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CHARACTERIZATIONS OF »-SYMMETRIC SPACES IN TERMS OF THE
CANONICAL CONNECTION

Dedicated to Professor Hisao Nalagawa on hia sixtieth birthday
Yoshiyuki WATANABE and Franco TRICERRI *

Presented by €. Bieratone, F.R.S.C.
1. Introduction.

Let (M, g) be a Riemannian manifold and R the curvature tensor of the Levi-Civita connection
V. Define the Jacobi operator K,(-) = R(-,v)v for each v € SM, the unit tangent buedle of
M. In Riemannian geometry, the Jacobl operators play important roles and, in particular, give us
much informations about symmetric spaces(cf. Bease {1], Chavel [6]). Bat in a natarally reductive
Riemannian homogeneons space the Jacobi operator of a canonical connection is nicer, since the
curvature tensor of V is, in general, not parallel(cf. Ziller [12]).

On the other hand, a globally Sasakian ¢-symmetric space is a typical example of a naturally

_redactive homogeneous space, and has nice geometric propesties.

Let M be a Sasakian manifold with structure tensors (¢, §, 7, 9). We denote by R the carvatare
tensor of a canonical connection, given by

Vx¥ = Vx¥ +g(0X.Y)E +n(X)o¥ —n(¥)oX
for any vector ficlds X, Y. Then the purpose of this paper is to prove the following.

MAIN THBOREM. Let M Je o (2a+41)-di ional ted, simpl] ted, complete

Sasakian manifold with strueture tensors (0,&,m,g). Then the following ;cndl'liom are equiva-
lent.

() M is p-symmetric.
(1) (VxR)(-, X)X =0 for any vector field X orthogonal to §.
(1) The operator K, along any p-geodesic v is parallel with respect to v.

2. Sasakian ¢-symmetric spaces.
Let M be a (2n+1)-dimensional Sasakian manifold with stracture tensors (v, §,n,9) (cf. Blair
(2], Takahashi (8]):
VX ==X +n(XK, n(€)=1. 9(X,€)=n(X)
(2'1) Q(VX'VY) = !(X.Y) = "(x)ﬂ(y)n d"(xo Y) = Q(on Y)v
(Vxe)(Y)=n(Y)X —g(X, Y}, Vx&=0X
for any vector fields X.Y, where V is the Levi-Civita connection for g. The curvature tensor
R(X,Y)Z = |Vx,Vvy|Z - Vix,v)Z
*This paper has been written while the Arst author was a CNR visiting professor in Firenze, aad he wishes to

acknowledge here kis thanks to the ltalian CNR that sponsored his visit, and to the Dip
*U. Dini” del Universitd di Firense his kost institution.
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on & Sasakian manifold satisfies the following
(22) R(X,Y)=n(Y)X = n(X)Y, R(X,E)Y =n(Y)X -g(X.Y)¢

for any vector fields X,Y, 2.
A geodesic 7 on a Sasakian manifold is said to be a y-geodesic if n(v') = 0. From (2.1) it
;s casy to sce that a geodesic which is initially orthogonal to £ remains orthogonal to . A local
diffcomorphism s of M,m € M, is said to be a y-geodesic symmetry if its domain U is such
that, for every p-geodesic v such that ¥(0) lies in the intersection of U with the integral curve of
¢ through m,
(sm 0 7)) = 7(-9)

for all ] with y(£s) € U, s being the arc leagth. Setting S = =1 + 29 @ §, we have
(2'3) Sm = €ZPm O S O 33";"

since € is a Killing vector field(see Blair-Vanbecke (3]).
In {8}, Takahashi introduced the notion of a locally y-symmetric space by requiring that
e (VvR)(X,Y)Z =0

for any vector fields V, X, Y, Z, orthogonal to §&. Moreover, he defined a globally ¢-symmetric space
by requiring that any ¢-geodesic symmetry of a locally -symmetric space to be extendible to a
global automorphism of M and that the Killing vector field { generates a global one-parameter
subgroup of isometries.

Here we collect three results from Takahashi (8] and Blair-Vanhecke [3],[4],[5)-

THEOREM 1. A necessary and sufficient condition for a Sasakian manifold to be locally -
symmetric is that it admits a @-geodesic symmetry at every point, which is a local automorphism
of the structure (¢,§, 9, 9).

THEOREM 2. A Sasatian manifold M is locally o-symmetric if and only if, for any vector
fields V, X, Y, 2,

(VvRNX,Y)Z = [9(X,V)g(vY,2Z) - o(Y,V)e(¢X, 2)+9(0R(X,Y )V, Z))¢
+5(X)[=9(eV, 2)Y +9(Y, 2)oV + R(Y,»V)2Z]
+n(Y)la(vV, 2)X - (X, Z)eV - R(X,¢V)2]
+n(2)g(Y,V)eX - o(X, V)oY - oR(X,Y)V].

THEOREM 3. A Sasakian manifold M is locally o-symmetric if and only if
9((VxR)X, v X)X, 0X) =0
Jor any vector field X, orthogonal to §.

3. The canonical connection.

Let M be a Sasakian manifold with stractare teasors (¢,£,9, 9). Let T be a tensor field of type
(1,2) defined by

(31) (X,Y) = g(eX,Y)§ +n(X)oY = n(Y)eX
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for any vector fields X,Y. We now define a linear connection
(3.2) VY = VyY + T(X,Y).

for any vector fields X,Y. This linear connection is called the canonical connection. By direct
calculations. we see that

(3.3) Fo=0 VE=0, Vn=0, Vg=0and VT=0.

Remark that ¥ has the same geodesica as V.
Let R and R be the curvature tensors of ¥ and VU, respectively. Then we have

R(X,Y)Z= R(X,Y)Z+n(2)In(X)Y - n(Y)X]
(3.4) +9(¢Y, 2Ye X - g(wX, Z)oY +2(¢X,Y)0Z
+l9(X, Z)(Y) - 9(Y, ZI( X )¢
Hence by Theorem 2 we have
(VvRYX.Y)Z= (VvRXX.Y)Z

(3.5) +T(V,R(X,Y)Z) - R(T(V, X),Y)2
-R(X,T(V.Y))Z - R(X,Y)T(V,2).

Thus, we have the following result(see Takahashi {g]).

THEOREM 4. A necessary and sufficient condition for a Sasakian manifold to 8¢ locally -
symmetric is that

(3.6) VR=o,
where V is the canonical connection defined by (3.2).

In particular. a locally ¢-symmetric space is locally homogeneous (see Takahashi {s]). Moreover,
since T(X.X) = 0, it follows that in this case, all local geodesic symmetries are volume-preserving
up to sign(cf. Watanabe {11]). Finally, the same condition T'(X, X) = 0 implies that a simply-
connected, complete, locally ¢-symmetric space is a naturally reductive homogeneous space (cf.
Tricerri-Vanhecke [10}).

4. Jacobi flelds.

Let m be a point of a Sasakian manifold M and let 7 be a geodesic, parametrized by arc length
3, through m = 7(0). A Jacobi field along 7 is & vector fiedd X satisfying the equation

(4.1) VYV X 4+ R(X, 7N =0.

In order to prove the Main Theorem, we write down (4.1) in terms of the connection Vofa
Sasakian manifold as follows:

(4.2) V.,.V.,.X - ﬂ'(','. V.,.X) + h(x,-y')-y' =0,

where the torsion tensor T of ¥ is given by T' = 2T
Suppose that (¥, R)(-,7'Y =0 along a geodesic 7. We take an orthonormal basis {ey, €3, ..
e3e41) such that 7'(0) = ey, and we denote by {E;,i = 1,... 2 + 1} the orthonormal frame field
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along 7, obtained by V-parallel translation of the e; along 7. Then, from (3.3) and the assumption
(V.,Jl)(-, 7'} = 0, we have

(4.3) g(E.. il(E'..-y' }1') = constant, g(E.,T(E.,-y')) = constant.

In particular, we choose an orthonormal frame field {El.Ez..... E,.“} such that e; = ¥'(0),e2 =

Ex(0) = (ém — a7'(0))/V1—a? and
’-(1'(El) = R(En 7')7, = '\cbo

fora = 3....,2n+ 1. where @ = 1(7') = constant and A, = constant. Thus, if we denote the Jacobi
field along v by . . . .
X = hEy + f1E3 + [sEs + ... + fans1E2n s,

then the Jacobi equation (4.2) reduces to the following.
(11)" ~ 22323 (aY9(#7'(0)es) = O,
(45) (fa)" = 232zt E2841 o (57'(0), ea)(fu)' =0,

(Ja)" = 2a B33  glea el Se) — LEEELL(f3)') 4+ Aefa = 0

for a=3, ... , 2n+1.

5. Proof of Main Theorem.
B_yTheoremn 2 and 3and (3.5) we see that (I) is equivalent to (II). Moreover, since (Ve R)Y. YW =
(VK )(Y) for any vector field Y along each geodesic 1, it is trivial that (II) implies (III).

We shall prove that (III) implies (I). So, we may assume that (V. R)(-,7')y' = 0 along
any y-geodesic 7. From a result of Blair-Vanhecke [3] it is sufficient to prove that the w-geodesic

symmetry sm is a (local) isometry. First, from a result of Blair-Vanhecke [5] it follows that for
sufficient small s > 0, .

(5.1) (s )er(0r€ = €y(-0)-

We now obtain Jacobi fields X along each y-geodesic 4. For this purpose, we have the following.

!..EMMA. If Ky along a @-geodesic  is parallel with respect to V., then @' is an eigenvector
0] K.,o.

Proor. It is sufficient to prove that ¢v'(0) is an eigenvector of Ky0) Assume that ¢v'(0)
is not an eigenvector of Kyi(g)- If we take an eigenvector e # pov'(0), s(# 0) € R, orthogonal

to both £, and 7'(0), then e is also orthogonal to ¢4'(0). In fact, we denote E by the V-parallel
vector field along v such that E(0) = e. Then, from the assumption (Vo R)(-, ')y =0, we have

9(& (Y RY(E, 7"’ )(0)

9(6: (Y R)(E, 11 )(0) = [=9(¢E\7") + 9(wR(E\ 7' ', 1))(0)
9(6, Voo (R(E, 7' )7'))(0) - ls(w7', E) = o(R(E\ v W', 07))(0)
-g(e, v7'(0)),

0
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taking account of (3.5) and (2.2). T\.minre, we can mow choose an orthonormal basis {¢y =
1(0)se2 = EmseyyrensCaadr} of Tl 0 nack that Ky = Meta(a = 1,..,2n 4+ 1), Thisis a
contradiction, since ¢v'(0) is orthog-+ = “» all 4'(0), éum+ €3y ces C2n 41+

Since 7' is an cigenvector of K¢, we can choose an orthonormal basis {e; = 7'(0),es =

Emie3 = ©71'(0), €4 v €2041} such that ﬁ'.,ame. = Ageq fora = 1,...,2n + 1, where A3 = 0. So,
by (3.4) we have ’

(5.2) R(er' ' = (s +1)07s
Moreover, it follows from (4.5) that along the ¢-geodesic 7,

(5.3) 11=23=0, [§+23+Mfs=0,
and

(5.4) (f)' +2afa =0

for 8=4, ... , 2n+1. Since { is an isotropic Jacobi field along 7 (see Ziller [12]) with initial condition
(€(0) = €m, V. (0y€ = 0) and parallel with respect to V, by (5.3) we have

Jaz=l, A=0,
from which (2.1) and (5.2) imply that v’ is a Jacobi field along 7. By (2.3) we have
(om)ertare7’ = €7'(-0).

Any vector field X along v orthogonal to 4',¢ and ¢+’ satisfies the initial condition (5.,'(.,,X =
V@ X. Then, by the same argaments as a locally symmetric space(cf. Chavel [6], Osserman-
Sarnak [8]), we can see from (5.1) and (5.2) that

llsmeY1l = Y1
for any vector ¥ € T,(,)(M). This implies that s,, is an isometry.

ACKNOWLEDGEMENT. The authors would like to thank the referee for some comments.
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Large Deviations: Upper Bound on Metric Space
and Application

Shui Feng
Presented by D.A.Dawson, F.R.S.C.

Abstract: Let X be a space with two metrics dy and da. The topology of (X,dy) is
weaker than the topology of (X,d3). Some general results about large deviation upper bound
on space (X, dz) is obtained under assumptions which are related to the condition that the
complement of a da-ball has an exponential decay rate and the condition of the usual “expo-
nential tightness™. The result we get is for a class of B-measurable, dy-closed subsets of X.
B is a o-algebra on X contuined in the Borel o-algebra of (X,ds). Applying this result and
some properties of the vector-valued L? space, we obtain sotme large deviation upper bounds
for a sequence of probability measures on the space of measure-valued paths.

