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CONTINUOUS MULTISCALE AMALVSifi AMD BABHAL 

RECONSTRUCTIONS ON SEMISIMPLE HE QBOIlPa AMI» nw 
CARTAN MOTION GROUPS 

K. TRIMECHE 

Presented by C.A. EUiot t . F.R.S.C. 

Atolrncl : 
In Ihis work we stredy continuous multiscale analysis and partial reconstructions on 

semisimple Lie groups G ofreal rank À and on p = Go/K where Gn are Cartan motion 
groups associated wilh X = G/K. 

I. Continuous multiscale analysis on G. 
Let G be a noncompact connected real semisimple Lie group with 

finite center and real rank Â. 
We consider in this paper the notations used in my paper (2], 

D e f i n i t i o n 1.1 : A continuous multiscale analysis on G is defined by a 
n e t (VJe >o o f c , o s e d subspaces of L2(K\G/K) satisfying 

I) If o < E1 ^ Cj. then VE; £ VtJ (inclusion property) 
II) If f e Ve, e > 0, then for all x e G, the function Tx(l) is also in 

Ve, E > 0, where Tx is the generalized translation operator on G 
(translation invariance of the subspaces Ve. E > 0). 

iii) A function fe vc#, E, > 0. if and only if the function fti /tl 

belongs lo Vti , E2 > 0. where ft2/t, is Ihe function of L2(K\G/K) 
defined by : 

vxcQ*. îr(/e2/£;)(x) = îr(f)ffix; 
(rescaling property) 

iv) We have: Um 0 =L2(K\G/K) and Um V -{0} . 

D e f i n i t i o n 1.1 : Let g be a wavelet on G in (Lp n L2)(K\G/K), p € [1,2(. 
such that for all a > 0. the dilated function ga of g belongs to 
LP(K\G/K), p e 11.21. We denote by Ve, E > 0. the subspace of L2(K\Q/K) 
defined by 

V e - { f e L2(K\G/K) / * (f)(a.x) = 0. a.e. on 1O,E| X G) 
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where * L IS the continuous wavelet transform on G, and the almost 
every where Is meant with respect to the measure da dx. 

Theorem 1.1 : The net {Ve|e>0 given by the definition 1.1 Is a 
continuous multiscale analysis on G, if and only If the support of O^g) 
(the spherical Fourier transform of the wavelet g on G) is bounded 
away from zero, i.e., there exists an n > 0 such that 

(Ac d* / ||X||£ n } n suppy(g)=0 

Corol larv 1.1 : Let g be a wavelet on G satisfying the conditions oi 
the definition 1.1 and the support of O^g) is bounded away from zero. 
Let y denote the lower limit frequency of g I.e, 

y = Sup{y > 0 / Supp ^(g) c {x c Cl* / ||X|| 1 y)} 
Then Ve. s > 0, consists of the band limited functions with upper limit 

y 
frequency - , i.e., 

Supp ffff) c (X e Ci* / ||x|| i Ï.}. for all f e Vc. 
E e 

Remarks 
i) From the corollary 1.1 we deduce that the projection PVI on 

the subspace V£l e > 0, Is given by the relation 
V X e Ci*. y ( IVe(f))(X) = X B W *(')(*) 

where Xg is the characteristic function of the ball {x 6 Ci* / ||x|| i - } . 

ii) The condition that supp SFfg) is bounded away from zero 
Implies that wavelets on G which belongs to J3(K\G/K) cannot define a 
continuous multiscale analysis on G. 

iii) H.G.Stark has studied in [1] continuous multiscale analysis 
associated with the affine group. 

II. Partial reconstructions on G. 
We suppose In this section that the rank of G is one. Let g be a 

wavelet on G satisfying the conditions of the corollary 1.1. 

De f in i t i on il.1 : let E > 0 and f e L2(IR+. A(t)dt). The partial 
reconstructions feof f 'down to scale E " from its continuous wavelet 
transform * on G, Is defined by 
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' - ^ " Z r J T f *0(f)(a'y) Sa.yUAWM ^ d a 
6 ^ 

Pronoalt lon 1.1 : 
i) There exists a function ec L2(IR+, A(t) dl) such that 

v x^ o, y(e)(x) = — J^VfcKu)!2 ^ 
il) Let E > 0 . We denote ee the function in L2(1R+. A(t)dt) give by 

vxi0.îr(ee)(x) = 3:'(e)(EX) 
Iii) We have 

V X > 0. ff(eE)(X) = — Je |sy(g)| (aX)|2 -

iv) - The even lunction 3^(8^ is continuous on R. positive and 

monotonely decreasing on {o,*a'\. 
- V X €[ - ^ . -̂Z . îr(8c)(X) = 1 

E E e 

where y is the lower limit frequency of g. 
- Vm STfOJ (X) = 0 

^ — +o,> 

Theorem 11.1 : Let f be a continuous and bounded function on (O.-H»! 
which belongs to (LP n L2)(1R+. A(t) dt). p 6 11.2(. and such that 
jr(f) e L1(1R+, |C(X)r 2 dX) (the space of functions f on IRt. mesurable 
and such that J ^ |I(X)| |C(X)|- 2 dX < + ~ ) . Then we have 

v x ^ o. y( fe)(x) = o=,(f)(x).îr(eE)(x) 

Remarks 
I) The projection of f onto V C . E > 0 . (in the sens of the preceding 

section) amounts simply to multiplying JHfHX) with a "brute force* 
window, namely the characteristic function of (- ^ . J / , whereas for 
fe this window function additionally has a "tail" containing 
contributions also from frequencies outside the intervall. The 
strength of these contributions, mesured by Jr(8e) (X). depends on the 
localization properties of the wavelet g In the X-space. 

ii) H. G. Stark has studied in fl] partial reconstructions 
associated with the affine group. 
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" 1 . CtmtlnWOH» multiscale analwala and partial 
reconstructions on p . 

We define as for G a continuous multiscale analysis and 
partial reconstructions on p, and prove the same results as in 
sections I and II. 
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A HEW THEORY OP OZFFBBEHTIABZLZTX VOS A CERTAIN CLAflB 

OF MOLTIVAUIED MAPS 

GILLES FOURNIER AND DONALD VIOLETTE 

Presented by G.F.D. Duff, F.R.S.C. 

Abatract. Tha aim of t h l a week l a t e develop a theory of d i f f e r e n t i a b i l i t y of 
a lngle-valuad type for a c laaa of funct ions which are conpoaltlona of a 
mult ivalued map having an a c y c l i c deecmpoaltlon followed by a s ing l e -va lued 
funct ion . This new theory I s an Important Improvement of the ons g iven by tha 
aame authora In ( 3 ] , a ince I t I s more convenient whi le working with homotopy. 

intEaduetion 
The theory of differentiability for multivalued naps has 

already been considered by several mathematicians from different 

points of view (see [l] to [5]). The principal aim of this paper 

is to develop a theory of differentiability for a class of 

multivalued functions which are compositions of a multivalued map 

having an acyclic deconposition followed by a continuous single-

valued map. This new concept of differentiability allows us to 

have a differentiable nap which is not continuous and to obtain a 

mean-value tbeorem. Also, the composition of multivalued 

differentiable naps is differentiable. Finally, this new theory is 

nore convenient while working with honotopy since the convex 

homotopy of two differentiable naps is differentiable. He hope to 

apply this notion of differentiability to the optimal control 

theory in which the control that we can exert on the systen 

depends, in a continuously differentiable nanner, on the position 

we are at e.g. the control is restricted by the state of the systen 

we occupy at a given tine. 

1. Notations and definitions 

Let X and Y be two spaces. In this paper, all multivalued 
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naps F: X -* Y are assumed to satisfy F(x) is oonpact for every x e 

X. F is acyclic if (i) for every x e X, F(x) is acyclic with 

respect to Cech homology functor H with rationals coefficients i.e. 

F(x) is non-empty, Hg (F(x)) » Q and H, (F(x)) - 0 V g 2 1, and if 

(il) F is upper semi-continuous (u.s.c.) i.e. for each open subset 

V of Y, the set r'fV) » {x e X | F(x) C V} is an open subset of X. 

If F: X -» Y and 6: Y -» Z are two u.s.c. multivalued naps, then the 

conposition G o F: X -> Z, defined by (G o F) (x) = GfFfx)) V x e X, 

is u.s.c. 

Let f » (F., ..., F0) be a sequence of acyclic maps F,: X, •* X14., 

where each space X, is Hausdorff, i - 0, 1, ..., n. The sequence 

f is said to be an acyclic decomposition for the nap 

F - F, o ... o F0: X, -• X,+l. 

2. ft class of TOtltlvalwed maps 
Definition 2.1. 

Let X, Y, Z be Hausdorff spaces. He denote by in7(X, Y) the 

class of all acyclic multivalued maps F: X -• Y which can be 

expressed as F = y» o i where i: X -• X x z is a multivalued map 

defined by i(x) = {x} x z, with Z, C Z, having an acyclic 

decomposition and <p: X x z -* Y is a single-valued continuous map. 

Proposition 2.2. 

All u.s.c. multivalued maps F: X -» E with convex values wbere 

E is a strictly convex Banach space, belong to the class MafX, E). 

Sketch of proof; It is clear that F° ^oi where i: X -• X x E is 

defined by i(x) = {x} x F(x) and y: X x E -» E is defined by v>(x,y) 

• Ppwfy) euch that pFW is the projection on the compact convex F(x) 
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C E (e.g. PfM(y) is the unique point of F(x) which is nearest to y 

since E is strictly convex and F(x) is compact). 

Example 2.3. 

{0 if 0 £ x < % 
[0,1] if x - % 
1 if Vi < x i 1 

belongs to the class JTO([0,1], [0,1]) by proposition 2.2 . 

3. A theorv of differentiability for multivalued maps 

In this section, we give a new definition of a differentiable 

multivalued map. In the following, E, E' are real Banach spaces 

and 0 is an open subset of E. 

Batlnitian 3.1.. 

Let F e MOIO, E'); we have F=v>oi where i; O -* O x Z is 

defined by i(x) = fx} x Z,, Z, C Z, having an acyclic decomposition 

and v>: 0 x z -* E' a single-valued continuous map. He say that F 

is differentiable at x c 0 if 

(3.1.1) V (x, z) e i(x), 3 a single-valued continuous linear nap 

D,t ifi: E -• E' such that V e > 0, 3 S ° S(x,e) > 0 such that if 

Qhg < S, then V z7 e C^ (z) C {z' e Z | (x + h, z'} e i(x + h)} 

we have 

|^(x + h, z') - v»(x, z) - (D0 ^)(h)|| < « flh|] where the nap 

h ** C^k(z) is u.s.c, 

(3.1.2) 3 £„ > 0 such that 

V{{x + h} x (J c^ (z)) - F(x + h) for [jhj! < «0. 
(UltlM 

The set {Du «> | (x, z) c i (x)} is called a differential of F at 



180 C. Fournier and D. Violette 

x and the nap D^ ? is called a differential of y at (x,z). If F 

is differentiable at every point of O, than F is said to be 

differentiable on O. 

Exannle 3.2. 

{0 i f 0 S x < tt 
[0,1] i f x - V4 
1 i f Vi < x x 1 

{,(x, 0) i f 0 ^ x < tt 
(tt) x [0,1] i f x - tt. 
(x. 1) i f tt < x i 1 

The map D^, ?: [0,1] •* [0,1] defined by (DH .v) (h) =0 is a 

differential of ip at the point (%,z) e i(%) since V c > 0, 

3 £>0 such that if gh] < 5, then 

I *>(% * l^z') - v(^ #z) - (D̂ ,.*') (h) | • 0 < e |h | f o r e v e r y 

, fd) if z=l and h>0 
z'e CH h(z) - \ ,4 if z6(0.1), z-l and h<0 or z-0 and h>0 

I to) if z-o and h<0 

Proposition 3.3. 

