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EXISTENCE OF WEAK SOLUTIONS TO THE 

NONSTATIONART THERMISTOR PROBLEM 

Qihong Chen 

( Suihoa IflBtltute of Urbaa Construction tnd Eûrlromnental Protection. 

Saihou 216008, China ) 
Presented by G.F.D. Duff, F.R.S.C. 

Abstract 

In this paper, we establish the existence of weak solntions for a 
degeaerate noalinetr elliptic - partbolie sjttem, which Bodela the 
aonstttioniry hett conduction in an electric conductor with Joule heating 
BB the only source. 

Key words. aonstatloaary thermistor, degenerate, quadratic growth, 
weak BolutioD, existeaea 

AMS (MOS) subject eltssif ication. 35R3B 

I Introduction 

The thermistor is aa electrical doTice which can be used as a 
current surge regulator. The basis of its operation is the temperature-
dependent electrical conductirity. Let u be the absolute température aad 
<p the electric poteatlal in a solid conductor represented by a bounded 
domain Q, then their erolutioo is gorerned by the following nonlinear 
system: 

V • (ff (u) V qi)=0 in QTSS û * (0. T) (l.l) 

u. - V • (k(u) Vu)«ff (u) | V v | » in QT (1. 2) 

q, s q a-h on S T » » Û x (0, T) (I. 3) 

u(i,0)-u«(x) x€ Û (»• <> 

where a (u) and k(B) are respectitely electrical and thermal 
eonducttTlties whieh tre supposed to be girea poiltire functions of tha 
temperttnre. When a (u> decretsee markedly in a aarrow temperature range, 
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the derice is called a thermistor. In this case, equation ( 1. 1) nay 
become degenerate. 

Tha problem of the electrical heating of a condnctor has a long 
history (saa(ll) and hat baaa recoasidarad recently. Various resalts 
hare been giren for the steady state cast. ( See [21. [3] . 14) tnd the 
refaraaeat therein. ) Also tha nonstttioatry problem hts baaa 
inrastigatad by several tuthors. ( See [6]. [61. (71 etc.) In papers 
I6J-(7J, it is assumed that 

0 < ff .< ff (u)< ff • V uC B (1. 6) 
where ff. and ff* are two posltire constants. This condition is Tory 
erueial to tho axlstaaee and uniqueness reeults. However. it exelndes 
the physically important case of the metallic conduction in which 

ff (u) ~ 0(l/o) aa a -» oo 
In the prêtent paper, instead of (1,6) . ve make the following 

assumptions on tho electrical conductivity 
ff€C(B) 0<ff(u)<ff* V u e B (1.8) 

0<ffo <uff (n) V U>B>0 (1. 7) 
where m» inf {h, a.) >0. We note explicitly, by (1.6). equatloa (1.1) is 
aot uniformly elUptic. 

2 Weak formulation 

Let Q ba t bounded domtia of RN with a smooth boundary a O. (The 
etses of prtctictl Interest tre for N < 8. but our results hold in sll 
space dimensions.) Suppose all the initial-boundary values n. h and u. 
to be the traces of smooth fnactions. For simplicity, we assume k(u)s=l. 
Then (1.2) becomes 

u. - A a « ff (n) | V «p | ' la Q , (j. D 
Let ns consider the problem (l.l), (2.1), (1.3) and (1,4) , which 

will be denoted by (P). We say that a pair {<P.u) is a weak eolutioa of 
IP), if 

jQTff (u) V «P • V • « 0 V *€W 5 - 0 ( Q T ) (2.2) 

n - h € V, (Qr) 
- / «^uv. t / qT V u • V v • / q, ff (u) | V q» | "v 4 / o u.v (x. 0) 

for all veiS-MWni—flW such that v(x,T)-0 (2. 3) 
where the aotations for tho functional spaces are those of the book [81. 

The strategy we used to deal with tha quadratic growth is to 
rewrite ff | V q> | • as V • (<p ff V q»), Hore praeisaly, wa hava 

Lemma 2.1 If {«P.U) IS a weak solatioa of (P), thas 
/ o, ff (u) | V q> | "v - - / ,Tq> ff (u) V q» • V V 

V v€« ' 0 ( W n L - « r ) 0. 4) 
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Proof. (2.4) Is obtained by choosing *=•<?? as a test function 
in (2.2). 

Clearly, any weak solution of (P) satisfiee (2.2) aad 
tt-h6^(QT) 
- I Q T " « • I <»TV • * V T • - J Q T V o (u) V «P • V v • ] o u.v (x, 0) 

for all v e ^ - M W H l - f l W such that v(x.T)=0 (2, B) 
and vice versa. Thns. to avoid the difficulty due to the quadratic term, 
we can take (2.2) aad (2.6) as an equlvaleat expression of tha weak 
solution. 

The main result of this paper is the following existence theorem. 
Theorem 2.2 Suppose (1.8) and (1.7) are satisfied. Thea there 

exists a weak solution to the thermistor problem (P). 

3 Proof of the maia theorem 

Let us introdnce a family of fuactioas ffD(u) whieh approximates 
ff (u) as n-*-oo, each uniformly positive: 

ffaCC») l/n<ff.(u) < 2 f V n€B (8. 1) 
ff (u) < ff„(tt) V u> m > 0 (3. 2) 

aa(n)-*-ff (u) as a-*-*», oniformly la u la any bounded intervals 
(3. 8) 

By arguments analogous to those employed la (71. there exists 
et least oae C " eolutioa (q»., u.) to the approximating problem (P.): 

q ^ - n e W S ' - O W . , . 
UTff-(o-) V«P.- V * » 0 V*eW|'0(QT) (8.4) 

aB-h€ V9 (Qr) 
- U T n - T » M «rVtt. • Vv-f,Tq>nffB(u.) Vq».- V v+J a u.v (x, 0) 

for all vetS-1 «WnL-IQTl eueh that v(i.T)=0 (3.6) 
where equation (3.4) is uoiformly elliptic by (3.1). 

The following lemma gives the basic uniform estimates. 
Lenma 3.1 Let (<PB, u.) be any eolution of the problem (P.). Then 

we hare 
un (x, t) > m > 0 for any (x. t) € QT "• 8j 
I <P.I,.~(QT) < C >• J 

f « T | V«P.|" < C «. 9) 
where C Is a constant independent of n. 

Proof, (3.8) and (3.7) are consequences of the weak maximum 
principle. 

Denote by w the solution of the following problem 
w» - Aw = 0 is QT 

w = h on ST 
W(X. 0) » u» x e Q 
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Than. u„ - w solres 
(u B -w) , - A (Uo-wJ s ' - ( U J I V < P a | ' 

Multiplying by (Ua-w) aad integrating over QT . we obtaia 
1/2 / a ( u B - w l a | . -T t / Q r l V(UB-W) | » =U,ffa(U B ) | V<P. |Mtt . -w) 

Applying Lemma 2. I to tbe term on the right-hand side, we have 
1/2/ o(U„-W)3 | . . T * / q T | V (u.-wl | 1 , = - /Q T 'P . f f B (uJ V«P.- V (u.-w) 

Discarding the f i r s t term on the left- hand side and using Cauchy 
Inequality, ve get 

U . I V (Uo-w) I a * C / Q a . (uB) | V <PB | ' 
«here C is independent of n. Putting <i>a<l>a-q in (3. 4) . we easily 
find 

|QTffnIUo) I V < P H | a < 2 f f - / Q T l V u I» (3.10) 
Thus (3.8) follows. 

To prove (3,9), wa ebooee <t> M v . - n ) u B in (3.4). In a similar way 
as above, it can be deduced that 

f tiTuBff0(uB) | V <pn | » 
< C {fqTff = (uJ I V ( p . | 9 f f ^ l V u . | a l (3.11) 

«here C Is also independent of n. From (1.7), (3.2) and (3.6). we get 
u» a „ (uB) > uB ff (u.) > ff « > 0 (3.12) 

Substituting (3.3), (3.10) and (3.12) into (3,11), we arrive at (3.9). 

To show compactness, we invoke a known proposition from the 
theory of real functions. ( See (8], pp72. I 

Lemma 3.2 Let (fk) be a given sequence of functions. If I fk I p. 4 
<:C and 9 fiJ „. q- < M (mes Q') for any neasurable subset Q' of Q, where 
it (x) is a continuous function of T > o that is equal to sero fort» 0. 
then it is possible to extract a subsequence from (fk) that is strongly 
convergent in LP(Q). 

In the light of Lemma 3.2 and tha estimates (3.8) and (3.9), we - can 
draw a conclus ion as follows: 

Lemma 3.3 For a given p, l<p<2, it is possible to extract two 
subsequeneea from (<pB} and ( u.} respectively. which ara strongly 
convergent in L M Q T ) . 

In view of tha above lemmas, there exist two subsequences, still 
denoted by («pj and {u„}, and two functions 

«pe wà-0(QT)nL~(QT) u e WS'0(QT) 
such that 

<Pa-»<Pweakly-*tn L ~ ( Q T ) , weakly in W 5 ' 0 ( Q T ) aad a. a. la Q T (S. 18) 
u.-*-u weakly in W S - 0 ( Q T ) and a. a. in Qr (8.14) 

Now, ve are in a position to verify that (9. a) is a weak solution 
of (P) by passing to the limit in (3.4) and (3.6). Thla cao. ba reduced 
to the fallowing lemma: 
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Lemma 8.4 For ta arbitrary l € [LNQr)]1* 
Iq,9BffB(Un) V <PB« I •• /g,» ff (u) V « • I (3.16) 
/ Q T < ' B ( U B J V «P»' I •• IqTff(u)V«P« I (3.18) 

as n -» oo. 
Proof. From (3.3), (3.13) and (3.14). we have 

» . ff • (uj •• <i> ff (u) a. e. in Qr 
whieh implies that, by the Lebesgue dominated convergence theorem. 

«PBffB(uJ I -• «P ff (u) I strongly in (LMOr)]* (3.17) 
The strong convergence (3.17), together with the weak convergence (3.13), 
leads to (3.16). The proof of (3.16) is the same. 

The proof of the existence theorem is completed. 

Remark. In a similar way, with a alight modifieatioa, the 
existence theorem for the degenerate thermistor problem with mixed 
boundary conditions can be proved. 

Acknowledgement. This research is supported by the National 
Natural Science Foundation of China. 
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^-uniqueness of £ 0 e 
Shao-Chien Chang 

Presented by G.F.D. Duff, F.R.S.C. 
Abstract 

The problem of /<-aniqueness for FK-spaces was studied by Beekmann 
and Chang in the late 80s. The question whether the space tee is ̂ -unique 
was left open. In this note we shall provide, in a sense, a partial solution 
to this problem. 

Let A be an infinite matrix with complex entries. We let the summability 
domain of A be 

CA:= ixeu] Ax Cc), 
where uf and c are spaces of all complex sequences and convergent sequences 
respectively. 

It is known (see [9]) that for each continuous functional / € c^ we can express 
fas 

/ (x) = plimAX + t iAx) + sx, x e CA, p e C, t e i and s e c^. (0.1) 
For each given / , the question whether the coefficient p is unique or the p-

uniqueness of .4 was studied by Beekmann, Beekmann-Chang, Chang, Macphail-
Wilansky and others since the 60s. 

It has been shown in [4| that if c.4 does not contain all finite sequences, i.e. 
ip £ c*, then some of those distinguished subsets are no longer invariant, eg. 
for some given matrices A and B with CA = eg, we may have LA r Ls- Hence 
we shall confine our discussion to those FK-spaces containing the set of all finite 
sequences. 

For a given matrix A with ip C CA, and an F K-space Jf D s9, w e define 

Pi = = { /€< , 1,1 = Gin (0.1)}, 
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MJr := { / € Jf' | V>unique matrix D with v» C co C Jf, we have f \ cp e pk] 

and 

^ = | / 6 Jf' | 3 a matrix D andagGpo with CD D X and g \x= / } • 

It is easy to see that jxji Çpji. Whether the equality holds is an open question. 

Definition. An FK-space Jf is said to be ^-unique, if 3 an / € Jf' such that 
PD if I co) / 0 for some ^-unique matrix D with v» C CD C Jf. 

It is shown in (5) that, 

Theorem 1. Jf is p-unique, if and only if X' £ Px-

We let Jf = « ® e, where e = (1,1,1,...). It is an BK-space under the norm 

\\x\\='£\xk-limx\ + \x\,VxeX. 
k 

Now we observe that X' = m®C, in here m is the Banach space of all bounded 
sequences and C is the set of all complex numbers. Hence for any / € Jf', we can 
express / as 

fix) = ^2Qkixk-iimx) + a\imx. x € Jf 
k 

where (o*) e m and Q € C. As we shall see that the second term in the above 
expression is a member of pfc. In view of theorem 1, this constitute a partial 
solution ofthe question whether f®c is /*-unique. Sinceg^ C pji, so it is sufficient 
to show that the functional x i—• limx € ft^. 

Theorem 2. x ,—» limx € Px-
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Proof. To see x •—* limx 6 £ ^ , we must show that 3 a matrix A such that 

tQeCcA and limx = i {Ax) + sx, x 6 X for some t e I and a € 4 . 