1. Introduction Let X be a topnlogical space, {an}wn=1,.. be a sequence of positive numbers which
goes to infinity as iV goes to infinity. Let {Pn}nai,.- be a sequence of probability measures on (X.,L),
where L is a o-algebra of X' containing all open subset of X. One says that {Pn}n=1,.. obeys a large
deviation principle in X, with speed {an}n=1,.. and rate function I(:) : X — [0, 400} if

i). for every open subset G of X

(L) . !.i‘nli:gag.' log Pn((7) 2 — inf I(z).
ii). for cvery close:’ sulmet F of X

(1.2) l‘i:!::tg An' log P (F) £ = wl I(c).
iii). the level sets {z € X : I(z) < 8} are com;:act for alls > 0.

The study of large deiations of the infinite dimensionul syxtems has been very active in recent years.
For finite dimensional spaccs the fullowing cundition of “expouential tightness”

Vn > 0, 3a compact subsct K, of X 3
1
1.3 li —1 Kt) € -n.
(1.3) imsup = og Pn(K3) S =
plays a key role in proving the upper bound. Under this condition, in order to obtain the upper bound

it suffices to show that (1.2) is satisfied for any compact subset of X. Since in finite dimensional spaces
a set is compact if and only if it is closcd and bounded, (1.3) is equivalent to the following condition

¥y > 0, 3a Loundu.l closed subset B, of X .9
(1.4) Iimaupalh'lo; Pn(B;) £ -

Ne=co
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In infinite dimensional space compact sets and closed bounded sets are not equivalent in general. Thus
we have two candidates for the condition to get the large deviation upper bound in infinite dimensional
space: one is the “exponential lightness™ and the other is (1.4). Recently, P.Baldi (1] studied the large
deviation principle for a sequence of probability measutes on an arbitrary normed vector spaces. Under
the assumption of “exponential tightness”, he oblained a large deviation principle using the same method
as that in finite dimensional case. C.Léonard (6] suggested that when dealing with the case where Xis
the strong dual space of some separable normed vector space one could use the condition (1.4) instead of
the “exponential tightnesa®. This is not only a technically simpler condition but also a weaker condition
in the case of infinite dimension.

In this article we will discuss the large deviation upper bound on any metric space. Two abstract
conditions are given and their re:ations with (1.3) and (1.4) are ako discussed. Roughly speaking our
result shows that assumption () ) can be weakened to get a good upper bound while (1.4) may not
sufficient to get even a weaker upper bound.

The abstract results will be given in section 2. The necessity of exponential tightness is shown
on a non-Polish space for obtaining latge deviation principle. In section 3 we first discuss some basic
propetties of the vector-valued L? space which can be found in (3]. Then the result is used to obtain the
latge deviation upper bound for the measure-valued Matkov process.

The new conteibutions of this asticle are to shaw the apprupriate formulation of the large deviation
problem on non-separable metric spaces and to obtain o very general upper bound result on metric spaces.

Proofs, as well as further details, will appear in a forthcoming paper by the author.

2. Upper Bound. Let X be any set, di,ds be two metrics on X. Let By be the Borel o-algebra of
(X.dy) with respect to which for every 2o € X the function fa(z) = da(z, o) is measurable. We assume

(). The topology of (X,d) is weaker than the topology of (X.d2).

(b). Any bounded closed ball in (X.d;) is compact in (X,dy).

Let Xo C V. C be a o-slgebra on Xo containing By N Xo but contained in the Borel g-algebea of
(Xo,d3). Let B= {AC X;ANNo €C, Aisin the Borel g-algebra of the space (X, d3)}. Then B contains
B, and is contained in the Borel -algebra of space (X,d3). Let {Pn}n31 be a sequence of probability
measutes on (Xo.C), Z be the set of all bounded continuous functions on (X.d3) whose restriction to Xo
are C-measurable, (Z°,0(2°, Z)) be the dual space of Z with weak* topology 0{2°,2) and (2°,11-1I")
be the dual epace of Z with strong topology |1 - l|* = sup{|(-,)l;9 € Z and ll9lle = supeexlol=) < 1}-
By definition we can see that Z = (' (X, dy, B). the oe: of all B-measurable, bounded continuous functions
on (X,d3) and for each N > | we can extend Py to (X, B) by letting Pn(X \ Xo) = 0. If we introduce
a g-algebra B on 2° as

B=(Bc2:.{z€ X :§ € B} €B)

Let the map © be defined by
0:(X,B)—(2°,8), z €2

Let Qn(-) = Pv 0©~'(-). V[ € Z, 2* € 2°, we define

Hu(f) = ylog [ explv(e. 1IQw(ds"),
a°
HUY = timesp Hu(1), () = oupl(s”.) = H().
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Lemma 2.1 For any strong bosnded, B-measurable and weak® closed subset A of Z*, we have
. l H e L
2. limeup - log @u(A) < ~ inf, H*(").
The next lemma gives a sufficient condition for an element of Z* to be a probability measure on (X.B).

Lemma 2.2 If H*(z*) < oo and for any decreasing sequence of functions {fn) C Z converyging to zero
pointwise we have H(fn) — 0, then * is a probability measure on (X,B).

Here are the main results:

Theorem 2.3 Let (X,dy,d3) satisfy the assumptions (a) and (b). We have
(i). Under the assumption that

(2.2) For every sequence * 1,) C 2. [.. | 0.we have H(f) — 0,

then for any B-measurable, closed subset A of (X,d3) we Aave

(2.3) libn_s:p% log Pr(4) < - inf L(=).
). If
(2.4) For every sequence{f) C Ci(X,d3,By), fa | 0, e have H(fa) — 0,

then for any B-measurable, closed subset A of (X,d3) we Aave
1 .
(2.5) Ii'r‘n_s:p o8 Pr(A) < - .'2{ L(2).

where L(z) = H*(6(2)), L(2) = 8upsecy x.4r.801/(2) = H(f)). Obviously
Liz) € L(z), Yz € X.

Corollary 2.4 Let X be the closure of Xo in the space (X,d3). Then we have
(i). If RoN{z € X: L(x) < 00} C Xo and (2.2) is true, then for any C-meassrable, closed subset A of
(Xo,d2) we have

s 1

(2.6) hnl,n_-:pﬁ log Pn(4) < - inf L(z).

(ii). If Ron (z € X; E(z) < 00} C Xo and (2.2) is true, then for any C-measurable, closed subset A
of (Xo,d3) we have "
(27) li'l,n_.l:l’  lo8 Pn(A) < - tof L(z).

The following two results discuss the relation of the sbove results with (1.3) and (1.4).
Theorem 2.5 If the condition

' Va >0 3 compact subset Ko C(Y, di), 3

(2.8) ﬁ;r“mp T'V_ log Pr{z:= ¢ Ko} < —a.

is satisfied, then V{fn) C 2, fo |0 poi.lwise, we Aave H'( fa) = 0.
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Theorem 2.6 If the condition

(2.9) Va>0, 3>0, o€ X, 3 Ii‘lvn nup% log Pn {z; da(z, 20) > b} < —a.
—00

is satisfied. then V{fn} C Co(X,d1), fo 1 0 pointwise, we have H(fp) — 0.

Remarks. 1. The exponential tightness is crucial in the passage from a weak to a full large deviation
principle. But it is not a necessary condition in general.

2. If X is a locally compact topolugical space or a Polish space, then it is necessary in order togeta
full large deviation principle (cf. exercises 1.2.19 and 4.1.10 in [2]).

In chapter 7 of Feng (4] the following result is proved: Let X be a Polish space. Xn, n=1,---,is2a
increasing sequence of closed subset of X. Let Xoo = U3%,Xn be equipped with the inductive topology.
Xeo is not Polish in general. We have

Theorem 2.7 If{Pn}n3) is a sequence of probability measures on space Xo satisfying a large deviation
upper bound with a good rate function I and for any s > 0 there ezists an ng such thal for any n > ng

(2.10) l‘ivmsup N-Vlog Py((Xn)°) < -2

then {Pn}n>1 is ezponential tight on Xoo.

3. Application. Let E = {0,1,- -} be equipped with the discrete topology, ¢ be a strictly positive
function on E satisfying: lim;—co 29 = +00 and

X = {g;g is a real valued function on E,
9(z)

Illgllle < %0 and llm =2 exists}

o0 p(z)
where
il = sup 262,
Then (&, il - llly) is a separable normed vector space.

(X*. Il 11l3) is the strong dual space of (X, |i} - [ily). Where

W € X%, [IIvlllg = sup{l(v, g)l: g € 2. 1llgllly < 1)

Let

{F:[0.T)]— &, F is measueable and |F}, = /or NF@®ledt < oo};
{F:{0,T] — &; F is continuous}.

Ly
Cx

Then Cy is a separable dense subset of space L. Let

Axe = {v():[0,T] — &°,3 t = (¥(t),9)
is measurable for any g € X and |v(:)leo < 00}.

where |v(-)lco = esssupogicr llIV(t)lIl;. Then we have
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Theorem 3.8 The strong dual of LY can be identified as Ax-.

Since C is separable. we can introduce one more topology on Ay. as follow. Let C be a countable dense
subset of Cy.. Vu(-), v(-) € Ay+ we define

Fa€C

TN = T ), Fad = GO AL

which is a metric on Ay.. It is easy to sse that the topology of space (Ax.,7) is weaker than the weak®
topology on Ax. and (Axe«,7) is separable. Let B, denote the Borel o-algebra of (Ax.,v).

Let M(E) denote the set of all probability measures on £ with the usual weak topology. For m > 1,
we define MZ,,(E) = (u € My(E); (u,9) < m} endowed with the subspace topology of My(E). Define
D = D([0,T), M3 m(E)), Do = Um»1Dm. Let (Dm,duse) dencte the space Dy endowed with the
Skorohod topology, dsxo the Skorokod metric. Din¢ denotes the space D, endowed with the “inductive
topology” of (Dm,dsso), i.e., V is open in D74 if and only if for each m > 1, V NDn, is open in Dpy. Let
D22 be the space Do, with the Skorohod topology, Cind, Cito denote the Borel o-algebra of Din¢ and
D20 respectively. Let Co = By N D. Then we have

Lemma 3.9 D, C Ay..
Lemma 3.10 Cing =Coao D Co.

We will use C to denote C,s, in the sequel. Now let D([0,T], E®¥) be equipped with the Skorohod
topology, { Pn} be a sequence of probability measures on D([0,T], E®"). VN > 1, let Py be defined as

Py =Pn ot;(}.,,.

N
e 2 (2" ncign € D([0,T), E®N) — (¢ — %264”’(')) € Deo.
isl

Then {Px} w3 is a sequence of probability measures on (Deo, Cy10). If we introduce the o-algebra B
on Ax-. to be the family of all subset B C Ay. such that B is a Borel measurable subset of space (X, d2)
and BNDD? € C. Applying corollary 2.4 to Xo = D14, X = Aye,dy = 7,d3 = | - |oo,C, By and B we
have ’

Theorem 3.11 Assume that there ezisis a function h(z) with lim, . k(z) = 00 and B > 0 such tAat

@3.1) lim eup - log EP#{ [pf: / T MeM()et]) < oo
) N_a N P im0 '

Then we Aave that
(i) If(2.2) is satisfied, then for any C-measwrable, closed sudset A of D4 we have

(3.2) Ii'lln ::p%log Pn(A) < -.igg L(z).
(ii). If (2.4) is satisfied, then for any C-measurable, closed subset A of Din4 we have

. . l
(33) ‘imsup - log Py(A) < ~ inf L(2).
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where
(3.4) L(p) = sup{F(p) - H(F); FEF},p € Ax.
(3.5) L(w) = sup{F(p) - H(F);F € F}.14 € Ax-
, 1 1
(3.6) H(F) = limsup 5 log ™ {explN F(5; g 8,00}

where F and F are the sets of all bounded, | - lo-continuous functions which are B and B, measurable
respectively.

This result is the result of the following lemmas.
Lemma 3.12 The closure Do, of Do, in the space (Axe, |- o) is a subdset of D.
Lemma 3.13  For any u(-) € Doo, L(u(")) = L(u()) = 0.
Lemma 3.14 Let u de any element of X°. If the following three conditions are satisfied:

(a).Vf € C\(E), f >0 we have (u, f) > 0;
18).(u,1) = 1;

(¢). Jim (u. xg.) =0

where E, = (n+1,---}. Then u € M,(E).

Lemma 3.15 A that the sequence {Pn}n=1,... satisfies condition (3.1). Then {u(-) € Ax-; L(u(-)) <
00} NDeo C Deo-
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MORPHISMES GAUCHES ET MONADES ADJOINTS
DANS UNE 2-CATEGORIE
PIERRE BERTHIAUME
Presented by D. Sofitar, F.R.S.C.

Résumé. On étend ici les résultats de [B,] , auquel on devra se réf.ém constamment, en
introduisant la notion de morphisme gauche, tirée de [M;] , entre monades 2 gauche, ou m.a.g.,
et co-m.a.g. dans une 2-catégoric quelconque C , ce qui permet d'obtenir en corollaire et de
préciser les résultats de [M,] ainsi que la notion de monades adjoints ("adjoint triples”) de
(B - W] et (E - M]. On trouvera tous les détails dans [B,] .

