtain = =4’ —
pb? =3(mod 4). Therefore (9) contradicts Theorem 3.

This completes the proof of Theorem 4.
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ON THE CONDITIONING OF A COMPOSITE POLYNOMIAL
ZEROFINDING MATRIX ALGORITHM

FADI MALEK AND REMI VAILLANCOURT
Presented by T.E. Hull, F.R.S.C.

ABSTRACT. A new three-stage polynomial zerofinding matrix algorithm reduces a polyno-
mial p(z) to a polynomial g(z) whose zeros are simple and coincide with the distinct zeros
of p. One of three companion matrices of ¢ Is then constructed and its eigenvalues are
computed to high accuracy by means of the QR algorithm. Finally, the multiplicity of each
distinct zero of p is determined by means of Lagouanelle’s limiting formula. The condition-
ing of Frobenius’. Schmeisser's and Fiedler's companion matrices, and of their eigenvalues
is compared. Numerical results illustrate the effectiveness of the composite algorithm.

Un nouvel algorithme matriciel tripartite réduit un polynéme p & un polynéme ¢ dont les
zéros sont simples et coincident avec les zéros distincts de p. On construit une matrice
compagnon de g et l'on calcule ses valeurs propres & une grande précision par I'algorithme
QR. La multiplicité des zéros distincts de p s'obtient par la limite de Lagouanelle. On
compare le conditionnement des matrices compagnons de Frobenius, de Schmeisser et de
Fiedler, ainsi que le conditionnement des matrices formées de leurs vecteurs propres. On
illustre l'efficacité de la méthode au moyen de résultats numériques.

1. Introduction. Given a monic polynomial, p(z), of degree n,
p(z) =z"+an 12" ' +---+ap, @ €C, k=0,...,n—1, (1)
of a complex variable z € C, a matrix M € C"*" is called a companion matriz of p(z) if
det(M = AI) = (~1)"p()). (2)

To find the n zeros of p, one needs only find the n eigenvalues of M. The sensitivity of the
eigenvalues of M is measured by the condition number, x(X) = {|X[|2[|X ~*||2, of the matrix
X of eigenvectors of M, according to Bauer-Fike’s theorem (1], p. 87.

Three types of companion matrices will be considered.

Frobenius’ companion matrix, Cj, of p(z) is defined in terms of the coefficients of p, by

—Gp-)] ~—Qn-2 -, -Gy
1 0 . 0 0
e, = 0 1 oo 0 0 . 3)
: : 0 0
0 0 1 0

Key words and phrases. Matrix condition number. condition number of eigenvalues, companion matrices,

polynomial zero-finding matrix methods.
This work was partially supported through NSERC of Canada, Grant No. A7916 and the Centre de

recherches mathématiques of the Université de Montréal.
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The Matlab [2] ROOTS command uses C, to find the zeros of p by means of the QR
algorithm. with the option of balancing C,. It is shown numerically, in 3], that p and
C), exhibit the same conditioning, that is, the pseudozeros of p and the pseudospectrum
of balanced C, are quite close to each other. In (4], the backwards normwise stability of
ROOTS is established. In [5], it is shown that the QR algorithm of Eispack has considerable
advantages over the standard algorithms of NAG (based on Laguerre's method) and IMSL
(based on Jenkins and Traub’s method) for finding the zeros of a polynomial.

A second form of companion matrix, T}, of p(z), due to Schmeisser [6], for polynomials with
real zeros. is obtained by means of the following modification to the Euclidean algorithm.

(a) Let fiz) :==p(z), fa(z) := p'(z)/n.

(b) Forv=12,...,n:
(b.1) If fisi(z) #1, set Ju(z) := qu(z) fusr(T) = v fusa(z).
(b.2) If fu42(z) =0, set ¢ =0, fisa(z) = f (@) clfor])
(b.3) Else, stop and set 9.(z) := fu(x).

(c) End For. O

The numbers ¢, and c[f.,,] are used to produce monic polynomials f,2(z) in (b.1) and
(b.2). The n x n tridiagonal matrix T}, defined by

ti = —qi(0), tivri = biiv = VG, ti; =0 otherwise, (4)

is real symmetric for real polynomials with real zeros. If T, can be formed for a polynomial
with complex zeros, then it is complex symmetric. A stable divide-and-conquer algorithm is
proposed in [7) as an alternative to the QR algorithm for large (real) symmetric tridiagonal
eigenvalue problems.

A third form of companion matrix. Ap, of p(z), due to Fiedler (8], is derived as follows:

Let b),b,,... ,b, € C be n distinct numbers such that p(b;) # 0 for k = 1,... ,n. Set
n
v(z) = H(:r —b) and B = diag(b:) € C**",
k=1

and define the rank-one perturbation, A, = B — add” € C"**, of the diagonal matrix B by
an = —odidy, ifi#k, agx = by — Ud:, k=1, 0 5)
where the number o # 0 is fixed and d is a root of the quadratic equation
ov'(be)d? — p(be) = 0.
In [9) and [10], Fiedler’s algorithm is used iteratively and its fast convergence to simple zeros
is exploited.
This note reports on a new composite algorithm [10] described in the next section. The
algorithm is tested on a set of polynomials, p, and condition numbers of the companion

matrices Cg, Ty, A, of the reduced polynomials, ¢, and of the matrices of their eigenvectors.
VC,, VT, and V A,, are listed in Tables 1, 2 and 3 below.
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2. The composite algorithm. The composite algorithm is divided into three stages.

2.1. Polynomial reduction. Let p(z) = (z — r)*(z — r2)**...(z — ry)*~ be a complex
polynomial of degree n with N distinct zeros. r; of multiplicity p;, fori=1,..., N, where
TN, 1, = n. The monic greatest common divisor of p(z) and p/(z),

9(z) := ged(p(2), P'(2)) = (z =) " = raf "™ e (2 — ), (6)

is obtained by means of the classic Euclidean algorithm (a), (b), which is stopped as soon as
the remainder f,42(z) in (b.2) is the zero polynomial. Numerically, f,,2(z) is set to zero if
all its coefficients are smaller than a chosen tolerance. The zeros of the reduced polynomial,

p(z)

q(z) = ] =(z=n)(z—-ra)---(z-rn),
are simple and coincide with the distinct zeros of p(z) (see [11, 12]).

2.2. Computing distinct roots. Once g(z) is formed, one of the companion matrices, Co Ty
or Ag, associated with g, with simple eigenvalues, is constructed (if C, is used, it is balanced),
and its eigenvalues, which coincide with the distinct zeros of p(z), are computed by the QR
algorithm.

2.3. Computing root multiplicities. The multiplicity s > 1, of a zero z, of a given poly-

nomial u(z) = (z — z,)*'h(z), where h(z,) # 0, can be obtained by Lagouanelle’s limiting
formula {13},

I S

=S pENET

To overcome the numerical difficulty caused by the vanishing of both u and u' at a multiple

zero of u, one needs only set v(z) = u(z)/g9(z) and w(z) = v'(z)/g(z), where g(z) =

ged (u(::), u’(z)) , and rewrite Lagouanelle’s limiting formula in the non-indeterminate form:

)

o w(z)
m= gan:l‘ 1"(3)

In numerical computation, 3, given by (8), is rounded to the nearest (real) integer.

(®)

3. Numerical results. The present composite algorithm has been tested with polynomials
found in the literature, some of which deemed to be ill-conditioned. In all cases, the results
have been extremely successful. The algorithm has been first implemented in Mathemat-
ica [14] and then converted to Fortran 77, on a Sun Microsystems Sparc 10 workstation.
Quadruple precision was used everywhere except for the QR algorithm which used double
precision arithmetic.

The following sample polynomials were solved by the proposed algorithm, where, for
Fiedler’s algorithm, the initial values for b, were chosen on a circle of redius 25 centered at
the origin and the number of iterations was set at five.
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TABLE 1. For given p, the Table lists the precisions used in evaluating p and in
the QR algorithm, and the minimum number of correct digits in the computed
eigenvalues of the companion matrices for p and q.

Polynomial || Precision in || Min. no. of corr. dig. in eigenval. of
14 p QR Co| C, T, T, Ap Aq
“JW20 [ 32] 16 0 O IS] 15 15| 15
MRO5 J|32| 16 3116 | 16 | 16 7 | 16
MR10 [ 32| 16 1| 13| 15| 15 3 [ 16
MR14 [|32| 16 2 7 || 10 | 10 8 7
DUN1 [ 32| 16 314 | 15]15 7| 15
DUN2 |32 16 4 | 15 || 16 | 16 8 | 15
DUN3 [[32] 16 6 | 15 || 15 ] 15 || 11 | 15
DUN4 [[32] 16 8 | 16 | 15| 15 | 15 | 16
BT1 32| 16 3| 14 |15 15 7 | 156

— BT2 32| 16 S| 15 || 156 | 15 | 10 | 15
BT3 32| 16 2 | 11 | 16 | 16 6 | 16

JW20: (1, 15] of degree gg, (z-1)(z-2)---(z - 20);
TT32: (3] of degree 32, [][(z + 2 - 4(k - 1))/31;

k=)
MROS: with a zero of multiplicity five. (z + 7/3)%;
MR10: with a zero of multiplicity ten, (z — #/3)'%(z - 5)(z — 1)(z + 1)%;
MR14: of degree forteen with multiple zeros,

(z - 5—6i)*(z? — 10°%)(z? + 107)(z — 6 — i)(z — 6 + 2i)
- (z = 8 = Ti)(z — 8+ 9i)(z — 10 — 15i)(z — 10 + 17i);
19 )
HMJ40: (16, 17] of degree 40, {H [:: - e"'"‘*""m] }{ II [=- (9/10)e™ k- 10/0] };
k=1 k=20

DUNI1: [11] of degree 16, (22 + T + 2)%(z? + z + 3)*;
DUNZ2: (11] of degree 16, [(z — 1.7)(z + 1.7)(z - 1.3)(z + 1.3)}%;
DUNS3: [11] of degree 12, (z° — 2°)(z + 2)(z? + 3%)(z - 1);
DUNA4: [11] of degree 5, (z + 1)(z — 1.150016 — 3.57064i)?(z — 1.150016 + 3.57064i)2;
BT1: (12] of degree 19, (z — 1)(z — 2)*(z — 3)3(z — 4)*(z — 0.25)%(z - 0.5)%;
BT2: [12] of degree 17,

(z = 1)%(z + 1)*(z = 0.5 +i)*(z — 0.5 — i)’(z — 0.5 — 0.5i)*(z — 0.5 + 0.5i)?

BT3: [12] of degree 11, (z — 1)*(z — 1.1)(z — 0.9)(z — 1 + 0.1i)(z — 1 — 0.1i)(z — 1.05)°.