We now let 

A = 

I 1 
- 2 1 1 

- 2 - 2 1 1 1 1 
- 2 - 2 - 2 - 2 1 1 1 1 1 1 1 1 

First, we see that all the row sums of A are zero except the first row and .Ae 6 c 
or e 6 CA. Moreover, Vj, lim a,, exists as i -» co and sup,^ la.jl < oo. From a 
known fact, we have l Ç c.4. We let « = ( l , | , J, | , ... ) 6 < so the partial sums of 
t (Ax) are 

H, j ( ^ + *») • 4 to + *s + ï e + ï T ) , g to + *9 + - + x u ) , ... -» limx. 

This shows that x - • limx € Px- D 

The author is unable to confirm thatx 1—• (E*01*1* _ limx) e Px- Hence 
the ^-uniqueness of f ffi e question remains open. Another open question is to 
characterize the ^-uniqueness of FK-spaces by their duals and /J-duals. 

The author has many fruitful discussion with Professors G. Bennett of In-
diana University at Bloomington, U.S.A. and W. Beekmann of FernUniversitat, 
Germany. I wish to express my deep gratitude for the opportunity to share their 
ideas for almost a quarter of the century. 
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ANALYTICAL SOLUTION TO THB DIRECT UNSYMMETRIC EDDY 
CURRENT TESTING PROBLEM FOR A SYMMETRIC FLAW 

M. YA. ANTIMIROV, A. A. KOLYSHKIN AND RéMI VAILLANCOURT 

Presented by R.B. Ranger, F.R.S.C. 

AnsmACT. An analytical solution is obtained by a perturbation mothod for the ehanfie of 
impedance in a double conductor line due to eddy currents induced by an infinitely long 
horizontal cylindrical flaw with symmetric cross-section with respect to the vertical axis in 
the case the conductivities of the flaw and of the surrounding material do not differ by much. 
Numerical results for flaws of circular and elliptic cross-sections are presented. 

RÉSUMÉ. On obtient une solution analytique, par la méthode des perturbations, pour le 
changement d'impédance causé par les courants de Fbucault induits dans un double fil con^ 
ducteur par une longue faille horizontale cylindrique de section symétrique par rapport à 
l'axe vertical et contenue dans le demi-espace inférieur si la conductivité de la faille diffère de 
peu de celle du demi-wpace conducteur environnant. On présente drs résnllals numériques 
pour des failles dc section circulaire et elliptique. 

Su6jecl-c/o»ji/icoHon: AMS(MOS): 35K05, 6SR10. 
Keywords: Eddy current NDE, perturbation method, Fourier transform techniques 

1. Introduction. 
A central problem in eddy current testing is to determine, from the output signal of 

an eddy currnnt probe, the values of the parameters of a flaw contained in a conducting 
medium. This is a complicated im-erse problem which has given rise to many methods of 
solution. Wo shall restrict ourselves to the direct problem. 

We consider nn infinitely long horizontal cylindrical flaw of crass-section symmetric 
with respect to the vertical axis, thus generalizing the results obtained in (1) for a flaw of 
rectangular cross-section. We use an idealized eddy current probe in the form of a double 
conductor line situated above a conducting halfepace containing the flaw. A probe, in the 
form of a long rectangular frame, the ratio of the sides ranging from 10 to 20, is often 
used in practical eddy current testing [2]. It was shown in (3) that probes with width-to-
length ratio equal to 1:4 or smaller can he modelled by a double conductor line. With a 
double lino, one can solve analytically problems in which the probe is not In a symmetric 
position with respect to the flaw, because in this case the vector potential haa only one 

This work was supported in part by the Natural Sciences and Engineering Research Council of Canada 
under grants OGP0007916. EQP0122258 and EQP0139636. and tho Centre de rrcherches mathématique» 
of the Université de Montréal. 

Typeset by AMS-TW 
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nonzero component, provided the flaw is an infinitely long cylinder. In the particular case 
of circular and elliptical cylindrical flaws, we determine in detail the influence of the shape 
of the flaw on tbe output signal. 

2. Formulation of the problem. Consider a horizontal double conductor line in free 
upper half-space, /fc = {« > 0}, at height h above conducting lower half-space, Ri = {z< 
0). An infinitely long horizontal cylindrical flaw, Rt, parallel to the y-axis and symmetric 
with respect to the x-axis, is contained in Ri (see Fig. 1). 

(xn. h) "0' 
© 

(x,.!!) 

Zn! 

V 

a-

b-a 

FIGURE 1. Double conductor line above conducting halfepace contadning an 
infinitely long horizontal flaw of cylindrical cross-section symmetric with re-
spect to the z-axis (cross-section pictured as a disk in figure). 

Let fix, z) = 0 describe the cross-section, il2l of the flaw in the xx-plane, assumed, 
for simplicity, to be convex. Let a and b denote the vertical distances, respectively, of the 
upper and lower parts of the flaw measured from the plane z = 0. 

Let the xz-coordinates of the wires be (IQ, h) and (zj, ft), respectively, with alternating 
current ±1 exp jut. Here / is the amplitude, w the frequency, and j = y/^î. 

The vector potential A in an isotropic conducting nonferromagnetic medium satisfies 

AA = IWgf - PoX , A - i l &_ &_ 
dx2+dy2+dz*' (1) 

where a is the electrical conductivity of the medium, po is the magnetic constant and Ie 

is the density of the external current. 

3. Mathematical analysis. Due to symmetry, A has only one nonzero component. 

A = /l(i,z)e3w'ev, (2) 

where ey is the unit vector in the j/-direction. Using (1) and (2) we obtain the following 
system of equations for tlie amplitude of A in each of the regions RQ, RI and iîj: 

AA0 = -polSix - xo)6iz - ft) + poISix - xi)Siz - ft), 
AAi+klAi=0, AAj + ik|A3=0, 

(3) 
(4) 
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where kf = —juotpo, and «rj la the conductivity of the i-th medium (t = 1,2). The 
boundary conditions are 

j4ol»=o-i4ll»=o' "gT" 
»=o 

dAi 
dz ^ I I = ^ I t ' 

*=o 

dAi 
dn 

BA* 
dn (5) 

where L is the boundary of the region R?, and n is the unit outer normal to Rz- Moreover, 

(6) A A A 9A* dAl dA2 _ n Ao. Ai, A,, - ^ , 1 F , - ^ - - 0 , as s/x2 + z2 —» co. 

If the parameter c = 1 - ffj/<Ti is small, then ki and kt are related by 

fc| = fc?(l-e). 

We seek the solution to (3)-(6) in power series in c, 

AO = A%+EAI + . . . , AI=A\+£A\+..., A2 = A%+eA\ + . . . 

In the case c = 0 corresponding to a flawless conducting halfspace, wo have 

A\ = A\ = ^- T Ç ^ H c o s t f i - xo) - costix - xi)\dt, 
it Jo S + 9l 

(7) 

(8) 

(9) 

where 7i = y/i2 - k\. Solution (9) is found, for example, in (4), p. 66. 
Substituting (7) and (8) into (3)-(6) and equating the coefficients of the first power in 

e, we obtain 

AA5=0, {x,z)eRo-

A/1» 4-Jfc2 y l 1 - / 0> ix,*)ZR\\l A A ^ M i - j f c ^ {x,z)zR2, 
R2 

(10) 

(ID 

where, now, A\ denotes the vector potential in the whole region z < 0. The boundary 
conditions on L in (5) are satisfied automatically (see (1]). Equations (10) and (11) arc 
solved with the boundary conditions (5) at z = 0 and (6) at infinity. 

Expressing A? as the sum of its even and odd parts, and using (9), we obtain 

*?„«.(*.*) = ^ T / f 7 T 7 - < « > s $ t o - cos^OcosfctdÇ, ff . Jo S + Il 

^odd(*.*) = — / ^ — — ( s i n ^ i o -s ln^,)s inÇxdÇ. 
f Jo Ç + 9i 

Taking the Fourier cosine transform of A\, 

Â] (A, z) = H A\m,nix, z) cos Ax dx, i = 0,1, 
JO 

(12) 

(13) 

(14) 
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to determine A ,̂,,,,,, and A}ewa, we obtain, from (10), (11), (5) at z = 0, and (6), the 
following problem, with q = y/X2 - fcj, 

^ _ A 2 A i - 0 M _ f l 2 J i _ / 0 - ^ H . - « l . /15ï 
— -XAo-Q, — - q A ^ ^ x€[_ht_a]t (15) 

where, with x = rp{z) > 0 describing the right-hand part of Rt (see Fig. 1), 
flin(A-0^(z)+Bln(A + 0 # * ) Gl(z1A) = - i r y o ^ ^ - ( c o s Ç x o - c o s ^ ) [ A _ ç x + fi 

The boundary conditions are 

ÂÂi -AH ïàs-l - ^ 

df. 

dz I dz 
1 = 0 

(16) 
Sod 

The bounded solution, as z -» oo, to the first equation in (15) is Â  = Ci e~Xz, and the 
solution to the second equation, found by tbe method of variation of parameters, is 

{C i e " + C3e-'1, - o < z < 0, 

C4 e»1 + Cs e-i' + A / ^ G^q, A) sinhb(z -1])] dr,, - 6 < z < -a , 
C6e«*, z < - 6 . 

We use conditions (16) and the fact that the vector potential and its first derivative are 
continuous at z = - o and z = -6 to determine the arbitraiy constants Ci,. . . , Gj. Then, 
applying the inverse Fourier cosine transform, ^îevenOC «) = - / A\ (A, z ) cos A i dA, 

T JO 
we obtain the solution Aôaven in the form 

roo a-Xx 
4cv.n(i^) = ^T- r^-cosXxdX f %(«•+'>•»A, r V ^ c o s f r r , -cosfcco) 

w JO * + q J-b Jo 
[sin (A - 0 (̂7?) , sin ( A + 0 ^ ) 1 1 f . 
I A-4 + A + Ç J ç - H i ^ - l ' 

Similarly, by using the direct and inverse Fourier sine transforms, we obtain 

^odd(*.*) = ^ r^sinXxdX ["€<**<**, re-^iainixi -sin^xo) 
T* JO A + 9 J-6 JO 

.. rsm(A-0^(r?) sin(A + 0V.(»?)] 1 . . 
[ A-Ç A + Ç J « + 9 1 ^ l ^ 

Finally, adding (17) and (18), we have the solution 

Al{x,z) = £ ^ f"£LLdX f "e^+^idn /"e-^fcosAx^os^x,-cos^xo) 
T' JO A+ 9 J_b J0 ( 
rsin(A-0^(>?) sin (A + 0^(1) 1 . . w .- • , N 

x — A _ f + — . ^ +smAx(sm^ii -smÇio) 
[sin (A - tfrPit,) sin (A + 0 ^ ) 1 1 1 (.g) 

X-i 
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B. Numerical results and conclusion. The change of Impedance, per unit wire length, 
due to an infinitely long cylindrical flaw Is computed by the formula 

(20) ZM=eijJAix,z)dl, 

where I Is the path of Integration along unit length of lines. Let d = x, - xo be the 
distance between the wires. Using the dimensionless quantities 

/, a r h - _xo - _ î l 
ft = a = ^1 0 = d^woipo, à = 2' d' X~~d' Xl~d' 

and omitting the tildes, formula (20) becomes 

^Ind = e—j-^bi 

where, with x = rpiz) > 0, as above, describing the right-hand part of the flaw, 
,<» -hK too e-h0n 

zo-w-^L TTTëTj^i ^WTjdrt 

x f dC exp {-0[a + Cib - a)] [y/f+l + y/^Tl]) 

(21) 

(22) 

\3in0iÇ-tl)rPiO , sin/î(̂ -t-T?)V>(C)1 
x \ (cos0€,xo - cos^xi)(cos/9»?xi - cos^TJXO) [ j ^ + ^ + n 

+ (sin/ïÇxo - sin j9Çxi)(sin/3Tjii - sin/ÎT;xo) I 
s j n ^ j J l W O _ s i n ^ + n W O l ) 

t-r, Ç + l JJ" 
We now consider In greater detail flaws with circular and elliptical cross-section. ^ ^ 
5.1. Long circular flaw. Consider a long circular flaw given by (z + zo)2 + x -R 

(see Fig. 1), or, in terms of the dimensionless variable C = (* _ * ) / ( ' ' - a ) ' 

t = rPi(,) = ±ih-a)s/Ûy:T)- (23) 

Computational results obtained by formulae (22) and (23), with the help of the IMSL 
routine DML1N, for 6 = 0.3 and 6 = 1.1 arc shown in Fig. 2, where Ço = io + 0.5. 

rb^rn 

FIGURE 2. Absolute impedance change, \Zo\, against io for P - 1.2>3> " -
0.05, o = 0.05, and 6 = 0.3 (left) and 6 = 1.1 (right) for circular flaw. 
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As seen in Fig. 2, the maximum of |Zo| increases with 0 and its abscissa, (o, hardly 
depends on the vertical size, b, of the flaw. Curves are smoother for larger values of fr. 

5.2. Long elliptic flaw. Consider a long elliptic flaw given, in the «-plane, by 

Ç = ±7(6 -a )N/C( l -0 . (24) 

where 7 = d/[(fr-o)/2j is the ratio of the semi-axes of the ellipse, in the x- and z-directions, 
respectively (see Fig. 1). Computational results for 7 = 2.0 and 7 = 0.5 are shown in 
Fig. 3. 

IZ0I IZ0I py^Q] lY=â5l 
0.20 0.08 ^M ^ M 0.15 N2 0.04 M 0.10 

p-1 0.02 M 0.05 

% 
1.0 1.5 

FIGURE 3. Absolute impedance change, \Zo\, against io for /î = 1,2,3, a = 
0.05, a = 0.05, 6 = 0.3, 7 = 2.0 (left) and 7 = 0.5 (right) for elliptic flaw. 

