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Geometrical integration of the connection equation
X’ = XX for so(3), su(2), e(2), s1(2,R), and s1(2,R)*

R.V. Chacon F.R.S.C. and A.T. Fomenko

Introduction. The equation of patallel transport, or connection
equation, is the equation X’ = KX where X is a vector and K the
matrix which results when the Christoffel symbols are contracted
with the tangent vector. We shall call any equation of this form
a connection equation, whether or not K is obtained in this way.

The main goal of the present paper is to present a new
method for the direct geometric integration of the connection
equation

) X’ (t) = K(t)X(t)

for the case when the matrix function K(t) belongs to one of the
canonical representations of one of; the folloviﬁg three-
dimensional classical Lie algebras:'

s0(3) of the orthogonal group SO(3),

su(2) of the special unitary group SU(2),

e(2) of the group E(2) (motions of Buclidean 2-plane),
sl1(2,R) of the group SL(2,R),

sl(z,R)+ of the group SL(Z,R)+ (motions of hyperbolic

plane),
in the case that the control force is curvature directed. It
is also shown that the reduction of the general case to this case
is equivalent to solving an ordinary differential equation.

Consider the connection equation

X'(t) = K(t)X(t)

where a s t s b is a scalar parameter, b-a > 0 is sufficiently
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small, and the function K(t) takes its value in a fixed matrix
Lie algebra g. The solution of the equation can be written
in the form. '

x(t) = ef(t)xca),

where H(t) is a g-valued function on the interval (a,b]. In
particular, X(b) = e"(b’X(a). Thus, if K(t) is a given curve in
the Lie algebra g, then we can correspond to it a new curve H(t)
which determines the evolution of solution X(t). Feynman [3]
found a formal expression for the solution of the basic equation
without proving its convergence. Later, Magnus obtained a
well-known differential equation, known as Magnus’ equation, for
H(t). The problem of calculating H(t) was also considered by
Bialynicki-Birula, Mielnik and Plebanski in ([4]. In 1976
Karasev and Mosolova (5] obtained an expression for H(t)
together with an estimate for its norm, basing their work on the
method developed by Maslov. K.T.Chen ([6] has obtained some
results about H(t) for special finite dimensional algebras.
The starting point of the present. work is Magnus’ equation.
There are two forms of the equation, depending on whether right
or left multiplication is considered. We shall only make use of
the second form.

Magnus’ EQUation.

a) H(t) in the formula x(t) = e?(%)x(0), vhere

X(t) satisfies the equation X’(t) = K(t)X(t), itself satisfies

dH(t) ady ) ey

ad"(t)

dt

e -1

H(t)

and b) . H(t) in the formula i(t) = X(0)e , where

X(t) satisfies the equation x'(t) = X(t)K(t), itself satisfies
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dHce ) adyee)
- . (-K(t)) .
-a
e H(t) _ 1

de

Remark. In the right side of the formulas there is an
operator function applied to K(t). This function is expressed as
an analytic function of the operator adn(t). As usual it is
necessary to consider expansions corresponding to these

. functions of the form

5 1
p; ad .
120 i "7R(t)

and to apply these operators to K(t) and to -K(t) where °

ad;(t, is a composition of the operator ‘dn(t)'

Magnus’ equations follow at once from the following lemma (see
e.g. [3]) since o isa non-singular matrix.

Lemma 1. Let m(z) = (eZ - 1)/z. Then
dce®t)y e = My(t) eB(t) o O(F) My(t),
wvhere
My(t) = m(ad;)G’(t) and M,(t) = m(-adg)G’ (t).

Proof :

8G(t+c) e(l-s)a(t))

1
(5(5*€) = B(tyje = (a/¢) [ AE

o

a5 ds

1
. I S6(t+c) [G‘“c’ - G(”] o (1-8)G(E) 4o
c

0
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As ¢ tends tc zero we obtain

1 .

0
Writing the integrand in a Taylor series about s = 0 gives

es(?(t) G’ (t) e-SG(t)

=G'(t) + (ady ) G'(t) s + (adg 2 e(t) (s?72) +...

and integrating from zero to one yields part a).
Part b) is obtained in the same way, but starting with the
integral of the derivative '

with respect to s of e(178)6(t+c) 8G(L),

Remark. The function k(z)

(]
k(z) =1+ % "2 zzP, where k(z) = -—,
p=1 P 1-e2% 2

used to define Bernoulli’s numbers is related to the function m(z)

of the lemma: k(z) = 1/m(z2)- (2/2).

Notation.

1) R’ - The commtative Lie algebra of diagonal (3x3) real
matrices.

2) so(3) ~-The Lie algebra of the grqup SO(3) = sv(2)/22 of
orthogonal proper rotations of Euclidean 3-space £

3) su(2) - The Lie algebra of the group SU(2) of unitary (2x2)-
matrices'with unit determinant. The algebras s0(3) and su(2)

4) are isomorphic. .

4) e(2) - The Lie algebra of the group E(2) of isometric proper



5)

6)

7

8)

9)
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transformations of the Euclidean 2-plaq9 E2.

‘81(2,R) - The Lie algebra of the Lie group SL(2,R) of all real (2x2)

matrices with unit determinant, so that SL(2,R) is the group of
symplectic linear transformations of the 2-plane, preserving the
area of the plane and having the origin as a fixed point.

s1(2,R)* -The Lie algebra of the Lie group SL(2,R)/Z, which is the
group of proper motions of the hyperbolic plane. In other words,
the group SL(2,R)* is the group of isometries of the 2-dimensional
pseudo-sphere in pseudo-Buclidean 3-space of index 1. The Lie
algebras s1(2,R) and s1(2,R)* are isomorphic.

dx(t)/dt = X(t)K(t) - the basic differential equation, where

X(t) is a vector function and K(t) is a matrix-valued function
whose elements are in g where g is a matrix representation of
one of the of Lie algebras mentioned above'

The matrix function K(t) can be viewed as a smooth curve in
Buclidean space 53, where this space is identified with one of the
Lie algebras RJ, so(3), su(2), e(2), sl(2,R), or s1(2,R)+.

The function K(t) is called the control force. The norm of

E® defines a natural norm of g, denoted by | | .

It is assumed that the control force K may be written in the
form K(t) = w(t)k(t) where both w and k are smooth functions

of t, where w(t) = 2|K(t)| and where k(t) = K(t)/ :|K(t)| if

K(t) = 0.

10) s denotes arc length along the curve k(s) considered as a

curve in the 2-sphere (respectively, the 2-plane, or the
hyperbolic plane).

11) The function H(t) is written in the form H(t) = 6(t)h(t) where

12)

X(t) = X(O)e"(c) . H(t) belongs to the Lie algebra g, and
where |h(t)| =1, @ = |H|.
adﬁ ;
dH/dt = ——————— (-K) - Magnus’ equation for the equation
-ad X' = XK.
e H._.,

13) K = K, + K; - decomposition of the control force K into the sum

of two orthogonal components in 53. The vector K passes through
the point h(t) on the unit 2-sphere s? » K, is the projection
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of K onto the direction of h and K; is the projection of K
onto the plane tangent to the sphere sz at the point h.

1.Control forces for so(3).

We turn our attention now to the case of the Lie algebra
so(3). The case of su(2) will be considered separately. The Lie
algebra so(3) can be identified canonically with skew symmetric
real 3 by 3 matrices, and these matrices can be identified in
turn with vectors in E°. These are the identifications used in
the discussion of so(3).

Consider the differential equation in E:

dX(u)/du = X(u)K(u), (1)
0o sust, where K(u) is a smooth vector-function with values
in so(3). The Lie algebra so(3) has been identified canonically
with vectors in E° and with skew symmetric matrices and
thus X(u)K(u) is defined in a natural way as the action of
the matrix K(u) on the vector X(u) by right multiplication
and is again a 3-dimensional vector. .

The solution of (1) may be written in the form X(t) = X(0)e
where H(t) satisfies the second of Magnus’ formulas. For example,
for the case of the commutative Lie algebra R" the
solution has the form

H(t)

IEKR(u)du
X(t) = X(0) e

so0 that H(t) = It K(u) du and in the general case H(t) satisfies
o

*'n (2)
H' = —ad (-K) .
H
e - 1
where adA(B) = [ AB); ad : so(3) -----> so(3) is a linear operator.

We note that it is simply a matter of choice whether right or
left multiplication is used in the fundamental equation, although
it is, of course, necessary to use the formulas which
correspond to the choice made. They differ by certain changes
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in sign which take into account the order in the product integral
ylelding the solution. This order is opposite for these two
cases.

Note that if a smooth curve K(t) is given, the curve
H(t) is determined uniquely near the unit. The converse is
implied by K(t) = ( (%)),

Any matrix (vector) P in so(3) can be written in the form
P = Ap, where A is a scalar and p is a vector. The matrix ef is 117
identified with the rotation of E having angle of rotation A
about the axis determined by p The matrices in so(3) have a
natural norm | | which coincides with the standard Buclidean
norm in E°. With respect to this norm, A = ¢ |P| , and if P = O,
P = P/|P|. 1If P depends on the parameter t then the vector p(t)
traces a trajectory on the sphere s? of unit radius contained in
E. we write the control force in terms of this
decomposition, K(t) = w(t)k(t), and assume throughout that
- both w(t) and k(t) may be chosen to be smooth functions of t.

I4fe PoBction H(t) is written in this way also, H(t) = 6(t)h(t).
It follows that € = t|H|, that w = :|K|. It also follows that
both h(t) and k(t) are unit vectors at points where the
corresponding functions are different from 2zero. As the
parameter t varies the curves h(t) and k(t) trace trajectories on the
unit 2-sphere sz, where s? ¢ E’. :

It follows from its definition that the curve H(t) starts
from the point 0 in 3-space. The natural parameter s is defined
to be arc-length for the the curve k(t) c ss. and it is
assumed that each parameter can be solved in terms of the other.
The parameter s is taken to be positive in the direction of
increasing t, and the point k t=0 is taken to correspond to the
value s = 0.

The authors thank A.Anisov for useful discussions.

2. Different types of control forces. Reduction to the curvature
directed case. '
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Definition 1. The differential egquation X’ = XK and the cor-
responding control force K(t) will be called degenerate on an
interval 0 st s T {if K(t) = Kb = const. In this case the
curve k(t) is a point, i.e. a degenerate curve, k(t) = k,
for allt, 0stsT,

Definition 2. The differential equation X’ = XK and the
corresponding control force K(t) will be called linear geodesic on
an interval 0 s t s T if K(s) = Wy k(s), where wo* O is some
constant and the curve k(s) is a segment of a geodesic line
on the 2-sphere, i.e. a part of a great circle, and consequently its
curvature r(s) is equal identically to zero. Here r(s) is the
curvature of the curve on the 2-sphere (not in the ambient EJ).
Thus, in the linear geodesic case the point k(s) moves with constant
velocity along the geodesic line on the sphere and the norm of K(s)
is constant.

Definition 3. The differential equation X’ = XK and the
corresponding control force K(t) is called A-curvature directed if

de(s)
A r(t) = uwt) —,
ds

where r(t) is the curvature of the curve k(t), A >0 is a
constant real number and t(s) is the parameter as a function of
the arc-length s. In addition the direction of rotation induced
is assumed to agree with the direction of rotation of the tangent
line to the curve.

If t = s, then the A-curvature directed force K(s) satisfies
the following condition:

A r(s) = w(s).

Remark. The vector K(f) may be interp.reted in the following
way: K(t) At represents the rotation of 3-space around the
axis k(t) with angle w(t) At.

In the case of a force which:is a-curvature directed we

have:
ds(t)
K(t) = A r(t) — k(t),
dt

where r(t) is the curvature of the smooth curve k(t) in the 2-sphere
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(not in the ambient 3-space) and s = s(t) is arc-length. It is
assumed also that the curve k(t) is regular with non-zero
velocity vector k’. The norm of k’(s) is equal to 1.