Table 1 illustrates the effectiveness of the first stage of the composite algorithm in improv-
ing the accuracy of multiple zeros of p. For JW20 with C; = C,, the 16-digit QR algorithm
produced complex conjugates zeros for z = 14 and z = 15. For MR14, the low precision of
the four small zeros can be improved by using the reciprocal polynomial (see [10]).

4. Condition numbers of C, T and A and of their eigenvalues for p and g. The
composite algorithm was used with the companion matrices, C, T and A, for the above
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TABLE 2. For p with real zeros, the Table lists the condition numbers of C,,
T, and A,, and of the corresponding matrices of eigenvectors, VC,, VT, and
V A,, respectively.

) x(Cq) | w(T9) [ KA sVCY) [s(VT) [~(VA,)
JW20 [[2.2% 10" 20 | 20 [ 7.4 x 10%

1 1
TTa2 | 1.2 x 10 | 31 31 || 1.6x10°| 1 1
MRO5 1 1 1 1 1 1

MR10 22.7 5 5 90.0 1 1

DUN2 9.2 3 1.3 14.8 1 1

1 T

BT1 4292 | 16 16 1323.8

TABLE 3. For p with complex zeros, the Table lists the condition numbers of
C,, T, and A,. and of the corresponding matrices of eigenvectors, VC,, VT,
and V A,, respectively.

P n(C) | w(T) | s(A) [ s(VC,) | x(VTy) |x(VAg)
1.1 4.0

AM40 | 315 |1.1x107 : 5.0 x 10° 1
MR14 || 1.5 x 10" | 2.0 x 10° | 19724.1 || 1.5 x 10° | 5.9 x 10° 1
DUN1 16.9 1.2 1.2 20.8 1 1
DUN3 || 1166.5 134 3 507.0 15.5 1
DUN4 || 244 6.5 38 5.6 1.8 1
BT2 25.7 100.3 1.5 13.6 ~23.6 1
BT3 924.6 1.7 1.2 [|3.0x10"| 18.2 1

polynomials. Although the prime interest of this note lies in the condition number of the
eigenvalues of a companion matrix. the condition number of the companion matrix itself was
also computed since. in practice, these two numbers are often both large or both small. The
condition number of a matrix was computed by means of its singular value decomposition.
It could have been estimated by an algorithm found in [18). The results are illustrated in
Tables 2 and 3 for polynomials with real and complex zeros, respectively.

4.1. Polynomials with only real zeros. If g(z) has only real zeros, then T, is a real symmetric
tridiagonal matrix with distinct eigenvalues. Therefore it is diagonalizable by a unitary
matrix VT,, whose condition number is x(V'T;) = 1. Since Fiedler's matrix, A,, eventually
converges to a diagonal matrix after a certain number of iterations (see (9, 10]), then finally
x(VA,) = 1. Therefore, in this case, T, and A, are usually better conditioned than C,, as
seen in Table 2.

4.2. Polynomials with complez zeros. If g(z) has complex zeros, then T; is a complex sym-
metric tridiagonal matrix, whose condition number, in general, compares favourably with
the condition number of C,. Since A, converges to a diagonal matrix after a certain number
of iterations, its final conditioning is superior to both the conditioning of T; and C;. The
results are shown in Table 3. ' '

5. Conclusion. If a (reduced) polynomial has only real simple zeros, the eigenvalues of
Schmeisser’s matrix are better conditioned than those of Frobenius’ matrix; however, in the
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presence of complex zeros, their conditioning is comparable. Since Fiedler's matrix converges
to a diagonal matrix, its eigenvalues eventually becomes very well conditioned. A companion
matrix of a reduced polynomial g can be used to find the multiple zeros of a given polynomial
p to higher accuracy than with the corresponding companion matrix of p. In all cases, the
multiplicity of the zeros was computed correctly by Lagouanelle’s modified formula.

1.
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* ‘ONTINUQUS WAVELET TRANSFORM AND
\ NSFORM AND 1£D
WITH_LAGUERRE FUNCTIONS

Presented by G.A. Elliott, F.R.S.C.

Abstract : In this work we provide K = [0,+°°| x IR with an hypergroup structure associated with
a system of partial differential operators D,, D,. wich admits Laguerre functions as
eigenfunctions. We study an Harmonic analysis on this hypergroup. Next we define and study
generalized wavelets and generalized continuous wavelet transform on K. Moerover we study a
generalized continuous multiscale analysis and partial reconstructions on K.

L uxu:mummmﬂur.un K
We consider the partial differential operatorson K =|o,+| xR . D; = Far. and

] 2
-fx—z + 2ax+l % O.rzg-z-whm x) € Joro xR and 0 € R, a 20. For

a=n-1, n € N\ {0}, the operators D, is the radial part of the subLaplacian on the Heisenberg
group H" . Let @, (xt). (\m) € IR x N, be the function defined by @, ,(x.t) = €' Tip (AIx?)

-2 Lfa'(x)
where Lo, is the Laguerre defined by Ta(x) = e 2 E:;)(_o)

polynomial of degree m and with order a. The function @, _(x.t), (A,m) € R x N, is the unique
solution of

LIS being the Laguerre

Du(x.t) = idu(xt)
a

+]
) u(xt)
| 2

lu(0.0) =, %% (Ot) = 0, forall 1 € R

Dau(x,r) = - 4 |\| (m +

and satisfies the product formula Tixp) Prm(ysS) = By XD By o (v:5), where T, ), (x) € K,
is the generalized translation operators associated with D, D,,. defined by

IE.J:[:!’(J;Z +_\'2 "mm"e"""'*X)ﬁ""e)r(l-rz)a"d,-de_ Fa>0
Texnf¥s8) = "l , |
l%ffwxz+-"2’2‘-‘m9-f*s+x,\'sln9k19 Lifa=0

Definition I.1 : For (x,t), (y,s) € K and f a continuous function on K we put
Bty * Oy = Tix gy f929)
where 8, . is the Dirac measure at (x,t). The product # is called the generalized convolution on K

(x.t)
associated with the operators D|,D,.
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Let i be the involution on K defined by i(x,t) = (x,1).

Theorem I.1:(K,*,i) is an hypergroup in the sense of Jewett (see [1]).

Notations : We denote by
- L2(K), p € [1,%<o{, the space of functions on K, measurable and such that

Al o = (J'K IF(x,IP dm, (x,t))"/P < + 0o, where dm,, is the measure defined on K by

!

nl@+1)
- A(K) the space of C"-functions on IR?, rapidly decreasing together with all their derivatives and
even with respect to the first variable.

- dy,, the measure on R x N defined by dv,(A,m) =7

the Dirac measure at m.
- LE(R x N), p € [1,+o0|, the space of functions g defined on R x N, mesurable and such that

lhll,_: = _[R <N Ig(A,m){P dyu()..m))l/p < + oo,

-4,.4_, A, A, the operators defined on the space of functions defined on (R | {0}) x N by
gAm) - gAm-1) , if m 2 1
8M,0) L ifm =20

A = (8,8 50,m) + (@+1) Agthm)

Azg(h.m) = -i— ((a+m+1) A _g(A,m)+m Ag(A,m)).
- A(R x N) the space of functions g : R x N —> (€ satisfying

a+/ a
i) V mpqrs € N, thefunction A —> AP (Al (m + =—=)T A}(A, + ==)8(Am)
is continuous and boundedon R, B~ on R \ {0} and such that the left and the right derivatives
at o exist.

ii) V k,p,q € N, we have

)
N, (g)= sup {02 K 1+mA)R IAR(A, + —)IgAm)l} < + oo
koA’ o mye @\ (o)« N e
- H(K) the space of C>-functions on R, even with respect to the first variable and with compact
support.
- Ay (R x N) the space of functions g in A(R x N) satisfying
3A>0,3B>0/VkeN,v(Am) € (R\{0})xN

dm (x,1) = x2* 1 gy dt

Fm+a+1)

+1 v
Tl +) A aA @B whered_ is

A, g(A,m) = g(A,m+1) - g(A,m) , A g(A,m) =

we have
a

1o A 1epap (m + 2501232 1A g ml < A B

2 .
where Ay=- A - (A, + a—‘;—)z,pa=|5;—-|+ 1, and [ ] denote the integer part.

Definition 1.2 : The generalized Fourier transform & is definied on L, (K) by
FOMM = [ (% @, 00 dmy(x0), Am) € (R 1O} xN.
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Proposition 1.1: i) The space A(R x N) is densein Z3 (R x N).
ii)ﬂegmuaﬁud?mnieﬂamfam&'isuhomwphismbﬂwem&(x)andd(m x N).

Theorem 1.2 :i) (Inversion formula) : Let fbein L3 (K) such that () isin LL(R x N) then
o= [o FOM @ x0d,0m); ac.
ii) For all f € A(K), we have the Plancherel formula
Ji Roxofemy(xt = [0\ EFOOMP dy,0m)
ii) The generalized Fourier transform can be extended to an isometric isomorphism from
L2 () ento 12 (RxN).

Theorem U:(Mey—Wmnm).mMndWmfmn&’isan
isomorphism from &(K) onto A R xN).

IL mmﬂm_mnnmummmxmmmmmm
D,,D,.

Definition 1.1 : We say that a functicn g € I:(K)isamaaﬁmdwavdumkmodabd
with the operators D,, D, if there is aanth.withthcpmpmyo<C‘< + o, and for all
m € N, for A almost everywhere on R, an.‘:-lﬂf(g)(n.m)lz %.

-Az(m¢ d_*l)z

atda, ,theng

Example . Let g be in 2 (K) defined by F(g) (A,m) = AXm +
is a generalized wavelet on K.

