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CHARACTERIZATIONS OF ^SYMMETRIC SPACES IN TERMS OF THB 
CANONICAL CONNECTION 

Dedicated to Professor Hisao Nakagawa on his sixtieth birthday 

Yoshiynki WATANABE and Franco TRICERRI * 

Piuented by £. Bivutonz, F.R.S.C. 
1. Introduction. 
Let (Af, 9) be a Riemannian manifold and il the cnrvatare tensor of the Levi-Civita connection 

V. Define the Jacobi operator A*.() s R{,v)v lor each v € SAf, the anil tangent handle of 
Af. In Riemannian geometry, the Jacobi operaton play important roles and, in patticalu, give as 
mach informations aboal symmetric spaces(cf. Seise (l|, Chnvd (6|). Bat in a nataraUy redaetlve 
Riemannian homogeneons space the Jacobi operator of a canonical connection is nicer, since the 
cnrvatare tensor of V is, ia general, not paraUel(ci Ziller |12]). 

Oo the other hand, a globally Sasakian ^-symmetric space is a typical example of a nataraUy 
redaetive homogeneons space, and has nice geometric properties 

Let Af be a Sasakian manifold wilh sitae tare tensors (y>, (, i|, 9). We denote by R Ihe cnrvatare 
tensor of a canonical connection, given by 

*xY = VxY+g{vX.Y)i + ii(X)vF - vWvX 
lor any vector fields X, Y. Then the parpose of this paper is to prove the foUowing. 

MAIN THEOREM. Ut M le a (In-t-IMtmeiuianal eonnttled, limplg-conneeted, complète 
Sasakian manifold with struelurt teniort {tfi,t,v,g). Then ihe lolloaing conditions art «ftiieo-
leni. 

(I) Af is ifi-iymmeirie. 

(II) {VxR)(-,X)X = 0 for any vector field X orthogonal to (. 

(IB) The operator S'y along any vgeodeeie f ii parallel with respect to V. 

2. Sasakian ip-symmetric spaces. 
Let Af be a (Jn+O-dimensional Sasakian manifold with atnictnre tensors (v>,(,i),3) (cf. Blair 

(2|. Takahashi (S|): 

v.»x = -jf + iKJrK. »i«)=i. «(x,0 = nW, 
(2.1) g{vX,vY) = a{X,Y)-r^X)n{Y), driX,Y) = SWX,Y). 

VxvW) = <Y)X - g(X, YK. Vxi=VX 
(or «ny vector fields .Y, Y, where V Is the Levi-Civita connection for g. The cnrvatare tensor 

R{X,Y)Z = [Vx,VY\Z - Vprf 
•ThU p»P«t h u hoti wriltm whil. Ih* Rnt rathor wu a CHR vidtinf piotmoc in Finnic, «ad ht «iiha to 

«knoxledgc here hb Ihankl ta th* lulj>a CNR lh*l ipoiuoiad hi* vitil, «nd ts th* Dipatlimtnl» di Malcnuttk» 
•U. Dini" del Univer.ilà di Finnu hi* holt iottilalion. 
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0n a Sasakian manifold satisfies the foUowing 

(J.2) R(X,Y)( = rtY)X-n(X)Y, WX.()Y = i,(Y)X-g{X.Y)t 

(or any vector fields X, Y, Z. 
A geodesic 7 on a Sasakian manifold is said to be a y-geodesic if 11(7') = 0. From (2.1) it 

is easy to see that a geodesic which is initiaUy orthogonal lo i remains orthogonal to (.. A local 
dilTeomorphiim j m of Af, m € Af, is said to be a y-geodesic symmetry if its domain U is snch 
that, for every v-geodesic 7 sach that 7(G) Ua in the intersection of U wilh the integral carve of 
f through nt, 

( » - 0 7)(») = -r(-») 
for aU » with 7(±*) 6 If, * being the arc length. Setting 5 = - / + 2i) ® {, wc have 

(2.3) *m = exPm oSmo exp;1, 

since ( is a KUUng vector field(iee Blair-Vanhecke [3]). 
In [9], Takahashi introdaced the notion of a locaUy ^-symmetric space by requiring that 

V2{VvR)(X,Y)Z = 0 

lot any vector fields V, X, Y, 2, orthogonal to {. Moreover, he defined a globaUy ^-symmetric space 
by requiring that any 9-geodesic symmetry of a locaUy v-symmetric spaoe to be extendible to a 
global antomorphism of Af aad that the KilUng vector field ( generates a global one-parameter 
snbgroap of isometries. 

Hen we coUect three resalts from Takahashi [S] and Blair-Vanhecke (31,141,(51. 

THBOREM 1. it ntetsiery and suffieient condition lor a Sasakian manifold io le locally ip-
symmetric is that it admits a ip-gcodesie symmetry at eoery paint, which il a local automorphism 
a/ (ie slrueturt (v,f, 17,3). 

THEOREM 2. A Sasakian manifold M is toeally ip-symmetrie if and only if, for any vector 
fields V,X,Y,Z. 

(Vvfi){Jf.Y)Z = [fl(X. V)3{VY,Z) -g[Y, V)g{,vX,Z)+9(vR{X, Y)V, Z)\i 

+n(X)l-g{v>V, Z)Y + g(Y, Z]vV + R{Y.vV)Z] 
+l{YMvV. Z)X - g{X,Z)>pV - R(X,vV)Z\ 
•¥V{ZMY, VfrX - g(X. V)vY - VR(X, Y)V\. 

THEOREM 3. A Sasakian manifold Af it locally ip-tymmetrie if and only if 

g{(VxR){X,VX)X,vX) = 0 

for any vector field X, orthofonal tt (. 

i. The canonical connection. 

Let Af be a Sasakian manifold with st racture lenson {ip,i,ri,g). Let Tbe a lensor field of type 
(1,2) defined by 

(3-1) nx, Y) = g(vX, YK + n{X)<pY - n(YWX 
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for any vector fields A'. Y. We now define a Unear connection 

(3.2) irxY = VxY + T[X,Y). 

tor any vector fields X.Y. This Unear conneclton Is csUed the canonical connection. By direct 
calealations. we see that 
(3.3) t v = 0, ^« = 0, Vi»a0, ^ jaO and ^7 = 0. 

Remark that V has the same geodesies ss V. 
Let A and R be the cnrvatare lenson of ^ and V, respectively. Then we have 

iHX,Y)Z= IHX,Y)Z + v{ZMX)Y-i[Y)X\ 
(3.4) +9(V»F, Z)VX - g(vX, Z)<eY + 1g{VX, Y)vZ 

+\g(X,ZHY)-g(Y,ZHX)](. 

Hence by Theorem 2 we have 

(Vvfl)(X, Y)Z = iyvR){X, Y)Z 
(3.5) +T(V;R{X,Y)Z) - R{T{V,X), Y)Z 

-R{X.T{V.Y))Z - R{X,Y)T{V,Z). 

Thas. we have the foUowing Rsall(see Takahashi |9|). 
THEOREM 4. A necessary and suffieient eondilien for a Sasakian manifold to le locally ip-

symmetric is lhat 

(3.6) t A = 0, 

when V ii the canonical connection defined ly (3.2). 
In particular, a locaUy ^-symmetricspace is locally homogeneons (see Takahashi (9)). Moreover, 

since T(X.X) = 0, it foUows lhat in this ease, all local geodesic symmelria are volume-preserving 
ap to 8ign(ct Watanabe (11)). Finally, the same condition TIX.X) = 0 impUes Ihal a nmply-
conneeted, complete, locally v-symmetric apace is a nataraUy rednetive homogeneons space (cf. 
Tricerri-Vanhecke [1C|). 

4. Jacobi fields. 
Let m be a point of a SasaUan manifold Af and let 7 be a geodesic, parametrised by aie length 

s, through m = 7(0). A Jacobi field along 7 is a vector fidd X satisfying the eqaation 

(4.1) VyVT.X + R(X.7')7' = 0. 

In oider to prove the Main Theorem, we write down (4.1) in terms of the oonBeelion V of a 
SasaUan manifold as foUows: 

(4.2) t y t y J t - ITtf. %'X) + ft^.Vh' = 0, 

where Ihe tonic» tensor t of t Is givea by f = 2r. 
Suppose that ( Vy ÂK-^'h* = 0 along a geodedc 7. We take aa orthonormal bads {et, ea,..., 

ea,+i} snch that 7'(0) = et, aad we denote by (Ê«,t ss 1,...,2» + 1) the orthonormal frame Add 
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along 7, obtained by V-parallel translation of the a along 7- Then, from (3.3) and the aasumptlon 
(VyflK-.Vh' = 0. "« have 

(4.3) j ( È „ fl(Êt,7'h') = eonslonl, 9(È.,^(È»,7,)) = conslanl. 

In particular, we choose an orthonormal frame field (Ê i .Ë i Èim+x) such that ei = 7,{0).ej = 
È,(0) = [U - c.V(0))/v^rr? and 

/VT.(£.) = A(È.,7')7' = A.È. 
for o = 3 2n +1, where a = rfij') = constant and A, ss conslant. Thns, if we denote the Jacobi 
field dong 7 by 

Jf = /i Èi + / , Ê j + / , É j + . . . + / » , + I B J . + I . 

then the Jacobi equation (4.2) reduces to Ihe foUowing. 

(/,)" - 2<.E;»t,(/.ya(V7'(0),e.) = 0, 

(4.5) (/»)" - it-i5££*lS,iW(0U.)U.)' = 0. 

(/.)" - ^{0E^,J(e*,».ecMy.), - 'frjffif'W) + A*/* = " 

for a=3 2n-l-l. 

5. Proof of Main Theorem. 
ByTheorems 2 and 3and(3.5)we see that (!) is equivalent lo (II). Moreover, since (VT. ft)(F,7,)7' = 
(VyÂ'y )(!') for any vector fidd Y dong each geodesic 7, it is trivid that (D) ImpUes (III). 

We shdl prove that (III) implia (I). So, we may assume that (VyK)(-,y)V = 0 dong 
any y-geodalc 7. From a raall of Bldr-Vanhecke (3) it ia suffident lo prove that the y-geodalc 
symmetry »m Is a (locd) Isometry. Flrat, from a result of Bldr-Vanhecke (5) it followa that for 
sufficient small s > 0, 

(5.1) (*m).T(t)î = «•,(-•)• 

We now obtdn Jacobi fields .Y dong each v-geodcsic 7- For Ihis parpose, we have Ihe following. 

LEMMA. // Â'y along a ip-gcodesie 7 »« parallel with respect to V, tAen vn' " an eigenvector 
o/ÀTy. 

PROOF. It is sufficient to prove that ipy'{0) ia an dgenveelor of /<y(o). Assume lhat ipj'W 
Is not an dgenveelor of A'y(o). If we take an eigenvector e / W7'(0),*»(^ 9) € R, orthogond 
to both U and 7'(0), then e is also orthogoad to rr'(0). In fact, we denote E by the V-parallel 
vector field dong 7 sach that £(9) = e. Then, from the assumption (Vyft)(-,7')7' = 0, we have 

0 = 9(MVvK)(E.Vh'){0) 
= »«,(VyR)(B.7,)7,K0) - MvB.V) + *(**(£. V)V.V)i(O) 
= 8ii. Vy(/l(E, 7,)7,))(0) - Mvn'.E) - g{R{E, VW. <n'm 
= -ai'.vi'm. 
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taking account of (3.S) and (2.2) TV.'rr.;nre. we caa sow choose aa orthonormd basis (et a 
7'(0).e, = «„.«> e j , + i } of r»( " ; if* that tfywe. = >•«.(« = 1 2n + 1). This Is a 
contradiction, dnce vr'{0) is ortho? • " '-.« dl 7'(0),6a,es « î^+I . 

Since tn' it aa eigenvector of Ky, we can choose an orthonormd basb (ei s t'{0),ei s 
{«.«J = vVWie^ ej,*!} snch lhat Aynae, = A,e, fora = 1 2» + I , where Aj = 9 . So, 

by (3.4) we have 

(5.2) fl(v»7'.7')7'=(As + l)v»V. 

Moreover, il foUows from (4.5) that dong the p-geodedc 7, 

(5.3) / ,"-2/i = 0, /," + 2/i + As/, = 9, 

and 
(5.4) (/ .)" +A*/. = 0 

for s=4 2n+l. Since { Is aa isotropic Jacobi field along 7 (see ZiUer (12]) with initid condition 
(((0) = U, Vymi = 0) and paraUel wilh respect lo ^, by (6.3) we have 

/ , = !. A, = 9, 

from which (2.1) and (5.2) imply lhat qn' is a Jacobi fidd dong 7- By (2.3) we have 

(smWfivn'svnr^-*). 

Any vecior fidd X dong 7 orlhogond to 7',( nad VT* satisfies Ihe initid condition (Vy(o).K = 
Vy.mX. Then, by Ihe same arguments as a locdly symmetric spaoe(cf. Chavd (6|, Ossermaa-
Sarnak (8)), we can see from (5.1) and (5.2) lhat 

lls-KIMIKII 
for any vector Y € T^.^Af ). This Implies lhat »„ is aa isometry. 
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Large Deviations: Upper Bound on Metric Space 
and Application 

Shui Feng 

Presented by D.A.Dawson, F.R.S.C. 

Abstract: U t X be a space with two metrics di and dj. The topology of (X.di) is 
weaker than the topology of (X.d,). Some general results about large deviation upper bound 
on space (A.dj) is obtained under assumptions which are related to the condition that the 
complement of a drbdl has an exponenlid decay rate and the condition of the usud "expo-
nenlid tighlness". The result we get is for a class of B-measurdile, drdosed subsets of X. 
B is a a-algebra on A' contained in the Borel edgebra of (.Y,dj). Applying this result and 
some properties ofthe vector-valued V space, we obtdn some large deviation upper bounds 
for a sequence of probability measures on the space of measure-valued paths. 