Again, the abscissa of the maximum for \Z0\ is not influenced by the remaining param-
eters of the problem but its height depends on the ratio 7. 

Conclusion. A maximum of \Z0\ indicates the presence of a flaw in a conducting 
medium; but it is computationally difficult to determine any parameter of the flaw (depth, 
horizontal size etc.) by using only the position of the tmnflniiim along tbe (o-axis. 
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Asymptotic minimal projection constants 
for Lebesgue spaces 

Ernst Gôrlich Alfred P. Rohs 

Presented by G.D.F. Duff. F.R.S.C. 

Abstract: For the spaces X = L ^ - l , 1). 1 < «' < 4, with weights u»,(x) = 1, 
u^x) = ii-x2)-1'2, u*(*) = ( l + x r ' ^ . a n d u ^ x ) = ( l - x ) " 1 " the asymptotic be-
haviour of the relative minimal projection constants p(Vn, X) with respect to the set 
Vn of algebraic polynomials of degree n is announced to be limn-oo p(T>„, X)l log n = 
4/ir2. An outline of proof is given. 

Given a normed linear space X and a subspace Y, the number 

piY,X) = inf{||P||; P is a continuous linear projection of X onto Y) 

is called the relative projection constant of Y in X, see e.g. Cheney (1] for a survey of related 
problems and results. 
Recently Petras [3] has proved that in case A = C ( - l , 1] the precise asymptotic behaviour is 

8 i v e n b y tT, v\ A 

Xxm^B. = L . d) 
n—oo log n IT' 

The purpose of the present note is to announce the following. 
Theorem 1 Equation (I) is true if X is one of Ihe spaces Xi = L^-l,!), 1 < t < 4, with 
norm [|/|U, = / I , | / (x) | W<(x) dx. where ii»,(x) = 1, u^x) = {l-x2)-1'2, t0,(x) = (1 + x ) - ' , 
anrfu>4(x) = ( l - i ) - | / J . 

We outline the proof for i = I. Following (2), Prop. 2, we first map the space Xt onto Xt by 
means of an isometric isomorphism T, where 

The set Vn is mapped by T onto spanfo* ; 0 < fc < n}, where ,*(x) = v/2/^8in((*+1) arccosx) 
and the principal value of arccos is taken. Then the operator Q„ = TPnT-1 is a (minimal) 
projection from Xt onto spanfo ; 0 < it < n) iff P, is a (minimal) projection from X, onto TV 
Second, the standard isomorphism M ot Xt onto the space L5, of even, 2»r-periodic, integrable 
functions with norm MTT = 2K W 1 ) ! 4 * i s applied, which is defined by 

M(/;x) = j/(co8x) . 

1991 Mathematics Subject Classification: Primary 41A10: Secondary 42A10.33C45. mmliaeA 
Key rooriis ani Phrases: Minimal projection. Berman-Marcinkicw.ci equatton. product formula, generated 
translation, Jacobi polynomials. 
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Now Un = MQnM~l is a (minimal) projection from £$, onto spanfA* ; 0 < Jb < n}, where 
hkix) = sin((ib + l)x) 8ign(sin x). The functions ht form a fundamental set in L\w, so that they 
can substitute the trigonometric functions in the proof of the Berman-Marcinkiewicz equation 
([1], p. 63) to the effect that 

; j f fi») [Dn+iix -s)- D^iix + «)} ^ = ; j f ir;H„T;/) (x) dA (2) 

is obtained, where A.(x) = l+2Ualcoskx and I ï ( / ; x ) = (T* + T.*)(/; |x|) , rA(/;x) = 
fix + X) sign(sin(x + A)). As compared with [2], (2.10) (or rather its trigonometric equivalent 
obtained via Af), equation (2) uses a different translation operator which, however, has a 
discrete support like the Chebychev translation, and satisfies the product formula 

Tlihk;x) = 2Aè(x)cos((ib + I)A) (3) 

for fc € IN U {0},A € (0, T), and x € n t In fact, [2], (2.17) is incorrect and has to be replaced 
by (3). _ ^ 
The next step is to represent Hnasa linear combination of functionals in \L\J\ , which in turn 
have a Riesz-type representation in terms of certain functions (?*,» € Lfw, the space of even 
L^-functions, and to show that the operator norm ia 

\\H4,7rt - es88UP / 
IH.I «6(0,111 Jo 

Replacing the / in (2) by a test function g,^is) = sign(Dn>i(ir/2-3)) for s € [ir/2 - c, T / 2 + e] 
and g,,nis) = 0 elsewhere in [0, JT], and adapting a technique of estimation from [3], p. 210, one 
obtains for n > 44, say: 

2̂ 11 A . + i | | 4 . - ^ h* - " ( 2 n + 3 ) r 8 i n f - ^ T 

^ èr*"<a){MH-MI+')}* ^ (1+7)"̂ tei • 
Here l/(2jr)||Z)n+i||i,i> behaves like 4/ir2logn + O(l) as n -» oo, so that, choosing e = 
ir/(41og7j) and letting n —» oo, the assertion follows. 
In the cases t = 3,4, the proof is similar, and for t = 2 it is much simpler. 
Full details will appear elsewhere. 
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EQUATIONS AUX DERIVEES PARTIELLES (NOTE I) 

PROBLEME DB CAUCHY SUR UN CONOIDE CARACTERISTIQUE 

POUR DES SYSTEMES QUASI- LINEAIRES HYPERBOLIQUES 

Marcel DOSSA 

Presented by G.F.D. Duff. F.R.S.C. 

Résumé. De nouveaux résultats d'existence et de régularité sont établis 

pour une classe de systèmes quasi-linéaires hyperboliques du second 

ordre. les données initiales étant portées par un demi-conoïde 

caractéristique. 

CAUCHY PROBLEM ON A CHARACTERISTIC CONOID FOR QUASI-LINEAR HYPERBOLIC 

SYSTEMS 

Abstract. New existence and smoothness results are obtained for a class 

of quasi-linear hyperbolic systems of second order, with initial data on 

a characteristic conoid. 

I. INTRODUCTION 

On considère dans le domaine Y intérieur S un dcmi-conoîde C de 

R1"1, de son«,et O et d'équation x0 = Six' x"). le problème de Cauchy 

pour un système de N équations (Er) i N fonctions inconnues (w) de n*l 

variables (x0) de la forme : 

AA'1(x0.wt)DA;i wr * fp(x0.wt. Dvwm) = 0 

r,s = 1,2 N; o,A.ji.v =0.1 n; 

a „ a2 
^ = TT' *" = 3 xA 3 x" 

(1) 

de type x? hyperbolique avec A0 0 > 0 et la forme quadratique A X ^ 

définie négative (i.j = 1 n). avec des conditions initiales : 

(2) 

.n»i IDn*1 

» = i sur e,M étant définie dans un voisinage U de 0 dans R j 
r r r 

Ç étant un demi-conoïde de sommet 0, caractéristique pour 

V l'opérateur différentiel A ''(x^w (x ))D^ 

Dans H l . pour n = 3 ct sous des hypothèses de différentiabilité 
Au ^5,,^ r" r31*2 avec 

sur les données ( A ^ . f ^ w ) de classe respective C . C . c 
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t 2 6 et moyennant la condition de compatibilité suivante, notée (0 ) : 

<< les w vérifient au point 0 les équations (E ) ct toutes les 

équations dérivées jusqu'à l'ordre t-2>>, F. CACNAC résoud le problème 

(1),(2) dans H (Y), Y étant un voisinage asser petit de 0 dans Y. 

Dans (S], A. D. RENDALL conjecture l'inutilité de la condition. 

(0t). 

La présente note propose une nouvelle méthode de solution qui 

conduit à des résultats dont la nouveauté, par rapport aux travaux 

antérieurs (jl), (Sj), réside dans la petitesse de l'ordre de 

différentiabilité minimum exigé des données et dans l'absence de toute 

condition de compatibilité portant sur les valeurs des données au sommet 

du conoïde. On démontre ainsi la conjecture de RENDALL. 

II NOTATIONS GEOMETRIQUES ET ESPACES FONCTIONNELS UTILISES 

V t 6 IO.K» (, on note : 

Yt = |(x0,..,xn) g Y; S(x,...>xn) S x0 S t} 

Gt =/(x0...,xn) e v; x 0 = tl 

C (V ) - espace des fonctions de classeC sur Y . 

r (V ) = l'espace de Banach défini par la norme : 

|| X || = Esssup t""?|| X jl 
f (Y ) IêJ Of J n (S .r) 

avec, p étant un entier naturel : 

||X|,' = [ [|DkX|ïdx,...dxn 
H ce .i) k-a J 

T G 
I 

où : 

|Dlx|2 = y |D0X|2, D0 = ^ . les D0X étant des 
lOiSk O. O /-. "v *> 

O x ) . ..Ox ) 

fonctions qui sont des dérivées au sens des distributions de X. 

III. HYPOTHESES ET ENONCES DES RESULTATS 

Soit p € N U |+-l. 

Hypothèse a . 

Les A (x .w ) sont définies et de classe Cp dans U x u, où U est 
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un ouvert de R"*1 contenant 0, W est un ouvert de R". Dans U x W . les 

AA'i(x<,,w ) définissent une forme quadratique définie de signature 

• - ... - avec A0 0 > 0. A1' X, X définie < 0 (i.j =• 1 n). 

Il existe un point (a ) € H tel que AA',(o . a ) = ^(métrique de 
r r Minkowski) 

Hypothèse p 

Les fonctions f (xtf, w . w ) sont définies et de classe Cp dans 
r • »V 

U x H x W où W est un ouvert de R 

Hypothèse y 

Les û sont des applications de U dans W dc classe Cp ct telles que : 

wr(0) = ar, le point (arA) = (0^(0)) G W . 

Hypothèse 6 

1 " /f(xV 
S(x x ) • s avec s = v ^ 

Théorème 1. 

Si n S 2, si les A**1, fr. wr vérifient les hypothèses o ^ , p^. YtuI' 

6. avec t > n/2 + 1, alors il existe un réel To > 0 tel que le problème 

(1). (2) a une solution unique (w^) telle que : 

• les w sont définies dans Y et Wf € F (YT ). 
r o o 

• sur U : w = w et les DAwr. |A| S t, sont bornées. 

Théorème 2 

Si n ï 2, si les A*'', f . wr vérifient les hypothèses o.. Px. y., 

alors il existe un réel T > 0 te'l que le problême (1). (2) possède une 
O 

solution unique (wr) E c'ct^ ) tW* '« Â VrVJuilVJl Y- , 
O o 

IV ESQUISSES DES PREUVES DES THEOREMES 1 ET 2 

Preuve du théorème 1 

On montre d'abord l'inutilité de la condition (0^ en construisant 

une nouvelle donnée initiale (*0 de classe C * telle que 

Z/G = w/G et (wr) vérifie la condition ( 0 ^ ) . On en déduit d'après 

Hl : 
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(3) : 

la détermination unique des fonctions Pr (1 S i S t), égales 

aux restrictions au conoide 8 des dérivées Do w^ des fonctions 

inconnues w , 

• le "polynôme de Taylor" à l'ordre t en 0 de la fonction incon-

nue w est égal à u0 • polynôme de Taylor à l'ordre t en o de 
w . 

* r 
On pose ensuite w = v *• o et on transforme le problème (1), (2) 

r r r r 
en un problème à données nulles, d'inconnues (vr), qu'on peut résoudre 

dans F1*1 (Y ), pour T assez petit, à l'aide d'une variante de la théorie 

de Leray14'. Cela impose aux (u ) de vérifier vu (3) : 

(4) : t>r 6 F1*2^) et 0^ «/& = ^l ,, 0 s i S t. 

On choisit les u sous la forme t» = M + u , les o étant r r r r r 

construites comme solution dans F * (Y) du problème : 

(5) : P u = 0 dans Y et D ' ^ V G « a'n - #(" • D ^ / e . 0 S i S t. 
C - -. C r Or* r " or 

où : si t = 2m -1,P„ , =fl(ciD*-A): si t = 2m.P =( fl(eD ?A)).Do 
V e . l-l 0 i " • i - 1 

n 
avec A = J* D . les e étant des réels tels que l < el <...< c_. 

I«l ' 
Revenons maintenant au problème de la construction d'une nouvelle 

donnée initiale w vérifiant (o, , ) . Il se résoud au moyen des 
r elfe 

propositions suivantes qui découlent d'une combinaison du théorème S-4-2 

de (3) et des résultats de (1]. 

Notations préliminaires 
Soit p € N, p i 2. Soit des données (A ^.t^ wr) vérifiant 

(a .fl .y) . On note A ^ . f ., <P>w les polynômes de Taylor aux 
p p-2 p Ip) f.lP) r 

points respectifs (0. wr(0))1(0, wr(0), Dv Û^Q)), 0, aux ordres 

Au 
respectifs p,p-2I p des fonction respectives A r,ff,wf. 

On note : AX£ = A*".^ („(= fr, '"'^ = wr. (P)Y = intérieur de ""«? 

avec <p>l» = demi-conoïde de sommet 0, orienté vers les x i 0, 

caractéristique par rapport à A ^ U 0 , <p,wr(xa)) DA(j dans un domaine 

D de R"*1 Où cet opérateur est hyperbolique. 

