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CUBIC CURVES RELATED TO A QUADRANGLE

H.S.M. Coxeter, F.R.S.C.

By counting the number of terms in the general cubic polynomial in z.y,z, we see
that a unique cubic curve can usually be drawn through 9 coplanar points. and a ‘pencil’
(oo!) of cubic curves through 8. An exceptional situation arises when the 9 points are the
3 x 3 intersections of two such curves,say U =0 and V =0; for then the 9 points lie on
all the curves of the pencil U + AV =0, which is the pencil determined by any 8 of the 9.
Thus eight points of general position determine a ninth ‘associated’ point, and the same
pencil is determined by any eight of these nine associated points. One example consists
of the vertices of a triangle ABC along with the incentre I, the excentres I, Iy, I..
and any two isogonal conjugate points such as the circumcentre O and the orthocentre
H , or Poncelet’s circular points at infinity, which will be seen to have surprisingly simple

trilinear coordinates.

1. Projective Geometry
In a projective plane, any four points, no three collinear, are the vertices of a quad-

rangle and may be taken to have homogeneous coordinates

(1.1) (1, £1, +1)

so that the quadrangle’s ‘diagonal triangle’ is the triangle of reference
(1.2) (1,0,0) (0,1,0) (0,0,1)

(Coxeter 1992, pp. 180, 190). The quadrangle determines a pencil (or ‘one-parameter

family’) of conics

u:z+vy’+wz' =0, u+v+w =0
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all passing through the four vertices. There is one such conic for each point (u,v,w) on
the line

z+y+z2 =0.

With respect to such a conic, the condition for (z,y,z) and (z',y',z') to be conjugate
points is
uzz' +vyy' +wzz' = 0.

Hence, if

zr' = yy' = 22,

those two points are conjugate with respect to every conic in the pencil. In the terminology
of Baker (1943. p. 56) they are conjugate with respect to the quadrangle. Such conjugacy
yields an involutory ‘quadratic transformati;)n‘ (Todd 1946, p. 198) which takes each point
(z,y,2) to (yz,2z,zy), and each line to a conic circumscribing the triangle of reference.

It follows that the locus of pairs of conjugate points whose joins pass through a fixed

point (p,q,r) is the cubic curve

P g r
z y =2|=20
yz zz zy

or

(1.3) pz(y’ = 2) 4+ qy(z® — ) +r2x(z? - ) = 0

(Rubio 1989, p. 165), which passes through seven further fixed points, (1.1) and (1.2).
Since the last four of these seven points are self-conjugate, the four lines joining them

to (p,q,r) are are tangents. Similarly, the four tangents

ay =rz, rz=pz, pr=qy, (@-rpz+(*-pPlay+(*-a’)rz=0,
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at (1,0,0), (0,1,0), (0,0,1), (p,q,r), all pass through the point
T = (P_,vq-I’r—‘) '

conjugate to (p,q,r).

Since there is one such cubic curve for each point (p,g,r) in the plane, there is
altogether a bundle of co? cubic curves through those seven points: a special case of the
bundle through seven points of general position. Our bundle is reduced to a pencil (oo?)
when (p,g,r) is restricted to lie on a fixed line E. Then the nine associated points that
lie on all the curves of the pencil consist of the above-mentioned seven along with the two
conjugate points on E. In other words, any two conjugate points form, with the seven, a

set of nine associated points.

2. Euclidean Geometry
In the case of (homogeneous) trilinear coordinates in the Euclidean. plane, the four
points .

(,1,1), (-1,1,1), (1, -1,1), (1,1, -1)

are the incentre and excentres of the triangle of reference, and ‘conjugates’ are isogonal
conjugates (Eddy and Wilker 1992). Although E may be any line, two positions are
especially interesting,.

If E is the line at infinity [a,b,c] or [sin A, sin B, sinC], so that ap+bg+cr=0,
the last two of the nine associated points are Poncelet's circular points at infinity, and we
have a pencil of ‘circular’ cubic curves. If, on the other hand, E is the Euler ling. the last

two of the nine are the circumcentre and the orthocentre,

(cos A, cosB, cosC) and (sec A, secB, secC)
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(Coxeter 1992, p. 196).

The one common member of these two pencils is the Neuberg cubic, for which we can

compute the values of p,q,r in (1.3) by making them satisfy both the equations
psinA+gsinB+rsinC =0
and
p sin24 sin(B - C) + ¢ sin2B sin(C — A) +r sin2C sin(A-B) = 0.

Elininativg r sin , we Had
0 =p sin24 sin(B—C) + g sin2B sin(C—A) — 2(p sin A + g sin B) cosC sin(A—B)
=p sin A{ - cos(B + C) sin(B — C) + cos(A + B) sin(4 — B)}
+¢ sin B{ — cos(C + A) sin(C — A) + cos(A + B) sin(4 — B)} ,
p sin A{2 sin2B — sin2C —sin24} = q sin B{2 sin24 — sin2B — sin2C} ,
{2 cos B - cos(C — A)} =¢{2 cos A —cos(B - C)},
p(cos B — 2 cosC cos A) = g(cos A — 2 cos B cosC).

Thus we may choose

p = cosA-2 cosB cosC, q = cosB -2 cosC cosA

and similarly

r = cosC—2 cosA cosB .

This Neuberg cubic (Neuberg 1885, Brown 1925) contains surprisingly many notable
points in addition to A,B,C,I,Is,Is,I.,0,H and the circular points; for instance, it
contains A',B',C’, the images of A,B,C by reflection in BC, CA, AB, and the six
points A, By, Ci, A, B;, C; which form equilateral triangles with BC, CA, AB
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(see Figure 1). Further points on the same curve were observed by Moore & Neelley (1925,
p- 242) and by Cundy (1994). Since (p,q,r) is the point at infinity on the Euler line, the
real asymptote of the curve is parallel to that line. Brown (1925, pp. 112, 114) proved
that these two lines are parallel also to the cubic's tangents at I,I,,Is,I., and that its
tangentsat A,B,C are TA, TB, TC, where T lies on the circumcircle ABC and also

on the cubic itself and its asymptote.

FIGURE 1. The Neuberg cubic

Some work of Robson (1947, p. 180) suggests that the circular points have the sur-

prisingly simple trilinear coordinates

(C*Bi , elFAi , _1) .
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Since a cosB+b cosA=c and a sinB —b sind =0, it is clear that these coordinates

satisfy both the equations
az+by+cz =0 and az”l4by'4ez? =0

for the line at infinity and the circumcircle of ABC (Coxeter 1992, p. 195).
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A NOTE TO EQUILIBRIA FOR ¥-MAJORIZED PREFERENCES

XI1AN-ZH1 YUuan

Presented by G.F.0D. Dugg, F.R.S.C.

Abstract: The purpose of this note is to give a general existence theorem of maximal
elements for a new type of preference correspondences which are /-majorized. As an ap-
plication, an existence theorem of equilibria for a qualitative game is obtained in which the
preferences are U-majorized with an arbitrary (countable or uncountable) set of players
and without compactness assumption on their domains in Hausdorff locally convex topo-
logical vector spaces. Finally. we obtain an existence theorem of equilibria for generalized
games in which the intersection of constraint and preference mappings are U-majorized
and the sct of players is any (countable or uncountable) set.

1. Introduction

The objective of this note is to give some existence theorems of maximal elements and
equilibria in qualitative games and generalized games without the compsctness (or para-
compactness) assumption on the domain of the preferences which are majorized by upper
semicontinuous corresponcdences instead of being majorized by correspondences which have
lower open scctions (e.g. see [3-4. 6. 8-9. 13-21] etc). Our intention is to merely illustrate
a certain technique that we think will be of use in various problems of mathematical eco-
nomics. Many other results of the type proved here may bhe proved under more general
conditions. ‘

Now we give some notions. Let A be a set, we shall denote by 2+ the family of all
subsets (including the empty subsct 9) of A. If 4 is a subset of a topological space X, we
shall denote by cly{A) the closure of 4 in X. If 4 is a subset of a vector space, we shall
denote by co-A the convex hull of A. If A is a non-empty subset of a topological vector space
E and 5.T : A — 2F are correspondences. then coT. TN S : A — 2E are correspondences
" defined by {coT)(x) = coT(r) and (T N S)(x) = T(x) N S{x) for each = € A. respectively.
If X and Y are topological spaces and T : X — 2! is a correspondence, then (1) T is said
to be upper semicontinuous at r € X if for any open subset U of Y containing T(z), the
set {= € X : T(2) C U'} is an open neighborhood of x in X; (2) T is upper semicontinuous
{on X) if T is upper semicontinuous at x for each = € X; (3) the Graph of T, denoted by
Graph(T), is the set {(x,y) € X x ¥ : y € T(x)}; (4) the correspondence T : X — 2¥

1991 MATHEMATICS SUBJECT CLASSIFICATION: 471104, 47N10, 52A07, 80A14, 80D06.

Key WoORDS: U-majorized. upper (lower) semicontinuous, maximal element. equilibriumn. qualitative
game, gencralized game.

Typeset by ApS-TEX
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is defined by T(x) = {y € Y : (2.y) € clx xyGraph(T)} (here, the set clx xyGraph(T) is
called the adherence of the Graph T') and (5) the correspondence ciT : X — 2Y is defined
by clT(z) = cly(T(x)) for each = € X. It is east to see that cIT(z) C T(z) for each z € X.
We remark here that in defining the upper semicontinuity of T at z € .Y, we do not require
that T°(r) be non-empty. According to the definition of adherence of the Graph T, it is
casy to see if the mapping T has convex values, then T also has closed convex values.

Let X be a topological space, ¥ be a non-empty subset of a vector space E,0: X — E
be a map and ¢ : X — 2Y be a correspondence. Then (1) ¢ is said to be of class Uj if (a)
for each x € X. 8(z) ¢ ¢(r) and (b) ¢ is upper semicontinuous with closed and convex
values in Y (2) o, is a Up-majorant of o at z if there is a open neighborhood N(z) of z
in X and o, : N(r) = 2Y such that (a) for each = € N(z), ¢(z) C ¢:(2) and 8(z) & é:(2)
and (b) ¢, is upper semicontinuous with closed and convex values; (3) ¢ is said to be
Ug-majorized if for each + € X with 6(x) # 0, there exists a Ug-majorant ¢, of ¢ at
r. \We remark that when X = Y and 6 = Iy, the identity map on .X, our notions of
a Ug-majorant of o at r and a Up-majorized correspondence are generalization of upper
semicontinuous correspondences which are irrctexive (i.c., r ¢ é(x) for all x € X) and
have closed convex values.