1. I n t r o d u c t i o n Let A" be a topologicd space, {as)Kai.... be asequence of positive numben which 
goa lo infinity as iV goa to infinity. U t {/V)w-l . be a sequence of probability measures on (X. C), 
where £ is a (r-algebra of X contdning dl open subset of X. One says that {/V)w=l. o*"*8 » l a r 8 e 

deviation principle in X, wilh speed (aw)jirS|.... and rate function /(•) : X - [0,+oo) if 

1). for evi-ry open subset G of X 

(I.D liminf ov" logi»/v(<7) > - mf /(«). 

ii). for fvrry closn!" sul-set F of Y 

(1.2) limsuMÎi'Iog/MF) î - m f / U ) . 
J S — C O * " ' 

iii). the level sets (x € X : l{t) < s) are compact for all s > 0. 
The study of Isrge det ial ions at the infinite dimensional syrtems hss been very active in recent yean. 

For finite dimensiond spaces the folkm ing condition of "exponenlid tightness" 

Vt; > 0, 3a compact subset K, of X 3 

(1.3) limsup — log Pw(/fJ5) S - 9 -
W — C O " W 

plays a kev role in proving the upper bound. Under this eun.lition, in order to obtdn the upper bound 
It suffices lo show lhat (1.2) is satisfied for any compact subset of X. Since in finite dimensiond spaea 
a set is compacl if and only if it is cU»cd and bounded. (1.3) is equivdent to the following condition 

Vq > 0, 3a bound) •! closed subset 0, of X .9 

(1.4) limsup—:logPw(fl!i)<-'»-
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In infinite dimensiond space compact sets and closed bounded sels are not equivalent in general. Thus 
we have two candidates for the condition to gel the large deviation upper bound in infinite dimensiond 
space: one is the "exponential tightness' and the other is (1.4). Recently. P.Bddi [1] studied the large 
deviation principle for a sequence of probability measures on an arbitrary normed vector spaces. Under 
the assumption of "exponential tightness", he obtdned a large deviation principle using the same method 
as lhat in finite dimensiond case. C Léonard (6) suggested that when deding with the case where X is 
the strong dual spnce of some separable normed vector space one could use the condition (1.4) instead of 
the "exponential tighlness"1. This is not only a technitdly simpler condition but also a weaker condition 
in the case of infinite dimension. 

In this article we will discuss thi large deviation upper bound on any metric space. Two abstract 
conditions are given and their rtiatbus with (1.3) and (1.4) are abo discussed. Roughly speaking our 
result shows that assumption (I I) can be weakened to get a good upper bound while (1.4) may not 
sufficient to get even a weaker upper bound. 

The abstract results will bu given in section 2. The necessity of exponenlid lightness is shown 
on a non-Polish space for obtdning large deviation principle, in section 3 we lint discuss some bade 
properties of the vector-vdued L' space which cau be found in [3|. Then the result is used to obtdn the 
Urge deviation upper bound for the measure-vdued Markov process. 

The new contribution» of this article are to show the appropriate formulation of the large deviation 
problem on non-separable metric spaces and to obtdn a very generd upper bound result on metric spaces. 

Prooft. as well as further detdb, will appear in a forthcoming paper by the author. 
2 . U p p e r B o u n d . U t X be any set, d,,d, be two metrics on X. U i B, be the Borel <r-dgebra of 
(X.di) with respect to which for every «o G X the funelion / , («) = dj(«,*e) is measurable. We assume 

(a). The topology of (X, d| ) ia weaker than the topology of (X, dt). 
(b). Any bounded closed ball in (X,d«) is compact in (X,d|). 
U t Xo C Y. C be a ff-dgebta on Xo conldning Bi n Xo but contained in the Borel <r-dgebra of 

(Xo. dj). U t B = {/I C X; An.Yo € f, A is in the Borel (r-dgebra of the space (X.di)) . Then B contains 
B, and is contained in ihe Borel r-dgebra of space (X.d,). U t [PN)H>I be a sequence of probability 
measures on (Xo.C). Z be the set of dl bounded continuous functions on (X.di) whose restriction lo Xo 
are f-measurable. (Z*,<r(Z'. Z)) be the dual space of Z wilh weak' topology <r{Z". Z) and (Z*. || • !|*) 
be the dual space of Z with strong topology j] ||* = 8up(|( ,s)I;9 6 Z and \\g\\n = *uPr€Jfl»(«)l ^ >)• 
By definition we can see that Z = f .(X, d,. B). the SH of dl B-measurable, bounded continuous functions 
on (X.d,) and for each Af > I we can extend FN tc (X.B) by letting FW(X \ Xo) = 0. If we introduce 
a cr-dgebra B on Z* as 

Ô = ( B C Z - ; ( « €X : < , 6 B ) e B ) 

Let the map 6 be defined by 

9 : ( X , B ) — (Z',6), « H . « t€Z ' . 

Ut QN{-) = PN O e - ' O - V/ € Z. r* e Z*, we define 

HuU) =^^1 exp{N{f,f))Qs{di-), 

H{f) = limsupffM/), H'ls') = 8up((z-,/) - H[f)). 
W-oo It* 
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Lenuna 2.1 For any «Iron; bounded, ^-measurable and weak' closed subset A of Z', we have 

(2.1) limsupilogOjvM)^- inf ff*(r*). 

The next lemma gives a sufficient condition for aa element of Z* to be a probability measure on (X, B). 

Lemma 2.2 // H'{t') < oo and for any decreasing sequence of functiona {/„) C Z wnoerjinj to sero 
pointwise we have H{fn) — 0, then t' is a probability measure on (X,B). 

Here are the mdn results: 

Theorem 2.3 Let (X,d|,d,) satisfy ihe assumptions (a) and (b). We have 
(i). Under the assumption thai 

(2.2) For eoeif »equtnee >'n)cZ. f- \ 0. tee have H{f„) — 0, 

(Aen for any B-measurable, closed subset A o/(X,d,) wt have 

(2.3) lim sup — log P/»( A) < - inf t( i) . 

(ii). // 
(2.4) for eoery »e««ence(/0) C C»(X,d,,Bi), fn I 0, we have H{f„) — 0. 
(Aen for any B-measurable, closed subset A of(X,dt) wt have 

(2.5) lim sup -rr log Ps{A) < - inf £(«)• 
N—oa " • " 

where L{x) = //'(©(«)). U*) = »uPrta(XA.8,){/(«) " »(/))• O6oio«s/» 

l\t) < L(x), Vx € X. 
Corollary 2.4 Let Xo be the cloture of Xo in ihe space (X.d,). TAen toe Aase 

(i). // Xo 0 (r 6 X; £(«) < oo) C Xo and (2.2) is trie, tte» for any C-mea»urable, closed s»6se( A of 
(Xo,d,) vx kavt 
(2.6) limeup-TT logPw(A) £ - inf !(»). 

(ii). // Xo fl (x 6 X; Z(x) < oo) C Xo and (2.2) is Ime, l»e« for any C-mea»uraUe. doted suhet A 
of(Xa.di) we have 
(2.7) Iimsttp77logPN(A)<-inf Z(x). 

The following two resalts discuss the relation of the above results with (1.3) and (1.4). 

Theorem 2.5 // (Ae eondilisn 

Vo •> 0 3 compact tuhet X. C ( Y. d,), 9 
(2.8) Iimsup1fflogPiv(x:r^X«)<-<i. 

is satisfieé, ihtn V{/„) C Z, /n 1 0 poi*.twite, ve have H{fn) — 0. 
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Theorem 3.6 / / the condition 

(2.9) Vo > 0, 36 > 0, xo 6 X, 3 lim sup — log PN (x; d^x, xo) > *) < - a . 

is satisfied, then V(/„) C Ct(X,di), /„ 10 pointvtse, we have H{f„) — 0. 

Remarks. 1. The exponenlid tightness is crucid in the passage from a weak to a full large deviation 
principle. But it is not a necessary condition in generd. 

2. If X is a locdly compact topologicd space or a Polish space, then it is necessary in order to gel a 
full large deviation principle (cf. exercises 1.2.10 and 4.1.10 in (2]). 

In chapter 7 of Feng (4] the following result b proved: U t X be a Polish space. Xn, n = ! , • • • , is a 
increasing sequence of closed subset of X. U t Xa, = US°nlXn be equipped with the inductive topology. 
Xn, is not Polish io generd. We have 

Theorem 2.7 //{P/v)/v>i is a sequence of probability measures on space X » satisfying a large déviation 
apper bound with a good rate function I and for any s > 0 (Acre eitsls an no such thai for any n > no 

(2.10) limsup/V"1 log PN{(Xn)e) < -s 
iV—oo -

(Aen {PN]N>\ " ezponenliaf tight on XM. 

3 . Appl i ca t ion . Let £ = {0,1, •• •} be equipped with the discrete topology, ^ be a strictly positive 
function on E satisfying: limI_oa & 1̂ = +oo and 

•̂  = {?; ff is a red vdued function on E, 

llls| | lw<oo and ^ l i m ^ ^ i exists) 

where 
HWiî supMîJ!. 

«es V(') 
Then (<V, ])| • (j],,) is a separable normed vector space. 

(•?MII • III;) >s the strong dud space of (AT, ||| • (|(„). Where 

V»'6 ^MIMH; = supd^.j ,)]; , e ^.IIMII^ < 1) 

L.V = { F : ( 0 . T ) - A ' , f iameasur.ibleandjF], = / \\\F{t)\\\vdt < oo}; 

Cx = {F : [0,T\ — X;F is continuous). 

Let 

Then C* is a separable dense subset of space L^. Let 

hx- = {•'(•) : (O.T) - AT", 3 ( - . (i/(t),,) 
is measurable for any 0 6 AT and \v{-)\oo < 00). 

where H'Xoo = es8sup0<l£T HHOHIJ. Then we have 



S. Feng 71 

Theorem 3.8 TAe strong dual of L\ can be identified a» \x-. 

Since Cx is separable, we can introduce one more topology on Ajr* as follow, let C be a countable dense 
subset of Cx-- Vfi(-), »(•) € A*, we define 

TW).•'(•))= 53 5rIO'().P..)-K),P«)|Al. 
P.6C-

which b a metric on A**. It b easy to see that the topology of space (A^*, T) b weaker than the weak' 
topology on A*, and (A*.,?) is separable. Ut Bi denote the Borel ̂ -dgebra of (A^., T). 

Ut Mi{E) denote the set of dl probability measures on E with the usud weak topology. For m > 1, 
we define M*m{E) = (u 6 Afi(B); {u,<p) < m) endowed with the subspace topology of Mt{E). Define 
Vm s D(10,T], M^mlE)). V„ = Un,>,Dm. Ut (Vm,d.i,) denote the space V„ endowed witb the 
Skorohod topology, d,t<, the Skorohod metric. V'£4 denotes the space Pee endowed with the "inductive 
topology" of (Pm.d.t,), i.e., K is open in PS* if and only if for each m > I, ^ n P m b open in Pm. Ut 
P^a be the space 1>n with the Skorohod topology, Ctnd, C.t» denote the Borel 9-dgebra of P g ' and 
PJ}' respectively. Ut Cb = Bi DP». Then we have 

Lemma 3.9 P» C A^.. 

Lemma 3.10 ( w = £,*<> D Co. 

We will use C to denote C,ko in the sequel. Now let D{[0,T], E9") be equipped with the Skorohod 
topology, (P^) be a sequence of probability measures on D([0,T\, E9"). V/V > 1, let Vs be defined as 

VN = Pf,oe^). 

'.vn : («r̂ ijisi» 6 D((0, Tl, £*") — (( ~ L^fw) * v~-
iol 

Then {VN]N>\ b ssequeneeof probability measures on (Pge,Cata). If we introduce the v-dgebra B 
on Kx- to be the family of dl subset B C A,r* such that B b a Borel measurable subset of space (X, d,) 
and BnPjJ* G C. Applying corollary 2.4 to Xo = t^,X = A*.,d, = T><fj = I • |oo,C,Bi and B we 
have 

Theorem 3.11 Assume thai there ezitU a funelion h(x) wilh lim.-oo ft(x) = oo and ^ > 0 saeA that 

(3.1) limsupi l o g ^ " ( e x p ^ è y H^Wt]) < eo. 

Then we have thai 
(i). 7/(2.2) is satisfied, ihen for any C-measurable, closed sitset A of&g,4 we have 

(32) lim sup - i log PJv(A) < - inf L(x). 

(ii). f/(2.4) ts satisfied, then for any C-measurable, cloaed subset A ofVQ* we have 

(33) :imsop — logPw(A) < - Inf £(«). 
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«tAere 

(3.4) /.(p) = 8up{F(/0 - H{F); F € ^ . p Ê A*. 
(35) Uit) = s u p i F ^ ) - / / ( F ) ; F e f),it € A*. 

I 1 ^ 
(3.6) /f(F1 = l imsup^log£;' , ' ' (exp(AfF(i^«r ,w , ( . ) ] ) . 

N—.00 " *' j a j • 

wAere J7 and f are the sets of all bounded, | • Jog-coatmBotts function» whieh are B and Bi measurable 
rtspeeiively. 

Thb result b the result of the following lemmas. 

Lemma 3.12 TAe closure !?„, of P n in (Ae space (A*-, ) • je») is a subset of P . 

Lemma 3.13 For any /i() (f ?ea. ^(p(-)) = L ( / J ( ) ) = oo. 

Lemma 3.14 Let u ie any element of X'. If the follounng three conditions are satisfied: 

(o).V/ 6 CMS), / > 0 we Aaoe (u, /) > 0; 

'*).<«,i) = l; 
(c). Um(u.jfB.)=0; 

n s pp 

wAere £„ = {n + 1, • • •). Then u 6 MV{E). 
Lemma 3.15 Assume thai the sequence {Vn) Nut.- satisfies condition {3.\). Then {fi{.) e \x-',L{li(-)) < 
oojnPoo CPno. 
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MORPHISMES OAlirHES ETMONADES ADJOINTS 
nANsimR2.nATéaoRiE 

PIERRE BERTHIAUME 

PiLZAUited by V. SotiXa/i, F.R.S.C. 