1. A la notion "habituelle” de morphisme entre m.a.g. (on omet jt. T 7 =1;) on ajoute

Définition. Un morphisme gauche du co-m.a.g. T,=(T,pu,n) sur C' aumag T=
(T, 1, M) sur C dans € est un triplet ordonné (T, , (X, ¢), T), noté (X, $:T,— T ou
simplement (X,9), o X:C—> C et &: TX T — X vérifientdans C:

M ¢.AXT=Xn" @2 ¢.TIT.TXpu=¢.uXT (3 ¢.TXn'=¢

od V' = TN'.1' et dualement, i.c. en passant 2 €, obtenue en inversant la structure
verticalede € pour (X,4): T'—> T, ,ie.¢:X—> TXT etc.

Si (X, ¢) et (Y,y) sontde tels morphismes de T,2 T alors un 2-morphisme o:
(X, ) — (Y. ) est un triplet ordonné ((X, $).6, (Y, ¥)) od o: X—> Y vérific (4)
o ¢=vy.ToT. Dans le cas dual ci-haut, on aura (4), TOT . ¢ =yoc od 6: X— Y.

Ces divers types de morphismes forment une 2-catégorie l_!{l ‘(C) avec
morphisme identité (I, v): T— T,V =§1.Tn et dualement, laquelle contdent pleinement
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(i.e. comme sous 2-catégorie pleine) celles des m.a.g. IM 5 (C) et des co-mag (M o(C,)), de
[B;]. On les compose en recollant bout & bout les "cylindres" évidents. On aura par exemple:

X, 4) (X9 (XX, X¢'. ¢ XT")
T, & T lo T=T _ laso T
Y, y)  (Y.y) (YY', YY" . yY'T")

2. Soit maintenantdans C les quasi-adjonctions: B __U , C__F , B,n:I— UF,
e:FU— T o0 (5) Ue.nU=1,,noté (n,e): F-~U etdualement: B'__U'  C'
, BN :UF— 1, &":1—FU ol (5),n'U'.U' € =1y, noté (¢',n'):

U'-*% F'. De laméme source on tire:

Définition. Un morphisme gauche du second au premier est un triplet ordonné (U'—* F' ,
(X,2) ,F-4U),noté (X,Z): U4 F—— F-< U ou simplement (X, Z),o0b X:

C—> Cet Z: B—> B vérifient (6) UZ = XU".

Side méme (Y, W):U'_%, F— F-< U alors un 2-morphisme gauche du premier
au second est un triplet ordonné ((X, Z) , (, B) , (Y, W)) , noté (a, B) : (X, Z) — (Y, W) et
parfois simplement (o, B), 00 @: X— Y et B:Z —— W vérifient 7)UB=aU.

Si on compose de fagon habituelle ces morphismes gauches avec ceux entre quasi-adjoints
et dualement, on obtient une 2-catégoric A (C) contenant pleinement A 5(C) et
(A 2(C,), de [By].

3. Le 2foncteur D,:C — M, (C) qui 2 C associe le (co)-monade
trivial (2 gauche) I = (i, 1,1) posside un 2-adjoint & droite L, ssi clest vrai pour D ;:
C — (M 5(C,)), définis comme ci-haut ([B,]). Comme corollaire du Théoréme
d'Eilenberg-Moore-Maranda (E-M-M) pour m.a.g. (Théoréme 2 (jii) de [B,]) on obtient:
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Théordme "E-M-M-gauche”, Soit D;~ L,,T un m.ag. sur C engendré par (n,e7):
FT-4UT avec p = UTeTFT ,n:1— UT FT=T et T, un co-mag. sur C' engendré
par €M :U -4 F avec p'=U'e'F et n': T =UF— [. Alors aux morphismes
(X, ¢) —%— (Y, V) duco-m.a.g. T, aumag T correspond un morphisme X : B'— CT
de C uniquetel que 7)UTX = XU' et (8) & = Xn'. UTeTX F, de méme pour ¥, et
un 2-morphisme G :X— ¥ de C uniquetelque (9) UT G = o U'. Etdualement.

Démonstration. Il suffit d'appliquer E-M-M 2 la composition des morphismes ci-haut avec
(U, Ue):Ig— T,. QED.

Dans le cas concret de CAT on obtient (10) X (C) = (XU'(B"), (U’ . TXU'€")g")

4.  Grice A ce théortme on obtient un 2-foncteur R, : M (C) — A(C) qui prolonge
R.,: M,(C) — A (C) et R,: M 5(C,)),— A, (C.), de [By] etd (X, ) ci-
haut associe (X, X) , avec un 2-adjoint A gauche S, : ce demier prolonge lui aussi S5 et S
et fait correspondre au morphisme gauche (X, Z) le morphisme (X, X n'.UeZF):

T,— T, ces deux derniers engendrés de fagon habituelle et dualement. De plus, S,.R,
est l'identité sur Mg.

L'unité de cette 2-adjonction est alors donnée par (I, KT) od KT:B— CT provientdu
théordme “classique” d'Bilenberg-Moore pour m.a.g. (Théoréme 25 de [B,]). On remarque
encore une fois que S; @, D=, v):T—> T qui fournit la co-unité de cetts 2-adjonction si
on choisit de définir S; comme ci-haut (c'est 'approche retenue dans (B,)). Dans ce cas,
l'existencede Ry entraine Dy~ I caril suffit de composer S, avec le 2-foncteur trivial de
C dans A ,(C) ayant comme 2-adjoint A droite celui qui de (n, &) : F -< U ne conserve que
C etdualement. Dans une 2-catégorie, on a donc équivalence entre le Théortme E-M-M, D~
Lg et S, Ry.
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5. On obtient les mémes équivalences pour les 2-catégories IM(C) des (co)-monades et A(C)
des adjonctions, incluant les morphismes gauches, car elles sont contenues pleinement dans
M ,(C) et A ,(C) respectivement, dod D;-+ L, entraine D - L . Le Théordme
" E-M-M gauche" constitue alors dans le cas de CAT, avec X donné par (10), le
théoréme 6 de (M, ).

Pour les (co)-monades (resp. A gauche) de degrés supérieurs de [[M,] on procdde “mutatis
mutandis® comme dans [B,] pour obtenir M ,(C), (resp. M ,(C)) . Ainsi, si T =
(T, p, M) est un monade (resp. & gauche) de degré n 22 sur C dans C avec p:
TP — T,n:1—T™ et T'=(T, 1, N un co-monade (resp. & gauche) de degré
ns-2 avec p': T— T, 7' : T"1— I, alors (X, $) :T.— T estun
morphisme de M,(C) (resp. M ,(C)) ssi (X, $):T.—> T estdans M (C) od T =
(T“'f JUT™2,m) et T = (™1 ,p0' T2 ,7') , de méme pour les 2-morphismes

et dualement.

Le morphisme identité sur T , de degré n, dans M, (C) (resp. M4 (C)) sera encore
(L v) avec v = p T2, T"1q et dualement, avec les 2-équivalences M, (€)= M, (C)
et les 2-inclusions pleines évidentes, d'ob ici aussi D; -+ L, entraine D,g~ L, et D,= L,.
On applique le théordme "E-M-M gauche” pour (co)}m.a.g.2 TetT avec F = F ™02
comme dans [B;] pour obtenir les "versions n-aires”. La conjonction du Théoréme E-M-M et
de son corollaire "gauche” ci-haut pour B, (CAT) constitue, avec les versions duales, le
Théordme 2 de [M,] . On fait de méme pour A ,(C) et A, (C). La2-adjonction S, L,
est mentionée pour CAT dans [M,] bien qu'il n'est aucunement fait mention du fait que

SLD=ApT. ™).
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6.  Quantau cas minimal, ou "Kleisli, il suffit de passerde € & C° obtenue en dualisant la
structure horizontale de C et de considérer BM4(C) = (M (C*)* laquelle contient pleinement
celle des monades 2 droite (on omet . NT = tp cette fois) (M _5(C*)° et des co-monades 2
droite (M , (c:»: . Onaalors Ly<4 Dg:C —> M C) et Ry Gy: A (C) =
(A (C")"— M(C). On obtient ainsi les résultats correspondants pour (co)-monades de
degrés supérieurs et dans le cas particulier de CAT , le Théordme 1 de [BM,).

7. Soit T, = (T, u', M) unco-monade et T = (T, 4, ) un monade sur C dans CAT.
Selon [E-M] on a une adjonction monadique ("adjoint triples”), notée o : T~ T,,ssi a:
C(T(),-)=C (-, T(-)) vérifie pourtout C et C' de C:

Mm-1): CCNY).oce = CMe o)

~- 1) : gere) - Ore)e - SHe, C) =C(C, B'e) . ac e

SiN:1— TT et € : TT'— I sont respectivement l'unité et la counité de cette
adjonction @: T~ T',onnoteraaussi (@ , €) : T, T I'adjonction monadique. Ainsi, une
double adjonction F<4 U~ R dans C engendre une telle adjonction monadique.

Proposition: (T7,8): T~ T, ssi (Ig,®:T.—> T e M (CAT) avec inverse (I, ).

Démonstration. € vérifie (NE.NT=n"ssi -1 et R E.pT =T.TET . T2p' et
- dualement pour (I, 7). Il suffit alors de composer lesdeux. Q.E.D.

On peut donc définir une adjonction monadique dans une 2-catégorie quelconque €
comme un isomorphisme de M(C) de la forme (I, ¢) : T.— T.

Dod (T, &) : T~ T, seraenvoyé par R : M(C)— A (C) dans un isomorphisme I :
CT— CT "au-dessus de C", A condition que D : C —» IM(C) posstde un 2-adjoint &
gauche L. Dans le cas particulier de CAT, I estdéfini pour toute T-coalgibre (A, 8) par
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'l'g (A, 2) = (A, T(A) T, TT(A) —fA_, A). La réciproque est toujours vraie griced 3 .
De plus, si T =(T,, M) estun monade sur C dans € quelconque avec unc adjonction @,

£): T~ T', on obtient alors un co-monade T'= (T, p',n)od 7' est donné par (1) ci-haut
et W=T2E. T2u T.T { TT' . 7 T', équivalent & (2) dans la Proposition précédente,
d'od un isomorphisme (Ic,8):T.— T de M(C),ie. ,&): T~ T, . On obtient
ainsi pour CAT la Proposition 3.3 de [E - M] , équivalente au Théoxém 5, page 137, de [B-W].
A noter que ces demiers ont omis les conditions 71— ' et g~ W' dans leur définition mais
comme ils ne s'intéressent qu'au cas d'une double adjonction cela ne fait aucune différence pour

la suite.
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A Remark on Harmonic Maps in
three dimensional Minkowski Space

Yunmei Chen and Jianmin Gao
Presented by G.F.D.Duff, F.R.S.C.

Abstract. The purpose of this paper is to extend Sideris’s result of existence of har-
monic maps from four dimensional Minkowski to the three dimensional Minkowski space.
Moreover. the maps are still a small perturbation of geodesics.

1. Main Problem

Shatah [SH] has constructed global weak solutions of the nonlinear sigma model in
H'? for arbitrary dimension. Moreover, for the case of maps from Minkowski space R**!
to sphere S° he has found an example of smooth symmetic initial data for which the
corresponding solution develops singularities of the second order derivatives in finite time,
showing that the large initial data may contribute to the formation of singularities. To
avoid this situation, Sideris [SI] proved the existence of a global smooth solution from R**+!
into an n dimensional complete Riemannian manifold N, as a perturbation of a special
geodésic class of harmonic maps. Geometrically, the solution lies in a small tubqlu' region
of a given geodesic on N instead of a small neighborhood of a point on N (therefore, the
initial data is partly small).

Formally, a harmonic map from the Minkowski space R**! into an n dimensional
complete Riemannian manifold (N,h) is described as a critical point £ : R**! = N of
the energy integral

i 9¢i
(11) E©) = [ sonhu(6) 5 et
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where (gag) = diag(—1,1,1) is the Lorentzian metric on R3*!. The corresponding Euler-
Lagrange equation for £ takes the following form

(1.2) —AgE + 7} (€)(0¢7,06%), =0
with (75,(€)) are Christoffel symbols of A on N and
| (0%, D), = g°P DI OpE™ =: Q(E3, €

(1.3) _ 1 a ap 9\ _
As—m;;;(\/la_ly azﬂ)—af+az’-3¢'——0

Here we used the standard summation convention of repeated upper and lower values.
Following [SI], we write the equation (1.2) in a convenient coordinate chart (u?,..,u")
(Fermi's chart) defined on a tubular neighborhood of a given geodesic T(u') € N, with
u! € R' representing arc length on Y. In this coordinate system. geodesics are straight

lines, thus the Christoffel symbols vanish along T ,so,
(1.4) 7 (u,0,.0)=0, for all 1<i,j,k<2

We are searching for a global smooth solution u = (u!,..,u”) to the Cauchy problem
{mwwmwmﬂmﬂ=m (t,z) € R
u' = fi(z), Ou'=g'z), t=0, z€R?

in a small neighborhood of T, ie. @ = (u3,..,u") is small.

