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Markov uniqueness and its applications to 
martingale problems, stochastic differential 

equations and stochastic quantization 

Sergio Albeverio Michael Rockner Tu-Sheng Zhang 
Presented by Donald A. Dawson, F.R.S.C.. 

Abstract. We prove that for a class of positive Unite measures /i on a locally convex 
topological vector space E "Markov uniqueness" holds for the corresponding Dirichlet 
operators A» + /} • V on Ls(£; /i). Here 0 ia the logarithmic derivative of p associated 
witb a rigging E' c H C E lot some Hilbert space H. Markov uniqueness means that 
there exists exactly one self-adjoint operator L generating a sub-Markovian semigroup on 
L3(E; /i) and L is on smooth cylinder functions of the above type. As a consequence we 
prove that we have Markov uniqueness for all positive finite measures ponB admitting an 
integration by parts formula provided H is chosen properly. We also discuss applications 
to show uniqueness of the corresponding martingale problem under symmetry assumptions 
and of the stochastic quantization of infinite volume quantum fields. 

Before we state our results we first present the finite dimensional case solved 
in [RZ 92a,b| (see also (R 91]) and recall our (infinite dimensional) framework. 
Let dx denote Lebesgue measure on Rd and let ip be locally in H1'2{R'i;dx) 
{= (red) Sobolev space of order 1 in L2{Rd;dx)). Consider the operator Sv 
on L^R^dx) defined by 

S,
v):=A + 2¥>-,(VV»,V)1« 

D{Sv).= CS'{Rd) 
where C Q ^ R 4 ) denotes the set of all differentiable functions on Rd with com-
pact support and A is the Laplacian on Rd. Note that tp € Hl£{Rd]dx) is 
necessary and sufficient so tbat C^{Rd) C L2{Rd;ip2 • dx) and so that 5^ 
maps CS0{Rd) into L2{Rd\ip2dx). The foUowing was proved in [RZ 92b]. 

T h e o r e m 1. There exists exactly one negative definite self-adjoint operator 
Lv on L2{F.d;<p2dx) which extends {SV,C^{R% sueh that T, := etL*, t > 0, 
is sub-Markovian (that is 0 < u < 1 implies 0 < T|U < 1 for all u € 
L2{Rd;v2dx),t>0). 
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problem, stochastic differential equations in infinite dimensions, Sobolev spaces on infinite 
dimensional spaces, stochastic quantization, quantum fields. 
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The uniqueness in Theorem I is referred to as Markov or Dirichlet unique-
ness, since a negative definite self-adjoint operator L on L2(Rd; ip2dx) whicli 
generates a sub-Markovian semigroup is called a Dirichlet operator (cf. (MR 
92, Chap.I, Sect. 4]). The Dirichlet form (£„,£»(£„)) corresponding to Lv in 
Theorem 1 is the closure on L2{Rd; ip2 - dx) oî 

(1) £v{u,v) = J^VuWvSdx; u,v€C?{Rd). 

(cf. [P 80], [MR 92, Chap.I, Sect. 4]). It provides a means to formulate and 
study the Markov uniqueness problem in infinite dimensions. 

Let £ be a separable real Banach space with dual E' and dualization £•{ « )E-
Let B{E) denote its Borel a-algebra and let /i be a finite positive measure 
on {E,B(E)) with supp[/x] = E. We emphasize, however, that as in (RZ 92 
ajb], (ARZ 92] all results below carry over to more general locally convex 
topological vector spaces E with possibly supp(/x] ^ E. Define for K C E' 
the linear space 

rcr{i<) := {/(/,,..., u ] m e N, / e cr(Rm), /„..., /OT g /f). 
Set PCS" := .FC"(£')• Compared with the finite dimensional case we have 
that E, p, FCZ>{K) replace Rd, dx, C^{Rd) respectively. To define the 
analogue of (1) we need a gradient V. To this end fix u = f{li,...,lm) € 
TCf, 2 € £ and define for fc 6 £ 

(2) S( Z ) := éu ( z + afc)|'E0 = ? ^('l(z)' • • 'lm{z)) JB,<Z" k)E 

Furthermore, we assume that we are given a "tangent space" H io E ai each 
point, i.e., tf is a separable real Hilbert space such that H C E continuously 
and densely. Thus, identifying H with its dual H' we have 

(3) E' C H C E continuously and densely . 
We can define Vu(z) to be the unique element in H such that 

(Vu^), h)H = ^ ( z ) for all he H {CE). 

Now it is possible to define a positive definite symmetric bilinear form (hence-
forth briefly called form) on (real) L'2{E; p) by 

(4) £ÎiW(u,t;):=|B(Vu,Vt;)w^; u^trCf. 
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which is densely defined, since TCf is dense in l%{E\p). An element fc € £ 
is called well-p-admissible if there exists 0k e ^(fi;/!) such that 

j -^dp = - jufikdp for ail u 6 FCj00 . 

Assume: 

. . . There exists a dense linear subspace K oî E' {c H C E) 
consisting of well-/i-admissible elements in E. 

(5) corresponds to the assumption <p € H**W;dx) in the finite dimen-
sional case (cf. [R 90, Subsection 4a)]. Then it is easy to see that the 
form {Qu^C?) defined in (4) is closable on L2{E',p) and that its closure 
(^.H.^(^,«)) is a Dirichlet form on L3{E',p) (cf. [AR90], [MR 92, Chap.II, 
Subsection 3b)]). We also denote the closure of V with domain D{£%H) by 
V. Let LlM with domain iJ(//°)W) be its generator (cf. [MR 92, Chap.I]). 
iLl,Ht Di^lji)) is a Dirichlet operator, i.e., (e<i'*.»'),>o is sub-Markovian. It 
is immediate that if u = /( / | , . . . , /m) € FCftK) and Ko C /f is an or-
thonormal basis of H having / i , . . . , /m in its linear span, then u € D{LlH) 
and 

Note that the right hand side is only a finite sum and defines a linear operator 
S„,H,K on L7{E; p) with dense domain FC^K). Now we can extend the 
notion of "Markov uniqueness" to this infinite dimensional setting. 
Definition 2. We say that Markov uniqueness holds for {S^jtjct fCftK)) 
i f Uwr^lw))is the only Dirichlet operator on L2{E;p) extending 
{s,.njc,rcr{K)). 
Let for a sub-a-algebra A oî B, £„[• \ A] denote conditional expectation w.r.t. 
p given A. Now we can formulate our main results. 
Theorem 3. Suppose that there exist en C /f, n 6 N, forming an orthonor-
mal basis in H such that for BN := <r{B'(cn, •)£]«< N) 

(7) sup £ H/?.. - E ^ . . | BN]\\l,(E.tll) < oo . 

TAen Markov uniqueness holds for {§„##, FCfiK)). 
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(7) is a weakened form of a condition in [T 87] where an analogue of Theorem 
3 is proved under much stronger smoothness assumptions on p (cf. [T 87, 
Theorem 3]). 

Corollary 4. Consider the situation of Theorem S; i.e., in paHicular (7) 
holds. Ut ip 6 /?(££„) such that <p0k 6 L2(£;/x) for all fc € K. Then 
Markov uniqueness holds for {S,,.»* +2'P~1{Vip,V)H,fCS°{K)) 
[on L2{E\V

2p)). 

Corollary 5. There exists a separable red Hilbert space H Q H and a 
linear subspace I< c l< such that the image of K under the imbedding 
K C E' C H' = H C E consists of well-p-admissible elements in E and 
Markov uniqueness holds for the corresponding operator {S^R^CF{!<)). 

Now we turn to the probabilistic consequences. By [Sch 90] there exists 
a diffusion process M^ w = (n„F , ( ^ ) , (X,). ( P . W ) associated with the 
Dirichlet form (££„, D(f°f f)), i.e., for all u € L2(£; /0 . < > 0, 

Ju{X,)dPt = Ttu{z) for /i-a.e. z€E 

where r ,« :s= exp{tL0
H<lt)u. M^H is easily seen to be conservative (i.e., has 

infinite lifetime) and to have p as an invariant measure. 

Definition 6. Let D c L2{E;p) such that each u G £> has a ^-version û 
which is continuous. Let i4 be a linear operator on L2{E',p) having D in 
its domain. We say that a /^-symmetric right process M = (fl, .F, (.F,), (Xi), 
CXKCE) with state space E solves the martingale problem for {A, D) if for 
every u e D 

(8) û{Xt) - û{Xo) - / ' Au{Xt)ds, t > 0, 
Jo 

is an (FO^o-martingale under PM := / Pgp{dz). 

[MR 92, Chap.IV, Theorem 6.4] then implies. 

Theorem 7. Suppose Markov uniqueness holds for (S^jt^C^K)). 
Then there exists (up to p-equivalence) exactly one p-symmetric right process 
M with state space E which solves Uie martingale problem for ( ^ . « . K , 
FC^K)). M is, in fact, the conservative diffusion process M^H introduced 
above. This holds, in particular, in the situations described in Theorem S 
and Corollaries 4,5. 
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In the situation described before Theorem 3 it was proved in |AR 91 cf 
Theorem 6.6] that if J E'{k,x)%p{dz) < eo for all fc 6 /f and if there exists 
a Brownian semigroup on E over H (i.e. with covariance given by 2(. )«) 
then M,,.!/satisfies the stochastic equation ' \ » / « ; 

(9) Xt = z + Wt + Nt, <>0, /Va.8. 

for ^.H-quasi-every zGE (cf. [MR 92, Chap.III, Sect.2] for the notion of 
3l>H-quasi-everywhere). Here (W,)»^ is an (^;)-Brownian motion on E with 
c°v a r i a nfe 2 ( . )H starting at the origin under P, and (iV,)«>o is a continuous 
^-valued (^^-adapted process such that for every fc e ~/f, B.(fc,Wi)B = 
foPk{X,)ds, t > 0, P.-a.s. for £jH-quasi-every z Ç E. By using Itô's 
formula (in finite dimensions!) it follows by Theorem 7 that M,,,;/ is (up to 
/i-equivalence) the only /i-symmetric right process satisfying (9) if Markov 
uniqueness holds for {S^H,K^C^{K)). 
Corollary 5 obviously applies, in particular, to the examples studied in detail 
in [AR 91, Subsection 7 III. There p was an {infinite volume) space time 
resp. lime zero quantum field with E a Banach space of tempered Schwartz 
distributions on R* H := L2{Rd;dx) and K := ^ ( R ' O with d = 2 resp. 
ea' W?,«mPh a s i z e . however, that it seems unlikely that (7) holds for these 
E,H,p. Therefore, to have imiqueness we change the Hilbert space H into 
H, and K into K as in CoroUary 5. Nevertheless, we have thus constructed 
a solution MMi/j of (9) (with H, K) which is within the class of /j-symmetric 
right processes (up to ^-equivalence) unique, is conservative, and has p as 
an invariant measure. M^ # is sometimes called the stochastic quantization 
of p. 
Detailed proofs of the above results can be found in [ARZ 92]. All results of 
this paper have been announced in (ARZ 92], at the "Conference on Measure-
valued Processes, Stochastic Partial Differential Equations and Interacting 
Systems , Montreal, 11-16 October, 1992, and the meeting "Stochastische 
Analysis", Oberwolfach, 26-31 October, 1992. 
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Extremal Measures For q-Hermite Polynomiab When « > 1 
Mourad E. H. Ismail and David R. Uataoo 

Presented by G. F. D. Duff F.R.S.C. 

Abstract. We characterise the solutions of the Indetenmnate moment problem mociated with the 
continuous q-Hermite polynomials when q>l. The estiemii meinuei t n firaad explicitly. As a 
byproduct we evaluate several qbeUbtograls and their discrete analogi. A system of biotthogMial 
rational functions is also introduced. 

1. Mdn Results. The continuous q-Hennite polynomials {H%(x\q)) of L. J. Roger» a n orthogonal 
on [-1,1] when W < 1. [3], [i]. To accomodato tbe case y > 1. Askey [3] introdaced the polynomials 
l*»(*l«)}. hn{x\g) := i-nHn{ix\l/q), which satisfy the three term recurrence rdation 

(1.1) *.+1(x|«) = 2xM*l«)-«""a-«")*»-i(*l«) . n>0> 0 < « < 1 . 

The initial conditions are M' t f ) = li*i(*l«) = *«• T , , e n»ment problem assodated with (l.l) ia 
indeterminate; that ia, there are infinitdy many probability measures with respect to which then 
q-Hermite polynomials are orthogonal There is a one to one correspondence between solution» cf 
an indeterminate moment problem {ty(« i ' ) } •"* fanetioii» a(«) analytic in the open upper half 
plane which map 0 < Im • into Im a{z) < 0, [11|. Furthermore (11) t h m exist «oar entire fanctkm» 
A(z), B(z), C(z), D[z) with real and simple zeros such that the Stidtjes transform of di>{x,o) 1» 

given by . . . 
* A{s)-e{x)C{*) r>mi') 
l1"0 B{x)-9{x)D{x)~J^ s-t ' 
where a is as above. The entire functiona also satbfy 

(1.3) A{x)D{x)-B{x)C(x)=l. 

The spectral theory of orthogonal polynomial» i» essentially the spectral theory td synanetifc 
second order difference operaton or infinite symmetric Jacobi matrices, [12]. The Jacobi matrix 
assodated with (1.1) is 

J = (amn), am.^l = am+,.m = j ^ - " - 1 - U otherwise a»., = 0,m.n > 0. 

