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A NOTE ON (P.O-CORRELATIONS 

STEFAN BILANIUK 

PRESENTED BY H.S.M. COXETER, F.R.S.C. 

ABSTRAOT. A«uming a modest degree of traaailMly, w« atom that a (P,(y<omi*»ion of a 
. projective plane hia order four ttnlesa the uadetiying ternaiy ring baa chancteristic two, in 
which caae the correlation haa order two. 

In (1] Baer introduced the notions of (P, <)-trnndtivity and {P, O-homogendty. Suppoae 
P is a projective plane. (See (2] for the necessary definitions.) We will sometimes write 
Pli when the point P is inddent with the line é. A collineation of 'P is a bijection 
mapping points to points and lines to lines which preserves inddenoe, while a eorrelotum 
is a bijection interchanging lines with points which preserves inddence. The squ;^ of every 
corrdation is dearly a collineation; a correlation whose square is the identity map is called 
a polarity. A collineation ia (P, t)-eentrd with respect to a point-line pair (P, é) if it fixes 
every point on i and every line through P. V is (P,é)-traiui(ioe for a point-line pair (P, I) 
if, given any points Q and iZ not on t which are collinear with but different from P, there 
is a (P,£)-central collineation which maps Q to iî. Finally, V is {P,t)-homogeneous for P 
and t which are not inddent if it is (P, l)-transitive and there exists a (P, l)-correlation, 
i.e. one mapping every line m through P to its intersection with é and every point Q on 
I to the line PQ. Baer showed that (1, Theorem 5.2] if a projective plane V has distmct 
lines I and m such that it ia (P, ^-homogeneous for all pointa P on m which are not on t, 
then V is Pappian, i.e. coordinatized by a fidd. 

(P, <)-homogendty was generalized as follows by Jonsson [3]: a projective plane V is 
{P,t,p)-homogeneous, where P may be inddent with / , if it is (P,<)-traiidtive and there 
exists a corrdation whose square is a (P, £)-central collineation and which induces the 
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238 S. Bilaniuk 

function p as the function from the lines through P to the points of I. If P and I are not 
inddent, then (P, £)-homogendty is just (P, t, /i)-homogendty, where m** = m (If for every 
line m through P. Jonsson [4] showed that if ^ is (P,£,A»)-homogeneous and PH, then V 
admits a (P, £,/i)-polarity. The following theorem answers the corresponding question for 
(P, ^-correlations with P Jt in most projective planes P. 

Theorem. Suppose OUV is a triangle in the projective plane P, P is (17, OV)- and 
(V^Ot/)-transitive, and c is a (17, OV>corre/ation. Then c4 = idv uad we can choose 
coordinates so that, if{R,T) is tbe corresponding ternary riag, tbe following hold: 

(1) {R,T) is linear with associative and commutative multiplication, and both dis-
tributive laws hold; 

(2) c2 = idp <=»• Vx € fl : « + 1 = 0. 

Proof. Choose A1UV different from U and V, and let E = A'n OA. Coordinatize P 
with respect to the quadrangle OWE using Hall's method [2, p. 125] (so O = (0,0), 
E = (1,1), U = (0), and V = (oo)) and let {R,T) be the resulting ternary ring. Since P 
is {U, OV) = ((0), [0])-transitive, (iî, T) is linear and has assodative multiplication. As we 
also have (V, OU) = ((oo), [0,0])-tranBitivity, we have that a{h+c) = ab+ac for o, b, c € A. 

Define functions ip,il> : R -> R by (u)c = (u*) and (m]e = (m*). Then »> and ^ 
axe bijections and it follows from our choice of coordinates that O*1 = 0* = 0, 1** = 1, 
{x,y)e = (x*,y), and (m, 6]e = (mv, 6). Thus, for any x,y,m,b g iî, 

y = i m + 6 <=» (x,y)I[m,6] 

<=• {x,y)cI[m,bY 

*=> ^ . y j l ^ . t ) 
•<=>. b = m*x* + y. 

Substituting for 6 in y = xm + b gives 

(*) y = xm + (m*x* + y). 

L e t - a denote the right additive inverse of a € A, «.e. a + ( - o ) = 0, and let ~ o denote 
the left additive inverse of a g iî, ».e. (~ o) + o = 0. Note that - ~ a = a and ~ —a = a. 

Ifm = landy = 0 m ( • ) , z + x * = 0, i.e. x* = -xdnce 1*" = 1. Settingm = l,y = -x, 
and x = ~ « in (*) gives -z = ~ z+{— ~ z+(—z)) = ~ z+(r+(—z)) = ~ z+Q = ~ z. Thus 
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right and left additive inverses are equal in {R,T) and so - ( -a ) s a for all a £ JL Since 
a(6 + c) := 06 + oc for a,b,c 6 iî, ai + o(-6) = a{b + {-b)) = oO = 0, so o(-i) = -{ab) 
whenever 0,66 A. 

Setting y = 0 and x = 1 in (*) now implies that m + m*,(-l) = m + -(m**) = 0, so 
mv «= m. Hence <p =» idR. 

Setting y = O in (•) now implies that xm + -(mz) = 0, so xm = mx. Henoe multipli-
cation is conunutative in R Alao («,y)e4 = ((«*)•,») = (-(-*).y) = («.v). «> «4 = «*»»• 
Finally, dnce («.y)6* = (x*,y) = (-x.y), we have that 

c* = tdp <=> Vx 6 il : « = - * 
<=> VxeR: x + x = 0. 

This completes the proof. O 

Note that the proof tells us how to construct (P,<)-coirelations, for P not inddent 
with /, in planes with enough traodttvity: Fix a coradinate system so that P = (0) and 
t = [0], and define the correlation e hy setting («,»)« = [-u,v], (u)e = [u), (oo)e = M . 
[m, b]° = (m, 6), H« = (-u), and [oo]« = (00). 

Since Desarguesian planes axe (P, é)-traadtiv« for all point-line pairs (P, I), the existence 
of a (P,é)-corTdation in a Desarguedan plane implies that it is (P,é)-homogeneous. The 
following variant of Baer's result is thus an immediate consequence of the theorem. 

Corollary. Suppose F is a skewûdd and P(F) is the Desarguesian plane coordinatized 
by F. Then V admits a (P, ̂ -correlation c for some non-Inddent point-line pair (P,é) if 
and oniy if Fis commutative, ie. Fis a field and P(F) is Pappian. Moreover, e* = tdp(p) 
and c3 = id-p{F) •*=> F has characteristic 2. 

It remains open whether the hypotheses of the theorem can be weakened to require only 
(P, é)-homogendty. 
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FREE HEYTING ALGEBRAS AS BI-HEYTING ALGEBRAS 

Silvio Ghilardi 
Communicated bg J. Lambek , F.R.S.C. 

Abstract.1 By generalizing the constniction of [5] (and simultaneously 
giving simple alternative proofs), we describe the Heyting algebra freely gen-
erated by a finite distributive lattice by means of the inductive colimit of an 
iterated procedure which at each step freely adds new implications without 
destroying those previously introduced. We show, as a corollary, that sudi 
free algebras are bi-Heyting algebras, in the sense that the difference opera-
tion (dual to implication) is defined in them. Connections with the normal 
forms [3], [4] of the modal system S4 arise. 

The category of finite distributive lattices2 is dual to the category of 
finite posets, hence each finite distributive lattice can be represented in thi: 
form j P, where j P is the set of downward closed subsets of a poset I' 
ordered by inclusion (we usually omit the explicit mention of the partial 
ordering relation < of a poset). If a € F, J, o and ae stand respectively 
for {b\b < a) and {6|o ^ 6}. We say that an order-preserving map / : 
P —• Q is open iff the inverse image morphism f'1 4 Q —•i P preserves 
relative relative pseudocomplementation, which is equivalent to the following 
condition entirely expressed in terms of elements: 

Va € P,V6 € Q (6 < /(a) =• 3a' € P(a' < a & /(a') = 6)). 

'This work was performed within a grant given to the author by the itdian CNR. Tb» 
author wishes to thank A. Joyal for useful discussions and commenta. 

'Presence of 0 and 1 elements is considered part of the (definition of a lattice. 
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The same condition can be also expressed as the commutativity of the fol-
lowing square of relationa: 

Q 

•Q 

Given another order preserving map g : Q —•» iZ, we say that / is open 
rdatively to g (briefly g-open) iff /"* preserves relative pseudooomplements 
of the kind g~l(Ci) -» g~l{Ci) for Cud € i fl. Agdn there is an easy 
characterization by dements, that is 

Vo € P, V6 € Q (6 < /(a) => 3o' 6 P(a' < a & g{f{a')) = g{b))). 

In terms of relations it means the commutativity of the (ollowing square: 

» / > ^ 

>f 
Q- R 

If the indusion S Ç. Q \s g-open, then we say that 5 itself is g-open (here 
5 is regarded as a poset with the restricted partial ordering rdation). This 
means that S is f-open iff the following condition holds: 

Vs 6 S, V6 € Q (fc < s =>• 3 / 6 S{s' < s k f (s') = g{b))). 

If we represent Q as partitioned into the f-fibers, the condition says that, 
whenever i s meets an dement of any fiber, then (i s) fl 5 must actually 
contain an element from that fiber. A fact useful in the computations is the 
following: is 5 is f-open and s € 5, then (J, s) D 5 is f-open too. 

Here we describe the main constniction: let f : Q —* iî be an order-
preserving map. Q' is the poset of g-open rooted subsets of Q, ordered by 
indusion (a subset of a poset is said to be rooted iff it has a greatest dement). 
The order-preserving map r» : Q> —• Q that sends a rooted f-open subset 
onto its root is easily seen to be f-open. Now given a finite poset P we can 
form the sequence: 

• r.+i —• Pi —i .p, Jl*/>0-2Ui 
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by iterating the above constniction. That is, we put: PQ = P, ro = the unique 
map into the one-point poset 1 and, inductively, Pi+1 = i*"', rj+i = r". 
1. Theorem The inductive colimit ofthe chain of distributive lattices 

ll£*lP0...£iPi
rlkiPi+l... 

is a Heyting dgebra, in fact «Ae Heyting algebra fredy generated by i P. D 
The proof of the theorem is entierdy contained in the following lemma: 

2. Lemma Let g : Q —• A fce an order-presemnf map between finite 
posets. Then the pair (J Q',{r»)-1) has the follounng universd property. 
Suppose we are given any other pair 

(D,p:lQ-*D) 

such that 

(i) £> is a distributive lattice containing relative pseudocomplements of the 
kind p(Ci ) -* p{C,), for C„ Cj € i Q; 

(ii) p{g-l{D1) - g-^D,)) = p{g-l{D1)) -» p{g-1{D2)) for dl DuDt € 
ZiR. 