If F,6 e jR7(0, E') are differentiable naps on O, then the convex 

homotopy of F and G, tF + (1 - t)G, t c [0,1], belongs to «17(0, E') 

and is differentiable on O. 

4. A nean-value theoren 

In this section, we give a nean-value theoren. 

Definition 4.1. 

Let F - ? oi E «7(0, E' ). If F is differentiable at x E 0 with 

DMv: E-»E' a differential of <p at the point {x,z), put 

|DM*>| - inf {k > 0 I B (D.^) (h) J <, kBh[, (x,z) E i(x), h E E}. flD^v»! 
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is a n o m on tha spaea of all single-valued continuous linear maps. 

Theorem 4.2. fMean-value theorem! 

Let F E 1*17(0, E') be a differentiable map on J » co(x,,X]) C 0 

where co(X|,x2) denotes tha line segment between the points X| and 

Xj in E. Than 

dH(F(x,) ,F(X])) £ k Jx, - x,| + Var F where k <• sup BD UPD end 

• • j 

Var F = sup (7^, dII(Br|>tî ,By|>Iî ) | y, E co(x1,x,), i=l,...,n} with 

BxA ** {v(x,2) | (^(z) & 0) and dH the Hausdorff metric. 

Example 4.3. 

The nap defined in the example 3.2 is differentiable on [0,1] 

and we have 1 » |F(1)-F(0)| =• 0>|l-0| + Var F where Var F » 1. 

S. Composition of differentiable waoa 

Let E, E' and E" be real Banach spaces, V, an open subset of 

E and v, an open subset of E'. 

Proposition S.l. 

Let T = ip ol. E lfa(V,,V,) and G = ̂  oj E «17(V2, E" ) such that F 

is differentiable on v, and G is differentiable on V2. Suppose 

that sup \ D ip \ < <o and sup D o , ̂  j < » for any conpact • K, 

where D ^ is a differential of ifi and DM,^ is a differential of ii. 

Then G OF belongs to HI7(V,,E" ), and G OF is differentiable at 

x E V, and the map D...,a; E -» E" defined by 
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(tWa) (h) - ( (D^^..^) ( (D„v>) ) (h) ) is a differential of a at the 

point (x,z,z'). 
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ON THE UNITIZATION OP UNIFORMLY 

A-CONVEX ALGEBRAS > 

M. AkkarH, L. Oubbi*"' and M. Oudadess'") 

Presented by P.G. Rooney. F.R.S.C. 

Abstract : It is shown lhat the unitization of a locally uniformly A-convex algebra 

is not, in general, a locally unifonnly A-convex algebra. 

I n t r o d u c t i o n : Let E be an algebra over the field IKi= IRotŒ). The unitization 

of E is the algebra E' := £ x IK. with the product : 

(z. a){y. J) = ixy + ay + fix, afi). 

If r is a locally convex topology on E, where r is generated by a family ( / ' \ ) \€A of 

semi-norms, one endows £ ' with ihe topology T1 generated by the family (P ' ) . \€A of 

semi-norms, with /^((x,*»)) = P\{x)+ \a\, A € A. In this note, we give necessary 

and sufficient conditions for the unitization (E ' . r 1 ) of a locally uniformly A-convex 

algebra (E.r) to be of the same type. We will give a class of such algebras (E,r) 

for which (E ' . r 1 ) are not locally uniformly A-convex despite a claim in (I). This is 

an unexpected phenomenon because the adjunction of unity is always possible for 

locally m-convex and locally A-convex algebras. 

Unitization of uniformly A-convex algebras 

Let ( E . T ) be a locally convex algebra (I. c. a.) and (P\).\6A a family of semi-

norms defining T. 
11980 A. M. S. subject classification; 46II0S 

Key nurds and phrasea : locally Unifonnly A-conver algebra, Unitizatiun. 
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Définition 1 : We say Uiat iE, T) is a locally uniformly A-convex algebra (l. u. A-c. 

a.) if for every x& E there is Mix) > 0 such that ; 

Pxixy) < Mi*)P\iy) «nd Pxiyx) < M (xJAfo) y e E, AeA. 

Such afamdy (A)XêA is said to be uniformly A-convex (u. A-c). 

Wc then have : 

Proposition 2 : Let iE, r) be a I. u. A-c. a. and E* its unitization. The following 

assertions are equivalent : 

1. El it a I. u. A-c. a., 

2. There is a linear norm on E whose topology is stronger than r. 

3. The topology r can be defined by a u. A-c. famdy (Q.\).\EA of semi-norms so that 

Vx € E. siip{Q.v(x), A 6 A) < +oo. 

Proof : I. ==> 2. Since E1 is supposed to be a I. u. A-c. a., there is, for every 

r Ê E, some M{x) > 0 such that : 

P>{{T,0){rj,n]) < Mix)P\iiy,a)) and *}((»,o)(x,0)) < A/(x)PU(.>/,n)) (?/,«*) G 

El, AeA. 

In particular : 

P}((M)) < -V/(x)/>{((0,l)) and /'{{(x.O)) < ,W(x)/'{((0,1)) A e A . 

Putting [|x|| := supA€A ptffîft, we get the required norm. 

2. = * ;i. If r is given by a u. A-c. family (P\).\çA. we have : 

VA e A. 3A/(A) > 0 : Psix) < A/(A)||x[|, Vx e E. 

where [| || is the norm stronger than T. Put Q.\(x) := jjjffi. Then (Q,\).\eA i» » «>• 

A-c. family and SUP{ÇA(X), A e A) < ||x|| < +oo. 

3. =$ I. Assume that (Ç,\).\6A is as in .1. Let (x,a) e E'. One has : 

Qiiix.c,)iy,fi)) = Q\iiry + ay + flT,nfi)) 

= {Mxji + aji + j S x H M I 
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< Miix)Q)tiy)+ \o\Q),iy)+ \3\ Qx{x)+ \o\\fi\ 

< iMiix)+\a])Qxiy) + iQxix)+\a\)]fi\ 

< {Mi*)+\o\)Qiii9,fi)), 

where Mi(x) is such that : 

Q\ixy) < Mtix)Qxiy) , and Qxiyx) < A/,(x)Q.x(î>). » 6 E A e A, 

and Mix) := max(AI,(x), s\ip{Qxix), A e A}). 

Similarly we get that : 

Ql
xiiy,fi)ix,a)) < iMix)+ \a\)Q\Uy, fi)). 

Ilence E1 is a I. u. A-c. a. 

Corollary 3. Let X be a ff-compact locaUy compact space, and E = £(A') the 

algebra of all continuous functions on X with compact support, endowed with the 

measure topology rt,. Then E1 w a I. u. A-c. a. if and only if X is compact. 

Proof : The sufficiency is obvious. We have just to show the necessity. If E1 is I. 

u. A-c, there is a linear norm [| || on E whose topology is stronger then rt. Hence 

the unit ball B of [| || is bounded in KiX). But since every bounded set of >C{X) 

is contained in some ACA-(A'), the subalgebra of all functions with support in the 

comparl A' of X, we have KiX) C C(A'). But this is true only if .V = A'. 

Examples 4 : 

1. By Corollry 3. if Af is a non compact <r-compact locally compact space, the algebra 

KiX) is a I. u. A-c. a. which is complete, bomological but its unitization is not a 

1. u. A-c. a. 

2. We now exhibit an example of a Frechet I. u. A-c. a. E whose unitization is not 

a I. u. A-c. a. 

For every n € JV*, let «>„ be the function defined by «i>n(x) := «•"W, r e IR. Take 

E : = { / : Bl—• «T,continuous : sup | / (0I «UO < + < » . V n € ft'} 
I6« 
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and endow E with the topology r defined by the semi-norms 

/>„(/) :=8up|/(<)l MO-ten 

Then (E,r) is a non unital Frechet I. u. A-c. a. which is not normable. If E1 were I. 

u. A-c, then there would be a linear norm || || on E (Proposition 2), whose topology 

is stronger than r. If we put /t = { / e E : | |/ | | < 1} and 5 = T , then B is 

a bounded barrel in (£,r) . Hence a bounded O-neighborhood. This contradicts the 

non normability of E. 

Remark & : Examples 1. and 2. show that the unitization of a weighted algebra 

is not always a weighted algebra. Indeed in both of them, if E' were a weighted 

algebra, it would necessarily be a I. u. A-c. a., for E1 C CiiX) (cf. [2|). 

References 

[lj A. C. COCHRAN: Representation of A-convex algebras. Proc. Amer. Math. 

Soc, 41, (1973). 473-479. 

|2| L. OUBBI : Weighted algebras of continuous functions. Res. Math., 24 (1993), 

298-307. 

Authors' addresses: 

'*' Université de Bordeaux I, U.F.R. de Mathématiques et d'informatique 

351, Cours de la Libération, 33405 Talence Cedex (France) 

'•*, Déparlement de Mathématiques, Ecole Normale Supérieure Takaddoum, 

BP. 5118, 10 000 Rabat (Morocco). 



C.R. Math. Rep. Acad. Scl. Canada - Vol. XVI, No. 5 October 1995 octobra 

187 

Divided Differences and Polynomials 

PL. KANNAPPAN 
Presented by J. Aczel. F.R.S.C. 

Divided difletences and Peano derivatives were used to character-
be polynomials through functional equations, (1, 5, 9, II, 7]. In the 
present paper we extend thu notion of divided différences to character-
ize polynomiala. 

1 Introduction 
It is well known that, if / : IR — d, then the following two functional 
equations 

/(«)-/(») _/(«) + /(y) 
x-y 2 

and 
f(T\ - f(u\ . * J. « 

(1.2) 

(1.1) 

/ (*) - fJV) f'/' + Vs 
x-y - ' l — ' ' 

for ail i , j/ € IR with x £ y, characterize quadratic polynomials [1, 2, 8, 
10). Generalizations of (1.1) and (1.2) connected with quadratic polynomials 
were treated by several authors. 

It is not clear what the generalization of (1.1) and (1.2) should be for 
higher order polynomials. Ideas came from the notions of Peano derivatives 
[7] and of divided differences [5, 6,9). In this paper, we give a generalization 
of the divided difference to characterize polynomials with the help of func-
tional equations. 
Notation 

We write for the distinct points xi.x^,. . . , x n 

ixi,X2,...,Xn] = 
xi 

[xi,X2,...,xn;f] = 
I Xl X 

1 

Xn x: 

2 

-n-1 

.n-2 

-n-2 

With this notation the divided difference is defined as [9] 

[xi ,Z2, . . . , ,xn; / ) / [x1 , . . . ,xn | . 

(1.3) 

(1.4) 

(1.5) 
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The equations 

[*i.«2 «n;/ | /Ixi , . . . ,xBl = ^ » ( x t ) , (1.6) 
»=i 

and 

(xi ,xj , . . . ,x„;/] / (xi , . . . ,*„) = ff ( ^ a : * ) , (17) 
\*ol / 

were treated in [6] and [11,13] respectively. Without being awareof the result 
on (1.7) In [6], Bailey posed in [3] the question whether every continuous (or 
differentiable) / satisfying (1.7) is a polynomial of degree at most n (see also 
[11, 13] for an answer). The divided difference denoted by / [xi lX2, . . . ,xn] 
and defined recursively by 

flxo] = fixo)J[x0,xl] = / ( T o ) ~ / ( " ) 

Xo—Xl 
« , , , 1 _ fl*Orxlt"-fxn]-f[xi,...,Xn+i] 
/lao,*i,...ia!n+i| = 

*0 - *n+l 
in [5] is same as the divided difference defined in (1.5) [9]. 