Lemma 1. The equation X’ = XK = Xwk i3 A-curvature directed if and
only if a) after its parameter is changed to arc-length s (along the
curve k with a curvature r on the 2-sphere) the norm w(s) of the force
K(s) is equal to A r(s), vhere r(s) is the curvature of the curve
k(s) on the 2-sphere, and b) the direction of rotation induced by
K is the same as the direction of rotation of the tangent vector
to k(s).

The proof follows at once from the definition of a a-curvature
directed control force: if X’ = XK, then X, = Xuty k = = Xark.

Proposition.

a) It is possible to find a parameter-dependent change of
coordinates X(t) = Y(t)A(t) which transforms an arbitrary connection
equation into one which is A-curvature directed, for any A = O.

b) This parameter-dependent change A(t) is determined by
an scalar ordinary differential equation of third order.

Remark. It is easy to see that there always exists a
parameter-dependent coordinate change which transforms the basic
equation to one of form Y’ = 0. We need only consider X(t) = Y(t)e
But to find this transformation we need to solve a problem
which is equivalent to the initial problem. The Proposition
states that we can find the necessary change of coordinates by
solving a specific ordinary differential equation of third
order, and thus reduce the problem of integrating the basic
equation to the curvature-directed case. This last case is shown
be solved by a simple geometrical procedure.

H(t)'

Proof. To see this, we substitute X = AY in the equation
X’ = KX to obtain AY’ = KAY - A’Y, from which it follows
that ¥’ = GY, for a new control force G = A (KA - A°). It
remains to show that A may be chosen in such a way as to make the
control force G A-curvature directed. That condition. may be
written
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G(t) = A r(t) (dsy/dt) g(t),

vhere g(t) = G(t)/|G(t)|, and r(t) is the curvature of g(t). Writing

r(t) in terms of g’(t) in this equation yields that the condition for

the control force G to be A-curvature directed is a third order

equation for the coefficients of the matrix A(t) 'y
The Proposition is proved. ’

3. Geometrically similar differential equations.
Definition 4. Two differential equations
X; = X(t)K(t) and Y. = Y(T)P(T) (3)

will be called geometrically similar if after the parameter of
each equation is changed to their corresponding arc-lengths we obtain
the equations: X’ = X(s)ﬁ(s) and Y’ = Y(s)ﬁ(s) with the following
relation: )

K(s) = m(s)P(s), ' (4)
where m(s) is a smooth scalar function of &

Remark. It is clear that k(s) = p(s) for geometrically similar
equations, i.e. the corresponding normed curves on the 2-sphere
coincide. '

The notion of geometrically equivalent equations can be reformu-
lated in the following way.

Definition 5. Two differential equations X; = X(t)K(t) and Y7 =
= Y(T)P(t) are called geometrically similar if there exists a
time-transformation t = t(t) such that

K(t(T))t, = m(T)P(T)
for a scalar function m(T).

Lemma 2. Definitions 4 and 5 are equivalent.

Proof. We have: X; = X_ T, = X(t(t))K(t(t)) and X; =
= X(t(t))(K(t(t)t;). Let us put X(t(T)) = Y(t), then we obtain:

Y. = Y(T)K(t(T))t, and Y. = Y(t)P(t). If K(t(t))t% = m(Tt)P(T).
then with respect to the natural parameter s this collinearity
relation will be preserved.The lemma is proved.
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If we fix some value of t, then at any point X on S2 we
obtain the vector XK(t) which is tangent to s2 because K(t) is a
skew-symmetric matrix. The vector field XK necessary has zeros on
the 2-sphere (when the vector X belongs to the kernel of the
operator K). For each non-zero.vector XK we can consider the
straight line in the direction of this vector, and passing
through X (if XX = 0, then such a line cannot be determined). Thus,
ve obtain a 1-distribution v(t) of straight lines tangent to the
sphere. This distribution is defined, in general, at all
points of the sphere except the two opposite points which
correspond to the (in general) one-dimensional kermel of K(t).
The distribution v(t) depends on t. As t changes the
distribution also changes.

Lemma 3. Two equations (3) are geometrically similar if and
only if their 1-distributions are equal for all t..

Let us note that the coefficient of collinearity m(t)
depends only on the parameter t and does not depend on the choice
of the point X(t) on the 2-sphere.

The proof follows at once.

Remark. The integral curves of two geometrically similar

equations can clearly be different.

4. Every non-degenerate equation X’ = XK 1is geometrically
similar to a A-curvature directed equation.

Statement 1. Suppose that the normed curve K(t) = K(t)/w(t)
has non-zero curvature for all values of t in some time-segment.
Then the equation X’ = XK is geometrically similar in that time
segment to a A-curvature directed equation for any given fixed A.

Proof. Rewrite the equation X’ = X(t)K(t) with respect
to the natural parameter s. We obtain X’ = X(s)ﬁ(s), where E(s) =
K(t(s))t’. Consider the new equation

K(s)
Y = Y(s) — ar(s), (5)
IK(s)|

where r(s) is the curvature of the curve k(s) = k(s) on the
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2-sphere. Then m(8) = r(s)/ i(s) and these two equations are
geometrically similar. The second equation is clearly A-curvature
directed, so that the statement is proved.

5. Bicycle wheel coordinate systems and their corresponding rotations.

Consider the basic equation (1) with respect to an arbitrary
parameter and define a moving coordinate system on the
2-sphere in the following way. Let 1(0) be the fixed axis in EJ which
is determined by the vector k(0). This axis meets the unit
2-gphere at the point k(0) = N = the north pole.

Consider on the sphere a fixed system of meridians and

parallels with north pole N. Define the first meridian or

initial Greenwich meridian u(0) to be that meridian tangent to
the curve k(t) at the point k(0), with positive direction in the
directionof increasing t. This fixes a bicycle wheel with axis
1(0) determined by k(0). Now we start to rotate this coordinate
system or bicycle wheel around the axis 1(0) with angular velocity
Ww(t)/A.

Then a second independent motion is imparted to the coordinate
system or bicycle wheel: the axis 1 moves along the curve k(t) on
the sphere. More precisely, at time t the axis I(t) has position
determined by k(t).

Finally, we can consider the motion of the ccordinate system
(with marked first Greenwich meridian) which is the composition of
these two independent motions:

1) the motion of 1(t) along the curve k(t),

2) the rotation of the meridian system with north pole at the
point k(t) around the the axis l(t) determined by k(t) with
angular velocity w(t)/A.

This determines a rotating coordinate system on the 2-sphere
uniquely. '

Definition 6. We call this coordinate system a,(u/k)—bicycle
vheel system. For each moment t we obtain a resulting
rotation g(t)A of the 2-sphere. We call this rotation the resulting
(w/A )-bicycle wheel rotation.

This construction may be described in slightly different terms.
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Consider the curve k(t), OstsT, and divide it into the union of
small segments by considering the set of close points k(ty). 1f
the north pole is located at the previous step at the point
k(ti-l) with the Greenwich meridian at a certain location, then
the north pole and meridian are moved by parallel transport from point
k(ti-z) to the point k(t;) and afterwards the sphere is rotated about
the axis k(t;) by angle w(t,)(t; - ti /A . The rotation g(t), is the
result of applying these steps as i = 1,...,n, and then taking
the limit as the maximal distance between the points tends to
zero.
Remark.The (w/A)-bicycle wheel coordinate system was defined
by a direct construction. Consider the mechanical motion of the
rigid ball which is induced by the motion of the described
coordinate system on the sphere. At each moment t the rigid ball
has a vector D(t) as its vector of instantanecus angular
velocity. The vector D(t) in qeneralldoes not coincide wvith the
vector K(t) The vector X(0)g(t), is the solution of the
differential equation

X = XD(t)A.

Consider the (w/A)-bicycle wheel rotating system at the moment
t = 0 and the position of this system at some other moment C.
The last system is obtained from the initial one by the rotation
g(c)A of 3-space. Consider the positioh u(t)A of the Greenwich
meridian at the moment t. It is clear that the Greenwich
meridian H(t), is the image of the initial Greenwich meridian
#(0) under the action of the rotation g(t)l. Sometimes
“we will omit the subscript A in the notation for the Greenwich meridian.
Consider the following natural questions:
1) How is the rotation ga(t), calculated as a function of
the control force K(t)?
2f what is the connection between the axis k(t) and the
axis d(t)l?
These questions are addressed in the next sections.
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6. The Main Theorem for s0(3).
The principal result proved in this gection is that if K(t) is
2-curvature-directed, then the equation X’ = XK may be solved by a
simple geometrical procedure.

Statement 2. For any smooth control force K(t) the curves
k(t) and h(t) start from the same point k(0) = h(0) on the 2-sphere
and are tangent at this point.

Theorem 1. Geometrical solution of the equation X’ = XK in
the degenerate case and in the linear geodesic case.
1) If K(t) = K, = a constant vector, the degenerate case, then

0
H(t) = tK,, i.e. the vector H(t) is alvays collinear with K . Thus,

tK
X(t) = X(0)e © (6)
for all t.

2) When K(s) = uok(s) is a linear geodesic control force,
i.e. k(s) moves along a great circle wvith unit velocity |k | = 1
(here t = s is the natural parameter) and with constant norm w, ,
then there exist parameter dependent linear coordinate
transformations which can be written explicitly and which reduce
the initial equation X’ = XK to the degenerate case (1).

Theorem 2. Geometrical solution of the equation X’ = XK in
the case of a 2-curvature directed control force K.

a) Consider a 2-curvature-directed control force K(t) (i.e.
with a curvature r(t) s 0 and 2r = w dt/ds ) and a corresponding
normed curve k(t) = K(t)/w(t) on the 2-sphere. consider two
meridians (great circles) u(0) and u(t) tangent to the
curve k at the starting point k(0) and at the end point k(t)
respectively. Then the point of their intersection is exactly the
point h(t). The angle between u(0) and u(t) is equal to e(t)/2.

b) Thus, the solution of the problem has the form
X(t) = X(0) ea(t)h(t) (7)
wvhere 6(t) and h(t) are described above.

Remarks. )

1) The Greenwich meridian p(t),..,, is always tangent to the
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curve k at the point k(t) for any t. Consequently, the u(t) which
is tangent to the curve k at the point k(t) is exactly the
meridian u(g)l_uz for a (A/2)-bicycle wheel coordinate system
along the curve k. We will denote the meridians “(t)x-nlz simply
by u(t).

2) The evolution of the point h(t) and the value 6(t) is
totally determined by the two tangent great circles to the given
curve k an its starting and end points. The first circle is
fixed, and the second circle is free to move.

Corollary 1. In the case of a 2-curvature-directed control force
K the point h alvays moves along a fixed great circle on the sphere.
This circle is the meridian wvhich is tangent to the curve k at its
starting point k(O0).

Thus, the point h(t) is the intersection of a fixed circle
#(0) with the moving circle u(t).

Corollary 2. Assume that the curve k has non-zero curvature near
its starting point k(O) . Then the initial segment of the
curve h(t) goes in the direction of convexity of the curve k (outside
of k).

7. Proofs for so(3).
7.1. Proof of Theorem 1.

It is easy to see that in the degenerate case, where K =

Ko, a fixed vector in EB, that the solution of (1) has the form
K t s
X(t) = X(0)e 0", The curve k(t) then consists of a single point k =

Ko/ |kl (we assume that K, » 0). Then H(t) = K,t and is
collinear with K , so that 6(t) = |K,| t. Part 1 of Theorem 1 is
thus proved.