Then there exists a unique lattice morphism p' :l Q' —• D such that Ae 
triangle 

commutes and such that ^((r»)"'^,) -» (r»)-«(Ca)) = ulCi) -» u(C,) -
^ ( ( r ' ) - ( C . ) ) - . / ( ( r . ) - ( C ï ) ) / o r a / / C l , C 2€i Ç ^ ^ ^ ^ " 

Proof. As Q is finite and as finitely generated distributive lattices are 
finite, we can limit ourselves to the case in which D is finite. But then 
we may equivalently prove the dual statement (on finite posets, which is 
the following: given a finite poset T and a f-open ordei-preserving map 
J , 7"* Q' r e ex i818 a un i<lue «•'-open order-preserving map *' such that the following triangle 
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T % Q* 

\ / 
Q 

commutes. The defimtion of h' ia indeed forced by the commutativity of the 
triangle aad by the fact that A' must be order-preserving and r'-opea: 

A'(a) = {A(fc)|fc<a}. 

The required verifications (that. A'(o) is a f-open tooted subset of Q, that 
the triangle commutes aad that A' is order-preserving and r'-open) are easy. 
D 

The join-irredudble dements3 of the Heyting algebra fredy generated by 
a finite distributive lattice aie exactly the equivalence dasses (in the colimit) 
represented by the dements of the kind i a which arise at the various steps 
of the construction of tbe above theorem. This is due to the fact for every 
order-preserving map f : Q—> A, the map r* : Q* —» Q has a right adjoint 
which is also a section of it. Here is another consequence of the existence of 
such adjoint: 
3. Corollary The Heyting dgebra fredy generated by a finite distributive. 
lattice is a bi-Heyting algebra (i.e. Ihe dud operation of implication is defined 
in it). 

Proof. This foUows from the fact that the r9 maps are co-open, i.e. that 
inverse image along them preserves the dual of implication (which is always 
defined in finite distributive lattices). O 

Notice that, given g : Q —» R, the join-irreducible elements [ S of Qa 

admit the following representation in terms of the elements of j iï: 

is = n (('•r'a «)-(»••)-V)) 
agS 

sWe recall that join-irreducible elements ate the non-sero elements z such that, for 
every y,x, it x = y V z, then either x = y or s = x. When sn element satiafies the 
analogous condition with respect to all existing (possibly infinitary) joins it is said to bo 
completely join-irreducible. Such elements in (tee Heyting algebras are much less than 
the join-irredudble ones, as shown in [1]. In fact the classical effective representation of 
finitdy generated free Heyting dgebras, contained in [1], [3] and based on an analysis of 
finite Kripke models, consists in embedding such dgebras into the complete lattice of tbe 
downward dosed subsets of the poaet of their completdy join-irreducible elements (which 
are explicitly described). 
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FVom a logical point of view, this formula, once applied to the sequence of the 
above theorem produced by a finitely generated free distributive lattice, gives 
norma/ forms for propositional intuitionistic logic. The analogy with the 
normal forms of the modal system 54 is very strict, because the dements of 
the posets { Pj}, of theorem 1 can be represented as commutative idempotent 
trees with labels in Po * and it turns out that they are exactly the trees 
satisfying the 54-conditions and, in addition, the condition that labels are 
decreasing along paths from the root to the leaves. 
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We associate with an element a of P., a labelled tree 0(a) of height n recursively as 
ws (recall that as our trees are commutative and idempotent, immediate subtrees are 
., not a list): 0o(a) = a, 0n + 1(a) = (nr , • • • r„+1(a), {0„(6)),£<1). 
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UNIVERSAL COVERING LOCAUC TOPOSES 
MARTABUNOE 

Ptuettted by 3. Lambefe, F.R.S.C. 

Abilract A connected locally connecied topological space may have a trivial paihs fundttneniil 
group but a non-trivial Chevalley group of «ittomocphiinu of a univereal covering space, ll is shown 
bete thai Uds "anomaly" dissapean if the topoiogieal space is replaced by ils lopos of sheaves. More 
generally, for a connected locally connecied localic topos with a smiaUy defined univenal covering 
topos. iu paths rundamenul group in Ihe sense of Moerdijk and Wfailh|211 is equivalent to Ihe 
classifying lopos of iu Chevalley (or coverings) fuwUmenul group as consuueted by BungeM. 

I.Patks « m a s cewit igs ftiaitatsHI groeps ef a topos. 

Let 5 be a fixed demenwy topos. AU toposes oomideied are assumed lo be bounded over 5 and 
all geometric rooiphisins are over S (cf.((M|). Also, all locales and continuous maps of locales (cf. 
[121) are assumed to be in 5. 

Consider the cosimpltcial locale A4 ; A 1 1 A 1 . . . .with A* Ihe standard n-simplex locale. 

consuueted from Ihe unit intetvel locale I (cf. IT]) in the usual manner (cf. (201). Il follows lhat A' 
is compact regular hence exponemiaUe both as a locale (cf. 1101) end as the lopos S lAl of sheaves 
(cf.(l3|). If £ is a topos. Ihe |allu fimHam^ngi pniip of £ is defined in (211 as the colimit (cf. (I8|) of 
ihe simplicial (or descent) lopos obtained from £ by exponentiating lo Ihe simplicial topos obtained 
from the above cosimplicial locale by applying sheaves. Using more familiar notations for A* in the 
cases n = 0. I and 2 and denoting the lopos SIA'I of sheaves «imply by A*, ihis colimit will be 
denoted by 

. . . £A ! £ l - £ - . n , ( £ ) (Ul 

The main result about IM £ ) in 1211 is Uiat if £ is connected locally connected, then fM £ ) is 
connecied atomic. 

For Ihe coverings approach lo the fundamental group of a topos Ihere are several version» 
beginning wilh lhat of GrotbewJiecit (cf. 191. HI). The systematic use of locale» in the study of toposes 
initiated by Joyal and TiemeyllS] was exploited by MœnHjktWl for the purpose of defining Ihe 
coverings fundamental group of a pointed connected locally connected topos. and extended by 
Bunge(51 to the unpoinied case. For a connected locally connecied lopo» £ and a connected cover U 
in £ . consider (cf. |5)) Ihe pushout diagram of toposes given bdow: 
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£f|i - £ 

S - C,. . 

Hy the Joysl-Tierney theorem (cf. (ISl), ^ i is the classifying lopos (in the sense of (181. HU) of a 

(etale complele) discrete localic group C^ which is the group of automorphisms of the point S —• C^ 

in the above pushout. With any generating filtered poset C of covers in £ there is associated an 

inversely filtered system of toposes Gy and open suijections, whose limit is a lopo» £ that is the 

classifying topos ol a totdly disconnected (d. [14). [Sj) localic groupoid s i ( £ ) which represents 

cohomology of £ with coeffidenls in discrete groups, as shown in (5). The localic groupdd JII( £ ) (or. 

equivalently. its classifying topos G = Lim Cfj , is said lo be Ihe mv^rinp fiimfafmrntal ymup of £ 

i . Covcrtag toposes. 

The following notion of covering topos is adopted here for the purpose of comparing the paths and 

Chevalley group of a connected locally connecied localic topos. 

r2.n Définition Lei £ be a topos. A ooxeringjopos of £ is a pair < f , pt». where f i s a lopos and 

p : T— £ is a geometric moiphism wilh Ihe (simplidal lifting) property : for any n a 0. the induced 

geometric morphism p A : F A - • £ A is an open surjection. 

ll is not true that for any cover L" in a non localic topos £ . the slice lopos Ei\t is a covering 

topos of £ . not even if U is a locally constant cover (d. [3]). For example, if S G is Ihe topos of O-

sels for a connected group O, then S G ' Q • 5. and the canonical geometric moiphism from Ihe slice 

topes is identified wilh the unique pdnt d S G . If ihis pdnt were a covering topos of &, the latter 

would he totally disconnected (in the sense of (5)), which is a contradiction, as S Q is connected 

locally connected and non-trivid. However. Ihe fdlowing notion of covering locale (which is given in 

the spirit of the classicd notion, cf. (8]. [21. [IT] and. (161), provides examples of localic covering 

topoies by taking sheaves. Covering toposes are stable under composition and pullbacks. Furthermore, 

the notion of a covering topos is stable under base change since all the constructions invdved are 

stable. 

C12) iviiniiinn Lei \ be a locale. A cnvrring Inral^ nf X is a pdr <Y. p>, where Y is a locde 

and p : Y - • X is an open surjection relative to which the frame 0 (X) has a beds of admissible 
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elements, where an element b 6 0 (X) is admissible (relative lo p) If p-(b) • V(rf«) with 
c» 6 O (Y ) and BpK" ) » b for dl a . 

t a i l PmjwHitimi Let <Y. p > be a covering locde of X. Then, ihe induced geometric morphism 

p : S[Y] - • 5[X1 is a coveting lopos d S[X1. 

ErnoL. More generdly. we show that for any locdly compact locde K. the morphism pK : Y K - » X K 

of locales (hence the induced morphism of sheaves) Is an open surjection.. The map q s p" is the 
transpose d the compodte of p wilh the evaluation map Y K x K - • Y and. as such, it has an explidt 
description given by Hyland[IO|. as follows. Let q' : O (XK) - • O (YK) be the morphism of frame* 
correspooding to q. On a subfaasic open of O (XK) (written formaUy in [10] as) [a « f*(b)l, with 

a € 0 (K) and b € O (X). q-ax<f*(b)l) = V . (Aj [a 0 «f»(C a ) l ) . where p-(b) « V . ( c 0 ) . and 
lb lb 

where J C l b is finite and V J{sia} s a. Define Bq ([aceffe)]) s (a«(*(3p(e))]. for a G O (K) and 

c 6 0 (Y). We daim Ihal 3q is Idl adjdnt to q' wilh an identity counit. and that the adjoint pdr 
satisfies Frobenius redpradty (d.[l5)). 