Résumé. On étend ici les résultats de [B,] , auquel on devra se référer constamment, en 

introduisant la notion de morphisme gauche, tirée de {MJ, entre monades à gauche, ou m.a.g., 

et co-m.a.g. dans une 2-catégorie quelconque C , ce qui permet d'obtenir en corollaire et de 

préciser les résultats de [M2] ainsi que la notion de monades adjoints ("adjoint triples") de 

[B - W] et (E - M]. On trouvera tous les détails dans [BJ. 

1. À la notion "habituelle" de morphisme entre m.a.g. (on omet fl. T i] » i,,) on ajoute 

Définition. Un morphisme gauche du co-m.a.g. T*. « (T, 11*, n') sur £' au m.a.g. T = 

(T.JI,TI) sur C dans C est un triplet ordonné (T, , (X, • ) . T). noté (X. •) : T, »T ou 

simplement (X,^), où X:£r—* C et ^ : T X T — » X vérifient dans C : 

d ) 4 i . t i x r = X T T ( 2 ) • . T * r . ' P x n , - * . n x r ( 3 ) • . T X T V * 

où v' s T il'. il' et dualement, i.e. en passant à C* obtenue en inversant la structure 

verticale de C pour (X, •) : T"—* T , , Le. • : X—> TX T etc. 

Si (X,(|)) et (Y.v) sont de tels morphismes de T, à T alon un 2-moiphisme o : 

(X, i»—» (Y, y) est un triplet ordonné ((X, • ) , a , (Y, V)) où o : X — • Y vérifie (4) 

o ^ = V . T o T . Dans le cas dual ci-haut, on aura (4), T o T .<> = v a où o : X — » Y. 

Ces divers types de morphismes forment une 2-catégorie M ̂ (C) avec 
moiphisme identité (I. v) : T—* T , V = n. Tn et dualement, laquelle contient pleinement 
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(i.e. comme sous 2-catégoiie pleine) celles des m.a.g. IM .2 (C) et des co-mag (IM^C.)), de 
[Bj], On les compose en recollant bout à bout les "cylindres" évidents. On aura par exemple: 

(X'. »') (X, ») (XX. X»'. » XT") 

T̂  ia' T ia T = T" io*a' T 
(Y', V') (Y,\|f) (YY'. Yv'.vYT")' 

2. Soit maintenant dans C les quasi-adjonctions: fi U , C F ( B.. Tl : I —» UF , 

e:FU—* I où (5) U e .î) U = 1,,, noté (ri.e) : F--1U et dualement: B' U' , £ ' 

F' , a'pTi^UT—> 1 , c':I—*FV' où (5). TlV . U'e'= lu. noté (e'.tV): 

U '—*-{ F. De la même source on tire: 

Définition. Un morphisme gauche du second au premier est un triplet ordonné (U* —*-i F' , 

(X, Z), F - -t U), noté (X, Z) : U' -*H F > F - H U ou simplement (X, Z) , où X : 

C—» C « Z : £'—» fi vérifient (6) UZ = XIT. 

Si de même (Y, W) : U'-li F—» F - H U alors un 2-morphisme gauche du premier 

au second est un triplet ordonné ((X. Z), (o, P), (Y, W» . noté (o, p) : (X. Z) —* (Y, W) ct 

parfois simplement (o, P). où o : X — • Y et P : Z —* W vérifient (7) U p = a U'. 

Si on compose de façon habituelle ces morphismes gauches avec ceux entre quasi-adjoints 

et dualement. on obtient une 2-catégorie A f ( C ) contenant pleinement A.2(C) et 

(A.2(C.)) , de [3,1. 

3. Le 2-foncteur ID g : C —» IM g (C ) qui à £. associe le (co)-monade 

trivial (à gauche) I c = (lg, 1,1) possède un 2-adjoint à droite Lg ssi c'est vrai pour D.2 : 

C —» (M.2(C,)), définis comme ci-haut ([B]]). Comme corollaire du Théorème 

d'Eilenberg-Moore-Maranda (E-M-M) pour m.a.g. (Théorème 2 (iii) de [Bj]) on obtient: 
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Théorème "E-M-M-fauche". Soit lDg-iILg.T un m.a.g. sur £ engendré par (T1.eT): 

F T - H U1" avec |i = l / r e T I f f , l i : I — * UT I ^ - T et T, un co-m.a.g. sur C çngendré 

par (c'.rO : U' - •H F avec Jl* = U* e" F et tl' : T • UT*—» I . Alon aux morphismes 

(X, W — 2 _ (Y, yf) du co-m.a.g. T^ au m.a.g. T correspond un morphisme X : B.'—»Cr 

de C unique tel que (7) l ^ X = XU* et (8) • » Xl l ' .UTeT^F, demêmepour Y. et 

un 2-morphisme 5 : X — » Y de C unique tel que WU1" S = aV. Et dualement 

Démonstration. Il suffit d'appliquer E-M-M à la composition des morphismes ci-haut avec 

(U'. U'e') : l a — ^ T".. Q.ED. 

Dans le cas concret de CAT on obtient (10) X (C) » (XUXB'). («U'. TXlTeV) 

4. Grâce à ce théorème on obtient un 2-foncteur Rg : IMg(Q — • Ag(C) qtti prolonge 

R.a:M.a(C) — • A.2(C) et R?2: iM.2(C,)),—* A.2(C.» , de [B,l et à (X.*) ci-

haut associe (X. X), avec un 2-adjoint à gauche Sg : ce dernier prolonge lui aussi S.2 et S.2 

et fait correspondre au morphisme gauche (X, Z) le morphisme (X, X T|'. U e Z F) : 

T, —» T . ces deux derniers engendrés de façon habitueUe et dualement De plus. S g . Rg 

est l'identité sur Mg. 

L'unité de cette 2-adjonction est alora donnée par (I.K1) où KTifi—» £F provicntdu 

théorème "classique" d'Eilenberg-Moore pour m.a.g. (Théorème 25 de [BJ). On remarque 

encore une fois que S g ( I , D - ( L v ) : T — » T qui fournit la co-unité de cet» 2-adjoncti(ra si 

on choisit de définir S g comme ci-haut (c'est l'approche retenue dans [B,]). Dans ce cas, 

l'existence de Rg entraîne DgH Lg car il suffit de composer S.2 avec le 2-foncttur trivial dc 

C dans A.2 (C) ayant comme 2-adjoint à droite celui qui de (T), e) : F —i U ne conserve que 

Q et dualement Dans une 2-catégorie, on a dime équivalence entre le Théorème E-M-M, Dg H 

Lg ct SgH Rg. 
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5. On obtient les mêmes équivalences pour les 2-catégorie$ IM(C) des (co)-monades et A(C) 

des adjonctions, incluant les morphismes gauches, car elles sont contenues pleinement dans 

IWg(C) et Ag(C) respectivement, d'où DgH Lg entraîne D -i L . Le Théorème 

" E-M-M gauche" constitue alora dans le cas de CAT, avec X donné par (10), le 

théorème 6 de [M,]. 

Pour les (co)-monades (resp. à gauche) de degrés supérieurs de [M 2] on procède "mutatis 

mutandis" comme dans [B,] pour obtenir lWf(C) , (resp. IM,g(C)) . Ainsi, si T = 

(T, (i, n) est un monade (resp. à gauche) de degré n S 2 sur C. dans C avec \i : 

Tn—» T, 11 :1—»Tn-1 et T' = (T, il', i\') un co-monade (resp. à gauche) de degré 

^^-2 avec p.' : T » r"' .n" : T"' 1 —» I , alon (X, (t>) : f, * T est un 

morphisme de IM.(C) (resp. lWJg(C)) ssi (X.*):?.'—» T est dans Mg(C) où T = 

(Tn'1, ^ n'2,71) et T ' = (T""'"1 . \i' T-"'*2 ,71") . d e même pour les 2-morphismcs 

et dualement 

Le morphisme identité sur T, de degré n,dans M, (C) (resp. IM,g(C)) sera encore 

(I, v) avec v = |iT,"2.Tn-lîi et dualement. avec les 2-équivalences IWg(C)s IWig(C) 

et les 2-inclusions pleines évidentes, d'où ici aussi DgH Lg entraîne D,gH L,g et DtH L, . 

On appUque le théorème "E-M-M gauche" pour (co)-m.a.g. à T et T' avec F' = F T,•n••2 

comme dana [Bi] pour obtenir les "versions n-aires". La conjonction du Théotème E-M-M et 

de son coroUaire "gauche" ci-haut pour M .(CAT) constitue, avec les versions duales. le 

Théotème 2 de [Mj]. On fait de même pour A,(C) et Atg(C). La 2-adjonction S . H L, 

est mentionée pour CAT dans [M 2] bien qu'il n'est aucunement fait mention du fait que 

SJ(I>I) = (I.nT-2.Tn-1Ti). 
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6. Quant au cas minimal, ou "KleisU". U suffît de passer de C à C* obtenue en duaUsant la 

structure horizontale de C et dé considérer M<1(C) = (M|(C*))* laqueUe contient pleinement 

ceUe des monades à droite (on omet p.. tiT = Vp cette fois) (M.2(C*))* et des co-monades à 

droite (IM.2(Ct))* . On a alora LdH Dd : C —» Md(C) et RdH S d : A d ( C ) « 

(Ag(C*))*—* [Md(C). On obtient ainsi les résultats correspondants pour (co)-monades de 

degrés supérieurs et dans le cas particuUer de CAT, le Théorème 1 de [MJ. 

7. Soit T. a (T. jx', 7]') un co-monade et T > (T, (i, 7)) un monade sur Q dans CAT. 

Selon [E-M] on a une adjonction monadique ("adjoint triples"), notée ot : T H T, , ssi a : 

£{!( - ) , - ) = £ ( - . !"(-)) vérifie pour tout C et C de C: 

(nH TT) : £(C. r\'c). ctcc = C(TICC.) 

(\i H ^') : Oc,T(0 • Or{C).c • C(Hc • ^ = C(c« V-'c) • « c e 

Si Tf:!—> TT et ë : TT—» I sont respectivement l'unité et la counité de cette 

adjonction a : T H T , on notera aussi (ff , ë) : T'*H T l'adjonction monadique. Ainsi, une 

double adjonction FH U H R dans C engendre une telle adjonction numadique. 

Proposition: (rf.ë) : T H T. ssi ( ^ , ë ) : T . — > T e M (CAT) avec inverse (IQ.W)-

Démonstration, ë vérifie (l)ë.Ti T a î i ' ssi TIHII' et (2) ë . n T - ë . T ë T . T 2 ^ et 

dualement pour (Iç, Tf). D suffit alora de composer les deux. Q.EJ3. 

On peut donc définir une adjonction monadique dans une 2-catégorie quelconque C 

comme un isomorphisme de M(C) de la forme (^, ^) : T,—* T . 

D'où (rf, ë):T-tT, sera envoyé par R : W(C)—» A (C) dans un isomorphisme IQ: 

CT—» C1" "au-dessus de £", à condition que D : C —» iM(C) possède un 2-adjoint à 

gauche L . Dans le cas particulier de CAT. ïç est défini pour toute T-coalgèbre (A, a) par 
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ïc(A,a) = (A,T(A)JSîl+ T T ( A ) _ J A _ » A). La réciproque est toujours vraie grâce à S . 

De plus, si T = (T. (i, TI) est un monade sur C dans C quelconque avec une adjonction (rf . 

ë) : T H T . on obtient alore un co-monade T' = (T. Il', rf) où f\' est donné par (1) ci-haut 

eti i ' o T ^ ë . T ^ n T . T T f T T . T Î T , équivalent à (2) dans la Proposition précédente, 

d'où un isomorphisme (^. i ) : T', —» T de M (C ) . i.e. (rf. ë) : T H T, . On obtient 

ainsi pour CAT la Proposition 3.3 de [E - M]. équivalente au Théorème 5. page 137. de [B-W]. 

À noter que ces derniers ont omis les conditions TI H TI' et \i-t \i' dans leur définition mais 

comme Us ne s'intéressent qu'au cas d'une double adjonction cela ne fait aucune différence pour 

la suite. 
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A Remark on Harmonic Maps in 
three dimensional Minkowski Space 

Yunmei Chen and Jianmin Gao 

Presented by G.F.D.Duff, F.R.S.C. 

Abstract. The purpose of this paper is to extend Sideris's result of existence of har-

monic maps from four dimensional Minkowski to the three dimensional Minkowski space. 

Moreover, the maps are stiU a small perturbation of geodesies. 

1. Main Problem 

Shatah [SH] has constructed global weak solutions of the nonUnear sigma model in 

H1'2 lor arbitrary dimension. Moreover, for the case of maps from Minkowski space i l ' + 1 

to sphere 5 ' he has found an example of smooth symmetic initial data for which the 

corresponding solution develops singularities of the second order derivatives in finite time, 

showing that the large initial data may contribute to the formation of singularities. To 

avoid this situation, Sideris [SI] proved the existence of a global smooth solution from Rl+l 

into an n dimensional complete Riemannian manifold JV, as a perturbation of a special 

geodesic class of harmonic maps. GeometricaUy, the solution Ues in a smaU tubular region 

of a given geodesic on JV instead of a smaU ndghborhood of a point on JV (therefore, the 

initial data ia partly small). 

FormaUy, a harmonic map from the Minkowski spaoe R2+l into an n (Umensional 

complete Riemannian manifold (JV, h) is described as a critical point ( : R1+1 •-» JV of 

the energy integral 

(1.1) ^ = / R . ^ M 0 £ ^ x 
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where (gap) = diag(-l11,1) is the Lorentzian metric on R2+i. The corresponding Euler-
Lagrange equation for Ç takes the foUowing form 

C1-2) - ^ < + 7J t «) («Ç J ,Ôe')s=0 
w>tU (irj»(0) "« Christoffel symbols of /» on JV and 

{dèM^^g-'d^dpe =: QK',̂ ) 

Here we used the standard summation convention of repeated upper and lower values. 