In this paper. we shall deal mainly with either the case (I) X =} and is a non-empty
convex subset of the topological vector space E and 8 = Iy, the identity map on X, or the
case (II) X = I,/ X; and 8 = 7; : X — Xj-is the projection of X onto X; and ¥V = X;
is a non-empty convex subset of a topological vector space. In both cases (I) and (II), we
shall write U in place of Us.

Let I be a (countable or uncountable) set of players. A generalized game is a fam-
ily [ = (Xi; di. Bi; Pi)ies of quadruples (X;; 4;.B;; P;) where for each i € I, X is a
topological space. 4;.B; : X := Ilje/X; — 2Ni are constraint correspondences and
P; : X — 2% is a preference correspondence. Following Tan and Yuan [16]: an equi-
librium point for T is a point +* € X such that for cach i € I, r; = =i(x*) € Bi(z")
and (s )N Pr*) = § where 7, : X — X, is the projection. We remark that when
By(x*) = ely,B,(+*) (which is the case when B; has a closed graph in X x X;; in par-
ticular, when cly; B, is upper semicontinuous with closed values) for each ¢ € I, our
definition of equilibriuun points for a generalized game coincides with that of Borglin and
Keiding [4]. Let d4;(x) = Bi(x) = X for each x € X. then generalized game is a family
[ = (Xi; i, Bi: P)ier is also called qualitative game (c.g., see Gale and Mas-Colell {9)).
For each i € I. let 4; be a non-empty subset of X;; if i € I is arbitrarily fixed, we define:
Mgijerd; @ Ai = {0 =(rr)eer € X :xy € Ay for each k € I).

2. Existence of Maximal Elements

We first need the following two Lemmas:

Lemmma 2.1. Let X and Y be two topological spaces, 4 be a closed (respectively,
open) subset of X. Suppose Fj : X — Y F, : 4 — 2Y are lower semicontinuous
(respectively, upper semicontinuous) such that Fa(r) C Fy(x) for all z € A. Then the map
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F:X — 2Y defined by
Fi(z), ifz¢ A
F =
(=) { Fiz), ifreA

is also lower semicontinuous (respectively, upper semicontinuous).

The following results is essentially due to Hildenbrand (10, p.23-24] (see also (13,
Theorem 7.3.10, p.86)):

Lemma 2.2. Let X be a topological space and Y be a normal space. If F,G : X —
2Y have closed values and are upper semicontinuous at z € X, then F N G is also upper
semicontinuous at z.

We remark here that in Lemma 2.2, we do not require F(z) N G(z) # 0.

Theorem 2.3. Let X be a paracompact space and Y be a non-empty normal subset
of a topological vector space E. Let 8 : X — E and P: X — 2\ {0} be U-majorized.
Then there exists a correspondence ¥ : X — 2Y \ {0} of class & such that P(z) C ¥(z)
for each z € X.

Proof: Since P is U-majorized, for each z € X, let N(z) be an open neighborhood
of z in X and ¢, : N(z) — 2¥ \ {0} be such that (1) for each z € N(z), P(z) C %«(2)
and 8(=) ¢ ¢'.(=) and (2) ¢, is upper semicontinuous with closed and convex values. Since
X is paracompact and X = U,exV(z), by Theorem VIIL1.4 (7. p-162], the open covering
{N(z)} of X has an open precise neighborhood-finite refinement {N'(x)}. Foreach z € X,
define ¥, : X — 2V \ {8} by

W) = { de(z), ifz € N'(x)
v =y if = ¢ N'(z).

then ¢ is also upper semicontinuous on X by Lemma 2.1 such that P(z) C ¢(z) for each
e X.

Now define ¥ : X — 2\ {0} by ¥(:) = Nrexv’(z) for each z € X. Clearly, ¥
has closed and convex values and P(z) C ¥(z) for each : € X. Let = € X be given, then
= € N'(z) for some x € X so that ¢.(z) = ¢+(=) and hence ¥(z) C ¢.(=); as 6(z) ¢ ¥«(2),
we must also have that 8(z) € ¥(=). Thus 6(=) ¢ ¥(=) for all - € X.

Now we shall show that ¥ is upper semicontinuous. For any given u € X, then
there exists an open neighborhood A, of u such that the set {z € X : My N N(z) #
@) is finite, say = {x(u.1).--- ,2(u.n(u))}. Thus we have that ¥(w) = N;ex¥r(w) =
ﬂ"("d';(,‘_,-,(w) for all w € M,. By Lemma 2.2. ¥ : X — 2Y is upper semicontinuius at u.

i=1

Hence ¥ is of class ¢. O
We now prove the following theorem concerning the existence of a maximal element:

Theorem 2.4. Let X be a non-empty convex subset of a Hausdorff locally convex
topological vector space and D be a non-empty compact subset of X. Let P: X — 2D be
U-majorized (i.e.. U -mnjorized). Then there exists a point r € coD such that P(z) = 9.
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Proof: Suppose the contrary, i.c.. for all € coD, P(x) # 0. Then for each z € coD,
P(x) # 0 and coD is also paracompact by Lemma 1 of [9, p.206] (see also [14, p.49]). Now
applying Theorem 2.3, there exists a correspondence ¥ : coD — 20 of class U such that
for each r € coD, P(r) C ¥(r). Since ¥ is upper semicontinuous with non-empty closed
and convex values, by a fixed point Theorem of Himmelberg [11, Theorem 2, p.206), there
exists r € coD such that r € ¥(x). This contradicts that ¥ is of class &/. Hence the
conclusion must holds, O

3. Existence of Equilibria in Locally Convex spaces

In this section, as an application of Theorem 2.4, we shall first give an existence
of equilibria of qualitative games in which the preferences are U-majorized. Finally, an
existence theorem of equilibria of generalized games in which the set of players is any
(countable or unconntable) set is olstained.

Theorem 3.1. Let T = (X;, P;)ic1 be a qualitative game such that for each i € I
(a) -X; is a non-cipty convex subset of # Hausdorff locally convex topological vector space
E; and D; is a non-empty compact subset of X;; (b) the set Ei = {r€X:P(z)#80})is
open in X; (c) P, : E' — 2D is Y-majorized; (d) there exists a non-empty compact and
convex subset F, of D; such that F; N P,(x) # @ for each z € E.
Then there exists a point r € X such that Pj(z;) = 8 for all i € I.

Proof:  Since D, is a non-empty compact subset of X; for each i € I, the set
D = g D, is also a non-empty compact subset of X. Now for each z € X, let I(z) =
{i € I: P(x)# 0). Define a correspondence P : X — 20 by

NiennPi(x), if I(z) #8;

Pley = { 8, if I(z) =0,

where P(x) = I,y ;e1Fj @ Pi(x) for each x € X.

Then for each r € X with I(x) # 0. P(r) # 0. Let r € X be such that P(z) #0.
Fix an ¢ € I(r). By assumption (c), there exist an open neighborhood N(z) of z in E*
and @; : N(x) — 22 such that (i) for each : € N(x), P,(2) C ¢i() and m,(z) ¢ ¢i(z) and
(ii) & is upper semicontinuous with closed and convex vulues. Note that by (b), N(z) is
also an open neighborhood of z in X and for each : € N(z), P(z) # @ so that i € I(z) for
cach : € N(x). Now we define &, : N(r) — 2P by ®.(2) = Mz jer1Fj ® di(z) for each
s € N(z). It is easy to see that &, is an U-majorant of P at z. Thus P is U-majorized.
Now by Theorem 2.4, there exists a point = € coD C X such that P(z) = @ which implies
that P(r)=0foralliel. O

The following is an existence theorem of equilibrium points for generalized games in
which the intersection of constraint and preference correspondences are U-majorized.

Theorem 3.2. Let G = (X;; 4,.B;. P )ies be a generalized game where I is any
(countable or uncountable) set of players such that
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(a) for each i € I, X; is a non-empty convex subset of a locally convex Hausdorff
topological vector space E; and D; is a non-empty compact subset of X;

(b) for each i € I and for each = € X, Ai(z) is non-empty, Ai(z) C Bi(z) and B;(z)
is convex;

(c) for each i € I, the set E' = {z € X : (A; N P;)(z) # 0) is paracompact and open
in X;
(d) for each i € I, A; N P; is U-majorized ;

(e) for each i € I, Bi(z) C D; for each z € X.
Then G has an equilibrium point in X, i.e., there exists a point £ = (%;)ies € X such that
for each i € I, #; € Bi(%) and Ai(2) N Pi(2) = 0.

Proof: Let D = Mi¢/D;. Then D is a non-empty compact subset of X by (a).
Define a mapping B : X — 22 by B(z) = M;e;Bi(2) for each z € X, then B is upper
semicontinuous since B(.X') = U exB(r) C D and B has a closed graph. For each i € I.
Let Io={i € I: E' #0)}. I Iy = 0. then E' = @ for all i € [ so that (4;NP;)(z) = 0 for all
x € X. On the other hand. since B is upper semicontinuous with closed and convex values
on X. By Theorem 2 of Himmelberg (11, p.206}, there exists r € .X such that z € B(z).
It follows that z; € Bi(z) for all i € I and hence 1 is an equilibrium point of G. Therefore
we may assume that Iy # 0.

Case 1: Suppose i € I). Note that Ei is paracompact by (c), and by (d) and Lemma
2, there exists an upper semicontinuous mapping ; : E' — 2Y¢\ {0} such that for each z €
E', (i) ¥i(z) is closed and convex, (ii) 7i(z) € ¢;(x) and (iii) 4;(z) N Pi(z) C ¥i(z). Since
B; : X — 2D:\ {9} is upper semicontinuous with closed and convex values, the mapping
¢ N B; : Ef — 2D¢\ {9} is also upper semicontinuous with non-empty closed and convex
values by Theorem 7.3.10 of Klein and Thompson [13, p.8G]. Define a correspondence
¢i: X — 200\ (0} by

Bi(z). ifz ¢ E';

il = { (¢inB,)z), ifze€kE'.

Then Lemma 2.1 implies that ¢; is upper semicontinuous with non-empty closed and
convex values.

Case 2: Suppose i € I'\ Iy. Define a correspondence ¢ : X — 22¢\ {0} by ¢; = Bi(z)
for each + € X. Then o is upper semicontinuous with non-empty compact and convex
values.,

Now we define a correspondence ® : X — 20 by &(x) = M;esdi(x) for each z € X.
Then & is also upper semicontinuous and has non-empty compact and convex values. Since
&(x) C B(x) C D for each = € X, Himmelberg's fixed fixed point theorem again (e.g., see
Theorem 2 of (11, p.206)) implies that there exists a point z € X such that z € $(z). It
follows that m;(x) € T;(xr) for all i € I; and also z ¢ E' for all i € Iy. Hence we also have
Ailr)NP(x)=0forallic 1. O

For the existence of equilibria of abstract economies (or generalized games) in which
preferences are not U-majorized in topological vector spaces or locally convex topological
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vector spaces, we refer to [1-9, 8-, 12, 15-21] and the references wherein.
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On real polynomial forms and inequalities related to triangles

M. T. McGregor and A. C. Thompson

Presented by P.A. Fillmone, F.R.S.C.
Abstract

This note establishes the following inequalities. If z,y,z20andifz+y+2z=1 then
2p(1 - N2 - PP S zy+yz+2x <(1+9P)/A
where p = (zyz)'/2.