For distinct points xj, x ? , . . . , xn we define 

[«I , . . . , x n ; / i , . . . , / „ ] = 
1 xi...xl-7 fiixi) 
1 x a . . . x r 2 /2(*2) 

1 XB...*xra fniXn) 

(1.8) 

and the generalized difference by 

[« l , . . . ,«»; / i , . . . , / B ] / [x i xn] (1.9) 

and we characterize polynomials by determining the general solution of the 
functional equations 

n 
[xi,X2,... ,Xtt;/1,. . . ,/„]/[«( Xn] = J29ki*k), (110) 

k=l 

and 
/ n \ 

.11) [ x l , . . . , x n i / l , . . . , / n J / [ x 1 , . . . , x n ] = s ( ^ x t j . (1.1 

2 Solution ofthe equations (1.10) and (1.11) 
First we treat the case n = 2 and then the general case n > 2. For the n = 2 
case of (1.10) we have the following. 

Theorem 1. Let f,g,h,k : F -* F where F Is a field with more than three 
elements and char / V 2, satisfy the generalized divided difference equation 
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WyM=hix) + kiy), x/y. (2.1) 
The general solution of (2.1) Is given by 

fix) = ax2 + (c + d)x + a = gix), A(x) = ax + c, ifc(x) = ox + d (2.2) 

where a, a, c, d are arbitrary constants (refer to [3] for a special case of (2.1)). 

Proof. Letting y = 0 and x = 0 separately in (2.1), we obtain 

fix) = x[hix) + d] + b, x,4 0, (2.3) 

9iy) = ylkiy) + c] + a, y ÏO, (2.4) 

where /(0) = a,giO) = 6,ft(0) = c,*(0) = d. 
Put (2.3) and (2.4) into (2.1) to get 

xihix)+d)+b-yikiy)+c)-a = (*-»)(fc(*)+*(»)).x / y,x,y ? 0. (2.5) 

Interchange x and y in (2.5) to obtain 

x(*(x)+e)+a-y ihiy)+d)-6 = (x-y)(A(y)+fc(x)),x / y,x,» / 0. (2.6) 

Adding (2.5) and (2.6), we get 

xlHy) -1(0)] = y[Hx) - f(0)].x / y,x,y ? 0 

where 
/(x) = fc(x) + it(x), (2.7) 

so that 
lix) = ax + c+d, x / 0 (2.8) 

where a is a constant. (It is used in the above argument that F has more 
than three elements). 

Similarly, subtracting (2.5) from (2.6), we have 

x(n(y) - n(0)) + y(n(x) - n(0)) + 2(6 - o) = 0.x / y,x,y ji 0 

where 
nix) = hix)-kix), (2.9) 

so that 
n(x) = fix + 6 (2.10) 

where fi,6 ate constants. (Again it is used in the above argument that F has 
more than three elements). Consequently, from (2.7), (2.9), (2.8) and (2.10), 
we get 

/»(x) = oiz + oj,Jfc(x) = 6ix + 6i,x / 0 (2.11) 
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for some constants «1,02,(1,63 (here divisibility by 2 is used). Now, (2.11) 
and (2.6) give ai = 61,62 = d,a] = c,a s 6. Note now (2.11) holds for x = 0 
also. These h and Jb together with (2 J ) and (2.4) give the sought for solution 
(2.2). 

Remark 1. For fields of characteristic 2, Theorem 1 is not true. There are 
16 sets of solutions when F = Z2 - Some of the solntions which are not of 
the form (2.2) are: / (x) = x, «(x) = x + 1 , A(x) = x, *(x) = x + 1 ; / (x) = 
0, giy) = 1,A(*) = *i *(») = y and fix) = 0, gix) = x + 1, A(x) = x and 
fc(x) = 0. 

Remark 2. When F has three elements in Theorem 1, say F = Z3, the 
general solution of (2.1) is not of the form (2.2). As a matter of fact, the 
solution is given by /(x) = a,x2 + (02 + d)x + 6, j(x) = 61 x2 + (62 + c)x + 
a, h(x) = «ix + 02, Jl:(x) = 61X + 62 for x / 0 where a = /(0) , 6 = y(0), c = 
h(0),d = Jt(0) with ai - tj = 6 - 0 and d + c = 02 + 62. 

Indeed, from (2.5), we have 

«(*(») -d) + a = y(A(x) - c) + 6, x,y / 0,x / y. 

By fixing x / 0 and separately fixing y / 0 in the above we get 

kiv) = 6iy + b2,hix) = aix + 02 

and x(6i y + frj — d) + a = j/(at z + oj — c) + 6. Since Z3 has only 3 elements 0, 
1, 2 and x,y are different from 0 and x / y , the possibilities are x = 1, y = 2 
or x = 2, y = 1, so that we obtain 26| -f 62 — d +'« = 2(oi + aj - c) + 6 and 
2(6| +b2—d)+a = 2ai-|-aj-c4-6. This leads to the conditions ai -61 = 6—a 
and d + c = aj + 62. 

Thus, it is possible to have solutions of (2.1) with / / y when F = Z3. 
For completeness, we quote Aczél's following result [1]. 

Theorem 2.(1, 12] The general solution of 

M ^ = hix + y), x / y 

in a field of characteristic different from 2 is given by 
fix) = gix) = ax + bx + c, A(x) = ox + 6. 

This is, of course, the case n = 2 of (1.11). We deal now with the general 
case n > 2 of (1.10) and (1.11). 

It is easy to check that the generalized divided difference (1.9) is given 
by 

[xi .X2, . . . ,xn; / i , . . . , /„] _ y^ /t(x.) 
[xI,X2,...,Xn] " è î (*< - * l ) ' (« l - - X.-lKx; - X,+i) •••(Xj - Xn)' 

Theorem 3. Let f^gi, : IR -» IR (^ = 1,2, . . . , „) satisfy the functional 
equation (1.10). Then all /,'a are equal, fi is a polynomial of degree at most 
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n and ^(x) = a„x + 6*(fc = 1,2, . . . , n), with J ] 6* = On-x, where o„, a»-! 
k-l 

are the coefficients of xn and x"- ' respectively in / | . 

Proof. Let xj and i j be any two distinct reals. Choose non-zero distinct 
reals X3,. . . ,xn different from X| and X2. Obviously there are plenty of 
choices. In (1.10) and (2.12) Interchange xt and Z2 and subtract the re-
sult from (1.10) to get 

F(x1) + F(X2) = (X2 - xiKG(xi) - G(x2)),xI / x , (2.13) 

where 
F('> = ix/l^Xn-xy W = ̂  " ̂  W 

tot x,y e IR with x / xa,. . .xB. Setting x, = 0 in (2.13) we get 
F(xi) = -F(0 ) - x1(G(xi) - G(0)), for x, / 0, which in (2.13) gives 

xi(G(x2)-G(0))+X2(C(xI)-G(0))+2F(0) = 0.XLX2 / O.x, / X2. (2.15) 

Consequently, G(z) = ax + 6 for all x / 0 which in (2.15) gives 
a = 0,6 = G(0),F(0) = 0, that is, G(x) = constant and from (2.13) wc 
see that F(x) = 0 for x / X3,. . . ,xn and from (2.14) that / i (x) = /2(x) for 
x / X3, . . . , xn. Since there are plenty of choices for xa , . . . , xn , / i (x) = /2(x) 
for all z. (Here the divisibility by 2 is used). Similarly, it follows that the /fs 
are equal and the generalized divided difference becomes the divided differ-
ence and the result follows from [9]. 

Theorem 4. Let fi,g : Bl — lR(i = 1,2,...,n) satisfy the functional equa-
tion (1.11). Then all /^s are equal, fi is a polynomial of degree at most n 
and g is linear, that is, y(x) = anx + an_i where an,aB-i are the coefficients 
of xn and x"-1 respectively in fi. 

Proof. Let xi and xj be any two distinct reals. Choose non-zero distinct 
reals X3t . . . ,xn different from zi and xj. Obviously there are plenty of 
choices. In (1.11) and (2.12) interchange xi and X2 and subtract the re-
sult from (1.12) to obtain 

F(x,) + F(x2) = 0 

where F is given by (2.14). Thus, as in Theorem 3, F = 0 and /1 = / i . Now 
the result follows from [6, 11]. 
Remark 3. The proofs of theorems 3 and 4 work also on fields of charac-
teristic different from 2 with enough distinct points. 

Remark 4. Note that no regularity condition was assumed in theorems 1-4. 

Acknowledgment: I express my thanks to Professor J. Aczél and the ref-
eree for their comments and suggestions which improved the form and the 
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content of the paper. 
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Integrable dynamical systems on the 
classical Lie algebras connected with 
dynamics of interacting rigid bodies 

Eduard V. Vlasov* 
Presented by G.F.D. Duff, F.R.S.C. 

Abstract 

The Lax representations are found for dynamical systems on clas-
sical matrix Lie algebras generalizing dynamics of two interacting N-
dimensional rigid bodies. The integrable dynamical systems are con-
structed which generalize particular cases of dynamics of n interacting 
rigid bodies. New integrable cases are pointed out for dynamics of in-
teracting 3-dimensional rigid bodies having ellipsoidal cavities filled 
with an incompressible fluid. The physical parameters are indicated 
when these integrable cases realize. 

1. In the recent past the Lax representation [7] has been applied in the 
numerous problems of mathematical physics and mechanics. A profound 
connection between the theory of integrable systems and tbe theory of Lie 
groups and algebras appears in a possibility to write a Lax type equation 
for many kind of integrable systems. As examples we shall point out the 
following ones: for the Toda lattice obtained in [3,4] and for a one-dimensional 
particle system generalizing the Calogero systems in [10]. A general scheme of 
construction of integrable systems on an orbit in Lie algebras was suggested 
in [1,6]. 

We shall consider a Lax representation of the problem of n interacting 
rigid bodies connected with the Manakov case [8]. The Lax equation depend-
ing on a spectral parameter was used in [8] to obtain commutative integrals 

•Supported by NSERC grant OGPIN 337. 
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of the Euler equation of a iV-dimensional rigid body. An extention to the 
case of all semisimple Lie algebras was obtained in [9]. Tbe Manakov analog 
of a problem of two interacting rigid bodies was derived in [11] and for n 
TV-dimensional rigid bodies in [5]. In the papers [5,11] Lie algebras so{N) 
and si(yV) were examined respectively and question of generalization of those 
results. 

In this paper we consider some generalizations on the classical matrix Lie 
algebras. 

2. We assume that equations of dynamics of a system of many interacting 
rigid bodies have the Lax representation 

i(A) = [M(A),I(A)]l (1.1) 

with 
LiX) = L0 + XÂ, M(A) = Mo + AB, (1.2) 

where A is a spectral parameter, Lo has the block diagonal form 
Lo = diagiL^,..., i ( n )) and Â = D ® i4 is tensor product of the matri-
ces D and A. The matrices Afo and B = D ® B have analogous forms. 
The matrices Ll<) e gliN) and A/W are of the dimension NxN. The 
constant matrices D and D have dimension n x n . The diagonal matrices 
A = diag(au ow) and B = diag{bi,...,bN) have only constant entries 
and(a ir^K)niftVi-

According to this condition the Lax representation (1.1) splits into the 
following three equations: 

Lo = [Mo,L0], (1.3) 
[Â,Mo] = [B,Lo], [Â,è] = 0. (1.4) 

It follows from these equations (see for example [5]) that without loss of 
generality we can assume D = D and the matrix D must have at most n 
nonzero entries. They are placed in a different rows and columns. We also 
can assume that all nonzero entries are equal to unit. The choice of order of 
the blocks L^ in Io is arbitrary and by rearranging their numeration we can 
reduce all the cases to the following: <fc,j+i = 1, dn,i = 1 for t = I , . . . , n - 1. 
Prom this stage the order of blocks in matrix Lo is strictly fixed. 