The adjdmness (and surjectivity of q) is shown as fdlows using Ihe axioms (d.(101) governing 
Ihe expressions for the subfaasic opens of the exponenlid locdes considered. First. 3q q" ([a«f*(b)] 
= Vj {A J | r f I « f 'Op(c a ) ) ] ) = Vj {AJ(«l0«P(b)]> u (a«f»(b)l. Secondly. q-3qtta«f (c))) = 

b b 
q-([a«f*(3p(c))l = V.{q-([a«P(bj)]) = V . V i b {AJ[aia '«f«(ca i ) ]} a ( a « f (c)l. wnere 3p(c) = 

V. (bj). This fdlows since V .V j {ca') = V. p-(tf) = p-(V. (b")) o p3p(c) = c. and since 
i bj I i 

Vi (a: •} - a . for each i G I. . 
bj bj 

ll remains to show Frobenius reciprodty d the adjoint pdr 3q -I q' using the some propeny for Ihe 
adjdnt pdr 3p -I p". We have: 
3q ((ao^fCOl A q-((a,«f(b)|)) u 3Q ( l a ^ ^ f O J A V { A j ( i 0 « f ( c « ) | ) ) = 

'b 
V, (AjKao A a , a ) « f ( 3 p ( c A c"))) s [(ao A a , ) « f (3p(c A p(b))| a [(ao A a1 )«f (3pC A b)| 

= [a0«f«Op(c))l A [a |« f^b) | a 3q ((a^Kf^c)] A [a,«f«(b)]. This complètes the proof. D 

3. Tha Ckcvalley groap et a coaaectcd locaUy coaaectcd locaUc topos 

In both [3] and in [21). the example d the long drde (d. [22]) is used to show the discrepancy 
between Ihe Chevdiey fundamentd group et the space (cf. (8)). or the paths fundamentd group of Ihe 
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lopos of sheaves, either of which is idendfied wilh the group of integers, and Ihe paths fundamentd 
group d the space, which is trivid.. These comments led us to conjecture that, for the topos of 
sheaves on a connected locally connected topologicd space witb a universd covering (suitably 
defined), the Chevalley and the paths fundamentd groups agree. This conjecture is esUUished here in 
the more general case of locdic toposes. but Ihe vdidily Of Ihe andogous statement in the general 
case remains an open question. 

n i ) iviinirinn Let £ be a connected locdly connected topos. £ bas a timyeral cmreiing Icpna 
if for some II 6 C in a generating fillered poset C of connected covers in £ . qi^ £ / u -• £ is a 
covering topos. the projection Um Gy — Ci; is an equivalence of toposes. and tbe topos £ /(i is 
path* simply connected in the sense lhat n,{ £ /(j) • & Under these assumptions, the coverings 
fundamentd group JII( £ ) of £ is sdd to be the nwyp"*y (ùadamnaal g^T of £ 

(12), Thumm Let £ be a connected locally connected locditf topos with a universd covering 

topos < £ / , , . q>,>. Then, the paths fundamentd group IM £ ) d £ is eqdvaleni lo the classifying 

topos d the Chevdiey fundamentd group mf £ ) d £ . 

EMOL. Consider the diagram 

( £ / / - £ A 

i i i i i i 

(£/,,)' - £ ' 

i i i i 

Elv - £ 

i i 

where the tower square is the pushout of toposes defining G and where Ihe veiticd diagrams above 
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El ani Em the conesponding simplidd toposes. The boriionld arrows above the pushout diagram 

me d the form (q>.,)A' and. by assumption, are dl (open) siajcctian*. The left vetticd dispam 

above 5 is a cdimil diagram since, by assumption, IM El\])m5.Ve ddm the the right veiticd 

diagram above G is dso a cdiroit diagram, from which the desired eqdvdenoe 

Ilif £ ) • G would fdlow. 

As shown in 1181. the cdimil lopos may be equivdenily be described as a descent topos. With the 
notations SQ, S| : £ ' -• £and OQ. 6|. 6] : £ â - » £ ' for tbe morphisms in Ihe truncated timplicid 
complex on the right hand side of the diagram (and similariy for the left), Ihe descent conditions for a 
geometric moiphism g: £ — A are given (d. (18], [4]) by an i n 2<ell 8 : g«0 • gt, satisfying the 
cocyde condition SAQ . Obj : = : Sfe. where canoded isomorphism* are supposed to be inserted for 
the expression to be meamngfuL. The descent topos for a descent diagram is a lopos H wilh descent 
dda (g. 8) for Ihe desoem diagram, that is udvend among dl toposes wilh such descent data. 

We show first that, for the geometric moiphism o^ : £ — ^ defined by the pushout diagram 

(121. .there is an iso 2-cell 0 : orfc-» o^ys]. satisfying Ihe oocyde condition.. Since £ is locdic over 

S and dnce any pdnt of a topos is locdic dl geometric nmphisms in Ihe above diagram are locdic 

over Gy. henoe Ihe diagram may be viewed as one of locdes and continuous maps in Ihe lopos C^ 

By assumption, dl geometric morphisms (qi,)*' <re open suijections between locdic toposes over 

C hence dso the continuous maps of locdes in G which they determine (d. [IS]. [20]) are open 

smjectiotts and. as such, are regdar epis. From Ihe commutativily of the diagram and the identity 

TytO •= Tyt i/dlow» ihe identity o^«0 • Oyi, in the context Of continuous maps of locdes. using 

lhat the continuous map induced by (v^J is a regdar epi. The above identity between continuous 

maps gives rise, in torn, to an iso 2-cdl 0 : O^SQ •• «^J«| of «be corresponding locdic geometric 

morphism». The cocyde condition 9SQ. 8 6, : u ; 6b2 i* oow a coroenoemx o( the cocycie 

condition for Ihe identity 2-cell Yt^o • ïn*!• «'"S * ' eommulalivity of the dagram and Ihe 

surjectivity of (<h,fi aa a geometric morphism.. 

It remdns lo prove that the descent data for CL. ; £ -• C given by 8 : O^Q •» orfi- is 

universd. Bui Ihis is an immediate consequence Of Ihe combined universal properties d Ihe Idl 

veiticd dmplicid diagram whose cdimil lopo* is 5 . and of the pushout diagram defining G^ This 

completes the prod. D 
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FONCTEUR FHOH t QUELQDBS TBBORBHBS D'EXACTITUDE 

BABACAR SARR 

Vnuewtad by P. PAJbexiboia, F.R.S.C. 
SOMMAIRE i 

Cet a r t i c l e f a i t a u i t e 1 c e l u i pub l i c dans la volume IX, N* 2 

de comptée rendue mathfimatiquee de l'AcadCnie dee Sc iencss (Socl f i t t 

Royale du Canada) e t i n t i t u l e t HomemorpbiaBes p - p e t i t s de groupée 

abCliene p - t o r e i o n , p - r C d u i t e , 

Le foncteur PHom(-,-) fitudlê i c i e s t un eous- foneteur du foncteur 

Rom. Noua rappelons que e i G at A sont doux groupes p - t o r s i o n , 

p-rf iduita , t a l e qua U- - U . , 

PHoa (G,A) S {({,6 BOB (G,A) / fy aet p - p e t l t } ae t un sous-groupe 

da Horn (G,A). 

Noue rappelons lae dfifinitions suivantest 

Soit u • (u , u.,..., ukf...) une suite croissante d'entiers 

non nëgstifs. 

C(u) - {x C 0 / HG (x) * u). où HC fx) désigne la suite d'VLm p P 

de x dans G. 

Bc - {u » (uo, u.,,,,, uk,...) / G(u) est p-large dans G}. 

Soit G un groupe abëlien, un soue-groupe L de G est dit 

p-large dane G si L est totalement invariant et si G • B + L 

pour tout soue-groupe de p-base B da C. 

» t C >A est dit p-petit ei kar fy contient un sous-groupe p-large 
de G. 
1 - E2S£ï£ïiL£S2l! 

Proposition l.l t Soit fy t X >C et f t C .>D oO 

fy 6 FHoa (X,C) et f un bOBomorphisma quelconque, alors 

t o fy6 PHom (X,D). 
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Propoait ion 1.2 

B. Sarr 

Soi t f t G —> H un homoinorphisnie, $ i H—>X 

un homomorphisme p - p e t i t . S i « ^ " c * a l o r a • « ' 6 *Ho,B (G,X). 

Dans la s u i t e , l e s groupes p - t o c s i o n , p - r é d u i t s G considërfis 

ont l a même famil le de s u i t e s u t e l l e s quo G(u) e s t p-largedons G. 

Un exemple de groupe p - t o r s i o n , p -rédui t e s t l a completion B pour 

la t o p o l o g i e p-adique de B - © Bn, avec Bn - © Z(p ) ou 
n" 1 

encore B » lim (8/ «_). P B 

Les sous-groupes p-larges de B sont de la forme B(u) oû u est 

une suite strictement croissante d'entiers non négatifs présentant 

un nombre fini d'écarts. 

Soit ^ la sous-catégorie de la catégorie des groupes abeliens 

dont les objets sont les groupes Q p-torsion, p-réduits, ayant la 

raéme famillu de suites u telles eue Cfu> est p-larjte dans r.. 

On peut en vertu des propositions l.l et 1.2 définir le sous-

Concteur PHom (-,-) du foncteur Hom (-,-) de la façon suivante ! 