AMS Subject Classification: 26D05 (51M16).

1 Introduction
The purpose of this note is to establish certain inequalities for the expression
Zyz i=yz+ 2z 4+zy

subject to the condition that "z := z+y+z = 1. Herez,y and z are non-negative real numbers
and the bounds involve the product zyz. In what follows we make use of the convention just
outlined that §~ means that we sum over each of the three variables.

The protétypm for such incqualitics arce
Sy=2 Vi(zy=) (1

and

Y vz < (24 9zy2)/7. (2)

The first, in its homogeneous form valid for all real z,y and
(yz + 2z + zy)* 2 zyz)z +y + 2). 3
is well-known and is equivalent to the Finsler-Hadwiger inequality (5], [1.10.3]

4A? > V34,
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where A denotes the arca of triangle ABC with sidesa = y+2, b=z4+z,c=z + yand A,
is the area of a triangle with sides /@, v, /. Using Heron's formula it is immediate that
A? = zyz(z + y + 2) and straightforward to check that 4A% = zy + yz + zz. There are a
number of inequalities related to triangles which are equivalent to (3), see (7, p.114). In fact,
J.F.Rigby [8] has shown how any inequality involving three non-negative numbers z,y, z may
be transformed into 6 related inequalities for triangles by a sequence of substitutions beginning
with the one above. In dealing with inequalities for triangles it is customary to set the semi-
perimeter s = (a+b+c¢)/2=z+y+ z equal to 1 as was indicated initially. With this condition

the arithmetic-geometric mean (AM-GM) inequality implies that
zyz < 1/21. (4)
It is known (and easily verified) that inequality (2) follows from
=z 20972 (8)

and (5) follows from the arithmetic-harmonic mean inequality applied tol -z, 1 -y, 1 - 2.

To prove inequality (3) and hence (1) we use a simple “sums of squares of real polynomials”
argument, namely:

(v =32y 2) =27 Y2y -2 2 0.

It was D. lilbert and E. Artin, see [6, pp.57-60] who made significant contributions to the
study of real forms F(z,z3,...,%m) of degree 2n in the m real variables Zy,Z2,....L;m With
real coefficients. Hilbert completely solved the problem: “Is it true that if F(xy,22,....2,) 20
for all real z,,2,,...,2,, then F = ¥ P2, where each P; = Pi(z;,23,....2,m) 05 2 homogeneous
real polynomial in zy,z3,....2,?". lle showed that the answer is affirmative in just three cases:
(i) m =2, F of arbitrary even degree, (ii) m a:bitr§ry. F of degree 2, (iii) m =3, F of
degree 4. Furthermore, he showed that in all other cases the answer is negative since there are
real forms of degree 2n in m variables which are non-negative and yet which do not admit such
a representation. Hence it is unlikely that the inequalities discussed below can be proved in the
same straightforward way as (3). For a good exposition of Hilbert's result. extensions of it, and

concrete examples in the crucial negative cases (m =3 n =3, m = 4 n = 2) see Choi and Lam

[2).
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J.F.Rigby (8] has given a complete analysis of homogenecus cubic polynomial inequalities in

three variables. He shows that necessary and sufficient conditions for the inequality
AY 2+ 2 (y+2)+ 1329220

to hold for all z,y,z2> 0 are A20, A+p20, A+2u+v 2 0. Consequently, the homogeneous
cubic inequalities which we use below are all included in the preceding statement. However, we
give independent proofs. In a subsequent work [9], Rigby has also analysed the situation with
homogeneous sextic polynomials in z,y, z. Our results are related to but different from his. The
paper of Choi, Lam and Reznick [3] is a thorough analysis of sextic polynomials in 3 variables.
The inequalities (a), (b) and (14) below all appear there.

In this paper we shall prove the following sharper upper and lower bounds for 3 yz:

PRL
P

It is easily checked that (1 + 9zyz)/4 < (2 + 9zyz)/7 and 2(1 — 2zyz)"/? - (zyz)V/2 > V3 are
both equivalent to (4) so that (6) and (7) are indeed improvements on (2) and (1) respectively.
The inequalities (6), (7) and (11) (see below) were originally established using the Lagrange

multiplier method. The proofs we present are more elementary in that they rely only on sums

(1+ 9zyz)/4 (6)

IA

(zy2)"/%(2(1 - 2zyz)'/? - (zy2)'/?). (M

[\

of squares of polynomial forms and the AM-GM inequality.

2 The Proofs of Some Sharper Inequalities for Triangles

(i) Inequality (6)
Since (z + y + 2)> = 1 implies 3" 22 = 1 - 2% zy it is clear that (6) is equivalent to

Zz’ 2 (1 -9zy2)/2.

Consider the non-negative real numbers {; n and (. Since € + 1 > 2y/&7 and similarly for the

other terms, we have

(& +n)(n+ )¢ +€) > 88n(; (8)
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i.e. a product is increased by concentrating the terms closer to the mean (keeping the sum
constant). Now replace £ by (z + y — z), n by (y+ z — z) and ¢ by (z + z — y). Supposing (for
the moment) that all three are non-negative, then

zyz2(z+y~2)y+z-z)Nz+z-y) (9)

However, since at most one of the terms on the right can be negative and in that case (9) is
trivial, the inequality is established for all non-negative z,y and z (i.e. a product is decreased
by dispersing the terms away from the mean). Reformulating inequality (9) yields

232N 2) + 92y 2 (3o 2)°
which, with 3"z = 1, becomes
2322 1-92y:

as required. Inequality (9) (with strict inequality when z, y, z are not all equal) is referred to by
Coxeter [4] as the Lehmus inequality. The article [4] gives a detailed account of the inequality,
its history and its geometrical interpretations.

(ii) Inequality (7)

In our search for a sharper inequality than (1) we first discovered the following homogeneous
sextic inequality:

AN v 2 + UL y2)(Y z)(zyz) - 927y 2? 2 8zya(Y_2) . (10)

which, when ¥ z = 1, can be rewritten as
23z + 7Y 27" - 9 > 8/zye. (11)

These inequalities can be established by the same methods as those used below but since (12)
is an improvement of (11) we omit the derivations.

However, a careful examination of inequality (11) resulted in the sharper inequality
=" +23 27" +9 2 4/zy= (12)

In homogeneous form we have the following equivalent sextic inequality

(T yA(T 2 + AT y2)(X z)zyz + 9279222 2 4zy2(Y_ =), (13)
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which, when expanded and rearranged, becomes
Yo(z'9? + y'z?) + 23 2350 + 6225727 > 22y2(32%) + 2292 Y (2%y + v'2).
We now prove (14) by summing the following two inequalitics:
(a) 23 02°" + 62772 2 2292} (2%y +472),
(6 Yo(z*y? +y'2?) > 2292 )" 2%
To obtain (a) we begin with (9):
afy2(a+B8-7)B+7-a)v+a-0)
for non-negative real numbers a.8 and . Expand and rearrange to obtain
Y (o’ +f%e) < 3afy + ) o
Now set a = zy, # = yz and v = zz to get
zyz) (z%y +y’z) < 327?22 + Y 2
which establishes (a). To establish (b) we observe that
z4(y? + 2%) > 2z%yz.
Adding this to two similar terms yields
2:::‘(142 +2%)>2zy2) 7°

and (b) follows. The proof of (14), (13) and (12) is now complete.
Finally, with E = 3~ ! inequality (12) becomes, on completing the square,

(E+1)+82 4/zyz;
i.e. (E+1)? > 4(1 - 2zyz)/zyz, so that (E + 1) 2 2(1 - 2zyz)"/*(zyz)~"/? and hence
E=)z"'221- 2zyz)M ¥ (zyz)~"? - 1.

Multiplication of both sides by zyz completes the proof of (7).

253

(14)

We are grateful to the referee for pointing out references (2], [3] and [4] which we regret not

having been familiar with before.
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Lattice Dicing

R. M. Erdah! and S. S. Ryshkov
Prnesented by P. Ribenboim, F.R.S.C.

Abstract

A lattice dicing is an arrangement of hyperplanes with sufficient
regularity so that the vertices of the resulting partition form a lattice.
In this note we introduce the notion of lattice dicing and consider
applications to geometry of numbers and mteger programming. e
classify the lattice dicings for n < 5.

A D-family G is an infinite family of equi-spaced parallel hyperplanes
that partitions R" into translationally equivalent slabs. A dicing D =
{61,6G2,...,G,} is a finite set of such D-families that dices R" into convex
sets. In the special case where r = n, and the normal vectors are linearly in-
dependent, these convex sets are translationally equivalent parallelepipeds,
and the vertices of the dicing form an n- dimensional lattice I'. Gauss gave
such a dual description of a lattice in his 1831 commentary on the thesis of
Seeber, which marks the first application of lattices in a mathematical ar-
gument. We will therefore refer to these dicings as Gaussian dicings. When
r > n more interesting dicings are formed where the species of polytope is
typically varied. If such a dicing has sufficient regularity so that the vertices
form a lattice (as in the case of the Gaussian dicings), we will refer to it as
a lattice dicing.

The purpose of this note is to introduce the notion of lattice dicing,
and to describe briefly the possible lattice dicings in R, when n < 5.
As a secondary purpose, we point out how the theory of lattice dicings
relates to geometry of numbers and integer programming. Further details
and references can be found in [ER].
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1. Maximal lattice dicings. D = {G;,Ga,...,Gr} is a lattice dicing if it is
nondegenerate and vertez regular, where these terms are defined as follows.

1. Among the D-families there are n with linearly independent normal
veclors.

2. Through each vertez of the dicing there is one hyperplane from each of
the D-families of D.

The nondegeneracy condition insures that the partition formed by D
includes only (finite) polytopes. The consequences of vertex regularity are
given by the following Theorem.

Theorem 1 Let D be a nondegenerate dicing in R™. If D is vertez regular,
the vertices ' of D form an n-dimensional lattice.

If D, D’ are two lattice dicings and D' C D, then the partition determined
by D is a refinement of that determined by 7’. It is easy to show that both
D, D’ have a common vertex set I'. More generally, the lattice dicings can be
ordered by inclusion. Each lattice dicing is contained in a chain that starts
with a Gaussian dicing and ends with a mazimal lattice dicing. A maximal
lattice dicing has the property that a D-family cannot be added without
violating the regularity condition. The dicings of a chain are obtained by
removing a succession of D-families from the maximal lattice dicing, and all
have a common vertex set.

