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Markov uniqueness and its applications to
martingale problems, stochastic differential
equations and stochastic quantization

Sergio Albeverio Michael Rackner Tu-Sheng Zhang
Presented by Donald A. Dawson, F.R.S.C..

Abstract. Ve prove that for a class of positive finite measures s on a locally convex
topological vector space E “Markov uniqueness” holds for the corresponding Dirichlet
operators Ag + § -V on L2(E; u). Here g is the logarithmic derivative of p associated
with a rigging E' C H C E for some Hilbert space H. Markov uniqueness means that
there exists exactly one self-adjoint operator L generating a sub-Markovian semigroup on
L3*(E; u) and L is on smooth cylinder functions of the above type. As a consequence we
prove that we have Markov uniqueness for all positive finite measures s on E admitting an
integration by parts formula provided H is chosen pto%eﬂy. We also discuss applications
to show uniqueness of the corresponding mattiniale problem under symmetry assumptions
and of the stochastic quantization of infinite volume quantum fields.

Before we state our results we first present the finite dimensional case solved
in [RZ 92a,b] (see also [R 91]) and recall our (infinite dimensional) framework.

Let dz denote Lebesgue measure on R? and let ¢ be locally in H"?(R% dz)
(= (real) Sobolev space of order 1in L*(R%dz)). Consider the operator S,
on L}(R%?dz) defined by

Se 1= A+ 207" (Y, V-)pe

D(S,) := C3°(R?)

where C3°(R?) denotes the set of all differentiable functions on R¢ with com-
pact support and A is the Laplacian on R%. Note that ¢ € H};>(RY dz) is
necessary and sufficient so that C$°(RY) C L?(R%¢? - dz) and so that S,
maps C°(R?) into L?*(R% p?dz). The following was proved in [RZ 92b).

Theorem 1. There ezists ezactly one negative definite self-adjoint operator
L, on L*(R% *dz) which extends (S,, CP(RY)), such that T, := e'lv, t > 0,
is sub-Markovian (that is 0 < u < 1 implies 0 < Teu < 1 forall u €
L}(R% % -dz), £t > 0).

1990 Subject Classification. Primary: 31 C 25, secondary: 60 J 60, 47 B 99, 81 T 08.
Key words and Phrases. Generalized Schrddinger operators, uniqueness ofDirichlet op-
erators, Dirichlet forms, (infinite dimensional) diffusions, uniqueness of the martingale
problem, stochastic differential equations in infinite dimensions, Sobolev spaces on infinite
dimensional spaces, stochastic quantization, quantum flelds.

% Su %rtggs 1{ SFB 273 Bochum-Diisseldorf-Essen, SFB 256 Bonn and S.E.R.C. Grant
0. o



2 S. Albeverio, M. Réckner and T.-S. Zhang

The uniqueness in Theorem 1 is referred to as Markov or Dirichlet unique-
ness, since a negative definite self-adjoint operator L on L*(R% @?dz) which
generates a sub-Markovian semigroup is called a Dirichlet operator (cf. [MR
92, Chap.l, Sect. 4]). The Dirichlet form (£,, D(E,)) corresponding to L, in
Theorem 1 is the closure on L?(R% ? - dz) of

(1) £,(u,v) = /5 [V, Volpep®dz; u,v € CR(RY) .

(cf. [F 80}, [MR 92, Chap.I, Sect. 4]). It provides a means to formulate and
study the Markov uniqueness problem in infinite dimensions.

Let E be a separable real Banach space with dual E' and dualization g/(, )g.
Let B(E) denote its Borel o-algebra and let u be a finite positive measure
on (E, B(E)) with supp[g] = E. We emphasize, however, that as in [RZ 92
a,b], [ARZ 92] all results below carry over to more general locally convex

topological vector spaces E with possibly supp(u] # E. Define for K C E'
the linear space

FCR(K) = {f(ly,....lm)Im €N, f € CP(R™), L,...,Im € K} .

Set FC§° := FC{°(E'). Compared with the finite dimensional case we have
that E, p, FC°(K) replace R?, dz, C°(R?) respectively. To define the
analogue of (1) we need a gradient V. To this end fix v = f(l),...,ln) €
FC®, z € E and define for k€ E

@ F)= ulet sbheo = 3 2L ) m s

Furthermore, we assume that we are given a “tangent space” H to E at each
point, i.e., H is a separable real Hilbert space such that H C E continuously
and densely. Thus, identifying H with its dual H’ we have

(3) E'C HC E continuously and densely .
We can define Vu(z) to be the unique element in H such that

(Vu(z),h)y = -g;;-‘;(z) forallhe H (CE).

Now it is possible to define a positive definite symmetric bilinear form (hence-
forth briefly called form) on (real) L?(E; u) by

(4) £ y(u,v) = jE (Vu, Vo)udp; u,v € FC° .
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which is densely defined, since FCp° is dense in L(E; x). An element k € E
is called well-p-admissible if there exists fx € L*(E; u) such that

du o
Elzdp——/uﬂgdp for all u € FC° .

Assume:

(5) . There exists a dense linear subspace K of E’' (C H C E)

consisting of well-u-admissible elements in E.

(5) corresponds to the assumption ¢ € Hj:3(R%dz) in the finite dimen-
sional case (cf. [R 90, Subsection 4a)]. Then it is easy to see that the
form (€] y, FC5°) defined in (4) is closable on L3(E; ) and that its closure
(En1» D(E ) is a Dirichlet form on L3(E; u) (cf. [AR 90), [MR 92, Chap.II,
Subsection 3b)]). We also denote the closure of V with domain D(&2 ) by
V. Let L}, with domain D(LS ;) be its generator (cf. [MR 92, Chap.[)).
(L3 4, D(LY 1)) is a Dirichlet operator, i.e., (e“‘glm)gzo is sub-Markovian. It
is immediate that if u = f(l,...,l,) € FCP(K) and Ko C K is an or-
thonormal basis of H having l,...,I in its linear span, then u € D(LY )

and

8 ,6u u
6 L0, u= —(— —).
( ) uHY kezl{q(ak(ak)-*-ﬁ*ak)

Note that the right hand side is only a finite sum and defines a linear operator
Sunx on L}(E;p) with dense domain FC°(K). Now we can extend the
notion of “Markov uniqueness” to this infinite dimensional setting.

Definition 2. We say that Markov uniqueness holds for (S,,u.x, FC*(K))
if (L 4 D(L}, ) is the only Dirichlet operator on L?(E; ) extending
(Su..x, FCE(K)).

Let for a sub-o-algebra A of B, E, |- | A] denote conditional expectation w.r.t.
# given A. Now we can formulate our main results.

Theorem 3. Suppose that there ezist e, C K, n € N, forming an orthonor-
mal basis in H such that for By := a{g:(en,")g|n < N}

N
sup 3 [|Ben = EulBen | B)lITaey) < o0 -
NeN g

(M

Then Markov uniqueness holds for (S,u.x,FCP(K)).
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(7) is a weakened form of a condition in [T 87) where an analogue of Theorem
3 is proved under much stronger smoothness assumptions on p (cf. [T 87,
Theorem 3)).

Corollary 4. Consider the situation of Theorem 3; i.e., in particular (7)
holds. Let ¢ € D(E) ) such that pB, € L*(E;p) for all k € K. Then
Markov uniqueness holds for (S,.u.x + 20~ (Vip, V), FCP(K))

(on L*(E; %))

Corollary 5. There ezists a separable real Hilbert_space HC Handa
lincar subspace K C K such that the image of K under the imbedding
KCE cH =H c E consists of well-u-admissible elements in E and
Markov uniqueness holds for the corresponding operator (S,.4.7, FC2(K)).

Now we turn to the probabilistic consequences. By [Sch 90] there exists
a diffusion process M,y = (0, F, (Fe)y (Xt), (P.):eE) associated with the
Dirichlet form (€3 ,;, D(E2 1)), i.e., for all u € L3(E;p), t > 0,

/ w(X)dP, = Tou(z) for p-ae. z € E

where Tyu := exp(tL§ ,Ju. M,y is easily seen to be conservative (i.e., has
infinite lifetime) and to have u as an invariant measure.

Definition 8. Let D C L?(E; 1) such that each u € D has a p-version ii
which is continuous. Let A be a linear operator on L*(E; u) having D in
its domain. We say that a u-symmetric right process M = (2, F, (Fo), (Xo),
(P:):e) with state space E solves the martingale problem for (A, D) if for
everyu € D

t
(®) WXe) = (Xo) ~ [ Au(X,)ds, >0,
is an (F¢)ezo-martingale under P, := [ P,u(dz).
[MR 92, Chap.1V, Theorem 6.4] then implies,

Theorem 7. Suppose Markov uniqueness holds for (Sum.x, FCR(K)).
Then there ezists (up to p-equivalence) ezactly one p-symmetric right process
M with state space E which solves the martingale problem for (Sut.x»
FC(K)). M is, in fact, the conservative diffusion process M, y introduced

above. This holds, in particular, in the situations described in Theorem §
and Corollaries 4, 5.
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In the situation described before Theorem 3 it was proved in [AR 91, cf.
Theorem 6.6] that if [ g/(k, z)3u(dz) < oo for all k € K and if there exists
a Brownian semigroup on E over H (i.e. with covariance given by 2(, )y)
then M, y satisfies the stochastic equation

(g) .Yg =z+4 m + Ng, t _>_ 0, P.-a.s.

for £ y-quasi-every z € E (cf. (MR 92, Chap.III, Sect.2] for the notion of
£ y-quasi-everywhere). Here (Wi)ez0 is an (F¢)-Brownian motion on E with
covariance 2(, )y starting at the origin under P, and (Nt)e0 is a continuous
E-valued (F;)-adapted process such that for every k € K, pi(k,N))g =
Jo B(X.)ds, t > 0, P.-a.s. for E) y-quasi-every z € E. By using Ité’s
formula (in finite dimensions!) it follows by Theorem 7 that M, 4 is (up to
#-equivalence) the only u-symmetric right process satisfying (9) if Markov
uniqueness holds for (S,,,u.x, FC(K)).

Corollary 5 obviously applies, in particular, to the examples studied in detail
in [AR 91, Subsection 7 IlL.l There p was an (infinite volume) space time
resp. time zero quantum field with E a Banach space of tempered Schwartz
distributions on RY, H := L*(R%dz) and K := C°(R?) with d = 2 resp.
d = 1. We emphasize, however, that it seems unlikely that (7) holds for these
E,H,p. Therefore, to have uniqueness we change the Hilbert space H into
H, and K into I as in Corollary 5. Nevertheless, we have thus constructed
a solution M, 5 of (9) (with H, K) which is within the class of p-symmetric
right processes (up to p-equivalence) unique, is conservative, and has u as
an invariant measure. M, 5 is sometimes called the stochastic quantization
of p.

Detailed proofs of the above results can be found in [ARZ 92]. All results of
this paper have been announced in [ARZ 92), at the “Conference on Measure-
valued Processes, Stochastic Partial Differential Equations and Interacting

Systems”, Montreal, 11-16 October, 1992, and the meeting “Stochastische
Analysis”, Oberwolfach, 26-31 October, 1992.
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Extremal Measures For g-Hermite Polynomials When ¢> 1
Mourad E. H. lsmail and David R. Masson
Presented by G. F. D. Duff F.RS.C.

Abstract. We characterize the solutions of the indeterminate moment problem associated with the
continuous ¢-Hermite polynomials when ¢ > 1. The extremal measures ase found explicitly. As'a
byproduct we evaluate several q beta integrals and their discrete analogs. A system of biorthogoaal
rational functions is also introduced.

1. Main Results. The continuous ¢-Hermite polynomials {H,(zlg)} of L. J. Rogers arc orthogonal
on |-1, 1] when lg] <1, (3], [4). To accomodate the case ¢ > 1, Askey [3) introduced the polynomials
{ha(zlg)}s Ba(zlg) := i~ Ha(iz|1/q), which satisfy the three term recurrence relation

(1.1) hasr(zlg) = 22Ba(zlg) — ¢~"(1 — ¢")Baa(zlg), n>0, 0<g<l.