(1.5)

i=1,..,n

In the remainder of this section, we introduce notations and functional spaces related
to solutions of the problem (1.5). Let z = (zo,21,23) = (za) represent points in R?**!
with zo = ¢ acting as time variable and r = /23 + z3. We first consider the following
vector fields on R**! (see (KL1,2])

d
oa =g
. (1.6) dzq

Li=t0; +z:0, i=1,2 Lo =td + 210y + 2204

a=0,1,2 Q3 =120 -6,

These are Killing or conformal Killing vector fields and satisfy some commutation relations

which can be outlined by

(1.7) [T, T)=T, [3 I=8
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where I' = {9,043, Li, Lo} and the I' ( or d) on the right hand side stands for a linear
combination of I'" s (or &' s). Moreover, by the conformal invariance of the wave equation,

we know
(1.8) Ir, O=cO

for some ¢ dependingon I' (¢ = -2 if I'= Lo and ¢ =0 otherwise). We denote vector
function u = (u!,u?,..u®) by u =(ul,i), i.e., @ = (u?,..u"), and for any norm |- |, we
set

lal=Y 'l lul=lu*|+lal.
3
It is a standard procedure to use T to define the generalized Sobolev norm (see (KL1,2])

@2, = llu@Ema = Y T )Zs(rs)
lalgm

(1.9) (@) = lu(®)lrmee = 3 IT%u(t,)lz=(ar
falSm

(@)l = llu(t)llzscrs)
where

7
r* =rre.r*, a=(a,.,ar)€N*), |of= E a;
1

We use ¢ > 0 to represent some generic constants which may depend on some other

constants and functions.
2. Main Result and A Priori Estimate
Theorem. Let m >4 be an integer, f*, ¢* € C°(R?)(i =1,..n) and

(2.1) A =4Co(llf lm1 + llg*[|m)

with some absolute constant Co > 1. Then, there exist sufficiently small constants ¢, >

0, depending only on m,N and A, such that if

(22) £l + gllm < &
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the Cauchy problem (1.5) has an unique global smooth solution u(t,z) = (u!(t, z),.u"(t,z))
satisfying
(2.3) o' ®)llm < 4, OE(E)Im S & Hu(t,2)llmes S AL +1),

where 0 < a < 1/4 is some small number.

Since (1.5) is semilinear wave equation, we can prove existence of its local solution (in
time) by using the standard procedure(see, for example, [SI]). The proof of the theorem
can be carried out in a standard procecinre. for examplesee [KL1}, if we can derive certain
a priori estimate results. Before doing this, we define the folowing set of functions: Let

integer m>4. For T>0,6>0,0<a<1/4 and A defined in (2.1), let
Xaor ={u(t,z) = (v, 8)] [|0u' (t)]lm < 4,
[10a(t)lim < € llu(t)llm+s < A1 +1)*,0<t < T}

Lemma 2.1. (A Priori Estimate). There exist sufficiently small positive constants ¢,é,
depending only on m and A such that if

3(0)llm+s = 1 fllme+s + l3llm < &

and u € X .1 is a solution of (1.5) over [0,T) for some T >0, then

u € Xp/2,e/2,T-

The proof of lemma 2.1 is based on the following lemmas 2.2-2.4.

Lemma 2.2. Let n > 2 and u € C*®(R x R™) satisfying u =0 if |t| —r < —f for

some B> 0. Then

u(t)
IIWII < cll@au(t)ll,

lut, 2)| < e(1 + 11t = )4+ el + 1) T lulO)llggen, >0
fue, )1 < oL + 1t = QL+ 18]+ )" T OO ma a1z
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By the property of finite speed of propagation of solutions of wave equation, we know
that this lemma can apply to the solution of problem (1.5). We notice that the quadratic
function Q(u,v) satisfies the 'Null Condition’, which was proposd and used by Klainerman
(see [KL2]) when n =3 and has the following major property:

Lemma 2.3. The quadratic form Q(u,v) satisfies the 'Null Condition’, ie., for any

integer k2> 0

IFQ(w, o)l < Gy 2 (19TullE¥* ol + 1OrolIr ™ u)
i+j<k -

where |T'u| is the absolute value of vector valued function Tu.

Lemma 2.4. Let m > 0 be an integer and u = (u?,..u”) = (u',&) be a smooth map

from R?**! to R™ such that
[Bu(t)z) S M, i)y <1

for all t > 0. Let also 1;'-,, be smooth functions on R satisfying (1.4). Then, for all
(t,z) € R**?,

()62 < o 3 a2+ Y IMt@,a)] Y, Mt 2)))

lalSm lalgm lal<I 3]
where ¢ > 0 is a constant depending only on m,M,A and N .
The proof of this result is similar to that of lemma 2 of [SI].
The derivation of (2.3) will employ the invariance property (1.8) and conserved quan-

tities of the wave equation In fact, time translation of R? is generated by O and the

conservation quantity associated with it is the conservation of energy:

[1Bu(@)ll = ll8u(O)|
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for the solution of homogenous wave equation. Moreover, the motions generated by the

operator

Ky = (1 + 8 + |2|*)8 + 2tz*0; + ¢

is inversions together with appropriate scalings and will leave the quadratic quantity
K(u)(t) = / ’(%(1 +2 + [2[)|Oul® + 2tz Budiu + tudeu — %.ﬁ)
R
invariant. This can be seen from the identity:

a0 = [ uou=o

for solutions of the homogenous wave equation. It can be easily shown that K(u)(t) is

equivalent to ||u(?)|l3 :

(24) Co' llu(®)litnsr S Y, K(T=u)(t) S Collu(®)llnss
lalsm
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Fourier coefficients of modular forms
over arithmetic progressions. I

Robert A. Smith* {
Presented by M.R. Murty, F.R.S.C.

Abstract Let f be a modular form for I'y(N) of integral weight r.

For any integers £ and k with k > 1, let Ay(z;¢,k) =
n<sin 3 tmod b

where a,, is the n*® Fourier coefficient of f. If f is not a cusp form,
then Ay(z;¢, k) has an asymptotic expansion as z — oo which holds
uniformly in € and k in the range k < z37/G7+) if (k,éN) = 1. if f is
a cusp form, then Ay(z; ¢, k) = O(z"/3-/*d(k)log 4kz) holds uniformly
in € and k as z — oo provided k < z} and (k,éN) = 1. where the
implied constant in the O-symbol is independent of ¢, k and z, and d(k)
is the ordinary divisor function.

1. Introduction. Let V be the space of holomorphic functions f on the upper half-plane
H which are holomorphic at ico in the sense that f has a Fourier expansion of the form
(z€H)
f(z) = z a,e?™™* with a, = O(n°) as n— oo 1)
n>0
where ¢ > 0 is a constant depending only on f; we call a,, the n*® Fourier coefficient of f.
For each z > 1 and f € V, define

Azt k) = ) an )
n<s
nStmod k
where ¢ and k are integers with £ > 1. A simple calculation shows that (1) implies
that Ay(z;€,k) € k~'z*? 4 z° holds uniformly in £ and k as z — oo, where < is the
Vinogradov notation, i.e., f € g iff f = O(g). (We remark that throughout this paper, the

constants inherent in all O-tert_né are independent of the parameters £, k,q,y and z; these

* AMS (MOS) subject classification (1970). Primary 10D15; secondary 10H25. Key words and
phrases. Modular forms; cusp forms; functional equations; average order of arithmetic functions; arithmetic
progressions.

t Obiit 1983. This paper written in 1979 is now published in two parts by permission of Mrs. Kerin
Smith
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remarks apply equally well to the Vinogradov notation <.) In this paper, we will impose
additional restrictions on f to ensure that more precise information can be obtained about
Ay(z;¢,k) as z — oo. Indeed, we will show that if f is a modular form for To(N) (the
congruence subgroup of SL3(Z) of upper triangular matrices mod N) of integral weight
r > 3, then there exists a simple arithmetic function Hy(¢, k), depending only on ¢, k and
f, such that

Ag(zi6,k) = Hy(6,k)z" + O((¢, k)/@rH1zr-141/Gredg(k)) (3)

holds uniformly in € and k as z — oo provided that k(f,k)M/@r+1) < z3r/(37+1) and
(k,N) = 1, where (¢, k) denotes the greatest common divisor of £ and k, and d(k) is the
ordinary divisor function.
On the other hand, if f is a cusp form, then Hy(¢,k) is identically zero so that
(3) provides only an upper bound for Ay(z;¢, k); moreover, Rankin [13] in 1940 proved
that Ag(z) € z7/3-*/1 for cusp forms, a much stronger result than (3) provides; here
Ag(z) = Ag(z;1,1). Recently, Rankin remarked that (cf. [14], p. 133) this result can
be improved to Ag(z) < z"/3-3/%+¢ by an argument of Walfisz [18] together with the
Ramanujan-Petersson conjecture which was established in 1974 by Deligne (cf. (3], [4]).
In this paper, we will show that Theorem 1 of Smith [17], together with Deligne’s result,
implies that
Ag(z;6,k) < (&,k)Pd(k)z"/*~/° log 4kz (4)

liolds uniformly in € and k as z — oo provided that k(¢,k)*/® < z3/* and (k,N) = 1.

2. Some Preliminaries. Since G = GL} (R) acts on H by bilinear action, i.e. 0z = %:—ﬁ
for 0 = (%) € G and z = z +iy € H, then for each positive integer r, we define an r-action
of G on V by (flle]r)(z) = (deto)/3j(a,z)~" f(0z) where j(o,2) = cz +d. A simple
calculation shows that (fllo})lir}r = fllor]. for all 0,7 € G. For each A > 0, define a
Mellin transform on V by

Maf(s) = /, " ety tdy (5)

where f*(z) = f(z) — f(io0) (note that f(ico) is just the O*® Fourier coefficient of f).
Clearly, (1) implies that f*(z) = O(y™*~*) uniformly in z as y — 0% so that the integral in
(5) converges absolutely and locally uniformly in the half-plane Re(s) > c+1, i.e., Ma fis
holomorphic in this half-plane. A straightforward calculation shows that for Re(s) > c+1
(cf. Ogg [11], 1-5)

Maf(s) = (‘2/—})  Bs)Ly(s) (6)
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where Ly is the Dirichlet series associated with f defined by

Ly(s) = ) aan™". (7
n21
We observe that by (1), the series in (7) converges absolutely and locally uniformly in the
half-plane Re(s) > c + 1 and so represents a holomorphic function there. By the following
well-known result of Hecke (7], we can provide a meromorphic continuation of Ly to the
entire complex plane for a class of f € V (cf. Ogg [11], Theorem 1).

Lemma. For any f,g € V, the following are equivalent:

(4) =l with Fy= (5 ') €6
(B) Maf can be meromorphically continued to the entire complex plane such that
Maf(s) + L) 4 glied) iy op entire function which is bounded in every vertical strip

and satisfies the functional equation Mj f(s) = Mag(r — 3).

Consequently, for any f € V satisfying condition (A) for some g € V, Theorem 4.1
of Chandrasekharan and Narasimhan [2] gives a result like (3) with £ = k = 1. In order
to attempt to establish (3) for arbitrary € and k using similar ideas, we first replace the
congruence condition in (2) by a character sum. For any integers p and ¢ with ¢ > 1, we
say that

w = eq(p) (8)

is an additive character mod g, where w(n) = eo(p)(n) = €*™"P/9; in case (p,q) = 1,
we say that w is primitive with conductor g. By a well-known result in number theory (cf.
Hardy and Wright (6], p. 234, equation (16.2.3)), it follows that (2) can be rewritten as '

At k) = 1Y T ° w(-0A5(z0) (©)

glhb wmod ¢
where the inner sum in (9) is taken over all primitive additive characters mod g, and
Ay(z,w) = Z"S- apw(n).
For any f € V with a Fourier expansion given by (1), and for any additive character

w mod g, we define
ful2) = Y anw(n)e?™in, (10)

n20
which clearly is equivalent to

fo(2) = f(z+p/a) (11)
if w is given by (8). Thus, (6) and (10) imply that My fu(s) = (‘2/_} T P(6)Lg(ow)
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where

' Ly(s,w) = Z apw(n)n=*. (12)

n2l

If it were possible to prove that for each w, f., satisfies (A) for some “nice” g* € V, then
a result like (3) would in principle follow by Theorem 1 of Smith [17]. Since we don’t
know how to construct such a g in genefal, we shall restrict our attention in this paper
to the subspace M(N,r,¢) of V introduced by Hecke consisting of modular forms f for
the congruence group I'o(N) of weight r > 1 with a Dirichlet character ¢ mod N. For

the convenience of the reader, we recall that f € M(N,r,c) means that in addition to
.

f eV, fllo]r = e(d)f forall 0 = (‘ d) € I'y(N) and f is holomorphic at each cusp of
To(N). Furthermore, let S(N,r,e) denote the subspace of cusp forms of M(N,r,¢), i.e.,
f € S(N,r,¢) if and only if f vanishes at all the cusps of I'o(N). We shall also assume
that e(—1) = (~1)" since otherwise, M(N,r,¢) = {0}.