Alors on a : 

Proposition 1 (cf [2]). 

Soit p e H u|+ - \ . p £ 2. soit des données (A tt,lr, w^) vérifiant 
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{a.p . . y ) . Alors 11 existe deux suites (décroissantes) (Dk)lc.> 
p p.j p » «=• 

(D 1 _. de voisinages de 0 dans U et une suite C o k).c, d e fonctions 

de C° (D ) telle) que : 
• 5 = D = D, (p)u = (p,w , 

O o r.o r 
• pour k S l : D est un voisinage de 0 dans D^^, dans lequel 

là métrique (Â**1 ) est hyperbolique; D est un voisinage de 0 dans D , 
I pl.k * 

qui est de plus un domaine causal de D pour la métrique (A , k) ! 

(1P)M ) est un élément de c"(Dk), solution du problème de Cauchy 

linéaire caractéristique (cf 13]) : 

Â^ .D(p>« •£ = d a n 8 ( p , Y n D t 
(P).k A(J r.k r.lpl.k k 

<•"., = ""« =",>C sur < p , e n D 
r.k r.k-1 r k 

a v e c - Â ^ X ) ' ^ ^ - , ' ^ , ! ^ » : 

^ . P . .k^ = ^. .p^a ' , pV^B>-C' ' . .k .^0» 
Proposition 2 (cf |21). Hypothèses et notations identiques à celles de' 

la proposition l. 
I) Pour tout entier k. 1 S k < p, les polynômes de Taylor à l'ordre k en 

0 des fonctions <p,u . et ,p,M .. . coincident. 
r.k r,k-1 

II) Soient k un entier < p et <P)"r ̂  te polynôme de Taylor è l'ordre 

k + 1 en 0 de la fonction ""« .. Alors : 

r.k 

• ""'û vérifie la condition (0^ .) et il existe une fonction 
r.k »•! 

(w ) de classe C**1 telle que le polynôme de Taylor h l'ordre k • 1 en 
0, de w est égal à (p)û .et w = w sur G. r e r.k r r 

. . . O |Jt»2)-
Remarque : Vu la proposition2, on a : a^ = Ur.2t*i' 

Preuve du théorème 2 
Elle est identique h ce l l e du théorèmel, sauf la construction de 

o = w
0 • u1. I c i . vu la proposition 2, les « 0 et t»1 doivent vér i f i e r : 

r r r r r 

D',MO(0) = D',,")i ,(0) v k e M. vp e N"*1 .Ml = k 
r r.k 

D^M? = a ( k W - Dk «TS ¥k6N 
r' r r O r ' 

Leur construction se fait au moyen de certaines variantes du théorème 

classique de Borel. 
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Remarques 

1) les détails des démonstrations des théorèmes 1 et 2 se trouvent 

dans [2]. 

2) Les thérèmes 1 et 2 peuvent s'appliquer mix Rquntions de 

Vang-Mills-Higgs en jauge de Lorentz, aux Equations d'Einstein du 

vide en coordonnées harmoniques, au système conforme régulier des 

Equations d'Einstein 
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ON THE REPRESENTATION OF INTEGERS BY 
INDEFINITE DIAGONAL QUADRATIC FORMS 

J.H.H. Chalk, F.R.S.C. and R.J. Ashton 
In Memory of D.B. DeLury (obiit. Sl Nov. 1993) and T. Estermann (obiit. 

29 Nov. 1991). 
Abstract 

"A brief review of the developments of the Circle-method of Hardy-
Littlewood adapted for diagonal quadratic forms." 

Let n = (ai.01,03,04) denote non-zero inlegers. not all of the same sign. 
Let ii(n) denote the number of solutions of the diophantine equation 

atxï+atxl+atxl + atx^c, (ceZ/{0}) (1) 

in positive integers 1 = (zt.xj.x.i.x,!). subject to a restraint of the form 

|« ,J :? |<II (1 < » < » ) , (2) 

for some n > 0. (From classical theory of representations it is known that if 
c is actually represented by the form in (I), then it has an infinity of such 
representations of c; moreover, it represents an integer c if. and only if. (I) is 
solvable Radically for every prime p.) The restraint (2) provides a measure 
of fhe 'size" of a solution of (1). Estermann I^ adapted the Circle-method to 
obtain an asymptotic formula for !•(«) as n -• 00:-

L(n) - /v A-^e(o.c)n| < f ,
ïu<+'. for n > C,. (3) 

where 
(i) A = jn 1 njn.-ifMI. K is a known absolute constant, 
(ii) Ct and Ci are conslants depending at most on a. c and (. 
(iii) 6(n.r) is the so-called Singular Series (embodying a p-adic component 
for every prime />). (rf. [3] §3, 3.5). 

He remarked that there is a diiferent and perhaps more interesting prob-
lem if (2) is replaced bv 

E Ml ̂  " w 
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particularly for the case when the quadratic form on the left of (1) has signa-
ture zero. However, this was already done by D.B. DeLury (2] albeit with a 
weaker estimate for the error term on the right of (3). Later, K.S. Williams 
[4] obtained explicit bounds in terms of A and |c| for 6(a, c) and for the con-
stants Ci, Ct and from this he was able to assert the existence of a 'small' 
solution of (1) ; in fact a solution x — (zi,Z2,X3,X4) satisfying 

i m« |» i |<A- + « | c | ' + ' (5) 

with 
a = 27 + ^v/ÏÔ2 = 43.04, 0 = ^y/m = 22.Zl... (6) 

Recently, this work was improved by R.J. Ashton [1), who introduced 
the Poisson Summation formula in place of Estermann's use of the Euler 
Summation method. As a direct consequence, (5) may now be replaced by 

max |x?| < Ai+'|c|i+'. (7) 

(Note: The implied constant in the Vinogradov symbol '< ' depends at most 
on c.) 
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SMOOTH BIORTHOGONAL WAVELET BASES 

ABDERRAZEK KAROUI AND RéMI VAILLANCOURT 

Presented by G.F.D. Duff, F.R.S.C. 

A DSTRACT. For a given filter of finite length 2n + 1. a one-parameter family of dual filters of 
length 2N + 1, where Af > n. Is constructed. The dual filler is optimized hy a proper choice 
of the value of the parameter. 
RéSUMé. Soit un filtre de longueur finie 2n + 1. On construit une famille unipanunétrique 
de filtres duaux de longueur 2N + l, N > n, qu'on optimise par un choix judicieux de la 
valeur du paramètre. 

Subject-classification: AMS(MOS): 42C05. 
Keywords: Biorthogonal wavelets, parametric family, dual filter, non-trigonomotrie Fourier 
analysis 

1. Introduction. An orthonormal wavelet basis for t2(R) is a family of functions 

éjAx) = 2-i'2rPi2-ix - fe), xe R, j , keZ, (1-1) 
obtained by dilations and translations of a single (mother) wavelet rp e L2(R). Thus, 

fix) = T.T/if*i''WM*)' {f,*ik)= T fix)*Mx)dx, (1.2) 
f&tëi J-°° 

where the double series converges in the strong L2-topology for all / 6 La(R)-
Many useful wavelet bases come from the design of 27r-periodic functions called finite 

Impulse response (FIR) or infinite impulse response (IIR) wavelet filters (lj. 
Since It is impossible to design linear phase FIR filters, in many applications ((2), p. 113) 

one uses biorthogonal wavelet bases with compactly supported symmetric wavelets (3). 
These bases arc formed by a pair of families of dual (see Def. 1 below) wavelets, rpikix) 
and rpjkix), derived from two mother wavelets, ^(x) and rpix), respectively. Thus 

/(*)=ED''^w*<x)=EI>^fc(s)' (1-3) 
iezkgz jeZfcez 

where any / € L2(R) is decomposed by one family and reconstructed by the other. 
In this note, a new approach is used to coastruct compactly supported smooth sym-

metric biorthogonal wavelet bases with a one-parameter family of dual filters. 
This work was supported in part by the Natural Sciences and Engineering Research Council of Canada 

under grant A 7091 and the Centre de recherches mathématiques of the Université de Montréal. Thanks 
are due to Badreddine Karoui for his assistance with the programming. 

Typeset liy ^Vn*"1^ 
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2. Biorthogonal Wavelet Bases. 
2.1. Preliminaries. Two scaling functions, <p and 4> in ^2(R)i satisfying 

^(x) = 2 J ] an0(2x - n), 0(i) = 2 ^ 5n^(2x - n), (2.1) 
nez n6Z 

are said to be dual scaling functions it 

i<Pi- - j),k- - k)) •= H Hx - j)4ix-k)dx = 6jtk, j , keZ. (2.2) 
J-oo 

By (2.1) and [4], pp. 72-73, it is seen that the pair of functions 
V(x) = 2E(-l)nar^0(2i-n), ^(x) =2E(-l)n5r^À(2i - n), (2.3) 

nez nez 
are (in general, non-orthonormal) dual wavelets associated with the scaling functions ^(x), 
^(x). Using notation (1.1) for <pjk, ipik, rpik and rpjk, we have, for all / 6 L2(R), 

fix) = £(/.0>fc)^fc(x) + 53S(/.^fc)Â.fc(«) 
«ez nezkez 

n<i (2-4) 
= D / ' ^fc)^*(*) + E E ^ ^)V'nfc(x). 

kez nezfcez 
n < j 

Taking the Fourier transform of ^(x/2) and 0(i/2) as given by (2.1), we see that there 
exists a pair of 2ff-periodic functions, mo(() and Tno((), 

moii) = E a"eini> *«>(€) = E 5"e'n€' (2-5) 

nez nez 
such that ^ ^ 

*(20 = mo(Ç)^). tiW = inoiim)- (2-6) 
2.2. Conditions for Uie existence of biorthogonal wavelet tases. We now assume that 

the coefficients, On and 5„, of mo and mo, respectively, as defined in (2.1), are real, 
satisfy the symmetry relations a_n = an and 5_n = an, and are finite in number. The 
last assumption is equivalent to the compact support property of the constructed wavelets. 

Using (2.6), one can see [4| that 

HO = f l m(2-'i), 0(0 = fl ^o(2-iO- (2-7) 
3=1 3=1 

To have regular biorthogonal wavelet bases, moii) end fhoii) have to satisfy a set of 
conditions given in |3]. Among these, by (2.2) we have 

moii)rhoii) +m0ii + 7r)moU + T) = L V ̂  € [0, w]. (2.8) 
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Hence the coefficients a n and 5 n of the two-scale difference equations (2.1) satisfy 

X)anôf„ = i; (2.9) 

moreover, by (2.7), 0 and 0 are in L3(R) only if 

mo(0) = l, mo(0) = l, (2.10) 

and continuous only if 
mo(ir) = 0, mo(»r) = 0. (2.11) 

Conditions (2.8) and (2.10) imply neither the biorthogonaUty of the scaling functions nor 
that these are in L2(R). A positive answer is provided in [3] by the foUowing proposition. 

Propos i t ion . Assume that mo(0 and mo(() can be factored in the form: 

**(*)-[——) m). mio^i^f^) /(«). (212) 
respectively, where L, L > 1, and suppose, tAat for some k,k>0, 

Bk = sup 1 / (0 / (20 • • • / ( 2 t - ^ ) | 1 / f c < 2 t - , / ^ (2.13) 

B-k = sup | / ( 0 /(2Ç) • •. fi2*-lt)\l/k < 2 I - t / 2 - (2-14) 

TAen 0, 0 € L2(R) and (^o.o.^o.n) = «on-
Ii (2.13) and (2.14) are satisfied, then there exist [3] two positive numbers, e,ê> 0, 

and a positive constant, c > 0, such that 

W 0 I < c ( i + K D ^ " ' * " ^ ) / ^ ) > | ^ 0 | < c { l + ^-L-H-WBO/W) ( 2 1 5 ) 

By Theorem 3.8 in [3], if (2.8) and (2.15) are satisfied, then the dual wavelets constructed 
from the scaling functions ^( i ) and (j>{x) generate two biorthogonal wavelet bases, and 
(2.4) holds. Thus, the construction of a biorthogonal wavelet basis reduces to the easier 
construction of 27r-periodic functions (2.5) satisfying (2.8), (2.10), (2.13) and (2.14). 

3 . Numer ica l Construction of Biorthogonal Wavelets. 

5.1. TAe construction o / m o ( 0 . Dy using a result from [5], one can easily see that 
a 27r-periodic function, mo(0, which satisfies the first parts of (2.10), (2.11) and (2.12), 
respectively, and (2.13) for some ib > 0, is a candidate for generating a biorthogonal 
wavelet basis. Hence, let no > 1 be a positive integer and consider the function 

no 
m „ o ( 0 = £ one**. (3.1) 

na—flo 
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which generates a symmetric filter since m ^ - O = m^, (0 foUows from o B = o_„ , for 
1 < n < no. 

FVom the first parts of (2,10) and (2.11) wc derive the pair of Unear equations: 

a » + 2 E a " = 1' *o+2i;(-ir«n = 0. (3-2) 
n=l n=l 

in the no + 1 unknowns a,, j = 0 , 1 , . . . ,no. By fixing no - 1 of these, one obtains a 
unique solution to system (3.2). 