Using the method of [2,5] we derive the relation 

a i — aj ai a} J=1 
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with 0} = 6(0,"' ; i,j = 1,...,7V ; m = l , . . . , n ; 

={ m + a ifm + s < n 
m + a — n + 1 otherwise. 

The formula (1.5) is correct for any matrix I ( , ) but the Lax representation 
(1.1) will be equivalent to the system (1.3) - (1.4) only in the case when the 
commutator [L,A] belongs to the same Lie algebra as L. This is true if 
ti* G sliN) [5] and L « G so(7V) but n = 2 [11]. 

3. At first we consider two interacting TV-dimensional rigid bodies i.e. 
n = 2. Then the formula (1.5) can be rewritten as 

where 

AfW = c ^ g ' + d y i # , A#> = diiltf + ctiL® (1.6) 

ajhi — djbj _ ajbj — ajbj 
C y " a*-a] ' 0 ~ a ? - a ? 

Let us note that cy = Cj,-, dij = dj,- and analyze in detail the algebraic 
closure of the system (1.3) only for the matrix M^1', since for the matrix 
Af (2) all arguments can be conducted in an analogous way. 

We shall suppose that matrices £>(') and M(>) have the block form 

( : ; ) • 

Let L^ G so(p, q), p+q = N, i,j = 1,2. It is easy to prove that in this case 
i € so(p)) h € soiq), g = kT, where T indicates transposing. The condition 
of closure is fulfilled for blocks t and h [11]. For blocks k and g = kT having 
noted that L^ = LlV, L\f = L ^ ; i = l , . . . , p ; j = p + l , . . . , n that is 
L^,L^ek;Lf,Lfegy>eha.ve 

M? = atLf + dtLf = ctiL" + dyLJ? = M®. 
Hence the matrices A/*1' and Z.'1' have the same form. It means M'1 ' G 
so{p,q) and equation (1.3) is closed. 

If L^ G spiN), i = 1,2 then matrix t will be an arbitrary quadratic 
matrix of the order N, h.= -tT, k and g are matrices satisfying conditions 
JfcT = * . / = <,. 
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Obviously that I ( 1 ) and V® aie2N x2N matrices then A and B must 
have the same dimension. For i, j = 1 , . . . , n; jfc = 1,2: l j* A^+JV G A- Since 
tbe block i is arbitrary the condition of closure will not be fulfilled for this 
block. For the block h 

Mj+N,i+N = cj+N,i+NLj\.Nii+N + dj+N,i+NLy^Nti+N 

= cj+N^Ni-L^ + dj^M-^) 
= -(ci+Arj+AfLJ!» + diw+vLV) = -Mip 

if Ci+Hj+N = Cij and di+sj+N — dij. The last conditions will be satisfied 
when Oi+iv = «i, Î+AT — W, i = \,...,N. It means, that we must con-
sider the matrices A = diag{ai,.,.,an,at,...,an) and B = diag(bu ...,b^, 
bi,...,bn) to ensure the system (1.3) is closed. 

On the other hand blocks k and g are symmetric matrices and coefficients 
c and d are symmetric too. Moreover: ai+n = at, 6,+jv = 6,-; » = 1 , . . . , TV so 
the blocks Jc and g of matrices A/'1' and M*2' are symmetric. This means, 
that M ^ G sp(Ar), t = l , 2 . 

The ideas of the proof of conditions of closure for the cases Z/(,) G su( Ar) 
and Z/̂ 'l G su(p,9), p + ç = TV, i = 1,2 are analogous to the ideas, which 
were analyzed above. Thus, we have proved the theorem: 

Theorem 1 The dynamical system to = [Mo,Lo] with Lo = diag{L^, L^) 
and Mo = diagiM^, A/'2'), where matrices L^ and L*2' simultaneously 
belong io the one of the following classes of matrices: gi(TV), sliN), so(TV)) 
8o(p,ç), spiN), suiN), suip,q), p + q = N under condilions (1.6) admits an 
equivalent Lax-type representation depending on a spectral parameter. 

4. For an arbitrary n we can not conduct an argument analogous to the 
previous one, because for n > 2 there is no symmetry of the kind c,-, = c,-,-. 
However, it is possible in a partial case. We have assumed that the order 
of blocks £(') of the matrix Lo is strictly fixed. Let us consider n = 2k and 
suppose that 

L(» = iW = . . . = it2*"1' ; I ' 2 ' = LW = . . . = L«2*>. (1.7) 

If we denote 
£.. = '^ZX ZIZJ. . J-. = 

a;- - ay 



E.V. Vlasov 197 

then the relation (1.6) takes the form 

Af<»' = 7yLi]> + pijltf ; Mg> = «jl® + -rijlW ; (1.8) 
M(i) = Mmss_ = M u*- i ) . M(2) = MW = = M(«) 

where 
70 = ^ + diiteaf-3 + a?flf-5 + . . . + a?*"3^), 
Pij = 4.(af-2 + o|af-* + . . . + a2 f c-\2 + a?*"2) 

(i.e. 7y = 7ji and /i,,- = pji) and we have to check the algebraic closure of the 
system of the same form as was analyzed before. Thus the following theorem 
is true. 
Theorem 2 The dynamical system (1.3) under conditions (1.5) and (1.7) 
and when matrices L*1' and L^ simultaneously belong to one of ihe following 
classical Lie algebras: gliN), s^N), soiN), soip,q), spiN), su(TV), su(p,9), 
p + q = N admits an equivalent Lax-type representation depending on a 
spectral parameter. 
Remark. In the case when X, G spiN) , i = 1, . . . ,2A we have to consider 
A = diag{ai,... ,aik,ai,... ,a2k) and B = diagibu... ,b2k,bi,... Mk). 

The last theorem is related to a number of real physical problems. We 
shall describe oniy two of them. Let n = 2fc is arbitrary and TV = 3. Then 
under these assumptions Lie algebras so(TV) considered in the Theorem 2 are 
reduced lo the direct sum of 2fc components: so(3)-f.. .-|-so(3). The presented 
equations describe a motion of 2k interacting 3-dimensional rigid bodies, fe of 
which are identical, and the other fe are also identical but different from the 
first group. Taking into account that so(3) + so(3) = so(4) we can consider 
the previous case as the direct sum of fe components: so(4) + . . . + so(4). 

Acknowledgements. The author is grateful to Oleg Bogoyavlenskij for the 
useful discussions. 
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POLYNOMIAL INTERPOLATION IN HIGHER DIMENSION 

Presented by J . Aczel, F.R.S.C. 

A L B E R T B O R B é L Y 

ABSTRACT. Let / be a complex valued function defined on a finite collection of 
hyperplanes of C* in "general position", that ta,no three hyperplanes contain the 
same 2-codiinensional complex subspace. Suppose, that on each of the hyperplanes 
/ is polynomial, that ia,/ is the restriction of some polynomial. Then we show that 
/ extends to a polynomial in C . The extension is of course not unique. 

In a recent issue of the Arch. Math. [2], Z. Sasvari proved the following theorem. 
Let S be the union of a finite collection of horizontal and vertical lines in R2 and 
/ : 5 —» R be a function such that the restriction of / to each of these lines is a 
polynomial of one variable. Then there is a polynomial extension of / to the whole 
R2. 

In the present note we are going to generalise this theorem for an arbitrary 
collection of lines in "general position" and in higher dimensions for an arbitrary 
collection of hyperplanes in "general position". 

The complexified version of this theorem reads as follows: 

T h e o r e m 1. Let Hi = (r G C" : giiz) = 0} (t = 1,...,TV) be different hyper-
pianes such tbat 

(*) if HiOHkïî then Hi DHk^HjDHk, for all different i,j, k. 

Let S = U|^.|J7i and suppose that f : S —* C is a function sucb that for each 
t = 1,...,TV there is a poiynomiai Ft G C(zi,. . . ,zn] for which Fi \HI= f |H.- Then 
there is a polynomial F G Cfci,..., z„] sucb tbat F \s= f Is-

This theorem could be thought of as a higher dimensional version of polynomial 
interpolation. 

The condition (*) is necessary as the following example shows: In C2 consider 
the following lines Hi = {(x,y) : x = 0 } , ^ = {(x,y) : y = 0} and H3 = {(x,y) : 
1 - y = 0) . Condition (*) is clearly not satisfied. Let us now set Fi(x,y) = 
Vi Fzix, y) = x, Fiix, y) = x and let f : HiU H2U H3 -* C be the restriction 
of Fi ,F2 and F3 to If 1,if3 and H3 respectively. It is easy to see that / has 
no polynomial extension F to C2. For F(x ,y) has to be of the form F(x ly) = 
x + y + xyQix, y) on account of Fi and Fj but then its restriction to Hi cannot be 
equal to Fsfx.x) = x. 
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We will use notions and theorems from elementary algebraic geometry all of 
which can be found in most introductory books, for example [1]. 

Theorem 1 will be a simple consequence of the following more general version. 

Proposition 2. let Vi = {x G C» : yj(x) = 0} (i = 1 TV) be affine alge-
braic varieties defined by tbe polynomiala gt G C[xi, ...,x„] such that the following 
condition holds: 

(*•) the ideals /fo,^2),/(siffa.»),- . Ifan ' ' ' 9N-U9N) are all radical ideals. 

Let 5 s U ,̂,Vi and suppose that / : 5 -» C is a function such that for each 
i = 1,...,TV*there is a polynomial Fj G C[zi,...,xB] for which Fi |v,= / |vi- Then 
there is a polynomial F G Cfr,..., zn] such that F |s= / js-
Proof of Proposition 2. We prov« the proposition by induction on TV. For TV = 1 
it is obviously true. Suppose that it has already been proved for fewer than TV 
varieties satisfying condition (••). 

FVom the compatibility conditions on Fj we have that 

{r € C" : Fi(z) - Fj(x) = 0} D {z 6 C" : y^z) = 0 and y2(z)=0}. 

Then Hilbert's Nullstellensatz and condition (•*) implies that 

F i - F j G / f o . y z ) -

That is, there are polynomials a,6 G C[zi,...,zn] such that 

Fi + oyi = F2 + 6y2 = FQ. 

Fo kuv ,= / Iv.uv, therefore applying the induction to the varieties ViUVi,!^,...,^ 
with polynomials Fo,F3,...,FAf completes the proof. 

Of course, condition (••) of Proposition 2 may not be always easy to verify but 
in the special case of Theorem 1 it is simple. 
Proof of Theorem 1. It is enough to show that the ideal Hgigt"'Sk-u9k) «s radical 
for fe = 2,..., TV. The defining fimctions yj, » = 1,..., N axe aU linear so with a 
change of variables, if necessary, we may assume that yt(z) = yt(zi,..., z„) = z„. 

Suppose that 

hm = ayiy2 • • • 9k-i + bgk, for some h,o, 6 G C[zi,..., zn]. 