For any N > 1, let Xy denote the collection of primitive additive characters whose
conductors are relatively prime to N. For any integers p and ¢ with ¢ > 1, let p be
an integer satisfying the congruence pp = lmodg. For each w = e4(p) € X, define
ot = e =P |

3. The Functional Equation for Ly(s,w). For any N 2> 1, the map 0 — HnoH o
0 -1
N o0
fI[Hn]- defines a linear isomorphism of M(N, r,¢) onto M(N,r,€). In particular, for each

f € M(N,r¢), there exists a unique f € M(N,r,&) such that

defines an automorphism of I'g(N) with Hy = ) Consequently, the map f —

f = i"f|HN],- (13)
Theorem 1. For each f € M(N,r,¢), then

Jo = E(Q)i'fu' |[Hq’N]r (14)

‘

for all w € X, where q is the conductor of w.

Proof. For each primitive w = eg(p) € X, we associate a pair of non-singular integral

matrices defined by
= = (9 P
a=a, = (0 q) (15)

p=p..=(c',’v ';f) (16)
where c and d are integers defined by
cpN +dg = 1. an

and
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From (11), (15) and (16), together with the fact that f € M(N,r,¢), it follows that

fo = flla}r = e(q)fllpal-. (18)

Using the functional equation of f given by (13), we see that (18) can be rewritten as

fo = elq)i"flHnpals. (19)

A matrix calculation shows that Hypa = ¢ 'a'Hpn where o' = (g —c). Since

the action of scalar matrices is trivial on V, we see that (14) follows immediately from
(19) where ' is the primitive character mod q associated with the matrix o', i.e., w' =
eq(—¢) = eg(—pN) in view of (17), which completes the proof of Theorem 1.

By Lemma 1, we immediately have the following consequence of Theorem 1.

Theorem 2. For each f € M(N,r,c) and w € Xn with conductor g, Mpnf. can be
meromorphically continued to the entire complex plane. Furthermore, My n fu(s)+ ﬂ",g)-+
m}_{(}"—"l is an entire function which is bounded in every vertical strip and satisfies the
functional equation Mgy fu(s) = €(q)Mgap fur(r — ). Moreover, Lg(s,w) is holomorphic
everywhere except possibly for a simple pole (which exists iff f(ico) # 0) at s = r with
residue

res Ly(s,w) = e(g)g™" res Ly(s).

Remarks. For each Dirichlet character x mod g, define Ly(s, x) as in (12). Furthermore,
let x(w) = x(p) for each additive character w = eq(p)mod q. From the identity
W(R)Ls(s,x) = Y * %w)ly(s,w), (f € M(N,r,¢)) (20)

wmod g
where W(x) is the Gaussian sum defined by W(x) =
deduce a theorem of Weil [20] for Ly(s, x) analogous to Theorem 2 given above. Moreover,
in [20], Weil establishes a criterion for f € V to be in M(N,r,¢) in terms of certain

X(w)w(1), we can trivially

L ]
wmod ¢

analytic properties of the Dirichlet series Ly(s,x). We remark that a similar criterion can
be obtained using additive characters; such a result is implicit in Razar [15]. Indeed, these
results are quite easy to obtain and provide a transparent proof of Weil's criterion with
multiplicative characters in view of (20). We shall leave the details to the interested reader.
4. The Order of Ay(z;¢,k). In order to efficiently determine the order of Ay(z;¢,k)
as £ — oo (uniformly in € and k in some sense) for f € M(N,r,¢), we use Smith’s 17}
adaptation of Theorem 4.1 of Chandrasekharan and Narasimhan {2] which enables one to
determine the average order of a class of arithmetic functions when averaged over certain
arithmetic progressions. In view of Theorem 2 given above, Theorem 1 of (17} implies
the existence of a positive integer p and numbers 0 < £ < € < p such that for arbitrary
integers € and k with k > 1 and (k,N) = 1, then
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Ag(zib k) = Qe 6, k) +EyQy(z + LK) +O( Y laal)+ (21)

al<n<s+py
nEtmod b

+ 0(% § M) max |K(nW, &0)| Flzy™Ma) ™)z~ Hy™)

fora.llzZlme(nywithA(q):;%,whete

Uit k) = g [ Lt k)ds (22)

and '
Ly(s;8,k) = 2 ann=’, (23)

na’&dh

C being a cycle enclosing all the singularities of the integrand in (22). Furthermore,
K(nN,¢;q) is the Kloosterman sum defined by
KaN,tig) = Y ° w(-0w'(n)
wmod ¢

and F is any continuous function satisfying, certain technical conditions automatically
satisfied in the special conditions considered in this paper, such that

Y bl < F(a) (24)
n<s
for z > 1 where {b,} are the Fourier coefficients of f (cf. (13)). Finally, the dash on Qy
in (21) denotes differentiation with respect to z. By Petersson [11)] (or Lehner [9], p. 298),
we know that

an by = O(n"?) as n— oo (25)

for r > 3. Consequently, we may take F' above to be F(z) = z" for z > 1. From the
estimate of Hooley [8] for the Kloosterman sum |K(nN,¢;q)] < q¥(€,9)}d(g) (which
incidentally depends on the estimate of Weil [19] for ¢ a prime), it follows that the second
O-term in (21) is

<1 D eatdae)y "t < @Bk key )L,
s

Also, (25) implies that the first O-term in (21) is

<z Y 1« z""(%+l) (26)

s<n<s+py
nZtmod b

since 3 g cncaspl S B+1for B20. (Continued in Part II.)
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Fourier coefficients of modular forms
over arithmetic progressions. II.

Robert A. Smitht
Presented by J.B. Friedlander, F.R.S.C.

Abstract. This paper completes.the proof of the main theorem stated in Part ] and

gives an estimate for cusp forms.

1. To estimate Ay(z,¢,k) in [21] of Part I we must determine Qy(z;¢, k). Using the
same idea that led to the decomposition in (9), we immediately obtain the identity (cf.
(12) and (23))

Lisith) = 13 3 w(-0),Ly(s,0), (27)

glb wmod g

from which we may conclude that L(s; ¢, k) is holomorphic everywhere except possibly for
a simple pole at s = r by Theorem 2. Hence, by (22), (27) and the last part of Theorem

2, we have
Qy(z;6,k) = ®4(6,k) res Ly(s)z" + L(O; ¢, k) (28)
where 1
Bs(6,k) = T ela)a"eg(0) (29)
qlk
with

qal®) = Y " w(=0),
wmod g
the Ramanujan sum. By (27), together with the functional equation of Ly(s,w) given in
Theorem 2, we have ,
Ly(0;6,k) < i(ki)' ) (30)
and since |cg(€)| < g, (29) implies that @4(¢,k) < } for r > 3. Substituting these results
into (21) gives

Ag(z;6,k) — @g(, k) res Ly(s)s” < k~lyz™t 4270 4 (6, k) Yd(k)(kzy~t ) L

By taking y = k[(¢, k)z]*/3r+1), we obtain

f Obiit 1983. This paper written in 1979 is now published in two parts by permission of Mrs. Karin
Smith
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Theorem 3. If f € M(N,r,e) withr > 3, then
Ag(z;8,k) = by(0,k) res Ly(s)z" + O(¢, k)l/(2r+l)d(k)xr-l+l/(2r+l))

liolds uniformly in €,k and z > 1 provided (k,N) = 1 and k(¢,k)!/r+1) < g2r/Gr+1),
Furthermore, ® (¢, k) is defined by (29) which if (¢,k) =1 takes the form

ayek) = 1 [[a-ewlp™) (o= prime).
plk

We observe that a similar result holds for r = 1 and r = 2. Indeed, by Petersson
(11], (25) still holds for r = 1, while for r = 2, (25) must be replaced by an, by =
O(nlogn) as n — oo, from which the corresponding theorem may easily be obtained.
We omit the details.

As a simple application of Theorem 3, we may deduce a special case of a result
obtained by Smith [17) using different methods. Indeed, let Q be a positive definite integral
quadratic form of level N in 2r variables. If f = 6, denotes the theta function of Q,
then f € M(N,r,€) where e(q) = (('—'3!’-) is the Kronecker symbol and D denotes the
discriminant of Q. Furthermore, f satisfies (13) with f=D-iN"/ 29q- where Q* denotes
the adjoint form of Q. (For details, see Schoeneberg [16] or Ogg [11]). Since the n*® Fourier
coefficient of f is rq)(n), the number of representations of n by the form Q, Theorem 3

implies the following

Corollary. Using the above notation (with r > 3 then

Y ra(n) = No(&.k)z" +O((e, k) /Cr+Dd(k)zm— 41/
nE'l.:-::dk

holds uniformly in €,k and = > 1 provided (k,N) = 1 and k(€,k)"/C@r+)) < Z3r/Gr+1)
where Ng(¢, k) is an arithmetic function depending only on ¢, k and Q (cf. Smith [17] for
an arithmetic interpretation of Nq(¢, k)).

The remainder of this paper will be devoted to establishing (4) for cusp forms f in
S(N,r,€). Recall that in this situation, L¢(s) is holomorphic at s = » so that by Theoremn
3, we only obtain an upper bound for Ay(z;¢,k) which we know is extremely poor (cf.
(4)). Before we can establish (4), we shall require some additional preparation.

In [1), Atkin and Lehner construct a basis for the (finite dimensional) vector space
S(N,r,1) consisting of newforms of level N together with oldforms which are induced
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from newforms of lower levels (cf. (1), Theorem 5); a similar result has been obtained for
S(N,r,e) by Li [10] (cf. p. 294) where ¢ is any Dirichlet character mod N. Plainly, to
establish (4), it suffices to assume that f is a normalized newform of level N (normalized
means ay = 1; see Theorem 2 of [10]). One of the fundamental properties of a newform of
level N is that it is an eigenform for all the Hecke operators T, with p { N while for p|N,
it is an eigenform for the Atkin and Lehner operator Uy, where p is a prime. From these
facts, we may derive the following properties of the Fourier coefficients of a normalized
newform f € S(N,r,¢) (cf. Atkin and Lehner [1], Theorem 3, and Li (10}, Theorem 3).

Lemma 2. Suppose f € S(N,r,¢) is a normalized newform. Then the Fourier coefficients
{a(n)} of f satisfy the following properties 3

(i) If p is a prime not dividing N, then
e(p)p""*a(n/p) + a(np) = a(p)a(n) foralln>1.
(ii) If p is a prime dividing N, then
a(np) = a(n)a(p) foralln>1 and |a(p)| < p"~"/%

(In (i), we define a(z) = 0 if z is not an integer.)
Thus, (ii) implies that

la(p™)} < p™=D?  (m21) (31)

for all primes p dividing N. The analogue of (31) for primes p not dividing N (with m = 1)
is the Ramanujan-Petersson conjecture, which asserts that

la(p)l < 2p"~V72. (pt N) (32)

This conjecture has been established by Deligne for r > 2 (cf. [3], [4]) and by Deligne and
Serre for r = 1 (cf. [5]), the proof of (32) depending upon Deligne’s proof of the Riemann
Hypothesis associated with the Weil conjectures. In order to obtain the analogue of (31)
for prime powers with p not dividing N, we first observe that Lemma 2(ii) implies that
zm = a(p™) satisfies

Zmia — a(P)Tme1 + E(P)P" ' Tm = 0 (33)

2 For convenience, we shall times write a(n) instead of Gn.
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for all m > 0. Clearly, the characteristic polynomial of the second order linear recursive
equation in (33) is 22 — a(p)X + e(p)p"~?. Since the Ramanujan-Petersson conjecture is
equivalent to the characteristic roots of

X? - npa(p)X +p" (34)

being conjugate where n2 = &(p) with nya(p) real (cf. Ogg [11], IV-29), it follows that the
solutions of (33) are given by

= "‘("-')/3,”" sin(m + 1)02 (35)

z -
m siné,

where p("=1/2¢¥% ig a root of (34) with 6, real. Thus, (35) implies that
la(p™) < (m +1)pmr=1? (36)

for all m > 1. Since the Fourier coefficients of f are multiplicative, (31) and (36) imply
that
la(n)] < n"M3d(n) forall n>1.