In general, (2.13) Is verified numericaUy by appradmating the upper bound of Bk. This 
problem simplifies considerably if, instead of estimating fît, one estimates the maximum of 
the absolute value of a piecewise polynomial which approximates 1 / ( 0 / ( 2 0 •••fi2~ Oli 
as is done in the foUowing theorem, proved in [6]. 
Theorem 1. Suppose the 2Tr-periodic function, 

mo(0 = E **e'" *> 6 R' - n ^ ^ ̂  (3-3) 

satisfies (2.10) and (2.12). // we write F t ( 0 = / ( 0 / ( 2 0 • • / ( Z ' - ' O . then, for alle> 0 
ond fc > 0, there exist a positive integer r and a /inite partition of \0,2ir\, say (AJie/, 
such that , „ , , , . i 

s u P | F t ( 0 l l / f c - 8 u p l P f t ( 0 1 , / 2 f c < ^ 
1 « e ' 

when, for each i, PFhiÇ) is equal to a polynomial of degree r i/Ç 6 /«. ond 0 ofAemrise. 
Remar* /. In practice, P ^ K ) Is approximated on /< hy the constant value Ffc(Çj)nfô), 
where ^ is the midpoint of the interval /<. If M = AT - L + n, Jf = (1 + 2* l ) 2 f c - 3 and 
h is the step size of the partition, then it follows from the method of proof of Theorem 1 
that the error made in approximating sup^ lFfc(0|I/fc ^ bounded by 

, r . KM -il/M i 

3.2. The construction ofrho^). The dual, moK), to mo(0 foUows from identity (2.8). 
Since mo(0) = 1 and mo(w) = 0, then necessarUy mo(0) = 1-

If we require at least continuity of the wavelet ^ ( i ) , then by an argument given Jn [5], 
mo(0 also has to satisfy the condition moOO = 0. , . , „ 

With a notation for iVb which anticipates the result, one easUy sees that If the following 
two functions: 

no Hi . 
" » n , ( 0 = £ a"e<n<' ™ W » ( Ç ) = ! £ /îne'n«,JVb = no + ( 2 f c + l ) . (3-5) 

no-no n=-Ne 

satisfy (2.8), then the integer JVb + no Is odd. 
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If mo(0 and mo(Ç) are as in (3.5) for some integer fc, then by conditions (2.8), (2.10) 
and (2.11), one obtains the foUowing linear system of equations in 03: 

I>^ = 1. E ^=0. l<n<^^-\ 
•+i=0 i+i=2n 

N0 (3.6) 
A) + 2Ê(-i)>^=o. 

j = l 

The numerical method mentioned in Remark 1 is then used to decide whether or not 
^0(0 generates a biorthogonal wavelet basis. 

By the foUowing theorem, proved in [6], our method produces an infinite family of dual 
filters aU of the same length. 
Theorem 2. Consider a symmetric 2it-periodic function, 

no 
mno(0 = E a>ei i ( ' ai e R> a-i :=ai' 1 ^ J ^ "o- (3.7) 

j=-no 

Assume that, for some No > no, tAere exists a dual real trigonometric function 

No 

"WO= E P'6**' fteR' P-i = Pi' 1<J<N0, (3.8) 
i=-No 

such tAotmno(^) andmNo{Ç) satisfy condition (2.8) ondm;vo(0 factors in the form (2.12) 
tuith L = 2, where /(O is a trigonometric function satisfying 

sup|/(0 / (20 • • • f.i2k-lO\Uk < 2(3 /2 )-<. (3.9) 

for some positive integer k > 1 and e > 0. TAen, for all N = N0 + 2l, I € N, there exists 
a one-parameter family of trigonometric functions of length 2N + I, dual to mno(0, with 
parametric coefficients 0jip). 
4. Numerical Results. The above technique has been used [6] to construct filters of 
length five, seven and nine, respectively, with dual filters in parametric form. Let m/v(0 
and mw(0 denote the dual trigonometric functions that generate a set of biorthogonal 
wavelet bases, where N is the number of vanishing moments [3] of the corresponding 
wavelets. Since the coeflicients of m/v(0 are given in parametric form, an approximation 
to the range, [IN, LN], of the parameter /i, has been computed for which condition (2.14) 
is satisfied by mw(0. 

The decay associated with 0(0 is the largest number e > 0 such that 

£ \m\il + mdt<C<oo. (3.10) 
I 

In this case, ${x) and ip{x) are at least of class C€~l. 



30 A. Karoui and R. Vai l lancourt 

\ 

- 6 - 4 - 2 0 2 4 6 - 6 - 4 - 2 0 2 4 6 

• 4 t ~ 

-15 -10 -5 0 5 10 15 .io -5 0 5 10 

FIGURE 1. Dual scaling functions, « (̂a;), ^«(x), and corresponding wavelets, 
i>6{x), îpeix), at /x = 2.5. 

The coefficients an of mw(Ç) aadjlnip) ot rhsiO toT IN < P < LN, and the decays, 
EJV and CJV, associated with fa and <PN are given In [6] for AT = 2, 4 and 6. 

Eight iterations of the constructive cascade algorithm given in [7], pp. 202-205, pro-
duce a good approximation to the graphs of the scaling functions and the correspondmg 
wavelets. Figure 1 presents the graphs of faix), faix), faix) and faix), at p = 2.5. 
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A short proof of Elliott's theorem: Oa 8) O2 = o* 

Mikael R0rdam 
Presented by G.A. E l l i o t t , F.R.S.C, 

The purpose of this note is to present a direct and relatively self-contained proof of 
the theorem of George Elliott that 0 , ® O j is isomorphic to O2 This theorem will also be 
included in [2], where it will follow from a much more general result. The present proof 
differs from the proof given in [2], in that it gives a characterization of all separable unital 
C'-algebras A for which A is isomorphic to i4 ® O*. Most of the ideas of the proof given 
here are due to Elliott and are based on conversations, but there are some new ideas and 
short cuts, most notably in the proof of Lemma 1. 

We need the following three facts for the proof. Call two '-homomorphisms ip,tl>: 
A-* B between separable C-algebras approximately unitarily equivalent, written y» » V", 
if there is a sequence {t*} of unitaries in B (or in B with a unit adjoined) such that 
Adv» o<p -* rl> pointwise. The first result we need follows from a version of Elliott's 
approximate intertwining argument. 

Proposition A (EUiott (4)). If A and B are two separable C'-algebras and there are 
'-homomorphisms v : A - B and ji : B -* A such that j , o v & iAA and ip o rl> » ide, 
then A and B are isomorphic. 

Sketch of the proof. Find sequences {uk) and {vh) ot unitaries in A, respectively B, 
making each triangle in the diagram 

id , id 

Adu! oib/ \ Adu, o ty 

Advi 0 ̂  / Aduj 0 ipS 

B B 
id id 

commute well enough on appropriate finite subsets of A and B so that the sequences 
(Adv* o ip) and {Adu» o V} of '-homomorphisms are pointwise Cauchy. The limits of 
these Cauchy sequences will then be '-isomorphisms (each inverse to the other). n 

The map A referred to below is the endomorphism on On given by A(o) = E>=i *ia3î> 
where j , , • • -, JB are the canonical generators of On, that satisfy a.'* = 1 and E «<«< = • • 
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Theorem B ([6] Theorem 3.6). (i) Every pair of unitai '-homomorphisms from Of into 
any simple, unitai, purely infinite C'-algebra are approximately unitarily equivalent. 

(H) For every even n and for every unitary u inO„ ihere is a sequence {vi,} of unitaries 
•n On such that A(vJ)u» -» u. 

Lemma C d ® O, ù simple and purely infinite. 

Proof. Simplicity of O, 9 Ot follows from the Cut that Ot is simple ([3]) together 
with the fact that the minimal tensor product of simple C'-algebras is again simple 
((TJ, Chap. IV, Corollary 4.21). Clearly, O, ® O, is infinite. FVom [1], CoroUary 1.3, it 
follows that Ot 9 Ot is isomorphic to Oj ® Oj ® Aff. It now follows from [5], Theorem 
0.8 (essentially a reformulation of results of Blackadar and Kumjian and of Cunts) that 
Ot 0 Ot is purely infinite. a 

We now turn to the proof of Elliott's theorem and begin this with the following three 
lemmas: 

Lemma 1. For every even n there is an asymptotically central sequence {tpi,} of unital 
endomorphisms of On (i.e. {v>»} satisfies [v>k(a),6] -» 0 o» fc -» oo /or all o, 6 € On). 

Proof. The element 
n n 

« = 5Z n'i'i'ï (= SA(»i)«i) 
.•j=i i = i 

is a unitary in On. Hence, by Theorem B, there is a sequence {«»} of unitaries in 0„ snch 
that A(v2)v» -• u. Let ^» : On -» On be the '-endomorphism given by <pi,i»i) = w»^. 
Then 

|| £ A(V»â,.)s; - *»|| = ||A(t;»)« -1,»|| -» 0, 
i=i 

whence [^(vts^) - v»^|| - • 0. Since A(«»Sj)s,. = s,v»Sj, it follows that [tpi,) is asymptot-
ically central. a 

Before proving the next lemma, which produces an exact embedding of Ot ® Ot into 
Ot from approximate ones, we need the following observation. Suppose that p is a poly-
nomial in eight non-commuting variables and that the element x obtained by evaluating 
p at the eight elements «( ® 1, aj ® 1, 1 ® «i, 1 ® a-, « = 1,2, in Oi ® Oj satisfies ||i[| < e. 
I*t vin\»'jB' be two sequences of embeddings of Ot into a C'-algebra A, and 
let xn denote p evaluated at viB)(«i).V>in)(*i)i*'in)(a<).*,j")(*i). « = l>2- Assume that 
\\[<Pi,\'i),Vi')i»iM -» 0 for all i,j € {1,2}. Then ||xB(| < c for aD sufficiently large 
n. To see this, observe first that we can define embeddings ^ i , 9 , : Ot -» tniA)/coiA) 
by setting %(«,) = {ip\n)isj)} + Cb(yl), and that 9 , ( 0 0 commutes with 9,(0»). We 
therefore get an embedding ? : O, ® O» -» /0'(i4)/eb(i4) given by ?(<» ® 1) = 9,(1») and 
9(1 ® a) = <Piia)t a € Ot. Now x = {x„} + (^{A) is equal to 9(x), and so ||x|| < e. Since 
||S|| = limsup ||zn|| the assertion follows. 
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Lemma 2. Let A be a simple, unital, purely infinite C'-algebra. For every finite tubsel F 
ofA and every e > 0 there is a finite subset F' of A and a6>0 such that I / ^ I , vi : O, -» 
A are unital '-homomorphisms such thai ||(v>i(«i),^i(«i)]|| < * an<* lllv>Jh(«i)> alll < & for 
all t,i,fc € {1,2} and a € F', then there is a unitary v in A such that 

\\vav' - a|| < e, ||«»>i(«i)w* - »»»(»i)|| < « 

for all ae F and j = 1,2. 

Proof. If suffices to show that if qff* and tp^ axe asymptotically central sequences 
of embeddings of O, into A such that M^MiV^M] "* 0 > t l l e , 1 t h e c o n c l U 8 i o n o f Ac 

lemma holds for the pair Vi tVt ^OI n sufficiently large. 
By Theorem B there is a unitary v in 0 , ® O, such that 

||Adv(aj ® 1) - 1 ® 3j\\ < e/5 

for i = 1,2. There is an element z in the '-algebra generated by s j ® 1 and I®», such 
that ||v - z\\ < e/5. Note that 

Hsi®l)-( l®siH|<3C/5. 

Express 2 as a polynomial in the eight non-commuting variables SJ ® I,»] ® 1, 
1 ® Sj, 1 ® s'j, j = 1,2, and denote by z* the evaluation of that polynomial at Vi iai)> 
Vi'H'jh V»B)(»i). vPi'j)- By the remarks preceding the statement of the lemma we have 
that 

IK¥.(.n)('i)-v4n>('>)*-ll<3*/S 

for sufficiently large n. Also, |||z„| - 1|| < e/5 for large n, and so there axe unitaries vn in 
A with ||un - Znlj < e/5. We have 

lKv»in,('i)-V<,n>(-iKII<e 

for large n. FinaUy, [zn,a] - . 0 for aU o € A, and so ||v„oi;; - a|| < 2e/5 for aU a in any 
finite set F when n is large. a 

Lemma 3. Suppose that A is a unital, separable C'-algebra and that there is an asymp-
totically central inclusion o/O, into A (i.e. there is a sequence of unital'-homomorphisms 
ipn:Ot-> A such that ||[»»„(6)1a]|| - • 0 /or all 0 6 A and 6 6 O»). It follows that «Aere 
is aunital embedding $ : A ® 0 , - • A such that $ 0 ip m id*, «Aere ip:A-* A ® 0 , is 
given by y>(a) = a ® 1. 

file:////vav'
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Proof. Choose an increasing sequence {Fn} of finite subsets of A such that US>,Fn is 
dense in A, and find finite subsets F; Ç .4 and «,, > 0 such that Lemma 2 holds with 
C = 2-". We may assume that the sequence {F^ is increasing and that {*„} decreases 
to «ero. By assumption there is a sequence {v«} of «nital embeddings of O, into A snch 
that 

ll(V-(»i).Vn+i(»i)lil < ««• IlK^-MII < «»• 

for all a € JF̂  and t, i € {1,2}. 
By Lemma 2 there are unitaries v„ in A such that 

||Advn(a) - a|| < 2 - , ||(Adt;B o V»n+,)(s,) - p„(si)j| < 2"", (a € Fn). 