Let tp : C[zi,..., z„] -» C[z,,..., z n ] / f ( w ) S C[zi z».,] denote the canonical map. 
Then we have 

VW" = v(<»Mffi) • • • <Pi9k-i)-
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We want to show tbat v>(j,) (» = l,...,fc - 1) divides <fiih). Without loss of 
generality we may assume that ipigt) (« = 1,..., r) are all constant and v»(ji) 0" = 
r+1,..., fc-1) are all non-constant Unear polynomials. It is clear that every conatant 
Viai) (» = 1» —ir) div»*168 fWi «» ̂ e i>ave o n ly t o 9 h o w t ' l a t e v e r y «on-constant 
linekr polynomial V>(ffi) (j = r + 1 fc " !) d i ^ 6 8 ^C1) M we,1• 

First we show that ¥>(«) (j = r+1 Ib-l) are all pairwise relatively pnme hn-
ear polynomials in Ct*i,...,«»-il. Suppose that on the contrary v(ï.) = «v(ffi) 
for some a 6 C. This implies that thdr zero sets are the same, that is Hi n £ft = 
Hj n Hk. These polynomials are non-constant, therefore theu zero sets are also 
non-empty, that is 0 ?4 Hi n Jf* = H> n Ht. This contradicts condition (•). 

The fact that C(zi,...,Zn-i|w »mùquefo^n8***00 domain and ipig;) (j = 
r + l,...,Jk - 1) are all pairwise relatively prime irreducible polynomials, implies 
that every ifiigj) ij =r + l,...,k- 1) must divide v(h). Therefore tpih) has the 
following form 

v(h) = apigi) • • • <pigk-i) = opigi • • • gt-i), c 6 C[«i,...,*n-ili 

that is, 
h-cgi-- gk-i € ligk), 

which shows that 
hGligig2---gk-i,gk)-

This proves that the ideal ligigt • • • fft-i ,9t) is radical and concludes the proof of 
the theorem. 

It remains to show that the real version of the theorem is also valid. 

Corollary 3. Let iï. = {* 6 R" : S.(*) = 0 } (t = 1 JV) be different byper-
planes such (hat 

(•) i/ HinHj^d then # n tf j ^ tfi fl Jf*, for all different i,j,k. 

Let S = U2,,tfi and suppose that / : S -» R is a function such that for each 
i - i i^,Tbereisapoiynomia/Fi6R|*i,...,xB] for which i^ ]H{= f \H,- Then 
there is a polynomial F 6 R(*i,...,*nl such that F | s= / Is-
Proof. By Theorem 1 there is a complex polynomial G G C[zi,...,Zn] such that 
G \s- f Is- Because the function / is real and each point of the set S has real 
co-ordinates we also have G(«) |s= / Is, that is 

Fiz)\S=\iGiz) + GÎr))\s=f\s 

and the polynomial Fiz) has real coefficients. 
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ON THE CUNTZ-QUILLEN BOUNDARY MAP 

Victor Nistor1 

Presented by P.A. Fillmore, F.R.S.C. 

Abstract 

We show that the Cuntz-Quillen boundary map in periodic cyclic cohomolog}' 
satisfies properties similar to the properties of the boundary map in simplicial 
homology. We also prove that their boundary map is compatible with the 
boundary map in algebraic and topological /f-Theory, which leads to index 
theorems. As an application one obtains a new proof of the Connes-Moscovici 
index theorem for coverings. 

1991 AMS Subject Classification: Primary 19D55,4GL80,58G12, Secondary 

19K56,46L87,55N91 

Key words: Cyclic cohomology, Chern character, K-Theory, Index mor-

phisms. 

Introduction. In a recent break-through paper Cuntz and Quillen have 

shown that periodic cyclic cohomology groups HCj,,.,. introduced by Connes 

[2] satisfy excision [4, 5] and hence for any two-sided ideal / of algebra A it 

gives rise to a periodic six-term exact sequence 

. . . -» UC^iA) ^ .HC; e r ( / ) - ^ liCgiAfl) -» llCgiA) - » . . . 

•Partially supported by NSF grant DMS 92-0.r)548 
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t 6 Zj similar to the topological K-theory exact sequence. Thus periodic 

cyclic cohomology defines a generalized cohomology theory for algebras. 

IÎ A = C°0(M) for M a smooth compact manifold and / is the ideal of 

functions vanishing on a closed submanifold N C M then for continuous pe-

riodic cyclic cohomology we have HCpeT(/) = ®*H,+2fc(M,iV)®C (=singular 

homology with complex coefficients made Zrperiodic) and the Cuntz-Quiilen 

exact sequence identifies with the (periodized) homology exact sequence of 

the pair of spaces (Af,M). 
The purpose of this note is to describe some applications of the methods 

developed in [6] to the study the properties of the boundary map d in the 
Cuntz-Quillen six-term exact sequence. One of the main theorems (Theorem 
1), suitable interpreted, states that the Chern-Connes character is a natural 
transformation of cohomology theories. 

An application of these results is a proof of the Connes-Moscovici index 
theorem for coverings which is very much in the spirit of Algebraic Topology. 
Tfae original proof was based on heat kernels and their analysis. Our proof, 
using the properties we establish for the boundary map, reduces the index 
theorem for coverings to the Atiyah-Singer index theorem for a single elliptic 
operator. 

We hope that the method we developed will lead to new index theorems. 

Compatibility with the index morphism. One of the main results is 
the compatibility between the boundary morphisms in algebraic and topolog-
ical K-Theory and the boundary morphism in cyclic cohomology (Theorem 
1). These results extend the results in [6]. We now proceed to state this 
result. 

All the algebras considered bellow will be complex algebras. 
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Recall that for any exact sequence of algebras 0 — » / - + A — • A / / — » 0 
there is a five term exact sequence of algebraic K-Theory groups: 

Kf'il) - K?>iA) - Kf'iAII) -?-» IQt9iI) - A'0a'9(A) -* K^siA/I). 

The boundary map d : /^"''(A//) —» A"ô's(/), also called the index map is 

defined as in [3]. 
We will also use the Chern-Connes character in cyclic homology 

ch2n+i : Kf'iA) -» HC,„+.(A), i = 0,1. 

The Chern-Connes character is uniquely determined by the following 
properties, Morita invariance of cyclic cohomology, Sck2n+2+i = c/ijn+i ( 
where S is Connes' periodicity operator [2]), the normalizations cAo([e]) = e 
for an idempotent e, and c/ti([u]) = u ® u - 1 for an invertible element u and, 
most importantly, functoriality. By functoriality we mean the following. Let 
/ : A —• B be an algebra morphism and denote by / . : /^'"(A) —• Kf'iB) 
and / , : HCi(A) —» HC,(B) the induced morphisms, then /.(cfti(ar)) = 
chiif.ix)) for any x G Kf9iA), J = 0,1 of the same parity as ». 

We obtain pairings [2] Kf'{A) ® HC|wr(A) -» C, i = 0,1. In particular, 
for any tp € HCJK.r(A) we obtain a morphism tp, : /f°'9(A) -• C. 

The following theorem describes the relation between the boundary map 
in algebraic iif-Theory and the Cuntz-Quillen boundary map in periodic 
cyclic cohomology. The results contained in the following theorem reduce 
the computation of a "cohomological index formula" to that of the compu-
tation of a Cuntz-Quillen boundary map. 

Theorem. 1 Let 0 —• / —» A —» A/ / —» 0 6e an exact sequence of complex 

algebras. Then for any <p G HC°er(A) and [uj G A f 9(A) «« have 

<p.ilnd[u]) = id<p).[u] 
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where Ind = 9 : K?9iA/I) -> K^'il) is the boundary map in algebraic K-

theory and d : HC^r(/) -» HC^r(A//) is the Cuntz-QuUkn boundary map 

in periodic cyclic cohomology. 

The above Theorem generalizes Theorem 5.4 from [6]. 
The proof of the above theorem is based on ideas similar to those in 

[6]. The proof uses the algebraic Toeplitz extension, the naturality of the 
boundary morphisms in algebraic A-Theory and cyclic cohomology and the 
Cuntz-Quillen exact sequence applied to the exact sequence 

o —» j -» c<a,6>-» qz] —• 0 
where C<a, 6> is the free unital algebra on two generators. 

Properties of the Cuntz-Quillen boundary morphism. We proceed 
to explain some properties of this boundary map which are useful in compu-
tations. 

Recall [2, 6] that for any complex algebras AQ and Bo there exists a natural 
product 

HC^r(A») 0 HC^Bo) - ^ H C ^ A o ® Bo). 

The following theorem shows the relation between this product and the 

Cuntz-Quillen boundary map. 

Theorem. 2 Let I C A and B be complex algebras, I a two sided ideal 
of A. Denote by ÔAJ : HC;er(/) - • UC'^iA/I) and ÔA^BJ^B : HC;er(/ ® 
B) —» HC!j,1((A//) ® B) the Cuntz-Quillen boundary morphisms associated 
fo / C A and / ® B C A ® B. Then for any { e HC^r(/) and ( G HC;er(B) 
we have 

dA»B,l»Bit®0 = dAjit)®C. 
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The proof of this theorem is based on the description of the ®-product 
above using cyclic objects [6]. This theorem generalizes the corresponding 
properties of the x-product ofthe homology of manifolds. Using this theorem 
one can prove further properties of the Cuntz-Quillen boundary map for 
particular classes of exact sequences related to group actions. 

Consider a group T acting on A by F x A 9 (7,0) —» a7(a) G A. We 
are going to work with the algebraic crossed product A » V consisting of 
finite linear combinations of elements of the form 07, with the product rule 
(af){lyyi) = 00^,(6)771. If the two-sided ideal / is invariant we obtain an 
exact sequence of crossed product algebras 

O - f / x F — A x F - » {A/I) »T^0. 

The periodic cyclic cohomology of a crossed product has further structure, 
HC*er(A x F) is a HC^r(C(F]) module. For commutative algebras A = 
C'iX) this module structure coincides with the H*(Br) module structure 
on the cohomology of the homotopy quotient EF Xf X. See [1] for details. 
The module structure alluded to above can be defined as the composition 

H C ^ A x F) © HC^(C(F)) -» HC^((A * F) ® CfF)) - ^ HC;er(A * F) 

where the first map is the product we have defined above and S{ag) = ag&y 
is the standard coalgebra structure of A x F over the Hopf algebra C|Fj. 

We have the following theorem 

Theorem. 3 Let V be a discrete group acting on Uie unital algebra A, and 
I be a T-invariant ideal. Then the boundary map 

dA*r,inr : HC^r(/ x F) -» HC;+1((A//) x F) 

is HC'r(qFl)-/incar. 
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One can also show that the Cuntz-Quillen boundary map coincides with 
the morphism induced by the bi variant Chern-Connes character whenever the 
later is defined [6]. This is in analogy with tbe fact that the boundary map 
in the topological If-Theory of C7*-algebras is given by a Kasparov product 
whenever the later is defined. 
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SOME RESULTS RELEVANT TO BARR'S 
CODENSITY THEOREM 

Hongde Hu 

Presented by J . Lambek, F .R.S .C. 

Abstract. Let C be a small exact category, Lez(C, Set) the category of 
functors from C into tlie category of small sets preserving linite limits. We 
show that an accessible full subcategory A of Lex{C. Set) closed under 
filtered colimits and products is codense iff every object of Lez(C,Snt) 
has a tegular mono embedding into an object of A. Further, we prove 
that Rcg(C, Set), the category of regular functors, is the smallest codense 
full subcategory of Lex{C, Set) tvith certain closedness properties. This is 
based on a stronger version ofthe strong conceptual completeness theorem 
for exact categories. 

Introduction 
Exact categories were originally described ns a non-Abelian genernlization of tlie the-
ory of Abelian categories by M.Barr in (3]. The precise logical nnalysis of the notion 
was given by M.Makkai [20). who introduced the term regular theory. The important 
feature of the notion of exact category is its elegance and robustness. In fact, many 
important mathematical situations can be axiomatized by exact categories satisfying 
some additional condilions (see l'i], (20), [7] and (22)). On the other hand, llu- rate-
gory of models of exact categories arc accessible (with products), a subject that has 
l)i<en widely investigated in recent years (see [10), [21] and [2)). 