PHom l \* *& >Ab 

(G,H) >PHom (G,H) 

ou en fixant l'une ou l'autre des variables, on a : 

PHom (X,-) i«—>Ab 

->PHom (.X,C) 

1 1'. 
— > PHom (X,H) H 

oû f* « PHom (X,C) 

et PHom (-,%)?£ 
9 

A 
H 

oû f* : PHom (H,X) 

-> PHom (X,H) 

•f o* | 

-> Ab 

-> PHom CC,X) 

Tf* 
-> PHom (H,X) 

-> PHom (G,X) 

-> fy o t . 
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Proposition 1.3 t PHOB (X, C Q D) aat isoaorpho k 

PHoo (X,C) © PHom (X,D). 

Proposition l.A t PHom (C ® U,X) aat isomorphe A 

PHom (C,X) 0 PHoo (H,X). 

2 - ODBL22£S_THEOREMES_D^EXAÇTIT|JDB 

Noue étudione dane ee qui eult una eartaine classe da suites 

exactes qui sont envoyées sur dee euitae axactas par lae fonetaure 

PHOB (-,X) ot PHoo (X,-). 

Théorème 2.1 t Soit la suite axaeta 

>0. Pour tout X, la suite 

>PHom (X,C) * >PHOB (X,n)... * >PHom (X.E) est axaeta. 

Théorgma 2.2 t Soit O >r >H B >P >0 una suite p-pure 

exacte. Pour tout X, la suite 

f* 8* 
0 >PHom (X,C)——>PHom (X.D) >PHOB (X.E) ——>0 eat axaeta 

RaBarque 2.3 t Si 0 ̂ —>F _ > G —S—>H ^—>0 est une suite 

exacte, pour tout X, la suite 
o* f* 

0 >PHom (B.X) —a_>PHom (G,I) >PHOB (F.X) n'est pas tou-

jours axaeta. 

En affet, g est injectif car g (fy) - $o g - O impliqua 

4(8(G)) • ^(H) - 0 et done $ - 0. On a par ailleurs 

( f o g )($) - f tyo g) - 410 g o £ • (gof) (fy) - O pour tout fy, 
f o g • 0 et Im g Cl kat f . Cependant on peut avoir 

* * 
Im g ÇLker f comme le prouve l'exemple suivant. 

Supposons que g eet p-petit at qua PHom (H.X) eet contenu 

strictement dans Horn (B.X). Catta darnidra condition aet satisfait 

si H a'st non borné et si X contient un sous-groupe isomorphe 

a B. 
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Solt alors * 6 Hom (H.X)\ PHoa"(H,X) et • -• o g. 

fy n'appartient pas a Im g . En effet, s'il appartenait a la g . 

il existerait *, élément de PHom (H.X) tel que g ( « , ) - * 

par conséquent g* (*,) - g* (•) et *, - • . ce qui est faux 

car fy n'est pas p-petit. 

Théorème 2.4 i Soit la suite exacte 

0 >F >C >H — > 0 

On auppoae la condition (*) suivante satisfaite t 

(*) 11 existe des entiors non négatifa m at r tais que pour 

tout y 6 H avec e(y) » a. il exiate / x 6 G tel que 

g(x) - y et e(x) < e(y) + r. Alors la suite 

* t* 
0 >PHom (H.X) —B—>PHom (G,X) i->PHoB (F.X) est exacte. 

Preuve t D'après la remarque 2.3, il suffit de montrer que 

ker f* ̂ I m g*. Soit alors * un élément de PHom (G,X) tel que 

f*(*) - * o f - 0. On a ker g - Im fgker * . Comme * o f - 0, 11 

existe t|i tel que le diagramme suivant commute : 

0 >F — > G — > H >0 

Montrons que fy 6 PHom (H,X). 

Etant donné que ker 4>^G(u) qui est p-large dana G (c'ast-è-

dire que * 6 PHOB (C,X)). d'après le ThéorSao 1.5 (volume IX.H) 2. 

Avril 1987). il existe v - (v0, v,....; vk....) une suite stric-

tement croissante avec vk - u ^ , • 1 talla que pour x C C, 

a(x) > vk+r iapliqiia e(*(x)) < e(x) - (k+r). ït de plua 

0 - ((ker * ) C\ G(u)) + G^. 
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Soit y 8 H, tel que e(y) > max <«. vk+t) . **» (•), tl 

axista x 6 C toi que y - g(x) at a(x) < a(y) • r. 

Par conséquent, a(x) » a(8(x)) - a(y)*vk+t Vvk «t H a'onsuit 

qua aOKy)) - a(tKx)) * a(x) - (k*t> <a(y) - k. 

Il raste è montrer que H - ((kar « ^ ( u ) ) • Hp. On .«it qua 

G - ((kar fy) 0 C(u)) • Cp at qua g «tant surjectif, 

H - g(G) - g((C(tt) Hker • ) • g (Gp) 

C.(g(C(tt)>ng(ker *)) • Hp ' 

G(H(u) Og(ker «)) • Hp. 

On a g(kar •) - kar « . Bn effet, soit x 6 ker • , *(x) - O 

et eomae g est surjaetlf, 11 exiote x, 6 C- tel que gCx,) - x. 

Il s'ensuit qua tKx) - (tJiogHx,) - «(x,) - O. 

Done x. 8 kar * at par suita x - gU,) est un filéaent de gUer*). 

Soit aaintenant x 6 g (kar fy). Il oxiata alors x, 8 ker * tel 

que x - g(x1) et *(x) -t|iog(x|) - «(x,) - O, donc x « ker •. 

Par conafiquent (H(u) O g(kar •)) - B(u)O ker « et 

H - (H(u) O ker * ) + H donc * est p-petit. 
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FAMILLE D E MÉTRIQUES CONFORMÉMENT PLATES ET 
RÉGULARITÉ 

Raouf CHOUIKHA 

Rteunted by G.f.V. VuU, F.R.S.C. 

Abstract 

In thi» article we are interested in the tolution» ofthe Yamabe equation for the conformai 

product on Sl{T) x S"- 1 , a eirde of length T enuei with the standard sphere. 

We thow thai only for ihe dimension values n n 3,4 and 6 ihe solution» with two 

singdaritie» are meromorphic and ^Maoitig' R. Schoen analg»i» in[1}hi» numier depend» 

on T vdue». 

§1. - Etant donnée une variété rémanniense compacte de dimension {M, go) de dimension 
n > 2, le problème de Yamabe consiste k mettre en évidence dans chaque classe conforme 
C(go), une métrique qui soit & courbure scalaire constante. Une métrique g € C{go) si 
et seulement d g = u^? ô où u est une fonction C00 positive sur M de l'équation de 
Yamabe : 

(Y) 4Ï^i&,au+Rou = Ru&. 
n — i 

où A est la courbure scalaire associée à g. 

Ai0 étant l'opérateur de Laplace-Beltrami sur (M,go). Surtout, depuis la résolution 
complète de ce problème en 1984 par R. Schoen, on s'est intéressé eux solutions multiples 
lorsque la courbure scalaire R est strictement poaitive. 
Les métriques conformément plates retiennent particulièrement l'attention, puisque la 
variété produit S1 x Sn~l (du cercle par la sphère de dimension n — 1) est la seule 
variété connue, sur laquelle une analyse de l'ensemble des solutions à ce problème semble 
possible; [l], §2. 
En effet, la variété 5 ' x S"-1 est revêtue sur R x S"-1 ; l'application stéréographique 
composée avec celle qui à z € R" — {0} associe (Log |*|, T-T) € R X S"-1 réalisent un 
difféomorphisme conforme entre S" — (0,oo) et R x S"-1. Il existe alors des solutions 
périodiques de l'équation de Yamabe qui sont toutes à symétrie radiale. Des arguments de 
réflexion d'Âlexandroff entraîne que toutes les solutions singulières en seulement 2 points 
ont nécessairement cette symétrie. Une solution u(i) de l'équation {Y) est singulière si elle 
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tend vers 0 ou oo pour certaines valeurs de t. Ainsi, le problème se réduit à la résolution 

d'une équation différentielle ordinaire, et à ses seules solutions. 

Par ailleurs. Cnfnrelli - Gidns - Spruck [2] ont montre que toute solution de l'équation de 

Yamabe sur S" - (O.oo) singulière en 0 ou oo. est nécessairement singulière en 0 et oo, 

de plus, c'est mie foiu-ticm nulinlc. 

52. - On considère sur R x Sn~l la métrique produit go = dt2 + dy2 où {t, p) € R x S"'* 

et dy2 étant la métrique de la sphère standard unité S"- 1 , ainsi la tourbure scalaire 

H(.go) = (" - l)(n - 2). Pour une solution u(t) (qui est en fait une solution globale) où 

t désigne la distance & un point fixe, l'équation de Yamabe s'écrit : 

. . . $ . ^ . ^ . « = 0 

On s'intéresse aux solutions positives sur R de l'équation (1). D'après le principe du 

maximum une telle solution ne peut s'annuler sans être identiquement nulle. 

(n — 2 \ ^ ^ j dont la métrique 

associée go«o a P o u r courbure scalaire n(n - 1). La 2ènie solution explidte est 
ui(t) = (cos hO"*^, mais la métrique associée 91 = u, jo n'est pas complète sur 

RxS"-*. 
L'équation ( 1 ) peut s'écrire comme un système autonome : 

d. . v . . f ( n - 2 ) 2 n(n - 2) si*\ jt(u,v) = X(u,v)=\v,— u u ^ J 

.V a deux points critiques : (0,0) et (u0,0). 

L'orbite correspondant à la solution U|(<) contient le point (1,0) du plan (u,v) et 

approche (0,0) quand t devient infini, elle borde une région (I de ce plan. Toute orbite 

fa(t) pour u > 0 doit être incluse dans ïï et vérifier 7o(0) = (<»,0) où a 6 (uo,l); 7i»(0 

est périodique et de période r(a). 

Conséquence de cette discussion pour les solutions de Yamabe sur la variété S1 x S n _ , 

le rayon de S"- 1 étant égal à 1 et long S* = f dt = T, go étant la métrique produit. 

L'hypothèse fondamentale que Schoen a considérée est : la période T ( Q ) est une fonction 
2ir 

analytique croissante de o € («0. lj- Dans ce cas, il existe To — > a teUe que pour 
V " — 2 

tout T < To. la variété S'iT) x S"- 1 a une solution unique pour Yamabe. à savoir, 
constante xg0. 