Following (SI), we write the equation (1.2) in a convenient coordinate chart (u1,..^") 

(Fermi's chart) defined on a tubular neighborhood of a given geodesic T^1) 6 JV, with 

u1 g iî1 representing arc length on T. In this coordinate system, geodesies are straight 

lines, thus the Christoffel symbols vanish along T ,so, 

(1.4) ij^u1,0,..0) = 0, for all 1 < i,i,k <2 

We are searching for a global smooth solution u = (u1, ..,un) to the Cauchy problem 

(15) | ^ + 7 '* ( u ) 9 ( t t > ' "^ == ^ ( t 'X ) e ^ 
I u' = ^(x), dtn1 = g^x), t = 0, xfLR2 

iu a smaU ndghborhood of T, ie. û = (u3,.., u") is smaU. 

In the remainder of this section, we introduce notations and functional spaces related 

to solutions of the problem (1.5). Let x = (xo,*i,*s) = (*«) represent points in R2+t 

with xo = t acting as time variable and r = ^/x\ + xj . We first consider the following 

vector fields on R2+1 (see [KL1,2]) 

d 
(16) ^ J f a T ' ar = 0'1>2 ftia = *ift-xja,, 

Li = tdi + xidt, i = 1,2 L0 = tdt+x1di+ x^di 

These are Killing or conformai Killing vector fields and satisfy some commutation relations 

which can be outlined by 

(i-7) [r, r] = r, (a, r] = a 

i = l,..,n 
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where F as {d,ilii,Li,La) and the F ( or d ) on the right hand side stands for a Unear 

combination of F' s (or ff a). Moreover, by the conformai invariance of the wave equation, 

we know 

(1.8) (F, d] = c d 

for some c depending on T ( c = —2 if F = £o and c = 0 otherwise). We denote vector 

function u = («1,ua,..uB) by u s ^ . u ) , i.e., û = (ua,.-«n)i and for any norm | - | » w e 

set 

|û| = f>*l. luMuM + iai-
s 

It is a standard procedure to use F to define the generalized Sobolev norm (see (KL1,2]) 

IKOIll = ll«(0llf,m^ = E llr^Olll'dt') 
|«ISm 

(19) KOI = KOIr,».,» = E «̂(«OU-CRM 
MS"» 

IM«)ll = IK«)IU»(aM 
where 

T 

r ^ F - r - . T - ' , a = (aI,..,«T)6(JV+)T, la^X)0" 
i 

We use c > 0 to represent some generic constants which may depend on some other 

constants and functions. 

2. Main Result and A Priori Estimate 

Theorem. Let m > 4 be an integer, / ' .y* 6 C^{F?){i = l , .n ) and 

(2.1) A = 4Co(||/1||m+i + ll«7,||m) 

with some absolute constant Co > 1. Then, there exist sufficiently small constants «,* > 

0, depending oniy ou m, JV aud A, such that if 

(2.2) | | / |U + l + | | j l |m<« 
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the Cauchy probiem (1.5) has an unique giobai smooth solution u(t,x) = (u1(t,z),..un(t,x)) 

satisfying 

(2.3) IISu1^)|U < A, ||au(0||m<f, |K«,«)l|m+, < A(l-M)*. 

where 0 < a < 1/4 is same small number. 

Since (1.5) is semiUuear wave equation, we can prove existence of its local solution (iu 

time) by using the standard procedure(8ee, for example, [SI]). The proof of the theorem 

can be carried out in a standard procedure, for examplesee [KL1], if we can derive certain 

a priori estimate results. Before doing this, we define the folowing set of functions: Let 

integer m > 4. For T > 0,c> 0,0 < a < 1/4 and A defined in (2.1), let 

XA,.,T = { « M ) = («'.û)! \\dul{t)\\m < A, 

\mt)\\m < e, ||u(t)||B.+l < A(l + tr.O < t < T} 

Lemma 2.1. (A Priori Estimate). Tbere exist sufficiently small positive constants e, S , 

depending only on m and A such that if 

l|U(0)||m+l = Ij/jjm+I + lltfllm < 6 

and u € -XA,«,T is a solution of (1.5) over [0, J) for some T > 0, (hen 

« € XA/t,,/t,T-

The proof of lemma 2.1 is based on the following lemmas 2.2-2 A. 

Lemma 2.2. Let n > 2 and u 6 C0o(ii x Rn) satisfying u = 0 if \t\ - r < -0 for 

some 0>O. Then 

|u(t.x)| < c(l + ||t| - r|r*(l + |(| + O-^IKOII ,^ , , t > 0 

K«,*)l < c(l + ||(| - r|)l(l + |t| + r)-aTi||a«(t)|(I(B+1)/î, 
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By the property of finite speed of propagation of solutions of wave equation, we know 

that this lenuna can apply to the solution of problem (1.6). We notice that the quadratic 

function g(u, v) satisfies the 'NuU Condition^ which was proposd and used by Klainerman 

(see (KL2)) when n = 3 and has the following major property: 

Lemma 2.3. The quadratic fonn Q{u,v) satisfies the 'Null Condition', ie., for any 

integer fc > 0 

| r^M<7-rûh E (larulir'+'ui + iarMr+'ul) 

where jFuj is the absolute value of vector valued function Fu. 

Lemma 2.4. Let m > 0 be an integer and u = (uV.u") = («',«0 be a smooth map 

from R2+* to RT such (hat 

for all t > 0. Let also 7}» be smooth functions on Rn satisfying (1.4). Then, for alt 

(t,x) 6 R2+1, 

i r^H^xM^^E |r-ii(*,x)l+E lr,,ul^x)l 5D ir*fi(«.*)l) 
|o|<m |a|<m l<«l<l?l 

where c > 0 is a constant depending only on m,M, A and N . 

The proof of this result is simUar to that of lemma 2 of (SI]. 

The derivation of (2.3) will employ the invariance property (1.8) aud conserved quan-

tities of the wave equation In fact, time translation of R2 is generated by d, and the 

conservation quantity assodated with it is the conservation of energy: 

|iau(f)l| = |iau(0)|| 
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for the solution of homogenous wave equation. Moreover, the motions generated by the 

operator 
Kl=(l + t2 + \x\2)at + 2txiai + t 

is inversions together with appropriate scaliugs aud wiU leave the quadratic quantity 

*•(«)(<)= / (Ul+t' + UDlduf+ltxidtudiU + tudtu-lu2) 
JR* 2 ^ 

invariant. This cau be seen from the identity: 

^ (u ) ( t ) = jfi>(^,ttpu = 0 

for solutions of the homogenous wave equation. It can be eaaily shown that K{u){t) is 

equivalent to ||u(t)||J : 

(2.4) Co-MKOHJL+i < E ^ ( r * u ) ( 0 ^ Col|u(*)||!L+1 
|a|<m 
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Fourier coefficients of modular forms 
over arithmetic progressions. I 

Robert A. Smith* f 
Presented by M.R. Murty, F.ILS.C. 

Abstract Let / be a modular form for Fo(N) of integral weight r. 
For any integers t and fc with fc > 1, let A/(x; £, fc) — J) 0»» 

n<»in B Ixaai h 
where an is the nth Fourier coeffident of / . If / is not a cusp form, 
then Af{x; £, fc) has an asymptotic expansion as x -» oo which holds 
unifonnly in £ aad * in the range fc < x " / ^ » if (fc,£N) = 1. If / is 
a cusp form, then A/(z; (, fc) = 0(ir/1-,/,d(fc)log4fcx) holds unifonnly 
in t and fc as x -» oo provided fc < x i and (fc,lJV) = 1. where the 
impUed constant in the O-symbol is independent of £, fc and x, and d(fc) 
is the ordinary divisor function. 

1. Introduction. Let V be the space of holomorphic functions / on the upper half-plane 
H which are holomorphic at ioo in the sense that / has a Fourier expansion of the form 
( 2 eH) 

f{z) = ^ a n e " * " with an = 0(ne) as n - • oo (1) 
n>0 

where c > 0 is a constant depending only on / ; we call On the n'h Fourier coeffident of / . 
For each x > 1 and / € V, define 

Af{x',e,k) = E «n ^ 
nStsaoAh 

where i and fc are integers with fc > 1. A dmple calculation shows that (1) impUes 
that Af(x;i,k) « fc-'x*-4"1 + Xe holds uniformly in i and fc as x -» oo, where < is the 
Vinogradov notation, i.e., / < y iff / = 0{g). (We remark that throughout this paper, the 
constants inherent in all O-terms are independent of the parameters £,k,q,y and x; these 

* AMS (MOS) subject eUasifleation (1970). Primary I0DIB; secondary 10H3S. Key words and 
phrases. Modular forms; cusp forms; functional equations; average order of arithmetic functions; arithmetic 
progressions. 

f Obiit 1983. This paper written in 1979 ia now published in two parts by permission of Mrs. Kartn 
Smith 
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remarks apply equaUy weU to the Vinogradov notation <.) In this paper, we wiU impose 
additional restrictions on / to ensure tbat more precise information can be obtained about 
Af{x;l,k) as x -• oo. Indeed, we wiU show that if / is a modular form for ro(JV) (the 
congruence subgroup of 5Lj(Z) of upper triangular matrices mod JV) of integral weight 
r > 3, then there exists a simple arithmetic function if/(£, fc), depending only on £, fc and 
/ , such that 

A/(x;£,fc) = lï/(£,fc)xp + 0((£,fc),/(ar+I>x-,+1/<ar+1)d(fc)) (3) 

holds unifonnly in £ and fc as x -• oo provided that k{e,k)1H2r+1) < x2r^2r+l) and 
(fc,N) = 1, where (£,fc) denotes the greatest common divisor of £ and fc, and d(k) is the 
ordinary divisor function. 

On the other hand, if / is a cusp form, then J7/(£, fc) is identically zero so that 
(3) provides only an upper bound for A/(x;£,fc); moreover, Rankin [13] in 1940 proved 
that Af{x) < xrti~1,w for cusp forms, a much stronger result than (3) provides; here 
Af{x) = A/(x; 1,1). Recently, Rankin remarked that (cf. (14], p. 133) this result can 
be improved to A/(x) < xr/ ,- ,/*+* by an argument of Walfisz [18] together with the 
Ramanujan-Petersson conjecture which was established in 1974 by DeUgne (cf. [3], (4]). 
In this paper, we will show that Theorem 1 of Smith (17], together with Deligne's result, 
implies that 

A,{x,e,k) < (£,fc),/,d(*)xr/a-,/9log4fcx (4) 

holds unifonnly in £ and fc as x -• oo provided that fc(£, fc)1/* < x2'* and (fc, JV) = 1. 

2. Some Preliminaries. Since G = GLj^R) acts on H by biUnear action, i.e. oz = fj^j 
for o = ("J) € G and z = i + ty 6 H, then for each positive integer r, we define an r-action 
of G on V by {f\[o\r){z) = {deto)r/2j{a,x)-rf{<Tz) where j{o,z) = cz + d. A simple 
calculation shows that (/IHrJIHr = /l[<yr]P for aU ir,r 6 G. For each A > 0, define a 
MeUiu transform on V by 

Mxf{s) = j " f'{ix-h)y'-1dy (5) 

where /"(z) = f{z) - /(ioo) (note that /(ioo) is just the Oih Fourier coefficient of / ) . 
Clearly, (1) impUes that /"(z) = Ofa-'"1) uniformly in x as y -• 0+ so that the integral in 
(5) converges absolutdy and locaUy uniformly in the half-plane Re{s) > c +1, i.e., Mxf is 
holomorphic in this half-plane. A straightforward calculation shows that for Re{a) > c +1 
(cf. Ogg (11], 1-5) 

Mxf{s) = (^j" T{s)Lf{s) (6) 
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where Lf is the Dirichlet series associated with / defined by 

L,{s) = Ea"n" ' - W 

We observe that by (1), the series in (7) converges absolutely and locaUy uniformly in the 
half-plane Re{s) > c -I-1 and so represents a holomorphic fimction there. By the following 
well-known result of Hecke [7], we can provide a meromorphic continuation of £ / to the 
entire complex plane for a dass of / € V (cf. Ogg [11], Theorem 1). 

Lemma. For any f.g €V, tbe following are equivalent: 

(A; / = irg\[Hx]r with ** = ( J "o1 ) € G; 
(B) Mxf can be meromoiphically continued to (he entire complex plane such (hat 
Mxf{s) + ^ p ^ + ^ ^ is an entire function which is bounded in every vertical strip 
and satisfies the functional equation M\f{s) = M\g{r — s). 

Consequently, for any / € V satisfying condition (A) for some g G V, Theorem 4.1 
of Chandrasekharan and Narasimhan [2] gives a result Uke (3) with £ = fc = 1. In order 
to attempt to estabUsh (3) for arbitrary £ and fc using similar ideas, we first replace the 
congruence condition in (2) by a character sum. For any integers p and q with 9 > 1, we 
say that 

a, = e,(p) (8) 

is an additive character mod q, where u>(n) = eq{p){n) = e2w*Bp/'; in case (p, q) = 1, 
we say that u is primitive with conductor q. By a weU-known result in number theory (cf. 
Hardy and Wright (6], p. 234, equation (16.2.3)), it foUows that (2) can be rewritten as 

A/(x;£.fc) = I E E , W ( - ^ / ( X ' W ) (9) 
q\k umodq 

where the inner sum in (9) is taken over aU primitive additive characters mod 9, and 

A/{X,U)) = E n < . anU'(n)-

For any / € V with a Fourier expansion given by (1), and for any additive character 
u> mod q, we define 

fM) = Eo-w('0e , , r i , ,^ (10) 
•>>• 

which clearly is equivalent to 

/-(*) = fi'+ P/q) (") 
if w is given by (8). Thus, (6) and (10) imply that Mxfu{s) = (^\ T{s)Lt{s,w) 
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where 
M«.w) = Ea»u,(, ,) ,rv ( l2) 

If it were possible to prove that for each u.fu satisfies (A) for some "nice'' gu 6 V, then 
a result Uke (3) would in prindple follow by Theorem 1 of Smith [17]. Since we don't 
know how to construct such a 9" in general, we shaU restrict our attention in this paper 
lo the subspace M(N,r,e) at V introduced by Hecke consisting of modular forms / for 
the congruence group ro(JV) of wdght r > 1 with a Dirichlet character e mod N. For 
the convenience of the reader, we recaU that / 6 M{N,r,e) means that in addition to 
/ 6 V, /l(«r]r = e{d)f foraU<r=r* ^ j e FofN) and / is holomorphic at each cusp of 
ro(JV). FWthermore, let S{N.r,e) denote the subspace of cusp forms of M{N,r,e), i.e., 
/ € 5(N,r,c) if and only if / vanishes at aU the cusps of ro(JV). We shaU also assume 
that c ( - l ) = ( - l ) r since otherwise, Jlf(JV,r,e) = (0). 