In order to derive (4) from (21), we must apply (37) twice, once for each of the O-terms
in (21). Therefore, the first O-term in (21) is

<« D2 N d(n). (38)

a<n<s+py
n=émod A

Unfortunately, we are unable to use the simple minded approach to estimate the sum in
(38) that we used in (26) to establish Theorem 3. To deal with the sum in (38), we need
another lemma. We note that a similar result has been obtained by Hooley (8], though his
error term is somewhat different from ours.

Lemma 3. Forany z > 1,

Y din) = H(ek)zlogz + K(£,k)z + O(¢, k) z¥d(k) log 4kz)

n<s
n=lmod k

holds uniformly in € and k provided k(€,k)? < z¥, where H(¢,k) and K(¢, k) are certain
arithmetic functions (for precise definitions, see [8]) which satisfy

H(,k) < ﬂkﬂ. and K(¢,k) <« 5%’-@;41:.

Proof. For Re(s) > 1, define
D(s) = Ed(n)n".

n2>1
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For any primitive additive character w modg, D(s,w) has a meromorphic continuation
into the entire complex plane and satisfies the functional equation (cf. Hooley (8], Lemma
1)

D(s,w) = %:%;llo(l-a.u+)+%%§:—f‘%nu-a.w,

wherews = 3(w'+d') (with N =1)and A(sjq) = (x/q)~*T(s/2)*. Hence, we may
apply (21) in this case with r = 1 (cf. Smith [17); also see remark 3 in section 2). The
remainder of the proof is now omitted as it closely parallels the above proof of Theorem 3
(cf. Hooley [8] for details regarding the main terms).

We can now establish (4) for any r >1.

Theorem 4. If f € S(N,r,€), then
Ag(z:6.k) < (& k)bd(k)z* Y logdkz

holds uniformly in &,k and z > 1 for (k, N) = 1 provided k(&;k)¥ < z?

Proof. Since f is a cusp form, Ly(s) is holomorphic at s = r so that by (28) and (30),
we have Qg(z;6,k) <« d(k)/k. By (38) and Lemma 3, we find that the first O-term
in (21) is € k~'yz(")/3d(k)logdkz. Finally, we must estimate the second O-term in
(21), i.e., we must obtain an upper bound for the sum in (24). Since S(N,r,¢) has a
basis consisting of newforms of level N together with oldforms which are induced from
newforms of lower levels, it follows by (37) that the Fourier coefficients {ba} of f satisfy
b, < nl"=13d(n) from which we immediately obtain 3-,c,bn < z(r+)/3og z. By
taking F(z) = z{"+1)/3 log z, the second O-term in (21) is

< [k(e, k) d(k)z"*y~ ¥ log(ay~*K?).

Combining these results with (21) completes the proof of Theorem 4 if we choose y =
k{(e, k)z)t.

As a final remark, we note that Walfisz (18] proved that (this can also be derived from
Theorem 3.2 of Chandrasekharan and Narasimhan [2])

Ag(z) = Q=Y.

Consequently, 'i‘lleorem 4 is quite close to the best possible result, at least forl=k=1.
Perhaps some of the special techniques in analytic number theory can be brought to bear on
the problem of either further reducing the exponent on z in Theorem 4 or of increasing the
range of uniformity in k. Progress in either problem would have interesting applications.
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Remarks on the preceding paper by R.A. Smith
M.R. Murty, F.R.S.C.

The paper [8] was written in 1979 and since that time many fundamental developments
have taken place. The two main results of [8] are striking for various reasons. The uniform
error term for the summatory function of Fourier coefficients of cusp forms in Theorem 4
is not surprising, and certainly it was known to the experts that one can expect uniformity
for k < z1 for all automorphic forms of GL3(Aq). However, that one can expect a larger
range of uniformity for non-cusp forms, and that this range increases with the weight of
the modular form comes as a surprise. Indeed, we have been led to believe that in the
spirit of the Langlands philosophy normalization should not affect any result otherwise
obtained by not normalizing. Theorem 3 of [8] is a counterexample to such a belief.

Since 1979, we know more about L-functions attached to symmetric powers of auto-
morphic representations of GL3(Ag). In fact, from the work of Shahidi (7] and Rankin (6]
we know that :

Ay(z) < z5-¥(logz)tt
with § = (8 — 3v/6)/10 = 0.065153... and that in the notation of [8],
2 1)/3

3 bl « =5

=k
% (logz)
If this result is used, we can increase the range of validity of Theorem 4 in (8] to
ke, k)} < zi(logz)ite.

The exponent ‘}' has come to play a prominent role in analytic number theory. In
this connection, there is a result of Fouvry [2]: if d(n) denotes the usual divisor function,
for any € > 0, there exists ¢ = ¢(€) > 0 such that

> 1 X d(n) - = Y d(n)| <. zexp(—cllogz)?) (1)
(s.0)=1 n<s Qe =L
q<st-* n=a(mod g) (n/g)=1

aglzt- adt)

uniformly for 0 < |a| £ exp(c(log z)3). The ¢ appearing in the above estimate can perhaps
be replaced by a power of a logarithm. By Smith [8), we know the result above is valid
for ¢ < r3~* because d(n) can (almost) be identified with the Fourier coefficient of an
Eisenstein series of weight 2. Moreover, the above result, without the constraint ¢ ¢
[z*".zg"“], represents a result of Elliott-Halberstam type, and is a major conjecture in
analytic number theory with serious implications. In fact, if d(n) is replaced by A(n) which
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is the classical von Mangoldt function, then the analogue of (1) without the constraint on
q is the famous conjecture of Elliott and Halberstam. Only recently, Bombieri, Friedlander
and Iwaniec (1) managed to make progress towards the Elliott-Halberstam conjecture by
extending the range of the celebrated Bombieri-Vinogradov Theorem slightly beyond the
exponent 1. In a paper of Fouvry [3], it is shown that d(n) and the higher divisor functions
du(n) are not unrelated to A(n) and that uniform results on

Z du(n)

-lc.(E:‘ 1)

and certain allied sums implies a version of the Elliott-Halberstam conjecture which goes
beyond the exponent 1. In this context, the results of Friedlander and Iwaniec [4,5]
represent major advances towards the conjecture.

These remarks are intended to amplify the results of [8] within the modern context.
It is likely that the methods of (8] are applicable for coefficients of Dirichlet series attached
to automorphic representation of higher GL,(Aq).
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EXISTENCE D'UN POINT D’EQUILIBRE FORT
par Verguil DINOVSKY

Presented by P. Ribenboim, F.R.S.C.

Dans le présent travail on obtient des conditions
suffisantes pour fe point d'équilibre fort et on précise son
ezistence dans une stratégie mixte.

1 Conditions suffisantes
Constdérons e jeu sans alliance a deux jousurs.

< X1, X2, ( fi(xi22) ) 1=1.2 » (1)
ot X; € comp R™ r'ensemble des stratégies x, du premier

joueur, Ia stratégle du second jousur 2. € X. € comp R™?;
f; (:X2) est 1a fonction de gain . On suppose que f; (z,.X.)
est continue sur X;x Xz.
La situation x*=(x?, x3) e X; 2 Xz du jeu(l) d'équilibre fort
d'aprés(l1 p.96] et{3]) nous alions définir par les inégalités
fi(x3x2) <oy (x},2,0 ), vXeeX2
fAxx3)sfa(x],23), VXi€X)
Soit 1a fonction
p(x.y)= 121 y2) + fayy, x2) = [i(xy, x2) = fa(xy, X2) (3)
ol y=(y,y,) € Xix Xz, et le jeu de deus personnes & scmme
nule< XY, ¢( x,y) >avec X=Y=Xx Xa. (4)
Affirmation Si(x*,y*) représente un point-seile
dujeu (4) s'est -a-dire
eE*Y)sex.y*) s 9(x,y*) ,vzeX,yeY (5)
alore x* =(x,x3) est le point d'équilibre fort.

Démonstration
Si dans (5) nous posons x=y* alors de (5)et (3) on obtient
fi(xpy2r f, (yy, x3 ) - fa(x], 23) - 1, (x7,x3) <O (6)

quelque soit y2€ X2 et yie€X)
Si dans (6) nous posons y,=X;, el Yy, =ZX; nous

obtenons respectivement les inégalités (2)



100 V. Dinovsky

|1Ezistence. L'Extension mixte du jeu (1) se present par
<lmhlmg) JFlu,u)>

ou (i} est l'ensemble des mesures de probabilité sur le

compacts Xj,et l'espérance mathématique de la fonction de

gain du i-éme joueur est :

Film.w) = J  fi(xi22) m(dz, ) pa(dx,) (1=1,2)
Xix Xz
La situation p*=(psy. pe2 ) e (R1} x (K2} dujeu (7)
d'équilibre fort est définie par les inégatités
Fil u*r m) SFi( 'y, m%2) Ve ()

Fa(p.n*2)s Fa(pey, 1%2) Vi e (m2) (8)
Théoréme Dans le jeu (7 ) il existe une situation
d'équilibre fort .

La démonstration se divise en deux étapes. Tout
d'abord analogiquement 4 ce qu'on a démontré dans
I'affirmation nous cbtenons que la premiére composante
1*= (1y*, 42* )du point-selle (u*v*)delafonction
wiw,v)=F(u, vz )+ Fa( v ) - Fil ppue) -F2 (nue)
verifie 1'inégalité (8)

En deuxiéme étape 4 1'aide du théoréme | 2, p. 353 ] on
obtient 'existence du point-selle de la fonction.

Conclusion Il y a des exemples ou 1'équilibre fort dans
les stratégies pures du jeu (1) n'existe pas . D'aprés le
théoréme concidéré dans les stratégies mixtes, 1a situation
d'équilibre fort existe. A 1'aide de I'affirmation considérée, on
peut obténir parfois cette situation en forme explicite.
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UNE CARACTERISATION DES CARACTERES
DANS LES ALGEBRES NORMEES NON COMPLETES

Par A.BEDDAA
Presented by P. Banaschewski, F.R.S.C.

ABSTRACT : We give e characterization of muitiplicative lineer
functionals in normed Q-algebras. Some consequences are obtained.

INTRODUCTION - Dans [2], JP Kehane et w.Zelazko ont montré que si A est
une slgébre de Banach complexe commutative et unitaire, alors toute
forme linéaire f vérifiant la propriéte :

(1) f(x) e Spx, pour tout x e A
ost en fait un caractére . Ceci 8 eté généralisé par w.Zelazko au cas non
commutalif [4). Ce dernier a sussi montré que le résultat reste vrei dans
les aigebres lccalement multiplicativement convexes (a.l.m.c) complétes
si on suppose la continuité de 18 forme liénaire f (S).

Le but de ce traveil est d'étendre ce résultat sux algebres normées
non complétes qui sont des Q-elgébres i.e dont I'ensemble des éléments
inversibles est cuvert. la démonstration est basée sur le fait que dans les
algebres de Banach la fonction multiveque x+—> Spx est semi-continue
superieurement (1] . On obtient alors que, plus généralement , le résuitat
est vrai dans toute algébre complexe commutative vérifiant les deux
conditions suivantes :

(1) Le spectre de tout 81ément est borné.

(ii) Pour tout alément x, Spx = (X(x)/X a M*} ou M* désigne 1'ensemble
des caractéres non nuls.

Enfin , signalons que ce résultat s'étend & des algébres topolegiques 8
savoir les algébres multiplicetivement convexes (a.lm.c.) ou méme les
algepres localement A-convexes (a.l.A-convexes) qui sont des Q-eigébres.

Dans tout ce qui suit les algébres considérées sont complexes et
unitaires.

Nous nous 1ntéressons d'abord aux algabres normées.
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THEOREME 1 3oient (Al . Il) une algébre normée qui est une Q-algébre et
f une forme linesire sur A verifiant :

(1) f{x) = Spx,pour tout x s A
Alors { est un caractére de A.

PREUVE : Soit B 13 complétée de A. Puisque (1) est vérifiée el A est une
0-algeébre , f est nécessairement continue. Donc f se prolonge en une forme
linéaire continue T sur B. Nous allons montrer que f(x) e Spgx pour tout

x @ B. Soil x e B. Il existe une suite (x),,, d'élements de A qui converge
vers x dans B. Comme T est continue, (1(x,)), converge vers T(x) dans C. Soit
un voisinage ferme V de O dans €. I! existe un voisinage ouvert U de O
contenu dens V. L'application multivoque définie sur B qui 6 tout élément
de B fait correspondre son spectre est semi-centinue supérieurement [1).
Donc pour 'ouvert U + Spgx, il existen > 0 tel que:

fly -l cx = Spgy < U+Spyx.
Et comme la suite (x ) converge vers , 11 existe un entier Ne N tel nue :
Spgk, € U+Spg, pour toutn2 N

s, d'apres [3]. A est pleine dans sa complétée, donc SpAX = SpgX, pour
tout x e A En particulier Sp,x, = SpgX,, pour tout n. Or par hypothése nous
avons f(x,) e Sp,x,, pour tout n. D'oll f(x,) & U+Spgk C V+Spgx, pour tout

n 2 N.En passant & la limite, on obtient T(x) a V3Spgx = V + Spgx , car V est
fermé et Spgx est compact. Cemme le voisinage V est arbitraire f(x)eSpr
Le théoréme découle du résultat de W.Zelazko ((4}).