The initial conditions are ho(z]g) = 1, hy(z]g) = 25. The moment problem associated with (1.1) is
indeterminate; that is, there are infinitely many probability measures with respect to which theso
q-Hermite polynomials are orthogonal. There is a one bmeotmpondenea between solutions of
an indeterminate moment problem {dy¥(z; o)} and functions o(z) analytic in the open upper half
plane which map 0 < Im 3 into Im o(z) < 0, [11). Furthermore [11] there exist four eatire functions
A(z), B(2), C(s), D(z) with real and simple zeros such that the Stieltjes transform of dg(z,0) is
given by

(1.2) A(z) — o(3)C(3) _ = d¥(tio)

B(s)-o(s)D(s)  Jo -t
where o is as above. The entire functions also satisfy

(1.3) A(z)D(z) - B(s)C(s) = 1.

The spectral theory of orthogonal polynomials is esseatially the spectral theory of symmetric
second order difference operators or infinite symmetric Jacobi matrices, [12]. The Jacobi matrix

associated with (1.1) is

1 .
J =(ama)y  Gmumit = Gmptm = E\h"‘“ ~1, otherwise dmq =0,m,n>0.

The operator J is unbounded and closed on I* but does not have a unique self-adjoint extension.
The extremal measures are precisely the spectral measures corresponding to orthogonal spectral
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resolutions of the identity. The operator J is a Schrodinger operator and our analysis seems to the
first complete analysis of an unbounded Schrodinger operator not possesing a unique self-adjoint
extension, [12].

The purpose of this note is to announce some of the results of our forthcoming paper [9]. In this

section we state some of our main results and in Section 2 we include some of their consequences.
Theorem 1. In the case of the moment problem associated with the polynomials {ha(z|q)} the
Junctions A(z), B(z), C(z), D(z) are given by

(1.4) A(z)—%"-m(qc’ﬂqe'”.q %.¢%), C(z) = adi(e™%,e%; ;6% ¢%),

(1) Bla) = ~(ia)2 111 - (42 + D4 +4) = (@120, 06 )

(1.6) D(z) = 11[1 — (422 +2)¢**? 4 ¢*"H] =

252 o2,-
(q' Do AN (@ ) (g°e*,q s‘lz)cm

where z = sinh .

In (1.4)-(1.6) we employed the notation in [8] for q-shifted factorials and basic hypergeometric
functions. The evaluation of the entire functions A(z), B(z), C(z), D(z) in Theorem 1 invloves
identifying the polynomials {h,(z]q)} of odd and even degrees as multiples of Al-Salam-Chihara
polynomials [6] of argument 2z . We also use Darboux’s asymptotic method. An independent
calculation gave expressions to base /. Thus we also obtained some quartic transformations
which are not stated here.

The identity (1.3) is an instance of the nonterminating q analog of the Chu-Vandermonde sum
{8, (11.23)]. The generating function
(1.7) "Za ozl = (= + VE DUV T - 2)i )y
proved to be very useful in our analysis. Using Rogers's formula for the linearization of products

" qn(n-l)l

of two continuous g-Hermite polynomials [5] and (1.7) one can prove Theorem 2.

Theorem 2. Let {h,(z|q)} be orthogonal with respect to a normalized probability measure dyp(z).
Then

(1.8) f" TI(~t}(z + VD), (V5T ~ 2)ig)en (=)

® j=1

=[ II (—';fk/q;q)w] [(t1tatsteq™; @)oo

1<j<k<d
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provided that the integral ezists.
In the process of proving (1.8) we also derived the Poisson kernel

(1.9) 3 ha(sinh € | g)ha(sinhn| ) omrnrs R

eer (69
= (—qRe‘*", —qRe™4"",qRet~", qRe"; 0)oo/ (¢ R?; )co-

This is not surprising since in the case of continuous q-Hermite polynomials when g < 1 the Poisson
kernel is equivalent to the linearization formula of L. J. Rogers. The interested reader may consult
the excellent monograph (1] for applications of Rogers’s work and for references to Rogers’s original
papers, see also [5].

R. Askey [3] proved that the polynomials {A,(z|q)} are orthogonal on (—co,00) with respect to
the normalized weight function

1

(—Ing) cosh§(—ge*, —ge-%; g)oo’
This fact when combined with Theorem 2 gives the following result of Askey [2].

(1.10) z =ginh§.

Corollary 3. We have

Manltich et je 1 TT (ctyta/as o/ (tatatateq™; 2o

(1.11) oo (~Inq)(—geX, —qe-%; )00 1Sjchse

Note that the orthogonality of the polynomials {h.(z|g)} is equivalent to the special case t5 =
t¢ = 0 of (1.8). One can think of Theorem 2 as a way of introducing new parameters in the
spectral measure of the q-Hermite polynomials and the result is the evaluation of more general q
beta integrals, (2}, [3], (8].

Let

g™ —tit2q""?, —tits/q, ~tits/q .
~tyel, te¢, titatatyg™> '

Theorem 4. The rational functions ¢, of (1.12) satisfy the biorthogonality relation

(1.12) wn(sinh&;ty, 82,13, 83) = ¢ (

(1.13) /_: P (T3 1y 2y 83, L) pn(Z3 82, 1y, 83, L)W () diP(2) = Gndim,as

where the h,’s are orthogonal with respect to dip, and w(z) is given by

(1.14) w(z) = f[(—t,-(z + vz +1),tj (V22 + 1 - 2); Q)

i=1
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and g, is

L+ titag?™! (titatstag =) (—t1tag""': Qoo
1+ tytaq™-? (tatatateq™; q)n
_(=tits/q, =tita/g, =tata/q, —tate/q, —t3te/q; Q)eo
(t1t2tataq™; 9)oo ’
We also obtained another orthogonality relation for the functions {yn} associated with the
strong asymptotics of {p,}. After we discovered Theorem 4, M. Rahman kindly pointed out to us

that he discovered the special case of Theorem 4 when i‘%’l is Askey’s weight function (1.10), {10].

“.15) In =

2. Applications. The extremal measures {d¥(z; o)} of an indeterminate moment problem are
precisely those measures which correspond to real constant functions . Here o is allowed to take
the values co. The polynomials orthogonal with respect to dy(z; o) are complete in Ly(d(z;c))
if and only if di(z;0) is an extremal measure, {11]. For general indeterminate moment problems
the entire functions A(z), B(z), C(z), D(z) have real and simple zeros and are uniform limits of
polynomials.

Lemma 5. Let

. a3 2% ap—=K.

adl dilen —((qq"::’);j((?) - z((ge"'f’e';‘f::;»'z = sinhé:
Then the function f(z) is a meromorhphic function that maps the open upper half plane into the
open lower half plane. Furthermore f(\/z) is analytic in the open upper half plane and maps it into
the open lower half plane.

Lemma 5 follows from the Mittag-Leffler expansion

)2 [l &g+ 1 1

0 f0= @G [+ E O [ e w7}

It is clear from (2.1) and (2.2) that B(z)/D(x) is increasing on any open interval whose end
points are consecutive zeros of D(z). For ¢ € (—00,00) define n = n(c) as the unique solution of

(2.3) o = B(sinhp)/D(sinhn), 0 <sinhy < (¢~' - g)/2.

We define n(+00) by
n(~o0) =0, n(c0)= (g~ —q)/2.

It is more conveient to use the parameter a,

a:=¢"q¢q<a<l.
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Theorem 8. Define doubly infinite sequences {za(a) : n = 0, %1,...} and {ma(a) : n = 0,+£1,...}
by
(2.4) zy(a)s -;-(q"‘a" —ag"), n=0,%1,42,...,

(2.5) my(a) = “‘nqnﬂn-“(l + "qzn)/("'“" "9/“2-93 Doy n=0,%l,....
Then the estremal measures of the moment problem associated with the g-Hermite polynomials with
9 > 1 are supported on {zn(a) : n =0,1,...} and the mass concentrated at z,(a) is my(a).

Our proof of Theorem 6 uses product formulas for theta functions. The positive measures
{d¥(z;0)} in (1.2) are normalized by [, dip(z;0) = 1. This is equivalent to the Jacobi triple
product identity, (8, (11.28)]

0 .
(2.6) 3 % = (0, —p2, p/ 507w
-0 §

In addition to the parameterization (2.3), Lemma 5 and (2.2) are used to introduce suitable
functions o(z) in (1.2). This process lead to curious explicit evaluations of sums and integrals. The
details are in [9).

Corollary 7 (Bailey’s g9 sum). We have

ga'/?, —qa',b,c,d,e

(2.7) ¥ ( a'?,—a'f3,aq/b,aq/c,aq/d,aqg/e i bcde)

= (aqt aq/bc, aq/bdv aq/be. aq/d’ aq/“l “q,den [} Q/d)ﬁo .
(aq/b,aq/c,aq/d,aq/e,q/b,q/c,q/d,q/e, qa*[bcde)o,

Proof. Apply (1.8) with di being any extremal measure of Theorem 6.

It is worth mentioning that that neither (2.6) nor (2.7) were used in our analysis and they
indeed are consequences of our general analytic results. The only summation theorem used is the
q analog of the Pfaff-Saalschiitz theorem [8, (11.12)] which was used to establish (1.13). In fact the
aforementioned q analog of the Pfaff-Saalschiitz theorem follows from (2.7). The Stieltjes transforms
of most cases of the Al-Salam-Chihara polynomials for ¢ > 1 have been identified in [7] but the
extremal measures were not identified as explicitly as in the present work. The Al-Salam-Chihara
polynomials are more general than the A,'s of this work but, as was noted in (7], the results of [7]
do not cover the case of continuous q-Hermite polynomials.

Acknowledgment. This research was partially supported by the National Science Foundation
under grant DMS 9203659 and by NSERC grant A5384.
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SUMMARY OF SPECTRAL INVARIANCE RESULTS

LARRY B. SCHWEITZER
Presented by G.A. ELLIott, F.R.S.C.

Abstract. The author’s recent results on spectral invariant dense subalgebras of C*-
algebras associated with dynamical systems are summarized. If G is a compactly
generated polynomial growth Type R Lie group, and the action of G on S(M)
(Schwartz functions on a locally compect G-space M) is tempered in a certain
sense, then there is a natural smooth crossed product S(G x M) which is dense and
spectral invariant in the C*-crossed product C*(G x M).

The theory of differential geometry on a C*-algebra (or noncommutative space) Connes
[3] requires the use of “differentiable structures” for these noncommutative spaces, or some
sort of algebra of “differentiable functions” on the noncommutative space. Such algebras of
functions have usually been provided by a dense subalgebra of smooth functions A for which
the K-theory K,(A) is the same as the K-theory of the C*-algebra K.(B) (see for example
Blackadar-Cuntz [1}, and the recent works of J. Bost, G. Elliott, T. Natsume, R. Nest, R. Ji,
P. Jollissaint, V. Nistor and many others).

One goal of both of the papers Schweitzer [10] [11] was to construct such dense subal-
gebras of smooth functions in the case that B is a C*-crossed product C*(G x M ) associated
with a dynamical system, or more specifically with an action of a Lie group G (not necessarily
connected) on a locally compact space M. In these papers, we realize this goal by construct-
ing smooth crossed products S(G x M) of Schwartz functions on G x M, which are spectral
invariant in the C*-crossed product. Spectral invariant means that the spectrum of every
element of S(G x M) is the same in S(G x M) and C*(G x M). In the language of Palmer
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[5), this is the same es saying that S(G x M) is a spectral subalgebra of C*(G x M). By
Schweitzer [8), Lemma 1.2, Corollary 2.3, and Connes [2], V1.3, spectral invariant subalgebras
have the same K'-theory as the C*-algebra itself, so these smooth crossed products S(G x M)
provide us with the “noncommutative differentiable structures” we are looking for.

I will begin by describing the results obtained in [11). The idea in that paper is to
employ the following theorem, which is interesting in its own right. It gives a condition
for a dense Fréchet subalgebra A to be a spectral invariant subalgebra of B when certain
subrepresentations of topologically irreducible representations of A extend appropriately to
B. This is in contrast to the situation in [8], Theorem 1.4, Corollary 1.5, which says that
algebraicallv irreducible representations extend iff the subalgebra is spectral invariant.

If E is an A-module, we say that E is algebraically cyclic iff there exists an e € E such
that the algebraic span Ae is equal to E.

Theorem 1 ([11], Theorem 1.4). Let A be a dense m-convex Fréchet subalgebra of a
C*.algebra B with continuous inclusion map A — B. Assume that every algebraically cyclic
subrepresentation of every topologically irreducible representation of A on a Banach space is

contained in a *-representation of B on a Hilbert space. Then A is spectral invariant in B.