Set V'n = Ad(t>it), - . .i»„_i) and ^ = Ad(t;it;, • • -Wn-l) « Vn- T , i e n 

ll*«+i(«0-*«(a)ll = l|Adt;n(a)-a||<2-", (a 6 Fn), 
K + i ( ' i ) - ^ i ) l l = ll(Ad»iBow.+I)(si)-V»Ml<2-. 

The sequences {^n} and {#,} are therefore pointwise convergent to '-homomorphisms 
0̂ : i4 -• A, respectively Ĵ : O, -» A, and ^(A) commutes with ^(O,). It foHows 

that fa and ^ extend to an embedding V» : A ® O, -• A given by ^(a ® 1) = ^o(«) »nd 
^(1 ® 6) = ^'(6) where o g A and 6 6 O,. Since $oip = fa and fa « id,! by construction, 
the last assertion follows. 

Theorem (Elliott). Let A ie a «paraHe tmttal C'-aljeSro. Then A ® O, w womarpWc 
lo A if and only if there is an asymptotically central inclusion o/O, into A (see Lemma 
3). 

Proof. The "only ir part follows from Lemma 1, To prove the "if part, let ip : 
A -» A ® O, denote the inclusion tpia) = o ® 1, and use Lemma 3 to find an embedding 
0 : A ® O, -» A such that ^ o y» « id^. By Proposition A it now suffices to show that 
ipotp ftt idjgo,. This is proved in two steps. 

Set 
B = C' Hip o i))il ® O,), 1 ® O,) Ç -A ® O,, 

and observe that B is isomorphic to O, ® O, (and hence is simple and purely infinite by 
Lemma C). Also, B commutes with (v> o ^)(A ® 1). Define X,p : Ot -* B hy A(o) = 
iv o ^)(1 ® a) and /*(a) = 1 ® a. By Theorem B there is a sequence {»„} of unitaries in 
B snch that Advn o A -* p. 

The two '-homomorphisms tp, ipototp. A-tAQlam approximately unitar-
Uy equivalent. We can therefore find a sequence {w„} of unitaries in A ® 1 such that 
Adwn o ^ o ^ o ^ - * ^ . 
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Let us now prove that Ad(tiinvn)opoVi -» idA9o,. Observe that (Advno^o^)(a®l) = 
iv ° i>)ia ® 1), because vn € B. Hence, 

(Ad(ti;nvn) oipo V>)(a ® 1) = (Aduin 0 9 0 0)(o ® 1) -» a ® 1. 

Also, 

||(Ad(wnwB) 0 v o V')( 1 ® a) - 1 ® a|| = ||Adti;„((Adt»B o v« o V)(l ® a) - 1 ® a)]! 
= | | ( A d w B o V . o ^ ) ( l ® o ) - l ® a | | - 0 . 

This proves the assertion. In particular, iporf) m id^so,, as desired. a 

CoroUary (EUiott). The C'-algebras Ot and Ot ® O, are isomorphic. 

Proof. Combine the theorem with Lemma 1. a 

It also foUows that the infinite tensor product ® f O, is isomorphic to O,. Indeed, 
®f>0, is the inductive Umit of the sequence 

Ot - » 0 , ® 0 , — 0 , ® 0 , ® 0 , - » . • • , 

and each of these C'-algebras is isomorphic to O, by EUiott's theorem. It foUows from 
[6], Theorem 7.2, that every inductive Umit of a sequence 

o,-o,-*o,-» .. 

with unital maps is isomorphic to O,. 
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IMBEDDING ALGEBRA BUNDLES IN TRIVIAL BUNDLES 

BY EDWIN J. BEGGS, 

UNIVERSITY COLLEGE, SWANSEA, 

WALES SA2 8PP. 

Presented by 6.A. Elliott, F.R.S.C. 

We take the algebra of sections of a locaUy trivial bundle of algebras over a 

normal paracompact topobgical space X. This paper shows that the suspension of 

such an algebra of sections imbeds in a trivial algebra bundle over X. 

INTRODUCTION 

The purpose of this paper is to examine the question of whether a locally trivial 

bundle of algebras over a topological space can be imbedded in a trivial bundle 

algebra over the space. We will not be able to answer this question, but in terms 

of algebraic topology, we can answer the next best question: The suspension of the 

bundle uf algebras can be imbedded in a trivial bundle algebra. 

If we think of the case of vector space bundles over a topological space, wc can 

imbed such a bundle in a trivial bundle by using a partition of unity. This relies 

on the fact that multiplication by a scalar is a vector space linear map, and that 

we can continuously deform the identity to the zero map by such linear maps. In 

other words, vector spaces are contractible by vector space maps. However not 

all algebras are contractible by algebra maps, so we cannot do this for algebras in 

general. However in the case where the fibre algebras are contractible, the answer 

to the original question is yes. 

For a general algebra bundle, wc can take the suspension, and this does imbed 

in a trivial bundle. To do this we map the suspension to the cone algebra, and then 

use the contractible algebra result. 

Typeset by t̂MS-TfeJC 
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I have been informed by S. Whssermann [3] that the result is false if 'locally 

trivial' is Omitted. The counter example is constructed In [1, Ex 4.4 (2)], where a 

continuous bundle algebra A is coristructed so that >4 ® Co(R) is not a sub-bundle 

of a trivial (or locally trivial) algebra. 

I would like to thank G. Elliott for several conversations. 

SECTION 1 THE CONTRACTIBLE FIBER CASE 

Let X be a normal paracompact topological space A locally trivial algebra 

bundle A over X is given by an open cover Cfo (a € 2) of X, and topologised 

algebra fibers Aa. For every a and /9 with Uar\U$ ^ fl, there is an algebra 

isomorphism 9ag : Aa -» Ap. Then 

A = {{sn)cY[CiUQ,Ao)\ea0stt = s0€CiUanU0,A0)}. 

We will give the sets of continuous functions the compact open topology. The 

algebra operations on .A are pointwise addition, pointwise multiplication, and (when 

defined) pointwise adjoint. 

Let us now suppose that all the fibers are contractible, by a homotopy ha : 

Aa x (0,1] - A0, with M * . O = « (the identity) and /i„(a,0) = 0. Since X is 

paracompact, wc shall assume that the cover Ua is locally finite. Then take another 

open cover Va, with V; C Ua, and functions 90:X- [0,1), with the support of 90 

contained in Un, and with 9a being identically 1 on Va. Then we define the map 

F;A-*l[CiX,An) by F{isa)) = [x~l[haisaix),ea{x))) . 

Each map i ~ Ms0(i)A(i)) c a n ^ considered as a continuous function on 

all of X by defining it to be zero outside Ua. Since each map a — Ma.f) is an 

algebra homomorphism, the map F is an algebra homomorphism. In addition F 

is a product of continuous functions, and so is continuous. Also F is 1-1, because 
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for each x there is an Q so that haisa{x),9aix)) = haisaix), l) = âa(x). We have 

succeeded in imbedding the algebra A into X\aCiX,A<^, which is isomorphic to 

the trivial bundle algebra C(X, fla ^o)-

In the C algebra case, we require X to be compact, in which case we can take 

a finite cover. Then the construction gives a finite direct sum of C* algebras as the 

fiber. 

SECTION 2 THE SUSPENSION 

The suspension S A of an algebra A is defined to be 

SA = {s : [0,1] - /l|a(0) = 3(1) = û} • 

The suspension is imbedded in the cone CA of A, which is defined as 

CA = { s : [ 0 , l ) - > l | s ( l ) = 0 } . 

Further the cone is contractible, by using the homotopy his, t)(i) = 0 for i > t and 

his, t)ix) = s ( l - l + a:) for i < t. 

Now let us return to our locally trivial algebra bundle A over X. The suspension 

SA is also a locally trivial algebra bundle over X. Its fibers are SAa, and its 

transition functions are the suspensions of the 9a0. There is also the cone algebra 

CA, which has fibers CA0. The suspension 5.A naturally embeds in CA. Then 

by the result of section 1, CA imbeds in a trivial algebra X\,aCiX,CA^). The net 

result is lhat the suspension S A embeds in a trivial algebra bundle. 
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Approximation by dimension drop C*-algebras and classification 
Guihua Gong 

presented by George Elliott, F.R.S.C. 

Abstract 

In this note, we would Uke to announce the following theorem and 

several related results. If a simple C'-algebra A of real rank zero Is 

an inductive limit of ®gtill|Ri(i(C(Xn,,-)), where the Xn./s are finite 

CW complexes with uniformly bounded dimension and with /f 2'(Xn,,-) 

torsion free (for I > 2), then A can be written as an inductive limit 

of e'=iAf{B.,)(C(V'n,.)) with dim(yn.i) < 3. Hence it can be classified 

by its K-theory. The result is proved by using approximation hy 

dimension drop C'-algebras. 

G. Elliott has initiated a program with the ambitious goal to classify all 

"amenable" C-algebras by invariants like K-theory, tracial data , spectrum, 

et.r. 

In this note, we will only consider the class of C'-algebras of inductive 

limits of f©Ë,M(nijj(C(Xn,j)), where the X„.,'8 are finite CW complexes. 

This clnss of C-algebrns has been intensively studied by many authors. 

We would like to announce the following three theorems. (Theorems 

1 and 2 are in [Gl], Theorem 3 is in [G2].) We will suppose that A = 

lim_ ffif=i M[nii](C(Xn,1)) is of real rank zero in all of the following theorems. 

The main result of this note has been presented In AMS meeting, College station, 

Texas, Oct. 199.1 
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Theorem 1. / / A 'C^M) M torsion free for every Xn,i and 

8upniJdim(Xn.O < +oof tfcen A can be written as an inductitie limit of direct 

sums of matrix algebras over £(5*). 

Theorem 2. Let MQ denote the UHF algebra witA ^ ( M Q ) = Q. Tfcen 

A®MQ can be written as an inductive limit of direct sums of matrix algebras 

over CiS1). 
Theorem 3. If A is simple with the slow dimension growth condition 

dimXn,, _ lim —;—rj— = 0 
n—oo [n,l] 

and ^(Xn.i) are torsion free for I > 2, then A can be written as an 

inductive limit of direct sums of matrix algebras otier C(K„.i) with Yn,i being 

3-dimensional finite CW complexes. 

Theorem 1 and Theorem 2 can be proved by the method which was used 

in the proof of Theorem 5.28 of [EG], In the proof, we use the foUowing 

result (which was proved by factoring through CiS") and using [EGLP]): 

any homomorphism from C(X) to Mt(C(X)) (with £f(X) torsion free) is 

homotopic to a homomorphism whose image of any given set F C C(X) can 

be approximated by matrix algebras over CfS') arbitrarily well in a certain 

sense for k large enough. ( Larger k is needed to get better approximation.) 

As pointed out in Remark 5.36 of [EG], to deal with a space X with 

torsion in H2'+,iX), one needs to use the dimension drop C'-algebras (in-

troduced by G. EUiott) instead of the circle algebras. 

Definition 1. The basic dimension drop C'-algebra Dk is the subalgebra 

o/Mt(C[0,l]) consisting of f £ Mt(C[0,l]) with /(0) and /(I) scalar». A 
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dimension drop C'-algebra is a direct sum of matrix algebras over basic 

dimension drop C'-algebras. 

It is weU known that K0iDk) = Z and KiiDk) = Zk. 

Deflnition 2. Let <f> : A —» B be a homomorphism, e > 0 and F c A 

be a finite set We say that $ is approximately contained in a dimension 

drop C'-algebra on F within e, if there is a subalgebra B\ of B which is a 

dimension drop C'-algebra ( or a quotient of a dimension drop C'-algebra) 

such that 

diif(^(/) ,Bi)<« 

for any / e F . 

Since we allow a quotient of a dimension drop C'-algebra to be used 

in the definition, one knows that if ^ : A - • JB is approximately contained 

in a dimension drop C'-algebra on F within e, then ^ o ^ : A -» C is 

approximately contained in a circle algebra on F to within e tor an arbitrary 

homomorphism \p : B —* C. 

The following theorem will play the role of Theorem 2 of [EGLP] (or 

Theorem 1.7.2 of [EG]) in the proof of our Theorem 3. 

Theorem 4. Suppose that X is a finite CW complex with HevmiX) = 0 

ond H'^X) = .ff,'+l(X) = Z/t (ï.e., tke reduced cohomology group is a 

torsion group and is supported in. only one dimension 21 + 1). For any 

e > 0, ond any /inite set F C C(X), ihere exists an N such that ifn>N, 

then any unital homomorphism 4> ' C^X) —• Mn(C(X)) is homotopic io 

a unital homomorphism ifi : C(X) —• Af„(C(X)) toitA tp approximately 

contained in a dimension drop C'-algebra on F to within e. 
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The above theorem is proved by factoring a certain homomorphism 

through A ® Afni(C(53')). Notice that a homomorphism from C(52') to 

Mn,(C(52')) (nj large enough) is homotopic to a homomorphism which was 

approximately contained in a finite dimensional C'-algebra. 

Using the above theorem, one can prove the following. 

Tbeorem 5. If A is as in Theorem S, then A can be written as an 

inductive limit of direct sums of dimension drop C'-algebras and matrix 

(dgebras over 2-dimensional finite CW complexes. 

Theorem 3 foUows from the next theorem, and Theorem 5.8 and 4.20 

of [EG]. 

Theorem 6. Suppose that A is simple and ofreal rank zero. If A can be 

written as an inductive limit of direct sums of dimension drop C'-algebras 

and matrix algebras over 2-dimensional finite CW complexes, then A can 

be classified by its graded ordered K-group with dimension range. 