The operator J is unbounded and closed on I* but doe» not have a unique sdf-adjoint ertendaa. 
The extremal measures are predsdy the spectral measures corresponding to orthogonal spectral 
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resolutions of the identity. The operator J is a Schrôdinger operator and our andysis seems to the 
first complete analysis of an unbounded Schrôdinger operator not possesing a unique self-adjoint 
extension, (12). 

The purpose of this note is to announce some of the results of our forthcoming paper [9). In this 
section we state some of our main results and in Section 2 we include some of thdr consequences. 

Theorem 1. In the case of Ihe moment problem associated with the polynomials {h„{x\q)) the 
fiinctions A(z), B{z), C{z), D(z) are given by 

(1.4) A{x) = - ^ Ù ï k ^{qe*,qe-*; ,3; q\q*), C{x) = ^(e"*,**^^,^), 

(1.5) B{x) = -Wrfrj 5(1 - (4X1 + 2),I"+' + ̂ "«] = -(w')«V<.9«-*;f , )~, 
ncO 

(1.6) D{x) = jA- 5(1 - (4X1 + 2 ) , ^ + , ^ 1 = r-^-(?2e«,,V*;<?)„, 

where x = sinh (. 
In (1.4)-(l.6) we employed the notation in (8) for q-shifted factorials and basic hypergeometric 

functions. The evaluation of the entire functions A{z), B{z), C{z), D{z) in Theorem 1 invloves 
identifying the polynomids {ftnlil?}} of odd and even degrees as multiples of Al-Salam-Chihara 
polynomials (6) of argument x1 . We also use Darboux's asymptotic method. An independent 
calculation gave expressions to base y/q. Thus we also obtdned some quartic transformations 
which are not stated here. 

The identity (1.3) is an instance of the nonterminating q andog of the Chu-Vandermonde sum 
[8, (11.23)). The generating function 

CO tn n(n-l)/3 ^ _ _ 

d-7) E - T H K{x\q) = {-t{x + y/*TÏ),t{^&Tî-x)•,q)m 

proved to be very useful in our analysis. Using Rogers's formula for the linearization of products 
of two continuous q-Hermite polynomids [5] and (1.7) one can prove Tbeorem 2. 

Theorem 2. Let {ha{x\q)) be orthogonal with respect to a normalized probabUity measure d0(x). 
Then 
(1-8) f nH,(x + y/^+DMy/xHl-x^qUd^x) 

' i=i 

n (-'iW^)-
i<i<*<< 

/ ( t iM3«4?-s;?)oo. 
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provided that Ae integral exists. 

In the process of proving (1.8) we also derived the Poisson kernel 

(19) £Mrinhf | 9 ) fc B (8inhi; | , ) I—^-JT» 

= i-qRe**', -qRe-<-\qRe<-',qRe'>-<iq)eof{qB!';q)„. 

This is not surprising since in the case of continuous q-Hermite polynomials when 9 < 1 the Poisson 
kernel is equivalent to the linearization formula of L. J. Rogers. The interested reader may consult 
the excdlent monograph [1] for applications of Rogers's work and for references to Rogers's origind 
papers, see dso [5]. 

R. Askey [3] proved that the polynomiab (Anf*!?)} axe orthogond on (—00,00) with respect to 
the normdlzed weight function 

(1-10) 7—;—i r r ; î ; ^—;—• x = sinhf. 
V ' (-In^cosh^-fle*,-,*-^),»' s 

This fact when combined with Theorem 2 gives the following result of Askey [2]. 

Corollary 3. We have 

( i l l ) f , ferSir—fe ^ = 1 II (-<iW9;»)ool/(«.M3M-3;?)co. 
J-co{-lnq}{-qe^,-qe ^q)^ i<j<k<4 

Note that the orthogondity of the polynomiab {An(x|f)} is equivdent to the spedd case (3 = 
(4 = 0 of (1.8). One can think of Theorem 2 as a way of introducing new parameters in the 
spectrd measure of the q-Hermite polynomids and the result is the evduation of more generd q 
beta integrals, [2], [3], (8). 

Let 
n 101 / • l.r * 1 * , 1 *.( <l-n,-Uh<r-',-tlt3/q,-tiU/q \ 
(1.12) Vn(sinh(;ti,t2,t3,t3)= 4<fc , , , «•«!• 

^ -tie<,tie-Stitjtst4«"3 I } 
Theorem 4. The rational functions ipn 0/(1.12) satisfy the biorthogonality relation 

(1.13) / Vm{x;tuliyt3,t4)<Pn{x;ti,ti,t3,t4)w{x)dtl>{x) = Sn^m.», 
J—oo 

where the An's are orthogonal with respect to dip, and w{x) is given by 

(1.14) w(x) = !!(-*>(* + V*TÏ)My/xï+ï-x).q)0 
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andgn is 

(115) = 1 -M,^-1 ltlt1t3Uq-3n-Ut7f-l;<l)~ 
l+'1<J?,'-, (titjhUq-^qU 
( -'i h/q, -l\t4/q, -htz/g, -hUh, -taU/q; q)co 

(t,M3<49"3;9)« 

We also obtdned another orthogondity relation for the functions {ip„) assodated with the 
strong asymptotics of (vn)- After we discovered Theorem 4, M. Rahman kindly pointed out to us 
lhat he discovered the special case of Theorem 4 when ^i^l is Askey's wdght function (1.10), (10). 

2. Applications. The extremal measures (d0(x; cr)) of an indeterminate moment problem are 
precisely those measures which correspond to red constant functions o. Here cr is allowed to take 
Ihe values ±co. The polynomials orthogond with respect to di(t{x;tr) are complete in Li{dij>{x;(T)) 
if and only if dij){x;cr) is an extremal measure, [11]. For generd indeterminate moment problems 
the entire functions A{z), Biz), C(z), D{z) have real and simple zeros and are unifonn limits of 
polynomiab. 

Lemma 5. Let 

(2.i) /(*):=-/r>n(;l= y ^ r Y » . ^ ^ 
{q7;q2)ooD{z) r ^ e ^ e - K ; ^ ) * , ' 

TTien Ae function f{z) is a meromorhphic function Aat maps Ae open upper half plane into Ae 
open lower kalf plane. Furthermore /(>/*) is analytic in (Ae open upper half plane and maps it into 
the open lower half plane. 

Lemma 5 follows from the Mittag-Leffler expansion 

,22) fix) (££lk/i+f£±£:f 1 l 1 11 
< Z Z ' /W (,..,2)^^ + 1; 2 [r-(,-»-,.)/2 + r + (,--ir)/2jr 

It is clear from (2.1) and (2.2) that B{x)/D{x) is increasing on any open intervd whose end 
points are consecutive zeros of D{z). For a € (—00,00) define q = q{o) as the unique solution of 
(2.3) o a fl(sinh ij)/D(8inh 7), 0 < sinh q < {q~l - q)/2. 

We define 7(±oo) by 

i;(-oo) = 0, 11(00) = {q-1 - q)/2. 

It is more convdent to use the parameter a. 

a := e"'',? < a < 1. 
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Theorem 6. Define doubly infinite sequences {x,(o) : n s 0, ±1,...) and {m„(a) : n s 0, ±1,...) 
by 
(24) *n{a) = l{q-*a-,-aq"), n = 0,±1.±2,..., 

(2.5) mn(a) = aV , , B - , , ( l+«V B ) / ( -a , . - , / a
I , « , ) < 1 0 , n = 0,±l 

TAen Ae extremal measures ofAe moment problem associated wiA Ae q-Hermite polynomids with 
q>l an supported on {z„(o) : n = 0,±1,...} and (Ae mass concentrated at xn{a,) is mn{a). 

Our proof of Theorem 6 uses product formulas for theta functions. The podtive measures 
{dif){x;o)) in (1.2) are normdlzed by fH^dftxio) =» 1. This is equivalent to the Jacob! triple 
product identity, (8, (11.28)] 

(2-6) £ «v*=(P J . -p«. -p/z-yu 
- o o 

In addition to the parameterization (2.3), Lemma 5 and (2.2) are used to introduce suitable 
functions o{z) in (1.2). This process lead to curious explidt evduations of sums and integrals. The 
detdb are in (9). 

Corollary 7 (Bdley's «0» sum). We have 

(2.7) eJ ^.-VA*'.' I.i-l) 
\ a,/»,-o«/»,o,/6.a7/c,afl/d,a»/e | bcdej 
_ («g. <tq/bc, aq/bd, aq/be, aq/cd, aq/ee, aq/de, q, q/a)*, 

{aq/b, aq/e, aq/d, aq/e, qfb, q/c, q/d, q/e, qa'/bcde)*, ' 

Proof. Apply (1.8) with <ty being any extremd measure of Theorem 6. 

It b worth mentioning that that ndther (2.6) nor (2.7) were used in our andysb and they 
indeed are consequences of our generd andytic results. The only summation theorem used b the 
q andog of the Pfaff-Sadschûtz theorem [8, (11.12)] which was used to establish (1.13). In fact the 
aforementioned q andog of the Pfaff-Sadschûtz theorem follows from (2.7). The Stidtjes transfonns 
of most cases of the Al-Sdam-Chihara polynomiab for 9 > 1 have been identified in (7) but the 
extremd measures were not identified as explidtly as in the present work. The Al-Salam-Chihara 
polynomids are more general than the A„'s of this work but, as was noted in (7), the results of [7] 
do not cover the case of continuous q-Hermite polynomiab. 
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SUMMARY OF SPECTRAL INVARIANCE RESULTS 

LARRY B. SCHWEITZER 

PiMeitted by G.A. ElUott, F.R.S.C. 

Abstract. The author's recent resdtson spectrd invariant dense subdgebras of C*-

dgebras associated with dynamicd systems are summarized. If G is a compactly 

generated polynomid growth Type R Lie group, and the action of G on S{M) 

(Schwartz functions on a locally compact G-space M) is tempered in a certdn 

sense, then there is a natural smooth crossed product S{G x Af ) which is dense and 

spectrd invariant in the C*-crossed product C>(G x Af ). 

The theory of differentid geometry on a C*-dgebra(or noncommutative space) Connes 

[3] requires the use of "differentiable structures" for these noncommutative spaces, or some 

sort of dgebra of "differentiable functions" on the noncommutative space. Such dgebras of 

functions have usudly been provided by a dense subdgebra of smooth functions A for which 

the A'-theory A',(A) is the same as the JT-theory of the C*-dgebra K,{B) (see for example 

Blackadar-Cuntz (1), and the recent works of J. Best, G. EUiott, T. Natsume, R. Nest, R. Ji, 

P. Jollissdnt, V. Nistor and many others). 

One god of both of the papers Schweitzer [10] [11] was to construct such dense subd-

gebras of smooth functions in the case that B b a C*-crossed product C '(G x Af ) assodated 

with a dynamicd system, or more specificaUy with an action of a Lie group G (not necessarily 

connected) on a locdly compact space Af. In these papers, we realize this god by construct-

ing smooth crossed products 5(G x Af ) of Schwartz functions on G x Af, which are spectrd 

invariant in the C*-crossed product. Spectrd invariant means that the spectrum of every 

element of 5(G x Af ) b the same in S{G x Af) and C'fG x Af ). In the language of Pdmer 
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(5], this is the same es saying that S{G x Af ) is a spectrd subdgebra of C*(G x Af ). By 

Schweitzer (8), Lemma 1.2, Corollary 2.3, and Connes (2), VI.3, spectrd invariant subdgebras 

have the same A'-theory as the C*-dgebra itself, so these smooth crossed products S{G x Af ) 

provide us with the "noncommutative differentiable structures" we are looking for. 

I will begin by describing the results obtdned in (11). The idea in that paper is to 

employ the following theorem, which is interesting in its own right. It gives a condition 

for a dense FVéchet subdgebra A to be a spectrd invariant subdgebra of B when certdn 

subrepresentations of topoloricdlv irredudble representations of A extend appropriately to 

fl. This is in contrast to the situation in [8], Theorem 1.4, Corollary 1.5, which says that 

deebrdcdlv irreducible representations extend iff the subdgebra is spectrd invariant. 

If £7 is an A-module, we say that E is dgebraicallv cyclic iff there exists an e € E such 

that the dgebrdc span Ae is equd to E. 

Theorem 1 ((11), Theorem 1.4). Let A be a dense m-convex Frechet subalgebra ot a 

C-algebra B with continuous indusion map A'—*B. Assume that every algebraically cyclic 

subrepresentation of every topologically irredudble representation of A on a Banach space is 

contained in a '-representation of B on a HUbert space. Then A is spectral invariant in B. 

The smooth subdgebras S{G x Af ) are shown to be m-convex FVéchet dgebras in 

Schweitzer [9], §3, and thdr topologicdly irredudble representations are rdatively acces-

sible when the C*-crossed product is CCR. Hence Theorem 1 gives many new interesting 

cases of spectrd invariant smooth crossed products 5(G x Af ). For example, results are 

obtdned when G is a dosed subgroup of a connected, simply connected nilpotent Lie group 

with certdn restrictions on the isotropy subgroups (that they be CCR for one), and when 

the action of G on Af has closed orbits. (See the examples in [11], §18, §2, §16-17.) 