For the proof of part 2, assume without loss of generality
that W, = 1. In that case X’(8) = X(s)k(s), i.e. w(8) = 1 and
k(s) traces a segment of a great circle on the 2-sphere. Because
the point k(s) moves along this segment with velocity which has
constant norm ( = 1), the vector k(s) rotates uniformly
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around a fixed vector a in E2. It follows that if we identify the
vector k(s) with its coiteaponding skew-symmetric matrix, also
denoted by k(s), then:

’ k(s) = e K(so) e
for some constant real skew-symmetric matrix 4. Denoting k(s,)
by Po, we have:

as -As

K = 28 P, e™s, (8)
where e?® is an element of the orthogonal group SO(3). Formula
(8) represents the rotation with uniform velocity of the vector P
around the fixed axis a. Then we have:
X, =X eAs P, e? ana x M axet P, , and therefore

ells ASP‘

(x e ) - x (e2®) =x ' P, (9)

Since A = const, it follows that ( e‘s ) =4 e‘s = e‘s a.

We use here the fact that the matrices e‘s and A4 commute for
constant 4.

It follows from (9) that: as

(xe?® )y = xe?*a+xp

0 = (xe? )a+p,).

As

Let Y=Xe then Y’ =Y ( A+ Po ), or

YBYBO, Bo=A+Po.
Theorem 1 is proved.
7.2. Proof of Statement 2.

Consider the smooth curve k(t) starting from the point
k(0) and the smooth curve h(t) starting from the point h(0). We
want to prove:

The two curves k(t) and h(t) (vhere t z 0) start from the same
point, i.e. k(0) = h(0) and these curves are tangent at that
point. This implies that the initial meridian u(0) is tangent
to both curves k(t) and h(t) for t = 0.

Consider the curve K(t) and a small time interval At
Since the function K(t) is assumed to be smooth, it can be
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approximated on At by a linear segment with ends at (0,K(0))
(At,K(0)+AK). This linear approximation has the form:
K(t) = K(0) + tAK /At, O s t s At. Let us calculate the
approximation of the function
H(At ). We have:

H(At) = "1 - Hz + ce0
(alternating signs) where the first two homogenecus terms are
given in section 3 of [9] to be

At At u
= J K(u) du, Hy = (1/2) 5 [ K(u), § K(v) dv )du.
o v=0

H
: u=0

1

At
We may therefore write B = J (K(0) + uAK /At )du = K(0) At + AtAK /2
o

= (K(0) + AK /2)At.

At u
Further, H, = (1/2) § [K(0) + ubK /At , § (K(0) + vAK /At)dv ldu =
2 u=o v=0

At
=(1/2)f [K(0) + uAK /At , K(O)u + u2AK /2At ldu =
o

At
=(1/2) § (IK(0), u2AK s2At ] + [ uAK /At , K(O)u ] + [ uAK /At ,
o]

At

uAK /28t ))du = (1/2)f [K(0), AK ] ( u2/28t - u?/At )du =
)

1
2 - — (At)z [K ,AK ). Finally, we obtain the following formula:
12 :

H(At) = (K(0) + % AK )At +

15 (ae)? Ik Lak )+ L.
Note that K(0) + (1/2) AK is approximately egual to K(At/2).
Normalizing all terms, we obtain that the vector h(At) is
approximately equal to the sum of the following vectors:

h(o) + k(At/2) + clk(0), 8Kk(0)],
where ¢ is a small constant and therefore h(0) = k(0). More
precisely, € = (Ac)z/xz and is of second order with respect
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to At. Statement 2 is proved.

Remark. The vector (K(0), AX) is orthogonal to both vectors ,
K(0) and AK, because the commutator [ , ] is the usual .
cross-product of vectors in 3-space. Therefore the triangle
with vertices k(0) = h(0), k(At) and h(At) has segments
k(0)-h(At) and h(At)-k(At) of approximately equal length.

7.3. Transition from so(3) to su(2).
Simplification of Magnus’ equation for the
case of the Lie algebra su(2).

In this section a calculation is given of an equation
which is equivalent to Magnus’ equation in the special case of
su(2). First recall some standard facts about so(3). This Lie
algebra is the linear space of all 3 x 3 skew-symmetric matrices
X, X" =-X. The Lie algebra so(3) is iscmorphic to the Lie
algebra su(2) of the group SU(2). The equation is used for the analysis
of su(2), and the isomorphism then yields information about
the solution of Magnus’ equation for so(3).

The Lie algebra su(2) is the linear space of all skew-Hermitian
(2x2) -matrices with zero trace. The three matrices

- 10 - o 1) _ o i
& 2°lo-1|" € 2° |-10|* 3= |1 o}
form a basis of su(2). Their commutation relations are:

( e1/2. ez/z ]} = 93/2

eee0eo0ssevesev00000 0

Bach matrix B from su(2) can be represented in the form 68,
where 52 = -E, E = identity matrix. The matrices of su(2) are
denoted by a letter with the symbol ~ over the letter in order to
distinguish them from the matrices of so(3) which are denoted by
plain letters.

The three matrices
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o 0 1 0o 0 1 o 0 1
e = -10 0|, e, = -10 O ’ e,= -10 O
o 0 O o 0 O 0o 0 O

form a basis for so(3). Their commutation are:

..............

..............

Bach matrix H from so(3) has the form H = 6h, where 6 is the
angle of rotation of 3-space around the axis determined by the
unit vector h.

To establish the isomorphism between su(2) and so(3) we
define the following mapping:

Vv: e /2 ----- >e .

The matrix 6fi/2 is mapped by V to the matrix 6h, so that
& . oh/2

where the symboi e is used for the exponent for SU(2) and the

symbol exp for SO(3).

These formulas are a reflection of the fact that the group
SU(2) is a 2-fold covering over the group SO(3). Thus, if we take
a matrix exp H = exp 6h in SO(3), where & is the angle of rotation
in E’. then one of its two preimages in SU(2) is a matrix which
has norm 6/2.

In what follows we shall work only in su(2) will omit
the symbol ~ for simplicity. To go from su(2) to so(3) we need
simply to multiply all norms (in particular, 6 and w) by the
coefficient 2.

) Thus, we can write any matrix (vector) H from su(2) in the
form H = 6h, where h? = -E where E is the identity matrix. We can
also introduce a norm | | in su(2) in such a way that 6 = |H|
and |h| = 1. When t changes we obtain a curve h(t) on
the 2-sphere sz, given a curve H(t) in su(2).

Any element Y from su(2) is a skew-Hermitian complex
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(2 x 2)-matrix with zero trace:

Y=| 2 -ia -u + iv  -ia , where a, u, v are

ia =z ] [ ia u + iv
real numbers.

Remark. It is also possible to rewrite our calculations and
theorems in the terms of quaternions, suggesting possible
extensions to the case of so(n) using Clifford algebras.

Lemma 4. Each matrix Y from the Lie algebra su(2) can be
written uniquely in the following form:

Y = 6h , (13)
1 -'l' 172
where 920, 6= |Y | =(; TraceYY )’ , and h is a

skew-Hermitian (2 x 2)-matrix wvith zero trace, such that h2 = -E,
where E is the identity matrix..

Proof. If Y € su(2), then Yz = -OZE where E is the 2 x 2
identity matrix and 6 = (a® + u? + 9'2)"z =]lY| =

172
= [( 1/2) trace YY') . This implies that Y = 6h where |h| =1

(hence n2 = - E) and @ = |¥|. .Since H = H(t) belongs to su(2),
we ‘can write H(t) = 6(t) h(t), where 6 = | H |; 12 = -E; | n] =1
Lemma 5. The folloving formula for the exponential mapping
exp: su(2) ----> SU(2) 1s valid:

e” = Ecos ® + h sine. (14)

-~

The proof follows from the expansion: e" =¥ ) H® and H =
n

=6eh, h%e-E.

If H is a function of t, then so are @ and h. Thus, h = h(t)
is represented by a curve on the unit sphere s? in 3-space E’-

= su(2). Consider the vector-functioé h’ = — h(t) in E® and its
norm | h*| . de

Remark. The norm |X| of the matrix X in su(2) is equal to the
usual Euclidean length of the vector X representing the matrix X in
R? = su(2). '

Consider the point h(t) on the sphere s? and
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attach the given known vector K(t) to the point h(t). Consider
the tangent plane Thsz to the sphere sz at the point h e s2. Then
the vector K(t) can be wvritten as the sum of two vectors: K =

= Ku + K; , where K, is parallel to the radius-vector h, and K1

is in the plane Thsz . For every t we thus have a unique
decomposition:
K(t) = K, + K, (15)
at the point h(t).
Statement 4.
1) Magnus’ equation

K(t) = e H(E) A(t)y, op pr = —— (k)

for the function H(t) in the Lie algebra su(2) is equivalent to
the following vector equation in 3-space 53 '

6'h + h’ cos @ sine - hh' sine = K, (16)

where hh’ denotes the usual product of two (2 x 2)-matrices h and
h’ from the Lie algebra su(2).
2) The previous equation (16) is also equivalent to the
folloving system of two vector equations in 3-space EJ:
e’h =K, ,
(17)
|h| sine@ (acos® + axhsine )= K .
Equations (17) are the orthogonal projections of equation (16) on
twvo orthogonal subspaces in 23: the tangent space to sphere
at the point h(t) and on the radius-vector h(t). In
equation (17) a« x h is the usual cross-product of two vectors
in E° and H(t) = e(t) h(t) , K(t) = K (t) + K, (t).. -

3) Magnus’ equation can also be written in the following
form (one vector equation and one scalar equation):
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b = (h+Ectge )k,
(18) ‘
e =<K, h> A

Here ve muléiply the (2 x 2)-matrices from su(2) in the usual sense. |

Remark. It is easy to see that the product hh’ of two |
matrices h and h’ from su(2) (where hz = -E) again belongs to
su(2) (see the proof below).

Proof. Differentiate with respect to t:

() ) o (cose + hsine ) = -6 sine + h’ sine +

+ h 6’ cos 6. We then have

K(t) = e'ﬂ(t’( -0’ sine + h” 8in©® + h e’ cos ® ) and thus
(cose® - hsine ) (-6 sin6 + h’ siné + h e cos 6 ) =K.
This implies

-6’ cos @sine® + h’ cos®siné6 + he’ COsz e + he’ sln2 e
-hbh sin®e - n2 e’ sin 6 cos @ =K.

Since hZ = -E, this implies that

h’ cos ©sinée + he’ - hbh’ sin® e = K, which is

equation (16). We have proved the first part of Statement 4.

Write h’ = |h’| @ , where o> = -E. since h =1
it follows that the vector a is orthogonal to the vector h. Since h
and h’ belong to su(2), they are skew-Hermitian matrices with zero
trace.

Since h2 = =-E, we have ( h2 )’ =0 and so hh’ + h’h = O,
and hence hh’ = - h’h. Tﬁus,

1
hh’ = 3 ( hh’ = h’h ) = 3 { h,h* ) = h x h’, where h x h' is
the usual cross-product of vectors in E>. In particular

1 .
(because hh’ = 3 { h,h* ) ), the product hh’ again belongs to
su(2).
1
Remarks. a) The equation e"(‘)x(c) = (e"‘t))' follows at once
if X(t) = X(0) e"(t) is substituted into the connection eguation

X’ (t) = X(t) K(t). The substitution yields
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x¢0)ef(t)xce) = xc0)ce(t)),

from which the equation follows, since it holds for all X(0).

b) A direct calculation (since az +ud s vz = 1)

shows that
ia u+iv ia’ u’ +iv’
[-u+iv ‘ -ia ] [-u'+1v' -ia'] -
-aa’ - uu’ - vy’ + i(uv’ - vu’) (-av’ + va’) + i(au” - ua’,
zero
(-va’ + av’) + i(-ua’ + au’) -yv’ -uu’-aa’ + i(-uv’ + vu’)

Thus, equation (16) may be rewritten in the following way:

he + h sine (acos® - hxasine ) = K.

Since both vectors a« and « x h are orthogonal to h,
the vector a cos @ + o x h sin @ is tangent to the 2-sphere s? at
the point h(t). Thus, h 8’ = Ku and

h sine (acos® + axhsine ) = KL.