Pour T € [îo,2ro|, il existe deux solutions non équivalentes, la solution constante et 
celle de période T, cette dernière U T ( I ) n'étant pas invariante par rotation sur S", les 
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fonctions UT{X +. a) sont aussi solutions, elles s'obtiennent par un changement d'origine 

sur 51 et, sont donc équivalentes (en oe sens que les métriques associées sont dans la 

même classe conforme). 

D'une manière plus générale, pour 7 6 ((ib - l)To,&,To), il existe k solutions non 
T 

équivalentes : la constante et les solutions de période -r ou t = 1,2, . . . , fc — 1. Chacune 

de ces (ib — I) solutions appartient à une famille de solutions équivalentes paramétrées 

par les rotations de 5' . 

Remarque» : 1) Lorsque T 6 ((* - 1)10, Jklo), «suies les solutions période fondamentale 

T sont stables, elles sont donc minimisantes pour le problème de Yamabe, les autres 
T solutions de période — avec i = \,2,...,k-l étant instables de ce point de vue. 

C'est précisément la solution de période T qui tend vers tti(<) = (cos fct)"**2 quand T 

tend vera œ . Ainsi, le minimum de fa fonctionnelle de Yamabe AI(SHT) X5"-1) qui est un 

invariant conforme pour les métriques de volume 1 tend vera p(Sn) = n ( n - l ) (vol5 n ) 1 / n 

lorsque T tend vers oo. Ce fait a déjà été établi par O. Koboyashi [4]. 

2) Si on s'intéresse aux solutions de l'équation (1) autres que celles ayant 

deux singularités, notons qu'il n'existe pas de solution ayant un seul point singulier. 

Lorsque l'ensemble des points singuliers A est fini et de cardinal #A > 2, dans ce cas R. 

Schoen a établi que les solutions périodiques sont fortement asymptotiques à celles mise 

en évidence pour #A = 2. 

3) Si on fixe la longueur t du cercle 51 une solution périodique de période 

T de l'équation (1) peut être solution au problème de Yamabe; ù T £ t, celle-

ci est une fonction sur S1 mais non périodique. Ainsi, lorsque T est une fonction 

croissante du paramètre a, on peut mettre en évidence des familles de solutions sur 

S1, {UT/T > C); UTmt est fa solution constante à condition que l = 2xy—£- ; 

i l étant fa courbure scalaire de (S'- ' .dv2)- Soit C{gt) fa classe conforme de fa métrique 

produit sur 51 x S"- 1 , alors toutes les métriques g = {UT)**1 gt G Cigt) dbs que 

vol(5 l x Sn-\g) = vol (S1 x 5 — ' , » ) . 

§3. - Dans cette partie, on se propose d'appliquer l'analyse de l'équation (1) aux 

dimensions n = 3,4 et 6. 

PROPOSITIOM. — 5oit (S^dt2) U cercle de longueur T, (S"- ' , V ) '« (« " l)-«pW« 

standard de rayon 1 et, To = . Lor»que la dimension n est égale d 3,4 c« 6 
y/n —2 
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et la longueur T € ((il' - 1)30.1-Tu), alors il existe (k - 1) famille» à un paramètre 

de aolution» T-périodique» non constantes de l'iquation de Yamabe »ur la variété produit 

(S1xSn~l.go) ayant deux singularité». Déplu», ce» aolution» qui s'expriment A l'aide de» 

fonction» elliptique» n'admettent que de» pôle». Pour le» autres valeur» de la dimension 

n, le» solutions périodique» non constantes de (Y) ayant deux singularités ne sont pas 

méromorphea. 

Pour n = 4, l'équation (1) devient : 

(2) ^ - u + 2ttJ = 0 

Grâce aux fonctions de Jacobi, on peut écrire fa famille de ses solutions périodiques, à 

savoir : 

Ma:) = 7!=Pd , ,(^) où a€|M1 

dont la période T s'écrit : 

r''2 dB , = 2y/2-a2 I 
lo y/\-a2Bm2e 

Tc est une fonction analytique réelle en a €]0,1(, ayant 2 points singuliers en a = 0 et 

a = 1. Un calcul de fa dérivée donne : 

dT _ - 2 a /•,r/, cos2Bde 
do ~ y/2-a2 Jo ( 1 - a 1 sin7 *)*/!»• 

Puis en effectuant des majorations sur les intervalles f 0 , 7 ) et i—, — j , on trouve que : 

Ta**-
Dans ces conditions, on peut adapter l'analyse développée au paragraphe précédent pour 

le cas n = 4, qui permet de déterminer exactement le nombre de solutions. 

On obtient des résultats analogues lorsque fa dimension n = 6, car les solutions de 

l'équation correspondante : 

(3) £ l i _ 4 « + 6 « ' = 0 

peuvent s'exprimer au moyen de fa fonction elliptique de Weierstrass p{z) refative à 
4 1 

52 = ». à savoir u(t) = r - p(t + o). Lorsque le paramètre gt vérifie l'inégalité : 
64 
~ — 279] > 0, alors les solutions u(() sont périodiques réelles, et admettent un pôle 
double pour singularité. 
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Quant au cas n s 3, pour intégrer l'équation correspondante, on remarque que les orbites 

du système autonome ayant pour équation : 

sont en fait reliées aux orbites du genre 1 d'équation 

fdv\2 

(D'-if-VA-
lu genre 1 d'équation 

( * ) ' - • • - > + « • • 

par fa changement u2 = - . 

Ainsi, w = ti(t) est une fonction méromorphe périodique réelle si - j r T | < A" < 0. 

Plus exactement, on montre que v{t) = ^r(p(< + «) - j j ) . o ù PW "* ^ fonc*»00 

1 2161^ — 1 
elliptique relative i 92 = — et j j = " auquel cas, les solutions de l'équation (1) 

12 210 . 
correspondante à n = 3 admettent exactement deux pôles d'ordre - comme singularités 

(cela résulte du fait que fa fonction de Weierstrass admet deux zéros amples dans un 

parallélogramme des périodes). 

On pourra vérifier là aussi, que fa période T0 est une fonction croissante de paramètre; 

autrement dit, fa détermination du nombre de solutions de l'équation de Yamabe et, 

l'analyse du paragraphe 2 s'appliquent au cas n s 3. 

Jfcmttf̂ uM : 1) Lorsque fa dimension n est égale à 3. 4 ou 6. fa période d'une solution 
de l'équation correspondante dépend d'un seul paramètre. On verra que tel n'est pas 
le cas pour les autres valeurs de n, où les orbites sont en général des courbes de genre 
g>2, dont on sait que le module est au moins égal à 3. C'est précisément le nombre de 
paramètres dont peut dépendre fa période T d'une solution. 

2) Par ailleurs, on sait d'après un théorème de Picard que pour tout réseau de 

périodes L de C» : j > 2, le corps des fonctions méromorphes sur C'fL est réduit aux 

constantes. Autrement dit, une solution périodique de l'équation ( l ) admet au moins une 

singularité essentielle pour les dimensions n autres que 3,4 et 6. 

§4. - Les orbites du système autonome associé à l'équation (1) : 

(4) tt" = (!iz2)'[tt'-«*,]+*. 
Celles-ci sont périodiques seulement lorsque fa constante A' satisfait l'inégalité : 

. . . . . . fn-2\aî1 

(5) -iWlrrV^ 
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Pour étudier fa nature algébrique de ces orbites, il y a lieu de distinguer deux cas selon 
fa parité de n. 

a) n impair! 

On opère le changement u = K - * * 2 et, l'équation (4) devient : 

i''ï = ( u 2 - l ) + ( ~ _ ) I A ' » " . 

On voit que seulement pour n = 3, la solution « est une fonction elliptique, donc 

méromorphe. Dans les autres cas, l'orbite non dégénérée est une courbe du genre 
- n ~ ^ 

b) n pair : 

On fait le changement u = v - 2 ? 2 et, l'équation (4) devient : 

l , ' î
= 4(v»-u) + ( - l 7 ) 2 ^ a * î . 

Pour les valeurs n = 4 et n = 6, la solution v est une fonction elliptique. Pour les 
autres valeurs de la dimension, l'orbite non dégénérée est une courbe de genre g = — oa 

" - 2 - ^ i 4 

g — —r— e n général. 
Notons que l'orbite dégénère lorsque le polynôme en w, P(t>) défini par 

v'2 = P(v) 
admet une racine double. C'est le cas, notamment lorsque la constante A' est réelle et 
prend les valeurs extrêmes de l'inégalité (5). Sinon, le genre est égal à g, auquel cas il 
existe 2g périodes indépendantes; l'une d'elles (seulement) est reelle lorsque l'inégalité 
(5) est satisfaite. 
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Homomorphisms compatible with some covering maps 
Cornel Pasnicu 

PHMvUed by G.A. EUiott, F.R.S.C. 

Abstract Let X be a compact, connected topological qiace and let S be 

a finite group acting fieely on X. We show lhat any two •-homomorphisms 

C(X,Mn)-» C(X/S.Mm) compatible with the canonical covering X-»X/S 

are inner equivalent, provided that X,S and X/S satisfy some additional 

conditions. 

L Introduction and preliminaries. Let X be a compact, connected topological space and 
tet S be a finite group acting fieely on X. Let ip:X -» X/S be the canonical quotient map. 
which is a k-fold covering, .where k is the order of S. A a-homomorphism 
«I>:C(X.Mn)-»C(X/S,MnlirXreIN) is caUed compatible with ip if <I>(fo<p®lII)=:f « l ^ . 

for any f e C(X / S). The class of •-homomorphisms compatible with a covering was introduced 
in [5] and studied in [1], [3], (51, [6] and (7J. In this note we give a description of the 
•-homomorphisms 4»:C(X.Mn)-*C(X/S.Mnkr) compatible with q>. provided that X,S and 

X/S satisfy some additional conditions (see Theoiem 1), and we deduce from this that any two 

such ••homomorphisms are inner equivalent (see Corollaries 1 and 2). Our results extend those 

in [3], where the case when r=l was considered. They also extend the main result in [7]. which 

asserts that any two •-homomorphisms C(ir2,Mn)-»C(,ir2,Mnkr) compatible with the 

same k-fold covering T2-*1£2 are inner equivalent (the same thing but for r=l was obtained 

in [5]). This result (i.e. (7, Theorem ]) in the case r â 2, was one of the main tools used by G. A. 