A simple illustrative example b given by Z acting by translation on R. The Schwartz 

functions 5(Z x R) with convolution multiplication provide a dense subdgebra of smooth 

functions of the C*-crossed product C*(Z x R). Any topologically irredudble representation 

of 5(Z x R) must factor through an orbit to a representation of the convolution dgebra 

5(Z x Z) [11], Theorem 14.1. The latter dgebra b a smooth version of the compact operators. 
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whose representation theory is qdte nice Du doux (4), CoroUary 3.5 or (ll), Theorem 16.1, 

Example 2.5. Theorem 1 may then be appUed to obtdn the spectral invariance ot 5(Z x R) 

in C*(Z x R). 

As one might speculate, when the C*-croesed product b not CCR (or at least when it 

b not OCR), the representation theory cd the dense subalgebra becomes qmte complicated 

as does tbe representation theory cS the C*-dgebra. For example, the dense subalgebra A f, 

given by the canonicd action of T2 on the irrationd rotation C*-dgebra A», is spectrd in-

variant but does not satisfy the hypotheds of Theorem 1. That b, there exists certdn "bad" 

topologtcaUy irredudble representations of Af, which have algebraicaUy cyclic subrepresen-

tations which do not extend to At [11], Example 7.1. 

In order to get results in the non-CCR case, a new method b needed to replace Theorem 

1. Such a method, or methods, b introduced in (10), which I shaU now describe. 

We begin by trying to show that the smooth crossed product S{G, A) ia spectral invariant 

in Ll{G,B) instead of in the C*-cro8sed product C,(G,B). Let || ||o be the norm on B, 

and let {(j ||„ } ^ 0 be a family of increadng submultipUcative norms giving the topology of 

A. In the paper Blackadar-Cuntz [1], the condition || ab \\„< CE.+j-n II 0 IMI * Hi for ^ 

a, 6 in A, is used to show that A is a spectral invariant subalgebra of B. The commutative 

Fréchet dgebra 5( Af ) of Schwartz functions on Af satisfies thb condition in Co(Af ) (10), §2. 

Moreover, for some very nice actions of G on A (isometric on each norm), one can show that 

if the norms on A satbfy the condition in B, then the norms on the smooth crossed product 

S{G,A) satisfy the condition in L,{G,B). The foUowing more general condition introduced 

in [10] does the same thing without requiring an isometric action. 

We say that A is strongly spectral invariant in B if 

(3G > 0)(Vm)(3Dm > 0)(3pm > m)(Vn)(Vo,,. ..a„ € A) 
(*) {[|«i...««IU<I>mG- £ II «i IU..--linnik.}. 

Notice that in the summand of (*), at most pm of the natural numbers kj are nonzero, 

regardless of n. The idea behind showing that strong spectrd invariance implies spectrd 
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invariance is given by setting ai = . . . an = a in (*). We have 

l|anI|m<I?C" 53 IMU. ...IMU, 
kl+. . .» . <p 

<iir"|l«|irpll««IIJ 
where p is fixed as n runs. It follows that the series ( l - o ) - 1 = l + o + a* + . . . converges 

absolutdy in the norm || ||m when || a \\0 is sufficiently small. So 1 - a is invertibb in the 

completion of A in jj ||m when a is sufficiently close to 0 in B . The rest of the argument is 

in Theorem 1.17 of (10). 

There are dso examples of spectrd invariant dense subdgebras which are not strongly 

spectral invariant (10), Example 1.13. The foUowing theorem and coroUary illustrates the 

usefulness of the concept of strong spectrd invariance. 

We say that a Lie group G (not necessarily connected) is compactly generated if G has 

an open relatively compact neighborhood U of the identity which satisfies U^Lo Un =G and 

U~x = U. We edl r(j)t) = min{n\g e Un } the word gauge on G. (The smooth crossed 

product 5(G, A) is then defined to be the set of G-dHFerentiable r-rapidly vanishing functions 

from G to A.) We say that the action of G on A is r- tempered if for every m, || at{a) ||m b 

bounded by a polynomid in T{g) times || a | |n for some n. FinaUy, we say that G is Type R 

if d l the eigenvdues of Ad, lie on the unit d rde for each g £G. 

Theorem 2. Jf A is strongly spectral invariant in B and G is a compactly generated Type R 

Lie group, and the action of G on Ais r-tempered, then tbe smooth crossed product S{G, A) 

is strongly spectral invariant in L1{G,B). 

Corollary 3. For compactly generated Type R Lie groups, for which the action of G on 

5(Af ) is r-tempered, the smooth crossed product 5(G x Af ) is strongly spectral invariant in 

L'{G,Co{M)). 

(Note that S{G x Af) is shorthand for S{G,S{M)).) It is the subadditivity of r and the 

strong spectrd invariance of A in B that play the essentid role in the proof of Theorem 2 

and CoroUary 3. The hypotheses that G be Type R and that the action is r-tempered are not 

used in the proof, but they are necessary to assure the existence of the smooth crossed product 
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S{G x Af ), and to assure that S{G x Af ) b a Fréchet *-dgebra. There are a wide variety 

of Type R Lie groups (see bdow or [9], §1.4, [10]), and also many examples of r-tempered 

actions of such groups G on 5(Af ) [0], §5, (10), Examples 6.26-7, 7.20, (11). 

Remark. We darify what the r-tempered assumption can mean in practice. Let G 

be the integers Z, and let G act on R via an(r) = e - nr . The word gauge r is equivdent in 

an appropriate sense to the absolute vdue function r(n) = jnj. If we take 5(Af ) = Go(R), 

or 5(Af ) = Co°(R), then or b an isometric action of Z on S{M), meaning that a leaves 

each seminorm invariant, and so a b r-tempered. However, if we take S{M) to be the 

standard Schwartz functions <S(R), then for a fixed ip € <5(Af ), |j a„(^) ||m will in generd 

grow exponentidly in rt as n —» +oo, so a b no longer r-tempered. So the r-temperedness 

condition does place a restriction on what 5(Af ) can be for a given action. If the action of Z 

on R were by translation an(r) = r + n, then the action of Z on 5(R) wodd be r-tempered. 

For generd Af and G as in Corollary 3, and regardless of the action, one can dways get a 

r-tempered action by taking S{M) = Co(Af ), or 5(Af ) = G§c(Af ), where the superscript oo 

means "G-different!able". 

Note tbat Corollary 3 makes no assumption about the crossed product bdng CCR. 

No restrictions on the action of G or the isotropy subgroups are needed. However, we are 

left with the question of whether S{G x Af ) b spectrd invariant in the C*-crossed product 

C*(G x Af ), and not just X1 (G, Go(Af )). To take care of this we generaUze a result of PytUk 

[7] which says that if G has polynomid growth, then the rapidly vanbhing X1-functions on 

G form a symmetric Fréchet *-dgebra, which consequently b spectrd invariant in G *(G). 

In particular, we show in §7 of (10) that the rapidly vanishing X'-functions from G to B b 

spectrd invariant in the C*-cro3sed product C*(G,B) when G has polynomid growth. Since 

these rapidly vanbhing X'-functions are abo spectrd invariant in L^G.fl), and since they 

contain the smooth crossed product, we are able to conclude that the smooth crossed product 

is spectrd invariant in the C*-crossed product when G has polynomid growth. Our mdn 

result is then: 

Corollary 4. For compactly generated polynomial growth Type R Lie groups G, and r-
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tempered actions ofG on 5(Af ), the smooth crossed product S{G x Af ) b spectrd invariant 

in the C*-crossed product C,(G x Af ). 

Examples of such groups are given by finitely generated polynomid growth discrete 

groups, compact or connected mlpotent Lie groups, the group of EucUdean motions on the 

plane, any motion group, or any dosed subgroup of one of these. Numerous examples of 

smooth crossed products which are spectrd invariant because of Corollary 4 can be found in 

(10), Examples 2.6-7, 6.26-7, 7.20, (11), [9], §5. 

We remark that in [6], methods are given to show that S{G x Af) <-• C*(G x Af) 

is an isomorphism on if-theory without using spectrd invariance, whenever G is a closed 

subgroup of a connected, simply connected nilpotent Lie group, and the action of G on 5(Af ) 

is r-tempered [6], Example 3.2. 
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Some Results on Hyperbolic Harmonic Maps 

Jianmin Gao 
Presented by G.F.D.Duff, F.HS.C. 

Abstract. We show that certdn harmonic maps from Lorentdan manifolds can be trans-

formed into problems of finding globd solutions for nonUnear wave equations in Minkowski 

space-times. The restdting problem can be solved by a method [GA] simUar to Klainer-

man's generd results [KL]. 

1. T h e Problem 

Let (M, g) be a four dimensiond Lorentdan manifold with metric g in locd coordi-

nates {x9,!1,..!3) and {N,h) be an n dimendond complete Riemannian manifold with 

metric h in locd coordinates ( u 1 , . . . , u n ) . For a C1 map « : M -* N , recaU that the 

energy of u is defined as the intrindc Dirichlet integral: 

(1) E{u)= [ e{u)dM 
Ju 

with energy density: 

(2) e{u)=gahhiidau%ui 

Here {g"1') = (ffot)-1 • We say that u is harmonic if E{u) b stationary at u (see [2]), ie, 

u b a criticd point of E{u) which gives rise to the nonlinear equations(see (2]) 

(3) - Aju ' + 7;k(«)( Vu^, Vu*) , = 0, i = 1,2..n 

Here V is the covariant derivative on M, 

A'= ^ î ^ ^ i ^ ô â ) ' I'Mdeto,,.)! 
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is the Laplace-Beltrami operator on M , (7J4(tt)) are Christoffel symbols for N and (,)„ 

is the induced pointwise norm on T M , namely, for any x e M,u,v Ç {TM)I,{u,v)g = 

g" Ma«». Since M is Lorentzian, (3) is a system of n weakly-coupled nonlinear wave equa-

tions ou M with at least quadratic nonUnearity near Vu = 0 . Therefore, the existence 

of harmodc maps from M to AT is equivdent to that of solutions of (3). 

The Riemannian case of this problem has been extensively studied (see [ES]). The 

work on this problem with Lorentzian source manifold M started a few years ago mostly 

on Minkowski space Afr a + , , the case whidi has various applications in relativity and gauge 

field theory. M m + 1 is topological space RxR+ x 5 m - , ( R+ = [0,oo) ) equipped with 

Lorentzian metric if. -dt2+ dr2+r2d07 in sphericd coordinates ((.»•,«). The equation 

rorrespoiuling to (3) for M = M m + , is 

(4) l V = ( t Ç - ^ - . . . - # l ) « <
+ 7 ' i ( „ ) ( a u ' , a u * ) , = 0 i = 1.2,..Ti 

In the case of a so cdled <T-model, ie, M = Af"*" , N = Sn , J.Shatdi (SH) showed the 

existence of globdly weak solutions in J?1*8 for (4) with initid data of finite energy and 

the solution may not Ue in a smdl region. For m = n = 3 , he dso constructed smooth 

symmetric initid data for whidi the corresponding solution develops a singularity in a finite 

time. For M = M4 and N is some complete Riemannian manifold, T.Sideris [SI] proved 

the existence of a unique globd dassicd solution in time for smooth and smdl initid data. 

GeometricaUy, his solution concentrates in a smaU ndghbourhood of a given geodesic on 

N instead of a smaU ndghbourhood of a point (therefore, the initid data is partly smaU), 

as a perturbation of a spedd class of harmonic maps: geodesies. His method is based 

on the Fermi chart constructed dong the geodesic and the resulting nonUnear system has 

higher order nonUnearity with respect only to some components of u, which permits the 

solution to lie over a tubular region. 

We consider here the case that M = R+xH* and g = S»(T)I/ where i/ is a canonicd 
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Lorentzian metric on M given by 

(5) ds2 = -dr2 + do2, 

and da2 is the Une element on three dimendond hyperboUc space H* given by 

(6) do2 = dp2 + sinh1 pdu2, du2 = {d<t>2 + cos2 td*2) 

iu sphericd coordinates {p, $, rf>). 5(r) is a podtive function of the time variable r e R* . 

Given a geodedc T € N , foUowing [SI], we may construct a Fermi chart in a ndghborhood 

of T such that the parameter u1 dong T may vary fredy and the Christoffd symbob 

of N satisfy 

(7) yi
ih{u\0,..0) = 0, u1 € (-00,00), l < t , i , f c < n 

We prescribe the initid data for (3) at r = 0 

u{0,o) = {f1{o),Sf{o)) = Mo), 
(8) " 6 H» 

(9ru)(0,«r) = (ffVMfC'M = gei") 

with 6 > 0 a smdl parameter. Here f,g are smooth functions with compact supports, 

i.e., there b ffo > 0 such that 

fs{<r) = gs{o) = 0, H > ffo-

Thus, (3) can be written as 

w s^)*u+W)dTU-skr)*u'u+w(,l)( ^ Vu')8=0' 
where 5(r) = ^S(r),7Ji1(u) = {^{u)) and AH» b the Laplace-Beltrami operator of 

H». 
Now we define a class of 5(r) for which we may solve problem (3))(8). 
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Definition. {M,g) with g = ^ ( r ) ! / is strongly conformally flat if S( r ) > 0 and 

(10) l ^ ( r ) - 5 ( r ) ) | < C < e x p ( - 2 r ) . = 0 , 1 , 2 , . . 

This condition means 5 ( r ) is sufficiently close to expr as T - » + C I O . Iu particular, (10) 

implies 

( 1 1 ) l | r ( | $ - l ) l < C " c p ( - 3 r ) , 0 < c ' < | ^ | < c " , = 0,1,2,.. 

Theorem. Let {M,g) be strongly conformally flat and T C JV be any geodesic. 