The smooth subalgebras S(G x M) are shown to be m-convex Fréchet algebras in
Schweitzer [9], §3, and their topologically irreducible representations are relatively acces-
sible when the C*-crossed product is CCR. Hence Theorem 1 gives many new interesting
cases of spectral invariant smooth crossed products S(G x M). For example, results are
obtained when G is a closed subgroup of a connected, simply connected nilpotent Lie group
with certain restrictions on the isotropy subgroups (that they be CCR for one), and when
the action of G on M has closed orbits. (See the examples in [11), §18, §2, §16-17.)

A simple illustrative example is given by Z acting by translation on R. The Schwartz
functions S(Z x R) with convolution multiplication provide a dense subalgebra of smooth
functions of the C*-crossed product C*(Z x R). Any topologically irreducible representation
of S(Z x R) must factor through an orbit to a representation of the convolution algebra

S(Z x Z) [11), Theorem 14.1. The latter algebra is a smooth version of the compact operators,
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whose representation theory is quite nice Du Cloux [4], Corollary 3.5 or {11}, Theorem 15.1,
Example 2.5. Theorem 1 may then be applied to obtain the spectral invariance of S(Z x R)
in C*(Z x R).

As one might speculate, when the C*-crossed product is not CCR (or at least when it
is not GCR), the representation theory of the dense subalgebra becomes quite complicated
as does the representation theory of the C*-algebra. For example, the dense subalgebra 4§°,
given by the canonical action of T? on the irrational rotation C*-algebra Ay, is spectral in-
variant but does not satisfy the hypothesis of Theorem 1. That is, there exists certain “bad”
topologically irreducible representations of A§°, which have algebraically cyclic subrepresen-
tations which do not extend to 4y 11}, Example 7.1. ‘

In order to get results in the non-CCR case, a new method is needed to replace Theorem
1. Such a method, or methods, is introduced in {10}, which I ehall now describe.

We begin by trying to show that the smooth crossed product S(G, A) is spectral invariant
in L}(G, B) instead of in the C*-crossed product C*(G,B). Let || [lo be the norm on B,
andlet {[| Il }:-o be a family of increasing submultiplicative norms giving the topology of
A. In the paper Blackadar-Cuntz (1}, the condition [| @b [[a< C X4 jan [l @ lil] 8 [|; for all
a,bin A, is used to show that A is a spectral invariant subalgebra of B. The commutative
Fréchet algebra S(M) of Schwartz functions on M satisfies this condition in Co(M) [10), §2.
Moreover, for some very nice actions of G on A (isometric on each norm), one can show that
if the norms on A satisfy the condition in B, then the norms on the smooth crossed product
S(G, A) satisfy the condition in L*(G, B). The following more general condition introduced

in (10} does the same thing without requiring an isometric action.
We say that A is strongly spectral invatiant in B if
(3C > 0)(Ym)(3Dm > 0)(3pm > m)(Vn)(Vay,...an € A)
*) {1 o lns DuC™ 3 el lanlia ).

k4..ka <Pm

Notice that in the summand of (*), at most pm of the natural numbers k; are nonzero,

regardless of n. The idea behind showing that strong spectral invariance implies spectral
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invariance is given by setting ay =...a, = a in (*). We have

la"llm<DC™ > lal-..Nalk.

k4. kn<p
<SK"[lalc™Nall}
where p is fixed as n runs. It follows that the series (1 —a)~! = 1+4a + a? +... converges
absolutely in the norm [} || when || a [|o is sufficiently small. So 1 — a is invertible in the
completion of Ain || |[|.» when a is sufficiently close to 0 in B. The rest of the argument is
in Theorem 1.17 of [10).

There are also examples of spectral invariant dense subalgebras which are not strongly
spectral invariant (10}, Example 1.13. The following theorem and corollary illustrates the
usefulness of the concept of strong spectral invariance.

We say that a Lie group G (not necessarily connected) is compactly generated if G has
an open relatively compact neighborhood U of the identity which satisfies |J2, U™ = G and
U-! = U. Wecall 7(g) = min{n|g € U} the word gauge on G. (The smooth crossed

product S(G, A) is then defined to be the set of G-differentiable r-rapidly vanishing functions
from G to A.) We say that the action of G on A is 7- tempered if for every m, || ay(a) || is
bounded by & polynomial in 7(g) times || a || for some n. Finally, we say that G is Type R
if all the eigenvalues of Ad, lie on the unit circle for each ¢ € G.

Theorem 2. If A is strongly spectral invariant in B and G is a compactly generated Type R
Lie group, and the action of G on A is T-tempered, then the smooth crossed product S(G, A)

is strongly spectral invariant in L(G, B).

Corollary 3. For compactly generated Type R Lie groups, for which the action of G on
S(M) is r-tempered, the smooth crossed product S(G x M) is strongly spectral invariant in
LY(G,Co(M)).

(Note that S(G x M) is shorthand for S(G,S(M)).) It is the subadditivity of r and the
strong spectral invariance of A in B that play the essential role in the proof of Theorem 2

and Corollary 3. The hypotheses that G be Type R and that the action is r-tempered are not

used in the proof, but they are necessary to assure the existence of the smooth crossed product
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S(G x M), and to assure that S(G x M) is a Fréchet *-algebra. There are a wide variety
of Type R Lie groups (see below or [8], §1.4, [10]), and also many examples of 7-tempered
actions of such groups G on S(M) (8}, §5, [10], Examples 6.26-7, 7.20, [11].

Remark. We clarify what the r-tempered assumption can mean in practice. Let G
be the integers Z, and let G act on R via as(r) = e~"r. The word gauge 7 is equivalent in
an appropriate sense to the absolute value function r(n) = |n|. If we take S(M) = Co(R),
or S(M) = C§°(R), then a is an isometric action of Z on S(M), meaning that o leaves
each seminorm invariant, and eo a is 7-tempered. However, if we take S(M) to be the
standard Schwartz functions S(R), then for a fixed ¢ € S(M), || an(p) [|m will in general
grow exponentially in n as n — +o00, 50 a is no longer r-tempered. So the r-temperedness
condition does place a restriction on what S(M) can be for a given action. If the action of Z
on R were by translation an(r) =r -Fn, then the action of Z on S(R) would be r-tempered.
For general M and G as in Corollary 3, and regardless of the action, one can always get a
r-tempered action by taking S(M) = Co(M), or S(M) = C§°(M), where the superscript co
means “G-differentiable”.

. Note that Corollary 3 makes no assumption about the crossed i)mduct being CCR.
No restrictions on the action of G or the isotropy subgroups are needed. However, we are
left with the question of whether S(G x M) is spectral invariant in the C*-crossed product
C*(G x M), and not just L'(G,Co(M)). To take care of this we generalize a result of Pytlik
[7]) which says that if G has polynomial growth, then the rapidly vanishing L}-functions on
G form a symmetric Fréchet *-algebra, which consequently is spectral invariant in C *(G).
In particular, we show in §7 of [10] that the rapidly vanishing L !-functions from G to B is
spectral invariant in the C*-crossed product C*(G, B) when G has polynomial growth. Since
these rapidly vanishing L!-functions are also spectral invariant in L!(G, B), and since they
contain the smooth crossed product, we are able to conclude that the smooth crossed product
is spectral invariant in the C*-crossed product when G has polynomial growth. Our main

result is then:

Corollary 4. For compactly generated polynomial growth Type R Lie groups G, and -



18 L.B. Schweitzer

tempered actions of G on S(M), the smooth crossed product S(G x M) is spectral invariant
in the C*-crossed product C*(G x M).

Examples of such groups are given by finitely generated polynomial growth discrete
groups, compact or connected nilpotent Lie groups, the group of Euclidean motions on the
plane, any motion group, or any closed subgroup of one of these. Numerous examples of
smooth crossed products which are spectral invariant because of Corollary 4 can be found in
(10), Examples 2.6-7, 6.26-7, 7.20, [11], [0}, §5.

We remark that in [6], methods are given to show that S(G x M) — C*(G x M)
is an isomorphism on K -theory without using spectral invariance, whenever G is a closed
subgroup of a connected, simply connected nilpotent Lie group, and the action of G on § (M)
is T-tempered [6], Example 3.2.
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Some Results on Hyperbolic Harmonic Maps

Jianmin Gao
Presented by G.F.D.Duff, F.R.S.C.

Abstract. We show that certain harmonic maps from Lorentzian manifolds can be trans-
formed into problems of finding global solutions for nonlinear wave equations in Minkowski
space-times. The resulting problem can be solved by a method [GA] similar to Klainer-

man's general results [KL).

1. The Problem

Let (M,g) be a four dimensional Lorentzian manifold with metric g in local coordi-
nates (z°,z',..z%) and (N, k) be an n dimensional complete Riemannian manifold with
metric k in local coordinates (u?,...,u"). Fora C? map u: M — N, recall that the
energy of u is defined as the intrinsic Dirichlet integral:

E(u) = M
o) (u) /M e(u)d
with energy density:

(2) e(u) = g“h;,-a.u"&,u"

Here (9°%) = (gas)~" . We say that u is harmonic if E(u) is stationary at u (see [2]), ie,
u is a critical point of E(u) which gives rise to the nonlinear equations(see [2])

3) —Agu + 7}.(u)(Vuj, Vut), =0, i=12.n
Here V is the covariant derivative on M ,

=L % =2 o=
Ay = \/I_g_laz"( lolg gy 191=det(gas)l



20 J. Gao

is the Laplace -Beltrami operatoron M, (1}.(:1)) are Christoffel symbols for N and (, ),
is the induced pointwise norm on TM , namely, for any z € M,u,v € (TM).,(u,v), =
2°%uqus. Since M is Lorentzian, (3) is a system of n weakly-coupled nonlinear wave equa-
tions on M with at least quadratic nonlinearity near Vu = 0. Therefore, the existence
of harmonic maps from M to N is equivalent to that of solutions of ( 3).

The Riemaunian case of this problem has been extensively studied (see [ES]). The
work on this problem with Lorentzian source manifold M started a few years ago mostly
on Minkowski space M™*! | the case which has various applications in relativity and gauge
field theory. M™*! is topological space R x R* x §™=1( R* = [0, 00) ) equipped with
Lorentzian metric  : ~dt? +dr? ++2d6? in spherical coordinates (t.r,8). The equation

corresponding to (3) for M = M™+! g
4 Opu’ = (8 - 0] — ... - )’ +7ia ()@, 0ub) =0 i=1,2,.n

In the case of a so called o -model, ie, M = M™*! N = §™ J Shatah (SH] showed the
existence of globally weak solutions in H'? for (4) with initial data of finite energy and
the solution may not lie in a small region. For m = n = 3, he also constructed smooth
symmetric initial data for which the corresponding solution develops a singularity in a finite
time. For M = M* and N is some complete Riemannian manifold, T.Sideris [SI] proved
the existence of a unique global classical solution in time for smooth and small initial data.
Geometrically, his solution concentrates in a small neighbourhood of a given geodesic on
N instead of a small neighbourhood of a point (therefore, the initial data is partly small),
as a perturbation of a special class of harmonic maps: geodesics. His method is based
on the Fermi chart constructed along the geodesic and the resulting nonlinear system has
higher order nonlinearity with respect only to some components of u, which permits the

solution to lie over a tubular region.

We consider here the case that M = R* x H® and g = S?(r)v where v is a canonical



J. Gao 21
Lorentzian metric on M given by
(5) ds® = -dr’ + do?,
and do? is the line element on three dimensional hyperbolic space H* given by
(6) do? = dp? + sinb® pdw?, dw? = (d¢? + cos® ¢dy?)

in spherical coordinates (p,¢,%). S(r) is a positive function of the time variable € R*.
Given a geodesic T € N , following [SI], we may construct a Fermi chart in a neighborhood
of T such that the parameter u! along T may vary freely and the Christoffel symbols
of N satisfy

(M 74(u',0,.0)=0, u'€(-00,00), 1<ij,k<n

We prescribe the initial data for (3) at 7 =0

u(0,0) = (f'(0),8f(0)) = fe(o),
(8) seR

(8ru)(0,0) = ('(0), 63(0)) = g6(0)

with § > 0 a small parameter. Here f,g are smooth functions with compact supports,

i.e., there is go > 0 such that
fs(c) =gs(0) =0,  |o| 2 0.

Thus, (3) can be written as

9) Sil(r)'?: u+t 256;((:)) dru— 3’-1(—1-36:1- u +yj(u)(Vo?, Vut), =0,

where S(7) = %S(r),'y,'g(u) = (1;,,(u)) and Ags is the Laplace-Beltrami operator of
HS.