For any N > 1, let Xs denote the coUection of primitive additive characters whose 
conductors are relativdy prime to N. For any integers p and q with 9 > 1, let p be 
an integer satisfying the congruence pp = Imod 9. For each w = e,(p) G XN, define 
u,'=e,(-?JV). 

3. The Functional Equation for Lf{s,u). For any N > 1, the map a •-. HNoH^1 

defines an automorphism of FofN) with HN = i p/ ~Q )• Consequently, the map / •-• 
f\[HN]r defines a Unear isomorphism of Jlf (N, r, c) onto Af (JV, r,£). hi particular, for each 
/ € M{N,rte), there exists a unique / 6 M{N,r,£) such that 

/ = r/ | ( /fN]r . (13) 

Theorem 1. For each / € M{N,r,e), then 

U = eW/. ' l I^Nlr (14) 

for all u £ XN, wbere q is the conductor of w. 

Proof. For each primitive w = e9(p) € XN, we associate a pair of non-singular integral 
matrices defined by 

« = «- = ( ; ; ) ds) 
and 

(1«) ' - ' --(cW) 
where c and d are integers defined by 

cpN+dq = 1. (17) 
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From (11), (15) and (16), together with the fact that / g M(N,r,e), it follows that 

/« = / N r = e(q)f\[po\r. (18) 

Using the functional equation of / given by (13), we see that (18) can be rewritten as 

/ « = e{q)irf\\HNPo]r. (19) 

A matrix calculation shows that HNPO = q~la'H9»N where o ' = { « _ )• Since 
the action of scalar matrices is trivial on V, we see that (14) follows immediately from 
(19) where u' is the primitive character modq associated with the matrix a', i.e., u' = 
eq{—c) = eç(-pJV) in view of (17), which completes the proof of Theorem 1. 

By Lemma 1, we immediately have the foUowing consequence of Theorem 1. 

Theorem 2. For each / 6 M{N,r,e) and to 6 XN with conductor q,MqtNfu c a n be 
meromorphically continued lo the entire complex plane. Furthermore, Af,«jv/w(s)+^7S^+ 
'WJ/iJ00) j S a,, eiitire function which is bounded in every vertical strip and satisfies the 
functional equation ilf9ajv/w(s) = e(q)Mq> Nfu<{r — s). Moreover, Lf {a, u) is holomorphic 
everywhere except possibly for a simple pole (which exists iff /(ioo) 5̂  0) at â = r with 
residue 

res Lf{a,u)) = £{q)q~'' res L/is). 

Remarks. For each Dirichlet character y mod 9, define L/(s ,x) as in (12). Furthermore, 
let x(w) = ^(p) for eadi additive character w = e,(p)mod q. From the identity 

W{x)L,{s,x) = E*^ w ) L / (« .w) , (/eM(JV,r,£)) (20) 
1* nod 9 

where W{\) is the Gaussian sum defined by W{x) = Swmod^ X(w)w(l), we can trivially 
deduce a theorem of Weil [20] for Lf{3, x) analogous to Theorem 2 given above. Moreover, 
in [20], Weil establishes a criterion for / 6 V to be in Jlf(JV,r,c) iu terms of certain 
analytic properties of the Dirichlet series Lf{s, x). We remark that a similar criterion can 
be obtained using additive characters; such a result is implicit in Razar [15]. Indeed, these 
results are quite easy to obtain and provide a transparent proof of Weil's criterion with 
multiplicative characters in view of (20). We shall leave the details to the interested reader. 
4. The Order of i4/(i;£,fc). In order to efficiently determine the order of A/(x;£,fc) 
as x - • 00 (uniformly in £ and fc in some sense) for / € M(JV,r,c), we use Smith's [17] 
adaptation of Theorem 4.1 of Chandrasekharan and Narasimhan |2j which enables one to 
determine the average order of a class of arithmetic functions when averaged over certain 
arithmetic progressions. In view of Theorem 2 given above. Theorem 1 of [17] implies 
the existence of a positive integer p and numbers 0 < (1 < ( < /> such that for arbitrary 
integers £ and fc with fc > 1 and (fc, JV) = 1, then 
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A/(x;£,fc)= Q/(x;£,fc)+^Q'/(x-|-6v;£,fc) + 0( ^ |nB|)+ (21) 
m<n<m+py 
netetodt 

+ 0 ( i E A ( 9 ) r . ? a ? I * ( n ^ i « ) l F{xy-2X{q)-2)x-iyr+h 
k q\k 1 S , , S • 

for aU x > 1 and 0 < y < x with X{q) = -Jfc, where 

QtMk) = iri Jei'Lf{s'Xk)da (22) 

and 
Lf{s.e,k) = E a»n"'' (23) 

f»>i 

nnfmnil It 
C bdng a cycle endosing aU the singularities of the integrand in (22). Furthermore, 
Ii{nN,t;q) is the Kloosterman sum defined by 

K{nN,e;q) = ^ « « ( - ^ ' ( n ) 
wnodt 

aud F is any continuous fonction satisfying, certain technical conditions automaticaUy 
satisfied in the special conditions considered in this paper, such that 

E 1̂ 1 < F(x) (24) 
n<a 

for i > 1 where {&„} are the Fourier coeffidents of / (cf. (13)). FinaUy, the dash on Q'f 

iu (21) denotes differentiation with respect to x. By Petersson [11] (or Lehner [9], p. 298), 
we know that 

an,in = 0(nr~1) as n-> oo (25) 

for r > 3. Consequently, we may take F above to be F(x) = xr for x > 1. From the 
estimate of Hooley [8] for the Kloosterman sum \K{nN,t;q)\ < qH(,q)id{q) (whidi 
incidentally depends on the estimate of Wdl [19] for q a prime), it foUows that the second 
O-term in (21) is 

< rE«r+t^«>*<'(«>to'",)r"* < ie,k)U{k){kxy-1Y-i 
«I* 

Also, (25) implies that the first O-term in (21) is 

"A 
since £A<n<A+B 1 < B +1 for B > 0. (Continued in Part U.) 

<x-, E 1 < ^ ' ' ( r + i) (26) 
•<»<•+« 
nabooilt 
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Fourier coeffidenta of modular forma 
over ar i thmet ic progressions. I I . 

Robert A. Smith) 
Presented by J.B. FViedlander, F.R.S.C. 

Abstract . This paper completea the proof of the main theorem stated in Part I and 
gives an estimate for cusp forms. 

1. To estimate A/(zl£,fc) in [21] of Part I we must determine Qf{x;i, fc). Uaing the 
same idea that led to the decompodtion in (9), we immediately o b t d n the identity (cf. 
(12) and (23)) 

L/M.*) = j fE £•«(-*),L/O-.f). (27) 
q\h umodq 

from which we may condude that L/(s; I, fc) is holomorphic everywhere except possibly for 
a simple pole at a = r by Theorem 2. Hence, by (22), (27) and the last part of Theorem 
2, we have 

Q,{x,e,k) = if{e,k)t^rLf{s)xr + L{0;e,k) (28) 

where 
*/(^) = r,£ie{q)q-'cq{e) (29) 

«I* 
with 

c,{i) = E • u,(-o. 
umod q 

the Ramanujan sum. By (27), together with the fonctiond equation of I>/(s,w) given in 
Theorem 2, we have 

L,{0;e,k) < ^ p , . (30) 

aud since |c,(f )| < q, (29) impUes that $ / (€, fc) < J for r > 3. Substituting these results 
into (21) gives 

At{x,e,k)-*f{e,k)mLf{s)xr < k-'yx'-1 +x'-1 +{e,k)>d{k){kxy-1)r-i. 

By taking y = fc((£,fc)x]1/<ap+,), we obtdn 

\ Obiit 1983. This paper written in 1076 ia now pubtiahed in two parts by permission of Mrs. Ksrin 
Smith 
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Theorem 3 . If / e M{N,r,£) witb r > 3, then 

Afc-Xk) = *,(tk)v<*rLf{s)x' + 0((,k)lH2'+Ml')xr-i+l"2r")) 

holds uniformly in e,k aud x > 1 provided (k,N) = 1 and fc(<,,fc),/«2r+1> < x ^ / ( î ' + , ) . 

FWtherniore, */(<",*:) is defined by (29) which i/(£,fc) = 1 taices the form 

*/(^fc) = r I f t 1 - £(p)p"r) (p = Prime)-
Pl» 

We observe that a similar result holds for r = 1 and r = 2. Indeed, by Petersson 

(11), (25) still holds for r = 1, while for r = 2, (25) must be replaced by a n , 6 n = 

O(nlogn) as « -» oo, from which the corresponding theorem may easily be obtdned. 

We omit the detdls . 
As a simple application of Theorem 3, we may deduce a specid case of a result 

obtdned by Smith (17) using different methods. Indeed, let Q be a positive definite integral 
quadratic form of levd Af in 2r variables. If f = $q denotes the theta function of Q, 
then / 6 M{N,r,e) where e{q) = {i=îfR) is the Kronecker symbol and D denotes the 
discriminant of Q. Furthermore, / satisfies (13) with / = D-iNr'20Q- where Q* denotes 
the adjoint form of Q. (For detdls, see Schoeneberg [16] or Ogg [11]). Since the n t h Fourier 
roefficient of / is rQ)(n), the number of representations of n by the form Q, Theorem 3 
implies the following 

Corollary. Using the above notation (with r > 3 then 

X) '«('O = ArQ(£,fc)xr + 0((£,fc),/ ( ,p+1)d{fc)x-1+,/ (2r+ , )) 

n={mod k 

holds uniformly in £,fc and x > 1 provided (fc,iV) = 1 and k^ky'V'+V < ^ / ( J r + i ) 
where NQ{t,k) is an arithmetic function depending only on t,k and Q (cf. Smith (17] for 

an arithmetic interpretation of Nqtf, fc)). 

The remdnder of thi.s paper will be devoted to establishing (4) for cusp forms / in 
S(iV,r,e). Recall that in this situation, L/{s) is holomorphic at a = r so that by Tbeonnn 
3, we only ob tdn an upper bound for A/(x;£,fc) which we know is extremely poor (cf. 
(4)). Before we can establish (4), we shall require some additiond preparation. 

In (1), Atkin and Lehner construct a basis for the (finite dimensiond) vector space 
5(iV,r , l ) consisting of newforms of level N together with oldforms whidi are induced 
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from newforms of lower levels (cf. (1), Theorem 5); a similar result has been obtdned for 
S{N,r,e) by Li [10] (cf. p. 294) where e is any Dirichlet character mod AT. Pldnly, to 
estabUsh (4), it suffices to assume that / is a normaUzed newform of level N (normaUzed 
means ai = 1; see Theorem 2 of [10]). One of the fundamentd properties of a newform of 
levd N is that it is an eigenform for aU the Hecke operators T, with p f AT while for p\N, 
it is an eigenform for the Atkin and Lehner operator U,, where p is a prime. FVom these 
facts, we may derive the following properties of the Fourier coeffidenta of a normaUzed 
newform / € S{N,r,e) (cf. Atkin and Lehner [1], Theorem 3, and Li [10], Theorem 3). 

Lemma 2. Suppose / 6 S{N, r, e) fa a normalized newform. Then the Fourier coeffideuts 
{a(n)} off satisfy tbe following properties 2 

(i) If p is a prime not dividing N, then 

c(p)pr",a(n/p) + a(np) = a(p)a(n) for aU n > 1. 

(ii) H p is a prime dividing A ,̂ then 

a(np) = a(n)a(p) for d l n > 1 and |a(p)| < p ' - W . 

(In (i), we define a(x) = 0 if x is not an integer.) 
Thus, (ii) impUes that 

|«(p™)| < p">(-')/» ( m > i ) (31) 

for dl primes p dividing N. The andogue of (31) for primes p not dividing Â  (with m = 1) 
is the Ramanujan-Petersson conjecture, which asserts that 

Kp)] < 2p<'-1)/1 • (p f AT) (32) 

This conjecture has been estabUshed by DeUgne for r > 2 (cf. [3], [4]) and by DeUgne and 
Serre for r = 1 (cf. [5]), the proof of (32) depending upon DeUgne's proof of the Riemann 
Hypothesis associated with the Weil conjectures. In order to obtdn the andogue of (31) 
for prime powers witb p not dividing N, we first observe that Lemma 2(ii) impUes that 
x m = a(pm) satisfies 

* m + J - « ( p ) x « + i + e ( p ) p r " , * m = 0 (33) 

For convenience, we shall sometimes write a(n) instead of On. 
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for dl in > 0. Clearly, the characteristic polynomid of the second order linear recursive 
equation in (33) is x2 - a{p)X + e{p)^~x. Since the Ramanujan-Petersson conjecture is 
equivdent to the characteristic roots of 

X2-q,a[jp)X-l-pr-x (34) 

bdng conjugate where i>* = c(p) with i;pa(p) red (cf. Ogg (11), IV-29), it foUows that the 
solutions of (33) are given by 

xra = p ^ - . ) / , n . s i n ( m + l)gp ( 3 5 ) 
r sinVp 

where pC'-WV» is a root of (34) with 9f red. Tims, (35) impUes that 

Kpm)l < (m + l ) ? ^ - » / » (36) 

for dl m > 1. Since the Fourier coeffidents of / are multiplicative, (31) aud (36) imply 
tbat 

[o(n)| < nt'-WdC») foraU n > 1. 