The second part of statement 4 is proved.

Equation (16), that

h* cos 0.sin @ + he - hh sine = K = K, + K,
implies
6’h = K, and N’ sine (Ecos® + hsine ) = K ,

and thus
h’ sin 6 eeh = Kl .
We therefore have that
" 6h
h = KL Frm——— and 8 =<K, h>.
sin e

The first equation may be written
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Ecos @ - hsiné

h =K ( ) = K, (Ectge - h).

sin @

Since K, is-orthogonal to h,it follows that K, h = -=h K, and
thus h* = (h + Ectge ) Ki. The 3rd part of statement 4 is
therefore proved, and this proves all of statement 4.

Remark. Magnus’ equation can be also be given in the
following equivalent form:

1
h" == [h K] + K, ctg @

2 o (19)
o'h = K,

Since h and Kl anticommute

1 1 1 1
'[hnxl"E[h:x‘l‘*Ku]’5[h,K1]='2‘(hK1-th)

= h K; ., and thus (19) holds..

7.5. Geometrical interpretation of
Magnus’ equation for su(2).

The vector function K(t) is the given function, but we
know its decomposition K = K, + K, only if we fix the point
h(t) on the 2-sphere. This dependence may be written
explicitly : K(t) = K“(h(t)) + Kl(h(t)). The left side of this
formula is known for all t, but the two vectors K, and K, are
known only if we fix the point h(t) on the 2-sphere.

Consider the tangent plane to the 2-sphere at the point
h(t). We have two orthogonal unit vectors « and « x h , where
a = h’/|h’| , in this plane. The vector K, also belongs
to the same plane. Consider the point P on the vector a x h at
distance |h’) from the initial point h(t).

Lemma 6. The second of Magnus’ equations (17) (which
contains the force K1) is equivalent to the following geometrical
picture: the end of the vector Ki alvays belongs to the circle S
on the tangent plane, tangent to the vector a« at the point h(t),

1
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having diameter h’, and center along a x h. The angle between the
vectors Kl and a is equal to 6 (in particular, wve obtain a
geometrical interpretation of the function @ = |H|).

proof. Write h’ = |h’| « and rotate the vector « in the
positive direction by angle €. We obtain the vector
acos ® + axh sin 6. If this vector is multiplied by the scalar
h* sin 6, we obtain a point M on the circle sl, and the angle
between the diameter and the segment MNP is equal to @, where P is
the point on s! determined by « x h. The vectors a« and a x h are
unit vectors and are orthogonal,and therefore
acos ® +axhsine is aunit vector. By (17)
K = h* sin 06 (acos® + axhsine ), and the lemma
is proved.

Lemma 7. If K is the control force, then Magnus’ equaiion
gives the following geometrical picture: the angle between h’
and K, is equal to 6.

The proof follows immediately from Lemma 4.

Lemma 8. The following formulas are valid:

e = | K, . |p|=I K, | 7 sin e. (20)
The proof follows immediately from (17).

7.6. Decomposition of Magnus’ equation in su(2) with respect
to meridians and parallels.

The vector K(t) is the axis of the bicycle-wheel coordinate
system on the 2-sphere, and is the vector of angular
velocity of meridians around the axis K(t) at the moment Ct.
The end of the vector k(t) can be taken to be the north pole
N(t). Let u be the meridian and m the parallel passing through
h(t) on 82. Let L be the vector which is the
linear velocity of the point h induced by the rotation of the
meridian p around the axis k(t) with angular velocity o , and let
vector R = ctg 6 K*. It follows that the vector L is tangent to
the parallel n and that the vector R is tangent to the meridian u.

Lemma 9. The equation h’ =L + R is equivalent to the
vector part of Magnus’ equation (18), and is the orthogonal
decomposition of the velocity vector h’ into the sum of two
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orthogonal vectors tangent to the sphere in the direction of the
parallel n and the meridian p. Thus Magnus’ equation may be
wvritten

h’" =L +Rand 6 = < K,h > (21)

Further, R

L = wsiny, R smwctgwsiny, 6 =wcosy (22),
wvhere y is the angle betwveen the vectors h and k.

Proof. Since L is the vector of angular velocity of the
point of the meridian u which is occupied at time t by h(t),
it is tangent to m and |L| = w sin y. Also |K;| = w cos y
and |K | = w sin y.

The vector K, is tangent to the meridian p because
K, = K - K,. The vector K is always oriented in the
direction of the north pole N. Thus, the vector hK, is orthogonal to
the vectors h and K, and consequently, hx,_ is parallel to the
vector L. On the other hand, we have that |bK,| = |K | = |K| siny =
= wsiny, i.e. |L| = |BbK |, and thus L = IK,.

Since R = ctg @ K, , it follows from (18) and the equality
L=hKk that h* =L +ctg@ K =1L + R. The lemma is proved.

7.6. Proof of Theorem 2 for so(3).

Let us return to so(3) and consider a 2-curvature-directed
control force K. Then Magnus’ equation may be written
h"‘-sL and h;.:R.

w e
Ih"‘l = |L] = — ctg — =siny ,
2 2

(")
Ibgl =|Rl=73in)'- :

e’/2 = (W/2) cos y or: 6’ = wcosy,
the angle between h’ and meridian u is equal to 6/2,

where h“‘ is the projection of h’ on the meridian and h; is the

projection of h’ on the parallel, the direction orthogonal to u.
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Lemma 10.

a) If K(t) is a 2-curvature directed control force in so(3),
then the Greenvich meridian u(t) is alvays tangent to the curve k
at the point k(t), where the meridian u(t) is the image of the
initial meridian u(0) at the moment t under the rotation of the
(w/2)-bicycle wheel coordinate system. .

b) The point h(t) does not move in direction of the parallel
vith respect to the moving (w/2)-bicycle vheel coordinate system on
the 2-sphere. Thus, the point h(t) always belongs to the
moving meridian u(t) and can move only along u(t) and the point
h(t) is exactly the point of intersection of the moving meridian
pu(t) vith the curve nh(t).

Proof. a) Assume for simplicity that the parameter t along
the curve k is arc-length, t = 5. Then the first statement of the
Lemma follows from the well known interpretation of the curvature
of the curve as the velocity of rotation of the tangent vector to
the curve. The initial Greenwich meridian u(0) is tangent to the
curve k at the point s = 0. The meridian u(s) has the form
g(s)u(o0), where g(s) = 9(8)1/2 is the resulting (w/2)-bicycle wheel
rotation. Because K is 2-curvature-directed, we have that w(s) =
= 2r(s), where r(s) is the curvature of k (in the sphere, not in
ambient EJ). It is well known that the derivative of the angle
rotation of the velocity vector of the plane curve is equal to
the curvature of the curve with respect to arc-length. This
concludes the proof of part a) in the case that the parameter is
arc-length. The case of arbitrary parameter t obviouslﬁ follows
from this.

b) Consider the moving coordinate system. Because L is the
orthogonal projection of the velocity vector h’ in the
direction of the meridian, we see that the component of the
velocity h’ in the direction of the parallel coincides with the
linear velocity of the point h(t) of the meridian induced by the
rotation of the moving coordinate system around the axis k(t).
The motion of the point h(t) of the meridian is the sum
of two motions: the motion along the tangent line (the. velocity
of which is equal to k’) and the rotation of the meridian about
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the point k(t) with a velocity w(t)/2. This means that the

horizontal component of the relative velocity of h(t) with respect to
the moving coordinate system is identically zero. Thus, the point .
h moves only along the meridian u in the moving coordinate
system. The lemma is proved.

Lemma 11. The point h(t) remains on the initial meridian
u(0), so that h(t) is the point of intersection of the meridians
Ku(0) and u(t).

Proof. We will give two proofs. The first proof is based on

the properties of the product integral. Recall that
t t

g(t)e M) o 1qm N1 e W m
N

where Ki = K((¢ed)/N), 1 = 1,...,N.

Consider motion along the curve k(t) in the opposite
direction: from the point k(t) to the point k(0). Then
the resulting rotation g(t) similarly equals

-t -t
g(t)= eﬁ(t) = 1im e—ﬁ_xh ...eN 1

Noo
Repeating the arguments used for the rotation g(t) we obtain

that the Greenwich meridian u(0) = u(t) is tangent to the curve k at the
point k(0) = k(t). Further, R(t) e ji(t) = u(0), and from

-t -t t t -1
= K —K —_—K —K
eft) o jim e NN N1 | i;m [e N2 e.e N ¥ =
N Noo
~H(t)
= e

it follows that h(t) = - h(t). This implies that h(t) € u(0). The
lemma is proved. We also give a second proof.

Consider the time-interval (0,t) and introduce the parameter
u along the curve k from u = 0 up to u = t. Then we consider
another differential equation connected with the initial one,
namely: *

X' (v) = X(V)K(V),

where v =t ~u, u=t-v and X(v) = X(t - v) = X(u).
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Then we have:

_ d d d
X'(v) = — X(t ~Vv) = =« — X(t - V) = -« — X(u).
. dv du du

Thus, X'(v) = - X;(u) = - X(u) K(u) = X(v) (- K(u)).

On the other hand, X’(v) = X(v) K(v). From this comparison we see
that
K(v) = - K(u).

— - Hv) _ - H(t)
Thus, X(v) = X(0) e , X(t) = X(0) e ,

x(0) = xct) ?(t) ana x(t) = x(0) e #(t), This implies
H(t) = - ﬁ(t). Then we repeat the arguments of the first proof.

Remark. The proof of Lemma 11 shows that the inverse motion
along the curve k corresponds to the force G(u) = -F(t - u) =
= -K(u). The motion from k(0) to k(t) rotates the tangent
meridian ¥ in a counter-clockwise way. The motion from k(t) to
k(0) rotates the tangent meridian in a clock-wise direction.
Theorem 2 is proved.

8. Direct geometrical integration of X’ = XK in su(2)
for 1-curvature directed forces K.

Theorem 3. :

a) consider the equation X' = XK on su(2), vhere the control
force K(t) is 1-curvature-directed (i.e. vith a curvature r(t) = 0
and r = w dt/ds ) and the corresponding normed curve k(t) =
K(t)/w(t) on the 2-sphere. Consider two meridians (great circles)
p(0) and p(t) tangent to the curve k at the starting point
k(0) and at the end point k(t) respectively. Then the point of
their intersection is exactly the point h(t). The angle
between p(0) and p(t) is equal to 6(t).

b) The solution of the problem for su(2) has the form

x(t) = x(0) 2(tIM(C)
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where 6(t) and h(t) are described above.

Remark. In this case it is necessary to consider a w-bicycle
wheel coordinate system, as opposed to the (w/2)-bicycle wheel "
cocordinate system of so(3). The Greenvich meridian p(c)hcl is
tangent to the curve k(t) for all values of t. The evolution of the
point h(t) and the scalar 6(t) is determined by the two tangent great
circles, the first at the starting point, and the second at k(t).

A\

Corollary 3. In the case of a 1-curvature directed control force
K on su(2) the point h alvays moves along a fixed great circle on
the sphere. This circle is the meridian wvhich is tangent to the curve
k at its starting point k(0).

The proof follows from section 7 by replacing 6/2 and w/2 by
6 and w in all formulas.

9. Direct geometric integration of the equation X’ = XK
for e(2) in the 2-curvature directed case.

Consider an infinitely small neighborhood of the point k(0)
on the sphere sz and assume that we analyze the evolution of the
system X’ = XK only in this infinitely small region of the sphere.
Then the action of the Lie group SO(3) in this region is equivalent
to the action of the group E(2) of motions of the Euclidean 2-plane.
This implies that Theorem 2 is still valid for e(2)-case without
any major changes. '

We can identify the Lie algebra e(2) with Buclidean 3-space.