Proposition IL1: Let g »0 be a function in L2(K) such that for allm € N the function
A —>F(f)(A\,m) is continuous at 0, g is real valued and for each ¢ >0, there exist §,5 > 0 such
that

I @)(%.,m) - F(@)o.m)| < e AP forall (\,m) € [-3,5] x N.
Then g is a generalized wavelet iff & (g)(o,m) =0 forallm € N.
Iheorem I1.1. Let g be a generlized waveleton K and a € lo,+=[. Then the function
(Am) —> F (g)(ah,m) belongs to L3(R x N) and we have
FEEIE = 5l

al
Mueoveﬂheﬁmcﬁong‘dcﬁnedbyg.(x.t)- ;:7' 8(7.:: , '2)88535&8
F(g)(A,m) = F(g)(ar,m), forall A,m) € R xN .
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Definition 112 : Let g be a generalized wavelet on K in 8(K). We define the generalized
continuous wavelet transform associated with the operators D). D,, for f € A(K) by

S D@ x0) = [ 198) Ba g1 (y:8) dmy(y.s)
where g, . {24) is the funcnon defined by
Baan(¥S) = Tx g8, (¥:8)-

Theorem I1.2: Let g be a generalized waveleton K in L2 (K). Then forall f € L2 (K). we have
I d
Plancherel formula for &, : 1113 = c [7[ @ 0@t T‘,'—,dma(x.t)

Inversion formula for (bs () = rJ‘ X b (f)(a.(x.t))g. % J)( ) —o7 dm  (x.0) Weakly in

L3(K)

By Theorem I1.2 the generalized continuous wavelet transform d’s is an isometry from the
Hilbert space L‘Z,(K) into the Hilbert space L,z,' (lo.o| x K) of the square integrable functions on
Jo,+eo{x K with respect to the measure dac —dm (x t). For the characterization of the image of

a“

¢8 we interpred the vectors Baixa) (a,(x,t)) € Jo,+o[ x K. as a set of coherent states in the
Hilbert space £2(K). (See [2] section 1.2).

Theorem IL3 : Let (bg be the generalized continuous wavelet transform associated with the
operators D,, D, with g a generalized wavelet on K in L2 (K). Let Fbe in L3 “(Jo,+| x K).
Then there exists a function f in L?,(x) such that F = & (f) if and only if

F(ao(x't)) = F(a |(x t)) ( g.' X' g (yvs)
X K °2(x'1)

Ba(xg)(¥+3) dm, (y.5)) da, 7 dmg(x'.t).

We give now another inversion formula for the generalized continuous wavelet transform
associated with the operators D, D,.

Theorem I1.4: Let g be a generalized waveled on K associated with the operators D|,D, in

L2(K). If f € LL(K) such that F(f) € LL(R x N). Then for (x.1) almost everywhere in K we
have

I da
f) = & JoTf ¢ P08, 00 dmy(y.5)) =535
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Definition ITL1 : A generalized continuous multiscale analysis on K is defined by a net

of closed subspace of lé(l(). with the properties that Ve, € V,, ifo<g, <

f € V, a function fisin Vg, if and only if fh € Ve,, where f&isthe
€, €

function defined by fe, (x) = (52’-)"’2 f(J:——'z- x, %:0' eli_l.noVc = 2(K) a.udc lim@ Ve = {0}
€, ' .

(Vedee joset

epiff€ V, then T, )

Theorem IIL.1:The net {v:}ze fousost given by

Ve = {f€ L3(K)/ O (0(a(x) =0 ae. onJo,ro[ x K}
where g is a generalized wavelet on K in (l", n l,z,)(l(). is a generalized continuous multiscale
analysis if and only if the support of & (g) is bounded away from zero i.e. there exists y > 0 such
that {A € R/ |]A| S y} N sup F(g) (..m) is a subset measurable on IR whose Lebesgue measure
vanishes forallm € N.

Definition IIL2 : Let g be a generalized wavelet in (l"x n l‘z,)(l() such that supp F(g) is
bounded away from zero. Let € > 0 and f € LZ (K ). The partial reconstruction f, of f from its
generalized continuous wavelet transform 4" (f) is defined by

1 o da
=& J2 "t @ 0@ 8y, dmaly) =3

Theorem TIL2.Let f be a function on K with the properties f € (Lg N L2)(K) and
F@e l,',(IR x N) then we have

F()Am) = F@OA,m) FA,m), Am)€ RxN
where F, the function defined by

Foum == 7 Igyam? 2
8
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Presented by G.A. Elliott, F.R.S.C.

Abstract. We consider the Radon transform R, , & 2 0, on the Laguerre hypergroup

K = fo,+[ x IR. We give a space of rapidly decreasing functions on which R is bijective. We
establish an inversion formula and a Plancherel theorem for the operator R,. Next, by using the
continuous wavelet transform on the Laguerre hypergroup K, we deduce an other expression of the
inverse aperator R;’ of R,.

1. Radon transform on the Laguerre hypergroup.

Notations . We use the following notations

-K=[o+[xR

- B(K) the space of continuous functions on K.

-Mb(K) the space of bounded Radon measures on K.

-A(K) the space of T -functions on R2, rapidly decreasing together with all their
derivatives and even with respect to the first variable.

- LB(K) . p € [1,+o{, the space of functions defined on K, measurable and such that
J' ' IO dm(x,t) < + oo, where dm,, is the measure defined on K by

+1

———ee i x d
. [‘(a+l)dx -

dma(x,t) =

Definition I.1.Letfbein B(K), we put for all (x,t), (y,s) € K

(a) n
Tanf ) =15 l 7,2 2ya-1
l— J;J;nf( x2 +y? + 2xyreos® , s+t + xyrsin®)r(1-r° )% drd®, if a>0.
n
The operators T ;) , (x,t) € K, are called generalized translation operators associated with Laguerre
functions .
Definition 1.2

i) For all (x,t), (y,s) € K and f € G(K) we put
Ban) * Vg = Tenyf(:9),
where 6(, 2 is the Dirac measure at (x,t).

The product * is called the generalized convolution product on K.
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ii) The convolution product * on Mb(K) is defined by
v, *v0= J' cnx Tonf(9:9) dvi(00) dvy(y.s).

Theorem I.1: (K,*i) is a hypergroup in the sense of Jewett ([3]), where i is the involution on K
defined by
i(x,0) = (x,-0).

Definition I.3.The Radon transform on the Laguerre hypergroup K is defined by
2 ﬂ'a o +1 .
(30 RO =5y fo Tl Y2 dyi £ € A ®)

Remark I.1:In[5], p 384, meRadonmfonnonﬂerambaggmupm“ is defined by
R = [ou 8E+5t- 5 lm(zl D) ; (z) € H°,
where dE is the Lebesgue measure on C° & Rz" and (J/.) is the usual positive deﬁnitz Hermitian

form : (2/2) = 2 2, 7i. If the function g is radial i.e. g(zt) = Riizil), where izl = 2 Iz, is the
izl ial

usual norm on €%, the function R(g) is also radial and we have : R(g)(z.t) = R__,(D(2lzil,t).
Remark I.2. The relation (1. l) can also be written as follows
1

R (D(x.t) = T——r r (r (V-0 V2 f(v,t+xu) + f(v,t-xu)lvdv)du
'@ + =)
2

I Range of some subspace of B(K) hy the Radon transfor R,.

Notations. We denote by
- A,(K) the subspace of A(K), consisting of functions g such that g vanishes with all its derivatives

on R x {0}.
- A,(K) : the subspace of A(K), consisting of functions g such that

vkeN,VxeR, In fg(xdt=0
- F» T, the operators defined on Iq(K)by
lm(x.m= [g fxne™ ;oM €K,

a+l

F BN = F(_uj o 0e M) 2 laxdt; (1) € K,

where j(x) = T(a+1) (E)ﬂa(x), ], being the Bessel function of first kind and with order a.
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Proposition IL1.
i) We have
A,(K) = {f € AK)/F (D € A,(K)} = {f € AK)/TFy() € A,(K)}

ii) Forall f € A(K) we have
F (R (x.A)=TF(DXAA ) (x,A) €K

Theorem IL1. The Radon transform R, is a bijection from A,(K) onto itself.
IN. Inversion formula and Plancherel theorem for the operator R,.

Notations : For a 2 0, we denote by L, the operator defined on A(K) by
+} -
x,t) ) if (a+1) € 2N,
L, f(xt) = oz { f J
rfeeme) ,  otherwise,
where D, is the partial differential operator defined by : D,f(x,t) = 9%2 and1I' , y € @, such
thaty -1 ¢ 2N, is the operator defined by
1-y

L'f 2 ) Sf(x,u)

1!.2'.1'(1) R |l-u|"y
2

I f(x,t) =

For Re(y) <0, this is interpreted as an analytic wndn@dcn (see [1], [2] p 67).
The space A,(K) is invariant under I' and we have
F,A"D(xA) =A% F(DxA) 5 (xA) € Kand f € A(K).

Definition ITL1. The generalized Fourier transform &F is defined on Lge (K) by

v (\,m) € R x N, F(H(A,m) u_[x fix) €M B Axd)dm (x,0),
where (@ is the Laguerre function defined by Tie” (x) = € V2(L{e) (x)/ {3 (0)), L{7’ being the
Laguerre polynomial of degree m and order a.

Proposition TIL1. Let f be in 8,(K). Then L‘,Ra(f) belongs to Az(l() and we have
FL R OHAm) = 2m**! (D™ FOAm; Am) € RxN.

Theorem IIL1. Forall f€ AZ(K), we have the following inversion formula
ML R = @m** D g,
2p £=QmAeD
Ry(Lo) R, f = (27) f,

2 2
where (L,R,)? =L R, LoR, and (L)? = L Lq.
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Theorem TIL2. (Plancherel formula and theorem for R ).
i) The operator L R, is an isomorphism from A,(K) onto itself. Furthermore, we have
the following Plancherel formula
V€ AK), [ WnoPdmy (e = @n) D Jie LaRaO@0Pdm(x.0.
ii) The operator Tzéa*—‘ LR, can be extended to an isometric isomorphism from L (K)
onto itself. Furthermore, we have
Vfe LZ(K), (LR, )*F = @mH** Vs

IV. Inversion of the Radon transform using generalized wavelets on K.

We define for regular function g the generalized continuous wavelet transform on the

Laguerre hypergroup K by
D, (Ha,(x,0) =.fx £(y,5)84,(24)(¥:5) dm,, (¥,5)) , a € Jo,+e, (x,1) € K,

whereg, is given by
a

- +]
B9 =82 T8 %9)
and
850 = =7 8l + 2
The function g is a generalized wavelet on K i.e. a function on K satisfying the condition that thete
exists a constant 0 < C, < 3, such that for all m € N and for A almost everywhere on IR, we have

¢,=[; F@Em? "7“

The results obtained for the generalized wavelet transform on the hypergroup K are proved
in [4]. In particular, we have the following inversion formula :

1 da
av.a) 0= &= [jomy ¢ [ PoDENE, K IIMN =255 -
when f € LL(K) and F(f) integrable on R x N with respect to the measure dy, defined by :
dvg(Am) = . % AE*1d\ ® 3, where 8, is the Dirac measure at m and d) is the

Lebesgue measure on R.

Theorem IV.1. Forall f,g € A,(K) we have
BL,R, g Ry = @)X DO,

From this theorem and the relation (IV.1) we deduce the following theorem
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Theorem 1V.2.Letg € A(K) bea generalized wavelet on K. Then for all f € A,(K), we have
J U d
Ry ftx) = (Znfer I C, Lo,wf(fxq’ L,R, Log (D(a,(3,5))8, y 4 (x,t)dm, (y:5)) ;a;:,

Remark IV.1. The function L,R,L,8 is not necessarily a generalized wavelet on K. But, if we
suppose that L g is a generalized wavelet together with g, L R,L,8 becomes also a generalized
wavelet on K.
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Presented by G.A. Elliott, F.R.S.C.