Elliott and G. Gong in [4] to show that certain C*- inductive limits lim c(Tr2,Fn), with the Fnls 

finite dimensional C*-algebras, can be written as limC(T,Gn) with the G^s finite 

dimensional C*-algebras. 
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In this paper we shall denote by Mn the C*-algebra of n x n complex matrices, by ln 

its unit and by Pr (Mn ) the space of ail orthogonal projections in Mn of rank r (r e N ) endowed 

with the induced topology from Mn . If A and B are unital C*-algcbras, we shall denote by 

Hom(A.B) the space of all unital •-homomoiphisms A -» B, endowed with the topology of 

pointwise-norm convergence. Let Vect^X) denote the set of isomorphism classes of complex 

vector bundles of rank m on the topological space X. We shall denote by TnVectm(X) the 

subset of Vcctm(X) given by all vector bundles E such that E9E9...&E (n-times) is 

isomorphic to the trivial bundle of rank nm. 

2. Results. The technique used in this paper is.mainly inspired from [3]. 

Let X be a compact, connected topological space and let S be a finite group acting freely 

on X. If k is the order of S. then the canonical quotient map i p : X - » X / S i s a k-fold covering. 

Lemma I. Ut 0:C(X) - • C(X/S,Mm) be a ^-homomorphism compatible with q>:X -> X /S. 

Then m=krfor some r e IV and there is a continuous map p:X -* P,(Mm) such that: 

*(f)(<P(x)) * Z/(s• x)p(s x).f eC(X).x eX. 

Proof: Let S =:{s1.s2 sk}. Since * is compatible with ç , using [6], we can define in a 

correct way a map: 

e:X-»Hom((Ek,Mm) 
by: 

e(x)( « f M ^ *(f X«p(x)).x e x,f e qx). 

It is not difficult to prove (using again [6]) that 6 is continuous. Using the 

canonical identification C(X,Hom«Ck,Mm))=«om(<i:k.C(X,Mm)) and [6, Proposition 3.1] 

it follows that (3) an open finite covering (U|)fel of X,(3)u| 6 C(U|,U(m)) and 

(3)e, = e* = e? e M,,, c C{XMm) such that: 

(1) *(fX9(x))=uI(x)(Jsf(s.x)eIjui(x), 

when x € Ui and f e C(X) (we used also the fact that X is connected). For any s 6 S define 

p,:X -» P(Min):=thc space of all orthogonal projections in Mro by: 
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(2) p,(x)=ul(x)e,u,(x)*ifxeU,. 

Observe that the definition of p, is correct (indeed. If x s U | n U j . we have 
MxKMx)* = U J ^ U J W ' since « ( sx ju^x^u^x)*»^^^(x^u^x^-^fX^x) ) ) 

for any f 6 QX)) and hence p, is continuous. 

Fix teS.Since«(fXçCx^-^fX^t-x^fOTanyfeC(X) andany xeX,using(1) 

and (2) it follows that: 
pl(x)=p(tx).xeX 

where p:=pf andf is the neutral element of the group S. Since X is connected, the continuous 
map Xaxh^iank p(x) = tr p{x)eli is constant The equality Ipi(x)=lm, xeX implies 

then that m=kr where rank p,(x) = rank p(sx) = rforanys6S andany xeX. 

Lemma 2. LetXaadSbeasin Lenuna I, let reN, and suppose In addition thatforaityseS 
the map Xixt-tsxeX Induces the Identity on Vectr(X). Let XQCX and let 
p.-X-tPrfM,,) be a continuous map such that Zp(sx) = ltr, xeX. Assume that TkVear(X) 

reduces to the trivial vector bundle. Then there is a unitary u in C(X,Mb.) sudt that: 

p(sx)'=u(x)tp(sx0)u(x), xeX.seS. 

Proof: Theproofissimilarwiththatof [3. Lemma2.1]. Setel(x)=p(sx). seS. x e X and 

let f be the neutral element of the groupS. Since fwany seS themapXsxMs-xeX induces 

the identity on Vectr(X). it follows that each projection c,(s6S) is equivalent with er in 

C(X.M|Cr). Then, (Bje,̂  s C(X.Mkr) such that e^fea=ef and ĉ fĈ f =e,. Defining 
ei.t=ei.fei.f we obtain a system {efcl} of matrix units in C(X,Mb). Identifying 

C {c».t(xo)!s»teS}cMkl with Mk , we may define two ••homomorphisms 

*.*o:Mk-»C(X.M1[r) given by *o{ew(xo))=lc(x)®ew(xo). «KeM(xo)) = eM. 

Since TkVectT(X) reduces to the trivial vector bundle, it follows from [1] (see also [2, 

Proposition 1)) that «I)0(-) = uOOii* for some unitary u in C(X.MkT). Hence 

p(sx) = u(x)*p(s-x0)u(x), xeX, seS. 

Remark. We recall that the condition that TkVectr(Y) reduces to a single element holds 

provided that Y is homotopy equivalent to a finite CW-complex of dimension S2r and the 
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K-thcory group K0(Y) does not have k-torsion (see [I] and also [2]). This fact follows using 

stability properties of vector bundles. • 

Let X and S be as in Lemma 2. We shall keep the notations used in the proof of 
Lemma 2. Set e'.^e^^xo) and ^:=e,f,(x0), s.teS. Let p:S-» B(/2(S)) be the right 

regular representation of S. We shall identify B(/ 2 (S)) with C*{c°l:s.teS} = Mk so that 

p(r)*c°,p(r) = c° „. Lemma 2 implies that, as in [3], each wt(x):- u(sx)u(x) p(s) commutes 

with all the projections e°, teS. hence (3)wM G c(x,efMbC?) such that 
w,(x)= I ww(x), xeX. An easy computation shows that: w^t• x) = wlt(x)p(s)wl(x)*p(s)* 

teS 

or, equivalently: 
(3) wrttt(x) = wM(tx)p(s)wII>l(x)p(s)*. r.s.t€S, xeX. 

We want to find a unitary v in C(X,Mkr ) such that: 

(4) v(s-x) = p(s)v(x), xeX. se S 

and: 
(5) p(x) = v(x),p(x0)v(x), xeX. 

Observe that if we define v(x) = I £dt(x)ju(x), x s X. where: 

dI(x):=p(t)*wril(x)p(t), teS, xeX 

and f is the neutral element of S, then (4) follows from (3) and (S) from Lemma 2. Now we can 

prove the following result: 

Theorem I. Let d>:C(X) -* C(X /SM^reN) bea *-homomorphism compatible with the 

covering <p:X-*XIS, where X and S are as in Lemma 2. Then there is some continuous map 

v:X -» U(kr) such that: 

v(s-x)=p(s)v(x), xeX, seS, 
*(f)(9(*)) =*(*)'(U(sx)e0,)v(x). feC(X). fieX. 

ses 

Proof: The proof follows from Lemma 1, Lemma 2 and the above discussion. 
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CoroUary 1. Let 0. V:C(X) -» C(X /S.M^r eN)betwo *-homomorphlsms compatible 

with the covering q>:X-* XI S, where X and S are as in Lemma 2. Then 0 and V are inner 

equivalent, Le. 4>()=uV()u for some unitary u e C(X I S.M^}. 

Corollary 2. Let 0.il':C(X.MH)-*C(XIS.MKlr)(r6N) be two ••homomorphisms 

compatible with the covering q>:X-*X/S, where X and S are as in Lemma 2 emd. in addition, 

7"„ Veer j , (XIS) reduces to the trivid vector bundle. Then 0 and f are inner equivalent. 

Proof: The proof follows from Corollary 1 and [1] (see also [2, Theorem 2]). • 

Obviously, slight extensions of [3, Theorem 3.1 and CoroUary 3.2] can be obtained. 
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m THB SOJABILITY QP M B HOMOGTSUBOOB MAPPING 

Stefan Czerwlk 

PieAettted by J. Acze£, F.R.S.C. 

ABSTRACT. The problem of Ulan -Hjera s tab i l i ty of the homo-
geneoua mapping ia dlaouaaed* 

S.M.Ulan C[4])baa posed the problen of the s tab i l i ty of tha 
linear napping,«hich haa been solved by D.H.Hyers in (2] ( for 
other generalizations see e .g . f ] • fti ) . *» th i s note we inves-
tigate a similar problem for bonogeneoua functions. 

The synbolsi M,RiR0,R+ wiU stand f0p tho set of a l l natural, 
real, real different fron zero or real nonnegative nunbara reapec-
t ive ly . Denote 

Uv i a { oC < Rt oC* ex i s t s \ for v « R0 . 

ftgMMA. Lut B ba t» lineal» «nneii and F ft normad «pwea (over R). 
Let f t E --»g jani\_ ht mtie — » B ^ ««.fclafv tha Inequality 

(1) l l fCoCx) " rfvf(x)||4 H U . x ) 

for nil (U,x) 6 PyX E, Jhfljfl. VfiRp JQ flîW^t IbflB-

(2) l | f ( o t n x ) - r f n v f f x ) l l é £ j l o t l 8 * ^ . ^ 1 1 " 8 " 1 *) 

tor a l l n«N and (o<,x) € UyXB . 

Proof. For n=1 (2) follows fron (1) .Mow we have^y r2)^or n+1t 

| | f (eCn+1x)- ^ n + 1 ) v f C x ) l | 6 l | f ( o < n + 1 x ) - *** ^ n « ) l l + 

+ | c£ | v « f (oc^) -^ n v f (x )U 4 l i ^ . « f n x ) + . . . + W n v h(of, x) , 

i . e v by the induction principle (2) ia true for a l l nçM. 
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THBOHBM. Let the tmaumptionii of Lenna be satisfied and let 
P ba a Bnnneh apaee. S U P P O M that for aome 0/ ^ « ̂  the aeries 

nsl 

polntwina aonvapgaa for every X«B SS&. 