This theorem is proved by combining the techniques in [EG] and [Ell]. 

To remove the restriction of ff2'(X) torsion free for / > 2, one needs to 

prove a certain analogue of Theorem 4. However one can not use I?fc®C(Sl) 

to replace Dk, for some technical reasons. One may use C(T//,fc), where T;/,* 

are the spaces in [EG] with H^Tn.k) = Zt, and ^'(T;/.*) = 0. There are 

still some difficulties remaining to be overcome for this case. 

Acknowledgement This work was done while the author was at Queen's 

University. He would Uke to thank Professor J. Mingo for his support. 
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Homomorphisms, homotopies, and approximations by circle 
algebras 

George A. EUiott, F.R.S.C., Guihua Gong, Huaxin Lin, and Cornel Pasnicu 

Abstract 
Suppose that X is a product of spheres and F Ç C{X) is a finite subset. In this note, we 

shall prove tbat any unital homomorphism 4 : C{X) — Mi{C{Y)) is homotopic to a unital 
homomoiphism 4>' : C{X) — Mt{C{Y)) sucb lhat f(F) is approximately contained in a sub C'-
algebra of Afi(C(V)) of circle type (i.e., a direct sum of matrix algebras over C{Sl ) or a quotient 
of CCS1)), provided that //(dimV + 1) is large enough. This result plays an important role in the 
classification theory of C'-algebras of real rank zero. We shall present a classification result for 
simple real rank sero inductive limits of direct sums of matrix algebras over CIS2) and C(TJ). 

In [EG], the authors constructed the first example of a homomorphism from C(r2) to A/i(C(r2)), 
nontrivial on HHT2) (Ç A'.(C(r2))) and such that the images ofthe generators otC{T2) under the 
map are approximately contained in a circle algebra to within an arbitrarily small given tolerance. 
Using this example and the results in (PJ and [Pl], they proved that several classes of inductive Umits 
of direct sums of matrix algebras over the 2-torus (or the n-torus) can be written as inductive limits 
of direct sums of matrix algebras over circles. The class of C'-algebras of real rank zero which can 
be expressed as inductive Umits of direct sums of matrix algebras over circles is classified in [EU]. 

In this note, the above mentioned example wiU serve as a model. Using this model and the 
results in [DN], we wiU prove that any homomorphism from CfT') to Mt(C(r5)) (k large enough) is 
homotopic to a homomorphism which is approximately contained in a circle algebra on the generators 
of C(T2) to within an arbitrarily small given tolerance (see definition below). Actually, we will prove 
the theorem not only for T2, but also for general tori Tn, spheres Sn, and products.of spheres 
gm x Sn' x • • • x Snk. Our result is a bridge from [EG] to the general classification of real rank zero 
inductive limits of matrix algebras over C(A'), with X being arbitrary finite CW complexes with 
torsion free cohomology groups (see [EGl], [G2-3]). For the case of space A' being with torsion in 
ffoM{X), we need the result saying that certain homomorphisms between C(A') and Aft(C(y)) (for 
Jk large enough) are approximately contained in a dimension drop C'-algebra which was proved by 
the second author (see [GI-2]). A classification result for X being the 2-sphere or the 2-torus will 
also be presented in this note. 

Définition 1. Let o : A — B be a homomorphism, c > 0 and F Ç A a finite set. IVe shall say 
that 4> is approximately contained in a circle algebm on F, to within e, if there is a subalgebra Bi of 
B which is isomorphic to a finite direct sum of matrix algebras over C{Sl) (or quotients ofC{Sx)) 
such that dist{4>{f), Bi) < i for any feF. 

Since we allow quotients of C(51) to be used in the definition, we have that if 0 : A -• fl is 
approximately contained in a circle algebra on F to within t, then it>o<j>: A -• C is approximately 
contained in a circle algebra on F to within € for an arbitrary homomorphism ip: B — C. 

In this paper, all spaces X, Y axe either a sphere Sn or a product of spheres S"' x 5n 3 x • • • x 5n». 
The main purpose of this paper is to prove the foUowing theorem, and certain generalizations of 

it. 
Theorem 2. For any t > 0, any finite set F Ç C(X), and a fixed space Y, there exists an N 

such thai ifk>N, then any unital homomorphism $ : C(X) -» Mt(C(y)) is homotopic to a unital 
homomorphism ^ : C(.Y) -» Mk{C{Y)) wilh tf» approximately contained in a circle algebra on F to 
within t. 

Let ch: A"(5n) — Hm(Sa,<i) denote the Chern map. It is well known (see Theorem 6.1 of [Bo]) 
that 

image(ch) Ç H'{Sn,l) = zezçQeQ = ir{sn,q). 
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Furthermore, the map ch induces an isomorphism X ' (5 n ) —> J7'(5n,Z) (We stiU denote it by ch). 
If X = S"1 X S"' X • • • X 5 n ' , by using the Runneth formula both for K-theory and cohomology, it is 
easy to see that the Chern map induces an isomorphism ch: X ' (X) -* H'{X,1). For convenience, 
we shaU always Identify Jfo(M»(C(X))) = iiro(C(X)) = ^ ( X ) «dth fl0(X,Z) ® n2iX,Z) ® • • • and 
ffi(Af*(C(X))) = X,(C(X)) = JfHX) with HliX,t)9naiX,l)®-: To avoid confusion we shaU 
use ^ ^ " ( X ) to denote Jîn(X,Z) to indicate that we identify ^"(X,Z) with a subgroup of K'iX). 
In this way, tj> : Affcl(C(X)) -» MkjiCiY)) Induces the group homomorphisms fa : KH^iX) -* 
KHn*iY), where ni and nj need not be the same, but nj - m must be even. 

The foUowing result Is a consequence of Lemma 3.20 of [EG]. 
Lemma 3. Let X = Y =Tn. For any « > 0 and anti finite »«' F Q CiX), there exists an N 

such that when k> N, there is a unital homomorphism 0 : C(X) - • MkiCiY)) toith the following 
properties: 

(i) rp is approximately contained in a circle algebra on F to within e; 
Cii; fa : iifJf " ( r " ) = Z -* KH^T*) = I is the identity. 
Lemma 4. Theorem g is true forX = Sn, Y = Sn. 
Proof. By Theorem 3.4.5 and Theorem 6.4.4 of [DN], there is a unital homomorphism 

* , : C ( r » ) - M | ( C ( 5 » ) ) 
with fa. : KH^T*) = Z -* KHniSn) = Z equal to the identity map when / is large enough (for 
example, I > 2n). Let fa : C(5n) -* CiT") denote the homomorphism induced by the canonical 
continuous map a : T" -» 5", i.e. a is the map obtained by identifying the closed subset ({pt} x 
T"1-1) VfT1 x (pt) x ^ n - , ) V ( T , x {pt} x r " - 3 ) V- ' -VfT" - 1 x {pt}) of T" to a single point, where 
{pt} is the set consisting of a single point in T1 = S1. It is weU known that fa. : KHn{Sn) = Z -» 
KHn{Tn) = Z is the identity map, Fbr any finite set F Ç C(5B) and e > 0, consider faiF) Ç CiT") 
and c > 0 in Lemma 3; one can find an Nt and a fa : CiT1) -» Afjv,(C(rn)) as in Lemma 3. We 
choose our N = A^l. For any Jfc > iV, we may take rp : C(5n) - • Aft(C(Sn)) to be the direct sum of 
{fa 0 idjvi)o faofa and certain point evaluations, where idn. Is the identity map from Af/v^C) to 
itself. 

Lemma 6. Let X = Sn,,Y = Sni, with 0 < ni < nj and nj - ni even. For any 6 > 0 and any 
/inite set F Ç CiS"1), there exists an N such that when k > N, there is a unital homomorphism 
ip : CiSnt) — Mk{C{Sn')) tvith the following properties: 

(i) rp is approximately contained in a circle algebra on F to within t; 
(ii) fa : A•ffn'(5',") = Z - KH^iS"*) = Z is tte identit» map. 
Proof. There is a unital homomorphism <p : CfS"') - • M^CiS"1)) such that fa : KH^iS"1) — 

A' / / n i (5 n j ) is the identity map when 1 is large enough. (This foUows from the fact that Ft+j/i ' .( A) Ç 
FkK.{A) in [EL], or see Theorem 3.5.5 of [DN].) Applying Lemma 4 to C ^ " ' ) , it is easy to see that 
we can choose N = 1- Ni, where Ni is the N in Lemma 4 for 0(F) and t ( of course the map rp can 
be chosen to be the composition of tp with the map in Lemma 4). 

Remark 6. For any group homomorphism a from Z to Z, one may require fa = a instead of 
fa = identity in (ii) of Lemmas 3, 4 and 5, without changing the integer N. This can be done 
by combining the homomorphism in the lemmas with the homomorphism from Mk{C{Y)) to itself 
induced by a degree a(I) map from Y to Y. 

Let X = 5 n ' x 5 - ' x • •• x 5n». Then K'{X) = Z2" and iTJffX) = Zr<n), where r(n) is the 
cardinal number of the set 

{(»<,, nia.- '-.n.^jni, + n,, + ••• + n ^ = n^ i i . t j , - - - , ^ ) Ç ( l ,2 , - - , fc )} . 

More precisely, Knn{X) Is the direct sum of several standard Z-summands and each standard 
Z-summand is the puU-back of the top dimensional cohomology KH^S"'* x 5n,> x • • • x SnV ) 
via the canonical projection »(,•,,,•,,...,<,) : S"* x S"1 x ••• x S** -* 5nii x 5Bi» x ••• x S"'*. Let 
a : 5"'! x 5"'» x • • • x 5 n i ' -» Sn be the canonical degree 1 map between the two manifolds, i.e., the 
map obtained by identifying the closed subset 

( { p O x ^ ' " x - . - x ^ v ^ 1 " x { p 0 x • • • x S , , » ) v . • . v ( 5 n • x 5 n a x - x { p ( } ) 
to a single point. Then o induces an isomorphism from ff/f(Sn) -• KH^S"'» x 5n'» x • • • x Sni> ). 
Hence a o «•(,,,,•,,....,,) : X -• 5 n induces a homomorphism which takes KHn{Sn) = Z to that 
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standard Z-summand of KHn{X) ( i.e., the Z-summand corresponding to the subset (ii.ta,*•*,•>) 
of (1,2, •-.,<;)). Therefore we have proved that, for each standard Z-summand of Jf .ff "(jf), there is 
a homomorphism C{Sn) to C{X) taking KHn{Sn) = Z to that Z-summand. 

On the other hand, by using Theorem 3.5,5 of [DN], for a Z-summand of KHn{X) (n > 0) 
(denote it by G = Z C KHn{X)), there is a unital homomorphism 4> '• C{X) — Mil{C(S")) such 
that 

(i) 0 . : C = Z - Arffn(X) = Z is the identity, and fa : KH0iX) = Z - Xff0(5B) = Z is the 
map of multiplying by k which is guaranteed by 0 bdng a unital homomorphism, 

(ii) fa maps aU the other Z-summands of X.(C(X)]I into zero. 
Combining the above argument and Lemma 5, we have proved 
Lemma 7. Let Gi be a Z-summand of KHn>{X) and Gt, a Z-summand of KHntiY), where 

nj > «i > 0 and nj - ni is even. For any c > 0 and a /inite set F Ç C(X), tAere exists an N 
sueh that when k > N, there is a unital homomorphism rp : C(X) -* MkiCiY)) with the following 
properties: 

(i) rp is approximately contained in a circle algebra on F to within t; 
(ii) fa maps Gi lo Gt identically, and maps all the other Z-summands of h'.{C{X)) to zero 

except KH0{C{X)) = Z. 
As in Remark 6, we can also require fa from C| to Gt to be any given group homomorphism. 
FVom Lemma 7, and Theorem 3.5.5 of [DN], we know that when k is large enough, for any unital 

homomorphism 0 : C(X) -• MkiCiY)) there is a unital homomorphism 0 : C(X) -» Mk{C{Y)) 
such that 

(i) 0 is approximately contained in a circle algebra on F to within t, 
(ii) 0 . = fa on K-theory. 
By Theorem 3.5.5 and Remark 6.4.5 of [DN], it foUows from (ii) that 0 and 0 are homotopic. 

This proves Tbeorem 2. 
The following is a generalization of Theorem 2. 
Theorem 8. For ony £ > 0, any /inite set F Ç C(X), ond a fixed apace Y, there exists 

an N such that if P < P' are two projections of Mk{CiY)) with rank{P) > N, then for any 
unital homomorphism 0 : C(X) -• P'Mk{C{Y))P', there is a unital homomorphism 0 : C{X) -» 
PMk{C{Y))P which is approximately contained in a circle algebra on F to within c, such that tp 
is homotopic t o 0 ® rp', where 0' : C(X) - (F* - P)Mk{C{Y)){P' - P) is defined by ip'{f) = 
/(x0)(F' - P), i.e., 0,(/)(y) = (/" - P)(y)/(*o)(F' - P)(y). Sometimes, uie say tAat 0' is a 
homomorphism defined by point evaluation. 