Abstract

In this work we consider the Abel transform A on semisimple Lie groups G of
real rank R , and its dual- A*. Using these transforms we give relarions henveen the
continuous wavelet transfonn on G and the classical conrinuous waveler transform on R4,
and we deduce the inverse operators of the operators A and A*.

Let G be a noncompact connected real semisimple Lie group with finite center, 9
the Lie algebra of G. Let 9 = k+p be the Cartan decomposition of 9. Let & € p be a
maximal abelian subspace, C1* its (real) dual. The dimension £ of ( is called the real rank
of G. We can identify €1 with IR%. We denote by I the set of restricted roots. Let W be the
Weyl group associated with £ and [W] its cardinality. Let £* be the set of positive roots, and

put[,:=£‘ n{aEZIlail‘.}. Pmpa-l- ¥ m_a, with m_ the multiplicity of a.
2 2q4° @ a

Let K(resp.A) be the analytic subgroup of G with Lie algebra k(resp.(1), and H: G --> &
the Iwasawa projection according to the Iwasawa décomposition G=K A Nie. ifg € G
then H(g) is the unique element in € such that g € K (exp H(g))N. On the compact group K
the Haar measure dk is normalized by X dk = 1. For the normalization of the Harr
measures dx and dn respectively on the groups G and N see [1] p 273.

I. The Ahel transform on G and its dual .

The Abel transform on G denoted A is defined on SH(K\G/K) (the space of C™-
functions on G which are bi-invariant under K and with compact support) by

VHeQ AOM) = Pf fexp H(n))dn

(See [2] p 450-454 and 51] p 107-108 and p 264 - 265).

For f in &(K\G/K) we have the relation : F(f) = F_ o A(f) where F is the
spherical Fourier transform on G and &F | the classical Fourier transform on Q.

The dual Abel transform on G denoted A* is defined on 8(C1)Y (the space of C*~
function Q& which are W-invariant ) by

V x € G, A*(f)(x) = fx f(H(xk))e" PHIKIgK

Notations : We denote by

- AV (resp A(Q1*)") the space of Cfunctions on € - (resp. &*) which are
W-invariant and rapidly decreasing as their denvanvs.

- A°@*)"Y the subspace of A(@*)Y consists of functions f such that :

V a € N, —‘ﬁ'-a— A, = 0.
0Ay'...0N}"
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- Ao(cl)w (resp. T (K\ G/K)) the subspace of A@)Y (resp. the spherical
Schwartz space B(K\ G/K) (see {1} p 252-257)) consists of functions f such that & oN

(resp. (M) belongs to A°(1*)V .
Proposition 1.1 : The operator ¥, (resp K,) defined on AQ(Q)W (resp. T _(K\ G/K)) by

V H € @, K OH) = 5 IWrCoIr2s (01H)
(resp. ¥ x € G, 3,(N(x) = F-IWT'ICONZF (DI(x))
is a topological isomorphism from AO(Q)W (resp. G (K\ G/K) onto itself.

Theorem I.1. :
i) The Abel transform A is a topological isomorphism from 'CO(K\ G/K)) onto

A VY.
ii) The dual Abel transform A* is a topological isomorphism from 8 (€)% onto

T, (K\ G/K).
iii) We have the following inversion formulas
-Forf € B (K\G/K), f=a* K A, f=K, A*a(f)

-Forfe A @V, f=2 K, A%, f= K, 23%.
IL Inversion of the transforms A and A* using wavelets on G.
1 - Classical continuous wavelet transform on R%.

We define for regular functions on R%, the classical continuous wavelet transform S
on R4 by:
Sy 0@y =[] [o 100 855 (dx, 3 € Joseef, y € R
where g2 ,(x) = a2 T (g)(-y), with T, is the translation operator defined by
T, (h)(y) = h(x+y), and 8(x) = -!l- g"(f). the function g” is a classical wavelet on R%,
a
i.e.a function on R® satisfying the condition : There exists a constant C ¢ such that
0<C. <+ and, for A almost every whereon R% we have :
da
Cp = [, 1T (@@ =

The results obtained for the transform S are given in [3]. In particular we have the
following inversion formula

1 o da
aLy) flx) = gf‘fm S, (D@) g2y (M) =77, ae.

when g° is square integrable on R % with respect o the Lebesgue measure and the functions
fand &F (f) are integrable on R# with respect to the Lebesgue measure.



K. Trimeche 85

2 - Continuous wavelet transform on G.

We said that a function g on G, measurable, bi-invariant under K, is a wavelet on G if
there is a constant Cﬂ with the property that o < C' < + o and, for A almost every where on
(VER

da
Ce= [, F@@I? <

Let g be a wavelet on G in LA(K\G/K) (the space of functions on G measurable, bi-
invariante under K and square integrable with respect to the Haar measure of G) and

a € Jo,+0|. Then there exists a function 8 € Lz(K\GIK) such that

(1.2) YA€ Fg)) =F(gar)
and we have
118l S (ka)a®)*2 |1gl,2
where
!
- , if a2l
|C(A/a)? a? e

k(a) = sup ) =
Aean Ico)l S L
€Q*\fo} a€L; lamo’mm , ifa<|

Where C is the Harish-Chandra's function (See [1] p 175).
Remark : Let g be a wavelet on G in &(K\G/K) (resp.B(K\G/K)) and g, the function

given by the relation (I1.2). Then we have the relation: V H € @, A(g) = at A(g)(H/a)
and the function A(g) is a classical wavelet on RZ.

We define the continuous wavelet transform on G for f € L2(K\G/K) by
® D@y =[5 1) Fay(x)dx , yeG
where g.'y(x) = (k(a)a")'"2 Tx(g.)(y). where T, is the genera.ized translation operator on
G given by : T‘(h)(y) = J‘ P h(xky) dk.

The results obtained for the transform & are given in [4]. In particular we have the
following inversion formula
)

1 k(a
(1L3) = & 5 ®0eye, ) o da 1€ G
when g and fare in G(K\G/K) .
3 - Inversion of the transforms A and A*
Notations : We denote by Sy, g, ) and Py, (G, ) the operators defined by
VH e @, $g, (,) (PH) =22 F* 1,(G,) (H)

Vy € G, by (g,)(F)y) = (k(@a) 2 F * K, (G,)(y)

where * (resp. * ) the convolution of functions on R4 (resp. of functions on G bi-invariant
under K).
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Remark : The transform 5‘)(.,(6, )(resp. ‘i"K. +(G, )) is  not necessarily a classical
continuous wavelet transform on R4 (resp. a continuous wavelet transform on G) because
in general we have not : X (G,) = h(a) X (G), (resp. X,(G,) = h,(a)X,(G), ).where
h (resp. hl) is a function on Jo,+oo]|.

Theorem II.1: Let g be awavelet on G in T (K\G/K).
i) Forall f € G (K\G/K) we have fory € G
® (D(ay) = (@) A*[Sx, @ ADKY)
ii) Forall f € A (@)% we have forH € Q

S P@H) = (k@) A Poc g, A DH).

From this theorem and the relations (11.1), (I1.3) we deduce the following theorem
which gives the inverse operators of the operators A and A* using wavelets on G.

Theorem 1.2 : Let g be a wavelet on G in G (K\G/K)

i) Forall f € A (€)Y we have forx € G
; ! : (k(a))'?
alow=& [ 155, (gm0 8, 0dy) = 77— da

i) For all f € G (K\ G/K) we have forH' € Q
/ - k(@)
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SOLUTION METHOD OF FORWARD EDDY CURRENT TESTING
PROBLEMS

A. A. KOLYSHKIN AND REMI VAILLANCOURT
Presented by K.B. Ranger, F.R.S.C.

ABSTRACT. An analytical formula for the impedance change, Z, in the coll of an eddy
current probe is obtained for the forward problem in the case the conductivities, 03 and o,
of the flaw and surrounding medium, respectively, are almost the same. The vector-valued
solution is expanded in power series in the amall parameter € = 1 — 03/0) and a first-order
appraximation is obtained by a perturbation method. Two examples are treated, where the
flaw is not in a symmetric position with respect to the coil axis. It is shown that, in some
cases, only one component of the vector potential (or even a part of this component) nooeds

RESUME. On présento une solution analytiqus du changement d'tmpédance, Z, d'une bobine
d'une sonde A courants de Foucault pour le problime direct sl la conductivité d'une paille
et celle du milieu environnant, resp. o3 et o, diffitrent de peu. On dévoloppe le vecteur
solution en série de puissance de € = 1 —@3/0) et I'on considire 'spproximation du premier
ordre par une méthode do perturbation. On traite deux exemples od la paille est en position
asymétrique par rapport A I'axe de la bobine. On moutre quo dans certains cas il suffit de
connaitre une composante du vecteur solution, ou mémse une partie de cette composante,
pour calculer Z.

1. Introduction. To control properties of materials, eddy currents are induced in a con-
ducting medium in the presence of a time-varying magnetic field. Inhomogeneities in the
medium produce an impedance change, Z, in the detector coil of an eddy current probe. This
change can be used to estimate properties of the flaw (for example, its depth, cross-section,
conductivity).

Perturbation methods have been used, in [1], to solve forward eddy current testing prob-
lems under the condition that the conductivities of the flaw and surrounding medium do not
differ by much. For example, in quality control of spot welding, experimental data show that
the difference in conductivities of the cast core and the surrounding medium varies between
10% end 20%.

In this note, a general scheme for the solution of forward eddy current testing problems is
obtained by a perturbation method and is illustrated by two particular problems, namely, a
double conductor line situated above a cylinder with a flaw and a single-turn coil situated
above a ball with a flaw, where the flaw is asymmetrically positioned with respect to the coil
axis.

Key words and phrases. Eddy current NDE, medium with varying magnetic properties, Bessel functions.

This work was partially supported through NSERC of Canads, Grant No. A7916 and the Centre de
recherches mathématiques of the Université de Montréal.
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In some cases, it is found that one does not need to know the complete distribution of the
electromagnetic field in order to find Z, but it is enough to know a single component of the
vector potential, or even a part of this component (for example, the first term of the Fourier
series expansion of the solution, as in the second example of this note).

2. Mathematical analysis. Neglecting the displecement current in Maxwell’s equations
[2] and assuming that all the functions which describe the electromagnetic field are periodic
in time ¢, with frequency w, we obtain the following equation for the vector potential A:

AA+ KA = —pl*, 1)

where k? = —jwoug, j = /=1, I’ is the external current density, ¢ is the conductivity of
the medium and o is the magnetic constant.