Now we define a class of S(7) for which we may solve problem (3),(8).
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Definition. (M,g) with g = S*(r)v is strongly conformally flat if S(r) > 0 and
(10) | (S(r) S5(7))| € ciexp(-271) i=0,1,2,..

This condition means S(r) is sufficiently close to expr as r — 4o00. In particular, (10)

implies

& S(r)
dri’ S(r)

-1)| <cexp(=3r), O0<c <|°""( )|<c” i=0,1,2,.

a4 S0)

Theorem. Let (M,q) be strongly conformally flat and T C N be any geodesic.
Then we can construct a (Fermi) chart in a neighborhood of T with parameter u? along
T such that (7) is satisfied. In this coordinate, for any given smooth initial data of (8),
there is & > 0 such that if 0 < § < §;, there will be a unique smooth harmonic map
u : M — N satisfying initial conditions (8). The range of this map is in a tubular
neighborhood of Y.

Remark. This result can be easily extended to higher spatial dimension n > 3.
To prove the theorem we transform the Cauchy problem (3),(8) to a corresponding
problem in Minkowski space M* by a conformal mapping and study the global existence

of smooth solutions for the transformed problem.

2. A Conformal Transformation

By g = S*(r)r, we derive
(12) (Vud, Vub), = ¢*8,uidyu® = S () (vt uiBhu*) = S~3(r)(Vu, Vut),
Then (9), we know v = S(r)u satisfies

(13) v — #}-v — Agsv = F(v, Vv)
with

v v’ vh
F(v,Vv) = -S(f)7jk(§)(v( E‘)n V(g.'))y
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If 8(r) = S(r), i.e.,

(14) S(r) = crexp(r) + caexp(~7)

for constants cy,cz , then (13) is a nonlinear automorphic wave equation on H*. If S(7) >
0 and S(7) — +o0 as 7 — 400, then ¢; > 0,c3 2 0; exp(r), cosh(r),sinh(7) are special
cases of (14). _

We define a mapping ¢ from M}*! = {(t,r,0) e M*+' |t3 —+2 > 1} to M by

t
\/ﬁ—_rf'o) = (7,pw),

It can be shown (see [GA]) that ® is bijective and conformal, i.e., ¥°v = 9% with

B(t,r,0) = (% In(#? — +3), cosh™?

conformal factor 92 = (t3—r?)~? . Furthermore, if v is the solution of (13), then u = yvo®

satisfies the Cauchy problem

{D"-"(P)"=F(mauoa“) (o)€Mt p>1

(15)
u = (u}, 8iip(@)), Lou = (u},8is(0)), p=1,

where p = /13 =13 and «,F are defined by

) = (o205 - ) =Sz 1),
(16) F(,u,0u) = &*(exp(~3r)F(v, Vv)) = A~ yn(Au)(8(3u), 8(Au)),,
s A
A=1t2 -2, A= S_(ET)

Also

(uj, 61i0) = f5(%(c)),

(an ceH®
(u},68:) = gs(2(2)).

is defined on the hypersurface p= V% — 13 =1,

Then we can prove the main Theorem by proving a corresponding result, i.e., existence

of global and smooth solutions. We can use a standard method to show the existence of
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global and smooth solutions for (16)(see {KL]) under the assumptions transformed by &

from those in the main Theorem. But, we have to point out some of the differences when

following the procedure of proof. First, (15) is not a standard Cauchy problem in the

sense that the initial surface is a hyperboloid. Secondly, nonlinear term F contains ¢,z

explicitly which is not dealt with in standard proofs of the global solutions. The solution

to overcome these difficulties is to use appropriate derivatives for the norm of the space to

which solution u belongs, such that we can derive some a priori estimates for u without

invoking the difficulties due to the presence of ¢,z in the nonlinear term. Details of this

procedure and the proof of existence of global and smooth solution ofs (15) are contained

in [GA).

GA.

KL.

SH.

SL

MA.
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SUR LE SPECTRE DE CV,(X)

L. OUBBI

Presented by P.G. Rooney, F.R.S.C.

Abstract

We give e necessary and sufficient condition for CVo(X) to be a locally convez algebra
or a locally conver algebra with continuous product. We then show that in most of the
important cases, The spectrum of CVo(X) is homeomorphic to X.

En utilisant un théoréme d’approximation basé sur la théorie des modules, Prolla [4]
montre que si X est un completement régulier séparé et V une famille de Nachbin sur
X telle que CVp(X) est une algebre localement convexe a produit continu et essentiel-
le, (i. e., pour tout z € X, il existe f € CVo(X) telle que f(z) # 0), alors le spectre de
CVo(X) est homéomorphe & X. Dans cette note, nous considérons des familles de Nachbin
plus générales et montrons que dans la plupart des czs, le spectre de CVo(X) est encore

homéomorphe & X. La téchnique que nous utilisons ici differe de celle de Prolla.

Notation. Soit X un complétement régulier séparé. On appelle poids sur X toute fonc-
tion positive semi-continue supérienrement sur X. Une famille V de poids est dite de
Nachbin si:

1)Vze X,veV:v(z)#0,

2) Yoy, vz €V, VA>0, 3ve V: max(Avy, Avg) <v.

On notera par CV,(X) I’espace vectoriel des fonctions f continues sur X et telles que fv
s’annulle 4 D'infini, pour tout v € V. On le munit de la topologie 7., des semi-normes P,’s,
ot Po(f) := lleflleo =sup{] S(t)] v(t).t € X}, vEV.

Une algébre localement convexe E (a. 1. c.) est toute algebre munie d'une toplogie locale-
ment convexe pour laquelle le produit de E est séparément continu. Le spectre d'une a. l.
c. I est ’ensemble M(E) de tous ses caractéres (non nuls) continus. On munit M(E) de
la topologie faible induite par o(E', E), E' étant le dual topologique de E.

Dans toute la suite, on suppose en plus que CVo(X) est essentielle.
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1. Proposition. On a: 1) CVy(X) est une algébre localement conveze si, et seulement
8i, V |g|< V, Vg € CVo(X) i.c., pour tout v € V, il existe v’ € V tel que v |g|< v'.
2) CVo(X) est une a.l.c d produit continu si, et seulement si, V < VV.

Preuve. 1) Si CVy(X) est une a. 1. c., alors le produit par g est continu pour tout
g € CVo(X). Donc pour tout v € V, il existe v’ € V tel que: P,(fg) < Po(f) f € CVo(X).
On va donc montrer que v |g|< v'. Soient z, € X et U, := {z € X : v/(z) < v'(z.)+ 1/n}.
Alors U, est un voisinage ouvert de z,. Soit f, un élément de C Vo(X) dont le support,
supp fn, est contenu dans U, et telle que 0 < f, < 1, Ja(z,) = 1. Une telle fonction
existe toujours d’aprés ([3), lemme 2, p. 69). On a donc P.(f.g9) < Pur( fa)- En particulier
v(zo) fa(z0) | 9(25) |< sup{v'(t)fa(t), t € Un}. Donc v(z,) | 9(zo) |< v'(z,)+ 1/n. Comme
n est quelconque, on aura v(z,) |g(z,)|< v'(z,). La réciproque est évidente.

2) Maintenant si V < V'V, alors le produit de CVo(X) est continu. Réciproquement si

CVo(X) est & produit continu, on a:
YweV, ' eV: P(fg) < PAf)Pslg); 1, g€ CVo(X).

Montrons alors que v < v'v", Soient z, € X, U := {z € X : v'(z) < v'(z,)+1/n} et f, une
fonction comme ci-dessus. Alors on a: Py(£2) < (Po(fa))?. Donc v(z,) < (v'(z,) + 1/n)>.

Comme n est quelconque, on a v(z,) < v'(z,)v'(z,).

Exemple: 11 existe des familles de Nachbin V telles que C'Vo(X) est une a. 1. c. mais pas

a produit continu. Considérer, par exemple, le cas oit X = Ret V = {Av, A > 0}, oi:

v(z)={ z, 88 >0

1 sinon.

Maintenant on suppose que C'Vp(X) est une a. I. c. et soient z € X et §, Pévaluation
en z définie sur CVo(X). Si v(zx) # 0, alors on a: | 8.(f) |:=| f(z) |< ;q‘;;i’..(f). Donc 6,
est un caractére continu de CVy(X). De plus, I'application §: §(z) = 6, est injective. En
effet si z,y € X avec r # y, alors il existe g € C(X) tel que:0<g<l.glr)=1et
9(y) = 0. On prend alors f € CVo(X) tel que f(z) # 0 et h = fg. Alors h € CVp(X)
et h(z) # h(y) i.e., 6, # &, '. On peut donc considérer X comme un sous ensemble du

spectre A de C'Vo(X). Comme X est complétement régulier séparé et (' Va( X) essentielle,

!Prolla a prouvé Ia continuité de 8, et I'injection de & dans un cadre plus général (cf. 14). p. 729).
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cette inclusion est méme topologique. La question est donc: Y’ a t-il égalté? ou encore:
Est ce que § est surjective? La réponse est donnée par

-2. Théoréme. L’application § est surjective dans les cas suivants:
1) X est localement compact (en particulier i V C C(X)).
2) CVo(X) contient la fonction constante 1.

Preuve. Dans le cas 1), Nachbin a montré que 1'algébre K(X) des fonctions continues
& support compact est dense dans CVo(X) (cf. [3], p. 64). Par suite ces deux algébres
ont (algébriquement) le méme spectre. Mais la topologie ., est moins fie sur K(X) que
la topologie 7 limite inductive localement convexe des Kx(X)'s, algébres des fonctions
continues sur X et & support dans K. Le spectre de.(K:(X), n) étant égal 3 X, il en est
de méme de A. Dans le cas 2), Cy(X) est dense dans CVo(X) (cf. 3], propesition 5, p.
66). Donc (Cy(X), 7,) et CVp(X) ont le méme spectre. Mais ,, est moins fine sur Cs(X)
que la topologie de la convergence uniforme. Donc A est contenu dans SX. Supposons
que pour un point z € X \ X, &, est continu sur (Cy(X),7,). Alors il existe v € V tel
que: | f(z)|< Pu(f), f € Cy(X) et f est le prolongement & BX de f. Comme 1 € CVo(X),
v ¢’annulle a l'infini. Donc la fonction & définie par: & = v sur X et & = 0 hors de X est
semi-continue supérieurement sur X (cf [2]) et 'on a encore: | f(z)|< Ps(f), f € Cy(X).
Maintenant, si O est 'ouvert {t € BX : ©(t) < 1/2} et si g € Cy(X) = C(BX) est telle
que 0 < g <1, g(z) = 1 et suppg C O, alors on a: | g(z) | < P;(g). Ceci donne que
1 < 1/2. ce qui est absurde. Par suite A est homéomorphe & X.

Une conséquence de 2) du théoréme ci-dessus est que pour tout complétement régulier
séparé X, on a:

M(Cp(X)) = ULB**, B P},

ol P est une famille quelconque de parties bornantes de vX comme dans [5).

Remarquons qu’on peut supposer, sans perdre de généralité, que chaque B € P est fermé
dans X de telle sorte que sa fonction caractéristique soit semi-continue supérieurement.

Remerciements: Je voudrais remercier le professeur K. D. Bierstedt pour son soutient,
le professeur M. Oudadess pour ses conseils et encouragements ainsi que B. Ernst pour

les discutions que nous avons entretenues. Enfin je remercie vivement P'arbitre pour ses
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On homogeneous complex manifolds
having more than two ends

BRUCE GILLIGAN
Presented by J.S. Halperin, F.R.S.C.

ABSTRACT. Suppose G is a connected Lie group and H is a closed sub-
group such that G/H has an invariant complex structure and more than
two ends. Then there exist holomorphic fibrations G/H — G/I - G/P
with I/H a compact complex manifold, P/I of the form S/T', where'is a
Zariski dense discrete subgroup of some semi-simple complex Lie group S
and S/T has the same number of ends as G/H, and G/P a homogeneous
rational manifold. We also note that if #(G/H) is solvable, then G/H
has at most two ends.