The central problem in the theory of lattice dicings is to give, for each
value of n, a complete description of the possible lattice dicings in R™, up
to affine equivalence. By the above comments, this reduces to the problem
of classifying the maximal lattice dicings.

Consider the ( n; 1 ) integer vectors dg; = e;, do2 = e,...,dg, =
en,di2 = e;—e,dj3 = e3—ey,...,da-tn = €4 ~€q-y Where {e;,€3,...,€,}
is the standard basis for R". For each vector d;; let G;; be the D-family of
parallel hyperplanes given by the equations d;; - x = z, z € Z, and define
Dl(n) = {(.701, Go2y-+ s gn—ln}-
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Theorem 2 For n 2 2, Dy(n) is @ mazimal lattice dicing with lattice Z".
Moreover, any lattice dicing in R" with ( ”;' . ) D-families of parallel

hyperplanes is affinely equivalent to Dy(n), and there are no lattice dicings
with a greater number of D-families.

Theorem 3 For n = 2,3 any mazimal lattice dicing is affinely equivalent
to Dy(n). For n = 4 there are two affine classes of mazimal lattice dicings:
Dy(4) with 10 D-families and D,(4) with 9 D- families. For n = 5 there
are four affine classes: Dy(5) with 15 D-families, Di(5), D3(5) with 12 D-
families and D)(5) with 10 D-families.

A complete description of the dicings D;(4), Di(5), D3(5), Di(5) can be
found in [ER].

2. Affine equivalence. In studying lattice dicings it is convenient to invoke
affine equivalence and assume that the vertices of the dicing are given by Z".
Then the normal vectors to the D-families G; can be taken to be primitive
integer vectors d;, and the dicing D can be represented by an integer matrix

D= [d],dz,...,dr]

where the columns are the dicing vectors for D . The D-families G; are then
given by d; - x = z, 2 € Z, as in the case of the dicing Dy1(n). A dicing
matrix satisfies the following three conditions:

1. There must be n linearly independent vectors among the dicing vectors;
2. The nth order minors of D have modulus 0 or 1;

3. Each pair of columns of D is linearly independent.

The first two conditions are equivalent to requiring that the dicing be non-
degenerate and vertex regular. The third insures that each D-family is
repregented by a single dicing vector. The matrix representation of a dicing
is not unique, since arbitrary permutations of the dicing vectors, or replac-
ing one or more. by their negatives produces additional representations of
the same dicing. The matrix of a maximal dicing has the property that
a column cannot be added without violating the second or third of these
conditions.
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3. The L-types of lattices. The L-polytopes of a lattice I' form a facet
to facet partition of R™, called an L-partition, and are defined as follows: a
polytope with vertices in T is an L-polytope if it can be circumscribed by an
emply sphere. By an empty sphere we mean a sphere with no elements of I’
in its interior. In his 1309 memoir on nouvelles applications des paramétres
continus d la théorie des formes quadratiques [Vor), Voronoi established a
fundamental relationship between the affine structure of L- partitions of lat-
tices and the arithmetic theory of quadratic forms. He showed that the cone
of positive quadratic forms P(n) can be partitioned into non-overlapping,
relatively open polyhedral cones which he called L-type domains. The do-
n+1
2
facet. The other L-type domains are special, and are the relatively open
faces of varying dimension of the general domains.
These L-type domains have the following properties:

1. The affine structure of the L-partitions of lattices on an L-type domain
is constant. :

mains with full dimension ( are general and fit together facet to

2. The affine structure of the i-partitiona of lattices on two distinct L-
type domains agree if and only if the domains are arithmetically equiv-
alent.

3. For each dimension n there is a finite number of arithmetically in-
equivalent L-type domains.

Lattices are defined on positive forms in the usual way, by interpreting a
form ¢ as the metrical form for a lattice ['4. The L-partitions of lattices on
a general L- type domain are simplicial, whereas those on a special L-type
domain are not.

Let D = [dy,d,...,d,] be a lattice dicing with lattice 2" . For each
d € D define the form ¢4 = (d - x)3.

Definition The domain (D) of the dicing D is the collection of positive
forms
3" Aata

deD
where Ay > 0.

Theorem 4 Every dicing domain is an L-type domain, and is simplicial.
An L-type domain is a dicing domain if and only if all the vertez forms are
rank one forms.
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The bound for the number of D-families in Theorem 2 is a direct conse-
quence of this Theorem. Since any dicing domain is simplicial, and since
n+l
2

vertex forms (hence the number of D-families) cannot exceed this value.

Most L-type domains have vertex forms that are not rank one forms,
so are not dicing domains. In fact; there is an example of a general L-type
domain, with lattices in R3, where none of the vertex forms are rank one
[ER].

the dimension of the space of quadratic forms is ( ) , the number of

Theorem 5 Let $(D) be a dicing domain. Then the L-partition of a lattice
T4, ¢ € $(D) is affinely equivalent to the partition determined by the dicing
D.

One can easily deduce from this Theorem that two dicings D, D' with
the same lattice Z", are affinely equivalent if and only if the corresponding
dicing domains are arithmetically equivalent.

4. Totally unimodular matrices. Let D be a lattice dicing with lattice
Z". Then any polytope determined by hyperplanes from thé D-families of
D has vertices in Z", so the theory of lattices dicings has applications to
integer programming.

Let D = [d),d3,...,d.] be a dicing matrix. If U is an integer n X n
unimodular matrix, P an r X r permutation matrix, D an r x r 1 diagonal
matrix, then UDPD is also a dicing matrix. Post multiplication by PD
merely permutes columns, and changes the signs of the columns, so does
not alter the dicing. It is convenient to refer to the class determined by the
formula UDPD as the arithmetic class of D.

Theorem 6 Let D,D’ be two dicing matrices. Then the corresponding
dicings are affinely equivalent if and only if D is arithmetically equivalent to
D'.

Each dicing matrix D contains at least one nxn unimodular submatrix,
say B. The arithmetically equivalent dicing matrix B=1D is totally unimod-
ular since it contains the identity as an n x n submatrix, and satisfies the
conditions for a dicing matrix. Hence each arithmetic class of dicing ma-
trices contains one or more totally unimodular matrix, and we refer to this
collection as an arithmetic class of totally unimodular matrices.
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We will consider a totally unimodular matrix to be maximal if addition
of a column necessarily results either in a matrix with a pair of linearly
dependent columns, or a matrix which is not totally unimodular. Theorem
3 can be reformulated in terms of totally unimodular matrices as follows.

Theorem 7 The number of arithmetic classes of mazimal n x r totally
unimodular matrices for n = 2,3,4,5 is given by 1,1,2,4.
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Ladder Operators For ¢~'-Hermite Polynomials
Mourad E. H. Ismail

Presented by L. A. Lorch F.R.S.C.

Abstract. We compute raising and lowering operators and derive Rodrigues type formulas for
the ¢g~!-Hermite polynomials and show that these polynomials are solutions of ¢-Sturm-Liouville
problems. We also give two different Rodrigues formulas and exhibit two distinct g-Sturm-Liouville
equations satisfied by the ¢~'-Hermite polynomials.

1991 Mathematics Subject Classification: Primary 33D45.

Key words and phrases. Rodrigues formulas, finite difference operators, raising and lowering oper-

ators, q~'-Hermite polynomials, ¢-Sturin-Liouville problems, weight functions.
1. Introduction. The ¢~'-Hermite polynomials {hn(z|g)}$° are generated by
(1.1)  ho(zlg) = 1, hu(zlg) = 2z

and

(1.2)  hnsi(zlg) = 2zha(zle) = 7°(1 - ¢")hn-1(zlg), n>0.

They are renormalized continuous g-Hermite polynomials with q replaced by 1/q, [2], [5). This
terminology is in [7] but the ¢~!-Hermite polynomials were first considered by Askey in [1]. The
moment problem associated with the ¢g~'-Hermite polynomials in indeterminate when 0 < ¢ < 1,
[10). Ismail and Masson (6], [7] characterized the solutions of this moment problem by identifying
the Stieltjes transforms of the measures that solve the ¢~!-Hermite moment problem.

The h,’s have the generating function, {1}

(1:3) g ,;';E:I)?q"(ﬂ-l)l:tn = ("te£0 te-‘:?)wv

where we used the notation [5]

(14) (a;9)o:=1., (a;9)n:= ﬁ(l —a¢*"), n=1,2,--, or oo,
k=1 :
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for the g-shifted factorial and [5]

k n
(1.8)  (m,....axiq)a =[] [I(1 = 2;0™"), n=0,1,2,..., or co.
=t r=21
for the g-multishifted factorial. Analogous to the Askey-Wilson divided difference operator in 3]
we define a divided difference operator D, on functions defined on (—o0,00) by

f(@"%) - f(q~112)

(1.6)  (Dyf)(x):= (97— ¢~/ cosh¢ ’

z =sinh{,

and is f given by
(L) f(2):= f((z = 1/2)/2).

The operator D, is a lowering operator on {h,(z]g)}& in the sense

18)  Dyha(ele) = 29 =
(1.8) D, n(i"‘IQ)—ZW n-1(zlq)-

In this work we show how the adjoint D; of D, with respect to the inner product

19) < Lg>i= [T ST

gives rise to raising operators for {h,(z|q)}$°. An operator L is a raising operator on {k,(z|q)}$ if

there is a sequence of non zero numbers ¢, such that

(1.10)  Lha(zlq) = cahnsr(lq).

Each raising operator gives rise to a Rodrigues formula for ka(zlg) and to a g-Sturm-Liouville
equation satisfied by the ¢~'-Hermite polynomilas. Our main results are contained in Section 2
where we give two distinct raising operators for h,(z|q) but we believe there are infinitely many
linearly independent raising operators. It is clear that every linear combination of raising operators
is another raising operator. In Section 2 we also use the raising operators to show that the k,’s
are solutions of ¢-Sturm-Liouville problems and use this fact to establish the orthogonality of the
ha's with respect to the weight functions in Askey (1] and (7], thus providing new proofs of a
main result of [1] and a result of (7). The novelty of our results lie in our demonstration that
orthogonal polynomials whose moment problems do not have a unique solution may satisfy several
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Rodrigues type formulas, several Sturm-Liouville type equations and may posses infinitely many
raising operators.

2. Main Results. This section deals with adjoints and raising and lowering operators. The analog
of integration by parts is, [4]

(21) < Dofig >=~ < [LVT =22 Dy((1 - 2%)%(z) > .

Thus, [4]
D;f(z) = —VI-22D, [(1 - 22/ f(z)].