We consider the following physical model. Let Ry denote free space and I be the density
of the external currents in Ry. We assume that region R, is a uniform conducting medium
with conductivity o,. The interior region Ry, with conductivity o3, is surrounded by R,.

Let A;, i = 0,1,2, denote the vector potentials in Ry, R, Rj, respectively, so that (1)
becomes

DAg=—pgl®, DA +klA =0, AA+kA;=0, (2)

where k? = —jwoipg, i = 1,2.
Assuming that the conductivities o, > g, do not differ by much, we introduce the small
parameter € = 1 — g2/0, so that k, and k; are related by the formula k3 = k(1 —¢).
Using a perturbation method, we represent the vector potential in the series

A=A +cAV + 24P+ ..., i=0,1,2 . (3)

since, in this case, we have a regular perturbed problem.
By standard perturbations techniques, we obtain the following system of equations for
A® and A", respectively, where i = 0,1, j=0,1,2and n=1,2,...:

QA = —pol',  AAP + KA =0, (4)
AA =0, AAM+KAM =0,  AAP +HAD = APV, (5)

where A\ represents the vector potential in R, U Ry, since the properties of R, and R;
coincide when £ = 0.

Thus, (4) describes the electromagnetic field when a current source I'° is located in Rp
above flawless R,, i.e. Ry = 0.

We shall consider first-order approximate solutions to two particular cases of the above
problem.
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FIGURE 1. (a) Horizontal double conductor line in free space, Ro, above and

parallel to a metallic circular cylinder, R,, with a flaw, R,. (B) Central section

of single-turn coil in free space, Ry, above a ball, R,, of radius p with a flaw,

Rg.
3. Double conductor line above an infinitely long cylinder with a flaw. Consider a
double conductor line, w,, ws, in Ry, parallel to a metallic circular cylinder, R,, of radius R
with an interior cylindrical flaw, R; (see Fig. 1(a)). We introduce cylindical polar coordinates
(1,9, 2) centered at 0 and let the z-axis coincide with the cylinder axis. The flaw cross-
section is the “curvilinear rectangle” : r =ry, r = rq, @ = (5, @ = 4. We assume that the
parameter ¢ is small.

The zeroth-order approximate solution in R; U R,, found in [3], is

1 poll(r; — 1))
AV o) = K22 7N ;g
rne) 2m pkyJi(krp) k)

soll? & [ p\™! p\™! Im(krr)
o ,?;.[(E) cosmie — 1) - (£) °°“""“’“ﬂ=’]m' (6)

where Ji(€) is the Bessel function of the first kind of order m; r is a dimensionless coordinate;
{, chosen as unit length, is the distance between the wires; p = R/l; and r; and r; are
measered in units of l.

We now consider the first-order approximation to the solution. By (5) with n = 1, we
have the following system of equations for the z-component, Af”(r, ®), i = 0,1, of the vector
potential,

Pag) 1040 1240

ara r 6" +r’ avz s 4] in&l (7)
AP 104" 184" .0 [0 in R,
o Yo tE e YRS BAOG), iR, ®)
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where A(,” denotes the solution in R; U R;. The boundary conditions are

(1) (1)
M _ a0 94, _ 94,
A Ir—p - Al |r-p' or - or
The solution to (7)-(9) can be found by separation of variables. If we restrict ourselves to
the first two terms on the right-hand side of (3), then the first-order perturbation of Ao(r, )
due to the flaw is equal to eAS(r,¢). Thus, the impedance change, Zi¢, of the double
conductor line, per unit length, due to the flaw, is

720 = 25 { A pe,-al, (10)

where C is the contour of unit length of the double conductor line.
Using (10) and the solution Ao D(r, @) to (7)=(9) in Ro, we obtain

9

rmp rop

pol we

2= Zc,

where 3
jlra=n) & 1
2c =
© ™ 20201 (k1p) 52, MIm-1(K1P) -/r:

+1 5 8 e [ elulhus)nhe)ds|(2) duntion) - (£) ()], a0

P m=in=l

‘SJo(kls)Jm(kl-")ds[('r%)mem(wz)—(;p;)mdom(‘Pl)]

don(2) = sin (nps — n) — sin (nw3 — nyp),

2 me
drmm() = 3_(=1)""" (;_p:) IT,I(ET){ (w4 — ps) cosm(p — ;)

=1

+ a—:;lsin (2mgq — mp — my) — sin (2me; — myp; — mw)l}. m=n,

2 m—1 1
dma(0) = 3_(-1)""" (5) Jm-1(k1p)

=l

1
{ m )[sm (mpq — npy — mp; + nyg) — sin (mtp; — np; — myp, + np)}

1 . .
+ 2(m—+n)[sm (mips + nipy — myp; — nyp) — sin (ms + nps — myp; — mﬂ)]}. m#n,

Formula (11) was used to compute |Z¢| for different values of the parameters of the
problem by means of Mathematica, version 2.2.2, on a Sun Sparc 10.

In Fig. 2(a), |Z¢| is plotted against the dimensionless coordinate £ = 0.5+, sin ¢, which
measures the horizontal shift of the double conductor line from the vertical axis p = 0.
The diameter, 2p = 0.8, of the cylinder is smaller than the distance between the wires,
and the remaining parameters were set at & = 0.05, ry = 0.3, r¢ = 0.35, § = 2, where

= l\/wofip. In the three cases, the curves have four maxima. This large number of
maxima can be explained by the relatively small diameter of the cylinder as compared with
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AZs!
0.005 = @
0.004 ®)
0.003
0.002
0.001 0

> 0 >

-5 -1 05 0 05 1 157 0 2 4 6 8 10 P

(o) ®)

FIGURE 2. (a) |Zc| against &, for ¢4 = w3 + /8 and flaw orientations (a)

3 = 3n/16, (b) 3 = 51/16, (c) p3 = Tn/16. (B) |Zp| against B, for 6; =

62 + 7/4 and flaw orientations (a) 8; = 0, (b) 82 = 7/8, (c) 6; = n/4.
the distance between the wires so that the curvature of R, is important. Similar curves
were experimentally observed in crack inspection problems (see, for example, [4]). The
complicated behaviour of the curves can help reconstruct the parameters of the flaw and be
used to solve the inverse problem since one can hope to establish a correspondence between
the abscissa and magnitude of the extremal points of the curves and the parameters of the
flaw.

4. A single-turn coil above a ball with a flaw. We consider a conducting ball with an
interior flaw. Let R, denote the flaw and R, denote the remaining part of the ball.

A single-turn circular coil, of radius p,, is situated in Ry at height h above the ball and
the axis of the coil goes through the centre, 0, of the sphere (see Fig. 1(8)). We introduce
spherical coordinates, (r,8, ), centered at 0. We suppose that R, is the “curvilinear rect-
angular parallelepiped” r = ry, r =13, 0 = 0;, 8 = 63, ¢ = ;7), @ = (g, 80 that the final
formula for the coil impedance change will have a simple form.

By the approach used in the previous problem, we obtain a first-order approximation to
the change in impedance in the form

gt =22 (AQddr+ v} d0 + Af)raingdy), (12)

where integration is taken along the contour, C, of the coil, and (2, Ag} and (2, are the r-,
8- and p-components of A((," in Ro. However, we need only know A,(,z, since r = r; = const
and 8 = 8, = const on C (see Fig. 1(8)).

We seek a solution in the case n = 1 as a pair of Fourier series,

A(r.0,0) = ai(r,0) + f[a.-n(r.f?)cosnso +bin(r,0)sinny), i=0,1. (13)

nal
By formula (12), where integration with respect to ¢ is over [0, 27, the terms in (13) con-
taining sines and cosines do not contribute to the integral. Therefore, in order to evaluate
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this integral we need only know ao(r, 8). which is independent of ¢. This fact considerably

simplifies the solution.
The first-order approximation to the coil impedance change, Zi34, due to the flaw, is

0 o0
Z‘Bnd = —‘%ZB, where Za = Z 2’7mn; (14)

m=] n=l
and
(2n + 1)(2m + 1) P4 (cos 6,) P{")(cos 1)
n(n + 1)m(m + 1)Jm-1/2(kp) Jn-1/2(kp)

" (ﬂ)”‘“" /: PV(cos ) PV (cos §) sin 6 df /" n1j2(kte) Jner/2(ku) du,

Fmn = —j(p2 — 1) sin? 6

™
where k = pe/—Jworpio, 01 is the conductivity of the ball and PY'(n) is an associated
Legendre function of the first kind.

In Fig. 2(8), |Zs|, computed by means of (14), is plotted against the dimensionless pa-
rameter 8 = p./wo1fip for fs = 02 + /4 and three orientations of the flaw: (a) 8; = 0, (b)
8, = /8, (c) 62 = w/4. The remaining parameters were set at p = 0.9, r = 0.7, r3 = 0.8,
h =0.1, g, =0, @3 = /4. It is seen, from the figure, that |Z5| decreases as 6, increases.

In conclusion, it is to be noted that the above method is rather general. If the distribution
of the electromagnetic field in a conducting medium in the absence of a flaw is given in closed
form, then, in many cases, a closed form solution for the corresponding problem with a flaw
can be obtained even if the conducting medium is not uniform, where the conductivity, o,
and the magnetic permeability, 4, are functions of the spatial coordinates. In this case the
general perturbation method can still be applied.
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SUR L IDENTIFICATION EN DIMENSION UN D'UNE PERTURBATION LINEAIRE
DE L'EQUATION DES ONDES PAR UNE OBSERVATION FRONTIERE.

samuel Ouya et Mary Teuw Niane

Presented by G.F.D. Duff, F.R.S.C.

Résumd
On montre pour 1'équation des ondes définie sur un segment,par une
méthode directe ,que 1'observation de 1a réponse de la dérivée
normale a des actions de type Dirichlet sur 1'une des extrémités du
segment détermine de manidre unique toute perturbation lineaire.
Abstract
we prove by direct method the identification of a linear perturbation
of a wave equation defined in a segment by boundary observations.

1. Notations

Soit T un réel strictement positif,on pose
Q = ]Jo,1[x]o,T( et as {(x.s)c R’\ 0SsSx<1 }
On note a et b des fonctions positives de C‘([o.l].R) .