Fix a 2-plane (in 3-space = e(2)) which represents the
Buclidean plane Rz where the Lie group E(2) acts (by rotations
and parallel transport). Recall that any element of the Lie
group E(2) is a rotation about a point of the 2-plane, or else
parallel transport by a certain distance in a certain direction
on the 2-plane.

The vector function K(t) will be assumed to be in the part er(a)
of the algebra e(2) which is mapped to rotations under the exponential ':
map. This part of the algebra can be naturally identified with
vectors of length w(t) which are orthogonal to RZ, the initial
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point representing the point about which the rotation takes
place.

The curve k(t) of initial points on the plane of vectors of
unit length (= K(t)/w) is a plane curve and its curvature is the
usual curvature of the curve in the Buclidean plane. We have thus
replaced s? of so(3) by the 2-plane. The point h(t) traces a
trajectory on the 2-plane which is tangent to the curve k at the
starting point.

Theorem 3. Consider the equation X’ = XK on the part er(Z) of
the Lie algebra e(2) of the Lie group E(2) of motions of Rz for
the case of a 2-curvature directed force K. Consider the curve
k(t) of initial points on Rz. Then the point h(t) and the angle
e(t) are constructed exactly as for the Lie algebra so(3)

i.e. h(t) is the point of intersection of the two straight lines
u(0) and u(t) tangent to k at the points k(0) and k(t)
respectively. The angle betveen u(0) and u(t) is equal

to 6/2. Thus, the solution of the problem has the form

x(t) = x(0) 2(tIn(t)

It is clear that Magnus’ equations become (the radius of the
sphere tends to infinity)

2 »
hu = L and ,h" = R,

wy e
In )= |L|]= — ctg — ,
" 2 2

wy
Ihyl = IR| = =

e’ = uw,

vhere y is the distance betwveeen h(t) and k(t),
and the angle betveen the vector h’ and the line

is equal to 6/2.

10. Sketch of another proof of Theorem 3 for e(2)
without using su(2)- or so(3)-calculations.

This section is based on observations of S.Anisov.
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As noted earlier, it follows by a classical theorem that any
element of the group E(2) is a rotatio: by some angle p about
some point (p,q) of the plane or else parallel transport in the
direction of some vector v of the plane, so that compositions of
these operations result in a single such operation.

It is well-known that the logarithm of the rotation around a
point by the angle || i8 equal to a matrix depending on the point
multiplied by ¢(mod 2m), and that the logarithm of the shift by the
vector v is the directional derivative in the direction of v
multiplied by |v|, if the shift is thought of as acting on the space
of differentiable functions defined on the plane.

The part er(2) of the Lie algebra e(2) corresponding to rotations
is identified with R° using the coordinates (p,q,p), where ¢
is the angle of rotation. We suppose that K(t) belongs to er(Z).

Both curves li(t) and k(t) are constructed on the plane (p,q)
as in the previous sections. The moving coordinate system or
(w/2)-bicycle wvheel system on the 2-plane is also constructed exactly
as in previous sections. The velocity of rotation of this system
. about the point k(t) is equal (w/2)dt/ds, where s is arc-length
on k.The Greenwich meridian of the system is again denoted by
u(t).

The system X’ = XK and control force K are called 2-curvature
directed, if r(t) = (w/2)ds/dt, where r(t) is the curvature of k.

It can be proved (as above) that the Greenwich meridian u(t)
is always tangent to the curve k at the point k(t). Consider H(t) =
= @(t)h(t) which is the logarithm of the product integral 11 e kace)

Statement S. If 6(t) belongs to the interval (0,2r), then the
point h(t) belongs to the Greenwich meridian u(t).

Proof: Consider the orthogonal decomposition:

h' = h& + h’n
where h& is the projection on u and hy is the projection on the directio
orthogonal to p. It is sufficient to prove that |h;| is equal to
the velocity of the point h(t) on u(t) under the rotation of u around
k(t) with velocity w/2.

Note that if eH(t) is a rotationwhose angle is in the

interval (0,2mn), then h(t) is its unique fixed point on Rz.
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Consider the composition which corresponds to the time moment
t + At:

. LA
SAto(t)k(t) O(t)h(t) _ Atk H _ 6 h

* &

The rotation e® b is the resulting rotation about the new
point n'= h(t + At) (close to the point h = h(t)) by angle e
which is approximately equal to the angle & (up to o(At)). We
want to find the new rotation point n'. The geometrical picture
is the following: the neighborhood of the point h(t) initially is
rotated around the point h(t) by angle €, and then is shifted
by parallel transport along the vector which is orthogonal to the
meridian u(t) and has norm equal to wyAt. Here y = |k(t),h(t)]|
is the length of the meridian arc between the points k(t) and
h(t).

The new fixed point h* = h(t + At) has the following
properties:

1) the angle between u and velocity vector h’ is equal to 6/2,

2) |h(t),h(t + At)]| sin (8/2) = wyAt/2.

Since h" is the fixed point of the new rotation h*. and
because under this rotation the point h goes into a point Q,
the segment (h,h') goes into a segment (h',Q). Because
the angle between (h”.h) and (h*,o) is equal to 6, then the angle
between (h'.h) and (h*,P) is equal to €/2. Thus, |h,h'| = |h*,Q|
and the line (k.h') intersects the segment (h,Q) at the point P,
which is in the middle of the segment (h,Q). Further, since
|h,Q| = wyat, then |h,P| = |Ath)| = |Ath’| sin (6/2) = wyAt/2.

As At tends to zero, then in the limit we obtain:

|h1| = wy/2.

The velocity of the point h on the meridian under the
rotation of u(t) about k(t) with velocity w/2 is also equal to
wy/2. Thus, these two velocities are equal, and we see that point
h(t) does not leave the meridian u(t) during the motion. The
statement is proved.

To finish the proof of Theorem 3, we need to repeat the
final arguments which were used in the first proof.

Theorem 3 is proved.

The following table summarizes the connections between the

three Lie algebras.
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su(2) 80(3) e(2)
e e/2 e/2
(7] w/2 w/2
l1-curvature-directed |2-curvature-directed |2-curvature directed
force K force K . force K
w-bicycle-wvheel system 9-b1cyc1e-vhee1 system 9—bicyc1e-vhee1 system
2 2
|k.h| = sin y |k,h| = sin y |k.n| =y
8’ =wcosy 8’ = wcosy 8’ =w

11. Integration of the equation X’ = XK for the Lie algebras
sl(2,R) and sl(z,R)’in the curvature directed case.

The case of the Lie algebras sl1(2,R) and sl(Z,R)+ is very similar
to the case of the Lie algebras so(3) and su(2). This is to be
expected because the Lie algebras su(2) and sl(2,R) are the
coﬁpact and non-compact real forms of the same complex simple Lie
algebra sl1(2,C). The group SL(2,R) is a 2-fold covering over the
group SL(Z.R)+. since

sL(2,r)* = sz.(z.'k)/z2

Theorem 4. The differential equation X' = XK for the Lie algebras
~sl1(2,R) and sl(z,R)’ in the 2-curvature directed case and in

the l-curvature directed case respectively can be solved by the
procedure of direct geometric integration exactly as for the Lie
algebras su(2) and so(3) but wvith one difference: ve need to replace
great circles of the 2-sphere by . geodesic lines on the hyperbolic
2-plane. This means that the point h(t) is the intersection point

of the twvo geodesic lines on the hyperbolic 2-plane wvhich are
tangent to the curve k(t) at its starting and end points. The
rotation angle 6(t) (respectively, 6/2) is the angle between these
lii.es in the case of sl(2,R) (respectively, sI(Z.R)*).

In the formulas which are used in the proof it is necessary
to replace the functions sin, cos, and ctg by their hyperbolic
analogs: sh, ch, and cth.
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This is summarized in the following table:

s1(2,R) sl(2,Rr)*
e e/2
W w/2
l1-curvature-directed 2-curvature-directed
force K force K
w-bicycle-wheel system Q-blcycle-vheel system
2
|k.h| = sh y |k.,h| = sh y
8’ =6 chy 0 =wchy

Let us recall that the group SL(2,R) is the group of symplectic
(hcmogeneous) transformations of the plane (i.e. preserving the area
of the plane); the group SL(z,R)+ is a group of proper isometries of
the hyperbolic plane.

It is possible to prove Theorem 4 directly, without reference
to the general theory of compact and non-compact real forms of .
simple complex Lie algebras. We sketch a direct proof.

Consider the Lie algebra sl(2,R) which consists of all
matrices of the form:

a b
[ ).

where a,b,c are arbitrary real numbers. Then it is easy to see
that xz = mz E, where E is the identity matrix, and nz = az + bc.
Thus, if the matrix H belongs to sl(2,R), then we can always
represent it in the form: ‘
H = 6h,
where 92 = - det H = a + bc and det h = -1, It follows from
the formula H2 = eah that
e" = Ech 6 + h sheé.

This formula is similar to the formula for the case su(2).
Let us -identify Lie algebra sl1(2,R) with 3-space R® with
coordinates a,b,c. Then the pseudo-sphere is determined by the

equation:
) 6° = -1, i.e. a? + bc = -1,
The equation a2 + bc = -1 determines the 2-dimensional hyperboloid

in 3-space. After the transfo;mation: b = b’ + ¢’ and

2
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Cc = b’ - ¢’, we obtain the equation a® + 2. c?a -1. Thus,
the curves k and h are the curves on the hyperboloid which
represents the hyperbolic plane (realized in a standard way in
pseudo-Euclidean 3-space).

To get the proof of Theorem 4, we repeat the argument for
su(2) with the changes mentioned earlier.
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COVERING THEOREMS FOR OPEN CONTINUOUS MAPPINGS
HAVING TWO VALENCES

ABDALLAH LYZZAIK
Presented by J.S. Halperin, F.R.S.C.
Abstract

Let X be an open Riemann surface with finite genus and finite number of boundary
components, and let Y be a closed Riemann surface. An open continuous function
from X to Y is termed a (p,q)-map, 0 < ¢ < p, if it has a finite number of branch
points and assumes every point in ) either p or ¢ times, counting multiplicity, with
possibly a finite number of exceptions. These comprise the most general class of all
nontrivial functions having two valences between & and ). The object of this paper is
to announce the most recent results involving the geometric and combinatorial relations

governing (p, ¢)—maps.

INTRODUCTION

The covering properties of open continuous functions having essentially two valences p and
q (0 < q < p), termed (p,q)—maps, have generated considerable interest in the past two
decades (see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10].) Recently, Lyzzaik and Stephenson [4] studied
(p,q)-maps from the open unit disc to closed (compact) Riemann surfaces and concluded
in a unified way the earlier results, among others, on (p,q)—maps of the unit disc. More
general settings, involving (p,q)— maps from open Riemann surfaces of finite genus and
finite number of boundary components into closed Riemann surfaces, were treated by Srebro
and Wajnryb [9, 10] but only in the case where ¢ = p — 1. Restrictions imposed on these
maps vis-a-vis their domains as in [2, 4, 8] or their valences as in [9, 10] were deliberate and
somehow prompted by the limitations of the already established techniques.

In this paper we consider (p,q)—maps from open Riemann surfaces of finite genus and
finite number of boundary components into closed Riemann surfaces, allowing branch points
and exceplional.points. A point of the image surface of a (p, g)—map will be called ezceptional
if it is not assumed p or ¢ times, counting multiplicity. Accordingly, our (p,g)—maps will

be far more general than any that have been studied so far. Indecd, these are about the

91991 Mathematics Subject Classification (1985 Revision). Primary 57TM10, 14E25, 30F10.
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most general that one may consider in view of the desired and expected results. Let us first
formulate the precise definition of (p,g)—maps.
Definition. Let p and q be integers satisfying 0 < ¢ < p, Xan open Riemann surface of
finite genus and finite number of boundary components, and Y a closed Riemann surface. A
function f : X —+ Y is termed a (p,q)—map if f satisfies the following conditions:

(a) f is open and continuous. .