In order to derive (4) from (21), we must apply (37) twice, once for each of the O-terms 
in (21). Therefore, the first O-term in (21) is 

< ,('-»/» ^ d(„). (38) 
»<n<»+P» 
nSODedA 

Unfortunately, we are unable to use the simple minded approach to estimate the sum in 
(38) that we used in (26) to estabUsh Theorem 3. To ded with the sum in (38), we need 
another lemma. We note that a similar result has been obtdned by Hooley [8], though his 
error term is somewhat different from ours. 

Lemma 3. For any x > 1, 

5 ^ d(n) = .ff(^fc)xlogx + A^,fc)x + 0(<,fc)*xid(fc)log4fcx) 

nsAnod h 

holds uniformly in f and fc provided fc(<,fc)» < x*, where H{i,k) and K{i,k) are certain 
arithmetic functions (for precise definitions, see (8j) whidi satisfy 

H{e,k) < ^ and K(e,k) < ^log4fc. 

Proof. For Re{s) > 1, define 
Di») = 5>(n)n-. 

n>I 
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For any primitive additive character w modq, D{s,u) has a meromorphic continuation 
into the entire complex plane and satisfies the functiond equation (cf. Hooley (8), Lemma 

where W± = \{u>' ± û>') (with AT = 1) and A(s;9) = (»/«)-^(»/2) , . Hence, we may 
apply (21) in this case with r = 1 (cf. Smith [17]; dso see remark 3 in section 2). The 
remdnder of the proof is now omitted as it dosdy pardlds the above proof of Theorem 3 
(d. Hooley [8] for détails regarding the mdn terms). 

We can now establish (4) for any r > 1. 

Theorem 4. If / € S{N,r,e), then 

Af{x,e,k) < («,fc)*d(fc)xr/J-*log4fcx 
holds uniformly in £,fc andx > 1 for (fc, AT) = 1 provided k{e,k)i < xl. 
Proof. Since / is a cusp form, I/(a) is holomorphic at s = r so that by (28) and (30), 
we have Q/(x;<,fc) < d(fc)/fc. By (38) and Lemma 3, we find that the first O-term 
in (21) is < fc-,yx<,-1>/*d(fc)log4fcx. FinaUy, we must estimate the second O-term in 
(21), i.e., we must obtdn an upper bound for the sum in (24). Since S(N,r,e) has a 
basis consisting of newforms of levd N together with oldforms which are induced from 
newfonus of lower levels, it foUows by (37) that the Fourier coefficients {6„} of / satisfy 
6n < n ^ - ^ M n ) from wluch we immediatdy obtdn i ;„<,6B < x ' r +W,logx. By 
taking F{x) = i ( r + , ' / a logx, the second O-term in (21) is 

< (fc(€,fc)l*d(fc)xr/ay-t log(xv-2fcJ). 

Combining these results with (21) completes the proof of Theorem 4 if we choose y = 

k[(i,k)x\i. 
As a find remark, we note that Walfisz [18] proved that (this can dso be derived from 

Theorem 3.2 of Chandrasekharan and Narasimhan [2]) 

A,(x) = fitx^-i). 

Consequently, Theorem 4 is qdte close to the best possible result, at least for f = fc = 1. 
Perhaps some of the spedd techniques in andytic number theory can be brought to bear on 
the problem of dther further reducing the exponent on x in Theorem 4 or of increasing the 
range of udformity in fc. Progress in either problem wodd have interesting appUcations. 
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Remarks on the preceding paper by R.A. Smith 

M.R. Murty, F.R.S.C. 

The paper (8) was written in 1979 and since that time many fundamentd developments 
have taken place. The two mdn results of (8) are striking for various reasons. The uniform 
error term for the summatory function of Fourier coeffidents of cusp forms in Theorem 4 
is not surprising, and certainly it was known to the experts that one can expect uniformity 
for fc < x ï for aU automorphic forms of G L S ( A Q ) . However, that one can expect a larger 
range of uniformity for non-cusp forms, and that thia range increaaea with the weight of 
the modular form comes as a surprise. Indeed, we have been led to beUeve that in the 
spirit of the Langlands phUosophy normalization should not affect any result otherwise 
obtdned by not normalizing. Theorem 3 of [8] is a counterexample to such a belief. 

Since 1979, we know more about L-functions attached to symmetric powers of auto-
morphic representations of G L ] ( A Q ) . In feet, from the work of Shahidi (7) and Rankin [6] 
we know that 

A^x) < x 5 - i ( l o g x ) - 4 + ' 

with (5 = (8 - 3 N / 5 ) / 1 0 = 0.065153... and that in the notation of [8], 

x(r+i) /a 

If this result is used, we can increase the range of vdidity of Theorem 4 in [8] to 

k(e,k)i < x i ( l o g x ) i + 4 . 

The exponent l | ' has come to play a prominent role in andytic number theory. In 
this connection, there is a result of Fouvry [2]: if d(n) denotes the usud divisor function, 
for any e > 0, there exists c = c(e) > 0 such that 

{ j , o ) = l » < • ^ ' 9 ' n < » 
, < , » - • n3o(modij) (••/«)=> 

uniformly for 0 < |o| < exp(c(logx)»). The e appearing in the above estimate can perhaps 
be replaced by a power of a logarithm. By Smith [8], we know the result above is vdid 
for ç < xi-' because d(n) can (almost) be identified with the Fourier coeffident of an 
Eisenstein series of wdght 2. Moreover, the above result, without the constrdnt q $. 
[ x s - ' , x i + * l , représente a result of EUiott-Hdberstam type, and is a major conjecture in 
andytic number theory with serious implications. In fact, if d(n) is replaced by A(n) whidi 
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is the classicd von Mangoldt function, then the andogue of (1) without the constrdnt on 
q is the famous conjecture of EUiott and Hdberstam. Only recently, Bombieri, Friedlander 
and Iwaniec [1] managed to make progress towards the EUiott-Hdberstam conjecture by 
extending the range of the celebrated Bombieri-Vinogradov Theorem sUghtly beyond the 
exponent J. In a paper of Fouvry [3], it is shown that d(n) and the higher divisor fimctions 
d»(n) are not unrelated to A(n) and that uniform results on 

£ dk{n) 
•s» 

• ••(a»S «) 
and certdn aUied sums implies a version of the EUiott-Hdberstam conjecture which goes 
beyond the exponent \. In this context, the results of FViedlander and Iwaniec [4,5] 
represent major advances towards the conjecture. 

These remarks are intended to ampUfy the results of [8] within tlie modem context. 
It is likely that the methods of [8] are appUcable for coeffidents of Dirichlet series attached 
to automorphic representation of higher G.L„(AQ). 
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EXISTENCE D'UN POINT D'EQUILIBRE FORT 

par Verguil DINOVSKY 

PiiAuitad by P. Ribenboun, F.R.S.C. 
Dans le présent travail on obtient des condlUons 

suffisantes pour le point d'équiUbre fort et on précise son 
ezistence dans une stratégie mlste. 

ijQaadttteQS suffisantes 
Considérons le Jeu sans alliance à deux joueurs. 

< X I . X ^ U C X . A ) ) 1=1.2 > U) 

où Xi e comp Rmi l'ensemble des stratégies Zi du premier 
Joueur, la stratégie du second joueur Xs € X2 e comp Rm2 ; 
fj iztXî) est la foncuon de gam. Qn suppose que fj Ui^J 
est continue sur Xix X2 
La situation i*=(x|. xî) eXixXz du JeuU ) d'équiUbre fort 
d'aprèsd 1 ,p.961 etl3l) nous allons définir par les inégaUtés 

fi(x;A)ifi(x;,x2*). vx2€X2 
f2(xi^)sf2(x;/x;) , vxicXi 

Solt la f oncUon 
^x.y)= f|(xi. yz) + Iziyu X2) - f|(xi. X2) - f2(xi/ X2) (3) 
oû y=(y ,,y2) s Xix X2, et le jeu de deus personnes à somme 
nuue< XX^( x . y ) > avec X = Y=X|xX2. (4) 

Affirmation Si ( x* .y* ) représente un polnt-seUe 
du jeu (4) s'est -à-dire 

• (x*.y)st(x*.y*)i • ( x . y * ) .VxeX.yeY (5) 
alore x* = (x*. xî ) est le point d'équiUbre fort. 

Démonstration 
Si dans (3) nous posons x=y* alors de (5) et (3) onobUent 

f i( xf.yz* f2 (yi. x: ) - f i(x;, xj) - f2 (x;. x;) s O (6) 
quelque soit yz e X2 et y 1 € Xi 

Si dans (6) nous posons y^ xj. el y2 = xj nous 
obtenons respectivement lesinégaUlés(2) 
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!i Existence L'Extension mixte du jeu (1) se present par 
< {^KlUjI .F(I I , . I I 2 )> 

où ( 14 ) est l'ensemble des mesures de probabUité sur le 
compacts Xi, et l'espérance mathémauque de la fonction de 
gam du i-éme Joueur est : 

Fi( u,. i^) = J tfct&) Mdx,) MfdXj) (1= 1.2) 
X1XX2 

U situation |i*= ( u*i. 11*2 ) € f u U x {w ) du jeu (7) 
d'équiUbre fort est définie par les inégaUtés 

FiU*i.ii2)2îFi(u*i.ji»2) Vmeliii) 
F2(ll|.|l*2)sF2(|l»l,|l,2) Vw€{w) (6) 

Théorème Dans le jeu (7 ) U existe une situation 
d'équiUbre fort. 

La démonstraUon se divise en deux étapes. Tout 
d'abord analogiquement à ce qu'on a démontré dans 
l'affirmation nous obtenons que la première composante 
li * = ( Mi *. w* ) du point-selle (u*,v*) de la foncUon 

HK n, v ) = Fi (m, vz ) + Fz ( vijiz ) - Fi( nuis) -Fz (m,«) 
vérifie l'inégaUlé (6) 

En deuxième étape à l'aide du théorème I 2 , p 333 i on 
obUent l'existence du point-seUe de la fonction. 

Conclusion 11 y a des exemples où l'équlUbre fort dans 
les stratégies pures du jeu (1) n'existe pas . D'après le 
théorème conddéré dans les stratégies mixtes, la situation 
d'équiUbre fort existe. A l'aide de i'afflrmaUon considérée, on 
peut obtenir parfois cette situaUon en forme espUdle. 
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UNE CARACTERISATION DES CARACTERES 
DANS LES ALGEBRES NORMEES NON COMPLETES 

Par A.BEDDAA 

Piuented by P. BanmchmtlU, F.R.S.C. 

ABSTRACT : We give a characterization of multiplicative linear 
lunclionals in normed Q-algebras. Some consequences ore obtained. 

INTRODUCTION - Dans |2|, J.P.Kahane et W.Zelazko ont montré que si A est 
une algèbre de Banach complexe commutative et unitaire, alors toute 
forme linéaire f vérifiant la propriété : 

( 1 ) f (x) s Spx, pour tout x a A 
9St en fait un caractère Ceci a été généralisé par W.Zelazko au cas non 
commutatif I4|. Ce dernier a aussi montré que le résultat reste vrai dans 
les algèbres localement multiplicativement convexes (a.l.m.c) complètes 
si on suppose )a continuité de la forme Hénaire f (5). 

Le but de ce travail est d'étendre ce résultat aux algèbres normées 
non complètes qui sont des Q-algèbres i.e dont l'ensemble des éléments 
inversibles est ouvert, la démonstration est basée sur le fait que dans les 
algèbres de Banach la fonction multivoque x«-> spx est semi-continue 
supérieurement (U . On obtient alors que, plus généralement. le résultat 
est vrai dans toute algèbre complexe commutative vérifiant les deux 
conditions suivantes : 

(i) Le spectre de tout élément est borné. 
(ii) Pour tout élément x. Spx = (X(x)Aa M*) où M» désigne l'ensemble 

des caractères non nuls. 
Enfin , signalons que ce résultat s'étend à des algèbres topologiques à 

savoir les algèbres multiplicativement convexes (a.l.m.c.) ou même les 
algèbres localement A-convexes (a.l.A-convexes) qui sont des Q-algèbres. 

Dans tout ce qui suit les algèbres considérées sont complexes et 
unitaires. 

Nous nous intéressons d'abord aux algèbres normées. 
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THEOREME 1 Soient (A.H . Il) une algèbre normée qui est une Q-alqèbre el 
f une forme linéaire sur A vérifiant : 

( I ) f (x) s Spx , pour tout x s A 
Alors f est un caractère de A. 

PREUVE • Soit B la complétée de A. Puisque ( i ) est vérifiée et A est une 
Q-algèbre , f est nécessairement continue. Donc f se prolonge en une forme 
linéaire continue fsur B. Nous allons montrer que ~M a S|%x pour tout 
x e B. Soit x e B. II existe une suite (x,,)^, d'éléments de A qui converge 
vers x dans B Comme f est continue, (f (x,,)),, converge vers f(x) dans C. Solt 
un voisinage fermé V de 0 dans C. II existe un voisinage ouvert U de 0 
contenu dans V. L'application multivoque définie sur B qui à tout élément 
de B fait correspondre son spectre est semi-continue supérieurement II]. 
Donc pour l'ouvert U * SpBx, il existe rt > 0 tel que : 

Hy - ;<ll < a ^ Sppg c U+SppX. 