Soit h e L'([o.r]). on dit que y est solution du probléme P(a,h) ou

y € P(a,h) si on a:

2 2
oy -g—¥ +a(x)y =0 dans Q
at ax

y(0,t)=0 sur ]0,7(
v(1,t)=h(t) sur J]O,T7(
v(x.O)'g% (x,0)=0 dans )0, 1(

I11. POSITION DU PROBLEME

Soit T>2, on considére le probléme suivant:
$i pour tout h & L’(o.t). la solution y de P(a,h) et 1a solution z de

P(b,h) vérifient :
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vitae oo, (g0t . FLOLO ) = ( FEo.t) L R )

a -t-on a =b ?

On donne une réponse positive & cette question et on améliore les
résultats de A. EL BADIA [1],qui obtient 1'identification de la
perturbation linéaire de 1‘'équation des ondes pour le méme type
d'action auv bord, par une observation frontiére et 1'observation de
1'6tat du systéme a 1'instant 7.

Dans notre cas )'observation est entiérement frontiére de méme que
le mode d'action.

La preuve repose sur une méthode de résolution des équations
hyperboliques introduite par E. Picard [4] et sur la contrélabilité
exacte de 1'équation des ondes avec une perturbation linéaire (2].

I1I. Résultat principal

Théoréme
Soit T>2,si pour tout h @ Lz(o,'r) les soluttions y de P(a,h)

ot z deo P(b,h) vérifient:
pour tout t @ 10,T(, ( gHO0.t) , FL1.t) ) = ( FX(0.t) , FZ(1,0) ),

alors a = b .

Rllnargum

On agit sur une seule extrémité du segment (0 , 1).g

IV. Preuve du résultat principal

Elle se fait en plusieurs étapes:

[ 2

Sotent i‘ ot 62 deux fonctions de C'([O,l],ﬂi) telles gue 'b‘(o) = éz(o)
et c une fonction de c'( [o,1)} x [0,1], R ), alors le prodbleme

*y &y
—7 (x.s)-—¢ (x,8)¢*c(x,8)u(x,8)=0 sur A (1)
x as

P) u(x,0)=2_(x) sur (0,1} (2)

u(x,x) =@ (x) sur (0,1) (3)
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admet une solution unigue deux fois conttnﬂm.nt'dértvablo sur A,

Preuve
Oon construit, comme dans E. Picard [4], une suite (un) « de
neaN
fonctions de cz(A » R) telle que la série u = 2 u, converge vers
nem.
1a solution du probléme ( P ).
Soit u la solution de:
2 2
2., : (x,8) - —10: (x,8)=0 sur A
ax as
u,(x,0)=8 (x) sur (0,1)
u‘(x.x)ﬂﬂz(x) sur [0,1]

alors pour tout (x,y) @ A ,
U, (x,y)=0 ((x+y)/2)-2,((x=-y)/2)+@ (x~y)
Pour n22, on note v, 1a solution du probléme:

ay Bzu

—n (x,8 ) = —N (x,s)Oc(x.s)un-'(x.s)-o sur 4

Ix as

u(x,0)=0 sur (0,1)
u(x,x)=0 sur [0,1])

alors pour (x,y) @ & ,

X~y X~y
up(xyy)=-} I T etusn)/ziumv)/2yu,  ((usv)/2,(u-v)/2) ) dudv
1 Xty x-y
va J . J g((u*v)lz.(u-V)/2)un_,((UOV)/2.(u-V)/2))dudv

La série 2 v, et celles des dérivées partielles de v, jusqu'a

1'ordre 2, sont normalement convergentes; il en résulte que

+
u s g u, est de classe c? sur A et comme
n=1
u(x,x) = u(x,x) = ®,(x) et u(x,0)=u (x,0)=2 (x) ,u est solution
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de (p).
Lewme2

Soit T>2 , St y est solution du prodbléme

o 2’y
=L (x,t) - =L (x .t) + a(x) y(x,t) = 0 surQ
ot ax

(p') V(O.t)'%z- (o,t) =0 sur )0,1{
v(x.o)-% (x,0)=0 sur ]o,1(

alors y est identiguement nulle.
Preuve
On prolonge 1'équation sur ]0 , 2[ en x et on écrit 1a décomposition
spectrale de la solution.g
On note K la solution de (P) correspondant 3 c(x,s) = -(b(x) -a(s)),
X
1
2,50 et 2,(x) = —— jo ( b(t) - a(t)) dt.

On dit que y est solution de P(a) ou y @ P(a) si y vérifie:

2 2
0—5 - g—% + a(x) y =0 dans Q
at ax

y(0,t)=0 sur Jo,T(

v(x.0)=%% (x,0)=0 dans ]0,1{

Lomme3
Sott T>2, st y & P(a) alors la fonction

X
z(x,t) = y(x,t)+] K(x,8) v(s,t) dt ()
o
est l'unigue solution de P(b) qui satisfait:
a
F20,t) = Ho,t) .
Preuve
on vérifie que
oz &z

Py (x,t)- ) (x,t)¢ b(x) z(x,t)=0;
X

et de (4), on tire
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3Z(0.t)=3L(0,t) et z(0,t)=y(0,t)=0;
on acheve 1a preuve du lemme3 en appliquant le lemme 2 ®

Loemme 4
St pour tout s a (0,1] K(1,8) = g%(i,s) = 0 alors a = b .
Preuve

Soit u la solution du probléme (P) correspondant 3
X
c(x,s)=-(b(x)-a(s)), 2(x)=0 et & (x) =f K(t,t)dt sur [0,1],
o
en multipliant (1) par K(x,8) et en intégrant par parties sur & ,on

obtient:

! d ¥ d o
J K(xo)GpCuxax))dx-f ulx x)ge(K(x.x))dx +[ Fo(x,0)u(x,0)dx
o (-] o

1
-J FH1 X -u(10x)  3R(1,x) )dx =0

D'ou en tenant compte des conditions aux limites ,on a @
3 2
J «“(x,x)dx = 0
o

Ainsi K(x,x)=0, ce qui entraine qué a = b .m

Preuve du théoreéme

Pour achever la preuve du théoréme, on considére:
h e L*([0,7]) , v @ P(a,h) et z & P(b,h)
a &,
alors  3L(0,t)= 3L(0,t), FE(1,6)= FH1,8) et y(1,)ez(1,6) .  (5)

D'aprés le lemme 3,
X
z(x,t)=y(x,t)+f K(x,8)y(s,t)dt
o

Cette relation donne en tenant compte de (5) que :

1
VYteloTl, [ k(1.5)y(s.t) ds =0 (6)
(-]
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1 ax
et  K(1,0)v(1,t)+f FA(1,8)y(s,t)ds = 0 (7
o
De (6) on tire:
L}
J x(1,8)y(s,T) ds = 0. (8)
Q

La contr;labilité exacte frontiére entraine que :
{y(..r) / h e %(ro,1)) } = L3(ro,11),

donc

Vs a(0,1), K(1,8) = 0.
De méme

Vs a(0,1], %5(!.3): o .
D'aprés le lemme 4, on a donc a = b .®
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A Class of Interacting Measure-valued
Branching Diffusions and Their Spatial
Structures

Hao Wang *
Presented by

Donald A. Dawson, F.R.S.C.

Abstract

A class of interacting measure-valued branching diffusions with local Lipschitz
coefficients are constructed and characterized. Their spatial structures are inves-
tigated. The effective state space of these processes is contained in the set of
purely atomic measures or the set of absolutely continuous measures according
as € = 0 or ¢ # 0 if the coefficients are smooth functions. In particular under
the assumption that the coefficients are local Lipschitz functions and ¢ = 0 it is
proved that the processes take values in the set of purely atomic measures.

The purpose of this paper is to outline the construction and study of a new class of
measure-valued diffusion processes which arise as limits in distribution of a sequence
of interacting branching particle systems. The particle systems studied are as follows.
For any integer n, we consider a system of particles initially with mg particles which
move, die and produce offspring in a Brownian medium on IR := RU {A}, one point
compactification of IR . Such a system has the form

(0.1 dzi(t) = [ 9ly - =)W (dy,dt) + edB;,

*Supported by the NSERC operating grant of D.A.Dawson.
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where z;(t) is the location of i particle , W(-,-) is a cylindrical Brownian motion
(refer to Dawson [1}), {B;} arc independent one-dimensional Brownian motions which
are independent of W, ¢ is a real constant, and g is a symmetric function on IR such
that

: - - 2
(02) Jim o(z)=9(8) =0, [ g*(a)dz <oo.

The quadratic variational process
' ds + €15 - d
(03)  (zivz)e= /o plzi(s) — zj(s))ds + €¥16ij, p(2) = /ny(z—y)y(y) v,

where 6;; is cqual to 1 or 0 according as i is cqual to j or not. Ilerc we assumec that
cach particle has mass 1/0" and branches at rate 40", where v 2 0 and 0 2> 2 are fixed
constants. In the case of critical branching, when a particle dies, it produces k particles

with probability ps; k = 0,1,2,:--. Also we assume
00 00

(0.4) Skp=1, my:= Y k’py < co.
A=0 k=0

After branching, the resulting sct of particles evolve in the samnc way and they start off
from the parent particle's branching site. Let m¢ denote the total number of particlcs
at time ¢ . Define

(0.5) pe() = 51:: }"'._?5::«)(-)-

We assume that m3/0" < £, where £ > 0 is a fixed constant, g = i (weak conver-
gence), where /i is a finite mcasure with compact support and there are no interactions
in the branching mcchanism. Let E := MEg(IR) be the space of all bounded Radon
measures on I with weak topology. Then E is a Polish space. By Ito’s formula, we

can formally get the gencrators of the limiting measure-valued processcs as following
(0.6) LF(p) := AF(p) + BF(p)

where

0.) BF() = Yalma = 1) f, T utae),
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/ 4 5F(I‘)( dz)

08) AF() =3[ o)

44 JuPe = ) ks d)ulds),
F(p) € D(L) C C(E). p. is a constant satisfying p. = p(0) + €*. Clearly our model
includes super-Brownian motion as a special case.
In the following, we will present our main results. Following each main theorem, we
will outline the main ideas to prove it. The detailed proofs will appear elsewhere.

Theorem 0.1 Assume that
(09) (=) = [ oz = v)oly)dy, Jp @)z < oo,

and g(z) is a symmetric function. Suppose p(-) is a local Lipschitz function (i.e. Lips-
chitz outside each interval (—c,c), ¢ > 0), then for any finite measure p with compact
support, the (L, 6,)-martingale problem(MP) has a unique solution.