Let

_ (1)
(22) wi(z)= (—ge*, —qe~%; q)o
and

(2.3) wy(z;a):=1/ (ae‘, —ae~¢,@et, —ae¢, —qet/a,qe "¢ [a, —qet/a, qe~¢ [G; q)w , Sa#0.

Askey [1] proved that the g~!-Hermite polynomials are orthogonal with respect to wy(z) while
Ismail and Masson [7] proved their orthogonality with respect to w;(z,a) for nonreal a. For other
proofs see (8].

Theorem 2.1 A raising operator for {hn(zl|q)} is

gt
0O hanalele) = L0, wfeha(el)

Proof. A calculation using (1.3) gives

n(z|q) n(n—l)ﬁ n
el ( ) 3 o ‘)

2q3/2
=01 (—tq'/%¢, tg"%e¢; q)oo (2¢™"/*sinh € — ¢7'1).

Therefore

- (z) ( ,( ) Z ,‘(.‘t‘q) n(n-l)/itn)

n=0 (9:9)n
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2q3’: 2 1/2
= ST (1026t 192 g (1 + 497 /260)(1 = t™V2e™) - 1]

243/’ [°° ha(Z19) n(a-1)/2pn( -1 ”]
n n t n/l _ g" .
Tq-1 |5 (69" @ dk

Now (2.3) follows from the above identity by equating powers of ¢ and the proof is complete.
Theorem 2.2 The polynomials {h.(zlq)} satisfy the Rodrigues type formula

25 hatele) = (152)" 0 Dpui(a)

Proof. Iterate (2.4).

We now combine (1.8) and (2.4) to establish our next result

Theorem 2.3 The ¢~!-Hermite polynomials are satisfy the q-Sturm-Liouville equation

(26)  Dy(wr(z)Dyhalzla)) + 4 (‘ )

Theorem 2.4 The q~'-Hermite polynomials are orthogonal with respect to w(z).

wi(2)ha(zlg) = 0.

Proof. Let A, = —4¢(1 — ¢")(1 — q)2. Clearly the \,'s are distinct. Therefore (2.6) implies

(n = An) [~ ha(zlg)hn(zlg)un(e)dz

= [ lhnlel)Dy(n(2)Dyha(zle)) ~ hu(zla)Dyr(2)Dybm(zla)dz
=< Dq(wl(z)vqkn(xlq))v vl1- xzhm(zlq) >-< Dq(wl(z)pqhm(zh))a \/r-_z-z-hn(zlq) >
= = < (w1 (2)Dgha(zlg), V1 = 23Dghm(zlg) > + < (wr(2)Dshm(zlq), V1 — 22D,ha(zlq) >

=0,
where we used (2.1).

As in the case of the classical orthogonal polynomials of Jacobi, Hermite and Laguerre, one can
use the Rodrigues formula (2.5) to prove the orthogonality of h,(z|g) with respect to w,(z) and also

compute their L? norms [, h%(z|q) wy(z)dz up to a normalization constant which is [, w,(z).

~ We similarly treat the weight function ws(z;a) of (2.3).
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Theorem 2.5 The following alternate raising operator, Rodrigues formula and functional relation-
ship hold for the q~'-Hermite polynomials when Sa # 0

1

- -2-n/2
27)  halele) = s (15=) 2

qu (wx(ziag™" “"nﬂ(ﬂ‘”) '

28)  ha(ele) = (a8(q = 1)/2) o D2 wa(z;0g™"),
wq(z;@) ¢

- 4¢’(1 - ¢"
29) D, (wnlziaq™ ), hntele)) = - L= Lun(ziah(ale)
Proof. From the generating function (1.3) and the form of wi(z;a) in (2.3) we obtain
0 qn(n-l)/ltn
o (60
Now a calculation gives
. o qn(n—l)lltn
= (9i9)n

= 2¢° “1/2,€ 35-1/2,-¢. 1258 4q1/26¢.
- ai(l — q)w:(.'t; a) [(_‘q e vtq € iq)co (_tq e vtq e 1")00] .
Now (2.7) follows from the generating function (1.3). An iteration of (2.7) leads to (2.8). Finally

(2.9) follows from the ladder operators (1.8) and (2.7).

D, (wa(ziaq™"/*)ha(zlq)) = Dy (walz: aq™/)(—tef, te ™ 0)co) -

] 3 ~-€.
D, (ws(aiag™ M (el)) = 2Tl g i — g

Corollary 2.8 The h,'s are orthogonal with respect to wa(z;a).

For completeness we state the orthogonality relations of the q~'-Hermite polynomials with respect
to wi(z) and wy(z; a). They are

(2.10) /_: 1(2)hm(z|g)ha(zlg)dz = (Ing™") ¢~ "*"Y%(q; 9)(g: )ooOrm,ns

g~ 2 1 e (g q)n
sinng coshm (g, —qe?™, —ge=m , ge¥™m, ge=2"; q)o

F Y
Ymny

@11) [ wilzialhn(zle)halzle) =
where a = e+ x> 0y > 0.
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The Theorem of Korkine and Zolotarev
on the First Perfect Form

R. M. Erdahl
Presented by P. Ribenboim, F.R.S.C.

Abstract A new and compact proof is given of a theorem of Korkine and Zolotarev
on the first perfect form. The proof uses elements of Voronoi’s theory of L-types of
lattices and the theory of lattice dicings which is briefly described.

1. Introduction. In their 1877 memoire sur les formes quadratiques pos-
itives [KZ], Korkine and Zolotarev considered integer n x r matrices that
satisfy the following three conditions.

1. Among the columns there are n that are linearly independent;
2. The nth order mirrors have modulus 0 or 1;
3. No two columns are linearly dependent.

Because of their relationship to lattice dicings, described below, I will refer
to matrices satisfying these conditions as dicing matrices. Using an ele-
mentary, but rather lengthy argument, Korkine and Zolotarev established
the following important result.

Theorem 1 For eack value of n > 2 there is a unique arithmetic class
n+1l
2
matrices with a greater number of columns.

of dicing matrices with ( columns. Moreover, there are no dicing

The three properties that an n x r dicing matrix must satisfy are preserved
by premultiplication by an integer n x n unimodular matrix U , by postmul-
tiplication by an r x r % 1 diagonal matrix D, and by postmultiplication by
an r x r permutation matrix P. The arithmetic class of a dicing matrix
D is the class of matrices given by UDPD.

Consider the ( " ; k ) (0,1)-vectors d;; = [07=°1°0"~7}, where 1 < i <

j<n.
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Theorem 2 For n 2 2 the matriz Dy(n) = [d11,d12,...,dnn] i5 a dicing
matriz.

Since Dy(n) has "; !
of Korkine and Zolotarev.

The integer vectors d;; are the minimal vectors of the first perfect form
é1 with the Cartan matrix A, as coefficient matrix (the non-zero coeffi-
cients are given by Ai; = 2, Aip1i = Aiigr = —1). The form ¢, is called
n+1

2
equations ¢;(d;;) = 2. Theorem 1 was used by Korkine and Zolotarev to
characterize the arithmetic class of the first perfect form, and they referred
to the matrix Dy(n) as the characteristic matrix for ¢;.

The Korkine and Zolotarev Theorem was rediscovered in 1957 by Heller
[Hel] in quite a different context. Since that time Heller’s arguments have
been improved by several other authors (references and further comments
can be found in [Sch, p.299]). All were motivated by the promise of totally
unimodular matrices, and all were unaware of the Korkine and Zolotarev
Theorem.

The purpose of this note is to describe a new, compact proof of the
Korkine and Zolotarev Theorem, the bound being achieved by a one line
argument. The proof makes use of Voronoi’s theory of L-types of lattices and
the theory of lattice dicings described below. Further details and references
can be found in [ER), [Er}.

) columns it determines the unique maximal class

perfect because its coefficients are completely determined by the

2. The Korkine and Zolotarev bound. The L-polytopes (or De-
launay Cells) of a lattice form a facet to facet partition of R", called
an L-partition. In his deuxitme mémoire on nouvelles applications des
paramétres continus d la théorie des formes quadratiques [Vor], Voronoi
established a fundamental relationship between the affine structure of L-
partitions of lattices and the arithmetic theory of quadratic forms. He
showed that the cone of positive quadratic forms P(n) can be partitioned
into non-overlapping, relatively open polyhedral cones of varying dimension
which he called L-type domains. These L-type domains have the following
properties.
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1. The affine structure of the L-partitions of lattices on an L-type domain
is constant;

2. The affine structure of the L-partitions of lattices on two distinct L-
type domains agree if and only if the domains are arithmetically equiv-
alent.

3. For each dimension n there are a finite number of arithmetically in-
equivalent L-type domains.

Lattices, hence the L-partitions of lattices, are defined on subsets of quadratic
forms in the usual way. Any positive quadratic form can be written as
#(x) =|| Bx ||?, where B is a square n X n matrix determined by ¢ up to
an orthogonal transformation. The columns of B are then taken as a basis
for the lattice I'y. The matrix B is frequently referred to as the generating
matrix for the lattice I's.

n+tl

2

together facet to facet. The corresponding L-partitions are simplicial. The
other L-type domains are special, and the L-partitions include non-simplicial
L-polytopes. These domains appear as the relatively open faces, of varying
dimensions, of the general L-type domains.

Dicing matrices are intimately related to Voronoi’s theory of L- types.
Associate with each column of a dicing matrix D = [d;,d3,...d,] the
quadratic form ¢;(x) = (d; - x)%. The domain ®(D) of this dicing matriz is
the open polyhedral cone of positive quadratic forms given by

Lz hidi(x)

The L-type domains with full dimension ( ) are general and fit

where A; > 0.

Theorem 3 Every dicing domain is an L-type domain, and is simplicial.
An L-type domain is a dicing domain if and only if all the vertez forms are
rank one forms.

Since the dimension of the space of quadratic forms is n ; : ) , the

Korkine and Zolotarev bound is an immediate consequence of this theorem.

Corollary The number of vertez forms of a dicing domain, hence the num-

ber of columns of a dicing matriz, cannot ezceed ( n;— } ) .
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A second consequence of the statement that a dicing domain is a simplicial
cone is the following.

Corollary A dicing domain is a general L- type domain if and only if the
corresponding dicing matriz has "; 1 columns, in which case the L-

partitions of lattices on this domain are simplicial.