1. INTRODUCTION. In this paper we consider complex manifolds X which are
homogeneous under the action of a connected Lie group G and thus can be written in
theform X = G/H. It has been proved, see [12] and [11], that if H has a finite number
of connected components, then G/H fibers as a vector bundle over the minimal orbit
of a maximal compact subgroup of G in G/H. In particular, this implies G/H has
at most two ends in the sense of Freudenthal [5). Thus a necessary condition in order
that G/H have more than two ends is that H have an infinite number of connected
components. Some examples of discrete subgroups of SL(2,C) whose coset spaces
do have more than two ends were given by L. Bianchi [4]. And it was proved in [7)
that for every integer k > 2 there exists a discrete subgroup I'y C SL(2,C) such
that SL(2,C)/T has k ends. We do not know of any other types of examples. The
purpose of this short note is to make an observation about homogeneous complex
manifolds which have more than two ends which essentially explains why this is
so. We show that a homogeneous complex manifold G/H has more than two ends
exactly if there are closed subgroups I and P of G with H C I ¢ P C G such that
G/P is a homogeneous rational manifold, I/H is a compact complex manifold and
P/I = S/T, where T is a Zariski dense discrete subgroup of some semi-simple complex
Lie group S, with S/T" having the same number of ends as G/H has. Incidentally
maay questions remain; e.g., must the group S be simple?

2. SOME TECHNICAL TOOLS. We begin with a result of D. N. Akhiezer (1] which
describes the structure of homogeneous spaces of algebraic groups with two ends.
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Theorem Suppose G is a linear algebraic group over C and H is an algebraic
subgroup such that G/H has two ends. Then there ezist a parabolic subgroup P in
G containing H and a nontrivial chcmcter ¢: P —C" with H =ker ¢. Thus there
i @ homogeneous fibration G'/H s G/P, where G/P is a homogeneous rational
manifold, and, in fact, P = Ng(H°).

One would like to fiber the space in question. The following allows control over the
ends of locally trivial fiber bundles; for proofs see [1] or [6, Lemma 2]. For a connected
manifold X we let ¢(.X) denote the number of ends of X.

Lemma (The fibration lemma) Suppose X EBisa locally trivial fiber bundle,
where the fiber F is connected. If ¢(X) > 1, then one of the Jollowing holds:

a) F is compact and ¢(B) = ¢(X)

b) B is compact and e(F) > e(X). Moreover, if B is simply connected, then (F)=
e(X).

We now make an observation about orbits in projective space which have at least
two ends. This gives another proof of (10, Th. 10} for complex groups. But we find
it instructive in that one sees how [8, Prop. 2] can play a role. It also underlines the
relationship between the normalizer fibrations relative to G and G, if G is transitive.
In this case note that P = Ng(H°), & la Tits [14].

Proposition Suppose G/H is an orbit in some Py of a connected complez Lie
grovp G with (G/H) 2> 2. Then G/H has two ends and there ezists a parabolic
subgroup P in G containing H such that P/H = C".

PROOF: Since G is represented as a linear group acting on Py, its commutator
subgroup G’ has closed orbits in G/H. Thus one has the homogeneous fibration
G/H — G/G'H. The base of this fibration is a Stein abelian Lie group, e. g. see
[9, p. 168], and thus is isomorphic to C* x (C*)'. Now since G’ is connected, so
are its orbits. If diim G/G'H > 0, it follows from the fibration lemma that G/G'H
has at least two ends. But G/G'H is homeomorphic to R** x (5!)' and so has
exactly two ends. Hence k =0, I = 1, and G/G’H = C". The fibration lemma also
implies that the fiber is compact and hence is a homogeneous rational manifold. By
(10, Lemma 6, p. 75] the fibration G/H — G/RH realizes G/H as a homogeneous
C"-bundle over a homogeneous rational manifold. Otherwise, G/G'H is a point
and G’ is transitive on G/H. In this case No:((G' N HY)°) is parabolic in G’ and
Ne((G' n H)°)/G' N H = C*, by the theorem of D. N. Akhnaer [1) quoted above.
We must show that this C*-fibration is G-equivariant.
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Consider the normalizer fibrations of G/H relative to the two groups G and G'. We
claim that if G/H is an orbit in some projective space with more than one end and G’
is transitive on G/H, then the G and G’ normalizer fibrations of G/H coincide! As
noted above the fibration 7 : G’/G'NH ~ G’/A has fiber C* and basea homogeneous
rational manifold, where A := Ne:((G' N H)°). Note that H C Ng(A) and thus the
fibers of the map 7 are G~invariant. This implies that one has the diagram

G/H = G/G'nH
l ic
G/IP = G'/A

where P is the isotropy of the G-action on G'/A and so is parabolic in G. Since P is
connected and P/H = C*, it follows that P C Ng(H°). We claim that P = Ng(H®).
First we show that dim Ng(H°) = dim P. Let L := Ng(H°)/H® and T := H/H°.
Because ¢(G/H) > 2 and the fibration G/H — G/Ng(H®) has a rational manifold as
base, ¢(L/T’) 2 2. Clearly L/T' C G/H and so is Kahler. It then follows from (8, Prop.
2) that L° is solvable and L/T is either a torus bundle over C* or a Cousin group with
two ends. But L/T lies in G/H and is the orbit of a linear group, i.e., Ng(H°), in some
projective space. This implies L/T = C* and so dim Ng(H°) = dim H + 1 = dim P.
. Finally the fact that P is parabolic in G implies that P = Ng(H*) and thus the two

normalizer fibrations coincide. tt

3. STRUCTURE OF G/H WITH ¢ > 2. We now look at the structure of complex
homogeneous spaces which have more than two ends. It is known that semi-simple
complex Lie groups possess many interesting discrete subgroups. The next result
says that this is essentially the only way that one can have a homogeneous complex
manifold with more than two ends. For, one has the locally trivial holomorphic
fibrations G/H 2 G/I 2L G/P, where the ends of G/H are “displayed” by the
fiber P/I which can be expressed as a coset space of a semi-simple complex Lie group
modulo a Zariski dense discrete subgroup.

Theorem Suppose G is a connected Lie group and H is a closed subgroup such
that X := G/H has a G-invariant complez structure and e(X) > 2. Then there ezist
closed subgroups I and P of G with H C I C P C G such that

1) G/P is a homogeneous rational manifold,

2) I/H is ¢ compact complez parallelizable manifold,

3) P/I = S/T, where T is a Zariski dense discrete subgroup of some complez semi-
simple Lie group S, with e(S/T') = ¢(G/H) > 2,
4) The fibrations G/H — G/I — G/P are locally trivial holomorphic fiber bundles.
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Conversely, any G/H which fibers in such a fashion satisfies (G/H ) = ¢(S/T).

PROOF: I G is a complex Lie group, let N := Ng(H°) be the normalizer of H® in
G and let N consist of those connected components of N which meet H. Then the
fibration G/H — G/N has connected fiber. We claim that G/N is compact and thus
{1 a nomogeneous rational manifold. Note that G/N — G/N is a covering and so G’
has closed orbits in G/N, since it has closed orbits in G/N. As in the proposition
consider the fibration G/N — G/G'N. If dim G/G'N > 0, then G/G’N has at most
two ends which implies G/N has at most two ends. And if G’ is transitive on G/N
and thus on G/N then G'N N is algebraic in G'. Hence the covering G/N — G/N
is finite and G/N again has at most two ends. Since ¢(G/H) > 2, the fibration
lemma implies G/N is compact and thus N = N and G/N is rational. Let P be a
parabolic subgroup of minimal dimension contained in N and containing H. Then
H° is normal in P and the fibration lemma implies e(P/H) = ¢(G/H) > 2.

Now if G is real, let G/H — G/U be the g-anticanonical fibration of G/H. It is
known that U C N, the group U/H® is a complex Lie group, and the g-anticanonical
fibration is a locally trivial holomorphic fiber bundle, see (10, Cor. 5, p. 64]. Also
from (10, Th. 10, p. 78] because ¢(G/H) > 2, it follows that G/U is rational and
e(U/H) = ¢(G/H) > 2. Choose P to be a closed subgroup of minimal dimension
contained in U and containing H such that the corresponding group P/H° is complex
and is parabolic in U/H°. Again H* is normal in P and e(P/H) = ¢(G/H) > 2.

In either of the above situations we let L := P/H° and A := H/H®. Any solv-
manifold fibers as a vector bundle over a compact solv-manifold (see 3] and [13])
and thus a solv-manifold has at most two ends. Hence the group L cannot be
solvable. If L is semi-simple, then the situation is handled by the last paragraph of
the proof. Otherwise, by [6, Th. 2] there exists a fibration L/A — L/J, where J is
a proper closed complex subgroup of L which contains both A and the radical Ry, of
L. Assume J has minimal dimension with these properhes Let J consist of those
connected components of J which meet A. Since J/A is connected, it follows by the
fibration lemma that either the fiber J/A of the fibration L/A = L/J is compact or
the base L/J is compact.

Assume that the latter holds. Then e(J, /A) 2 e(L/A) > 2. As above, J cannot be
solvable. And since J D Ry, it is clear that J is not semi-simple. Again there exists a
proper closed complex subgroup J; of J which contains A and the radical R Jo- (The
argument in [6, Th. 2] is for connected Lie groups. We showed in [2, Prop. 3] how
to apply this method to groups which are not connected.) But J, 5 Ry, D Ry and
dim J, < dim J. This contradicts the minimality of J. So L/J cannot be compact.

Hence J/A is compact and e(L/J) = e(L/A) > 2 with J > R;. Let Q := L/R;.
Note that Q is transitive on L/J and let M be the isotropy for this action, i.e.,
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L/J = Q/M. Suppose A is any algebraic subgroup of Q containing M. We claim
A = Q. Since ¢(Q/M) > 2 and Q/A, as a quotient of algebraic groups, has at
most two ends, it follows as in the first part of the proof that Q/A is compact and
thus is a homogeneous rational manifold. Let P % P/H® =: L % L/R; =: Q be the
natural maps. Then ¢~(%~!(A)) is parabolicin G, contains H and is contained in P.
Since P was chosen to be a minimal parabolic subgroup containing H, it follows that
A = Q. Now we apply this to Ng(M°) which is algebraic in Q. Thus Ng(M°) =Q
and hence M° is normal in Q. Then the quotient group S := Q/M° is semi-simple
and I := M/M° is a discrete subgroup of S. Note that the Zariski closure I*? of I’
in S is an algebraic ;roup containing I and the same argument using the minimality
of P now implies I = S, i.e., I is Zariski dense in S. Setting I := ¢~!(J) we have
P/I=L/J = S/T and the various constructions yield the diagram

P 4 pPE =L % LIRL=Q — Q/M°=:S
u U U u

) V)

H — A

Since the groups L, J, and A are complex Lie groups, the fibration P/H — P/I is
a locally trivial holomorphic bundle. The converse statement is an easy consequence
of the fibration lemma. tt

REMARK. The proof does not show that P is unique. If G is complex (resp. real),
then we suspect P-= N (resp. P = U), analogous to Tits’ result [14] in the compact
case.

Corollary  Suppose G is a connected Lie group and H is a closed subgroup such
that G/H has an invariant complez structure and the fundamental group of G/H is
solvable. Then ¢(G/H) < 2.

PROOF: Assume that G/H has more than two ends. Then one has a double fibration
G/H — G/I — G/P with P/I = S/T. From the long exact homotopy sequence of
the fibration G/H "Y' G/I and the fact that I/H is connected one sees that x,(G/H)
solvable implies ,(G/) is also solvable. Since G/P is simply connected and (G/P)
is an abelian group, it follows from the long exact homotopy sequence of the fibration
G/I & G/P that m(P/I) is solvable too. But P/I = S/T and this would imply
that T is solvable. Since S = I’ then S would also be solvable, a contradiction.
Thus ¢(G/H) £ 2. tt
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Closures on finite algebras

V. Lashkia

Presented by B. Banaschewski, F.R.S.C.

We introduce a new type of closures on the set of all finitary operations on a finite universe. We study

such closures, which admit only finitely many closed sets.