Proof. P contains a trivial projection Q 6 Mk{C{Y)) with rank{Q) = rank{P) - dim{Y). So 
when ranA:(P) is large enough, one can construct a unital homomorphism 0 : C(X) -» QMkiC{Y))Q = 
Mta„k{Q){C{Y)) such that 0 , . = à. on aU the KHn{X) except / i / / 0 (X) and 0i is approxi-
mately contained in a circle algebra on F to within e. Then set 0 = 0i ® 02 with ifaf)(y) = 
iP - Q)iy)fi*o)iP - Q){y) for a fixed XQ € X. Hence (0 ® 0'). = 0. on aU the K-theory. 

In order to prove that <p is homotopic to 0 ® 0', we need to generalize CoroUary 6.4.4 of [DN] 
to the foUowing assertion: If y is a finite CW complex of dimension n and P € Mk{C(Y)) is a 
projection, then the natural map 

[Co(X), PMk{Co{Y))P] - l-*(y,X) 

is a bijection when ranJb(F) > 3n + 3. 
To prove this assertion, by the original coroUary, one only needs to prove that 

[Co(X),QA/t(Co(y))(?] = [Co(X),Mr<,nt(Q)(Co(y))] - [Co(X),FMt(Co(y))F) 

is a bijection, where Q is a trivial subprojection of P of rank equal to rank{P) — n. 
For each fixed point yeY, 

ffom(C0(X),F(y)MtF(y)) = /fom(Co(X).Jl/roBt(p)). 

Therefore, Hom{Co{X),PMk{Co{Y))P) can be regarded as the space of cross sections (= 0 at the 
base point yo € y ) of a fibre bundle over Y with fibre equal to ff om(Co( A'), Afranti/')) = Po"* (*) 
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(see page 276 of [DN] for J&X)). Then ff om(Co(X),gM»(Co(y)W) corresponds to the cross section 
of a sub fibre bundle of the above bundle over Y with fibre ̂ " ^ ( X ) . It was proved in [DN] that 
iF?nk{F)iX),FS"Mfi\X)) Is an n + 1 connected CW complex pair. Since dim(y) = n, it is routine 
to prove that any cross section of the total fibre bundle is homotopic to a cross section of the sub 
fibre bundle (e.g., using Lemma 3.1 of Chapter II of [Wh], constrict the homotopy Ufting ceU by 
ceU). Therefore, 

[Co(X), QMiACaiY))Q] -» [Co(X), PMiiC0iY))P] 

is a surjection. Since the composition 

[Co(X),gMfc(Co(y))c?] - (Co(x),PWfc(Co(y))Pl - (Co(x),Affc(Co(y))i 

is a bijection, we have proved the assertion. Theorem 8 foUows from the assertion as before. 

The foUowing theorem wiU be used to study Inductive Umit systems with the dimension of the 
space unbounded (but wth the slow dimension growth property; see [EGl]). . , . v 

Theorem 9. For any t > 0 and ony/inite «et F Ç C(X), there exists an N such that for Y 
an arbitrary sphere or product of sphens, i/ F' > P € M^CiY)) with rank{P) > [3dtm(y) + 3\N, 
Ihen for any unital homomorphism 0 : C(X) - F'Affc(C(y))F', tAere exists a unital homomorphism 
0 : C(X) - • FArfc(C(y))F witA 0 appnwimate/y contained in a circle algebm on F to mthm t, such 
thai 0 is homotopic lo 0 ® 0', wAere 0'(/) = /(*o)(F' - P) for a fixed IQ 6 X. 

Proof. Applying Lemma 7 for both spaces to be X, one can find an iv and a unital homomorphism 
0i : C(X) -• M N ( C ( X ) ) with the foUowing properties: 

(i) 0] is approximately contained In a circle algebra on F to within «; 
(ii) 0 i . : f f f f n ( X ) - f f f f n ( X ) are identity except on ffff0(X). 
By the argument in the proof of Theorem 8, we can find a unital homomorphism fa : C(X) -» 

MuinnrwiCiY)) such that 0 , . = fa on ffff-(X) except on ffff0(X) It should be noticed that 
ifa®idN). = fa. : ffffn(X) - ffffn(y). One can embed MM,m,r ) +j(C(y)) into FAffc(C(y))F 
(denote the map by 0). Define 

0 = /? o (02 ® id/v) o 0i ® 03, 

where 03(/)(y) = (F-/?(l))(y)/(«0)(F-/9(l))(y) for afixed xo 6 X. Then (0®0') . = 0 . on all the 
K-theory A'ffB(X) (it is true on A'ff0(X) since both maps are unital). Hence 0 ® 0 is homotopic 
tO 0. 

Corollary 10. For any e > 0 ond any /inite set F Ç Mn(C(X)), tAere exists an N sach 
that for Y an arbitrary sphere or product of spheres, i/ F1 > F 6 MkiC{Y)) withrank{P) > 
(4dtm(y) + 3)iV, tAen for'any unital homomorphism <p : Af„(C(X)) - • F'Mfc(C(y))F', tAere is a 
unital AomomorpAism 0.: Mn(C(X)) - QAft(C(y))Q toitA Q < F and 0 approximote/y contained 
in a eirefe olyeAni on F to imtAin c sucA that 0 is homotopic to M(0 ® 0')a' for some unitary 
u eP'Mk{CiY))P'. where rP'in^fixoKPl-Q) for a fixai xo ZX. u irtY^ 

Proof. Let F! Ç C(X) be a finite set of generators of C(X). Then each element in Af„(C(X}) 
can be approximated arbitrarily weU by a polynomial In elements of of Fi with the coefficients in 
M„(C). Therefore for any £ > 0, there Is a « > 0, such that if 0 : C(X) -• A is approximately 
contained in a circle algebra on F, to within S, then 0 0 1 „ : ilf„(C(X)) - Mn(A) is approximately 
contained in a circle algebra on F to within «. Applying Theorem 9 to Fi and 6, find an Ni satisfying 
the conclusion of Theorem 9. Set N = nNi. Let 0 : A/„(C(X)) - F'Affc(C(y))F' be any unital 
homomorphism and F' > F with ranik(F) > (4dim(y) + 3)/V. There is a trivial subprojection Q of 
FwithranA(Q) = (3dim(y) + 3)iV. . . . . . . . . m^ 

Let p» = 0{cn), where ey are the matrix units. And let fa = 0Ul,ArB(C(X))eii : M-*) — 
p,Wt(C(y))pi. Then one may identify F'M*(C(y))F' with A/„(piC(y)pi), and 0 with fa 0 ln. 
Since ranit(pi) = g^tQ > (4dimy+ 3)JVi, there is a trivial subprojection qi of pi with ran*(gi) = 
{•idimY+Z)Ni. Then by applying Theorem 9 to0i and pi > gi,oneget8 0i :C(X) — 9iMfc(C(y))9, 
and 0} satisfying the conclusion of Theorem 9 for Fi and 6. Hence fa 0 1„ and 0', 0 U, satisfy the 
conclusion of the CoroUary for F and t but with respect to projections F'(= pi 0 !„) > Q(= li 0 In). 
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However, Q is unitarily equivalent to Q and P'-Qia unitarily equivalent to P -Q. This completes 
the proof. 

Theorem 11. Let A be the inductive limit C'-algebra of the system (A„0,j) 
Ai-* At-* •••-* A 

where each A,- is a finite direct sum o/Af(,lijC(X,lfc), witA eacA Xj,* a product of finitely many spheres. 
Suppose that A is simple, unital, and of real rank zero. Furthermore, suppose that the inductive limil 
system satisfies the slow dimension growth condition, i.e., 

diro(Xi,t) lim max —.. . . = 0, i-M» k [t,k] 
Then for any finite subset F of any Ai, any oO, and any projection P e A, there are a projection 
Q<P and two unital homomorphisms 0 : A,- -» FAF and 0* : Aj -• (1 - QM(1 - Q) such that 

(i) 0' Aas finite dimensional image, 
(ii) rp is approximately contained in a circle algebra on F to within t, 
(iii) there is a unitary u € A, sucA tAat «(0® 0')«' is Aomotopic to the canonical homomorphism 

fa : Ai —* A 
Proof. It should be noticed that if the theorem is true for a subprojection of F in place of F, then 

it is true for F. Furthermore, if the theorem is true for a projection q in place of F with [q] < [F] in 
KoiA), then the theorem is true for F, since a unitary conjugacy is aUowed. 

Let Aj = ®i=>lAf(i,fc]C(X,jk) and set 0f = 0i|ilf[i>AiC(Xi,fc), the restriction of 0, : A, - A to 
tbe Ath-summand, Let pt(l < k < j) denote the image of 1 € A/(„fc]C(Xi,i) under fa. Then 
pl+P2 + -- + pj = leA. Ufot some *, pk = 0, then 0? : M(i,*)C(Xi,t) - A is the zero map. So 
we may simply drop this copy from Ai. Without loss of generaUty, we may assume that pt # 0 for 
aU 1 < j < Jk. 

Since A is simple and of real rank zero (also suppose it is not Afn(C)), A has the foUowing 
properties: 

(1) For any 9 e A, and integer K > 0, there is a projection 0 / ^ < 9 such that A'[9i] < [9). 
(2) For any two nonzero projections 91,92, there is an integer K such that A'[9tl > [92J-
By using these two properties, it is routine to prove that there are projections 91,92, •••,9j 

with the properties 9t < pt, and [91 ® 92 ® • • • ® qj] < W- Furthermore, we can choose 9* in 
Am for m large enough. Let s* : A,- -» Af(litiC(Xi,i) denote the canonical projection, and set 
Ft = )rt(F) Ç A/(iit]C(Xi.t). If the theorem is true for each 0* = M(lit)(C(Xi.t)),pti4pt, finite set 
Ft Ç M(iit]{C(Xi,t)), J > 0, and the projection 91 6 pt'lpt. then the theorem is true for 0, : A, — A, 
the finite set F Ç A,, f > 0, and the projection 91 ® ft ® • • • ® 9i- I n o t h e r ««"ds, the theorem 
follows. 

Let us prove the theorem for <p] and projection 91. First, there is a Af > 0 such that Af[9i] > 1 
in Am. For the space X..1, a finite set Fi Ç M(,.,|C(X,,i) and 4 > 0, there is an JV > 0 satisfying 
the conclusion of CoroUary 10. Since Unu-ooinaxt ^ f f i l = 0, and [ / , * ] - 00 as / — 00 (see 
[GL]), there is an / > m(> i) such that maxt ^"ffil*1"*"3 < flfo- Let 0t denote the partial map of 
0,V : Ai - • Ai corresponding to the summands A f ^ C ^ . i ) and M(,it)C(X(.t), i.e., the cut-down of 
the map 0i,(|Af|,,i)C(Xlll) to the fclh summand M^^X,^) of A/. Ut p{ and 9,* denote the cut-down 
of pi and 91 into M(/.t(C(X|.t) respectively. Then pf > 9i. and & '8 a u l l i t a l homomorphism from 
Mc i]C{Xi,i) to ptMpit|C(X/jt)pf. Since Mfo,] > [1] in A, and %t)C(X,.t) «8 a «•««t summand of 
ill, Mlqft > [1] in MVMCiXi.k). Hence ranJt^f) > j,[l,k] > 4(dimX,.t + 3)7V. Applying CoroUary 
10 to 0t and the projection 9?, one can find 0f : M(i.l|C(Xi,i) - (9*)'M[i,*lC(X'.*)(9*)' (w i t h 

(9*)' < 9*) and (0f )' : M,,..^(X..,) - (pf - (9?)')Af|,,t)C(X/.t)(pf - (9^)') with 0,* approximately 
contained in a circle algebra on Fi to within J and {rpfy is as in CoroUary 10 and therefore with finite 
dimensional range. F\irthennore, 0t is homotopic to (0*)® (0*)'- Set 0i = ®0f and 0J = ®(0i)'; 
then 0i and 0( are tbe homomorphisms we need for 

0» : MMC(X..i) - 4, - A, 
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with respect to * and the projection ft. This completes the proof of the theorem. 
The foUowing theorem was stated In an early version of (EGLP). 
Theorem 12. LetA = Um^(AB,0i,) be a simple C'-algebm of real ronfc zero, where 

An*'£*$)c(XP)9M4t), 
when each x i 0 is AomeomoipAic toT^orS2. Suppose that KoiA) has finite rank. Then A is 
isomorphic to an inductive Umit affinité direct sums of C(51) 0 Mk. In partictifar, these algebras 
are uniquely determined by their gmded order-unit groups KJA) ( up to isomorphism). 

In the proof of the above theorem In the eariler version of [EGLP], we used the foUowing lemma, 
• the proof of which was however missing. , n . j 
• Lemma 13. Let A be a sepamble simple C'-algebm with nal rent zero, stable mnk one ana 
with weakly unperfomted KoiA) of finite mnk. Suppose that X is homeomorphic to the spat* T 
or S2 and 0 : C(X) -» A is a monomofpAism wAicA is homotopy trivial. Then for any t > 0 ana 
any finite subset gi,gt, ...,yt € C(X) tAere are muhioHy ortAoyonal projections puPi PN € A and 
f i , 6 (Nex such that N 

iW0.)-IXfc)p.ii<<. 
ial 

' ^The'above lemma has been proved by Lin[LJ aad BratteU-EUlott-Evans-Kishimoto independently. 
To prove the above Theorem 12, one needs to use Lemma 3.8, Theorem 3.10 and Lemma 4.4 ol 

[EGLP] together with the above Theorem 11 and Lemma 13. We omit the details. 
Acknowledgement. The second author would like to thank Professor J. Mingo for his support. 
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