Then we can construct a (Fermi) diart in a ueighboriiood of T with parameter u1 along 

T sudi tiint (7) is satisfied. In this coordinate, for any given smooth initial data of (8), 

there is *i > 0 such that if 0 < * < *! , there wiW be a unique smooth iiarmonic map 

u : M -t N satisfying initial conditions (8). The range of this map is in a tubular 

neighborhood of T . 

Remark. This result can be easily extended to higher spatid dimension n > 3 . 

To prove the theorem we transform tbe Cauchy problem (3),(8) to a corresponding 

problem in Minkowski space M* by a conformd mapping and study the globd existence 

of smooth solutions for the transformed problem. 

2. A Conformai Transformation 

By <; = 5*(r)f/, we derive 

(12) (Vu^, Vu»), = g'^u'diu* = S-'{T){p*a,u*eiu*) = 5- , ( r ) (Vu>, Vu»)„ 

Then (9), we know v = 5(r)ti satisfies 

(13) ^ v - ^ w - A H . u = F(u,VV) 

with 

?{v,Vv) = - 5 ( r h i f c ( | ) ( V ( ^ ) , V ( ^ ) ) r 
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If 5(r) = 5(r ) , i . e . , 

( 14) S{T) = c, exp(r) + a exp(-T) 

for constants ci, cj , then (13) is a nonlinear automorphic wave equation on H3. If 5 ( T ) > 

0 and S{T) -* +oo as r -» +oo, then ci > 0,cj > 0; exp(T),cosh(T),sinh(T) are spedd 

cases of (14). 

We define a mapping * from M?1 = {{t,r,9) 6 M , + , |(a - rJ > 1} to M by 

*(<.r,tf) = (iln((» - r ^ c o s h - 1 ^ 5 = ? . » ) = ('".P."). 

It can be shown (see [GA]) that $ is bijective and conformd, i.e., * V = f2q with 

conformd factor 7* = (t2—r2)*1. Furthermore, if v b the solution of (13), then u =7110* 

satisfies the Cauchy problem 

fQi-ic(^)tt = F( 5 î £^ , t t ,a t t ) (p,ff) e M*, p > 1 

I u = (uj,ffio(ff)), Lo» = («1.*ai(<r)), p=l, 

where p = •</t2 — r2 and /c, F are defined by 

K{X) = * - ( e x p ( - 2 r ) ( | - 1)) = A - » ( | ^ - l ) , 

(16) F(Â,tt,chi) = «•(exp(-3r)F(w,Vv)) = X" V ( i « ) ( a ( i « ) , ^ u ) ) , . 

Abo 

(u;,«tt0) = /4(«(ff)). 
(17) ir 6 ff» 

(tt;,*fiI) = W(*(ff)). 

is defined ou the hypersurface p = y/t2 — r3 = 1. 

Then we can prove the main Theorem by proving a corresponding result, i.e., exbtence 

of globd and smooth solutions. We can use a standard method to show the existence of 
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globd and smooth solutions for (15)(see [KL]) under the assumptions transformed by $ 

from those in the mdn Theorem. But, we have to point out some of the differences when 

following the procedure of proof. First, (15) is not a standard Caudiy problem in the 

sense that the initid surface is a hyperboloid. Secondly, nonUnear term F contains (, x 

explicitly whidi is not dedt with in standard proofe of the globd solutions. The solution 

to overcome these difficulties is to use appropriate derivatives for the norm of the space to 

which solution u belongs, such that we ran derive some a priori estimates for u without 

invoking the difficulties due to the presence of (,* in tbe nonUnear term. Detdb of this 

procedure and the proof of existence of globd and smooth solution ofs (15) are contdned 

in (GA). 
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SUR LE SPECTRE DE CV0{X) 

L. OUBBI 

PKumted bg P.G. Rooney, F.R.S.C. 

Abstract 

H'e give a necessary and suffieient condition for CVo{X) to be a locdly convex algebra 
or a locdly convex algebra with continuous product. We then show Aat in most of Ae 
important cases. The spectrum ofCVo{X) is homeomorphic to X. 

En utiUsant un théorème d'approximation basé sur la théorie des moddes, Prolla [4] 
montre que si X est un complètement régulier séparé et V une famille de Nachbin sur 
X telle que CVo{X) est une dgèbre Ioedement convexe à produit continu et essentiel-
le, (i. e., pour tout x Ç X,i\ existe / € CVo{X) tdle que f{x) / 0), alors le spectre de 
CVo{X) est homéomorphe à X. Dans cette note, nous considérons des familles de Nachbin 
plus générales et montrons que dans la plupart des cas, le spectre de CVa{X) est encore 
homéomorphe à X. La technique que nous utilisons id diffère de celle de Prolla. 

Notation. Soit X un complètement régulier séparé. On appelle poids sur X toute fonc-
tion podtive semi-continue supérieurement sur X. Une famille V de pdds est dite de 
Nachbin si: 
1) V* € X, 3v € V: v[x) # 0, 
2) Voi, U2 6 V, VA > 0, 3v € V: max(Awi, Awj) < v. 
On notera par CV0{X) l'espace vectoriel des fonctions / continues sur X et telles que fv 
s'annulle à l'infini, pour tout v € V. On le munit de la topologie r„, des semi-normes Pv's, 
où P„(/) := IKIU =sttP{|/(()| »((),( € X}, u 6 V. 
Une dgèbre localement convexe E (a. I. c.) est toute dgèbre munie d'une toplogie locale-
ment convexe pour laquelle le produit de E est séparément continu. Le spectre d'une a. 1. 
c. E est l'ensemble M{E) de tous ses caractères (non nuls) continus. On munit M(E) de 
la topologie fdble induite par o(E', E), F étant le dud topologique de £. 
Dans toute la suite, on suppose en plus que CVa(X) est essentielle. 
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1. Proposition. On a: 1) CVo{X) est une algèbre localement convexe si, et sedement 
«*, V \g\< V, Vg Ç CVo(X) i.e., pour tout v€V, il existe v'çV telquev \g\< t/. 
2) CV0(X) est une a.l.c à produit continu si, et seulement si, V < VV. 

Preuve, 1) Si CVo{X) est une a. 1. c , don le produit par ; est continu pour tout 
g Ç CVo{X). Donc pour tout » € V, il existe »' 6 V tel que: P„{fg) < P^f) f ç CVo{X). 
On va donc montrer que « jy |< v'. Soient x0 Ç X eiUn'.= {x e X : I / ( I ) < »'(*„)+ 1/n}. 
Alors U„ est un voisinage ouvert de x». Soit /„ nn élément de CVo{X) dont le support, 
supp/n, est contenu dans Un et telle que 0 < /„ < 1, fn{x0) = 1. Une telle fonction 
existe toujours d'après ([3], lemme 2, p. 69). On a donc PB(/nff) < PAfn)- En particulier 
w(xo)/„(«.) [ g{x<>) \< 8up{v'{t)fn{t), t € Un). Donc v{x0) j g{x0) \< »'(*,)+ 1/n. Comme 
n est quelconque, on aura «(x,) \g(x0) |< «'(*„). La réciproque est évidente. 
2) Mdntenant si V < VV, dors le produit de CVo(.Y) est continu. Réciproquement si 
CVo(X) est à produit continu, on a: 

Vu e v, v e v : pv{fg) < PAf)PAg)\ f,g€ cVo{X). 

Montrons alors que «; < wV. Soient x, € X,Un:= {x Ç X : ^{x) < t/frj+l/n) et /„ une 
fonction comme d-dessus. Alors on a- P0{f2) < {PAfn))2- Donc v{x0) < {^{x„) + 1/n)2. 
Comme n est quelconque, on a t;(z0) < v'{x0)o'{Xo). 

Exemple: Il exiate des familles de Nachbin V telles que C'VolX) est une a. I. c. mds pas 
à produit continu. Considérer, par exemple, le caa di .Y = W et V = (Ai», A > 0), où: 

J x, si a: > 0 v(x) = i 
( 1 sinon. 

Mdntenant on suppose que CV^X) est une a. I. c et soient x ç X H Sr l'évduation 

en x définie sur CVQ{X). Si t.(x) ? Q, alors on a: \Sx{f) \:=\f{x) |< ^PAf). Donc 6T 

est un caractère continu de CV„{X). De plus, l'application 6: 6{x) = *, est injective. En 

effet m x,y € X avec x ? y, alors il existe g € C{X) tel que: 0 < g < I. gix) = I et 

g{y) = 0. On prend dora / € CVo(X) tel que /(x) ^ 0 el A = fg. Alors A e CV0{X) 

et h{x) ^ h{y) i.e., ST £ iv
 i. On peut donc considérer X comme un sons ensemble dn 

spectre A de CVo{X). Comme X est complètement régulier séparé et CVnlX) essentielle, 

'Hrolla a prouvé la continuité de *, et l'injection de * dans un cadre plun général (cf. (4), p. 729). 
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cette inclusion est même topologique. La question est donc: Y' a t-il égdté? on encore: 
Est ce que S est surjective? La réponse est donnée par 

2. Th<orfane. L'application 6 est surjective dane les cas suivants: 
1) X est localement compact (en particdier siV C C{X)). 
2) CVo{X) contient la fonction constante 1. 

Emafr Dans le cas 1), Nachbin a montré que l'dgèbre IC{X) des fonctions continues 
à support compact est dense dans CVo{X) (cf. [3], p. 64). Par sdte ces deux algèbres 
ont (dgèbriquement) le même spectre. Mds la topologie rB est moins fine sur IC{X) que 
la topologie r, Umite inductive localement convexe des 1CK(X)'S, algèbres des fonctions 
continues sur X et à support dans K. Le spectre de {K{X), n) étant égd à X, il en est 
de même de A. Dans le cas 2), Ci{X) est dense dans CVo(X) (cf. [3], proposition S, p. 
66). Donc {Ci{X),rw) et CVo(X) ont le même spectre. Mds TW est moins fine sur Ci{X) 
que la topologie de la convergence uniforme. Donc A est contenu dans fiX. Supposons 
que pour un point x€0X\X,St est continu sur {Ci{X),rw). Alors il existe u € V tel 
que: j /(z) [< P0(/), / 6 C^X) et / est le prolongement à 0X de / . Comme 1 € CVo{X), 
v s'annulle à l'infini. Donc la fonction ô définie par: v = v SUT X et v = 0 hors de X est 
semi-continue supérieurement snr 0X (cf [2]) et l'on a encore: | /(x) |< Pef/), / € C^X). 
Mdntenant, si O est l'ouvert {t € fiX : »(() < 1/2} et si ^ 6 C&(X) = C{ffX) est telle 
que 0 < y < I, g{x) = I et suppjt C O, dors on a: |^(x) ) < Pe{g). Ced donne que 
1 < 1/2. ce qui est absurde. Par suite A est homéomorphe à X. 

Une conséquence de 2) du théorème d-dessus est que pour tout complètement règdier 
séparé X, on a: 

M{Cp{X)) = [j{B''x,BçV), 

où V est une famille quelconque de parties bornantes de vX comme dans (5). 

Remarquons qu'on peut supposer, sans perdre de générdité, que chaque B € P est fermé 
dans A' de telle sorte que sa fonction caractéristique aoit semi-continue supérieurement. 

Remerciements: Je voudrais remercier le professeur K. D. Bierstedt pour son soutient, 
le professeur M. Oudadess pour ses conseils et encouragements dnsi que B. Ernst pour 
les discutions que nous avons entretenues. Enfin je remerde vivement l'arbitre pour ses 
pertinantes remarques. 
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On homogeneous complex manifolds 
having more than two ends 

BRUCE GILLIGAN 

Piuented by J.S. HatpeAin, F.R.S.C. 

ABSTRACT. Suppose G b a connected l ie group and If b a dosed sub-
group auch that G/H has an invariant complex structure and more than 
two ends. Then there exist holomorphic fibrations G/H -» G/I -» G/P 
with I/H a compact complex manifold, P/I of the form 5/r, where F fa a 
Zariski dense discrete subgroup of some semi-simple complex Lie group 5 
and 5 /r has the same number of ends as G/H, and G/P a homogeneous 
rational manifold. We also note tbat if xi{G/H) is solvable, then G/H 
has at most two ends. 

1. INTRODUCTION. In this paper we consider complex manifolds X whidi are 
homogeneous under the action of a connected Lie group G and thus can be written in 
the form A" » G/H. It has been proved, see [12] and [11], that if J7 has a finite number 
of connected components, then G/H fibers aa a vector bundle over the miniiml orbit 
of a maximd compact subgroup of G in G/H. In particular, this impUes G/H has 
at most two ends in the sense of freudenthal [5]. Thus a necessary condition in order 
that G/H have more than two ends ia that H have an infinite number of connected 
components. Some examples of discrete subgroups of 5£(2,C) whose coset spaces 
do have more than two ends were given by L. Bianchi [4]. And it was proved in [7] 
that for every integer * > 2 there exists a discrete subgroup F* C 5.1(2, C) such 
that SL{2, C)/Tk has k ends. We do not know of any other types of examples. The 
purpose of this short note is to make an observation about homogeneous complex 
manifolds which have more than two ends which essentially explains why thia ia 
so. We show that a homogeneous complex manifold G/H has more than two ends 
exactly if there are closed subgroups / and P of G with if C / C P C G such that 
G/P is a homogeneous rational manifold, I/H b a compact complex manifold and 
P/I= 5/r, where F is a Zariski dense discrete subgroup of some semi-simple complex 
Lie group 5, with 5/F having the aame number of ends as G/H has. InddentaUy 
many questions remdn; e.g., must the group 5 be aimple? 