1 Introduction

Let k be a positive integer. Put E} = {0,...,k — 1}, denote Pf") the set of all n-ary functions of the
k-valued logic (i.e. maps f : E} — E) and put P = UZ, Pf”). Following [1) define the following
binary operation ¢ and the unary operations ¢,7,A and v on Fi. Let £ € P{™ and g € P{™. Then
¢fePMrre P, Af€ Pimeso-1l)) G5 e PI*Y and feg e PI"™ ") are determined by:
forn=1

rf={f=0f={

while forn > 1

€f)=z10e-e020) = f(22,- - . 20, 21),
(rf)(=1.. .. 20) = f(22,21, 23,...,24),
(Af)(z1,...12a-1) = f(21,21, 23, .. ., Zn1),
(V)21 02a01) = f(23, 23, ..., Zn41),
(92 )(211- -1 Zntm1) = f(9(211- - 1 2m), Zma 1, -« -1 Zngmai)
for all 2,...,Zn4m-1 € E}.
The algebra P =< Pi;{,7, 4,7, * > is called the full iterative algebra. An iterative set is asubalgebra
of Py i.e. 8 subset F of Py closed under ¢, 7,4,V and .
Forfe P{™ and g € Pf™(i = 1,...,n), put r = my +...4+ m, and define h = f%(gy,...,gn) € P{"

by setting h(ay, ...,a,) = f(g1(ay,...,am,);-- -1 Gn(Cromos1s-..,0)) forall @y, ..., 0, € Ep. For subsets
M and & of P; denote [M)® the least iterative set containing M such that f%(gy,...,ga) € [M]® whenever
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n>0,f€ 'lnP;") and g),...,9n € [M]® (i.e. [M]® is the subalgebra of < P; {¢,1,8,7,¢}U{f°: f €
®) > generated by M). For fixed @ C P the map M — [M]® is a closurc on Pi.

For M C P denote by [M] the least iterative set containing M. Clearly [M}® = [M].

Example Let & = 3. Denote by T; the set of all functions preserving 0 i.e. To = {f € Ps|f(0,...,0) =
0). Let 3(2),82(z) € P{" be defined by 8,(0) = #3(0) = 81(1) = 82(1) = 0, 8(2) = 1, 55(2) = 0.
Let the set M consist of 8;(z),s2(z) and all functions differing from 8;(z) or sa(z) only in fictitious
variables. Then we have [M] = M,[To U M] = T, and [M]™ is the set of functions f(z;,...,2,)
from Ty (n > 1) such that for the equivalence 8 = {(0,0),(0,1),(1,0),(1,1),(2,2)} on Es the equality
I(81,...,82) = f(c1,...,cn) holds whenever (d3,¢3),...,(8,¢n) € 6.

For 1 < i < n the i-th n-ary projection e} is defined by setting ef(ay,...,0,) = g; forall ay,...,a, €
E). Denote by J the set of all projections. An iterativeset C is a clone if C D J. We have:

Fact: Let M,® C Py and M’ = [M),%' = [®UJ). Then [M]® = [M']¥ (i.e. without loss of generality
we may assume that & is a clone and M an iterative set) and if M is a clone then [M]* = [MU3).

The set of functions M C P; is called a closed (®-closed) set if (M) = M (if [M]* = M).

The purpose of this paper is an "amplification” of the standard closure operator in Pi. It is known [4)
that the traditional closure operator M — [M] over Pa, k > 2, admits a continuum of closed sets. From
this point of view, this closure operator is "weak” and it is interesting to consider "stronger” operators
with at most countably many of closed sets. ” Amplification” is performed by adding new operations
which are defined by functions. Every function f from P, induces an operation on P; by ‘substituting
functons in the variables of f°.

A clone M is mazimal if there is no closed set G such that M C G C Pi. Let h be a positive integer.
A subset p of ED (i.e. a set of h-tuples over E}) is an h-ary relationon E;. A function f € P{™ preserves

p if for every h x n matrix X = [a;) over Ey whose columns are all h-tuples from p we have

(f(a11,...,@1n);-- -, f(an,-.-,00n)) € p

Denote by Polp the set of all functions preserving p. It is known (3] that every maximal clone is of the
form Polp, where p belongs to one of the six families P, E, L, B, C and O of relations (where the relations
are defined by permutations, equivalence relations, elementary Abelian p-groups, homomorphic inverse
images of elementary h-ary relations, central relations, and by bounded orders (see [3] for more detailed
description)).

2 Finite type clones

The clone ® is said to be a finite type clone if the number of clones containing ® is finite. If $ is not a
finite type clone then it is said to be an infinite type clone.
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Lemma. Foreny k, k > 2, if & C P is an infinite type clone, then the set of all ®-closed sets is
infinite.

Proof. If ® is an infinite type then the number of clones &; such that & C &; is not finite. Since
[®:]® = &;, the number of ®-closed sets is infinite.O

Theorem 1 Let & C P; be a clone. Then the set of all ®-closed sets is finite if and only if ® is a finite
type clone.

Proof.(=>) Lemma. (¢=) Let & be a finite type clone in P;. If M is a clone then [M]® = [M U 3] (by the
sbove fact) is one of the finitely many clones containing ®. Thus let A be a preiterative set that is not
a clone. From Post’s classification [2] we know that M consists of constant functions. Clearly then [M]®
consists of constant functions as well.O

For any & C P, we can describe all ®-closed sets. For k > 2 the statement of Theorem 1 is not true.
The following statement can be proved [7):

Theorem 2 For every k > 2 there ezisis a finite iype clone @ C P, with 2% ¥.closed sets.

A set ¥ in Theorem 2 is the set of all functions whose restriction to E; is either projection or a constant
with value in E,.

Let us consider now Pi-closed sets. For a equivalence 8 on E} denote by Ly the set of all functions with
the following property: f € Len Pf™ ¢ f(ay,...,an) = f(b1, ..., bs) whenever (a1,01),...,(an,8,) € 0.

Theorem 3 A subset M of Py is Py-closed if and only if there ezists an equivalence 8 on E such that
M = L,.

Proof.(<=) It is evident that for any 8 the equality [L,)™ = L, kolds.

(=) Let [M]™ = M. Clearly M contains all constant functions. Set 6 = {kers : s € M n PV).
Suppose that f € M n P.(") and (a3,81),...,(an,0n) € 6. Consider the sequence of n-tuples a; =
(81,104,841, +,8) (f = 0,...,n). For any i < n the equality f(a;) = f(ais1) holds because
f(a1,...185,2,bi4a, ... ,ba) € M O P, Therefore f(ay,...,an) = f(41,...,ba). Thus M C Ly. To
complete the proof we show that every function f € Ly N P{") also belongs to M. Suppose M N P{') =
{21,...,8¢}. Put

8(z1,...020) = (81(21),...,8.(21), 81(22), ..., 8¢(22), ..., 81(2Z0n), . . . , 8- (Z0n))

It is evident that 5(ay,...,an) = #(by,-..,b,) if and only if (a1,41),...,(an,8,) € 6. Thus there exists
9 € PI™) such that f(zy,...,2n) = 9(5(21,...,2x)) and so f € [M]P = M.D
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3 Closures generated by maximal clones

After obtaining results (Theorem 2 and 3), it is interesting to consider the &-closed scts where & is a
maximal clone.

Denote P{™ the set of all n-ary partial functions of the k-valued logic and put Py = U2, P{™. Let p be
an A-ary relationon E). f € Pf") preserves p if for every hxn matrix X = [a;] over E} whose rows are all
in the domain of f and columns are all h-tuples from p, we have (f(a11,...,1n), .-+ f(ah1s - .-, Gan)) € p-

If every partial function preserving a relation p can be extended to a full function preserving p we say
p possesses the erfension property.

A partial n-ary function f with domain D and exactly m values has the a-property if for every m-
element subset I = {ry,...,rm} of D with |J(I}] = m, the restriction of f to I is a partial projection
(i.e. there exists 1 < p < n such that f(r) =r; foralli=1,...,m).

If any partial function preserving a relation p and possessing the a-property can be extended to a full
function preserving p we say p possesses the a-ezteasion properiy.

Let p be an h-ary relation on Ej. The following proposition can be proved [7].
Proposition 1 If p possesses the a-eztension properly then the set of all Polp-closed sets is finite.

Clearly, if p possesses the extension property then p possesses the a-extension property. Therefore as a

consequence from Proposition 1 we have:
Proposition 2 If p possesses the extension property then the set of all Polp-closed sets is finite.

It follows from Lemma and Proposition 2 that if p possesses the extension property then the clone Polp
is of finite type. It is easy to see that p € PU EUC possesses the extension property. Therefore following
Proposition 2 we obtain:

Theorem 4 If p € PUEUC then the set of all Polp-closed sels is finite.

Note that there exist relations p € B U O U L which possess neither the extension nor the a-extension
property.

Theorem 5 If p € BUL then the set of all Polp-closed sets is finite.

Theotem 5 can be proved with help of the following [5]:

Proposition 3 If p€ BUL, M and M' are Polp-closed sets and M N P,f') =M'n Pf') then M = M’.
Let us now consider the Polp-closed sets where p € O. The following propasition can be proved (5).

Proposition 4 Ifk <7 andp€ O thenpp the a-eziension property.
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As 3 consequence from Proposition 1 and Proposition 4 we have:
Theorem 6 Ifp € O, k <7, then the set of all Polp-closed sets is finite,

For k > 7 there exist relations from O such that the statement of Proposition 6 is not true. In the
case of the relation p, defined by the order in Fig., we can find the sequence of functions (n = 3,4,...)
Ja(21, ... zn) such that [f,]Po' £ [£]P! where 3 < i < n [5]. Therefore we have:

Theorem 7 There ezists p € O,k > 7, such that the set of all Polp-closed sets is infinite.

Fig.

Theorem 8 For k > 2 there ezists an infinite chain &y D ®5... WD ®i... of clones in P, such that the
set of all &;-closed sets is finite for alli=1,2,....

Proof. For all s > 2 set p, = ES \ {(1,...,1)} and &, = Polp,. It can be shown that $2DPy.... We
show that p,, has the a-extention property. Let f be an n-ary partial function with domain D poesessing
the a-property and preserving p,. Extend f to f by setting f(z) = 0 for all 2 € E7 \ D. We show that
J preserves p,. Let X = [a;;] be an p x n matrix with rows r1,...,7y and all columns in p,. We show
that f(r1),...,f(r,) € E;. Suppose to the contrary that some g = f(r;) € E3. Then r; € D and we
can choose I C D so that r; € I and |f(I)] = |imf]. By the a-property,  restricted to I is a partial
projection and 80 ¢ = f(r;) = ay, for some 1 < p < n. However, aip € E3 becouse the p-th column of X
belongs to p, C EY. This contradiction proves the claim. If at least one ri € D then f(r;) = 0, hence
(f(r1),...,£(rs)) € p, and we are done. Thus let Ti,..., € D. Then

(,('l)l-"-f('u)) = (’('l)n-vw’('p)) €pu

because f preserves p, (note that Py does not possess the extension property).0
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ABSTRACT: The history of attempts to resolve Hadamard’s problem of determining all the
second order linear partial differential equations of normal hyperbolic type which satisfy Huygens’
minor premise is reviewed. The current status of the problem is described for conformally invariant
relativistic wave equations on curved space-time including a description of a programme to prove a
modified form of Hadamard’s conjecture. A new necessary condition is given for the non-self-adjoint
scalar equation to satisfy Huygens® principle. Some consequences of this condition are stated.

In 1923 Hadamard (1] reformulated Huygens' principle in the form of a syllogism and posed
the general problem, as yet unsolved, of determining up to equivalence all the second-order linear
hyperbolic partial differential equations in n independent variables that satisfy Huygens’ minor
premise (B). It is in this sense that Huygens® principle shall be understood in this article. We recall
that such an equation may be written in coordinate invariant form as

Ou+4 A%s, +Cu=0, (1)

where O denotes the Laplace Beltrami operator corresponding to the metric tensor g, of a n-
dimensional Lorentsian space V,, of signature 2 — n, s the unknown scalar function and “,” denotes
the partial derivative with respect to the natural coordinator z*. The coefficients g.,, 4%, and C
and V,, are assumed to be of class C=.

Cauchy’s problem for equation (1) is the problem of determining a solution which assumes given
values of u and its normal derivative on a given space-like (n—1)-dimensional submanifold S. These
given values are called Cauchy data. The local existence and uniqueness of the solution of Cauchy’s
problem for (1) has been proved by Hadamard. A modern treatment using distributions has been
given by Friedlander (2]. The considerations of this paper will be purely local.