El comme la suite (xn;n converge vers x, i l existe un entier N e N tel que : 

SpBxn c U+SppX, pour tout n i N 

Hais, d après (31, A est pleine dans sa complétée, donc SpAx = SpgX, pour 
tout x a A En particulier Sp^x,, = Sp^,, pour tout n. Or par hypothèse nous 
avons Kx,,) a SpAxn. pour tout n. D'où f (s^) a U*S|%x c V+SppX. pour tout 
n > N En passant ô la limite, on obtient T(x) « V^Sp^x = V • Si^x. car V est 
fermé et Sp̂ x est compact. Comme le voisinage V est arbitraire,7(x)aSp^x 
Le théorème découle du résultat de W.Zelazko (NI). 

Nous allons maintenant étendre le résultat précédent è une classe 
plus vaste d'algèbres. 

Rappelons que dans une algèbre A. le rayon spectral est défini par : 
pA(x) s SUP {|A|, X a SpAx). X « A. 

PROPOSITION l : Solt A une algèbre telle que -
(I) pour tout x « A, SpAx est borné 
(II) Pour tout x de A. SpAx = {Ux) / Xe M«(A)). 
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Si I est une forme linéaire sur A vérifiant : 
i I ) f (x) e 5pAx, pour tout x « A 

Alors t est un caractère. 

PREUVE : Soit pA le rayon spectral, Par (ii) on o : 

pA(x) = 6Up{|X(x)|.X.M«(A)) 
et 

RadA= (x a A / pA(x) = G) ; où RadA est le radical de Jacobson 
de A. Considérons B = A / RadA. On munit l'algèbre B de la norme définie 
par: 

IISII, = pA(x). x a A 

C'est une norme d'algèbre Et comme SpAx = St%x, on a pA(x) = p^H) pour 
tout x de A D'où llxll, = pB(x), pour tout x a A. D'après 131, (B.II II,) est une 
Q-algèbre . On considère l'application définie sur B par : 

7(x) = f (x),pour tout x a A. 

Test bien définie et c'est une forme linéaire sur B vérifiant : 

7(x) a SppX , pour tout x de A. 

Par le théorème précédent . f est un caractère sur B et aussi f est un 
caractère de A. 

Comme conséquence du résultat précédent nous avons le : 

COROLLAIRE 1 : Solt A une a.l.m.c. commutative qui est une Q-algèbre. Si 
f est une forme linéaire sur A vérifiant : 

f(x) a SpAX. pour tOUl X a A ; 

alors f est un caractère de A. 
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PREUVE Par la proposition précédente, i l suffit de montrer que (ii) est 
vérifiée. Soient x e A et A s spAx. il existe un idéal maximal M tel que 
le - x « H ; où e est l'unité de A. Comme A est une Q-algèbre, l'idéal M est 
fermé. D'après le théorème de Gelfand-Mazur. on obtient que M est de 
codimension I Donc il existe un caractère X a M*(A) tel que M = Ker X . 
D'où A = X(x) 

REMARQUES : 
1) D'après ce qui précède le résultat est vrai dans toute algèbre 

commutative topologique (resp homologique) qui est une Q-algèbre (resp. 
Q-algébre boronologique) et qui appartient à une classe d'algèbres 
vérifient le théorème de Gelfand-Mazur. 

2) Si A est une algèbre vérifiant : 

SpAx = {X(x) /X s M*(A)}. pour tout x a A ; 

alors on a l'équivalence suivante : SpAx est borné pour tout x si, et 
seulement sf. 3pAx est compact pour tout x. En effet, dans la preuve de la 
proposition I l'algèbre B est une algèbre normée qui est une Q-algèbre. Donc 
SppX esl compact pour tout x a A. Or SpAx = Sp^x, pour tout x o A. D'où le 
résultat 
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Large Deviations for the Empirical Process of 
Mean Field Particle System with Unbounded 

Jumps 

Shui Feng 

Presented by D.À.DatDson, F.R.S.C. 

Abstract: An N-partide system with mean field interaction is considered. 
Large doviatiou» for the empirical process as N goea lo infinity are obtained un-
der conditions which are satisfied by many interesting models including the first 
and the second Schlôgl models. This result is obtained without using the large 
deviation result for the related empirical distribution because of the difficulty in 
using tbe contraction principle 

1. Introduction Let 1. = (0.1,. .}, r9N be the .V-fold product of E both equipped with 
tho discrete topology. J-(W>(0 = M^W xff'O) on £«,w is a Markov process generated 
by 

(i.i) n w »^- v »)=Egi*» ^««W>) 
kal 

where £ti„t = ^ E&i «4"). *{m = (AN) « H 6 B**. For any u € MX{E) (the space 
of all probability measures on E with weak topology), Qv is defined by 

(1.2) Q,/(r) = 2>.»(/(tO-/(«))+IHI(/(«+ !) - / (*)) 
ir6S 

Q = (<jx „) is a Q-matrix. HI •" »be *»' momeii of . <?{.*' is used instead of Qu when it 
acts on ihe fc-th variable of 0 6 O^ii** j. / w <s{E). Where Ci{E) and &{£*") denote 
the set of bounded continuous functions on f ni E9H respectively. 

This is an A'-partide aystera with mean l.eli' inUiction. The jump rates ç,,» can be 
unbounded. Coi ider the empirical process f v,, ,,« > « of the N-partide system 

1 K 

(1-3) £ .M(i)=lv2X(.M(0 
• t=i 

This is a measure-valued pro-ws on i;((0,r), Afi(£)), the space of all right continuous 
functions w : (0,T) - Mi{E) which have left Umlte at each « e (O.T) and are left continuous 
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at T with the Skorohod metric d on it. Where Sz denotes the Dirac measure with unit mass 
at x. Assume. /V > 1, that {x[N){0) x^'fO)) are independent and identically distributed 
with common distribution u e A/|(E). We prove that e^N,^ converges in distribution to the 
solution of the followinR nonlinear master equation 

i lA) ^ L l = T>(0(»)î». . - imi-H*) + II«(0I|{«(0(- - n - ««)(•)}. 

with initial distribution u 6 Mi{E). 
The nonlinear master equation was proposed by G.NIcolis and l.Prigogine |6| as a mean-

Reld model of a chemical reaction with spatial diffusion. S.Feng and X.Zheng (3) established 
the existence and uniqueness of the solution to the martingale problem associated with the 
nonlinear master equation and proved the existence of at least three equilibrium states for the 
second Schlôgl model (see (7]). It is very natural to study the multiple équilibra transitions 
and the metastability for the nonlinear master equations. As a firet step we discuss the 
problem of large deviations of the empirical process c^w^), which is the main topic of this 
artide. 

Several recent papers have discussed similar kind of large deviation problem for varies 
models. Among them see for instance (1], (2), (5) and (8). Feng [4) discussed the large 
deviation problem of the empirical distribution for the same modd as we discussed here. But 
because of the difficulty in using the contraction prindple the result here is proved separately. 

Proofs, as well as further details, will appear in a forthcoming paper by the author. 
2. The Main Result. We introduce a new metric r on Afi(£)by Vu,» 6 A/|(£),r(o,«) = 
j;*_02- ,( |u(n) - i'(ti)|). A/r(B) denotes the space A/|(£) endowed with the vague topology. 
For any fixed T > 0, let D = D(10,T],Mx{E)). 

Let v» be defined as v» : E - n,x - I + xloglog(x + 2). For each m > 1, define 
p m _ {,,(.) e D;sup0<,<r(i'(0,V») S m) equipped with the Skorohod topology. P « = 
Um>i ^m i s eQU'PP»1 with the "inductive topology". By definition, a set V is open in !>«, 
if aiid only iîVnVm is open in Vm tot each m > 1. Another useful property is that a 
function is continuous on V*, if and only If it is sequential continuous. V|i(-)«v(0 G ̂ oo 
let r o T - M M ) ) = sup0<c<Tr(M«).''(0). Then ror Induces the uniform topology on P*,. 
From the definition of r and the right continuity we can prove that for any fixed !*(•) € 1><». 
F{p{-)) = rorfM-). «*(•)) is measurable with respect to the Borel a-algebra of space I>« with 
the "inductive topology". This will be used In proving the upper bound. 

Let Q = (<7r.„)r.v€e be a totally stable conservative (J-matrix satisfying: 

(2.1) inf{7„+i}>0; 
(2.2) 3 A > 0, such that qz,9 = 0 for jx - yj > A; 
(2.3) 3 A > 0 such that Vx 6 £ , ^ Çr.trfy - x) < Xx, 

tes 
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«.y 
(2.4) 3 0 < c < oo, such that Vx, y € £ . y > x, ^ ( ç ^ + j - 9i*+» )« 

oo 

+2 O ? » * - . - »».»«-»-»)v 0+(fc*+» - «».»»-*+»)v 0 l i ^ ct» - *); 

(2.5) V / > G, 3 A(/) > 0, 3 
supmax(529r,y(e, ,~r- l) + ( e - l)x, 

E fc.v(eV(,,,"v<^, - D + (e*,(•+,,-v,<•, - 1)0 < Ml). 

Remark. Conditions (2.3) and (2.4) guarantee that the corresponding martingale problems 
are well-posed. Conditions (2.1),(2.2) and (2.5) are needed only for the large deviation result. 
Note also that (2.3) can be implied by (2.5). These conditions are satisfied the firat and the 
second Schlôgl models (cf. (7|). 

Theorem 2.1 Under assumptions (2.3) and (2.4) we have 
(a). The time-inhomogeneous martingale problem for Qa^ wiA initial distribution u is 

well-posed. The solution is denoted by Pu(),u-
(b). for eacA N > I, Ae martingale problem for n<w' on D([Q,T],E9tt) wiA initial 

distribution u@N is well-posed. This solution is denoted by Pi '. 

Let X be a Hausdorff topological space. {Ps) C Mi(X). {aN) is a sequence of positive 
numbers tending to oo. / is a function from X to [0,oo). Usually (A^P/V.ON) is said to 
be a large deviation system with action functional / if 

i). for every open subset G ot X 

(2.6) Uminf o*.1 logPN{G) > - jgf/(«)• 

ii). for every closed subset F ot X 

(2.7) limsupo^1 logPN{F) < -]nj . / (x) . 

iii). the levd sets {x e X : I(x) < a} are compact for aU s > 0. 
Note: The infimum is replaced by -f oo if the set is empty. 
Let PiN\) = PiN) » e^'i.),.,- Co,o((0,rl x E) denotes the set of all continuous functions 

on (0, T]x E with compact support and first order continuous derivative with respect to t. 
Vu, 1/6 Afi(E), define 

S*HP(-)) = Bup{{p{0),g)-log(ii,e»);s6 Ci,[E)) 
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+ sup MT), flT)) - (MO), fid)) - fT{p(s), ^ + e-'MQMen»)ds) 
/<-Cl*([O.T]xE) Jo US 

Sa{p{)) = S*\p{)). 

We assume in the following that u satisfies q = fEev^u(dx) < co. The main result of 
this article is: 

Theorem 2.2 Under assumptions (2.1)-(2.5), (©«.Pu"'.^) is a large deviation system 
with action functional 5„(-). 

The following lemma will be frequently used in the sequel. 

Lemma 2.3 Assume conditions (2.1)-(2.S) are satisfied. Then for any r > 0, (Aere exists 
nn Ac > 0 sucA tAat for all R> RQ and N >l, we have 

(2.8) PiN){Vco\DR) < exp(-Arr). 

3. Lower Bound and Compactness of Level Sets. The main result of this section 
is 
Lemma 3.4 For every /!(•) € V^ and any open neighborhood V of p.(-), we have 

(3.1 ) Uminf i l o g p W ( V ) > -Sa(p{-)). 

This result is obtained by a series of lemmas. 
For p{) £ I>«, let P^.)^,^ be the unique solution of the martingale problem for 

(Qji(();' e [0,7]} with initial distribution <c at times. ForO < s < t < T,tt,i/6 Mv(E),fe 
CilE), we define 

Ifi, : M*lE) x M , ( £ ) x C^E) — *'• 
%{u,v,f) = (•',/(x(t))) - KlogE'Vw-ile'W"»]). 

For 0 = to < ti < • • • < tw = T, we denote by *•<*'(to,ti,• • • .'«r) the joint distribution of 
(e^w,^,,•••,£,<»)(,„)) on Wt(£)*«Jlf+,> under f,$r

)
,
il. (the TV-fold Independent product of 

JV).»), p(to, ti, • • •, lM ) the joint distribution of (x(to), • • •, x(tw)) on £»(«+') under P0(.).o. 
Then we have 

Lemma 3.5 // M\(E) is endowed wiA Ae weak topology, Aen for any M > l , 0 = t o < ( i < 
• -• < tM = r,(Af|(E)*'M+I',)r(w'(to,ti,•••,««),TV) is a large deviation system witA action 
functional L'?:",'*" defined by 

(3.2) tfni"= 8«P ' U ( w f f ) + Ë 8aP '«O** , (W.WM-I: / ) 
n '• «6C.(E) £ ; /6C»(£) m ' 

M-t 
= sup ftl(/ioiff)+53 snp /*V,

)*+,(/n,/»ft+i;/). 
»€C,(E) g j /ec»(fi) p , ' 

The second equality holds because Ci,{E) is pointwise deAse in Ct{E). 
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LetPMU) = C - ^ W r Wehave 

Lemma 3.6 For every 7 > 0,/i() 6 DeeDCdcr], A/i(£)) and open neî AfrorAood V o/ / i () 
in Vn wiA Ae inductive topology, Aere exist finitely many 0 = to < ti < • • • < ! « = r and 
open neighborhood Vi of ix{ti), i = 0. • • •, M - I in MilE) with vague topology such tAat 

M - l 

iaO 
(3.3) limsup i ^ ^ . ( { e . ff K} n fj {*•(»() € V;}) < -7 . 

N^~oo * ' ,-_o 

Lemma 3.7 Ifp(-) € ^oo, 5» °'(/i(-)) < «>, tAen fAere exists an integrable function h0T such 
that t t 

(3.4) {p(l),g) - {p(s),g) = jf VT(r)dr + jf (p(r),Qfl(r)tf(r))dr. 