2. SOME TECHNICAL TOOLS. We begin with a result of D. N. Akhiezer [1] which 
describes the structure of homogeneoua spaces of algebraic groups with two ends. 
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Theorem Suppose G is a linear dgebraie group over C and H i» an dgebraic 
subgroup sueh that G/H has two ends. Then ihen exist a parabolic subgroup P in 
G containing H and a nontrivid character ^ : P -» C* wiA ff = ker ^. Thus there 
is a homogeneous fibration G/H % G/P, where G/P is a homogeneous rationd 
manifold, and, in fact, P = NoW). 

One would Uke to fiber the space in question. The foUowing aUows control over the 
ends of locaUy trivid fiber bundles; for proofs see [1] or [6, Lemma 2). For a connected 
manifold X we let e{X) denote the number of ends of X. 

Lemma (The fibration lemma) Suppose X £ B is a locdly trivial fiber bundle, 
where the fiber F is connected. If e{X) > I, then one of ihe following holds: 

a) F is compact and e{B) = e{X) 

h) B is compact and e{F) > e{X). Moreover, if B is simply connected, ihen e{F) = 
e{X). 

We now make an observation about orbits in projective space which have at least 
two ends. Thb gives another proof of [10, Th. 10] for complex groups. But we find 
it instructive in that one sees how [8, Prop. 2] can play a role. It also underUnes the 
relationship between the normalizer fibrations relative to G and G', if G' is trand tive. 
In this case note that P = Na{H0), à la Tits [14]. 

Propoaition Suppose G/H is an orbit in some PN of a connected complex Lie 
group G wiA e{G/H) > 2. Then G/H has two ends and there exists a parabolic 
subgroup P m G containing H sueh that P/H = C*. 

PROOF: Since G is represented aa a Unear group acting on PN, its commutator 
subgroup G' has dosed orbita in G/H. Thua one haa the homogeneoua fibration 
G/H -» GfG'H. The base of this fibration fa a Stein abdian Lie group, e.g. see 
(9, p. 168), and thua is isomorphic to C* x (C*)'. Now dnce G' ia connected, so 
are its orbits. If dim G/G H > 0, il foUows from the fibration lemma that G/CH 
has at least two ends. But G/G'H is homeomorphic to RJ*+' x (51)' and so haa 
exactly two ends. Hence fc = 0, / = 1, and G/CH = C*. The fibration lemma also 
impUes that the fiber is compact and hence fa a homogeneoua rational manifold. By 
(10, Lemma 6, p. 75) the fibration G/H -* G/RH realizes GfH as a homogeneoua 
C'-bundle over a homogeneous rationd manifold. Otherwise, G/G'H ia a point 
and G' is transitive on G/H, In this case ^ ( ( C D Hf) ia paraboUc in G' and 
No-{{& fl Jî)0)/G' fl /T = C , by the theorem of D. N. Akhiezer (1) quoted above. 
We must show that this C*-fibration is G-equivariant. 
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Consider the normalizer fibrations of GfH relative to the two groups G and C . We 
daim that if GfH is an orbit in some projective space with more than one end and C 
is transitive on GfH, then the G and C normalizer fibrations of GfH coincide! As 
noted above the fibration »r : G'fG'UH -» G'fA has fiber C* and base a homogeneous 
rational manifold, where A := No-{{(? fl Jï)•). Note that H C Na{A) and thus the 
fibers of the map v are (^-invariant. This implies that one has the diagram 

GfH = G'f&OH 
I ic-

G/P = GfA 

where P is the isotropy of the (r-action on G'fA and so is parabolic in G. Since P is 
connected and PfH = C*. it follows that P C N^H"). We claim that P = No{He). 
First we show that dimiV0(Jr) = dim P. Let L := Na{H')fH0 and T := HfH". 
Because e(G7.ff) > 2 and the fibration G/H -f G/Na{H0) has a rational manifold as 
base, e{L/r) > 2. Cleaxly L/T C GfH and so is Kahler. It then foUows from (8, Prop. 
2] that L" is solvable and L/V is either a torus bundle over C* or a Cousin group with 
two ends. But L/V lies in GfH and Is the orbit of a linear group, i.e., N^H"), in some 
projective space. This implies LjT = C* and so dimJVb(JÎ0) = dimJÎ + 1 = dimP. 
Finally the fact that P is parabolic in G implies that P = iVc(JÏ0) and thus the two 
normalizer fibrations coindde. ti 

3. STRUCTURE OF GfH WITH e > 2. We now look at the structure of complex 
homogeneous spaces which have more than two ends. It is known that semi-simple 
complex Lie groups possess many interesting discrete subgroups. The next result 
says that this is essentially the only way that one can have a homogeneous complex 
manifold with more than two ends. For, one has the locaUy trivial holomorphic 
fibrations GfH ^ G/I ^ G/P, where the ends of G/H are "displayed" by the 
fiber P/I which can be expressed as a coset space of a semi-simple complex Lie group 
modulo a Zariski dense discrete subgroup. 

Theorem Suppose G is a connecied Lie group and B is a closed subgroup such 
thai X := G/H has a G-invariant complex structure and e{X) > 2. Then there exist 
dosed subgroups I and PofG with H C IC P CG such that 

1) G/P is a homogeneous rationd manifold, 
2) I/H is a compact complex parallelizable manifold, 

3) P/I = 5/r, where T is a Zariski dense discrete subgroup of some complex semi-
simple Lie group S, with e(S/r) = e{G/H) > 2, 

4) The fibrations G/H -* G/I -» G/P are locally trivid holomorphic fiber bundles. 
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Conversely, any G/H which fibers in sueh a fashion satisfies e{G/H) = e(5/F). 

PROOF: If G is a complex Lie group, let N := JVe(JJ") be the normalizer of H" in 
G and let N consist of those connected components of N which meet H. Then the 
fibration G/H -» G/N has connected fiber. We daim that G/N is compact and thua 
: i a homogeneous rational manifold. Note that G/N -* G/N is a covering and so ff 
has dosed orbits in G/ff, since it has dosed orbits in G/N. As in the proposition 
consider the fibration GfN -» G/G'N. If dim G/ffAT > 0, then G/(?N has at most 
two ends which impUes G/N has at most two ends. And if ff is transitive on G/N 
and thus on G/N, then ff n AT is algebraic in ff. Hence the covering G/N -* G/N 
is finite and G/N again has at most two ends. Since e(G/H) > 2, the fibration 
lemma impUes G/N is compact and thus N = N and G/N is rational. Let P be a 
paraboUc subgroup oi minimal dimension contained in N and containing H. Then 
H" is normal in P and the fibration lemma impUes e{P/H) ss e{G/H) > 2. 

Now if G is real, let G/H -* G/U be the g-anticanonical fibration of G/H. It ia 
known that U CN, the group U/H0 is a complex Lie group, and the g-anticanonical 
fibration is a locaUy trivial holomorphic fiber bundle, see [10, Cor. 5, p. 64). Also 
from [10, Th. 10, p. 78] because e(G/.ff) > 2, it foUows that G/U is rational and 
e{U/H) = e{G/H) > 2. Choose P to be a dosed subgroup of minimal dimension 
contained in U and containing H such that the corresponding group P/H" is complex 
and is paraboUc in U/H". Again H" is normal in P and e{P/H) = e{G/H) > 2. 
In either of the above situations we let L := P/H" and A := H/H". Any solv-
manifold fibers as a vector bundle over a compact solv-manifold (see [3] and [13]) 
and thus a solv-manifold has at most two ends. Hence the group L cannot be 
solvable. If £ is semi-simple, then the situation is handled by the last paragraph of 
the proof. Otherwise, by [6, Th. 2) there exists a fibration L/A -* L/J, where J is 
a proper dosed complex subgroup of L which contains both A and the radical Rt, of 
L. Assume J has minimal dimension with these properties. Let J consist of those 
connected components of J which meet A. Smce J/A is connected, it foUows by the 
fibration lemma that dther the fiber J/A of the fibration L/A -> L/J is compact or 
the base L/J is compact. 

Assume that the latter holds. Then e( J/A) > e(£/A) > 2. As above, / cannot be 
solvable. And since J 3 £&, it is dear that J is not semi-simple. Again there exists a 
proper dosed complex subgroup Ji oi J which contains A and the radical Rj.. (The 
argument in [6, Th. 2] is for connected Lie groups. We showed in [2, Prop. 3] how 
to apply this method to groups which are not connected.) But Ji D Rj, D R L and 
dim Ji < dim J. This contradicts the minimaUty of / . So L/J cannot be compact. 
Hence J/A is compact and e{L/J) = e{L/A) > 2 with J D i l t . Let Q := L/RL. 
Note that Q is transitive on L/J and let M be the isotropy for this action, i.e., 
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L/J = Q/M. Suppose A is any algebraic subgroup of Q containing M. We claim 
A = Q. Since e{Q/M) > 2 and Q/A, as a quotient of algebraic groups, has at 
most two ends, it foUows as in the first part of the proof that Q/A is compact and 
thus is a homogeneous rational manifold. Let P -^ P/H" =-.L^* L/Rt, =: Q be the 
natural maps. Then 4>~x{i>~l{A)) is paraboUc in G, contains H and is contained in P. 
Since P was chosen to be a minimal paraboUc subgroup containing H, it foUows that 
A = Q. Now we apply this to NQ{M0) which is algebraic in Q. Thus N^M0) = Q 
and hence M" is normal in Q. Then the quotient group 5 := Q/Af" is semi-simple 
and F := M/M" is a discrete subgroup of 5. Note that the Zariski dosure F* of F 
in 5 is an algebraic group containing F and the same argument using the minimaUty 
of P now impUes F = S, i.e., F is Zariski dense in S. Setting / wa t~l{J) we have 
P/I = L/J = 5 /r and the various constructions yield the diagram 

p 

u 
/ 
u 
H 

* 

—• 

, 

P/H' = 

u 
/ 
u 
A 

:L *t 

—• 

L/RL = 
U 
M 

•Q —» 

—» 

Ç/M0 = 
U 
r 

: 5 

Since the groups L, J, and A are complex Lie groups, the fibration P/H -» P/I is 
a locaUy trivial holomorphic bundle. The converse statement is an easy consequence 
of the fibration lemma. f f 

REMARK. The proof does not show that P is unique. If G ia complex (resp. real), 
then we suspect P si N (resp. P = U), analogous to Tits' result [14] in the compact 
case. 

Corollary Suppose G is a connected Lie group and H is a closed subgroup sueh 
(Aat G/H has an invariant complex structure and the fundamentd group of GfH is 
solvable. Then e{G/H) <2. 

PROOF : Assume that G/H has more than two ends. Then one has a double fibration 
G/H -* G/I -» G/P with P/I = 5/F. Rrom the long exact homotopy sequence of 
the fibration G/H '£ G/I and the fact that I/H is connected one sees that itx(G/H) 
solvable impUes iri{G/I) is also solvable. Since G/P is simply connected and *t{G/P) 
is an abeUan group, it foUows from the long exact homotopy sequence of the fibration 
G/I PM G/P that ir,(P//) is solvable too. But P/I = 5/F and this would imply 
that F is solvable. Since S = T , then 5 would also be solvable, a contradiction. 
Thus e{G/H) < 2. ft 
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Closures on finite algebras 

V. Lashkia 

PKuented bg 8. BanoAcfieuufec, F.R.S.C. 

We introduce a new type of dosure» ou ihe »et of all finitary operation» on a finite universe. We study 
suck closure», which admit only finitely many closed tel». 

1 Introduction 

Let i be a positive integer. Put £» = {0,. . . , t - 1), denote PJf* the set of all n-ary functions of the 
t-valtied logic (i.e. maps / : £ ? - > £ * ) a>>d put ft = lC=i^n)- Following [1] define the following 
binary operation • and the unary operations C,r,& and v on ft. Let / € i^B) and 9 € Pim). Then 
(f € ^ B ) . rf e /*", A / € ;*—(-«.«)), v / e p(n+i)t urtf.gç j****-*) ^ ieU!màBtd by: 

fern s 1 

r / = </ = A / = / 

while for n > 1 

(C/)(«i «•.) = /(*j, . . . ,*B,«i), 

WK*!.•••,*») = /(*j,*i,«s,...,*»), 

(A/)(«i,...,«B_i) = /(», ,«, ,«, , . . . ,r n_,) , 

(V/)(«Ii"..«n+l) = /(*J,«s xB+i), 

(ff*/)(*l.-.-.«n+n,-l) = /(?(«!. •••.«m),«m+l «n+m-l) 

foralIei,...,zn4.m_, ç Ek. 

The algebra ft =< ftjC.r.A.v.* > b called the/tiHilewtiw aJjeira. An ileradtit set b a subalgebra 
of ft i.e. a subset F of ft dosed tinder Cn A.V «id «. 

For f e Pin) and gt Ç Pi,mi)(i = I n), put r = 1», + ... + ^ and define A =/«'(ff *.) € Pt
(r) 

by«eUingA(a|,...,ar) = /(31(a,,.,.,arn,) ffB(or_ra.+1 a,)) for all a, a, € E». Forsubsete 
M and 4 of ft denote (Mj* the least iterative set containing M such that /"(ji . . . . . J„) 6 [AfJ* whenever 
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n > 0 , / e * n F | { " ) a n d 9 i , . . . , f t ,€l M ) * ( i * . [Af]» is the subalgebra of < ft;{C,r,A,V.»)U{/0 : / € 

4 ) > generated by M). For fixed 4 Ç ft the map M -* [Af]* b a closure on ft. 