(4) lin inf {\i\'n* h(** t**)} =0 
n-* «o 

I f l jUi l . C^,x)«Uv>f B. Than theja aatlata exactly one v-hononeneous 
mw aping gt S *"* F t 

g (ofx) = ofv g(x) for aU (rf ,x) € V B 

auch that 
• w 

(5) 11 g W - *0Oll 6 C lfl"n v hCf , p n - 1 x ) for x6B . 
nal 

Proof. Define for n«N 

(6) gIl(x) i = Ç - n v f ( ^ S ) . x6B. 

From (2) we get for nfiN and xeB 

(7) H l̂ ÇxJ - f(x)|l et g jpl "^bCp.r"1 x) • 

Now, fron (2) for n.ncM, n > n KO obtain 

ll g,,^) - ejvW A If j - n v II *<***) - f01-"^ * ( ^ ) « 

é S | p | - 8 V h ( f , Ç f l - 1 x ) , 
ssmrf 

«hlch means that {gnCxij i s a Cauchy sequence for every x fB . 
Let gtx)ta Jlm^ gn(x> for x«B . Por al l oC < Uv and a l l 

X6B, in view of (6)", (1) and C*), we have 

gCrfx) - t ' g c x ) - Um { f r - n v C f C ^ e n x ) - o f v f Cpnxj] | = 0 . 
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i.e. g ia a v-honogeneous napping. Moreover, from (7) we get C5)< 
Now aaaume tbat there exist two v-homogeneous mappings 

gjtB -» F, 1=1,2 such that (5) holds for g = gj, 1=1,2. Then we 
have for m*N 

II g1Cx) - g2Cx)ll = Ifl -nV II (Hit**) - 8 2 ^ "x) " ^ 

< | M " n V | l l81( fn ix)- fC?Bx)l l • U g 2 C ? , B x ) - f C f B x ) U } 4 

*' 2 C l?l -a v hCP.fl ,-1x) . 
san+1 

Consequently, tbe convergence of the qeries (3) implies tbat 
g1fx) » g2Cx) for x 6 B , and conpletes the proof. 

GOROLLAHr 1. 1̂ ;̂ thm ««AUinptlona of T̂ mmffl h« aatiafied witb 
hCrf*x) » * • l«*lvf for acne * ,Ç 6 R+ and l e t F be y Banach 
anaee.Than there axiatii oMetly ona v-bonogeneoua function 
gt E ^ F BWh thft^ 

(6) II K(X) - f(x)ll â € £o£ x<B . 

_Proof. Assune tbat v > 0 . From Theore^for every 2 £ £ s o c M 
tbere exiata v-bonogeneoua function 

g_(x) i = l i n n"nv f (n n x ) for x«E , 

auch tbat 

(9) (I SaCx) - f (x) | | £ (3 * n v c ) ( nv -1 ) ""1 , x<B . 

Now «e shall abow tba^for every 2 4 m,r 6 N, ^ = gr • 
We bave by (9) for nfiN 

II gBCx) - gpCx)ll = 2 - n v II g n ( 2 n x ) - g p ( 2 n x)II 4 

é 2 - w [ U + m'c) (m v - l ) - 1 + ( i + r v c ) Crv - l ) " 1 ] . 

«hence, i f n —• ««• , ne get 8^ s e r • 
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£ut g(x} a g2(x), xçB. Then from (9) «letting «n -• «o , we 
obtain tbe estimation (8) , «hich «aa to be proved . 

SXAMELS . Take f cx) a ain x , xe R • Then 

| sin (rfx) - ofv ain x I 6 1 +(o<|v for (rf.x) « Uy* R 

but f is not a v-bonogeneous function . 

noBnT.T.ftPY o. Let tbe ^saunptiona of Lgggg ja nfi^iafiad witt^ 
b Oe,x) * * + |rf | v f for aome 3 (C € R+ and le t P b*. » B » ^ ^ 
apace. I f 3 = 0 oj; £ a 0 , then 

(10) f (oCx) » rfT f(X) for a l l (<rf ,x ) 6 (t^N (0}) ic B . 

Proof . Suppoae tbat € a 0 , Then «e have 

l( f (rfx) - rfv fCXJll 6 UÏVe for (rf,x) 6 UVX B . 

Henoe, for every y c B and rf « Uv s {o} , inserting ^ instead 
of x , «e get 

f i l ) Hf (y) - o f v * ( i ) l l é | r f | V f 

and consequently C for v > 0 ) 

(12) fCy) a Un r«< V *(^-) l for y « B . 
ae~*9 «fc •* 

Therefore, for fy »x) 6 Cuv N{0}) X B , «e obtain 

» f v * 00 . 

i.e. (10) holda true . 
If. v 4 0, then from (11) «e get 

lim [oC v f ( i ) ] = f(y) for y «B 

and similarly one can verify tbat (10) ia aatiafied . 
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Mow, i f C » O, «e bave the inequality 

llrf-v f (rf») - f(x>II 4W'VS 'or (««.x)€0lvMo}) x B . 

Uence, for v > O , 

fCx) » lim [rf"v f Crfx)] , xçB . 
Irfl-*e» 

and^for v < O , 

fCx) a l in rrf"v f (rfx)] , x«B . 

One can eaaily check tbat f satiafies (10) , «hlch completea 
the proof . 

ggg^gg. For v a 0 , except for the caae B a F a R , the 
problem remains open. 
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WEIGHTED ASYMPTOTICS OF PARTIAL SUM PROCESSES IN D(l.oo) 

Barbara Szyszkowicz 

Presented by MikUs CsôrgS, F.R.S.C. 

Abst rac t : We summarize optimal weighted asymptotics for partial sum processes 
by a standard Wiener process {W((), 0 < f < oo} in 17(0,1]. Considering functions h on 
(l,oo) such that limsup|H/'(t)|//i(t) < oo a.s. enables us to obtain weighted approxima-

I—^o 
tions, and hence also weak convergence, of partial sum processes in D[l, oo) as well. The 
admissible class of weight functions is seen to be bigger than that for asymptotics near 0. 

1. In t roduc t ion and summary of resul ts near 0. Let .Yi, J f i , . . . be indepen-
dent, identically distributed random variables (i.i.d.r.v.'s) with EX\ = 0, EX* = 1, and 
partial sums 5(n) = Xi + . . . + Xn- After Donsker's theorem, the question arises under 
what conditions does weak convergence continue to hold fi~1/25(nt)/ç(<), 0 < t < 1, where 
q(l) is a nonnegative function on (0,1] approaching zero as t — 0. 

The motivation for studying weighted partial sums comes from earlier studies of 
Chibisov (1964), O'Reilly (1974) and others concerning the asymptotics of weighted em-
pirical and quantile processes. O'Reilly (1974) proved the weak convergence of weighted 
partial sum processes in C(0,1] under the assumption of E\Xi |3 < oo. For an extension 
of the Komlôs, Major and Tusnady jKMTj (1975, 1976) approximation of partial sums 
to wdghted supremum norm approximations with £ | X | | r < oo for some r > 2, which 
improve also the just mentioned result of O'Reilly (1974) in terms of the optimal class of 
weight functions as in Csôrgô, Csôrgô, Horvâth and Mason [CsCsHMj (1986), we refer to 
Csôrgô and Horvâth (1988) and the references given there. 

A new method of proof had to be developed for obtaining weighted approximations 
of n~1/55(nt) under the assumption of two moments only. The proof of Theorem A is 
based on a strong approximation theorem of Major (1979). As a corollary we obtain the 
optimal weighted version of Donsker's theorem in supremum metrics. These results were 
announced in Szyszkowicz (1991) and summarized in detail in Szyszkowicz (1992a,d). 

Let Q be the class of positive functions on (0,1), i.e., inf q{t) > 0 for all 0 < 6 < 1, 

which are nondecreasing in a ndghbourhood of zero. Let also 

I{q,c) = j r 1 e x p ( - c t - 1 « 2 ( 0 ) A . c > 0 . 

THEOREM A. Let XuXt,... be i.i.d.r.v.'s sueh that 

EX,=0 and J5?-Y? = 1. 
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(a) A standard Wiener process W(i) can be so constructed that with qÇQ we have 

sup |n-I/2(S(nO - IV(nt))|/«(0 = op(l) 
0<l< l 

if and oidy if I(q,c] < oo for all c > 0. 

(b) Let q &Q be continuous. Then 

sup \n-l'2S{nt)\/q(t) -» sup \W{t)\/q{t) 
0<l<I 0<I<1 

if and only if I{q, c) < oo for some c > 0. 

Obviously part (a) of Theorem A implies weak convergence of any continuous in sup-
norm functional of r»-,/I5(nt)/fl(t) to the corresponding functional of W{i)/q{t) with 
7 g Q and such that I{q,c) < oo for all e > 0. However, for the sup- functional itself 
the class of possible weight functions is bigger; Such a phenomenon was first noticed and 
proved for weighted empirical and quantile processes by CsCsHM (1986), and then by 
Csôrgô and Horvâth (1988) for partial sums with E\Xi\r < oo for some r > 2. 

The optimal conditions for weighted Lp-convergence and approximation of the empir-
ical and quantile processes were given by Csôrgô, Horvâth and Shao (1991). Considering 
weighted Lp-approximations of the partial sums »»-I/25(nt) when only two moments are 
assumed to be finite, Szyszkowicz (1092b,c) obtained the following result. 

TllEOllEM B. Let A ' I . A ' J , . . . lie i.Ld.r.v.'s such Uiat 

EXt = 0 and EXf = 1. 

We assume lhat 0 < p < oo and q is positive on (0,1). 
(a) A standard Wiener process {W{t), 0 < t < oo] con be so constructed that 

(1.1) / \n-i/i{S{nt)-W{nt))\'/q{t)dt = op{l) 
Jo 

if and only if 

(1.2) / ff/qWdKoo. 
Jo 

(b) Let {W(t), 0 < < < oo} be a standard Wiener process. Then 

(1.3) / " ' I I . - ' / ' S O I O I ' M O * - ^ / |W(0lW)d« 
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if and only >/(1.2) holds. 