One of the fundamental theorems in the theory of representation of categories 
states that a small exact category has a full, regular embedding into a category of 
set-valued functors (see [3]). An equivalent formulation is that for C small exact, 
with Rf.9(C,Sct) the category of regular functors from C into the category Set of 
small sets, then the evaluation functor C — (Rej(C,Set),Sct) is full and faithful 
(see [19] and [20)). The main difficulty of the proof of the full embedding theorem 
lies in the fact that in general the functor category does not have genuine injectives, 
tinlike the case of Grothendieck's theorem that every AB5 category with a generator 
has an injective cogenerator [11]. However, the paper of Barr |5] showed that every 
functor C —> Set preserving finite limits has a regular mono embedding into a functor 
of RegfC, Set). The consequence of this is Barr's codensity theorem, which says that 

1991 Malhemalics Subjirl {.•Uwllcalinn. U3G30, I8B25, I8E10. 18G05. 
Thb work warn partially «upported by A special mearch srant of the Faculty of Arts at York 

linivenitjr. 



210 H. Ru 

Regie, Sot) ia codense in the category Lei(C, Set) of functor preserving finite limits. 
Thia argument yields a more conceptual proof of the full embedding theorem. 

The present paper is concerned with the codensity theorem above. We first show 
that for any accessible full subcategory of a locally presentable category B whicli is 
closed under filtered colimits and products, if A is codense in B, then every object 
of B has a regular mono embbedding into an object of A. As a corollary, for C small 
exact and B = Lej;(C,Set), A is codense in B iff every object of B has a regular 
mono embedding into an object of A. Furthermore, we consider an accessible full sub-
category A of Rcg(C, Set) closed under filtered colimits and products. Suppose that 
the evaluation functor A — ( A + , Set) is full and faithful: here A+ = f j Fill{A, Set) 
is the category of functors preserving filtered colimits and products. We prove that 
if A is codense in Ler(C, Set), then C is equivalent to A + : moreover, we have lhat 
RegiC Set) is the smallest codense subcategory of Lei(C. Set) in the categories of 
the form Re9(0,Set) tvith closedness properties above. 

The central concept we need here is the notion of quotient morphism between 
exact categories. A regular functor F : C -» D between small exact categories is a 
quotient morphism if F is full on subobjects and for any object D of D, there is a 
regular epimorphism F(C) — D with C € C (see [18]). For above A, the categories 
of the form A + are known to be small exact (see [20] and [12]). In order to obtain 
above mentioned results, we prove that the evaluation functor C — A + ia a quotient 
morphism iff the evaluation functor A — (A+,Set)) is full and faithful. This is a 
stronger version of the strong conceptual completeness theorem for exact categories 
in the sense of Makkai [18] (see Theorem 2.1). 

Throughout the paper "exact category" is replaced by 'K-Barr-exact category", 
with an arbitrary regular cardinal number K. 

1 Codensity theorem on exact categories 
Recall from [3] that a category is exact if it has finile limits and stable quotients of 
equivalence relations. A functor between exact categories is regular ifil preserves linite 
limits and quotients of equivalence relations. The notions of K-Barr-exact category 
and K-regular functor are introduced in [20], for K any infinite regular cardinal. They 
are a natural generalization of the notions of exact category and regular-functor. 

Defimtion 1.1 ([SO]) A category C-is K-Barr-exact if it is exact, has n-limiU, and 
satisfies the principle of<K dependent choices (DCm): let a bt an ordinal less than 
K, and let r = < Ag,[0,i : Af —• .4, >7<)j<o be an inverse diagram of type a in C 
snch thai 

(i) f0+1.0 is a regular epi, for every 0 tvith 0+l<a; and 
(ii) the restriction r\<0ofT to the domain consisting of all ordinals t < p i.i 

a limit diagram: Aj is a limit ofT\<0(? restricted lo ordinals < 0) with limit 
projections fa.y : At — A^y < 0), for every limit ordinal 0 < a. 

Theu every fp.y is a regular epi, for ally <0 <a. 

A functor between K-Barr-exact categories is K-regular, if it preserves all regu-
lar epis and all K-limits. Let C and D be two K-Barr-exact categories, wo write 
K-RegiC D) for the category of K-regular functors from C into D. 
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Recall from (9) that an object ^ of a category A is said to be K-presentable if 
the representable functor A( i4 , - ) preserves K-filtered colimits existing in A. A is 
K-accessible if: (i) A has K-filtered colimits: (ii) there is a small subcategory C of A 
consisting of K-presentable objects such that every object of A is a K-filtered colimit 
of a diagram of objects in C. A category is accessible if it is «-accessible for some K. A 
functor between accessible categories ia accessible if it preserves K-flltered colimits for 
some K (see [21] and (2)). The full subcategory of A whose objects are «-presentable 
is denoted by Aa. 

A K-accessible category with products is called weakly locally K-presentable in 
[AR]. We record here some properties on accessible categories with products which 
are found in [1], (2), [20], [12] and [13]. 

(1) An accessible category has products iff it has weak colimits. 
(2) A «-accessible category A has products iff A , has weak «-colimits. 
(3) For a small K-Barr-exact category C, C (= K-rtei;{C,Sct)) is accessible with 

K-filtered colimits and products. 
(4) For C small K-Barr-exact having enough projectives, C* is K-acccssible with 

products. Conversely, for A K-accessible with products, A + = H ^«(A^t î t ) . the 
category of functors preserving K-filtered colimits and products, is a small K-Barr-
exact category having enough projectives. 

(5) For A accessible with products, f] ^ " ( A . S e t ) , the category of all accessible 
functors preserving products, is an exact category having enough projectives A( .4. - ) 
for vl 6 A; moreover, every functor of fj Acc{A, Set) is the codomain of a coequalizer 
of a pair of morphisms between representable functors. 

Let C be a small «-Barr-exact category. LxlCSet)'1,. the opposite category of 
the category of set-vlaued functors that preserve K-limits, is a K-Barr-exact. category, 
and every M € iic(C, Set) is the domain of an equalizer of a pair of morphisms in 
C* (see [5] and (20)). These properties arc suHiciciit to give the proof of the codensity 
tlieorcm: the inclusion / : C" — /..(C.Sot) is codense (see [ii]). This yields the full 
embedding theorem: the evaluation functor CVQ : C — (C ' .Sot ) is full and faithful, 
since ef'C is given hy the composite of the Yoneda embedding C — /•.«(CSnt)"1' 
with the functor £ : / . . ( C S e t ) " " — (C*,Set) induced by /. 

Proposit ion 1.2 Let A be an accessible full subcategory A of a locally prrseutable 
category B closed under K-filtered colimits and products for some K. If A 1.1 codense 
in D. then every object of B is the domain of an equaliter of a pair of morphisms of 
objects of A. 

The codensity of A in B gives lhat the functor S : Dor — (A,Set) [B t— 
B(C,/(-))) induced by I is full and faithful. But B(fl , / ( -) ) is in fl ••,<-c(A,Set). 
Therefore, Proposition 1.2 follows from (5) above. 

For B = Z„(C, Set) with C small K-Barr-exact, if every object of B is the domain 
of an equalizer of a pair of morphisms of objects of A, then A is codense in B (see 
[!>] and [12]). Therefore, we have 

Corollary 1.3 Let C be a small K-Barr-exact category, and B = Lex{C, Set). TAen 
A of Proposition i.2 is codense in B iff every object ofB is tht domain of an equalizer 
of a pair of morphisms of objects of A. 
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2 A stronger version ofthe strong conceptual com-
pleteness theorem 

For any K-regular functor F : C — D, write /nt»(F) for the collection of all those 
morphisms / in C for which F ( / ) is an isomorphism in D. Given a collection U 
of morphisms in C, recall from [18] that F is said to be obtained by inverting the 
morphisms in U if we have the following universal property: for any K-Barr-exact 
category B, the functor F* : K - R « J ( D , B ) — K-Reg(C,B) induced by F induces 
an equivalence of K-ReglD, B) onto the full subcategory of K-Reg(C, B) consisting of 
those C : C — B for which U C Inv{G). F is a quotient morphism if it is obtained by 
inverting the morphisms in /nv(F). In case that both of C and D are small categories, 
it was shown in [18] lhat F is a quotient morphism iff it is full on subobjects and 
for any D eD, there is a regular epimorphism F(C) — D wilh C e C . Wc recall 
here that a functor F : C — D is full on subobjects if for every C e C , the poset 
morphism Fc : Subc{C) — 5u6D(F(C)) induced by F is surjective. Here Subc{C) 
is the poset of subobjects of C; to the subobject determined by the monomorphism 
m : fl — C, Fc assigns the subobject determined by F(m). 

Let A be an accessible full subcategory of C* closed under K-filtered colimits and 
products. We have the evaluation functor e : C — A + . It is clear that e is K-regular. 
If e is a quotient morphism, by the definition above, the functor e" : A+' — C* is full 
and faithful. The initial observation is that the evaluation functor e * : A —« A+" is 
fully faithful, since the inclusion A — C* is given by the composite of e A with e". 
We have 

Theorem 2.1 e above is a quotient morphism iff the evaluation functor ej^ is full 
and faithful. 

Only the "if part still needs to be proved, that c is full on subobjects can be 
obtained by a similar argument of Lemma 4.2(ii) in [19] (without using that c A is full 
and faithful). Let F : C*+ — A+ be the functor induced by the inclusion A — C". 
Note that e = F o fC with the equivalence e c : C — C*+ of Theorem 5.1 in (20). In 
order to prove that e is a quotient morphism, it sufiices to show that for any M Ç A+, 
there is a regular epimorphism F(Ar) - . Af with N € C*+. The idea in proving this 
is to analysis the dual of K-accessibility of / , , (A + , Set) (in (A+*,Set)), and to show 

Lemma 2.2 Let «^ : (A + , ,So t ) — (A, Set) be the functor induced by e A . TAen 
ft;For any M 6 A+, there are A e A and a morphism f : A + * ( e A ( / l ) , - ) — 

«A+l*') •"'c* '*"' e A ^ '* r*?' , 'o r eP'-
(ii)For any A e A, A + * (e A ( / l ) , - ) is a K-cofiltertd limil of objects consisting 

of the image of fA+ in (A+*.Set); Acre c A + is tht evaluation functor A + — 
(A+- ,Set) . 

Lemma 2.2 can be proved from that e A is full and faithful by using the rodcnsily 
theorem nnd the properties mentioned in Section 1. Full details appear in [14]. 

Corollary 2.3 If A is codense in / . . (C, Set), «nd e A is full and faithful, then C is 
equivalent to A*. 
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The codensity of A gives that the functor E : i,(C,Set)<,'• — (A,Set) induced 
by the inclusion is full and faithful. But e = EoY {Y : C -~ LK{C, Set)0*' is given by 
the Yoneda embedding), so e is a full and faithful. That e is an equivalence follows 
from that e is a quotient morphism (see Lemma 1.4.9 in [17]). 

Remark 2.4 (i) For a K-regular functor F : C — D between small categories, the 
strong conceptual completeness theorem says that F is a quotient morphism iff the 
induced functor F' : D* — C* is full and faithful (see [18]). This is an immediate 
consequence of Theorem 2.1 by taking A = D* (that CQ. is full nnd faithful follows 
from Theorem 5.1 of [20]). 

(ii) Suppose that A is a category ofthe form D* tvith D small K-Barr-exart. and A 
is codense in L«(C,Set). According to Corollary 2.3, C is equivalent to D' + , hence 
C is equivalent lo D. We conclude that C* is the smallest codense full subcategory 
of i,,(C, Set) in the categories ofthe form D* wilh the closedness properlies above. 