Nous allons maintenant eétendre le résultat précédent & une classe
plus vaste d'algébres.
Reppelons que dans une algébre A, le reyon spectral est défini par :
Palx) = sup (Al A @ Sp,x), x @ A,

PROPOSITION 1 : Soit A une algébre telle que
(1) pour tout x e A, Sp,» est borné
(i1) Pour tout x de A, 5p,x = (X(x) / X & M*(A)).
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5i f est une forme linéoire sur A verifiant :
(1) 1{x) e Sp,x, pour lout x e A.
Alors t est un caractere.

PREUVE : Soit o, le rayon spectral , Par (ii)ona:

pa(x) = sup(IX(x)l, X « M*(A))

et
RadA= {x @ A/ p,(x) = 0} ; ol RadA esl le radical de Jacobson

de A. Considérons B = A / RedA. On munit 1'algébre B de la norme définie
par:

||$'<||| = Pa(X), Xa A
C'est une norme d'algébre. Et comme Sp,x = SpgX, on 8 pa(x) = pg(R) pour
tout x de A D'ou lIFll, = pg(x), pour tout x @ A. D'apres (3], (Bl . II,) est une
-algébre . On considére 1'applicetion définie sur B per :

1(X) = i(x),pour tout x @ A .
{ est bien définie et c'est une forme linéaire sur B vérifiant :

T(%) e Spgx , pour tout x de A.

Par le théoréme précédent , f est un ceractére sur B et aussi f est un
caractere de A.

Comme conséquence du résultat précédent nous avens le :

COROLLAIRE 1 : Soit A une a.l.m.c. commutative qui est une Q-algébre. Si
f est une forme linéaire sur A vérifiant :

f(x) « Sp,%, pour tout x e A ;

alors f est un caractére de A.
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PREUVE . Par |a proposition précédente, il suffil de montrer que (ii) est
verifiée. Solent x e A et & e Sp,x. Il existe un 1déal maximal M tel que

e - %< I1; ou e est I'unité de A. Comme A est une O-algebre, 1'idéal M est
fermé. D'aprés le théoréme de Gelfend-Mezur, on obtient que M est de
codimension 1. Donc il existe un caractére X e M*(A) lel que M = Ker X .
Doy A = X(x).

REMARQUES :

1) D'aprés ce qui précéde le résultat est vrei dans toute algébre
commutative topolegique (resp.bornologique) qui est une Q-algébre (resp,
0-algébre boronologique) et qui appertient & une classe d'algébres
vérifiant le theoréme de Gelfand-Mazur. "

2) 5i A est une algébre vérifiant :

Spax = {(X(x) /X & M*(A)}, pour tout ke A ;

alors on a I'2quivalence suivante : 3p,x est borné pour tout x si, et
seulement si. Sp,x est compact pour fcut x. En effet, dans la preuve de 18
propositiont 'algébre B est une algébre normée qui est une Q-algebre. Donc
SpgX esl compact pour tout x e A. Or Spyx = SpgX, pour tout X e A. D'ou le
résultat .
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Large Deviations for the Empirical Process of
Mean Field Particle System with Unbounded
Jumps

Shui Feng
Presented by D.A.Dawson, F.R.S.C.

Abstract: An N-particle system with mean field interaction is considered.
Large deviations for the empirical process as N goes to infinity are obtained un-
der conditions which are satisfied by many interesting models including the first
and the second Schlgl models. This result is obtained without using the large
deviation result for the related empirical distribution because of the difficulty in
using the contraction principle

1. Introduction Let L = {0,1,...}, F®V bethe NV-fold product of E both equipped with
the discrete topology. x(N)(t) = ( :g" ho),.. "1%“('» on E¢N {g a Markov process generated
by
!

N My = k
(LD Q Myt = };o& Hn (2"
where ¢ ) = fr Tinay 6:(.,.,,. zWN) = (:}N',. . ..:w’)) € E®N_ For any v € My(E) (the space
of all probability measures on E with weak topology), Q. is defined by

(1.2) Qf(x) = Z;q:.y(f(y) = @)+ ISz + 1) - f())
ve

Q = (qsy) is 3 Q-matrix. |[v|| i< the first momen of . {*) is used instead of Q, when it
acts on the k-th variable of ¢ € Us(£®7 ). f . ('y(E). Where Cy(E) and Cy(E®N) denote
the set of bounded continuous functions on £ .nd E®N respectively.

This is an N-particle system with nean J.el¢ intc.action. The jump rates qc, can be
unbounded. Cor ider the empirical process € vy ), ¢ > 0 of the N-particle system

I
(1.3) Exm = *23;6‘(‘“(')

This is a measure-valued pro-ess on ([0, T), Mi( E)), the space of all right continuous
functions w : [0,T) = M, (E) which have left liiits at each t € (0,T) and ave left continuous
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at T with the Skorohod metric d on it. Where 6, denotes the Dirac measure with unit mass
at z. Assume. N > 1, that (:{N ’(0).. . ..z%v’(O)) are independent and identically distributed
with common distribution u € M;(E). We prove that £.~)(.) converges in distribution to the
solution of the following nonlinear master equation

du(t

() 20 5y, - u(0-)as) + IOl = 1) - )
v#

with initial distribution u € M (E).

The nonlinear master equation was proposed by G.Nicolis and I.Prigogine (6] as a mean-
field model of a chemical reaction with spatial diffusion. S.Feng and X.Zheng (3] established
the existence and uniqueness of the solution to the martingale problem associated with the
nonlinear master equation and proved the existence of at least three equilibrium states for the
second Schlogl model (see [7]). It is very natural to study the multiple equilibra transitions
and the metastability for the nonlinear master equations. As a first step we discuss the
problem of large deviations of the empirical process €.(¥i(e)» which is the main topic of this
article.

Several recent papers have discussed similar kind of large deviation problem for varies
models. Among them see for instance (1], (2, [5) and [8]). Feng [4] discussed the large
deviation problem of the empirical distribution for the same model as we discussed here. But
because of the difficulty in using the contraction principle the result here is proved separately.

Proofs, as well as further details, will appear in a forthcoming paper by the author.

2. The Main Result. Weintroduce a new metric r on My(E) by Vu,v € M(E),r(u,v) =
T 2027 ([u(n) = v(n)). M{(E) denotes the space My( E) endowed with the vague topology.
For any fixed T > 0, let D = D([0, T}, M\( E)).

Let @ be defined as p : E — R,z — | + zloglog(z + 2). For each m 2 1, define
Dm = {u(-) € Disupogecr(v(t)y) £ m) equipped with the Skorohod topology. D =
Umzi Dm is equipped with the “inductive topology”. By definition, a set V' is open in Do
if and only if V N Dy, is open in Dy for each m > 1. Another useful property is that a
function is continuous on Do if and only if it is sequential continuous. Vp(-), v(:) € Do
let ror(p(-),v(+)) = suPogecT r(p(t),v(t)). Then ror induces the uniform topology on Do
From the definition of r and the right continuity we can prove that for any fixed vo(+) € Doos
F(u(+)) = ror(p(-), () is measurable with respect to the Borel o-algebra of space Da, with
the "inductive topology”. This will be used in proving the upper bound.

Let Q = (qzy)z.yeE be a totally stable conservative Q—matrix satisfying:

(2.1) jgg{qz.ﬂ-l) >0;
(2.2) 3 A >0, such that gy =0for |z -yl 2 A;
(2.3) 32> 0such thatVz € E, Z %:y(y - 2) £ Az,

yeE
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3 avee(ely) - ¢(2)) € Mp(z). z € E:
zy

(24) 30 < c< oo, such that Vz,y € E.y > 2, 3 _(Gyyss — Grzss)z
$p0

+2 Z[(‘Iv.z-: = Qr25-y-2) VO + (Gryts = Qyay-s4:) V O}z S ey - 2);

=zl
(2.5) Vi>0,3X{)>0, 3
supmax{Y_ g-y(e¥"" = 1) 4 (e = 1)z,
€6 yeE
T geg(ed®=ete) 1) 4 (edl=H1-elz) _ )1} < A(1).
vEE

Remark. Conditions (2.3) and (2.4) guarantee that the corresponding martingale problems
are well-posed. Conditions (2.1),(2.2) and (2.5) are needed only for the large deviation result.
Note also that (2.3) can be implied by (2.5). These conditions are satisfied the first and the
second Schiégl models (cf..[7]).

Theorem 2.1 Under assumptions (2.3) and (2.4) we have

(a). The time-inhomogeneous martingale problem for Q) with initial distribution u is
well-posed. The solution is denoted by Py(.) ..

(b). For each N > 1, the martingale problem for Q) on D([0, T}, E®N) with initial
distribution u®N is well-posed. This solution is denoted by P{").

Let X be a Hausdorff topological space. {Py} C Mi(X). {an} is a sequence of positive
numbers tending to co. I is a function from X to [0,00). Usually (X, Py,an)is said to
be a large deviation system with action functional I if

i). for every open subset G of X

PR -1 -
(2.6) l&w’ ay'log Pn(G) 2 8ilelg'?l(::).
ii). for every closed subset F of X

(2.7) msup ay' log Pn(F) < - ‘ig{_ I(z).

li
N ——s00
iii). the level sets {z € X : I(z) < s} are compact for all s 2 0.
Note: The infimum is replaced by 400 if the set is empty.
Let V() = PN o e;‘,,,(_,. C3°([0,T) x E) denotes the set of all continuous functions
on [0,T] x E with compact support and first order continuous derivative with respect to t.
Vu,v € My(E), define

SEC(u(+)) = sup{(u(0), g) - log(u, e?); g € Cb(E)}
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T
+ sup (ST = (u0). S0 = [ (o), 2 4 e IIg el tds)
1€C}°([0.T)xE) 0

Salp(-)) = SENu(-)).

We assume in the following that u satisfies n = [ e¥(*)u(dz) < co. The main result of
this article is:

Theorem 2.2 Under assumptions (2.1)-(2.5), (’D.,,,f’&N),N ) is a large deviation system
with action functional S,(-).

The following lemma will be [requently used in the sequel.

Lemma 2.3 Assume conditions (2.1)-(2.5) are satisfied. Then for any r > 0, there ezists
an Ro > 0 such that for all R> Ry and N 2 1, we have

(2.8) PIMD\DR} < exp(—Nr).
3. Lower Bound and Compactness of Level Sets. The main result of this section
is
Lemma 3.4 For every ji(-) € Do, and any open neighborhood V of ji(-), we have
. - -
(3.1 liminf l—v-lospﬂ"’(") 2 ~Su((+))-

This result is obtained by a series of lemmas.

For ji(-) € Doo, let Pp()(ss) be the unique solution of the martingale problem for
{Qaqeyi ¢ € [0, T]} with initial distribution é; at times. For0< s <t < T,u,v € M,(E),f €
Cs(E), we define

130y : Mi(E) x Mi(E) x Cy(E) — R,

U (8.vi ) = (v, £(2())) = (u,log EPsen [/ 1)),

ForO0 =1ty <t <+ < tyy = T, we denote by x{V)(to,2;, -+, tas) the joint distribution of
(EtM(go) ™ * "+ ExtMN)(ep,)) OR My(E)®(M+1) ypder ‘?’,’u (the N-fold independent product of
Pi(y)s P(to, 1y -+, tar) the joint distribution of (2(to),- -+, z(tar)) on E®M+1) under Py(.),a-
Then we have

Lemma 3.5 If My(E) is endowed with the weak topology, then forany M > 1,0=1t < ) <
cor & tpyg = T, (My(E)IM+) g (N)(2g, 8y, -+, tp), N) is a large deviation system with action
functional L:.f(‘f)’:;:“ defined by

M-1

(3.2) L,';’(,,:f"- o l..(uo.g)+ > sup l"'""'(m.mu.f)
k=0 JECAE)
M-1 e
= sup lu(poig)+ ) sup 1)+ (uessirsri f).
9€CH(E) #=0 J€Cu(B)

The second equality holds because Ci(E) is pointwise dense in Cy(E).
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Let 15“;(‘{)""0) = P‘g:v))' W © e;'(‘,,,(‘,. We have

Lemma 3.6 Forevery > 0,ji(:) € Do NC([0, T}, My( E)) and open neighborhood V of ji(-)
in D, with the inductive topology, there exist finitely many 0 =g <t < - <ty =T and
open neighborhood V; of ji(t;),i = 0.-+-, M =1 in My(E) with vague topology such that

; 1 M .
(3.3) I;;n_s:g -ﬁlongf)’_“({e. ¢Vin n {e(ti)eV:H < -7.
=0
Lemma 3.7 If 5(-) € Doo, SE(u(+)) < 00, then there ezists an integrable function ho. such
that

(34) (W(t).9) = (u(o0) = [ haa(rlir + [ (u(r), Quina(ridr
Lemma 3.8 For every j(-) € Deo and open neighborhood V' of ji(-) in Das,
(35) lminf + log B, (V) 2 -$20(),
(36) SEOW(N = sup LTI, ntn)

0=t <<ty M 21
Lemma 3.9 For every ji(-), u(:) € Doo we have
3.7) $39u(-)) < SEO(u-)).
The following lemma shows the compactness of level sets.