Outline of the Proof of Theorem 0.1:

The proof of this theorem is divided into two steps. In the first step, we suppose p(:) is
a smooth function. For the existence, first we prove that for any finite measure g with
compact support, the (A, §,)-MP has a unique solution, so A is a dissipative operator.
The fact that A is a generator of a Feller semigroup follows from the Hille-Yosida’s
theorem. Then we can comstruct our finite particle systems by operator perturbation
technique and the existence for the smooth function p(-) follows from a tightness argu-

ment. To prove the uniqueness, for monomial functions < f, u™ > we have

(0.10)  LF(p,f) =< G™f,p™ > +3v(ma = 1) Thimijua{< Sjufr 6™ >

=< fip™ >} +1ma - m(m ~1) < f,p™ >,

(0'11) GNf(zh * er) _" Ep(.‘t. z})a a f(xl) * ,IN)

|.;=ll
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(0.12) ®uf(z1,e+ 2m) = { L8 s R 5% ff J <

J(@1 0B T Ty am) i >k
Since the closure of G™ is a generator of a Feller semigroup, the existence of the function-
valued dual process is obvious and which implies the uniqueness for smooth function
p(+). In the second step, we consider p(-) to be a local Lipschitz function. In this
cage, it is easy to construct a sequence of smooth function p,(:) such that p, uniformly
converges to p(-). Then the existence can be obtained by tightness argument. However
the uniqueness has a difficulty since in this case, we cannot show that the closure of
G™ is the generator of a Feller semigroup. The idea to overcome this difficulty is to
construct the dual process by exploiting the martingale problem method and using
C-diffusions to directly prove the dual identity. =

Theorem 0.2 Suppose p(-) is a local Lipschilz function and p is any finite measure
on R with compact support. Let (2, F,Fe,IP,, ) be the interacting measure-valued
branching Markov process which is the unique solution to (L,5,)-MP, then {u} is a
diffusion process.

Outline of the Proof of Theorem 0.2:
This theorem can be proved by using a theorem in Jacod-Memin [3]. =

Theorem 0.3 (A) Suppose € = 0, then for any finite measure v on IR with compact
support, the unique solution {v} to (A + B,6,)-MP has form v, = Ticyy) ai(t)bsy(e),
where a;(t) > 0, z(t) are continuous in ¢ and I(t) is a random subset of IN.

(A.1) If p(-) is a smooth function, then z;(t) # z;(t) fort >0 and i # ;.

(A.2) If p(-) is a local Lipschitz function, then {zi(t)} may coalesce.

(B) Suppose € # 0 and p(:) is @ smooth function, then for any finite measure v on R with
compact support, the unique solution {1;} to (A + B,6,)-MP is absolutely continuous
with respect to Lebesgue measure on IR for almost all t > 0, P, -almost surely.

Outline of the Proof of Theorem 0.3:
First, let us consider the case in which ¢ = 0 and p(-) is a smooth function. Suppose
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p and v are any finite measures on IR with compact support and {v}, {u} denote
the unique solutions to (B,6,)-MP, (A,65,)-MP on a probability space (!, F*,IP!),
(92, 72, IP?) respectively. By a random time change and a transformation if necessary,
we can change {1} into a probability measure-valued process with support [0, 1). Define
¢p : P[0,1] — [0, 00} for each # > 0 by

3 w({=))? it B#£1
(0.13) dou) := { o5
1 if f=1.

By exploiting martingale problem method and using function ¢s(u), we can prove {v,}

is a purely atomic measure for any ¢ > 0 and
(0.14) v = 2 ai(t)bzi0), t>0, zi(0) € I}, zi(0) # z;(0) for i #j
iel(t)

where I(t) is a random subset of IN, ai(t) > 0 is the unique solution to (}v(m,; —
l)z%, Sa:(0))-MP. This also shows that the action of operator B only changes the masses
of atoms. On the other hand, if p is a purely atomic measure and has the form

= 205(0)6,‘(0), JCN.
ieJ

Then we can prove that {s} is continuous in weak atomic topology on E which was
introduced by Ethier-Kurtz [2]. It follows that {s.} has following form

= Z a‘(o)stt(l)i
i€dJ

and z;(t) is continuous in ¢ for i > 1. This result demonstrates that the action of
operator A only changes the positions of atoms. Let IP}, IP? be solutions to (B, 6,)-
MP, and (A, 6,)-MP respectively. Define

(0.15) SF(v) := j F(w'(t))P}(dw')

TiF(u) = [ F*(t)/P3(d?).
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By direct calculation and above results, we can prove that the semigroup {S:} commu-
tates with {T}}, which implies (A) of the Theorem 0.3.

Now, let us turn to consider (B). In this case, we can use duality method together
with an application of Malliavin calculus to directly construct the density process of
the solution to the (A + B,6,)-MP and the conclusion (B) of Theorem 0.3 is the direct
consequence of this result. W
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TOPOLOGIE - Sur une définition non-standard de la dimension d’un espace

topologique par B. BRUNET.
Presente par P. Ribenboim, F.R.S.C.

Dans ce qui suit, reprenant une idée de J.P. REVEILLES (6), nous proposons une
définition non-standard de la dimension d'un espace topologique et nous établissons que,
dans le cas des espaces métriques séparables, cette définition coincide avec les définitions
classiques.

TOPOLOGY - On a nonstandard definition of topological dimension.

Coming back on an idea of J.P. REVEILLES (6), we give a nonstandard definition of the
topological dimension and we prove this definition coincides with the classical definitions
in the class of separable metric spaces.

Dans (6), J.P. REVEILLES propose une définition non-standard - qu'il appelle épaisseur
et note ep - de la dimension d'un espace topologique reposant sur la longueur des chaines
des « halos basiques » emboités et montre que, dans le cas des espaces IR"” et plus
généralement des espaces métriques séparables, cette définition coincide avec les définitions
classiques — petite dimension inductive (ind), grande dimension inductive (Ind), dimension
de LEBESGUE (dim) . Les démonstrations qu'il propose de ces résultats (Corollaire 3, 4 et
5) sont malheureusement incorrectes.

Dans ce qui suit, en reprenant I'idée de J.P. REVEILLES et aprés avoir légérement mo-
difié la définition de la longueur des chaines des halos basiques, nous établissons notamment
que, pour tout espace métrique .X,onaind X < ep X < Ind X, ce qui permet, en utilisant
un théoréme classique concernant la dimension des espaces métriques séparables, d'établir
le résultat annoncé.

1 - Epaisseur d’un espace topologique.

Dans ce qui suit, on désigne par X un espace topologique et par £ un élargissement
(voir par exemple (4)) de cet espace et on appelle base de X toute base d'ouverts de
X supposée stable par intersections finies.

1.1 : Etant donné un élément a de *X, on appelle halo en base B de a 1'ensemble, noté
hg(a) défini par hg(a) = n *Bou B, ={B€B:ac€"*B).

Bes,

1.2 : A toute base B de X. on peut associer une relation de préordre < sur *X par: a < b
si et seulement si a € hg(b).
(Dans la suite on écrira a < b si et seulement si a < b mais pas b < a).

1.3 : Etant donné un point z de X, on dit que I'épaisseur en z d’une base B de X est
inférieure & n, ce que l'on note ep (z,B) < n, si et seulement si toute chaine de type
@p < ... < a; < °z est de longueur p S n.
Notons que cette définition est équivalente & celle donnée dans (6) & condition de
corriger la notion de « halos consécutifs » page 707.
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On appelle épaisseur d'une base B de X, I'élément de N = INU {o0}, noté ep B, défini
par ep B = sup{ ep (2,B) : z € X}.

On appelle épaisseur de X, I'élément de NN, noté epX, défini par
ep X =inf{ep B:B € B(X)}, B(X) désignant 1'ensemble des bases de X.

On déduit alors de ces définitions les propriétés suivantes :

a) ep X = 0 si et seulement si X posséde une base d’ouverts - fermés.

b) Pour tout espace totalement ordonné X, ep X <1 (en effet, si By désigne la base
formée des intervalles ouverts de X, on a ep By < 1). En particulier, puisque IR est
connexe, ep R = 1.

c) Pour tout espace topologique X et toute partie Ade X, ep 4 < ep X.

d) Pour tout couple (.X,Y’) d’espaces topologiques, ep (X xY) < ep X +¢p Y.

e) Pour tout entiern > 1, ep R™ < n.

Il convient de noter qu'a la différence des définitions classiques de la dimension les pro-
priétés c) et d) sont valables sans aucune hypothése particuliére sur les espaces considérés.

2 - Comparaison avec les définitions classiques de la dimension.
Théoréme 2.1 : Pour tout espace topologique X, on a :

a) ep X =0 si et seulement si ind X =0,
b)ind X <ep X.
a) est immédiat puisque les deux assertions équivalent & dire que X posséde une base

d’ouverts-fermés.
b) Ecartons le cas trivial oi ep X < +00 et prouvons le résultat par récurrence sur

n = ep X. Le résultat est vrai pour n = 0 d'aprés a). Supposons le montré pour
tout espace d’épaisseur n — 1. Comme par hypothése ep X = n, il existe une base B
de X telle que ep B = n. Soit B un élément de B et soit F = FrB (FrB désignant
le frontiére de B). Désignons par C la trace sur F de B. Soit z un élément de F
et soit {ap,...,a,} une chaine de h¢(°z). Comme a, €° F, a, n'est pas minimal
(voir (1)) pour le préordre associé & B. Il existe donc un élément a,4; de *X tel que
{ap+1,ap,...,a,} soit une chaine de hg(*z). Comme ep B = n, on en déduit que
p < n-—1etdoncque epC < n—1 Il résulte alors de la définition de ep F et de
I'hypothése de récurrence que ind F < n —1 ce qui entraine que ind X < n.

Corollaire 2.2 : Pour tout entiern 21, ep R" = n.

On sait en effet que ind IR" = n. Le résultat découle alors de 1.6 e).

Il convient de noter que, contrairement & ce qui est dit dans (6), il n'est pas possible
de montrer ce dernier résultat sans utiliser le théoréme du point fixe de BROUWER ,
la démonstration proposée reposant sur le résultat non établi suivant : pour toutes
parties Y et Z d'un espace topologique X,ona ep (YUZ)< epY + ep Z + 1.
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De plus, et toujours contrairement & ce qui est dit dans (6), il n'est pas possible
de déduire de 2.2 et des théorémes classiques de plongement que, pour tout espace
métrique séparable X, on a ep X = ind X(= Ind X = dim X ), sauf a établir que,
pour toute partie A de R", ep A = ind A.

Un ezemple d’espace X pour lequel ind X < ep X et Ind X < epX.

Dans (3), V.V. FILIPPOV a montré qu'il existait deux espaces topologiques compacts
non métriques X, et X tels que ind X, = IndX, = 1, ind X; = Ind X2 =2et
ind (X) x X3) > 4. Il résulte alors de cet exemple et de la propriété 1.6. d), que
'un de ces deux espaces .X; (et on peut montrer que c’est X)) est tel que ind X; =
Ind X; < ep Xi.