(iii) Assuming Vopénka's principle, the accessibility of A can be removed. As 
shown in |2), under Vopénka's principle, each full subcategory of a locally presentable 
category closed under K-filtered colimits (for some K) is accessible. 
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E X T - A L G E B R A S 

I S T V â N AGOSTON 1 , VLASTIMIL D L A B 2 AND E R Z S é B E T LUKXCS1-* 
F.R.S.C. 

ABSTRACT. The Ext-algebra A' ot a finile dimeiuionai auodative A-algebra A 
is studied with a motivation le establish eonditiona under which (i) the species 
of A and A'°p coinade and (ii) the «piMi-beiedity of A (er A') yields the quasi-
heredity of A* (er A, respectively). ThcM questions are deeely related lo the 
Kasbdan-Lusxtig Theory as presented by [CPS2). 

1. Introduction 

Throughout the paper A will denote a finite dimensional basic algebra 
over an arbitrary field K. Let us recall that the K-species S{A) ot A is the 
system (£), : i € I ; iWj : i,j 6 / ) of finitely many division algebras D, and 
Dj-Dj-bimodules iWj so that A/rad A ~ J] Di and tad A/tad7 A ~ J^ ,Wy. 

ic/ Ue/ 
Thus, if { e,- ) i £ / ) ia a complete set of primitive orthogonal idempotents in 
A, and ë, denotes the image of e, in A/tad A, then Di = ëi(A/radA)éi and 
iWj = ëiitadA/tad2 A)ëj. Notice that if S(i) is the simple right /l-module 
CiA/eitadA then Di s End,, (5(0) and iWj ss Exil

A (500) ,5o( i ) ) . If the 
field K is algebraically closed then one may speak about the quiver oî the 
algebra A. For, all the division algebras are equal to K and the bimodules «(Vj 
are just direct sums of copies of the regular bimodule K; hence, the complete 
information ia contained in an oriented graph having / as its vertex set and 
dimff iWj arrows from i to j . 

Given an algebra A one may define the so-called Ext-algebm of A, denoted 
by A'. This is a /f-algebra whose underlying vector space is 

*>oiJ€/Ex^(5( , ) '5 ( i ) ) ' 
with the multiplication defined via the Yoneda-product of exact sequences. Ob-
serve that A' is finite dimensional if and only if gl.dim A < oo; moreover 
the identity element of A' is the sum of the primitive orthogonal idempotents 

1991 Mathematics Subject Clawfication. Primary I6E99. Secondaiy 16SS9,17810 
1 Research partially suppoited by Hungarian NFSR pant no. T4265 
7 Research partially suppoited by NSERC of Canada 
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fi = Ms(0. « € / . In analogy to 5(i) and P(i) = e(yl, denote by S, 0( i) 
and P"ii) the conesponding simple and indecomposable projective left A'-
modules. 

Our principal objective is to study the connection between some of the 
properties of A and A', respectively. Some of our results are parallel to those 
of [CPS2J although our approach ia somewhat different. 

Most results presented here were reported by the authors on several occa-
sions (Sherbrooke: May 1994, Prague: June 1994, Mexico City: August 1994). 
The proofs of the statements, together with some examples and further refer-
ences to the graded situation will appear in a more detailed version elsewhere. 

2. The species of Ext-algebras 

Firet we will be dealing with the question of the species of A' (more pre-
cisely, of •A*0*"). It is easy to see, that SiA) Ç SiA""). We will show that 
the fact that the species of these two algebras coincide is equivalent to some 
easy-to-describe property ofthe projective resolutions ofthe simple .4-modules. 

To this end we recall that a submodule X of V is a (op submodule (denoted 
by A" ç V ) if rad Jf = X fl rad V, i. e. the embedding of X into Y induces an 
embedding of top A into top y (see (ADLIJ). A filtration X = JTi D Aj D 
...OXmoîa module X is called a top fillmtion dXiçX toi 1 < t < rn. 

We shall also use the following notation. For an arbitrary module X € 
mod-i4 

will denote a minimal projective resolution otX, with the corresponding syzy-
gies Qj+iiX) = Kerdf, for j = 0,1, . . . . 

Now we may introduce the following subcategory of the category of finitely 
generated right A-modulea mod-A 

DEFINITION 2.1. We say that a module A' 6 mod-y4 belongs to (*> = C^ 
tot some t e IN if n,(*)grad?>,,_,(*) for j = 1,2 i. We may also define 
C<0) = mod-A The intersection of these subcategories will be denoted by C; 
thus C = CA = QCM. - Similarly, one may define the subcategory C% C 
A-mod ot left .4-modules. 

It is easy to see, that the definition does not depend on which particular 
minimal projective resolution of X was chosen. 

The following proposition gives an important homological property of the 
elements of C^'K 

PROPOSITION 2.2. If X e €& then the notuml maps E x t i ( t o p A , 5 ) -
E x tA(^i^) are surjective for every 0 < i < i and every simple module S. 
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It turns out that with the addition td an easy necessary assumption, this 
property fully characterises the elementa of tf'). 

PROPOSITION 2.3. Assume that every simple A-module S is in CA- Then a 
module X is an element ofCfj^ if and only if ihe n a (tira I maps Ext^ (top X, S) —» 
Ex\.kA(X,S) are surjective for every 0 < i < i and S simple module. 

Proposition 2.2 leads to a full answer as to when the species of A and 
A*** coincide. 

THEOREM 2.4. The following are tquivaltnt for an algebn A. 
(a) 5 6 CA for every simple right module S; 
(b) S9 £C% for every simple lefl module 5°; 
(c) SiA) = SiA'"). 

3. The functor Ext* : mod-A-»A*-mod 

We shall assume in this section that the Ext-algebra A' ot the finite di-
mensional algebra A is itself finite dimensional, i. e. gl.dim A < oo. 

Let S denote the direct sum of all simple right A-modules, i.e. S s © 5(i). 
itl 

Then we may define a contravariant functor Ext* : mod-A —* A' -mod by taking 
the direct sum of the functors Ext*(-,S) for k > 0. Actually, the modules 
Ext'(A') will have a natural grading, with the morphisms Ext*(/) preserving 
this grading, hence we have a functor into A*-inodfr. For a module X € 
A*-mod,,, let X\j] denote the shifted graded module, i.e. X[j]i = X^j. We 
have the following exactness properties of Ext*. 

LEMMA 3.1. let 0—• A-»y—»Z—•O be a short exact sequence in mod-A. 
(a) Assume XçY. If X Ç CA then ihe sequence 0 —Ext*(Z) —Ext*(y) — 

Ext*(X) —0 is eroct; if in addition Z Ç CA, then Ext*(Z)sExt*(y). 
(b) Assume A C rady. If Y & CA then ihe sequence 0—Exf(X)( l ] -* 

Ext*(Z) —Ext*(y) —0 is erocf; if in addition Z 6 CA, then Exf(A)(Il Ç 
radExt*(Z). 

Based on this lemma, we get the following propositions. 

PROPOSITION 3.2. IfX,tadX 6 CA then Ext*(A) € C^.)0. Thus if tad* X € 
CA for every i then Ext*(A) 6 ( £ . . 

PROPOSITION 3.3. (a) Ext* (5(i)) = /""(i). 
r»;Ext*(P(t))=5*, , (0-
(e) Ext* (radP(i))(l] = radP*0(i). 
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4. Ext-algebras and quasi-heredity 

To speak about the quasi-heredity of sa algebra A, one must impose a (par-
tial) order on the set {5(i) | i € / ) of simple right A-modules (or equivalently, 
on the given complete set of primitive orthogonal idempotents). Actually, with-
out loss of generality we may assume that we have a total order on the index set 
/ . Thus assume that / = { 1,2, . . . .n) with the natural order. We shall write 
e = («i.«ai. . . ,eB) for the correspondmg ordered set of primitive orthogonal 
idempotents and we define cj = e, + e<+, + . . . + «„, e„+i = 0. Recall that 
P (0 denotes the projective cover ofthe simple module 5(f). Consider the trace 
fillmtion of A: 

A = AciA 3 AcaA 3 . . . D AcnA 2 0 . 

We say that A is quasi-hereditary with respect to / (or briefly, (A,e) is quasi-
hereditary) if each of the so called standard right modules «(A/eiACj+iA, de-
noted by A(i) is Schurian (i.e. it has a semisimple endomorphism ring) and the 
quotients of the trace filtration AejA/Aet+i A «s right modules are direct sums 
of the corresponding standard modules. In addition, we say that A is lean with 
respect to thia order if A(i) 6 C<|1) and Ae(i) € W for all i 6 / . (Here A»(i) 
stands for the corresponding standard left module.) We consider the following 
canonical exact sequences: 

0 - y ( t ) - / » ( i ) — A(0 —0 and fl — y ( i ) - A ( i ) - S ( i ) - » 0 . 

For the basic properties of quasi-hereditary algebras, we refer to [CPSl], [DRl], 
[DR2] or (DK) and of lean algebras to [ADLl], [ADL2]. Canonical constructions 
for the so-called shallow, replete and medial algebras are also described there. 

We have already noticed that the simple types of (right) yl-modules are 
in one-to-one correspondence with the simple types of (left) 4*-module8; the 
corresponding idempotent to the primitive idempotent ej € A is the element 
fi = ids(i) € 4*. Having fixed the order e = (ei,ei,...,e„) tot A we shall 
consider the reverse order f = ( /„ , /„_ , , . . . , f i ) for A'; write y. = / . + /<_, + 
... + fi and <po = 0. 

One of the key observations in recognizing the quasi-heredity of A' is the 
following lemma. 

LEMMA 4.1. Assume that (A,e) is quasi-hereditary with A(i) Ç CA and 
^ ( 0 € CA for 1 < i < n. TAen (Ae left standard module A*0(i) o/(A*,f) 
is Schurian and A * » ~ Ext* (A(i)). Furthermore, with similar notation, 
Ext* (f/(i))(l) ~ V{i) and Ext* (V(i))[l] ~ V ( i ) . 

. We can now state the following sufficient condition for a quasi-hereditary 
algebra to have a quasi-hereditary Ext-algebra. 
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DEFINITION 4.2. An algebra (A, e) is said to be sofii, if the following conditions 
are satisfied: 
(1) A(t) is Schurian; 
(2) y( . )cradP(.) i 

(3) U{i) has a top filtration by S(j)'s and A(j)'s (br j < i; 
(4) Vii) has a top filtration by A(j)'a and PO')'s for ; > t. 

LEMMA 4.3. / / (A,e) is solid ihen it is a lean quasi-hereditary algebm with 
5(i), A(i),lA(i) € CA for I < i < n. 

THEOREM 4.4. Let (A,e) be a solid algebm. Then: 
(a) {A"''',f) is a solid algebm (hence quasi-hereditary), and 
(b) 5(A) = SiA*"). dim* 4** = dim^A, (c^cO* =* A*/(AV,_i4*) and 

(A/(4c<A))* ~ ipi-iA'w-i. 

COROLLARY 4.5. If ihe algebm (4,e) is shallow (left medial, right medial or re-
plete) then (4"'p

1 f) is replete (lefl medial, right medial or shallow, respectively) 
on Ihe same species. 

5. Ext-algebras of monomial algebras 

We can get a more complete picture of the situation in the case of monomial 
algebras. Here the principal tool in the understanding is the existence of a multi-
plicative basis for A*, consisting of some paths in the quiver of A (see [GZ]). 
Thus we shall assume now that A is monomial, i.e. A = KT/R, where P is a 
quiver witb R the set of relations which is generated by some paths of length at 
least 2. First, we have an extension of Theorem 2.4 about the quiver of 4*°p. 