(b) f admits every point of Y, with at most finitely many ezceptions, either p or q times,
counting multiplicity, with at least one point admitted ezactly p times.

(¢) f admits only a finite number of branch points.
STATEMENTS OF RESULTS

It is apparent from the literature that the success of the study of the covering properties
of a (p,q)—map f depends mostly on whether one can establish an embedding theorem
whereby f lifts to an embedding into a p—fold covering of the image surface. This idea
was first introduced by Lyzzaik and Styer [5] to settle conjectures involving analytic (p,p —
1)—maps. Soon, the idea was adopted by Srebro {8] and by Srebro and Wajnryb [9] in treating
meromorphic (p,p — 1)—maps and (p,p — 1)—maps between Riemann surfaces, respectively.
Subsequently, the idea was extended independently by Brannan and Lyzzaik (2] and Carne,
Ortel and Smith (3] to locally-univalent (p,q)—maps between the unit disc and the Riemann
sphere. With the same desire, Lyzzaik and Stephenson [4] considered the broader class of
(p,q)—maps from the unit disc to closed Riemann surfaces, allowing finite sets of branch
points and exceptional points, thus establishing all the earlier results on (p, g)—maps of the
unit disc. In the latter paper the authors observed that their so-called embedding theorem
may extend to more general (p, g)—maps (see example 5 of [4]), and they asked whether the
theorem can generalize to (p,q)—maps of multiply-connected domains. Our result in this
direction states the following:

Theorem. Let f : X — Y be a (p,q)—map. Then there ezists a p—fold covering surface
(Y, =) of Y and an embedding $: X — Y so that f =70 ¢.
. The theorem allows us to view the image surface of a (p, ¢)—map as a subset of a p—fold

covering of the the image surface. Working in this setting, we invoke the special type of
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homotopy, termed (p,q)-homotopy, developed in [4] to perform a continuous deformation
in ¥ of the subsurface ¢(X) that turns ¢(X ) into a polygonal subsurface of Y having an
empty exterior and the same “yalence structure” as that of ¢{(X). This surface will work
as the image surface of a (p,q)—map h: X — Y that is “ (p,q)—homotopic”to f. At this
point it becomes apparent that it would be useful for some boundary components of X to
assume points for their ideal boundaries verses contours to others. This yields a restricted
compactiﬁca.l.ion; X, of X, termed admissible compactification of X', which depends solely
on f. Using X', weshow that h extends continuously to a simplicial map from a triangulation
of X* to a triangulation of ).

Theorem. Let f: X — Y be a(p,q)—map. Then f is (p,q)—homotopic to a (p,q)—map h :
X — Y that eztends continuously to a simplicial map from a triangulation of an admissible
compactification of X to a triangulation of Y.

By virtue of this theorem it will be sufficient to consider simplicial (p,q)—maps for the
study of the valence structure of general (p,q)—maps. For this purpose, we require some
notation and terminology. Because a (p,q)—map f : X — Y is open and continuous, a
branch point and the order of a branch point will mean the same for f as for an analytic
function (see [11).) The total branch order of f will be denoted by /iy. A companion of f is
the integer-valued function v(y) defined as the number of times, counting multiplicity, that

f assumes a value y in ). Set
P={yeY:vly)=rh

Q={yeY:vy) =4}

and

E={yeY:vly) #ra}

We call P the p-set, Q the g-set, and £ the ezceplional set, of f. Evidently, these sets partition
Y. The p—set happens to be open and to have finitely many connected components each
with finitely many boundary components. Every point e € £, called ezceptional point, will
be assigned the value

b4(e) = q — vyle)



152 A. Lyzzaik

which we call the deficiency of f at e. Generally speaking, &;(e), may, unlike in [4], take
negative values. This fortunately can be avoided by normalizing our (p,g)—maps without
loosing generality; the normalized maps will be termed normal (p, g)—maps. For these maps
the total deficiency of f is defined as the sum of all the deficiences §;(e). We will also utilize
some basic concepts and results from surface topology. For instance, the genus, number of
boundary components and Euler’s characteristic of a surface, denoted by g(.), 7(.) and x(.),
respectively, will be used in connection with the Riemann-Hurwitz relation to establish the
following theorem:

Theorem. Let f: X — Y be a normal (p,q)—map. Then

By + 67 = 2[(9(X) = 1) — q(g(Y) = D] + (&) + (p - O)x(P)-

This theorem is the key tool for all the combinatorial results of the paper. For instance,
we have:

Theorem. Let f: X — Y be a normal (p,q)—map. Then
By + 67 2 2{(9(X) = 1) = p(g(¥) — 1)] = (p — ¢ — 1)n(X).

Further, this inequality is best possible.

If P is simply-connected, then we conclude:

- Theorem. Letf:X —)Y be a normal (p,q)—mep. If P is simply- connecled, then

Br + 65 2 2[(g(X) = 1) — q(g(Y) = D] + p = g+ n(X).

Further, this inequality is best possibe.

If X is the unit disc, D, the theorem gives Theorem 5 of [4].

We pay special attention to normal (p,q)—maps having zero deficiency, termed normal
BQ—maps, in consistence with [4]. '

Theorem. Suppose [ : X — Y is a normal BQ—map. Then
a S ﬁ] < b1

where

a=2((g(X) - 1) - p(g(Y) - )] = (p— g - )n(X)
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b = min {2[(g(X)—1)-q(g(Y) = )]+ (p—q+ n(X),
(p—q+ 1)(2(g(X) = 1) — q(g(¥) = D] + (p — e)n(X))}.

The inequalities are best possible when q=p—1 or

b=2[(g(X) - 1) —q(g(Y) - )] +(p—q + )n(X).

In case ¢ = p — 1, this theorem is essentially a result of Srebro andWajnryb (see [9,
Covering Theorem 1]). Using this result we conclude:

Theorem. A necessary condition for a normal BQ—map [ : X — Y lo ezist is that

9(X) 2 q(g(Y) - 1) +1 - (p—qn(X)/2.

Working with (p,p — 1)—maps, Srebro and Wajnryb [9] proved that the condition is also
sufficient; else their result is a special case of the above theorem.

In the special case when n(X) = 1, an interesting geometric characterization of normal
BQ—maps yields: _
Theorem. Suppose [ : X — ) is a normal BQ—map, and 7(X) = L. Then g(.Y) 2 g())
and

By =2(g(X) = 1) = plg(¥) = D] =p+aq+ 1+ 2n(p—q)

where n is an integer satifying, 0 < n < g()).
To illustrate its use, if .Y = D then n and g()’) must be zero and gy = p+g—1; a result

which can be found in [4].
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Comparing two topological invariants of
homogeneous complex manifolds

Bruce Gilligan
Presented by J. Arthur, F.R.S.C.

Abstract. We compare two topological invariants of a manifold X, the number of
its ends ¢(X) and the codimension dx of its top nonvanishing homology group with
coefficients in Z;. In general, e(X) > 1 => dx = 1. The Moebius band provides a
counterexample to the converse. But if X = G/H is a homogeneous complex manifold
and X is Kahler, H has a finite number of connected components, or O(X) # C, then
we show that dx = 1 <= ¢(X) =2.

1 Introduction

For any manifold X the notion of ends (in the sense of Freudenthal [7]) is defined. Let
¢(X) denote the number of ends of X.. Another topological invariant of X can be defined
in the following way. If X has dimension n, set

dy :=min{ r | Haere(X,Z2) #0 }.

By Poincaré duality dx is dual to the non-compact dimension n.(X;Z,;) of X with respect
to Z, introduced by H. Abels in [1]). In [1] it is proved that if X is a connected, locally
compact, paracompact space with ¢(X) > 1, then dx = 1. However, the Moebius band
M satisfies dyy = 1 and e(M) = 1, thus yielding a counterexample to the converse.

The purpose of this note is to point out that dx =1 does imply e(X) > 1 in certain
settings involving homogeneous complex manifolds. For our present purposes a complex
manifold X is homogeneous if there is a Lie group G which is acting transitively on X
as a group of biholomorphic transformations. In this situation it is well-known that
X = G/H, where H is a closed subgroup of G and the coset space G/H has an invariant
complex structure. What we will prove is the following.

Theorem Suppose X = G/H is a homogeneous complez manifold. Assume that one
of the following conditions holds:

1) X is Kdhler.

2) H is a closed subgroup of G having a finite number of connected components.
3) O(X) #£cC.

Then e(X) = 2 if and only if dx = 1.

There is a description in each of these three settings of those homogeneous complex
manifolds which have two ends: sce [12], [11], [8], and [13]. In [10] it is proved that if
X = G/ H satisfies ¢(X) > 1, then thereis a complex Lie group acting transitively on X.
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2 Some Preliminaries

Using a spectral sequence argument, we noted the following in [2).

Lemma 1 1) Suppose X £ B is an orientable fiber bundle (e.g., if m(B) = 0), then
dxy =dp + dp.

2)IfX 5 Bisa fiber bundle and B has the homotopy type of a CW-complez of
dimension q, then dx > dr + (dim B — q). Further, if B is homotopy equivalent to
a compact manifold, then dx > dr + dg.

3) Suppose X and Y are connected manifolds, x : X — Y is an unramified covering,
M C Y is a compact submanifold and Y is retractable onto M. Then dy =
dy + de-1). In particular, if = is infinite, then dx > dy.

Proofs will proceed by induction on n := dim¢ X. If n =1 and X is homogeneous, then
dy=1=X=C=>¢(X)=2. (1)

If X is a Kahler or holomorphically separable manifold and F is a complex submanifold
of X, then F satisfies the same property. As well, if G/H — G/J is a homogeneous
fibration, then condition 2) of the theorem is inherited by the fiber J/H. Thus the
following observations simplify the induction step.

Lemma 2 Suppose X EBisa fiber bundle with connected positive dimensional fiber
and base and dx = 1. Assume induction applies, i.e., dp = 1 = e(F) > 1. Then in
order to prove e(X) > 2, we may assume F is compact.

PROOF: If F is not compact, then
dx 2 dr +(dimB - q)

implies dr = 1 and applying induction to the fiber one has e(F) > 1. Also from above
we see that ¢ = dim B, where B has the homotopy type of a CW-complex of dimension
g. It follows from this that B must be compact, since Munkres [15] proved that for B a
connected, non-compact triangulated manifold there is a subcomplex of B of dimension
¢ < dim B that is a deformation retract of B. But this would contradict the above
formula. Thus B is compact and hence e(X) > e(F) > 1 follows from the proof of
Lemma 2 in [8). ‘ o

Lemma 3 Suppose 7 : X £ B isa locally trivial fiber bundle with connected compact
. fiber F and X (equivalently B) is connected and noncompact. Then the induced map
7wz : HY(B) = H}(X) is an isomorphism. In particular, dy = 1 = dp = 1.
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PROOF: The E;-term of the spectral sequence for cohomology with compact supports
has two terms of total degree one. These are H!(B; #92(F)) = H!(B) and H2(B; 9}(F)).
Because B is connected and noncompact and the sheaf $!(F) is locally constant, the
zero section is the only section of #}(F) with compact support. Thus H2(B; 5}(F)) = 0.
Since all the differentials d, to and from terms of E, with total degree one are zero, we
see that H!(X) = H}(B) and the natural map x. induces the isomorphism. o

For any homogeneous complex manifold G/H there exists a closed subgroup I of G con-
taining H such that the induced fibration x : G/H — G/I is the holomorphic reduction of
G/H,i.e., G/I is holomorphically separable and x*(O(G/I)) = O(G/H). If the fibers of
the holomorphic reduction of G/H are discrete, then G/H is said to satisfy the mazimal
rank condition.

2.1 The Kahler case

Proposition 1 Suppose G/H is a Kahler homogeneous manifold with dg/u = 1. Then
e(G/H) =2.