Of particular importance in Cauchy’s problem is the domain of dependence of the solution. In
this regard, Hadamard has shown that for any 2., u(2,) depends only on the data in the interior of
the intersection of the past null conold C~(2o) with S and on the intersection itself. Equation (1) is
said to satisfy Hupgens’ principle iff for every Cauchy problem and every point 2, € V,, the solution
depends only on the data in an arbitrarily small neighbourkood of S N C~(2z,). This definition is
equivalent to the validity of Huygens' minor premise. An equation satisfying Huygens® principle is
called a Hugygens’ equation. The most familiar of these equations are the ordinary wave equations
that may be obtained from (1) by setting g., = diag(1,~1,...,—1), 4* = C = 0, and n = 2m,
m = 2,3,.... Hadamard showed that in order that (1) be a Huygens’ equation it is necessary that
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n be even and > 4. He also obtained a complicated necessary and sufficient condition for (1) to be
a Huygens’ equation and considered the problem of determining all the Huygens’ equations. In this
regard he wondered if every such equation was equivalent to the ordinary wave equation with the
appropriate number of independent variables. This is often called “Hadamard’s conjecture” in the
literature. We recall that two equations of the form (1) are equivalent iff one may be transformed
to the other by any of the following trivial transformations that preserve the Huygens’ character
of the equation:

(a) multiplication of both sides of (1) by non-vanishing factor e~>#*), which transformation
induces a conformal transformation of the metric:

Jos = e¥%90; (2)

(b) replacement of the unknown function by Au, where A(z) is a non-vanishing function.

The conjecture has been proved in the case n = 4, g*® constant by Mathisson (3], Hadamard [4]
and Asgeirsson [5). However, it has been disproved by Stellmacher [6] who gave counter examples
for n = 6,8,..., and by Giinther [7) who provided a family of counter examples in the physically
interesting case n = 4, based on the plane wave space-time with metric

ds? = 2dv[du + (Ds* + D5 + ez2)dv] — 2dzdE, 3)

where D # 0, and e are functions caly of v. McLenaghan (8] subsequently showed that any Huygens’
equation (1) on a conformally empty background space-time is necessarily equivalent to the wave
equation Ou = 0, or the plane wave space-time with metric (3). These results have been extended
to Maxwell’s equation

dw =0, §w=0, (4)

where d denotes the exterior derivative, § the co-derivative and w the Maxwell 2-form, and to
Weyl’s neutrino equation

v’A&B =0, (5)
where V2 ; denotes the covariant derivative on 2-spinors and ¢4 a valence one two-spinor by the
work of Giinther and Wiinsch [9]{10]{11][12], who have developed criteria for the validity of Huygen’s
principle for these equations analogous to that for the scalar equation (1).

Hadamard’s problem for each of the above equations, is that of determining all the space-times
for which Huygens’ principle is true for the particular equation. In view of the conformal invariance
of the principle, the determination can only be effected up to an arbitrary conformal transformation
(2)-

Huygens’ principle is valid for the conformally invariant wave equation

Ou + %u =0, (6)

where R denotes the curvature scalar and for equations (4) and (5) on any conformally flat space-
time and also on any conformally plane wave space-time (7][11]{12]. These are the only known
space-times for which the principle is valid for (4), (5) and (6). It has been proved (8}[12]{13] that
the only conformally empty space-time for which the principle holds for any of the three equations in
question, are those conformal to the plane wave space-time with metric (3). However, Hadamard's
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problem remains open in the general case. A detalled review of the status of the problem up to
1985 is given in Gilnther (14).

The results described in the preceding paragraphs suggest that it may be true that every space-
time on which any of the equations (6), ({) or (5) satisfies Huggens’ principle, is conformally related
to the plane wave space-time or is conformally flat and that any Huygens’ equation (1) is equivalent
to Ou = 0, on a plane wave or flat background space-time. Carminati and McLenaghan {15) have
outlined a programme to prove this modified Hadamard’s conjecture based on the conformally
invariant Petrov classification of the Weyl conformal curvature tensor Ceses of space-time [16][17].

The procedure for proof of the conjecture consists in considering separately space-times of the

five possible Petrov types. To date the conjecture has been settled for (6) on type N space-times
with partial results for the equations (4) and (5). It has also been settled for all three equations
on type D space-times and on type III space-times under a certain mild assumption. At present
only partial results are available for type IT space-times.
THEOREM 1. [15](18][19][20][21] The validity of Huygens’ principle for the conformally invariant
scalar wave equation (6), or Mazwell’s equations (4), or Wegl’s neutrino equation (5) on any
algebraically special space-time implies that the repeated principle null congruences of the Wegl
tensor (defined by the null vector I*) are geodesic, shear-free and hypersurface orthogonal.

In the case of Petrov types N, D and IIT we have the further results:

THEOREM 2. (15](23] Any non-seif-adjoint scalar wave eguation on any Petrov type N back-
ground space-time satisfies Huygens’ principle if and only if it is equivalent to the wave equation

Ou=0 (7)

on an ezact plane wave space-time with metric (3).

The analogous result for equations (4) and (5) is that the space-time is conformally related to a
special generalised plane wave space-time. The detailed result is given in (15).

THEOREM 3. (18][20](21) There ezist no Petrov type D space-times on which the conformally
invariant scalar wave equation (6), Mazwell’s equation (§), or Weyl’s equation (5), satisfy the
Huygens’ principle.

THEOREM 4. (15] The validity of Huygens’ principle for the conformally invariant scalar wave
equation (6), or Mazwell’s equations (§) or Weyl’s nestrino equation (5) on any Petrov type III
space-time implies that the space-time is conformally related to one in which every repeated principal
nudl vector field I, of the Wegl tensor is recurrent, that is

belipe = 0. ()

The above result is extended to equation (1) by the following theorem which appears to be new.
THEOREM 6. The validity of Huygens’ principle for any non-self-adjoint equation (1) an any
type type III background space-time implies that the space-time is conformally related to one in
which every repeated null vector field of the Wegl tensor is recurrent.

These theorems are a consequence of necessary conditions for equations (1), (5), or (6) to satisfy
Huygens’ principle obtained by a number of authors [8][24][9][12][25) [26][27).

We shall give here only the conditions for equation (1).

I = %A‘;. + %A.A‘ + %n, (9)
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I B =0, (10)
HI Sat - 30l lu = ~S(HLE - {oaBuB™), (11)
IV TS[3SusH". +C*o'Hay} =0, (12)

V. TS[ 3CicamC'es'™ + 8C* ' Sup + 405:a* Sags — 8C*od Stayg - (13)

24CP ! Seppa + 4C* S C™ uLym +12C* S D™ Lam +
1211.,;..5', - 16Hy B,y - “B‘gCuaH‘] - ISHMH“L.I] =0,

where
Hy = A (14)
Casea = Rerea — 29110Laye)s (18)
R
Ly := -Ra+ oy (168)
Sue = L )

In the above R,;.4 denotes the Riemann curvature tensor, R, the Ricci tensor and TS [ ] the
operator which takes the trace free symmetric part of the enclosed tensor.
The proof of Theorem 5 required the derivation of a new necessary condition given below.

VI TS| 86C* ' Cleemp H™, — GC'..',.C...."‘K.. —1385,*Crea H .+ ’ (18)
6SunH" s +6C ot e Haege — 240SarscH ot
l:C"..'L..Hu;. - 90..;'“.&.‘”;. —9Saal.eH ..] =0

It is believed that conditions I through VI should imply that any Huygens’ equation (1) on any
type IIT background space-time is equivalent to the conformally invariant equation (6). Theorem
5 is a preliminary result in this direction.
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On the von Staudt-Clausen theorem.

Krystyna Bartz  and Jerzy Rutkowski
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1.The von Staudt-Clausen theorem states that the denominator of the

Bernoulll number an is the product of those different primes p for which p-1
divides 2k and more precisely

B +

1
Z palaP
is an integer.

The n-th Bernoulli polynomial Bn(t) is defined by

x et* pBolt) o

n
Then Ba(0) = Bn is the n~th Bernoulll number and we have Ba(x) = T (BB x™".
k=0
In this note we will give a simple proof of the following

generalization of the von Staudt-Clausen theorem to the Bernoulli
polynomials :
THEOREM . Let s>0 and t20 be integers, p denote a prime number.

I1f n ts an even positive integer or n is equal to 1, then

s"Bn(i) + I s {s an integer. (.1

p-lln
ple

If nz3 s odd then "B ( i ) is an integer.

Remarks.

1. Putting s=t=l in (1.1) we get the von Staudt-Clausen theorem since
Bn(l) = (-l)"Bn .

2. We have by Fermat’s theorem for s positive Integer
(s"-1) ¢ s is an integer and obtain thus the Almkvist-Meurman

p=-3in
sH
theorem (seell),theorem 2) that s™(B () - B ) is an Integer.  (1.3)
The Almkvist’'s and Meurman’s proof of (1.3) is elementary but rather

complicated. So, we give here a new and short proof applying the von
Staudt-Clausen Theorem.
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3 .Since the Hurwitz zeta-function for a positive Integer n
B (a)
¢(1-n,a) = - : we have the following

COROLLARY. For t and s positive integers
s"(n((l-n,ﬁ) + Bn) (s an integer. (1.4)
(for odd nz3 see (1) theorem 9). *

In the proof of Theorem we use the following known (see (2}
p.271 and 273) property of sums of binomial coefficients

mutnbeamhrunumbermletpuanarbunrym
number.Denote
s, () = -7 [“p_"”] (i) .

k=)
Then

Sp(n)- O(modp) Lf p-iln and Sp(n)ll(modp) tf p-iin. (1.5)

2. Proof of Theorem .

Iheideaoftheproofhtodomm:ctlonontwlthsﬂxedvlathe
addition formula

B (x+y) = f[;]nm(x)y”' with x = < and y = <.

We have

s"B (bl - [ ]a (4™, (2.1)
m=0 s

That our theorem holds for t=0 is clear by the use of the von Staudt
~Clausen Theorem and the Fermat Theorem since sn(o) =- Bn

So assume that it holds for t and consider first s even.By the induction
hypothesis and by (2.1) we see that we get an integer by adding the following

number to s B ("'| ) :

Ll ) Bt gL (2] 5 e

lor m even = lln i
where using (1.5) Al Is a certain integer.So the result holds also for t+l.
Considering next the case s odd with p=2 and p>2 separately we see that we
get an integer by adding the following number to s"B ('L’ )
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Ly L (a ],_,,mi'p ﬁ (n])-x I m_o[;]+_;+

muil or m even o °" | even sz "‘I"‘

_'. [ ) 1,0, 2"'24- A
2m-so p- lln’ 2 2

where Azls a certain integer by lemma and the result follows for t+l. By the
use of mathematical induction we get Theorem.
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PROPRIETES DEQUILIBRE FORT DANS LES JEUX DIFFERENTIELS

par Verguil DINOVSKY
Presenté pan P. Ribenboim, F.R.S.C.

Ouand on utilise I'equilibre de Nash en qualite de solution dans
les jeur différentiels sans coalition. tout joueur doit étre convaincu
que tous ses partnaires du jeu vont utiliser leurs stralegies de
l'ensemble des strategies d'équilibres de Nash. Ce defaut peut étre
elimine si on suit le principe de l'equilibre fort donne par CBERG| 1 |.

Dans le présent article on etudie les proprietés de l'equilibre fort
sur 1a base de la formalisation mathematique des jeux differentiels
proposee par N.N.Krassovki | 2 |.

LF lisation d'equilibre fort

On considére un jeu différentiel a deux joueurs
(1.1 <{12).Z.(W;)i=1.2.0 =Fi(200])i=1.2) > ( Ji=BJ2+ct)
ou (1.2) designe les numeraux des joueurs avec des interéts opposes:
Z est le systeme de controle defini par le svsieme dequations
differentielles x = f ( . X, uy, up ), 1l06]. xeR® , u;- fonction de
controle de i-éme joueur (i=1,2); (U; ) est I'ensemble des stratégies de
i-eme joueur: J;- fonction gain de i-eme joueur.

Supposons que Jes conditions suivantes sont verifiees:
Conditions A, La fonction f: [0.6] x R x Pj x P — R® est continue. Les
ensembles P; sont des compacts sur R™, Pour tout sous- ensemble
borné G dans I'espace de la position (t.x) €[0.6] 2 R® il existe A(G)= ct
Jelle que
NI 1, ) - 142, 2% 00y W< G 2 22" 1) g 11 - 12
quelleque soit Ia position { 1™ xM e G (j«121et ;e B;

Pour vt € [ 1, 8, 2eR%,u; € P; il y a inegalité

Mtz uuy )l syl 1«lx0). y=c120.

On appele strategie U; de i- éme joveur .chaque fonction multiforme
uit 1. X 1€ Pj. La corespondance entre les strategies U; et les fonctions
uil 1 .x ) nous allons noter par Uj+ u; (t 3 ). Le couple de stratégies
(Up.U2) s appele parfois situation du jeu (1.11.