For M Ç ft denote by [M] the least iterative set containing M. Clearly [M]* = [M]. 

Example Let fc = 3. Denote by To the set of all functions preserving 0 i.e. To = { / € ft|/(0,..., 0) = 

0). Let •!(«) , s2(x) € lil) be defined by s^O) = •j(O) s s i ( l ) = »,(!) = 0, «,(2) = 1. «,(2) = 0. 

Let the set Af consist of si(z),S](x) and all functions differing from •i(x) or sa(z) only in fictitious 

variables. Then we have [Af] = M,[ToUM] = To and [Af]1* is ihe set of functions / ( x i , . . . , x n ) 

bom To (n > 1) such that for the equivalence 6 = {(0,0),(0,1),(1,0),(1,1),(2,2)) on £3 the equality 

/ ( * l . - . - . M = / ( C I . . . . , C B ) holds whenever (61,ei) (6B,cB)efl. 

For 1 < i < n tbe i-th n-ary prej'eclion «f is defined bysett ingef(ai , . . . ,an) = a{ for all a! a,, € 

Ei. Denote by J the set of all projections. An iterative set C is a clone if CO J. We have: 

Fact: Let Af, » Ç ft and Af' = [Af j , * " = (« U / ) . Tien (Af ] • = [Af 1*' ( ie. without loss of generaUty 

we may assume tbat * is a clone and Af an iterative set) and if M is a clone then [Af]* = [Af U 4] . 

The set of functions Af Ç ft is called a closed (4-elosed) aet if [Af ] = Af (if [Af ] * = Af ). 

The purpose of this paper is an "amplification" of the standard closure operator in ft. It is known [4] 

that the traditional closure operator Af -» [Af] over ft, fc > 2, admits a continuum of closed sets. From 

thb point of view, thb closure operator b "weak" and it b interesting to consider "stronger" operators 

with at most countably many of closed sets. "Amplification" b performed by adding new operations 

which are defined by functions. Every function / from ft induces an operation on ft by 'substituting 

functons in the variables of / ' . 

A clone Af b maximal if there is no closed set G such that Af C G C ft. Let h be a positive integer. 

A subset p of JEJ (i.e. aset of A-tuples over £1) ban ft-ary relatioaon Ei. A function / € P^ preserves 

p if for every A x n matrix X = [oy] over Et whose columns are all A-tuples from p we have 

( / (on.• • • .am).-• •./(«kt.-• • .Oku)) € P 

Denote by Polp the set of all functions preserving p. It b known [3] that every maximal clone ia ofthe 

form Polp, where p belongs to one of the six families P,E,L,B,C and O of relations (where the relations 

are defined by permutations, equivalence relations, elementary Abelian p-groups, homomorphic inverse 

images of elementary A-ary relations, central relationa, and by bounded orders (see (3] for more detailed 

description)). 

2 Finite type clones 

The cbne 4 b said to be a finile type clone if the number of clones containing 4 is finite. If 4 is not a 

finite type clone then it is said to be an infinite type clone. 
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Lemma. For «n» t, fc > 2, i / 4 C ft i» an infinite type done, then ihe »et of all *-ele»ed iet» is 
infinite. 

Ptoof. If 4 b an infinite type then the number of clones 4 | such that 4 C 4( b not finite. Since 
[44]* = 4j, the number of 4-cloeed seta b infinite.O 

Theorem 1 £e( 4 Ç ft ie a clone. Then the set of all ̂ -closed set» it finite if and only 1/ 4 is a finite 
type clone. 

Proof.(=>) Lemma. (<=) Let 4 be a finite type clone in ft. If Af b a clone then [Af]* = [Af U 4] (by the 
above fact) b one of the finitely many chmes containing 4. Thns let M he a preiterative set that b not 
a clone. Ftom Post's classification [2] we know that Af consists of constant functions. Clearly then [Af]* 
consists of constant functions as well.D 

For any 4 Ç ft we can describe all 4-cIoaed sets. For fc > 2 the statement of Theorem 1 b not true. 
The following statement can be proved [7]: 

Theorem 2 For every fc > 2 Ihere exists a finite type clone 9 C ft with 2M<> V-closed tet». 

A set 9 in Theorem 2 is the set of all functions whose restriction to & b either projection or a constant 
with value in £j . 

Let ua consider now ft-closed sets. For a equivalence 0 on Ei denote by L» the set (rf all functions with 

the following property: / g L#n^B ) 0/(01,. . . .o, , ) s / ^ i , . . . , ^ , ) whenever (ai,i,), . . . ,(on,6B)e fl. 

Theorem 3 A subset M of Pi is ft-efosed if end only if there exists an equivalence S on Ei auch that 
M=L,. 

Proof.(«=) It is evident that for any 9 the equality [Z*]^ = L» holds. 
(=>) Let [M]p- = M. Clearly Af contains all constant functions. Set fl = r\{kers : s e M n f^1'). 
Suppose that / € Af n Pl"' and (ai,i1),...,(an,t>n) E 9. Consider the sequence of n-taples a< = 
(oi1...la<,i<+i,...,in) (i = 0,...,n). Fbr «ny i < n the equality f(oi) = /(oj+i) holds because 
/ (a i , . . . , a ( > *A + , , . . . , i n ) e Af n ^ 0 . Therefore/(a, a,,) = f(bi,...,bn). Thus Af g i». To 
complete the proof we show that every function / € £« n fj"* abo belongs to Af. Suppose Af n p[^ = 
(»i »r}. Put 

»(«l «B) = («l(«l)..-.«r(*l).»l(«»),....»r(*a) »l(*n),...,tr{*n)). 

It is evident that s(a 1,..., an ) = I(&i,..., in) if and only if (01, ii ) , . . . , (an, 6n ) e Ô. Thus there exists 
g 6 ff , , ) «uch that /(*, , . . . ,«„) = j(3(«, «B)) and so / g [Af[^ = Af . • 
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3 Closures generated by maximal clones 
After obtaimng results (Theorem 2 and 3), it b interesting to consider the 4-claeed sets where 4 b a 
maximal clone. 

Denote Pi"* the set of all n-ary partial functions ofthe fc-valued logic and put Pi a LÇ,
=l/1in). Let p be 

an ft-ary relation on £». fe /^n> preserves ̂ iffor every h xn matrix JT = [ay] over £» whose rows are all 
in the domain of/ and columns are ail A-tuplea from p, we have {f{an,..., ain), • - • . /(OM aim)) € p. 

If every partial fonction preserving a relation p can be extended to a full function preserving p we say 
p possesses the eilension property. 

A partial n-ary function / with domain D and exactly m values has the a-properiy if for every m-
element subset / = (ri, . . . ,rm) off? with !/(/)] = m, tfae restriction of / to / is a partial projection 
(i.e. there exbts 1 < p < n such that/(n) = «v for all i = I m). 

If any partial function preserving a relation p and possessing the o-property can be extended to s full 
function preserving p we say p possesses the a-estension property. 

Let p be an A-ary relation on Ei. The following proposition can be proved [7]. 

Proposition 1 If p possesses the a-eztention property ihen the set of all Polp-clo»ed tet» is finite. 

Clearly, if p possesses the extension property then p possesses the o-cxtension property. Therefore as a 

consequence from Proposition 1 we have: 

Proposition 2 If p possesses the extension properiy ihen ihe set of all Polp-closed set» is /inite. 

It follows from Lemma and Proposition 2 that if p possesses the extension property then the clone Polp 

is of finite type. It b easy lo see that p € PuEuC possesses the extension property. Therefore following 
Proposition 2 we obtain: 

Theorem 4 IfpGPuEUC ihen the set of alt Pdp-closed seis it finite. 

Note that there exist relations p e BUOU L which possess neither the extension nor the a-extension 

property. 

Theorem 5 If p e B U L then the set of all Polp-eloted set» it finite. 

Theorem 5 can be proved with help of the following [5]: 

Proposition 3 IfpeBvL,M and Af ' ore Polp-elosed seis and M n P ^ = Af ' n f̂ 1' ihen Af = Af'. 

Let us now consider the Polp-cloaed sets where p € O. The following proposition can be proved [5J. 

Proposition 4 //fc < 7 and p g O <A«n p possesses the a-extension property. 
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As a consequence bom Proposition 1 and Proposition 4 we have: 

Theorem 6 / / p g O, fc < 7, t&en (Ae tet of all Polp-eloted sels it finite. 

For fc > 7 there exist relations ftom O such that tbe statement of Proposition 6 b not true. In the 
ease of the relation p, defined by the order in Fig., we can find the sequence of functions (n = 3,4,...) 
/„(«, , . . . . xn) such that [/J^V # \ftf* where 3 < K n [5]. Therefore we have: 

Theorem 7 There exist» p g O, fc > 7, ««cfc that the tei of all Pdp-eloted sett it infinite. 

Fig 

Theorem 8 For fc > 2 lAere exists an infinite efcstn 4 0 4 j . . . , D 4 , . . . o/ ctenes in ft such that ihe 
tei of all Qi-eloted sett it finite for all i = 1,2,.... 

Proof. For all ,1 > 2 set p, = JBJ \ ((1 1)) and 4 , = Po/p,. It can be shown that 4 , D 4 3 . . . . We 
show that p, haa the o-extention property. Let / be an n-ary partial function with domain D posseseing 
the o-property and preserving /»„. Extend / to / by setting /(x) = 0 for all x g £ ; \ 0 . We show that 
/ preserves p,,. Let X = [oiy] be an /i x n matrix with rows n,. . . ,r, , and all columns in pp. We show 
that / (r ,) , . . . , / (r , ) g B,. Suppose to the contrary that some q = f(rt) ( Ef. Then r, g D and we 
can choose / Ç D so that r, g / and {/(/)[ = |{m/|. By the o-property, / restricted to / b a partial 
projection and so 9 = /(r,) = at, for some 1 < p < n. However, o^ g ft becouse the p-th column of X 
belong» to p, C EJ. Thb contradiction prove» the claim. If at least one r, £ D then /(n) = 0, hence 
(/(•"i) /(r»))g Pp and we are done. Thuslet ri,...,rp g D. Then 

(/(••i) / M ) = (/(r1) / ( r ^ g p , . 

because / preserves p^ (note that p„ does not possess the extension property).a 
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ON HUYGSNS' PRINCIPLE FOR RELATIVISTIC WAVE EQUATIONS 

W.G. ANDERSON tc R.O. McLBNAGHAN 

Presented by G.F.D. Duff, P.R.S.C. 

Physics Abstracts classification nmnber» 04.20,02.40 
ABSTRACT: The hbtory of attempts to resolve Hadamard's problem of determining all the 
second order linear partial differential equations of nonnal hyperbolic type which satbfy Huygen»' 
minor premise is reviewed. The euitent status ofthe problem is described for conformally invariant 
relativistic wave equations on curved space-time Including a description of a programme to prove a 
modifled form of Hadamard's cot^ectnre. A new necessary condition Is given for the non-sdf-a^joint 
scalar equation to satbfy Huygens' principle. Some consequences of thb condition are stated. 

In 1923 Hadamard [1] reformulated Hnygens' prindple In the form of a syllogism and posed 
the general problem, as yet unsolved, of determining up to equivalence aU the second-order linear 
hyperboUc partial differential equations in n independent variables that satisfy Hnygens' minor 
premise (B). It is In this sense that Hnygens' principle shall be understood in this article. We recall 
that such an equation may be written in coordinate invariant form aa 

Oi» + A'tt.,+Co = 0, (1) 

where O denotes the Laplace Beltrami operator corresponding to the metric tensor ?«» of a n-
dimensional Lorenttian space V, of signature 2 — n, tt the unknown scalar fonction and "," denotes 
the partial derivative with respect to the natural coordinator x*. The coefficients g*, A', and C 
and Vn are assumed to be of class C00. 