Lemma 3.10 Let us assume (2.1)-(2.5). Then for any v > 0, the level set ®,(v) = {p(-) €
Do Su(ps(+)) € 7} is compact in Do

4. Upper Bound. The main result of this section is

Theorem 4.11 (Upper bound on D) Under assumptions (2.1)-(2.5), for any closed subset
A of D, we have g

J imsup - log PM(4) < - inf Su(n).
(4.1) .l;vnf:g 8P (A) < — inf Su(n)

We prove this theorem by the following three lemmas.

Lemma 4.12 For any ji(-) € Dy, and I < Sy(ji(-)) there ezists §' > 0 and an integer Ny
such that YN 2> N,,
(4.2) PN ror(u(-)ii(-) < &'} < exp[-N1).

Lemma 4.13 For all a > 0, there ezists an R > 1 and a compact subset K, C Dp N
C([0,T), My(E)) such that the following is true: ¥6 > 0, ANz > 1 such that VN > N,

(4.3) PN ror(u(-), Ka) 2 6} < exp[-Na].
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Lemma 4.14 Assume (2.1)(2.5) are satisfied. Vy > 0. > 0,3 > 0, there ezists an integer
No such that VN > Ny,

(4.4) P ror((-), Bu(s)) 2 €} < exp[-N(s - 7).
where ror(u(+), ®u(3)) = infu()eo,(s) SUPogecr r((t), 1(1)).
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TWO THEOREMS ON REPRESENTATIONS OF
¢-DEFORMED CENTERLESS VIRASORO ALGEBRAS
Ke-Qin Liu

Presented by Robert V.Moody, F.R.S.C.

Abstract A new g-deformed centerless Virasoro algebra Uy(W) is presented and two
theorems on representations of g-deformed centerless Virasoro algebras
are obtained.

§1. The classification of a class of CZ;—modules

T.L.Curtright and C.K.Zachos introduced a g-deformed centerless algebra CZ, in [C-Z].

The associative algebra CZ, can be described as follows:

Generators: {zm |[m€Z},

Relations: 4™ " 2mza — ¢" ™ inzZm = [M - n)Zm4n form.n€ez,

™ -q "
where ¢ € C with ¢% #0,1, [m] := N forme 2.

Definition A Uy(Vir)-module V is called a Harish-Chandra module if
(i) €o acts semisimply on V,

(if) all eigenspaces of ¢y are finite-dimensional,
1
iti) ———— ¢ spec(o).
(i53) P ¢ spec(fo)
The eigenspaces of ¢, is called the weight spaces of V.

We have found the following CZ,-~modules

Vas := BrezCus,
1+ aq2n+7k + quk
q-q-!

zn(ve) := Unt ki

A = @pezCut,

La(va) = —[n + k + 1)g"*+ vpq, for k # —1,
ta(us) i= —(inlg" + Inlin # tagi™ Yoo, for k= L
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Bt = lezcvk.
a(ve) := — [kl vnas, forn+k#0,
€n(ve) := (Inlg™" + [n)[n £ 1)ag=?")vy, forn + k=0,

where n,k € Z and q,b,a € C.
Theorem 1. Let q be not a root of unity. If V is an indecomposable Harish-Chandra
CZ,-module with one-dimensional weight spaces, then there exist some a,b,a € C such

that V is isomorphic to one of the Uy(Vir)-modules : Vs, AX, BE.

§2. A new g-deformed centerless Virasoro algebra U (W)

Let A be an algebra and ¢ € Aut(A). A linear map D : A — A is called a o-derivation

(or a skew—derivation) if
D(ab) = D(a)b + o(a)D(d) for all a,b € A.

The set of all o-derivations of A is denoted by Der, A.

If H is a Hopf algebra with co-mutiplication A : H — H @ H, given by A(h) =
Y(») h(1) ® h(z), then an algebra A is an H-modaule algebra if A is an H-module, and H

“measures” A; that is, h- 1 = ¢(h)1 and

h-(ab) =Y (hay-a)hez) -b)  for a,be A
0

where ¢ is the counit.
Now we present a new g-deformed centerless Virasoro algebra Uy (W) for ¢* # 0,1. The

associative algebra U (W) is defined as follows:

Generators: {Em,K,K™'|meZ)},

K~-K-!

i nt+ _—— —1
X EnE, - E.E, = [" mlEn-hn(q mK4+q " ™K )‘
wherem,n€ Z. &

Relations: KE,K™'=q¢*™E,,, Ey=
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One of advantages of the algebra Ugy(W) is that the subalgebra Uy m(W) generated by
{Em,E-m,K,K~") is isomorphic to Ugm(2€(2)) for each m € Z5,, where Uy(2€(2)) is
the quantum group introduced by P.P.Kulish and N.Reshetikhin [K-R). Hence, all those
subalgebras Uq m(W) are Hopf algebra for m € Z.

As an application of this behavior of the algebra Ug(W), we can completely describe

Uy(W)-module actions on the Laurent polynomial ring C[t.t~"] in the following case:

Theorem 2. Let g be not a root of unity and ¢ : Uy(W) — End(C[t, t~']) u representation.
If Ct,t") is & Ugm(W)-module algebra for m € Zy\, then p(K?) € Aut(Cjt,t™!)), and
there exist a,b € C\ {0}, u € Z\ {0} such that

(K): t™ s s(m)a™t"™, W(Em) = q:_ q_‘_,b"‘t""‘“av(l\'") formé€ Z,

where @ € Dcr,‘m)(Clt.t“‘]) with 8(t) =1 and s : Z — (%1} is a map satisfying ¢*™ =

s(n)s(mu + n)a™" for m,n € Z.

Remark. ¢(K) € Aut(Clt,t"*])ifandonlyifs:Z — {1} is a group homormophism.

Details of the proofs of these results will appear elsewhere.
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SOLUTIONS OF SOME FUNCTIONAL INEQUALITIES
CONNECTED WITH CONVEX FUNCTIONS

JANUSZ MATKOWSKI AND KAZIMIERZ NIKODEM

Presented by J. Aczef, F.R.S.C.

Abstract. With each T > 0 we associate the class of functions satisfying the following
functional inequality which, for T = 1, reduces to the definition of convex functions:
f(tz + (T = )y) S tf(2) +(T - O)f(y), z.y€J; t€(0,T)
where J = (0, +400) or J = [0,+00). Making use of a sandwich type theorem we

establish some relationships between these classes. It turns out that these properties
depend essentially upon J.

Introduction
Let T be a fixed positive real number. Denote by J either [0, +00) or (0,00). In
a recent paper (2] the following sandwich type result was proved:

Theorem 0. A function f : J — R satisfies the inequality
(T) f(tz + (T - t)y) S tf(2) +(T - Of ), z,veJ; tel0.T],
if and only if there exists a convex function g : J — R such tﬁat
T~'¢(Tz) < f(z) S 9(z), z€J.

This theorem not only completely characterizes the solutions of the inequality
(T) but gives a simple method of construction of solutions of the inequality (T') as
well. For instance, taking T € (0,1), and g(z) = z?, z € [0,+00), we infer that
every function f : [0, +00) — R such that

Tz* < f(z) < 2?, z €(0,+0),
1991 Mathematics Subject Classification. Primary: 39B72, 26A51; Secondary 26B25.
Key words and phrases. Sandwich theorem, convex function, a functional inequality of convex

type .
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is a solution of inequality (T'). Similarly, taking T > 1 and g(z) = z™!,
z € (0, +00), we see that every function f : (0,+00) — R such that

Tz ' < f(z) €27, z€(0,+00),

satisfies (T') (cf. [2]). Clearly, for T = 1 the set of solutions of the inequality (T')
coincides with the class of convex functions.

The aim of this note is to describe how the class of all solutions of the inequality
(T') depends on T. It turns out that the behaviour of these classes in the case
J = (0, +00) is essentially different from that in the case J = [0, +00).

1. The case J = (0, +o0)

Given a positive real number T, we denote by W(T') the class of all solutions of
(T) on the interval J = (0, +00):

W(T) := {f:(0,4+00) = R| f satisfies (T')}.

The main result of this paragraph reads as follows.

Theorem 1. If 0< Ty <Ta <1 then W(T3) CW(Ty). If 1 < Ty < T; then
W(Ty) c W(T3).

In the proof we need the following

Lemma. If a function g : (0,4+00) — R is convex and there exists a constant
T €(0,1) (resp. T € (1,+00)) such that
(1) 9(Tz) < Tg(z), z € (0,+00),

then the function ¢ — g(z)/z is nonde creasing (resp. nonincreasing).

Proof. Since g is convex, the function z —+ g(z)/z is either monotonic or there
exists a point s € (0, +00) such that it is nonincreasing on (0, s) and nondecreasing
on (s,+00) (cf. [1. Lemma)). If (1) holds with T € (0,1), then for each fixed
zg € (0, +00) we have

() §(I72)  glzo)

Trzg ~ =xo neN,
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and the sequence (T"zo) tends to zero. Hence g(z)/z cannot be decrea:: - . ny
interval (0,s) C (0, +00). Therefore this function is nondecreasing on (0. 1 -»1. In
the second case, if (1) holds with T' € (1, 400), then for every zo € (0,+00) we
have also (2), but now the sequence (T"z,) tends to +oo. This implies that the
function g(z)/z cannot be increasing on any interval (s, +00) C (0,+00). So g(z)/z
is nonincreasing on (0, +00).

Proof of Theorem 1. Take 0 < Ty < T < 1,and f € W(T3). By the Theorem 0,
there exists a convex function g : (0,+00) — R such that

(3) T; ' 9(Taz) < f(z) < 9(z), = € (0,400).

Hence g satisfies (1) with T € (0,1) and, in view of the Lemma, g(z)/z is nonde-
creasing. In particular,

9(Tyz)/Tiz < 9(Taz)/ T2z, z € (0,+0).
Combining this with (3) we get
Ty 'g(Tiz) < f(z) < 9(z), z € (0,+00),

which, in view of the Theorem, implies that f € W(T}). The proof in the remaining
case is analogous.

‘ Remark 1. The class W(1) (of all the convex functions on (0, +c0)) is not in-
cluded in any W(T) for T # 1. In particular, positive constant functions do not
belong to W(T') with T € (0,1), and negative constant functions do not belong to
W(T) with T € (1, +00).

2. The case J = [0, +00)

Now, given a positive real number T, put
WT) := {f:[0,400) = R| f satisfies (T) and f(0) = 0}

We have the following

Theorem 2. If 0 < Ty < T3, then W°(T3) C WO(Ty). Moreover, for every
T>1,
WO(T) = {f : [0, +00) = R| f(z) = f(1)z, = €[0,+00)}.
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Proof. Take 0 < T) < T3, and f € W?(T3). By the Theorem 0, there exists a
convex function g : [0, +c0) — R such that

4) T; '9(Taz) < f(z) < 9(z), =z € [0,+00).

Since f(0) = 0, putting here z = 0 we get g(0) = 0. It follows that the function
z — g(z)/z is nondecreasing on (0, +00) (cf. (4, Theorem 11B ] or (3, Theorem 2.
§3, chapter VII]). Therefore

9(Ti2)/Tiz < 9(Taz)/Taz, z € (0,+00).
Hence, using (4), we get
T '9(Tiz) < f(2) S 9(z), = €[0,+00),

which, in view of the Theorem 0, implies that f € W°(T}).
Now assume that T > 1 and fix an f € W°(T). By the Theorem 0, there is a
convex function g : [0,+00) — R such that

(5) T™'9(Tz) < f(z) < 9(z), z € (0,+00).

Hence
9(Tz)/T=z < g(z)/z, =z €(0,+00).

| On the other hand, the function z — g(z)/z is nondecresing and, consequently,
9(z)/z < 9(Tz)/Tz z € (0, +00).
Thus g(Tz)/Tz = g¢(z)/z for z € (0,+00), and hence
(6) 9(T"2)/T"z = g(z)/z, z €(0,400); nEN.

The monotonicity of the function g(z)/z implies that the following limit exists (it
may be infinite)
c:=_lim (s(z)/2)

It follows that, for every z € (0, +00),
: n n_ _
nk’fwg(T z)/T"z =c.
On the other hand, in view of (6), for all z € (0, +00)
Jim g(T"z)/T"z = g(z)/z.

Thus g(z) = czx, = € (0,+00). By (5) we infer that also f(z) = cz for all
z € [0, +00), which was to be shown.
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