3. Lattice Dicings. Consider an arbitrary dicing matrix D = [d;,d3,...d,].
Take each column d; to be the normal vector to a D-family G; of equi-spaced
parallel hyperplanes with equations given by d; - x = 2,z € Z. Taken to-
gether, the set of D-families {G;,G3,...,G,} is the lattice dicing D. It
is convenient to use the same symbol D for both the dicing and the dicing
matrix, and to think of the dicing matrix as a convenient way to repre-
sent the dicing. The hyperplanes of the dicing partition R" into convex
sets which fit together facet to facet. The conditions on the dicing ma-
trix relate to geometric details of the lattice dicing in the following way.
Condition 1 insures that the cells of the dicing are finite polytopes; these
are the D-polytopes of the dicing. By condition 2, the vertices of the
dicing form the lattice Z", and it is from this result that the term lattice
dicing is derived. Condition 3 insures that distinct columns of the dicing
matrix correspond to distinct D-families. The notion of lattice dicing was
introduced in [ER}, and a complete description of the elementary properties
of lattice dicings can be found there.

Theorem 4 Let ¢(D) be a dicing domain, and let $(x) =|| Bx [|*€ ¥(D).
Then the partition determined by the corresponding lattice dicing is mapped
by B onto the L-partition of Ty.

From this theorem we again see that the affine structure of L- decompo-
sition of lattices on a dicing domain is constant (see Theorem 3). The matrix
B maps the D-polytopes of the dicing onto the L-polytopes of the lattice
I's. The vertices of the D-polytopes are the coordinates of the vertices of
the corresponding L-polytope.

By the second corollary to Theorem 3, and by Theorem 4, the D- poly-
topes of a lattice dicing with ( n-2l- 1 ) D-families are all simplexes. In

fact, more can be said.
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n+1

2
is arithmetically equivalent to a dicing that can be represented by a (0,1)-
dicing matriz, which has among its columns the vectors e;,e;,e3,...,e,.
Moreover the D-polytopes of such a dicing are all simplezes, and include the
standard simplez with vertices 0,e;,€3,...,€q.

Theorem 5 Any mazimal lattice dicign with ( distinct D-families

In the statement of this theorem we have referred to arithmetically equiv-
alent dicings, and this means that the corresonding dicing matrices are arith-
metically equivalent. The vectors e;,ey,...,e, are the standard basis vec-
tors for R"*. The (0,1)-dicing matrix Dy(n) has the properties described
in the statement of this theorem, and the corresponding dicing has only
simplicial D-polytopes, one of which is the standard simplex.

Lattice dicings have the following natural property. The intersection of
a lattice dicing with any hyperplane of the dicing is affinely equivalent to a
lattice dicing in R™~!. The intersection of a lattice dicing with k linearly
independent hyperplanes from the dicing is affinely equivalent to a lattice
dicing in R"~%.

n;- 1 D-
Jamilies, with k linearly independent hyperplances from the dicing, is affinely

equivalent to a mazimal lattice dicing in R™* with n- : +1 D- fam-

Theorem 6 The intersection of a mazimal lattice dicing with (

ilies.

The plane e;-x = 0 belongs to the dicing Dy(n). The normal vector to the
D-families in this plane, which are the intersection of the dicing D;(n) with
this plane, are obtained by setting the first row of the dicing matrix equal
to zero. This set of normal vectors is clearly linearly equivalent to the set
obtained by simply deleting these first components. By removing repeated
columns, and the zero column, the dicing matrix Dy (n — 1) is obtained (after
possibly permuting columns). This shows that the intersection of the dicing
Dy(n) with the hyperplane ey - x = 0 is affinely equivalent to Dy(n — 1).
Moreover, by using a slightly more involved argument it can be shown that
the intersection of the dicing D,(n) with any hyperplane- of the dicing, is
affinely equivalent to Dy(n — 1).

The fact that this last statement can be reversed supplies the essential
step in the proof of the uniqueness of the Korkine and Zolotarev Theorem.
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n+1

2
D-families of parallel hyperplanes. If the intersection of D with eath of its
hyperplanes is affinely equivalent to the lattice dicing Dy(n — 1), then D is
arithmetically equivalent to Dy(n).

Theorem 7 Suppose that D is a mazimal lattice dicing with

It is easy to establish that when n = 2, up to arithmetic equivalence, there
is a unique lattice dicing with 3 D-families. Induction, along with Theorems
6 and 7, are used to establish the final result.
n+1

2

Theorem 8 A lattice dicing with ( D-families of parallel hyper-

planes is necessarily arithmetically equivalent to Dy(n).
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An Asymptotic Formula by a Method of Selberg*
M. Ram Murty, F.R.S.C. and N. Saradha

1. Introduction. In (1}, Landau showed that the number of integers n < z which can be
expressed as a sum of two squares i.e. n = a? + 5 with a. b rational integers, is asymptotic
to cz/logz where ¢ > 0 is a constant. For this, he considered ¥(z) which denotes the
number of odd integers n with 1 < n < z which do not have any prime factor of the form
4m + 3. He showed by analytic methods that

(1) tb(z) ~ cz/\/logz .

Since any n which can be expressed as a sum of two squares should have prime factors of
the form 4m + 3 to an even power, the result on sums of two squares follows. Serre [3] used
the method of Landau to prove many density theorems. In [2, p. 183-185|, Selberg gave
an elementary and simple proof of (1). Our aim in this paper is to show that the method
of Selberg can be utilised to prove an asymptotic result in a wider context.

2. Preliminaries. Let N be a set of natural numbers and P be a proper subset of the set
of primes. By (P) we denote the semigroup generated by the elements of P. Any integer
n 2 1 can be written as

n=np-m, np € (P)and (m,p)=1forallpe P.

We notice that for any ny,ny we have (nynz2)p = (n1)p(nz)p. An easy observation shows
that

(2) > wd) = {} fnp=1

0 otherwise.

din
We define
_ Jlogp ifd=p*, peP
(3) Apld) = {0 otherwise.
We observe then that
4) lognp = Y Ap(d).
din

* Research partially supported by NSERC and FCAR grants.
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On applying Mdbius inversion to (4), we get

(5) Ap(n) = Y u(d)log(n/d)p = — Y p(d)logd fornp>1.
din dg‘{r)

Further, we define

(6) Np = {neN, (n,p)=1forallpe P} = {n€N, np, =1}
and
(7) Np(z) = the number of integers n in Np with 1 <n < z.

We make the following assumptions.
(A.1) Suppose for d € (P), N(z,d) denotes the number of n in N with 1 < n < r and
d | n. Then, there exists § > 0 such that

N(z,d) = 6z/d + R(z,d)

_with R(z,d) satisfying
Y. |R(z,d) | log(z/d) = O(=).

de(P)
d<s

Note 1. The condition on R(z,d) is clearly satisfied if R(z,d) is bounded.
(A.2) For any n € N, if n, > 1 then n, has at least two prime factors counted with
multiplicity.
(A.3) (i) There exists a set M 2 N and if Mp and Mp(z) are defined as for iV in (6) and
(7) then

Mp = Np.

(ii) For any p € P and m € M, we have pm € M.
Note 2. We call two sets M and N as P-sieve equivalent if (i) of (A.3) is satisfied.
(A.4) There exist numbers u,v such that u > 0

1 1

Z = = plogz +u+0(;) .

meM

m<s
We show
Theorem. Under (A.1)-(A.4). there exists a constant ¢; depending on N, M and P such
that

Np(z) ~ ciz/(logz)t=é/m
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3. Applications. In the following, while applying the theorem, we prefer to use the same
c1 though it changes with each example.

(i) As a first application, we recover (1) in the introduction. For this we take N = {n,n=
l(mod4)}, M = {n, n = I(mod2)}, P = (p, p — prime and p = 3(mod 4)}. Then

Np = {n€N, (n,p)=1forp€ P} = {n, if p|n then p = 1(mod4)} .

Thus Np(z) = w(z). Further, we notice that M O N and M and N are P-.sieve
equivalent. Also N(2,d) = (z/4d)+O(1) and ¥ 1/n = %logz + v + O(1/z) where
nEM

nge
v= 1—‘-‘;-53 with v-Euler’s constant. R(z,d) of axiom (1) is bounded. Thus axioms (A.1)

to (A.4) are satisfied with § = 1/4 and u = 1/2. Hence (1) follows by the Theorem with
c=cCy.

(ii) We generalise the result by Landau to any modulus £. Let N = {n, n = 1(mod ¢)},
M = {n, (n,8) =1}, P = {p, p — prime, p ¢, p # 1(mod ¢)}. We then have

Np = {n,n=1(mod?¢), if p|n then p = 1(mod ¢)} .
Also M 2 N and M and N are P-sieve equivalent. Further,

N(z,d) = (z/td)+O()and 3" 1/n = ”’—(e’-)xogz+u+0(1/z)

M
s

where ¢ is the Euler totient function. Axioms (A.1) to (A.4) are satisfied with § = 1/¢
and u = (¢)/€. Thus,
Np(z) ~ r,:/(logz)"Vh :

{ = 4 gives the result of Landau as in (i).
(iii) Let G be a multiplicative group mod £ for any fixed ¢ and H a subgroup of G. Let
N = {n,n(mod¢) € H}, M = {n, (n,f) = 1} and P = {p, p — prime, p(mod ¢) ¢ H}.
Then

Np = {n,n(mod¢) € H and if p | n then p(mod¢) € H} .

Further, N(z,d) = (|H|z/¢d) + O(1) and ¥ 1/n = E2logz + v + O(1/z) where |H|
wEM
. nse
denotes the order of group H. Axioms (A.1) and (A.4) are satisfied with § = |H|/€ and
n=(€)/e. Thus

We notice that M 2 N and M and N are P-sieve equivalent since H is a subgroup.

Np(z) ~ cy/(logz)' ¥ .

Fixing H = {1}, we get the previous result. (ii).
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4. Proof of the Theorem. In the sequel, ca, c3 and ¢4 are effectively computable
constants depending on N, M and P. We considet the expression

(8) 2, 3 udog(a/d) = Y w(d)log(z/d) Y 1.
nE P T

n<s
We notice by (2), (3) and (5) that
logz ifne Np
9 3 uld)log(z/d) = {

de(P)
din

logp if n is divisible by exactly one of p from P
0 otherwise.

Thus by (9) and (A.2), the left hand side of (8) equals

(10) Ne(z)logz + 3 Np(z/p")logp = Np(z)logz +O(z) .

pEP
d>3

By (A.1) the right hand side of (8) equals

(11) Y wd)N(z,d)log(z/d) = & 3 u(d)(z/d)log(z/d) +O(z) .

de(P) de(P)

d<= d<a
We now use (A.4) with z replaced by caz/d where 3 = e~ (¥/®) op the right hand side of
(11) to obtain

(12) 2o udN(z,d)log(z/d) = (dz/p) Y w(d)fmd+0(z) .