Lemma 3.8 For every /«(•) € P » end open neighborhood V of p(-) in Z>%, 

(3.5) Uminf ^ l o g ^ / . . ( V ) > -5«>(/ i ) , 

(3.6) 5 « ' ( / i ( ) ) = sup ^ ^ ' • ' W t o ) . . ^ ^ ) ) 
0=lo<- .<l»/^>l ' " 

Lemma 3.9 For every p(-),p(-) € Poo we have 

(3.7) S£()(M-)) < ^ , ) (M ) ) . 
The following lemma shows the compactness of levd sets. 

Lemma 3.10 Let us assume (2.1)-(2.5). Then for any 7 > 0, tAe level set *u(7) = (/i() € 
i>oo;5u(/»(-)) < 7} w compact in P,». 

4. Upper Bound. The main result of this section is 

Theorem 4.11 (Upper bound on Poo) Under assumptions (2.1)-(2.5), for any dosed subset 
A ot V*, we have 
(4.1) limsup \; log^iw»(>l) < - inf S^/i). 

•N—co " *** 

We prove this theorem by the foUowing three lemmas. 

Lemma 4.12 For any /i(-) 6 D» and / < 5a(/i(-)) tAere exists S' > 0 and an integer Ni 
such that VN >NU 

(4.2) PiN){r0T{p(.),p(.)) < 6') < expl-yv/). 

Lemma 4.13 For all a > 0, tAere exists an A > 1 and a compact suAset A'a C VR D 
C([Q,T], AfifF)) sucA tAat tAe following is true: V« > 0. 3JV2 > 1 sucA tAat ViV > If, 

(4.3) PiN){r«rM), Eo) >S)< expl-Na]. 
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Lemma 4.14 assume (2.1)-(2.5) are satis/ied. V7 > 0.£ > 0,s > 0, tAere exists an integer 
/V0 sucA (Aat VAT > yVo, 

(',-4) Pl
tt

N){foT{pi-),9a{s)) >e)< exp[-N{s - 7)). 

wAere roT(/i(-),*«(*)) = infv(.)6«.(,,supo<^rr(/i(t),t/(t)). 
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TWO THEOREMS ON REPRESENTATIONS OF 
g-DEFORMED CENTERLESS VIRASORO ALGEBRAS 

Ke-Qin Liu 
Presented by Robert V.Moody, F.R.S.C. 

Abstract A new q-deformed centerless Virasoro dgebra Uq{W) is presented and two 
Aeorem» on representaliona of q-deformed centerless Virasoro dgebra» 
are obtained. 

§1. The classification of a class of CZ^-modules 

T.L.Curtright and C.K.Zachoa introduced a q-deformed centerless algebra CZ, in (C-Z). 

The assodative algebra CZ9 can be described as foUows: 

Generators: {zm | m € Z }, 

Relations: qm~nxmxn - 9""mîn«m = (m - n|rm+n for m. n 6 Z, 

o m — q~m 

where g € C with q2 / 0,1, (m] := _ _, for m 6 Z. 

Deflnition A ^,(Vtr)-module V is called a Harish-Chandra module if 

(i) ig acts semisimply on V, 

(ii) all eigenspaces of lo are finite-dimensional, 

(iti) rj- i spec{eo). 
q-q 

The eigenspaces of io is called the weight spaces of V. 

We have found the foUowing CZ,-modules 

Vat := ®»6zC»*, 1 1+«,,»"+»+ 6,» 

I A* := «iezC»*. 
«n(w*) := -In + fc + ll?"+'+lv«+», for fc ? -I, 
* « M := -(InUB + Win ± l\aq2n-l)vn.u (or fc = - 1 ; 
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Bt := ©tezCu», 
U » t ) := -W9*«'n+», for n + fc # 0, 
««("») := {\n]q~n + (n)(n ± l)ag-2n)wo, for n + fc = 0, 

where n, fc € Z and a, 6, a 6 C. 

Theorem 1. Let q be not a root of unity. II V is an indecomposable Harish-Chandra 

CZ,-module with one-dimensionai weight spaces, then there exist some a, A, a £ C such 

that V is isomorphic to one ofthe t/,(Vir)-modules : Vu, A*, S*. 

§2. A new g-deformed centerless Virasoro algebra U,(W) 

Let .4 be an algebra and o 6 i4ut(i4). A linear map D : A-* Ais called a cr-derivation 

(or a skew-der ivat ion) if 

D{ab) = D(a)A + o(a)D(b) for all a, 6 € A. 

The set of all <T-derivations of A is denoted by Der,, A. 

If /T is a Hopf algebra with co-mutiplication A : H -* H ® H, given by A(A) = 

13(h) fyi) ® ^(})' t ^ e n a n dgebra A is an / f - m o d u l e algebra if A is an /f-module, and /f 

"measures"i4; that is, A • 1 = e(A)l and 

A • (ai) = y^(A(i) • a)(A(2) • 6) for a,b ç A. 
(*) 

where c is the counit. 

Now we present a new 9-deformed centerless Virasoro algebra C7,(W) for q* ^ 0,1. The 

assodative algebra U^W) is defined as follows: 

Generators: {Em,K,K~l | m 6 Z } , 

Relations: KEmK-1 = q2mEm, fl, = * , " * " ' , 
q2 - q-i 

F IT P P [n - wl£;n+m(?n + w/r j - q-'^K-1 ) 
Cimej„ — CinC'm — TS 1 

where m, n € Z. W 
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One of advantages of the algebra U,(W) is that the subalgebra V,.m(W) generated by 

{Em,E-m,K,K-1 ) is isomorphic to lV-(sf(2)) tor each m € Z;>,, where U,{se{2)) is 

the quantum group introduced by P.P.Kulish and N.Reshetikhin (K-R). Hence, all those 

subalgebras U^m{W) are Hopf algebra for m 6 Z2| . 

As an application of this behavior of the algebra Vt{W), we can completely describe 

^(HO-module actions on the Laurent polynomial ring ClM"»! in the foUowing case: 

Theorem 2. Let, be not a root of unity and v» : V,{W) - End{C[t,t^\) u representation. 

If C(t.t-M is a i;,>m(W)-module algebra for m 6 Z^,, then V{K2) € Aut(C[t,t-1l). ««d 

there exist o, 6 € C \ (0). u 6 Z \ (0) such that 

V{K) : t" - . (m) ."! - . <PiEm) = - ^ A - r ^ ' Ô ^ A - ) for m € Z. 

where d 6 Der^i^t,^]) with 0(1) = 1 « n ^ = 2 - W ia * m*P «»t«0"n« I2"" = 

s(n)s(mu + n)om" for m,n 6 Z. 

Remark. v W 6 XuUClt,»"'))^ andonly if s : Z - (±1) is a group homormophism. 

Details of the proofs of these results will appear elsewhere. 
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SOLUTIONS OF SOME FUNCTIONAL INEQUALITIES 
CONNECTED WITH CONVEX FUNCTIONS 

JANUSZ MATKOWSKI AND KAZIMIERZ NIKODEM 

Piuented by J. Aczel, F.R.S.C. 

Abstract. With each T > 0 we associate the class of funclion» satisfying the following 
functional inequality which, for T = 1. reduces lo Ihe definition of convex functions: 

f{tx + {T- Oy) < tfi*) + {T- t)/(»), r. » 6 J; t g [0. T), 

where J = (0, +oo) or J = [0, +oo). Making use of a sandwich type theorem we 
establish some relationships between these classes. It turns out that Ihese properlies 
depend essentially upon J. 

Introduction 
Let T be a fixed positive real number. Denote by J either (0,+oo) or (0,oo). In 

a recent paper [2] the following sandwich type result was proved: 

T h e o r e m 0. A function / : J - • R satisfies the inequality 

(T) f(tx + {T- t)y) < tf{x) -KT - t)f{y), x,y € J ; < € [0 , r ] , 

if and oniy if there exists a convex function j : J -» R such that 

T-*g{Tx) < f{x) <g{x), x€J. 

This theorem not only completely characterizes the solutions of the inequality 
(T) but gives a simple method of construction of solutions of the inequaUty (T) as 
weU. For instance, taking T 6 (0,1), and g{x) = x2,x <• (0,+oo), we infer that 
every function / : (0, +oo) -» R such that 

r x 2 < / ( x ) < x 2 , x e | 0 , + o o ) , 
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Key words and phrases. Sandwich theorem, convex function, a functional inequality of convex 
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is a solution of inequaUty (T). Similarly, taking T > 1 and g{x) = x - 1 , 
x € (0, +00), we see that every fonction / : (0, +00) -* R such that 

T- 'x" 1 < / (x ) < x"1. x 6 (0, +00), 

satisfies (T) (cf. [2]). Clearly, for T = 1 the set of solutions of the inequaUty (T) 
coincides with the class of convex fonctions. 

The aim of this note is to describe how the class of all solutions of the inequaUty 
(T) depends on T. It turns out that the behaviour of these classes in the case 
J =s (0, +00) is essentiaUy diiferent firom that in the case J = (0, +00). 

1. The case J = (0, +00) 

Given a positive real number T, we denote by W(T) the class of all solutions of 
(T) on the interval J = (0, +00): 

W{T).= {f.{0,+oo)-*R\ f satisfies (T)). 

The main result of this paragraph reads as foUows. 

Theorem 1. If 0 < T, < Tj < 1 then W(r,) C W{Ti). If l<Ti<T7 then 
W{Ti)cW{T2). 

In the proof we need the foUowing 

Lemma. II a function g : (0, +00) —» R is convex and there exists a constant 
T € (0,1) (resp. T Ç (1, +00); such that 

(1) g{Tx)<Tg{x), x€( 0 , + o o ) , 

then the function x —» g{x)/x is nonde creasing (resp. nonincreasing). 

Proof. Since g is convex, the fonction x -* g{x)/x is either monotonie or there 
exists a point s € (0, +00) such that it is nonincreasing on (0, s) and nondecreasing 
on (s,+oo) (cf. [1. Lemma]). If (1) holds with T € (0,1), then for each fixed 
xo € (0, +00) we have 

(2) 
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and the sequence (I^xo) tends to zero. Hence g{x)/x cannot be decreav «ny 
interval (0,s) C (0,+oo). Therefore this fonction is nondecreasing on (0 i •». In 
the second case, if (1) holds with T 6 (l,-l-oo), then for every xo € (0,+oo) we 
have also (2), but now the sequence {Tnxo) tends to +oo. This implies that the 
function g{x)/x cannot be increasing on any interval {s, +oo) C (0, +oo). So g{x)/x 
is nonincreasing on (0, +oo). 

Proof of Theorem 1. Take 0 < Ti < Tj < 1, and / € W{T7). By the Theorem 0, 
there exists a convex function g : (0, +oo) -» R such that 

(3) T^g{T2x)<f{x)<g{x), xe(0,+oo). 

Hence g satisfies (1) with ft € (0,1) and, in view of the Lemma, g{x)/x is nonde-

creasing. In particular, 

gWxyTtx < g{Tix)/TiX, x€(0,-l-oo). 

Combining this with (3) we get 

r rVTn) < /(x) < g{x), x 6 (0,-l-oo), 

which, in view of the Theorem, implies lhat / € W{Ti ). The proof in the remaining 
case is analogous. 

iîemorib 1. The class W(l) (of aU the convex functions on (0, +oo)) is not in-
cluded in any W{T) for T ?é 1. In particular, positive constant functions do not 
belong to W{T) with T g (0,1), and negative constant functions do not belong to 
WTH wi thTG( l ,+oo) . 

2. The case J = [0, +oo) 

Now, given a positive real number T, put 

W 0 ( r ) : = { / : ( 0 , + o o ) - » R | / satisfies (T) and/(0) = 0} 

We have the following 

Theorem 2. 7f 0 < T, < Tt, then W0{T2) C H^Ti ) . Moreover, for every 

T > 1 , 
»y0(r) = { / : l 0 , + o o ) - » R | / (x) = / ( l ) x , x 6 l 0 , + o o ) ) . 
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Proof. Take 0 < T| < Tj, and / e H ^ ï » . By the Theorem 0, there exists a 
convex function g : (0, +00) - • R such that 

(4) T;xg{T7x)<f{x)<g{x), x 6(0,+00). 

Since / (0 ) = 0, putting here 1 = 0 we get 9(0) = 0. It follows that the fonction 
x - • g{x)/x is nondecreasing on (0, +00) (cf. [4, Theorem 11B ] or (3, Theorem 2. 
§3, chapter VII]). Therefore 

jtfT.xVT.x < j(T,x)/T,x, x € (0, +00). 

Hence, using (4), we get 

Tr'sCTix) < / (x ) < JKX), x 6 [0,-1-OO), 

which, in view of the Theorem 0, implies that / € Wr0(Ti). 
Now assume that T > l a n d f i x a n / € W0{T). By the Theorem 0, there is a 

convex function g : (0, +00) -» R such that 

(5) T-xg{Tx)<f{x)<g{x), x€(0,+oo). 

Hence 
g(Tx)/Tx < g{x)/x, x 6 (0, +00). 

On the other hand, the fonction x -» g{x)/x is nondecresing and, consequently, 

g{x)/x < g{Tx)/Tx x € (0, +00). 

Thus g{Tx)/Tx = s(x)/x for x € (0, +00), and hence 

(6) g{Tnx)/Tnx = g(x)/x, x 6 (0, +00); n € N. 

The monotonicity of the function g{x)/x impUes that the following Umit exists (it 
may be infinite) 

c:= lim {g{x)/x) 

It follows that, for every x € (0, +00), 

Um ff(rBx)/rnx = c. 
n-̂ +oo 

On the other hand, in view of (6), for aU x € (0, +00) 

lim g{Tnx)/Tax = g{x)/x. 
n-»+oo 

Thus g{x) = cx, x e (0,+oo). By (5) we infer that also / (x ) = cx for all 
x € [0, +00), wliich was to be shown. 
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