THEOREM 5.1. Let A~ KTfR be a monomial algebm. Then the following are 
equivalent: 
(a) 5(i) g CA for 1 < i < n; 
(b) A and A'" have ihe same quiver; 
(e) A is quadmtic (i. e. the sel of relations R is genemted by paths of length 2); 
(d) ExtJU^Crad^A*). 
/ / (A ,e ) is in addition lean wilh Schurian standard modules, then conditions 
(a)-(d) are all equivalent to: • 
(e) A(i) € C, A0(i) € C0 /or I < i < n. 

On the question of quasi-heredity we have the following results. 

THEOREM 6.2. Let A = KTfR be a monomial algebra wilh gl.dimA < oo. 
Then (A*,f) is quasi-hereditary if and only i / (4 ,e) is lean with Schurian stan-
dard modules. 
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THEOREM 5.3. Let A = KTfR be a monomial algebra. If (A,e) is quasi-
hereditary then either (A*,f) is lean with Schurian standard modules or the 
quiver of A* has a hop. 

Thus from the previous two theorems we get the following corollary. 

COROLLARY 5.4. Let A = KTfR be a monomial algebra. Then i/(A,e) is lean 
and quasi-hereditary, then so is (A*,f). 
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EMPIRICAL-TYPE PROCESSES IN WEIGHTED METRICS 
AND CHANGE-POINT PROBLEMS 

Barbara Szyszkowicz 

Presented by MUdds CsorgS, F.R.S.C. 

Abstract: We consider the asymptotic behaviour of ^-approximations and func-
tionals of weighted two-time parameter empirical type processes based on observations of 
independent, identically distributed random variables, their ranks and sequential ranks. 
We outline a possible application of our results to the change-point problem. 

1. Introduction. Let Xi,X2,... be independent identically distributed random 
variables with the same continuous distribution F. We consider the two-time parameter 
empirical processes 

M 
o „ ( J , t ) = n - , / » X ) ( l { ^ ( ^ ) < 3 } - ^ ) . 0 < 3 , t < l , (1.1) 

•=i 
M r • 

W a . t ) = n - 1 / I Ç ( l { i l . B < 3 } - ^ ) , 0 < 5 , t < l , (1.2) 
•=i 

7 n {5 ,0=n- 1 / J f ; ( lK 1 <s}-M) , 0 < M < 1 , (1.3) 
lest 

where Ri„,... ,R„„ denote the normalized ranks^iZtn = ,*-1 5Z£=i l{-^« ^ Xk}, k = 
l , . . . ,n , and f,-,...,Çn aie the normalized sequential ranks,^ = k-1 J3i=i l-{Xi < Xi,), 
k = l , . . . ,n , of the first n of the random variables Xi,X2,... • The limiting distribu-
tions of these processes are well known. The three processes (1.1)-(1.3) were studied by 
Pardzhanadze and Khmaladze (1986) under a class of contiguous alternatives which accom-
modate the possible occurrence of a changepoint in a series of measurements. Szyszkowicz 
(1991, 1994) studied these processes, as well as the "bridge type" (tied down at t = 1) ver-
sions of a„is, t) and 7„(s, t), in weighted supremum metrics in the time variable t € (0,1) 
under the null assumption of no change and also under a sequence of contiguous alterna-
tives. Here we consider the asymptotic behaviour of these processes in weighted Lp-metrics. 
We succeed in establishing their asymptotic theory in such metrics for the optimal class of 
weight functions. This class of weight functions is also bigger than the ones we studied in 
the case of weighted supremum norms. 

A natural way to test for the possibility of having a change in the distribution of 
a sequence of chronologically observed data up to time n is to compare their empirical 
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distributions before and after the possibly unknown time of change 1 < fc < n, via studying 
the asymptotic distribution of the sequence of processes 

i ' / » 

i a l l=k+l I 

S nXi < «} - - Ê l t * ^ *> /nl,2ik/nil - k/n)), 
•=1 n ••»! I 
i 6R, l < f c < n , n = l , 2 , . . . . (14) 

This leads us to study weighted, tied down at t = 1, two-time parameter empirical 
processes. The naturally appearing wdght functions have to be modified in order to ensure 
convergence of the whole process in sup-norm, or that of its sup- functional (cf. Picard, 
1985; Deshayes and Picard, 1986; and Szyszkowicz, 1991, 1994). On the other hand, if 
we were to study the problem of the asymptotic behaviour of the process in (1.4) say 
in Li, then, for having a non-degenerate limit, there is no need to replace the naturally 
arrived at weight function ((fc/n)(l - kfn)) in there by any other function that would be 
milder on the tails. Indeed, rewriting a bit the sequence of stochastic processes of (1.4) as 
| an (M) | / t ( l -0 , «here 

V i 
o. 

E 0 " HFiXt) <s}- H2±î*l Ê HFiXi) <s)), 0 < t < 1, 0 < a < 1 
ial «=•> ' ân(M):= 

t = l , 0 < a < l . 

it will follow from our Theorem 2.2 that, as n -> oo, 

11 \ânis,t)mi - t))dsdt L f f \Kis,t) - tKis,l)\liti\ - i))dsdt, (1.5) 
yo Jo •'o J a 

where {Kis,t); 0 < s,t < 1} is a Kiefer process (cf. (2.1)). Moreover, according to 
Theorem 2.2, in (1.5) we can even have (t(l -1)) ' instead of <(1 -1) with any «/ < 3/2. 

In order to better relate the result in (1.5) to the change-point problem aa summarized 
by the sequence of stochastic processes in (1.4), we put s = f (x) and consider â„(.F(x), i) = 
an(x,t), which does not depend on the possibly unknown distribution fimction F. 

Then (1.5) translates into 

f' f" \Snix,t)\/itil-t))dFix)dt Z f f \Kis,t)-tKis,l)\/itil-t))dsdt, (1.6) 

i.e., now we have a sequence of "statistics" (incomputable) converging to a distribution 
free (of F) random variable. 
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It will follow from our Theorem 3.1, that replacing the measure of integration dF on 
the left hand side of (1.6) by dx, will result in having 

fT I5n(x,0l/(<(1-*))^* " J*J~JKiFix),t)-tKiFix),l)\mi-t))dxdt, 

on assuming a bit more than two moments for F. That is to say, we now have a sequence 
of statistics (computable) converging to a non distribution free (a function of F) Gaussian 
random variable whose distribution can be simulated for each unknown F via repeated 
large samples, or by bootstrapping a given one. 

For proofe of all presented results we refer to a forthcoming paper by the author (cf. 
also Szyszkowicz, 1993). 

2. Main Results. Let [Kis, t); 0 < s < 1, 0 < < < oo} denote a Kiefer process, 
Le. a two-time parameter separable Gaussian process with mean zero and covariance 
function . 

EKisuti)Kis2,t2) = («i A sj - siS2)iti A tj). W 
Theorem 2.1. LetO < p <oo and q be a positive function on (0,1). Tlien the following 
five statements are equivalent. 

(a) We have 
( t''2/qit)dt<oo. 

Jo 

ih) One can construct a Kiefer process {^(s.t); 0 < 5,t < 1} such that we have, as 

f f M M ) - n-ll7Kis,nt)\'lqit)dsdt = op(l). 

(c) We have, oa n —» oo, 

f J*\anis,t)\'/qit)dsdt a £ j\Kis,t)]'lqit)dsdt. 

id) There exists a sequence of Kiefer processes {Knis,t),0 <s,t<l) such that, as 

ff M M ) - Knis,t)]'/qit)dsdt = OP(1). 

(e) We have, as n-KX 

ffbnisW/Mdsdt $ ff\Kis,t)]'/qit)dsdt. 

n —• oo 

n -• oo 
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Now we present our results for tied down at t = 1 empirical process, namely ôn(a,l) 
as defined in the Introduction and finis, t) process, which by itself has "bridge" structure. 

Witb {Kis,t);0 < M < 1} being a Kiefer process, we define r(-,-) by 

Tis,t) = K(s,t)-iK(s,l), 0<s,i<l. 

Consequently {r(s,t); 0 < d,t < 1) ia a separable Gaussian process with mean zero and 
covariance function 

ETisui^Tist^,) = (sj A î -«iâj)(fi Af, -<itj). (2.2) 

We define 

I(n+l)«| 
$nis,t)=' n"1/2 E (HRin < «} - 'v1) , 0 < s < 1, 0 < t < 1 

0 , 0 < s < 1, t = l. 

Theorem 2.2. Let 0 < p < oo and q be a positive function on (0,1). TAen the following 
five statements are equivalent. 

(a) We have 

jf1(t(l-<))P/7,(t)dt<oo. (2.3) 

(b) There exists a Kiefer process {Kis,t); 0 < s < l,t > 0) such that with the 
sequence of stochastic processes rn(-, •) 

{r„(M);0 < s,t < l } = {^/'(«•(s.nt) -tK(3,n));0 < s,t < l } 

= {r(5,<);0 < s,t < l } for each n > 1, 

we Aave, as n —* oo, 

J J \ânis,t) -rnis,t)\'/qit)dsdt = op(i). 

(c) We have, as n -* oo, 

f f \ânis,t)\'/qit)dsdt Z ff \ris,t)\p/qit)dsdt, 

where {r(s,t); 0 < s,t < 1} M a Gaussian process as defined in (2.2). 



B. Szyszkowicz 225 

(d) With the sequence of stochastic processes rr,(-, •) as in (b) we have, as n -* oo 

f f \U'.t) - rnis,i)\'/:qit)dsdt = opil). 

(e) We have, asn-* oo 

ff\Us,t)\'/qit)dsdi Z ff\ris,t)\p/q{t)dsdt. 

where {r(a,t); 0 < s , t < l } is a Gaussian process as defined in (2.2). 

3. An application to the change-point problem. As mentioned already in the 
Introduction, in order to propose a statistic for the change-point problem, we put s = F(a) 
and consider ân(F(x),t) = 8fn(x,t). 
Theorem 3.1. Let q be a positive function on (0,1) and F be a continuous distribution 
function. Then, with I < p < oo, the following three statements are equivalent. 

(a) We have 

l\til - t)yf7/qit)dt < oo and f^ (F(x)(l - F(x)))',/2d: 
Jo J—oo 

x <oo. 

(b) One can construct a Kiefer process {Jif (F(x), t); x 6 R, 0 < t < 1} sueh that with 
the sequence of stochastic processes r„ 

{rn(F(x)Jt);x G R,0 < t < 1} = {n-1/I(/ir(F(x),0 - <iï-(F(x),l));x e R,0 < t < 1} 

S {r(F(x)l<);x € R,0 < f < l } /or each n > 1, 

we have, as n —* oo, 

f r |§„(x,o-rn(F(x),t)|"MO^t = 0|>(i). 
JO J - o o /0 J—oo 

(c) We have, as n-* oo 

/

ri r00 ~. f* f00 

/ I 0 J - o o 
where {r(a,t); 0 < 3,t < 1} is a Guassian process as defined in (2.2). 

f T \Snix,t)\'fq{t)dxdt Z f f" \TiFix),t)]'/qit)dxdt, 
Jo J—oo JO J - o o 

For example, assuming (cf. HoefFding, 1973; also Csorgo, Csorgo, Horvath, 1986) 

/ x2(log(l + x))1+4dF(x) < oo, with any S > 0, 
J—oo 
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we have 

jf jTls-^OI/Wi-O)^* ' f f* \riFix),t)]mi-t))dxdt. 
Consequently, in this weighted Xi-convergence in distribution, we obtain a most natural 
statistic (computable) for the change-point problem as formulated in (1.4) (cf. also the 
discussion of this problem in the Introduction). 

Similar applicable statistics-type results can be formulated also in terms of the other 
stochastic processes considered in this paper. 
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