By (ii) of (A.3), (2) and (A.4) we get

(13)

Y wdymd = Y a/m) 3 wa) = 3 a/m) = 3 (/n)+v+0(1/z).
meM neM de(P) neM neM
) el g

Since ¥ and M are P-sieve equivalent, (12) and (13) imply that
3. ANz, d)log(z/d) = (5z/u) T (1/n) + O(z)

neEN
(14) —

= (8z/n) / 2O 1 ofa).
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From now on, we follow the proofof Selberg [2]. For the convenience of the reader we give
below the details. We combine (8), (10) and (14) to obtain

(15) Ne(z)logz — (6z/u) / " Ne(t)/dt = O(z).
1

We set

(16) V(z) = / .Np(t)/t’dt.
1

Substituting (16) in (15) we get
z(logz)V'(z) - (6z/u)V(z) = O(=)
which is equivalent to ,
(foeep®) = O(imgzys)
where the dash indicates differentiation with respect to x. This yields

V(z)
(log z)/w
From (15), (16) and (17) we get

(17) = cg +O(1/(logz)”“) .

Np(z) = coz/(logz)'~/®) 4 O(z/logz) . (n ]

In the above examples, it is not difficult to calculate ¢; explicitly. Finally, we note
that ¢; = 0 can occur in the case that N is the set of non-primes, P is the set of primes,
M is taken as the set of all natural numbers.

5. References.

(1) Landau, E. Uber die Einteilung der postiven ganzen zahlen in vier Klassen nach der
Mindestzahl der zu ihrer additiven zusammen-setzung erforderlichen Quadrate. Arch.
der Math. Und. Phys., (3) 13 (1308), pp. 305-312.

[2] Selberg, A.. Collected Papers, Vol. II. Springer-Verlag (1991).

[3] Serre, J.-P. Divisibilité de certaines fonctions arithmétiques. L'enseignement Mathe-
matique (1976), pp. 227-260.

Department of Mathematics
McGill University Received January 13, 1994

School of Mathematics
Tata Institute of Fundamental Research




C.R. Math. Rep. Acad. Sci. Canada - Vol. XV, No. 6, December 1993 décembre
278
ON BLOCH FUNCTIONS

Lou Zengfian

Abstract. In this paper. we give some new characterizations of Bloch functions. which ex-
tends a result of [5]

Key words and phrases. Bloch function, H? spaces BMOA , Hadamard product.

1. Introduction.

In the theory of one complex variable, Bloch functions play an important part, as they can be
described in many ways. so their properties can be used in many branches of one complex vari-
able. In this paper. we give some new characterizations of Bloch functions in term of Hadamard
products.

2. Definition and notation.
Definetion 2.1. A function f analytic in D; |z| < 1is said to be of class H"(0 < p<oo) if
£ 1| o = limMp(rof)

where
Moo ='¢ [T 1/ et 17dBh < oo

H* is the space of all bounded analytic functions (See [2] for more information on H" )
Definition 2. 2. The class G*(p > 0) are defined by f € G” if and only if

1flle = (J‘:M.'(r.f')dr)i o o

By [5]. G' C H\.
Definition 2. 3. The class of functions / , analytic in D , for which
v Nflls= |f(0)|+-:lelg(l—|z|)|f’(z)|<°°
will be denoted by B. These functions are called the Bloch functions. The little Bloch Bois the set
of analytic functions f in D for which (see [1,6])
a-lzDIf -0, lz|l—=1.
Definition 2. 4. A function f € H'is said to be in the space BMOAf and only if ([3. P. 238

l.emma 3.2])
' - 2 - t
170 = g1 0 S=PERGT €10 grdy < 0o
D

By VMOA we denoted the space of analytic functions of vanishing mean oscillation (see. for ex-
ample. [3]). The proper inclusions
H>= C BMOAC B, VMOA C B,

are well known.
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3. The result and its proof.
In this paper. we use the "Hadamard products” to discribe the Bloch functions and obtain the

following
Theorem. If gis analyic in D. Then the following are equivalent
@ g€B @ f*gEH™ foral fEC

@ f*g€BMOA foral fEG' @ f»g€B foral fEG
® f*g€BMOA forall fEH! ® .f%g€B forall fEH'
@ f*gEVMOA forall fEG' @ f»g€B,foral fEC
f*gEVMOA forcll fEH' @ f+g€EB; foral fEH'
Remark. This theorem extends Theorm 3. 6 of [5).
Proof. ©—~@®. Suppose g(z) = >z € B, let f(x) = Y a2z € G, then by a simple
a0 amQ
calculation, we have
o eerf eenrde = 3 tn+ Diraze
=0

1
from Lr"‘”log %dr = 'we get

1
G+
4rrlo l["g'w»" (ree*ydsdr = 3z = [ g(x)

° 4 rle "m0

where f % g(z) = za.z.z“is the Hadamard product of
"=

f@=Yar ad g =D
a=0

By the inequality r log % <1=-r0<r<1, we have
¥ id
1£ » 81 < 418 e (1 = 1S Crae L dedr

<dllgls °M.(r.f’)a’r

<4lglsllflle
Sof»g€ H*forall f € G
@—-@—~@. Since H* C BMOA C B, their proofs are obvious.
@—-Q@. UFEG , wedefined T, (f)=f+g, T, 1sc!early closed . s0 T, is a bounded linear
operator fromG' to B. Let

___“ Kl 4%
f(o) = - rz)t

Since T, is bounded, there is a constant C indepcndem of r such that
N fovglla<Clfill¢ =00

Since -
e (fo2g) () = 2,0 — r)rntz.z™!
a=Q

we have
| Dtz 2 [(1 — ) — |2]) = O1)
=0
Taking r = |z|, we have
| D ntz2’| =0 — )t

Soe € B.
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D~+®- Suppose thst g € B, f € H'and h = f % g . Then we have
1
| DAy | = | E;I:.D‘f(ré')D'g(re‘“’)dﬂl
<CM,(r,. D'NA -1 gll»

where D*f(z) = ) (n+ 1)'a.2" is the fractional derivative of f(z) = ) a.2"
a=0

By a result of [4], we conclude that
j: (1 — r’ML(*, DR)dr

<[a-rMe.pnarigls

<Clflwlgla
We use [2] to show that

j’;u — ML KYAr <Cl flliwligl s

By (2) and the fact that

r- 9 __ o
° |l—-5r('|’ 1— &)
we have
Al . < sup2a(l — Iel')]' L= 2 ML K dr
~ P o T TGMa
1 .

<cf.a - e

<Clfllwlgllas
That is

NFeglle<CNFNwliglay FeHH

where the constant C does not depend on F. If we substitute F = f, — f in (3). we get

I feg.—fogl.<ClSfi=flwlgls
Since ([2.Th. 2.6])
’ Nfi—=fllaw—=o, r—=1
from (3,P. 250 Th. 5. 1] we have f » g € VMOA.

279

@

(&)

@-D—~0—-@.0~B®-+0—~@,®—+®-+®. Since VYMOA C BMOAC B,G' C H',

VMOA C B, C B, their proofs are obvious. This completes the proof of the theorem.
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THE GELFAND THEOREM IN FLOW GEOMETRY

J.C. Gonzdlez-Dévila. M.C. Gonzilez-Ddvila and L. Vanhecke

Presented by P.C. Greinen, F.R.S.C.

We extend the Gelfand-like characterization of simply connected -symmetric spaces to
the broader class of simply connected contact Killing-transversally symmetric spaces.

1. INTRODUCTION

Symmetric spaces have been studied extensively and they have some remarkable proper-
ties. In particular, it is well-known that for a symmetric space M = G/H, where G denotes
the connected component of the identity of the full isometry group Z(M) and H the isotropy
group at 0 € M, the algebra D(G/H) of G-invariant differential operators is commutative.
This property is known as the Gelfand theorem. It is now also well-known that the converse
theorem is not true in general. There are a lot of non-symmetric Riemannian manifolds
where this algebra is commutative. However, it is shown in [8] that the Hermitian sym-
metric spaces can be characterized as the homogeneous Kiihler manifolds with commutative
algebra D(G/H), where G denotes the connected component of the identity of the group of
holomorphic isometries. Further, the o-symmetric spaces introduced by T. Takahashi in [11)
(see also [1]) play a similar role in Sasakian geometry as that played by the Hermitian sym-
metric spaces in Kahler geometry. In (9] it is proved that a simply connected homogeneous
Sasakian manifold G/H is globally ¢-symmetric space if and only if the algebra D(G/H) is
commutative modulo €. Here G denotes the connected component of the identity of the full
automorphism group of the Sasakian structure and € is the characteristic vector field.

The class of (locally or globally) p-symmetric spaces is a subclass of a broader class of
Riemaunian spaces, namely the class of (locally or globally) Killing transversally symmetric
spaces (briefly, KTS-spaces) which have been introduced and studied in [2] - [6], [12] in the
framework of the study of the geometry of Riemannian manifolds equipped with a unit Killing
vector field &, that is, equipped with a special isometric flow F¢. The main purpose of this
note is to extend the Gelfand-like characterization of simply connected -symmetric spaces
to the simply connected KTS-spaces of contact type (see Section 2 for details) inside the
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broader class of homogeneous Riemannian manifolds G/H equipped with such a contact flow

Fe, where G denotes the identity component of the group of §-preserving isometries.

2. PRELIMINARIES

We start by giving some of the basic definitions and results which will be needed to prove
the characterization. We refer to [2] - 6] for more detailed information.

Let (M,g) be an n-dimensional, smooth, connected Riemannian manifold with Levi
Civita connection V and Riemannian curvature tensor R. A tangentially oriented foliation
of dimension one on (M, g) is called a flow. It is said to be an isometric flow if it is generated
by a non-singular Killing vector field. In what follows we shall denote by F¢ an isometric flow
generated by a unit Killing vector field £. It is well-known that such a Riemannian foliation
is Inmily a Riemannian submersion 7 : U — U = U/¢ where U is a small open neighborhood
on which £ is regular. We denote by § the induced metric on U and by V the corresponding
Levi Civita connection with associated Rietnannian curvature tensor R. Further, H denotes
the skew-symmetric tensor field of type (1, 1) defined by HX = —V x¢ for all tangent vectors
X of M and 7 is the dual one-form of §. Then, the flow F¢ is said to be normal if and only
if for all horizontal vectors X,Y,Z (i.e., orthogonal to £) we have R(X,Y, Z,£) = 0, and F;
is said to be a contact flow if H is of maximal rank or, equivalently, n is a contact form. In
this case n is necessarily odd.

Further. (M, g, F¢) is called a locally Killing-transversally symmetric space (or briefly, a

locally KTS-space) if and only if the local reflections [13] with respect to all flow lines are

isometries. Morcover. (M, g, F¢) is said to be a (globally) KTS-space if £ is a complete vector
field and if the local reflections can be extended the global ones. Any simply connected,
complete locally KTS-space is a globally KTS-space [5]. Further. for any locally KTS-space
(M, g, Fe) the flow F¢ is normal [3].