PROOF: The proof will proceed by induction on n := dim¢ X. Forn = 1,see(1). If G is
a complex Lie group (resp. real Lie group), let G/H — G/J be the normalizer fibration of
G/ H (resp. the g-anticanonical fibration). Assume first that dimG/H > dimJ/H 2 0.
Let J consist of those connected components of J which meet /. By Lemma 2 we may
assume that J/H is compact. The result then follows from part B) below. Otherwise,
J = G. Then G/H can be written as the quotient of a complex Lie group by a discrete
subgroup [13, p. 64] and the result is given by part A) below.

We still have to prove the following: Suppose X is a homogeneous complex manifold
with dx = 1 and one of the following conditions holds for X:

A) X = G/T is Kahler, where G is a complex Lie group and ' is a discrete subgroup

of G.
B) X = G/J is an orbit in some P™.
Then e(X) = 2.

A): Let G = R-S be a Levi decomposition of G with dim R > 0. If the R-orbits in G/T
are not closed, then there exists a closed complex subgroup N of G with TR C N and
N # G, e.g., see [12, Prop. 2, p. 168]. Letting N := N°.T, by Lemma 2 we may assume
that the connected fiber NV/T is compact. Then dg,y = | and because dim R > 0, the
result follows by induction and the fact that the Kahler form “pushes down” to G/ N.

Now assume that the R-orbits are closed in G/T. By Lemma 2 we may assume RI'/T
is compact. Then G/RT = S/A, where $ is a maximal semisimple complex Lie group
in G and A := R['N S. Since the Kahler form of G/T" “pushes down” to S/A it follows
that A is algebraic [4] and hence finite. From Lemma 1 one has | = dg/y = ds/s = ds =
dime S > 3, a contradiction. This argument also handles the case G = S. For G solvable,
we proceed as in [12). Let G/T — G/I be the holomorphic reduction, if O(G/T) # C.
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Then G/1 is Stein with dgy; = 1 and thus G/I = C*. By Lemma 1 we may assume that
the fiber I/T is compact and so ¢(G/T') = 2. If O(G/T’) = C, then by [16] we have that
G is abelian and G/T is a Cousin group. Since dgr = 1, it is clear that ¢(G/T') =

B): Let G/J — G€/J be the imbedding of G/J into the orbit of the complexiﬁcation
G® of G. Since (GC)' acts as an algebraic group on projective space, by Chevalley’s
theorem {6}, it follows that the (GC)-orbits are closed and thus we have a fibration
G¢/J = GC/J-(GCY. I dimGS/J -(GC) > 0, then GC/J-(G) = C". Since the induced
fibration of X also fibers onto C* with compact connected fiber, it is clear e(X) = 2.
Next assume (GC®) is transitive on GC/J. Consider the fibration of G¢/J induced by the
radical Rigey of (G€)'. By Lemma 2 we may assume that the fiber of the induced fibration
of G/J is compact. But the orbits of Rigey in P™ are holomorphically separable, by Lie's
theorem. This would contradict the maximum principle, unless R¢ C J. Because we may
assume that the action of G on G/J is almost effective, it follows that G is semisimple.

Now gNig is an ideal in g and the corresponding connected subgroup M of G consists of the
product of some of the simple factors of G. Consider the fibration G/J — G/J - M. By
Lemma 2 we may assume that J-M/J is compact. By Lemma 3 one has dg/s.a¢ = 1. Since
G/(J-M)° — G/(J - M) is a finite covering, it follows from Lemma 1 that dgys.mye = 1.
Thus e(G/(J - M)°) = 2. From [13, Prop. 8, p. 75 we see that ¢(G/J - M) = 2 and so
G/H also has two ends. Thus we may assume that G is a real form of G€ and G/J is
the quotient of (real) algebraic groups. Then dgyy = 1 = dgye = 1 => ¢(G/J°) = 2.
Again the result follows from Proposition 8 in [13]. o

2.2 The case |[H/H°| < 00

Proposition 2 Suppose X = G/H is a homogeneous complez manifold with dx = 1 and
|H/H°| < 0o. Then e(X) = .

PROOF: Since G/H® — G/H is a finite covering, it follows that dg/ye = 1. Now G/H®
is homeomorphic to I{/L x R, where K (resp. L) is a maximal compact subgroup of
G (resp. of H, contained in /) by Borel’s theorem [5] and thus e(G/H°) = 2. In the
- case when G is a complex Lie group it follows, again because H has only finitely many
connected components, that e(G/H) = 2, see Proposition 1 in [9].

1If G is a real Lie group, let G/H — G/J be the g-anticanonical fibration of G/H. I
dimG/J > 0, then by Lemma 2, we may assume that J/H s compact, where J := J°-H

The result then follows by induction from part B) of Proposition 1, if we note that
dg,y =1 by Lemma 3. Otherwise, J = G, and so G/H can be written as the quotient of
the complex Lie group G/H° by the finite subgroup H/H®. This is a special case of the
above proof for complex groups. (a]

2.3 The case O(G/H) #c¢

The proof of the equivalence of dgyy = 1 and e(G/H) = 2i{ O(G/H) # C and G and H
are complex Lie groups was given in [2]. For G and H real Lie groups with O(G/H) # C
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the proof could be based on a modification of Proposition 3 in [2]. For the reader’s
convenience, we present a direct proof when dg/y = 1. This argument also works for
complex groups if one substitutes the normalizer fibration for the g-anticanonical in the
following. In order to set this up we introduce some notation. Suppose G is a (connected
real) Lie group and H is a closed subgroup such that X := G/H has a G-invariant
complex structure. Assume O(X) # C. Let G/H — G/I be the holomorphic reduction
of G/H and set I := H.I°. Then the fibration G/H — G/I has connected fiber
I/H and its base G/I satisfies the maximal rank condition. Let G/I — G/J be the
g-anticanonical fibration of G/I and set J :=1I.J° Recall that L := J°/I° is a complex
Lie group (13) and so J/I can be written in the form L/T, where [ := I/I° is a discrete
subgroup of L.

Proposition 3 Suppose G is a connected Lie group and H is a closed subgroup such that
G/H has a (left) G-invariant complez structure. Assume dg/y = 1 and O(G/H) # c.
Then, with the above notation, either J = I and the g-anticanonical fibration of G/I is
a covering or else L/P C* and G/J is a homogeneous projective rational manifold. In
either case, e(G/H) =

PROOF: Note that if J/H is compact, then so is J/1I. Since G/1 satisfies the maximal
rank condition, it follows that J = J. The result is now a consequence of Proposition 1
applied to the fibration G/H — G/J which has compact connected fiber I/H.

- We assume throughout the rest of the proof that J j/1 is not compact. Thus dim L > 0. If
L is solvable, then L/T is homotopy equivalent to a compact submanifold. It follows from
the fibration lemma that dy;r = dg/g = 1. Since L/T is a holomorphically separable
complex solv-manifold, L/T is Stein [14]. It is well-known that if X is a connected Stein
manifold, then dim¢ X < dx. Hence dyr is one-dimensional and so is biholomorphic to
C*. But then e(G/H) = ¢(G/1) > e(L/T') = 2, where the inequality follows from Lemma

2 in [8] and the fact that G/I e G/J has compact base. The result now follows from
Corollary 11, p. 80 in [13).

We claim that L cannot be mixed or semisimple. Assume first that L is mixed and,
without loss of generality, simply connected. Let L = S- R be a Levi decomposition of L
with dim R > 0. Then by Theorem 2 in (8] there exists a closed proper complex subgroup
M of L containing R and I'. By Lemma 2 we may assume M/T is compact. Since
G/ satisfies the maximal rank condition, G/ I cannot contain any positive dimensional
compact complex submanifolds. This is a contradiction. Thus 2 = {e} and L = S is
semisimple. We now note why this is also impossible. For, then I' would be algebraic
[3] and thus finite. In pasticular, S/T' would be homotopy equivalent to a compact
submanifold. From Lemma 1 one would have 1 = dgyu 2 dsyr = ds = dim¢ S 2 3, a
contradiction. o
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CONTINUOQUS WAVELET TRANSFORMS ON SEMISIMPLE LIE
GROUPS AND ON CARTAN MOTION GROUPS

K. TRIMECHE

Presented by G.A. Elliott. F.R.S.C.

In this work we define and study wavelets and continous wavelet transforms on
semisimple Lie groups G of real rank £ and on p = G /K where G are Cartan

motion groups associated with X = G/K. Next we prove for these transforms
Plancherel and inversion formulas, and using Abel transforms on G and p, we give
relationships between these wavelets on G and p (resp. these continuous wavelet

transforms on G and p) and classical wavelets on R* (resp. the classical continuous
wavelet transform on lR‘).

|._Wavelets and continuous wavelet transtorm on G.
Let G be a noncompact connected real semisimple Lie group

with finite center, @ the Lie algebra of G. Let9 =k + p be the
Cartan decompsition of 9. Let &4 < p be a maximal abelian
subspace, G*its (real) dual. The dimension £ of Q is called the
real rank of G. We can identify &t with R% . We denote by E the set
of restricted roots. Let W be the Weyl group associated with L and
|W| its cardinality. Let £* be the set of positive roots, and put
L=I'nfa€X/sa¢Putp= Zz.ma.a, with m_ the
ae
multiplicity of a. Let K (resp. A) be the analytic subgroup of G
with Lie algebra k(resp. &). On the compact group K the Haar
measure dk is normalized such that the total measure is 1 (See

(1iz2n.

Notations : We denote by

-LP(K\ G/K), p 2 1, the space of functions f on G, Dbi-invariant
under K, measurable and such that Ilﬂlp=( I . Iftx)Pdx)'P < + =, When G
has rank one, we put : f(a) =fitl, a, € A, L € R, the function f[t] is
even, and then LP(K\G/K) will be denoted L°(lR,. A(t)dt), where

AQ) =2%(sh)?**! (ch)?*!, witha = %(ma»rmza-l) B= % (myg = 1),

p=a+p+1 (See [4] p 14-16 and p 27).
-LP@*, Wit ico) 2 Y, p 2 1, the space of functions f on @,
W-invariant, mesurable and such that
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= ! P 2 g 1l -
A = (mj'a,lfﬂ\)l ICAN“dr)P < + =, where C is the
Harish-Chandra's C-function (See [1] p 175).

Definition 1.1: We said that a function g on G, mesurable, bi-
invariant under K, is a wavelet on G if there is a constant Cg with
the properlty that o < c < + o and, forA ‘almost evywhere on

a* C, J"m'(g)(am 2 Where ¥ is the spherical Fourier

transform on G.

Example : We denote by f,, t > 0, the function in the spherical
Schwartz space G(K\G/K) (See [1] p 252-257), such that
V A € G*, F(B)(A) =exp 1A+l

Then the function g(x) = - :—tﬂ.(x)-ﬂpﬂzm(x) is a wavelet on G which

-tlipll?
betongs to B(K\G/K) and we have Cg= = =

If G has rank one the definition I.1 can be written more
simply as follows : A function g on G measurable, bi-invariant
under K, is a wavelet on G if the even function g[t] on R satisfies

- d
the condition o < C, =J:|3‘(g)(a)|2 -5- < + o (L1), where & is the
Jacobi transform (See [4] p 27)

Proposition I.1:Letg=0be a function in LXIR,, A(t)dy) such that
the function &F(g) is continuous at 0 and there exists a > 0 which
satisfy : F(g)(A) - F(g)(0) =0(A%),as A --> 0 Then the condition (L.1)is
equivalent to F(g)(0)=0.

To define the dilated of a wavelet on Gwe need the following
result on the Harish-Chandra's C-function.