: Un ezemple d’espace X pour lequel ep X = ind X < Ind X = dimX.
Dans (7), P. ROY a montré qu'il existait un espace métrique X tel queind X =0et
Ind X = dim X = 1. Cet espace X est donc tel queep X = ind X < Ind X = dim X.

Un ezemple d’espace X pour lequel dim X < ep X.
Dans (5), O.V. LOKUCIEVSKII a prouvé qu'il existe un espace compact (non métrique)
tel que dim X =1 < 2 = ind X = Ind X. Cet espace X est donc tel que dim X <
ep X.

3 - Cas des espaces métriques.

Théoréme 3.1 : Pour tout espace métrique X, on a ind X < ep X <dim X = Ind X.

Puisque, pour tout espace métrique Y, ona dim Y = Ind Y (voir par exemple (2)), il
suffit, d'aprés 2.1 b), d’établir que, pour tout espace métrique X, on a ep X < dim X.
Dans ce qui suit, on posera, pour toute famille indexée F = (Fi)ier de parties de X
et tout point z de X, ord (z,F) = |{i € I : z € F;}| - 1 (].A| désignant le cardinal de
A) et ord F = sup{ord (z,F):z € X}.

Lemme 3.1.1. : Pour toute base B de X, si F = (Fr B)pes, onaep B< ord F +1.

Soit z un élément de X et soit {ap,...a,} une chaine de hg(°z). Il existe alors p
éléments distincts de B, B,..., By, tels que, pour tout i € {1,..,p},a; € *B; si et
seulement si j > i et tels que z € FrBi. Par conséquent, par définition de ord (z, F),
onap < ord (z,F) + 1 ce qui entraine que ep (z,B8) < ord (z, F) + 1. Il résulte alors
des définitions de ep B et de ord F que ep B < ord F + 1.

3.1.2 : démonstration de 3.1.

L’assertion est triviale si dim X = +o00. Supposons donc que dim X = n. Il existe
alors (voir par exemple (2), 4.2.2) une base o-localement finie B de X telle que, si on
pose F = (Fr B)pes, on a ord F < n— 1. Cette base B est donc, d'aprés 3.1.1, telle

que ep B < n, ce qui entraine que ep X < n.
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3.2 : Notons que I'espace de P. ROY déja cité est un exemple d’espace métrique tel que
indX=epX=0<dimX=IIndX=1

3.3 : Théoréme de coincidence pour les espaces métriques séparables.
Pour tout espace métrique séparable X, on a ep X = ind X = Ind X = dim X.
Ce résultat est alors une conséquence immédiate de 3.1 et du théoréme classique
suivant : « Pour tout espace métrique séparable X, on a ind X = Ind X = dim X».

3.4 : Un czemple d'espace métrique non séparable X pour lequel on aep X = ind X =

Ind X =dim X.
Dans (8), E.K. VAN DOUWEN a montré I'existence d'un espace métrique non séparable

Xtelqueind X =Ind X =dim X = 1.
Cet espace X est donc tel que ep X =ind X = Ind X =dim X.

3.5 : Question : Existe-t-il un espace métrique non séparable X tel que ind X < ep X ?
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ON THE PROBLEM OF GLOBAL REGULARITY FOR
3-DIMENSIONAL NAVIER-STOKES EQUATIONS.

VADIM BONDAREVSKY

Presented by G.F.D. Duff, F.R.S.C.

ABSTRACT. The classical small data regulority result known in the theory of 3-
dimensional Navier-Stokes equations for about 50 years states that, for any smooth
bounded domain 3 C R® and any viscosity » > 0, there exists a small open set of
initial data and forces in the space D(A‘) x L°°(0, co; D(A®)) generating globally
regular solutions (here A is the Stokes operator). We describe, for any smooth
bounded domain f1 C R’ and any viscosity v > 0, a large, unbounded open, set
of initial data and forces in D(A*) x L%°(0, co; D(A°)) generating globally regular
solutions to 3-dimensional Navier-Stokes equations.

We consider the 3-dimensional Navier-Stokes equations [1]-[2] with the Dirichlet

non-slip boundary conditions u|snp = 0 on a smooth bounded domain 2 C R*:

® 2 4 vau+ Bluu) =1,

(2) u(0) = uo,

where A = —PA is the Stokes operator, P : L*(Q) = H = Clys(q){u € C$*(Q) :
V - u = 0} is the orthogonal projection, and B(u,v) = P(u - V)v. Despite the fact
that the modern mathematical theory of these equations was begun more than 60
years ago with the works of J. Leray [3]-[5] and E. Hopf [6] (for a review of some
results, see, e.g., [1)-[23]), a complete description of initial functions uy and forces
f generating globally regular solutions is still unknown. (A precise definition of the
notion of globally regular solutions is given below). The difficulty of finding a solu-
tion which is generated by smooth data but is not globally regular is addressed in
(10}, [17). Most results establishing global regularity are obtained under some a pri-

ori assumptions on the solutions; for instance, [18] assumes some partial regularity
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of the solution, a result of (7] assumes that the solution is symmetric which reduces
the problem to the 2-dimensional one, the result of [19] yields the persistence of the
global regularity property in a small neighborhood of the initial function which is
assumed to generate a globally regular solution u(t) satisfying J;~ ||Vu(t)||*dt < oo.

A noteworthy exception, which does not assume a priori hypotheses on the flow,
is the classical small data regularity result which establishes the existence of a
small set of data (ug, f) € V x L*(0,00; H) generating globally regular solutions.
(Here V = Clgn(g){u € C§°(Q) : V-u = 0}.) In [20]~(23], G. Raugel and G. R. Sell
employed a perturbation argument to establish a large data regularity result for
the case of periodic boundary conditions on a thin domain 2, = (0,,) x (0,12) x
(0,¢) C R®, where ¢ > 0 is small. Using the fact that Q, is somehow close to the 2-
dimensional domain (0,1 ) x (0, {3) for which the global regularity problem is solved,
they show the existence of a bounded open set of data (ug, f) € V x L*(0,00; H)
generating globally regular solutions and with radius proportional to ¢~*, for some
s > 0. In particular, the radius is large for small ¢ > 0, which motivates the name
large data regularity result.

In this note, we make no a priori hypotheses on the flow nor do we assume
the thinness of the domain @ C R?. We present an arbitrarily large data
regularity result which states that there is an undounded open set of initial data
and forces (uo, f) € V x L°°(0, 00; H) generating globally regular solutions to the 3-
dimensional Navier-Stokes equations. We emphasize that the words arbitrarily large
data regularity refer to the ezistence of arbitrarily large data forming an unbounded
open neighborhood of the origin in V x L°°(0, co; H) and generating globally regular
solutions (by no means do we claim that allarbitrarily large data in V x L*°(0, co0; H)

generate such solutions).

We will use the letters D and R for the domain and the range of an opera-
tor, respectively. As in [1}-[2], by a globally regular solution of the Navier-Stokes



V. BONDAREVSKY 111

equations we understand a function u = u(t) such that

u € C([0,00); V') N L*(0, 00; V) N L},.(0, 00; D(A)),

ue € L}, (0,00; H)

and u satisfies Eq. (1) almost everywhere and Eq. (2). In the sequel we denote the
norm in the space H by || || and the norm in L*°(0,00; H) by || ||cc. In particular,
the norm |ju||v in the spac§ V is equivalent to ||A}u]| and to ||u||z1(q), the norm
lull is equivalent to [fullzsa) (benee, H = D(4°), V = D(43)).

Now we state our result:

Theorem 1. For any 3-dimensional bounded smooth domain @ C R® and any
viscosily v > 0, there ezists an unbounded open star-shaped set of data (uo,f) €
V x L*(0, 00; H) generating glodally regular solutions to the 3-dimensional Navier-
Stokes equations (1)-(2). Moreover, there exists a number xy > 0 such that, for any
f € L%(0,00; H) with ||f|lze(0,00;81) < %1, all ug € V for which pairs (uo, f) belong
to this set form an unbounded open star-shaped subset of V. Similarly, there exists
a number x3 > 0 such that, for any ug € V with ||uollv < xa, all f € L>°(0, 00; H)
for which pairs (uo, f) belong to this set form an unbounded open star-shaped subset
of L*(0,00; H).

The proof of the Theorem 1 is given by taking the union over {r > ro} of the
Cartesian products of the sets (3) and (4) described in the Theorem 2 below.

In order to formulate Theorem 2 we define, for arbitrary self-adjoint operator
A= [ XdE, in a Hilbert space X, the projection L, r > 0:

Lrg‘/ dE,, r>0,
s,

where §, = [—r,r]. Note that in the particular case when A is the Laplacian oper-
ator —A on a bounded domain £, the projection L, coincides with the projections
P., G<r, and P, used in [24], [25] (see also [26]), and (27}, respectively. The use
of the projection L, now allows one to prove the following theorem.
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Theorem 2. For any smooth dounded domain  C R® and any viscosity v > 0,
there ezist numbers No > 0 and Ny > 0 such that if a > 0 and B > 0 satisfy the
inegquality a 4+ B < Ny then there ezists a number ry = ro(v, 2, a,8) > 0 such that
the 3-dimensional Navier-Stokes equations (1)-(2) have a unigue globally regular

solution u = u(t) whenever ug € V, f € L*(0,00; H) and r > ro satisfy

(3) ILrwoll}y < a, II(I = Le)uoll}y < lnr,
(4) IL-fII% < B, (I = Le)SIIG < lnr.

This solution satisfies the following global H®-norm estimates

"L"‘(‘)Iﬁl < Ni(a+A), t € [0,00),
T~ ZJu(®li} < Slar,  te [0,00).

Moreover, there ezists a time Ty = Ti(r) = Ti(r;a,B) independent of uo and f

such that Ty — 0 as r — oo and
I - L)u()ll} < 2Dar~ [lar +r(a+8)],  te(Ti,00),

where D; is a constant depending only on v, §2.

Theorem 2 follows from the short-time existence of strong solutions to the 3-
dimensional Navier-Stokes equations and from the property of the projection L,
stated in the following simple lemma.

Lemma. For any self-adjoint operator A in a Hilbert space X and any r > 0, the
Jollowing pair of inegualities holds:

1
llwllx < FiMellk,  I14vlk < *ivli%,

for allw € D(A)NR(I - L,) and all v € R(L,).

‘We remark that same results hold for other boundary conditions.
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Erratum (See page 4)

The Step 2 of the proof of Theorem 2 remains the same with the following correct

definition of the map B : X — P(X):

B(z):=( () B, (2))NB(z),z€ X.
k€K (z)

and that of the set J(z) := {iz, : k € K(z)} U {is}.
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