Cauchy's problem for equation (1) b the problem of determining a solution which assttme» given 
vaine» of ti and it» normal derivative on a given spsee-Uke ( n - l)-diinensional submanifold S. These 
given value» are called Cauchy data. The local exbtence aad uniqueness of the solution of Cauchy's 
problem for (1) ha» been proved by Hadamard. A modem treatment using dbtributions has been 
given by Fricdlander [2]. The considérât ions of thb paper wiU be purely local 

Of particular importance in Cauchy'» problem is the domain of dependence of the solution, in 
thb regard, Hadamard has shown that for any «o, u{xo) depend* only oa the data in the interior of 
the intersection of the past null conoid C~{xo) with $ and on the intersection itself. Equation (1) is 
said to satisfy Bvggent ' principle iff for every Cauchy problem and every point Xe g Vi, the solution 
depends only on the data in an arbitrarily sipall neighbourhood of 5 n C~(xo). Thb definition b 
equivalent to the validity of Hnygens' minor premise. An equation satisfying Huygens' principle b 
called a Huygens' equation. The most famllUf of these equations are the ordinary wave equations 
that may be obtained from (1) by setting f.» = dlag(l , - l , . . . , - l ) . A* = C = 0, aad n = 2m, 
m = 2,3,.... Hadamard showed that in order that (1) be a Huygens' equation it b necessary that 
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n be even aad > 4. He also obtained a complicated necessary aad sufficient condition for (1) to be 
a Huygens' equation and considered the problem of determining all the Hnygens' equations. In thb 
regard he wondered if every such equation was equivalent to the ordinary wave equation with the 
appropriate number of independent variables. Thb b often called "Hadamard's conjecture" in the 
literature. We recall tbat two equations of tbe form (1) are equivalent Iff one may be transformed 
to the other by any of the following trivial transformations that preserve the Hnygens' character 
of the equation: 

(a) multiplication of both sides of (1) by non-vanishing factor e-W»), which transformation 
induces a conformai transformation of the metric: 

&» = «'•*»; (2) 

(b) replacement of the unknown fonction by Au, where A(x) Is a non-vanishing function. 
The conjecture has been proved in the case n s 4,9** constant by Mathisson [3], Hadamard [4] 

and Asgebsson [5]. However, it has been disproved by Stellmacher [6] who gave counter examples 
for n = 6,8,..., and by Gunther [7] who provided a family of counter examples in the physically 
interesting case n = 4, based on the plane wave space-time with metric 

da1 = 2dvldu +(Dxi + DS* + ex!)dv] - 2dxd!, (3) 

where D / 0, aad e ate fonctions only of v. McLenaghan [8] subsequently showed that any Huygens' 
equation (1) on a conformally empty background space-time b necessarily equivalent to the wave 
equation Du = 0, or the plane wave space-time with metric (3). These results have been extended 
to Maxwell's equation 

du = 0, «u» = 0, (4) 

where d denotes the exterior derivative, t the co-derivative and w the MaxweU 2-form, and to 
Weyl's neutrino equation 

VVf l = 0. (5) 
where VBx denotes the covariant derivative on 2-spmon and 4>A a valence one two-spinor by the 
work of GOnther and Wfinsch [9][10][11][12], who have developed criteria for the validity of Huygen's 
principle for these equations analogous to that for the scalar equation (1). 

Hadamard's problem for each of the above equations, b that of determining all the space-times 
for which Huygens' prindple is true for the particular equation. In view of the conformai invariance 
of the prindple, the determination caa only be effected up to aa arbitrary conformai transformation 
(2)-

Huygens' prindple b valid for the conformally invariant wave equation 

Du + | u = 0, (6) 
o 

where R denotes the curvature scalar and for equations (4) aad (5) on any conformally flat space-
time and also on any conformally plane wave space-time [7][11][12]. These are the only known 
space-time» for which the prindple b valid for (4), (5) and (6). It haa been proved (8][12][13] that 
the only conformally empty space-time for which the prindple holds for any of the three equations in 
question, arc those conformai to the plane wave space-time witb metric (3). However, Hadamard's 
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problem temain* open in the general case. A detailed review of the status of the problem up to 
1985 b given in GOnther [14]. 

The results described In the preceding paragraphs suggert that it may be true that every space-
time on whieh any ofthe equation» (6), (4) or (S) laOtfiet Buygent'principle, it conformally related 
to Ae done wave space-lime or it conformally flat and Aat any Buygent' equation (1) it équivalent 
to Ou = 0, ona plane wave or flat baekqwund space-time. Carmlnati aad McLenaghan [16] have 
outlined a programme to prove thb modifled Hadamard's coqjecture based on the conformally 
invariant Petrov dassification of the Weyl conformai curvature tensor C M of space-time [16][17). 

The procedure for proof of the coqjecture consists in considering separately space-times of the 
five possible Petrov types, lb date the conjecture has been settled for (6) on type N space-times 
with partial results for the equations (4) and (5). It has also been settled for all three equations 
on type D space-times and on type / / / space-times under a certain mild assumption. At present 
only partial results are available for type / / space-times. 
THEOREM 1. [1S](18][19][20][21] The validity of Buygent'principle for Ae conformally invariant 
scalar icotte equation (6), or Maxwell'» equationt (4), or Weyl't neutrino equation (5) on any 
algebraically special space-time implies that Ae repeated principle null congruence» of Ae Weyl 
tensor (defined by Ae null vector f) are geodetic, shear-free and hypersurface orthogonal 

In the case of Petrov types ff, D and / / / we have the further results: 
THEOREM 2. (16][23] i4np non-telf-adjoini scalar wave equation on any Petrov type N back-
ground space-time satisfies Buygent'principle if and only if it it equivalent to ihe wave equation 

Dn = 0 (7) 

on an exact plane wave space-time wiA metric (S). 
The analogous result for equations (4) and (5) b that the space-time b conformally related to a 
spedal generalised plane wave space-time. The detailed result b given in [16]. 
THEOREM 3. [18][20][21] There exist no Petrov type D space-time* on which Ae conformally 
moarianl scalar toaoe equation (6), Maxwell's equation (4), or Weyl's equation (5), satisfy Ae 
Buygens ' principle. 
THEOREM 4. [15] The validity of Buygent'principle for Ae conformally invariant «color wave 
equation (6), or Maxwell's equation! (4) or Weyl't neutrino equation (5) on any Petrov type III 
tpaee-timeimpliet Aat Ae space-time is eenfimnaUyreUtted to one in whieh every repeated principd 
null vector fidd I, of Ae Weyl tensor is reeanent, Aat is 

y ^ - o . (8) 
The above result is extended to equation (1) by the following theorem which appears to be new. 
THEOREM 5. The validity of Buygent'principle for any non-telf-adjoint equation (t) an ang 
type type III background tpace-time implies that Ae «pace-time is conformally related to one in 
which every repeated null vector field of Ae Weyl lensor is recurrent 

These theorems ate a consequence of necessary conditions for equations (1), (5), or (6) to satisfy 
Huygens' prindple obtained by a number of authon [8][24][9][12][2S] [26][27]. 

We shall give here only the conditions for equation (1). 

/ C = |yr.11 + iyM' + J*, (9) 
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III 

IJ H*.,» = 0, (10) 

5a»,» - ic».»'!», = -6(ir.»jr»» - Ig+HuE*), (U) 
IV TSi3SM,ah. + CkjHm] = 1l, (12) 

V T5[3C».^C'. /
,
1 ~ + 8C*.«^5M/+40S.«»5./»-8C»j5»,.t f- (13) 

2iC>tt'S.w + 4C».«,C,-.»£/« + 12C»w,i)-./ii;»-.+ 
12jrtq«<H»/ - l6B%c.jBk..j - 84H*.Crf.,JT,

/ - ISBi.B^L./] = 0, 

where 

Ha := i*w). (14) 
COM := RtM-igwLiyy, (16) 

Xa := -Ha+f*», (") 
Sac '•= £<|M* l1') 

In the above R.^ denotes the Riemann curvature tensor, Aa the Bled tensor and TS [ ] the 
operator which takes the trace free symmetric part of the enclosed tensor. 

The proof of Theorem 5 requited the derivation of a new necessary condition given below. 

VI TS] 360»^^*. ,» .*- . - 6C»ali.Cij.-H»» - 138Sa»C»rf,H,.+ (18) 
65a»JT'.^ + OC**'***»* - 24Sa»i^»<i.+ 
12C»a,L».H,*, - 9C*a,

wi»«Hi. - 95a»i,«H».] = 0 

It is believed that conditions / through VI should imply that any Huygens' equation (1) on any 
type / / / background space-time is equivalent to the conformally invariant equation (6). Theorem 
5 b a preliminary result in this direction. 
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On the von Staudt-Clausen theorem. 

Krystyna Bartz and Jerzy Rutkowski 

Pteaeitted by J. FiUediandvt, F.R.S.C. 

l.The von Staudt-Clausen theorem states that the denominator of the 
Bernoulli number B Is the product of those different primes p for which p-1 
divides 2k and more precisely 

is an integer. 

B + r i 
2k r P 

p-l|2kF 

The n-th Bernoulli polynomial B (tl Is defined by 
tX <B X e _ - Bn(t)_n 

e - I n-0 
n 

Then Bn(0) = Bn is the n-th Bernoulli number and we have Bn(x) " £ (2)B xn" . 
k-O 

In this note we will give a simple proof of the following 
generalization of the von Staudt-Clausen theorem to the Bernoulli 
polynomials : 
THEOREM . Let sX) and UO be Integers, p denote a prime number. 

If n Is an even postttve integer or n Is equal to 1, then 
snB (-) • T - Is on integer. (1.1) 

n S -1 P 
P-Iln 
p l -If n*3 Is odd then snB ( ^ ) Is an Integer. 
n S 

Remarks. 
1. Putting s=t«>l in (l.l) we get the von Staudt-Clausen theorem since 

B (1) » l-lfB . 
n n 

2. We have by Fermat's theorem for s positive Integer 
(sn-l) £ is an Integer and obtain thus the Almkvlst-Meurman •Hi"p 
theorem (seel 11,theorem 2) that sn(B (-) - B ) is an Integer. (1.3) 

n S n 

The Almkvlst's and Meurman's proof of (1.3) Is elementary but rather 
complicated. So, we give here a new and short proof applying the von 
Staudt-Clausen Theorem. 
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3 .Since the Hurwitz zeta-function for a positive Integer n 
B (a) 

Çd-n.a) • 2— We have the following 

COROLLARY. For t and s positive Integers 
sn(nÇ(l-n,2) * B ) la tn Integer. 

(for odd n&3 see II) theorem 9). ' 
(1.4) 

In the proof of Theorem we use the foUowing known (see (21 
p.271 and 273) property of sums of binomial coefficients 

LEMMAiet n be a natural number and tet p be on arbitrary prime 
numberJ)eRote 

v -̂iJwAj n^ 
TTien 

Sprn;a OCmodp) If p-Ijn and SJnfmUmodp) if p-l\n. (us) 

2. Proof of Uieorem . 

The Idea of the proof Is to do Induction on t with s fixed via the 
addition formula 

B„«+y' - J j S JBJxly— with x - -1 and y - -L. 
We have 

•vf" fUK'-y- «... 
ra«Ov ' 

That our theorem holds for t«0 is clear by the use of the von Staudt 
-Clausen Theorem and the Fermat Theorem since B (0) - B . 

n a 
So assume that it holds for t and consider first s even.By the Induction 

hypothesis and by (2.1) we see that we get an Integer by adding the following 
number to snB (— ) • 

n • 

»-.ors\v.i ':lia -'•p -fro i m J P:.|0 - ' 
Pi* P-l |m p|s 

where using (1.5) Ai is a certain Integer.So the result holds also for t+1. 
Considering next the case s odd with p-2 and p>2 separately we see that we 

get an Integer by adding the following number to s*^ ( — ): 
n • 
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n"T î. U) r., ' •?; K U)-?UUH 
i-O v ' p-l m p | s m-0 * ' p/* m-o * ' 

p - i | m p>2 p - l in 
m-l or m «van Pis 

i f f n I - r 1 • J î . + 2 n - 2 * A 

2 Ln I m I ^ i p z 2 
m«0 * ' p-Iln 

where A2ls a certain integer by lenuna and the result follows for t+1. By the 
use of mathematical Induction we get Theorem. 
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PROPRIETES DEQUILIBRE FORT DANS LES JEUX DIFFERENTIELS 

parVerguilDINOVSKY 

Piuenté, pan. P. Rtbenbo-im, F.R.S.C. 

Quand on utilise lequilibre de Nash en qualité de solution dans 
les jeux différentiels sans coalition, tout joueur doit être convaincu 
que tous ses partnaires du (eu vont utiliser leurs strategies de 
lensemble des strategies déquilibres de Nash. Ce défaut peut être 
élimine si on suit le principe de l'équilibre tort donne par CBERG ( I |. 

Dans le présent article on étudie les propriétés de l'équilibre fort 
sur la base de la formalisation mathématique des jeux différentiels 
proposée par N.N.Krassovki 12 I. 

t. Formalisation H BiyiiHbre fort 
On considère un jeu différentiel à deux joueurs 

(IJ) <n .2 ) .Z . ( | | i ) i -1 .2 . . {J j -F i ( i Ie I ) i -1 .2 ) >.(JJ.pj2*cl) 
oû ( 1.21 désigne les numéraux des joueurs avec des intérêts opposés: 
Z est le systeme de contrôle défini par le systeme d équations 
différentielles x" - f ( t. x. u,. u2 ) . tel0.el. xeR" . UJ- fonction de 
contrôle de i-ème joueur (i-I,2): ( Si ) est l'ensemble des stratégies de 
i-eme joueur: Jj- fonction gain de i-éme joueur. 

Supposons que les conditions suivantes sont vérifiées: 
Cpaditions A. La fonction f: 10.91 x Rn x Pj x Pj - Rn est continue. Les 
ensembles P,- sont des compacts sur R0». Pour tout sous- ensemble 
borné G dans l'espace de ia position (t.x) ef0.e| x Rn il existe MGI- ct 
.telle que 
IIf( tu , .x ," .u1 .u2)-f( l<2,.x,2,.uI,u2)niXIG)(||x"'-x,2,|l • l t m -t(2,|) 

quelleque solt ia position i l(iK jm) e 6 ( j - 1.21 et Uj e Pi. 
Pour vt e f !« .61. xeR^Ui e Pj ii y a inégalité 

llf(t.x.u,.u2 Hl sfl 1 +11x11). y» c t>0 . 
On appelé stratégie Uj de i- éme joueur .chaque fonction multiforme 
Uii t . x (G Pj. La corespondanœ entre les strategies Uj et les fonctions 
Ujl t j i nous allons noter par U| + u, (t j ). Le couple de stratégies 
(Ul.Uz) s appelé parfois situation du jeu (1.11. 