Lemme I.1:Leta € X,. We have
1 N
ez, ];? . ifax1
k@@=  Sup IT(;')—I— = 1
A el Vo) aez; lm,ifﬂ< )

Theorem 1.1:Let gbe a wavelet on G in LAK\G/K) and a > 0. Then
the function A ---> F(g) (aA) belongs to LAG*, iw'iA)2dA)Y and we
have
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I (@) (@ )11,z S (k(aVa®)' g,
Moreover there exists a function g, € LA(K\G/K) such that
VA€ Qs Fg )N =F@@r)
and we have
ligl < (k@@)a®)' gl

Theorem 1.2 : Let gbe a wavelet onG in H(K\G/K) (the space of C™-
functions on G, bi-invariant under K and with compact support)
(resp. B(K\G/K)) and g, a > 0, the function in H(KIG/K) (resp G(K\G/K))

defined by
Ve Q' Fg)R) =F(e)ar)
Then
Vx€G,g,x)= A'lo ¥%,0 A (g)(x)
where A is the Abel transform on G (See (1] p 107, 2] p 450) and 36,

the operator defined on Q by:%Jf)(H):a"f(g)

Definition 1.2 : Letgbe a wavelet on Gin &(KIG/K) (resp B(K\G/K))
(resp LA(K\G/K)) and 8,220, the function given by theorems L1, L2

We define the family of waveletsg".(a.y) € lo,+°| G, on G by
¥ x € G, g, (x) = k@t T (g )(y)
whereT, , x € G,are generalized translation operators on G given by

T 0 =, foxky)d

Definition 1.3:Letgbe a wavelet onGin S(K|G/K). We define the
continuous wavelet transtorm on G for f € H(K\G/K) by

B0 = [/ (X) Ray (W), for ally € G

Theorem I1.3:Letgbe a wavelet on Gin (LP n LA(K\G/K), p € (1,21,
such that for all a>0,the functiong is in LP(K\G/K), p € [1,2].Then

for allfe LZ(K\GIK) we have

2 _ 2 kfa)
Hroz = 2 rj'alfb (f)(a,y) P dady (Plancherel formula for &)

)= affc ®(D(@) g, () ;:Tidady (Inversion formula for &)

By theorem L3 the transtorm¢ is an isometry of the Hilbert.
_k(a)
f’l C
(the space of functions on lo,+~| x G, bi-invariant under K with

space L%KIG/K) into the Hilbert space L? (lo,*=| x G, —7—dady)
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respect to the second variable, and square integrable on lo,+>} x G
k(a)

with respect to the measure —“’—Csdady)' For the characterization
a
of the image of d’g we interpret the vectors 8oy (a,y) € Jo,+| x G, as

a set of coherent states in the Hilbert space L%K\G/K) (See [3]
section 1.2, [5] p 37 - 38).

Theorem 1.4 : Let d’s be the continuous wavelet transform on G,
withga wavelet on G satisfying the assumptions of the theorem

L3. LetFbe inL? (los+=[ x G, a—,ﬁ(}%— dady). Then there exists a
8
tunction f € LXK\G/K) such that:F=®.(f),if and only if
k(a')

I L0 - y '
Flax)= < J:IG Fla'.x') (_[G Sare (¥) 8ax () dy) < iy da' de

| give now an other inversion formula for the transform d>g.

Theorem 1.5 : Let g be a wavelet on G in LXK\G/K). If f is a
continuous and bounded function on G which belongs to LY(K\G/K)
and ¥(f) € L'(@*, iwl'| C(A)2dA)Y. Then we have

1 k(a)
W= & I; (|55 (1)@.9) 80y (x)dy) —g7 da, x € G

Theorem 1.6 : Let g be a wavelet on G in S(K\G/K) (resp T(K\G/K)).
Then for all f in SK\G/K) (resp C(K\G/K)) we have

V(@) € losof x G, D (D(ay) = (ki)' ATS 4 o (AD) @)

' . WhereSis the classical continuous wavelet transform on R% (See

(51 p 27 - 45).

. Wavelets and continuous wavelet transform on the
Cartan motion group p.
Let G, denote the semidirect product K.p where p as a

translation group is a normal subgroup and K acts onp by Ad4(K).
We can view p as the quotient G /K which isasymmetric space of
the Euclidean type. The group G, is often called the Cartan motion
group associated with X = G/K. (See|2||p467).

We prove for p the same results as for the group G, in
particular we have
- The functionk(a)is of the form
k(a)=-l7.withr= Y m,
a ael’
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-Letgbe a wavelet onpin Lf((p) (the space of functions fonp.
invariant under K, measurable and such that [|ﬂ|2=(L If(y)i2dy)! <+ o),

Then the dilated functiong,a>0,0fgis given by :g(x) = —1; 2),
a a

and we have
fer

lgh=a 2 gl
-We can take wavelets in Li((p) in the theorem which gives

Plancherel and inversion formulas for the continuous wavelet
transforms on p.
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On a theorem of Carlitz-Von Staudt

by Pieter Moree* (Princeton, USA)

Presented by M.R. Murty, F.R.S.C.

Abstract. Using some facts from the theory of primitive roots, a (corrected)
generalized version of a result of Carlitz is proven. This result plays a crucial
role in the analysis of certain diophantine equations first considered by Erdos

and Hdser.

Carlitz [C, Theorem 4] stated and. by combinatorial means, proved Theorem 1 below
in the case @ = 0 and d = 1. He falsely claimed the L.h.s. of (1) to be always an integer
in case r > 1 and odd (it isn't: take any y with y = 2(mod 4)). He ascribes the result to
Von Staudt, but doesn't give a reference. Since his proof. being a combination of elements
from several previous results. is rather confusing, I didn’t try to pinpoint the mistake in
his reasoning. In this note I will give an elementary ‘hands-on" proof of a generalization of
his result, based only on some facts from the t};eory of primitive roots. The note will be
ended with a discussion of applications of Theorem 1 in the analysis of Erdés-Moser type
diophantine equations. that is diophantine equations similar to 1¥4-2% 4+ - - +(z—1)* = z*.

Let S,(a,d,y) denote the denominator of the l.h.s. of (1). For 5.(0,1,y) we use the
shorthand S.(y).

Theorem 1. For arbitrary a. d > 1 with (a.d) = 1 we have

(1)

a"+(a+d) + - +(a+dy—-1) _ [0mod 3), r>1odd:
= = _:Z,_.,;,‘ oy ;'; (mod 1), r even.
P

* Supported by the Netherlands Organization for Scientific Research (NWO).
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For the convenience of the reader we recall the proof of [MRU, Lemma 2]:

Lemma 1. Ifp is odd and p — 1 {r, then S.(p*) = O(mod p*) for every A > 1.

Proof. Notice that modulo p*, S.(p*) is unchanged by multiplication with g", where g
is any primitive root modulo p (which exists for every odd prime). Since p—11{ r by
assumption, ¢g" # 1(mod p). Together with p*|(¢" — 1)S.(p*) it follows from this that
S5+(p*) = 0(mod p*). @
Lemma 2.

(i) Ifr > 1 is odd and A > 2, then S,(2*) = O(mod 2*).

(ii) Ifr is cven and A 2 1, then 5,(2*) = 2*~!(mod 2*).

Proof. (i) Use that j* = —(2* - j)"(mod 2*).
(ii) For A = 1 and 2 the assertion is clear, so assume A > 3. From the theory of primitive
roots it follows that modulo 2* every odd number is of the form 5/ or 3-5/ with 0 < j <
2*-2_ We find that

52477 — 1

-1 +2°5,(2*"") (mod 2*).

(2) S/(2Yy=[1+3")
We have 57 = 1 4 k2079207042 yijth k odd.

A=2
5r2 =1+ sz-!-ord,(rl (mod 2»\+ord1(r)+l)

and 1+ 3" = 2(mod 4). So the first term on the r.h.s. of (2) is congruent to 2*~!(mod 2*).
On using induction the proof becomes complete. B

Lemma 3. If p is odd and p — 1|r, then S.(p*) = —p*~'(mod p*) for every A 2 1.
Proof. By the theory of primitive roots there exists a number g which is a primitive root
modulo p* for all A > 1. Since p - 1|r, g" = 1 + kp/ for some k not divisible by p and

f 2 1. From this it follows that

wipie A
= = =g*" "' — 1 = kp**/~! (mod p**/)
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and so g¥*")r — 1 =1 4 k(p - 1)p**/~" (mod p**/). Thus we have

yV("‘)" oy l

(3) = —p*~(mod p*).

9" =1
Clearly the lemma holds for A = 1. On using (3), the fact that r > 2, induction on ) and
the relation

gw(p")r -

g -1

1
(4) Sip*) = +p"Sr(p*™") (mod p*),
the lemma follows. The congruence (4) follows on expressing the sum of the terms in
S,(p*) coprime to p* as a geometric series in g". W
Proof of Theorem 1. It suffices to show that for every prime ¢ dividing y with e(q) such

that ¢¢(9|]y, we have

O(mod ¢%(9), r > 1 odd;

(5) Sr(a,d,y) = { = E e ot I (mod ¢9)), reven.
In case r > 1 odd and ¢ = 2 it suffices to show that S.(a,d,y) = 0(mod 2¢(?)-1),
Case 1. g{dand g — 1 { r. We have to show that for r > 1, Sr(a.d,y) = 6(mod ¢*?).
Notice that ¢ must be odd. We have S.(a,d, ¢*'?) = S.(¢*'??) (mod ¢*'?), so S,(a,d,y) =
q—,{;;Sr(q“”) (mod ¢*‘9). Therefore by Lemma 1, S,(a,d,y) = 0(mod ¢¢(?).
Case 2. ¢} d and g ~ 1|r. Again we have S,(a,d,y) = ;;{;-;S,-(q“”) (mod ¢¢'9). In case
q = 2 we have to show that 5,(2¢?) = 0(mod 2°(?)="). This follows by Lemma 2. In the
case q is odd, r is even and we have to show that S.(¢*'?) = —q*?~! (mod ¢*(?). The
validity of this congruence follows by Lemma 3. ‘

Notice that for d = 1 this completes the proof. In case d > 1, we have to investigate
the remaining case where q|d. We have '

3

Sr(a.d.y) = Z (:)a"'jsj(y}dj.

)=0
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where So(y) = y. It suffices to show that S;(y)d’ = O(mod ¢*'?') for every j > 1. We have
Si(y) = 214 = O(mod ¢*'%). For j > 1 it ensily follows from (5) for d = 1, which we
already have shown to hold true, that S;(y)d’ = O(ﬁod ¢%9). This concludes the proof.

Remark. A slight refinement of the analysis shows that in case r > 1 and odd, the Lh.s.

of (1) is an integer if and only if d is even or 4]y.

In [M] I considered the equation 1¢ +- - - +(z — 1)¥ = az* and various other equations
of this form. I showed that the former equation has no integer solutions (a,z, k) with k > 1
and z < max{10'°°,a10?2}. This equation was probably first considered by Krzystzofek
[K]. The special case a = 1 was considered by Moser [Mos). Erdds conjectures that in
this case there are no solutions with k > 1. In the proof of the above inequality for z,
Theorem 1 in the case a = 0 and d = 1 plays a crucial role. To give some feeling for the
way Theorem 1 is used, I will prove the identity orda(z — 3) = ordz(k) + 3, that holds
in case a = 1. In [MRU, Lemma 12] a more complicated proof making use of Bernoulli
polynomials, is given. So let z,k with k& > 1 satisfy 1¥ +--- + (z - 1)¥ = z*. Then
g p(z—4)=zt—(z-1) - (2 2)* — (z — 3)*. On applying Theorem 1 with

a=0,d=1,y =z — 4 we obtain:

3t -1 -2k 1
—— - - (mod 1).
7-3 n-zﬂl
rlz=-3

We use the fact that k must be even. 2 6 and = must be odd. Notice that the 2-order of the
r.h.s. is -1. The 2-order of the Lh.s. must also be -1, i.e. ord(z-3) = ordy (3% —1-2%)41.

On using induction and the fact that k > 6, it is easily seen that

orday(z - 3) = ordy(3* — 1 - 2%) + 1 = orda(k) + 3.
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