Soit ll,+ uy{ & 1 ) une statégie de premier joueur. Soit A" up

partage d'intervalle [t , 8] avec les points 1{r).cest- a-dire

AT L :xg)- 0 . Le mouvement par pas
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xap L -, ) (o) gy .ug’(-) ezt -, a) = xit, &) s 1 s 0
represent d'apres | 3 | une solution de l'equation
( l.2JlLA“")-x(t;(l".A“"}oI:i(.-)ﬂu(t.A‘f’),ul(ti(l‘).x(t;‘l‘).A")))uz'"(t)l dr

ou () 5 1 < 14 (7 (j = 0.1,..k(r)-1), 2(t(0) AlD)) « 3(0) (r=0.1.2,...)
oV u2{r) (1) est une fonction mesurable de Borel telle que u2(r(t)ePy,
vielt(rlgl

Si les conditions A sont satisfaites, le systéme des équations
(1.2) admet un et un seul mouvement continu x( t, Alr? )quon peut
élargir sur l'intervalle [ 5.0 Il 3.0.53 )
Le mouvement xftip Xo. Us) .1 05t <0 du sysieme Z, provogue
d'une strategie Uy par la position initiale ( ty , x o ) ,s'appele chague
fonction continue x| - ] = ( x(1). to s 1 s0) pour laquelle il existe une
suite de mouvements par pas (xa® ( -, 1) x(r) Up uateX- 3) 1
uniformement convergente i cette fonction pour t{f) =1, ,
I 2t} -2l 0., supl tj. ) (F)-4j(r)) — 0 .quand r— =

Dans (12 },13] )on demontre que le faisceau HMl. to .30 Uj)
de mouvements est un compact continu dans Cy[t,.8] .alors I'ensembie
Xl 0.t030.Usl= B ItoX0.U1l n(1=98) represent un compact dans RD.

Analogeiqument on définit le mouvement 1l .1.30.U2] du
sysieme Z provoque de la strategie U2+ u2( t, x ) de position initiale
{ 10X0 ). Dans la formalisation du mouvement x| 1,Xo,U1.U2] provoqué

de la situation U = (U,U2)ell de la position { 15X, ) il faut poser

dans (1.2) utzr)(!) = Uyl t}r). x( 1}”

LAD
L'intersection X[ 0,19.X0,Us,U2] du faisceau de mouvement

I+ 10.30,U3,U2] est un compact dans R2, Les fonctions gains
F; = Fj(xf8]) (i=1.2)ou i8] € X 8,8, Xo. Ul ou (6] € XI0.t, 30, Us.U2)
sont définies sur les ensembles fermeés et bornés X (0.t xo. Ul (i =1.2)
Xl(0.tq x0. Up, U2}
skmdnmns_g Supposons que Jes fonctions F;i x 1 sont continues dans
RO, Plus loin on suppse que les conditions A et B soit verifiées. Ainci
tous les composants du jeu differentie] (1.1) sont définis et le
probleme de chaque joueur est le choix de stratégie pour laquelle sa
fonction-gain est maximale. .

Dans les jeux différentiels san coalition avec Ja somme non
nulle il n'existe pas un seul consept en qualité de solution du jeu .
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Dans un grand nombre des articles scientifiques en qualité de solution
du jeu dilférentiel on utilise 1'équilibre de Nash . Cependant une telle
notion utilisee en qualité de solution dans les jeux différentiels
possede certain defauts [4] . Par exemple si un joueur utilise dans un
jeu la statégie d'equilibre de Nash , il doit étre certain , que son
partnaire de jeu utilise aussi sa strategie de la méme ensemble de
stratégies d'équilibres de Nash. Dans un grand nombre des problemes
pratiques une telle certitude est rare, c'est pourquoi dans le present
travail on propose pour les jeux différentiels de position

une autre notion - solution du jeu appelée équilibre fort (éqilibre de
Berge) suivant 1a définition pour le point d'équilibre fort {1,p.96]

Définition Le complete de stratégies U* = (U Uy ) €@ s'appel

equitibre fort (équilibre de Berg ) de jeu difféerentiel (1.1) avec la
position initiate (1,,X,) €106l X R®, si

(1.3)  max Fy(xl0,1,30.U;.Us]) < min Fy(x16,130.U°)) .vUye B2

(1.4) max Fy(xl6,t0,%,,U, ,U3]) < min Fy(xl6,t6.20.U°)) , vUie By
xl-) xl-1
L'apparition de max et de min dans (1.3) et (1.4) est du au faite que,
quelque soit lasituation (UpU2)e B les extremités " droites” du
mouvement X| 6,t9.X,,U1,U2) dans R® , o sont définis les fonctios-
gain. D'autre part max et min s'obtient dans (1.3) et (1.4) grace a la
continuite des fonctions Filx).

Conformément 3 cette définition chaque joueur obtient le gain
mazimal quand son partnaire a la meilleure conduite. Si ce partnaire
utilise une stratéegie diférente de celfe d'equilibre fort. le gain de ce
joueur dans le cas general diminue.

2. Propriétés de [équilibre fort
Proprieté 2.1 Le gain des joueurs dans la situation d'equilibre fort
est uniforme.

En effet si dans le second membre des égatites (1.3) et (1.4)
on pose U, . U, et U,. on obtient
(2.1) max Fi(x10.t6.20,U°]) = min Fi(x10.19.26,U"]) =F;(x[0.te.x0.U" ]} (i=1.2)

al -] (B
Propriété 2.2 max Fi(xl6.taxo.U;]) = Fi(xl0tax0 U] (i=1,2)

En effet si dans (1.3) on pose U.+ P, alors nous obtenons
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(2.3)maxFy(x18.to.x0,Uj.Up+P,l)- maxF(x10,t0.%5,Uy DsminF1 (x16.10,x,,U° )

xl-] xl -] -l

Dautre part d'apres [2] X{0,t.20.U;] 2 XI6,t0,x0,Uj. U alors
(2.4)maxFy(xl8,t0.Xo,Uj )2 maxFy(xl6,to.x5.U; Ul k> minFy(x16,4.20.U; UG
xl-] 2l -] xl-]

De (2.3).(2.4) et (2.1) il suit U'égalité (2.2)La raison du jeu dans
(2.2) est la suivante: Quelque soit la conduite d'un partnair dans un
jeu differentiel, le gain maximal de chaque participant ne depasse pas
son gain dans l'équilibre fort. Cest -a-dire le gain de chaque joueur
dans l'equilibre fort est stable par rapport aux ecarts du partnaire.

Propriété 2.3

(2.5) mazx Fi(x(6.1030.U%})) = max min Fy(x(6.t6x0.U,))
U2 1l

(2.6) maz Fa(xl0,t2,U']) > max min Fa(xl8,t.20,U,)))
Uy 1l

Pour etablire l'inégalité (2.5) nous allons considerer la stategie
min max U;":
max Fy(xl0.4,30Uj]) = max Fy(x[6.4530.U;])
xl-] xl-}
A l'aide de (1.3) (2.7) et (2.2) nous obtenons
FialexoU’) = max FixlotexaUj)) 2 max Fixletexo U}l =
min max Fy(xl0.t,.3,.U, ) al )
U xl )
Dapres la demonstration dans [3,p.240]
min max Fill0.l30.Us}) > max min Fyt[0.10.X0.U, I!
U, 2} U, xf -]
dou on obtient la verité dinegalité (2.5) L'inégalité (2.6) est
demontree de ja méme facon.

La raison de jeu dans (2.5) est la suivante: Dans la situation de
V'equilibre fort, un joueur obtient un gain en tout cas superieur a ce
qu on peut lui éire garantie par ses partnaires.

LPropriete 2.4 La sitvation d'equilibre fort pour les jeux differentiels
antagonistes coincide avec le point-selle.

En effet dans les jeux competitifs
(2.8) Filx)=-Fa(x)=Flx) vxeRD
par definition [ 4,p.25} la situation ( Uj,U2) est point- selle du jeu
competitif§i ¢ - < (12).2,(8).(i-1,2),)J-F(xlep >
de Ia position initiale (1, Xo! .si I'inegalite
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(2.9) F(!Ie.lo.xo.Ui.Uzl) Z F‘xle.‘o.!o.Ui.U‘Zl.' < F(!'e.‘o.!o.‘.‘l.l‘éh
est valable pour chaque mouvement x| - to.X0.U1,U2] . De (2.8) et (2.9)
ilsuit  Fi(xl0.to.x0.U1.U2)) = F(xlotoXo Ui UZD) 2
> max F(xi6,15.X0.U1,U2]) =max Fy(x16,10.X0.U1.U21 pour v Uze B2
al ] xl )
D'ici et d'aprés [4,p.26] on obtient
(2.10)  minF(xl8.lo.x0.c)) 2 max Fy(xl6.t5x0.U1.U2)) pour v Uz B
L (| (B
A l'aide degalitt max| - F(x) ] - - min F(x) d'une maniére
analogue nous pouvons établir
(2.11) minF2(xl6.to.Xncl) 2 max F2(xl0.ta.x0.U.U2) pour v Uie®
1 xl-|
Dapres la definition (1.1) les inegalites (2.10) et (2.11)
désignent que le point-selle ( Uj,U3) represent la situation d'équilibre
fort du jeu T¢. De la méme maniére on peut établir que la situation de
equilibre tort das les jeux differentiels competitils devient point-selle.
Ainsi la notion de l'équilibre fort { equilibre de Berg) dans les
jeux différentiels de position apparait [inalement trés large, parce qu’
elle englobe comme cas particulier la notion point-selle.
Les proprietes precedentes montrent que | equilibre fort peut
étre utilise comme solution dans les jeux différentiels sans coalition.
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>4 The Schlifli Double-Six Configurations

Harold L. Dorwart

Presented by H.S.M. Cozeter, F.R.S.C.

In [2]. Hilbert and Coln-Vossen discuss the application of Schlafli's double-six [3] to
the construction of a certain space point-and-line (305,125) configuration. Figure 1 (taken
from their book with permission) shows the thirty points and twelve lines of a model of
this configuration, with five points on each line and two lines passing through each point.
“Lines” here (and in the following discussion) are abbreviated to the segments in which
we are interested, but for projective configuration figures they should be thought of as
extending indefinitely beyond the end poiuts of the segments. The cube outlined in Figure
1 is not a part of the configuration but is helpful for visualization purposes and also for
the construction of the model.”

Figure 2 is intended to illustrate as clearly as possible the double-six property, namely
that the twelve lines are divided into two sets of six each where no line of cither set has
a point in common with another line of that set, and where one line of each set passes
through each of the thirty points of the configuration.

Figure 3 illustrates a property of this configuration (not mentioned in [2]) that can
also be helpful. The solid, dotted, and dashed lines clearly show that this (30,12;) is
made up of three space quadrilaterals.

In Figures 2 and 3 the (30;,125) configuration has been projected onto a plane. In
correspondence related to [1] Coxeter conjectured it could be reciprocated into 30 lines
forming a configuration (125,30;). This may appear an casy task. Although the two
regular hexagons of Figure 4 with inscribed equilateral triangles, whose vertices are joined
one to one, do form a (125,30;), it does not have the double six property. Alterations

made as in Figure § do lead to the double six property, but there are uncomfortably mauy
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intersections at the central crossover point. Thus Figure 5 is not obtained by reciprocating
Figures 1,2 or 3.

Many years ago one of the writer's students had constructed a model of Figure 1.
Placing the model in a symmetrical position, gives Figure 6 (analogous to Figure 3) and
Figure 7, the latter directly as the reciprocal of Figure 1. The end point designation of the
sets of points by solid dots and by circles in Figure 7 is sufficient to show the double-six
property that no two points of either set have a line in common and that each of the thirty
segments has a point of one set as one end point and a point of the other set as the other

end point. In other words, we “reciprocate” Schlifli’s matrix of points

(al az ay aq as ae) to (Pl P, Py P, Ps Po)
by b2 by b bs Db Q1 Q2 @ Q4 Qs Qs

a matrix of lines, such that two points P; and Q; are joined if i = j, or, more simply for
the complete property, that two of the twelve points are joined if and only if their symbols
occur neither in the same row nor in the same column. The actual positioning of these
labels is aided by Figure 6, and variations in these locations will produce variations in
Figure 7, i.e., different locations for the unconnected points P; and Q; when i=j.

Figure 7 can, of course, be thought of as a space configuration (as can Figures 4 and
5), but the writer has not tried to make models of any of these! He has. however. suggested
to several sculptors who work with steel rods that two large-scale models of Figures 2 and
3 — using colored rods and with a descriptive plaque — might be a sculpture of general
interest. So far there are apparently no takers of the suggestion.
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Figure 1

Figure 3

Figure 2
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