Soit U,+ Ujl t. x ) une statégie de premier joueur. Soit A(^, un 
partage d'intervalle [to. 91 avec les points ijCKc'est- à-dire 

to-1» r « tj r = ..... î tj. - 8 . Le mouvement par pas 
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X&lrl t . t,r> .I^>. Uf .U2r,( ) ) -xl . tS'h - Xlt, A,^,) , l , r ,s l s 0 

represent d après 131 une solution de I equation 
( I^MU^^-xitjtrUfrl^jJ (r)rttiI(U(r)).u,(tj(r)4(,j(r)iA(r)))U2<«')(l)| d t 

ou tj<')s t s ij^jW (j - O.I.._Jc<r)-l). x(t<'> Ab)) . jlr). ( r - 0.1.2...... ) 
où U2(r) (t) est une fonction mesurable de Borel telle que u2(r'(t)eP2. 
vi6ll<«-).el. 

Si les conditions A sont satirfaites, le système des équations 
(1.2) admet un et un seul mouvement continu x( t, A(r) ),quon peut 
élargir sur l'intervalle I to .0113.p.53 1 
Le mouvement xlt.to Jo. Ui 1 , t ©i t i 8 du système L. provoqué 
d'une stratégie Uj par la position initiale ( to . x o ) .s'appele cbaque 
fonction continue x| • I - ( x(t). to i t s 8 ) pour laquelle il existe une 
suite de mouvements par pas (XA^ ( • . \lr) JirK Ui .U2(r,( i) 1 
uniformément convergente à cette fonction pour t(r) -• ̂  , 
Il x''1 -XoW-» 0. supj tj« j^'-tjtf'l -• 0 .quand r-* o» 

Dans ( | 2 ] . 13 ) ) on démontre que le faisceau H. to Jo Uj j 
de mouvements est un compact continu dans Ca(to.8| .alors l'ensemble 
XI e.to J0.U11- I Ito Jo.Ui I n ( t °e ) represent un compact dans Rn. 

Analogeiqument on définit le mouvement xl .toao.U2l du 
systeme 1 provoqué de la stratégie U2+ U2( t. x ) de position initiale 
( io Jo )• Dans la formalisation du mouvement il .T0J0.U1.U2I provoqué 
de la situation U - (U1.U2 )e II de la posiUon ( toJo J U faut poser 
dans ( 1.2) u^d) - u2( tj10. x( t j ^ , , A(r) 

L'intersection XI e.toJ0.U1.U2J du faisceau de mouvement 
I ' .toJ0.U1.U2l est un compact dans R0. Les fonctions gains 
Fi - Fi (xlel) ( i -1.2 ) ou île] s xt 8.10. io. Ui) ou xlel € xie.to io. U1.U2I 
sont définies sur les ensembles fermés et bornés X |8.to, io. Ujl (i -1.2) 
Xle.toX0.U1.U2l 
Conditions B Supposons que les fonaions Fj 1 x 1 sont continues dans 
Rn. Plus loin on suppse que les conditions A et B soit vérifiées. Ainci 
tous les composants du jeu différentiel (1.1) sont définis et le 
problème de cbaque joueur est le choix de stratégie pour laquelle sa 
fonaion-gain est maximale. 

Dans les jeux différentiels san coalition avec la somme non 
nulle ii n'existe pas un seul oonsept en qualité de solution du jeu . 

http://toJ0.U1.U2l
http://Xle.toX0.U1.U2l
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Dans un grand nombre des articles scientifiques en qualité de solution 
du jeu différentiel on utilise l'équilibre de Nash . Cependant une telle 
notion utilisée en qualité de solution dans les jeux différentiels 
possède certain défauts 14). Par exemple si un joueur utilise dans un 
jeu la statégie d'équilibre de Nash , il doit être certain . que son 
partnaire de jeu utilise aussi sa stratégie de la même ensemble de 
stratégies d'équilibres de Nash. Dans un grand nombre des problèmes 
pratiques une telle certitude est rare, c'est pourquoi dans le present 
travail on propose pour les jeux différentiels de position 
une autre notion - solution du jeu appelée équilibre fort (éqilibre de 

Berge) suivant la définition pour le point d'équilibre fort 11,p,96I 

Définition Le complete de stratégies U* - (Uj* U,* ) e i s'appel 
équilibre fort (équilibre de Berg ) de jeu différentiel (1.1) avec la 
position initiale itoJo) elO.el X Rn. si 

(1.3) max Fj(x|e.toJo.u;.U2J) s min FjWe.loJo.U*!) .vU2612 

( 1.4) max F2(x|e.toJo.Ul .ttl) * min F2(x|8.toJo.U'1) . vU|E l i 
i l l * i l l 

L apparition de mai et de min dans (13) et (1.4) est du au faite que. 
quelque soit lasituation (Ui.Uzle I les extrémités " droites" du 
mouvement XI e,tq.Xo,Ui,U2) dans RQ , oU sont définis ies fonctios-
gain. D'autre part mai et min s'obtient dans (1.3) et (1.4) grace à la 
continuité des fonctions Fjlx). 

Conformément i cette définition chaque joueur obtient le gain 
maximal quand son partnaire a la meilleure conduite. Si ce partnaire 
utilise une stratégie difèrente de celle d'équilibre fort, le gain de ce 
joueur dans le cas général diminue. 

2. Propriétés de l'énuilibtre fort 
Propriété 2.1 Le gain des joueurs dans la situation d'équilibre fort 
est uniforme. 

En effet si dans le second membre des égalités (1.3) et (1.4) 
on pose U2. Uj el U,. on obtient 
(2.1 ) mai Fj(x|e.toJo.U*]) - min Fjdle.toJo.U'l) -Fjdle.toJo.U*!) (i-1.21 

il I i l l 
Propriété 2.2 mai Fjdle.toJo.U-D • Fjdle.toJo.U'I) (i-l.2) 

En effet si dans (1.3) on pose U +̂ P, alors nous obtenons 
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(2.3)maxFidlB.t«Jo.u;.U2*P2l)-maxFidle.to.io.u;i)£ininFidle.to.io.U*| 
i l l i l l i l l 

D'autre part d'après |2| X|8,toJo.U|l 3 Xle^Jo-U^.u;! alors 
(2.41maiFidle(t0j0.u;i)imaiFi(x|e>loJo.u;.U2l)iminFidl0.loJo.U;.u;il 

il 1 i l l " ll I 
De (2.3).(2.4) el (2.1) il suit l'égalité (2.2).La raison du jeu dans 

(2.2) est la suivante: Quelque soit la conduite d'un partnair dans un 
jeu différentiel, le gain maximal de chaque participant ne dépasse pas 
son gain dans l'équilibre fort C'est -à-dire le gain de chaque joueur 
dans l'équilibre fort est stable par rapport aui écarts du partnaire. 
Propriété 2.3 
(2.5) mai F|(i[e.toJ0.U*l) 2 mai min F1dle.toJa.U2)) 

U2 il 1 
(2.6) mai F2d|e.toJo.U*|) k mai minF2d|6,to.io.U|])) 

Ui i l l 
Pour ëtablire l'inégalité (2.5) nous allons considérer la statégie 

min mai Uj': 
mai Fidle.toJo.U;i) 2 mai Fjdle.to.Xo.Ujl) 
i l ) i l l 

A l'aide de (1.3) .12.7) et (2..2) nous obtenons 
F|(i(e.toJo.U*l) = mai Fi(ile.toJo.u;i) 2 max Fi(i(e.toJo.Ujll 2 
min mai Fj(i|e.loJa.U||) il ) 

U n i ) 
D après la démonstration dans I3.P.240] 
min mai F|(le.toJo.U]ll 2 mai min FjllO.toJo.l^ 1-' 
U, xi 1 Uj xi I 

d'où on obtient la vérité d'inégalité (2.5) L'inégalité (2.6) est 
démontrée de la même façon. 

La raison de jeu dans (2.5) est la suivante: Dans la situation de 
l'équilibre fort, un joueur obtient un gain en tout cas supérieur a ce 
qu on peut lui être garantie par ses partnaires. 
Propriété 2.4 La situation d équilibre fort pour les jeux différentiels 
antagonistes coincide avec le point-selle. 

En effet dans les jeui compétitifs 
(2.8) Fi(i)--F2d)-Fd) VieRo 
par definition I 4.p.25J la situation ( Ui.Ui) est point- selle du jeu 
compétitif fc - < ( 1.2) .£,( lj ) .( i - 1. 2). J - Fd le)) > 
de la position initiale ito Jo» .si l'inégalité 

http://F1dle.toJa.U2
http://Fjdle.to.Xo.Ujl
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(2.9) Fd[e,toJo.Ui.U2l) i Fll|e,to.io.Ui.U2l) i F(x|e.to.Xo.Ui.U2!! 
est valable pour chaque mouvement xl • .toJo.Ui.Uj!. De (2.8) el (2.9) 
il suit Fi(ile.to.io.Ui.U2l) - Fdle.to.io.Ui,U2l) » 

2 max Flxle.to.Xo.Ui.UzP =mai F1dle.i0J0.Ui.U2l1 pour * U2GI2 
i l l i l l 

D'ici et d'après I4,p.26l on obtient 
(2.10) mmFid|e.to.io.cl) 2 mai F1dle.t0J0.Ui.U2l) pour v U2eB 

xl 1 il 1 
A l'aide d égalité mai I - Fd) 1 - - min FdJ dune manière 

analogue nous pouvons établir 
(2.11) minFzdle.toJn.cl) 2 mai F2(i|e.toJ0.Ui,U2l) pour- UteB 

xl 1 i l l 
D après la définition (1.1) les inégalités (2.10) et (2.1 IJ 

désignent que le point-selle ( Ui.Uj) represent la situation d équilibre 
fort du jeu Tc. De la même manière on peut établir que la situation de 
équilibre lort das les jeui différentiels com petit il s devient point-selle. 

Ainsi la notion de l'équilibre fort ( équilibre de Berg) dans les 
jeux différentiels de position apparaît finalement très large, parce qu 
elle englobe comme cas particulier la notion point-selle. 

Les propriétés précédentes montrent que lequilibre (nrt peut 
être utilisé comme solution dans les jeux différentiels sans coalition. 
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The Schlafli Double-Six Configurations 

Harold L. Dorwart 

Presented by H.S.M. Coxeter, F.R.S.C. 

lu [2J. Hilbert and Colm-VosKei» dincuss the application of Schlafli's double-nix [3] to 

tlii>r<)iistnirtiouofai*ertAinKpan>iMHut-Bud-liue (30a, 12s) MiuHguratioii. Figure 1 (taken 

from their book with penuissifm) shows the thirty points aud twelve lines of a model of 

this rnntwiration, with five points on each line aad two lines passing through each point. 

"Lines" here (and in the following discussion) are abbreviated to the segments in which 

we are interested, but for projective roufiguratiou figures they should be thought of aa 

extending indefinitely beyond the end points of the segments. The cube outlined in Figure 

1 is not a part of the configuration but is helpful for visualization purposes aud also for 

the construction of the model. 

Figure 2 is intended to illustrate as clearly as possible the double-six property, namely 

that the twelve lines nre divided into two sets of six each where uu line of either set has 

n point iu eoimuon with another hue nf that set, and where one line of each set passes 

through each of the thirty points of the configuration. 

Figure 3 illustrates a property of this configuration (not mentioned in (2j) that can 

also lie helpful. The solid, dotted, and dashed lines clearly show that this (30a. 12s) is 

matle up of three space quadrilaterals. 

In Figures 2 and 3 the (30a, 12g) configuration has been projected onto a plane. In 

rorrespoudence related tn (lj Coxeter conjectured it could be reciprocated into 30 lines 

forming n conligiiriition (12$, 30a). This may appear IUI easy task. Although the two 

regular hexagons of Figure 4 with inscribed equilateral triangles, whose vertices are joined 

one to one, do form a (12s, 30a) • it does not have the double six property. Alterations 

made as iu Figure S do lead to the double six property, but there are uncomfortably many 
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intersections at the central crossover point. Thus Figure 5 is not obtained by reciprocating 

Figures 1,2 or 3. 

Many years ago one of the writer's students had constructed a model of Figure 1. 

Placing the model in a symmetrical position, gives Figure 6 (analogous to Figure 3) and 

Figure 7, the latter directly as the reciprocal of Figure 1. The end point designation of the 

sets of points by solid dots and by circles in Figure 7 is sufficient to show the double-six 

property that no two points of either set have a Une in common and that each of the thirty 

segments has a point of one set as one end point and a point of the other set as the other 

end point. In other words, we "reciprocate" Schlafli's matrix of points 

(at n, «j «« «s ««^ . ( Pt Pt Ps P< Ps P»\ 
{h h b» b* h bo) lo {Qi Q, Q3 Q4 Qs Q,j ' 

a matrix of lines, such that two points Pi and Qj are joined if i = ^ , or, more simply for 

the complete property, that two of Uie twelve point* are joined if and only if their symboU 

occur neither in the same row nor in the same column. The actual positioning of these 

labels is aided hy Figure 6, and variations in these locations will produce variations in 

Figure 7, i.e., diiferent locations for the unconnected points Pi and Qj when i = j . 

Figure 7 can, of course, be thought of as a space configuration (as can Figures 4 and 

5), but the writer has not tried to make models of any of these! He has, however, suggested 

to several sculptors who work with steel rods that two large-scale models of Figures 2 aud 

3 — using colored rods and with a descriptive plaque — might be a sculpture of general 

interest. So far there are apparently no takers of the suggestion. 
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