Locally and globally ¢-symmetric spaces provide nice examples of locally and globally

KTS-spaces of contact type [3] but there are a lot of examples of KTS-spaces which are
of contact type and which are not Sasakian manifolds. We refer to 3], [5], [6] for explicit
examnples which are constructed by using the theory of infinitesimal models and principal
bundles. However, in the simply connected case, those of contact type play a fundamental

role as can be seen from the following result (5] :

Propoéition 1. Let (M, g,F¢) be a simply connected KTS-space. Then (M, g) is irreducible

if and only if it is of contact type. In the other case (M, g) is a direct product of an irredu-

cible KTS-space (M', ¢', F¢) and a symmetric space (M", g").
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Moreover, we have (3]

Proposition 2. Any locally KTS-space is locally homogeneous and is equipped with a natu-

rally reductive homogeneous structure. Further, a simply connected, complete locally KTS-

space is a naturally reductive homogeneous space.

Next, we have [3]
Proposition 3. The flow F is normal if and only if VH = 0 where HX = =, (HX"®) for all
vectors X tangent to U7. (Here X* denotes the horizontal lift of X with respect to x.) In

this case we have R;?X'? = —R“-,y for all X,Y tangent to U.

Note that an (M, g) equipped with a normal contact flow F is automatically irreducible
(3].

Finally, we have (3], [4]
Proposition 4. A Riemannian manifold (M, g) equipped with a normal flow F¢ is a locally

KTS-space if and only if each base space (U, §) is locally symmetric. Moreover, for normal
contact flows this is equivalent with (VXR)()? JHX, X, HX)=0for all U and all X tangent
to U.

Because of Proposition 2 we shall now focus on a special class of isometric flows.

3. HOMOGENEOQUS FLOWS AND THE MAIN THEOREM

Let (M, g) be a Riemannian manifold equipped with an isometric flow Fe and suppose
that the group A(M) of £-preserving isometries acts transitively on M. In this case F is
called a homogeneous flow. Since M is connected, also the identity component G = A,(M) of
A(M) acts transitively and (M, g) can be identified with the coset space G/H where H is the
isotropy subgroup of G at 0 € M. The orbit space M = M/ of such a space (M, 9,Fe¢) admits
a unique structure of a differentiable manifold such that the natural projecti.on Mo M
is a submersion. In fact, let G' be the one-parameter subgroup of global isometries generated
by €. Then G' is a Lie subgroup of G which belongs to its center. M may be identified
in a natural way with G/H -G' and x : G/H — G/H - G' is a submersion. Following (10,
Theorem XIV. p. 28] € is strictly regular. Moreover, since 3 is G'-invariant, (M, g, F¢) is a
principal G'-bundle over M and 7 is a connection form on M. Finally, define § on M by
a( X, }.’) = g( X Y*)forall X,¥ tangent to M. Then 7 becomes a Riemannian submersion.

Next, let A(M) be the group of H-preserving isometries of (M, §) and A,(M) its identity
component. The canonical projection 7 : M — M induces a map ¢ : A(M) — A(M) given
by a € A(M) — ¢(a) = a where a(n(m)) = n(a(m)) for all m € M. ¢ is a homomorphism
of Lie groups with kernel G'. Then G = G/G' with its natural group structure is a Lie
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group isomorphic to a subgroup of A(M). We identify G with the subgroup ¢(G/G") of
A(M). Then G acts transitively on M with the action given by G x M — M : (s, m(m)) —
n(a(m)),a € G.m € M and & = ¢(a). Hence M can be written as M = G/H where H is
the isotropy subgroup at m(0). The projection G — G induces an isomorphism H onto A
because H NG' = {e} and ¢(H) = H.

Then we have

Proposition 5. The orbit space (M, §) of an (M, g) equipped with a normal contact homo-
geneous flow F; is locally symmetric if and only if the algebra of A,(M)-invariant differen-

tial operators is commutative.

Proof. The result follows as in [8, Theorem 1] by using Proposition 3 and Proposition 4.
Now, in a similar way as in [9, Theorem 9] and by using Proposition 5 we get

Theorem 6. Let (M, g, F¢) be a simply connected manifold equipped with a normal contact
homogeneous flow F¢. Then (M, g,F¢) is a globally KTS-space if and only if the algebra
D(G/H) is commutative modulo §. .

Note that £ can be interpreted in a natural way as an element of D(G/H).

Using Proposition 1 and following the same reasoning as in [7, Proposition 4] we get

Theorem 7. Let (M, g, F¢) be a simply connected globally KTS-space G/H. Then the algebra

D(G/H) of invariant differential operators is commutative modulo €.
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The equation z — y* = 2”
Henri Darmon

Presented bu M.R. Munty, F.R.S.C

Let p be an odd prime. We consider the equation
gt —y'= 2%, ged(z,y) = 1. (1)

When p = 2, this equation was considered by Fermat, who used it to prove
his celebrated “last theorem” for exponent 4.

In [Po], Powell proved that this equation has no integer solutions with
P fzyz (analogous to the “first case” of Fermat’s Last theorem) and proved
a similar (slightly weaker) result for the equation z* + y* = z*.

Terai and Osada [TO)] and Cao [Ca] have extended this analysis to the
equations z* + dy* = zP and cz* + dy* = 2P respectively, proving that there
are no first case solutions under certain assumptions.

The methods used by these authors involve factoring the left hand side of
the equations over the appropriate quadratic field, and are close in spirit to
the descent ideas which form the basis of Kummer's work on Fermat’s Last
Theorem.

Recently, it has been observed that Fermat's equation can be tackled
by different methods based on elliptic curves and the Galois representations
attached to them. Following work of Frey [Fr] and Serre [Sr2], Ribet [Ri]
showed that the celebrated conjecture of Shimura and Taniyama that ev-
ery elliptic curve is modular implies Fermat’s last theorem. Thanks to the
revolutionary work of Wiles, the Shimura Taniyama conjecture, previously
thought to be inaccessible, now seems within reach.

Our main result is:
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Theorem I: Suppose the Shimura- Taniyama conjecture is irue, and let P2
11 be a prime. Then:

1. Equation (1) has no non-trivial solution if p = 1 mod 4.

2. Egquation (1) has no non-trivial solution with z even.

Proof: Let p > 11 be prime, and let
al-b=¢

be a solution to equation (1). If ¢ is odd, assume without loss of generality
that a is odd and b is even (otherwise, interchange a and b and replace
¢ by —c). Factorizing the left hand side of a* — b* = ¢*, the assumption
gcd(a, b) = 1 forces the three factors

a+bd, a-b a*+b
to be pth powers up to powers of 2. Hence, 8o are the integers

A=(a+b)? = a?+2ab+¥?,

B=(a-b)® = a?-2ab+ ¥,
- C = a*+ b,
which also satisfy the equation
A+B-2C =0.

This equation gives three integers that are “almost” p-th powers and sum up
to 0, and suggests considering the Frey curve

E:y* = z(z + A)(z - B).
Expanding the right hand side, the equation for E becomes:
y? = z° + 4abz? — (a® - b%)’z.
The j-invariant and discriminant of E are:

. qs(a? +36%)%(3a? + 5%)?
A P oy <) R

A = 25c%(a? — B?)1.
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The conductor N of E can be computed using Tate’s Algorithm [Ta]; let N
denote the conductor of E at I, so that N = [] N;. The calculation is divided
into two cases:

1. 1 # 2: Then E has good or semistable reduction at I; the conductor N; =1
if I does not divide ¢, and N; = { if | divides c. In any case, ord;(A) = 0
(mod p), since a® — b? is a pth power up to powers of 2.

2. 1 =2: If 2 divides c, then E is semi-stable and N, = 2; if 2 does not divide
c, then Nz =25,

Let p : Gal(Q/Q) — Aut(E;) be the Galois representation associated
to the p-division points of E. By a result of Mazur [Mz], the representation
p is irreducible. By using the Tate curve to analyze the local behaviour of p
at the primes I of bad reduction for E (I # 2, p) one sees that p is unramified
outside of 2 and p, and is finite at p (cf. [Sr2]). Hence, the conductor N(p)
is a power of 2 which satisfies:

Np)=2 if2,
N(p)|2® otherwise.

Assuming the Shimura Taniyama conjecture, the elliptic curve E corre-
sponds to a cusp form of weight 2 and level N. The “lowering the level”
result of Ribet [Ri] shows that p corresponds to a cusp form of weight 2 and
level N(p) mod p. But:

1. If c is even, such a cusp form cannot exist, because there are no modular
forms of weight 2 and level 2: the curve Xo(2) has genus 0. This proves the
second part of theorem I.

2. If ¢ is odd, then p corresponds to a modular form of weight 2 and level
dividing 32. There is a unique such form, of level 32, which corresponds
to the elliptic curve A = X(32), with complex multiplication by Q(:). By
Chebotarev’s density theorem, it follows that

E, >~ A, as Galois modules.
In particular, by the theory of complex multipli¢ation, the Galois represen-

tation p maps to the normaliser of a Cartan subgroup of GLa(F), and the
restriction of p to Gal(Q/Q(3)) has abelian image. Furthermore, when p =1
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(mod 4), then p maps to the normalizer of a split Cartan subgroup; hence
E has a rational subgroup of order p defined over Q(z); moreover all of its
points of order 2 are defined over Q(i). It follows from work of Mazur (Mz)
and Kamienny [Ka] (cf. cor. 1.7 of [Da]) that the denominator of j(E) is
divisible only by 2 or 3. Hence a* - b is a power of 3, and so is a? + b, This
can occur only if ab = 0, i.e., (a,b,¢) is a trivial solution. This proves the
first statement in theorem I.

Remarks: _

1. Observe that in the proof we could not rule out the existence of the curve
E, and had to obtain a contradiction in a more indirect manner. There is a
good reason for this: the curve A = X,(32) is precisely the curve that arises
from the trivial solution (1,0,1) to the equation z* — y* = z”.

2. When p = —1 mod 4, the image of p is the normalizer of a non-split Cartan
subgroup. This case seems more difficult to rule out using the “Eisenstein
descent” methods of Mazur and Kamienny, although one also expects it
cannot occur when p is large. More precisely, one expects that the image
of the Galois representation coming from a non-CM elliptic curve should be
the full GLy(Fy) when p is large enough (p > 19, perhaps?) A similar issue
arises in [Da] in the study of the equations z? + y? = 22 and z® + P = 2°.
3. A natural question is to analyze the equation z* + y* = 2 (or even more
general variants such as z* + cy* = z?). This equation is quite different from
the previous one: z* +y* is irreducible over Q and only splits after adjoining
primitive 8th roots of unity. A promising approach in this case is to consider
the Galois representations arising from certain Q-curves, that are defined
over Q(i) and are 2-isogenous to their Galois conjugates. The methods used
in that case are more involved and will be treated in a separate paper.
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