We note that the statements (1.1), (1.2) and (1.3) of Theorem B are equivalent. 

2. Weighted asymptotics near oo. Obviously, all the results from Section 1 for 
I 6 (0,1] can be stated on (0,rj for any 0 < T < oo. Since W{t) -» oo as i -» oo, 
there is no weak convergence of n~, / î5(nt) on (1,00). However, introducing appropriate 
weight functions opens up the possibility of studying such phenomena near infinity. We 
study asymptotics of weighted partial sum processes n~x*2S{nt)/h{t), 1 < t < 00, where 
/»(() is a non-negative function on (l,oo) and h{t) -» 00 as t —» 00. While our weighted 
Lp-approximations near infinity will be complete analogs of those near zero, the optimal 
class of weight functions for weak convergence near infinity in the sup-norm will be seen 
to be bigger than the corresponding class for the local case (t [ 0). This is due to the fact 
that near infinity there is no a priori need for a Chibisov-O'Reilly type theorem. Namely, 
we obtain approximations in probability, and hence also weak convergence of our weighted 
partial sum processes on D[l,oo) whenever 

limsup\W{t)\/h{t) < 00 a.s. 
1—00 

Por details we refer to Szyszkowicz (1992d). 

A function fc : (l,oo) -» (0,oo) will be called positive if inf h{t) > 0 for all 1 < 

/v < 00. 

THEOREM 2.1. Lei Xi,-Vj,... be Li.d.r.v. 's such that 

EXi = 0, EX? = 1. E\Xi\T < oo /or some r > 2. 

Then a standard Wiener process {W{t); 0 < t < oo} can 6e so constructed that with a 
function h{t) dn (l.oo) which is positive and such that 

lim8uptI/2/h(t) < oo 
t—oo 

we have 
sup \n-1'2{S{nt)-W{nt))\/h{t) = o{\) a.s. 

1 < « 0 0 

Prom Theorem 2.1 we conclude the weak convergence of weighted partial sum processes 
n-|/2S(n()/fc(t) to W{t)/h{t) whenever the limiting process is finite. In order to make this 
statement more precise, we let H be the class of those positive functions h on |l ,oo) for 
which h{t)/t is non-increasing in a neighbourhood of infinity. We introduce the following 
integral: 

,00 
Ico{h,c) = / t - 1 exp(-c(-1/i2(t))<ft, 0 < c < 00. 
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For a global description of the behaviour of a Wiener process near infinity we refer to 
Csôigii, Shao and Szyszkowicz (1991). By Theorem 2.1 we obtain the following result. 

CoiloUMlV 2.1. LclXt,X2,... be U.d.r.v.'s such that 

EXi = 0, EX{ = 1, E\Xi\r < oo for some'r > 2 

and let {W{t), 0 < < < oo} 6e o «(onion! Wiener process. Then with htHwe have 

n-,/2S(nt)/A(t)-^W'(t)/MO on D(l,oo) 

if and only if /«.(/i.c) < oo for some c > 0. 

We note tluit this result is not completely analogous to the case when t is approaching 
0. whore the corresponding class of possible weight functions was smaller. 

The proof of Thmrem 2.1 is based on the KMT (1975,1976) approximation. It cannot 
be carried out if wc assume the existence of two moments only. To handle this case, we 
use the Theorem of Major (1979) and obtain the following result. 

THEOREM 2.2. LetX^Xi,... be i.i.d.r.v.'s such thai 

EXi = 0, EXi = I-

Let /» 6 W and /i(t)/ta be non-decreasing near infinity for some 0 < a < 1/2. 

(a) A standard Wiener process [W(t), 0 < < < oo} can be constructed in such a way 
that if /oo(/i, c) < oo for some c > 0, then 

sup | ir'/2{S(nt) - W{nt))\/h{t) = op(l). 
l<i<oo 

(b) With {\\r{t). 0 < t < oo} being a standard Wiener process, we have 

..-'/^(nO/MO-^HWMO «» Dll.oo). 

if and only i//«{/«,c) < oo for some c > 0. 

Assuming moutonicity of h(t)/ta for some 0 < a < 1/2 is less restrictive, of course, 
than the same assumption with a = 1/2. Obviously h(t) jt" being non-decreasing for some 
0 < o < 1/2 implies monotonicity of yi(t) itself. Ifwerequireonly/i(t) to be non-decreasing 
near infinity, we obtain a Chibisov-O'Reilly type theorem. 

THEOREM 2.3. Let A ' L - Y J , . . . be i.i.d.r.v.'s such that 

EXt = 0, E.^ = 1-
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Let h Ç H and h{t) be non-decreasing in a neighbourhood of infinity. If Ioo{h,c) < oo for 
dl c > 0, then a standard Wiener {W{t), 0 < f < 00} con ie so constructed that 

sup | i . - , / î (5(nt) - W{nt))\/h{t) = op(l). 
l<l<oe 

Considering Lp functionals of partial sum processes we obtain tbe following result. 

TllEOHEM 2.4. LetO<p<oofln<f.Y,,Jfj , . . . be i.i.d.r.v.'s such that 

EXi = 0, EX} = 1-

A standard Wiener process {W{t), 0 < t < 00) can be so constructed that with h{t) on 
| l ,oo) which is positive and sueh that 

(2.1) / f"VM0<*<<» 

we have 
'" \n-l'2{S{nt) - W{nt))\'/h{t)dt = op(l). I' n 

(b) Let h be a posilive function on (l,oo). TAen, as n-* oo, we have 

j T \n-l'2S(nt)\'/h{t)dt-Z* J" \W{t)\'/h(t)dt 

if and only if (2.1 ) holds. 
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A N O T E O N E N T R O P Y 

B R U N O R E M I L L A R D . C O R I N A REISCHER AND BELKACEM A B D O U S 

Univenité du Québec k TVob-Rivièrea 

Prtêtnlti tf Donmli À. Dttaau, F.R.S.C. 

ABSTHACT. WeMudy the problem olminlmitinsiha cnltopy wilh rapoctto a ipvcn 
probability mearan over a convex wt. We prove lhat under weak cosditiona. when 
a aolutioo etiaU, it is unique. We alio Rod tbe general fonn of tbe •olation onder 
addilloaal condillons. 

1. INTRODUCTION 

The problem of minimising the entropy with respect to a given probability mea-
sure over a convex set appears in many areas of mathematics, statbtics and physica: 
theory of automata, bayeaian analysis, statistical mechanics, large deviations, etc. 

In thia Note we prove in Theorem 1, under weak conditions on the convex set, 
that if at least one solution exista, then it ia unique. We alao find tbe general form of 
the aolution in Theorem 2. under additional assumptions. These results are proved 
in Section 2. Finally, in Section 3, we give aome applications of these two theorems. 

Before stating our main results, we need to introduce some definitions and no-
tations. 

From now on, X is a Polish space, i.e. a complete and separable metric space, 
B ia the associated Borel «r-algebra on A', Bi stands for the space of bounded 
and measurable real functions on A*, and Af (A*) denotes the space of probability 
measures on (X, B) equipped with the weak star topology. 

Following Donsker and Varadhan (1975), we define the entropy of (J with respect 
to P (hereafter denoted by h(Q; P)) by 

fc(0: P) = sup / udQ - Iog( / e'dP) (1) 
u£St J J 

1980 Melkmtties Smijul ClêSiificêtia» (ISS5 Rsntion). Primary 60B05; tecendary 60F10. 
Ktt worts m»d p&ruu. cntrapy, convex «eta, conuraints. large deviations, etatlsticalmechaa-
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OGP0M2137. Grant No. OGP00W063 and Grant No. OGPOOSSTST. 
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Suppose C is a convex subset of AUX) and let HC) = inf h{Q; P). If /(C) < oo, 
OÉC 

we define Sc = (4 € MIX): hlQ; P) = /(C)). Any member of 5c will be called a 
solution. 

We arc now in a position to stale our main results. 

2. MAIN RESULTS 

We first slate a proposition recalling some well-known properties of entropy. 
Proposition 1. Let A' be a Polish space and suppose (hat P 6 M{X) is fixed. 
Then 

(1) h{Q;P) < oo iff Q is absoluiely continuous with respect lo P (denoted by 
< P), and log | $ € LllQ). In the later ease, 

h{Q:P) = J{lot^jdQ; 

(2) A(Q:/»)>(). and MQ:P) = 0 iff 0 = /».-
(3) the mappingQ — h{Q; P).Q e M{X), is /owfr semieontiouous and 

convex; 
(4) for any a > 0, A'a = {Q e A/(.Y): h{Q; P) < a) is compacl. 

Let C,, = C n Ka and let CN = |J Ca. Recall that Qi, Q, € M(X) are 
ago 

equivalent ((Ji ~ Qj for short) iff Qt <C Qt and Qt<CQi. 
Theorem 1. Suppose l(C\ < oo and Ca is closed for alia > 0. Then 

(1) If Qi 6 C» and Qo 6 Sc, (hen /i(Q,;Q0) < oo; 
(2) Sc contains only one element, i.e. the solution is unique. 

Proof. It follows easily from Proposition 1 that Ca is convex and compact since Ca is 
closed by hypothesis. The proof of item (1) is similar to the proof of Lemmma 2.2 in 
Donsker and Varadhan ( 1975) but we include it for sake of completeness. So suppose 
that Qi € C» and Qo 6 Sc. Set a, = ^ , r = 0.1. Let Q, = (1 - <)Q0 + rQ,. 
Then Q, 6 Cc since 

*(0 = h{Q,: / » ) < ( ! - tWQo; P) + «*|Qi: P) < oo 

using the convexity of/i(-: P). Set n, = ^f. Therefore 

loga, 6L'(Q,)CL'(Qo)nL,(Qi)if0<<< 1 

Now it is easy to see that 

log+o,<log2 + log+ai€L,(Qo)nL,(Q,) 0 < < < I (2) 

log-q, < log f—-j+ log~ao 0 < < < I (3) 
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Next we aee that 4(-) ia differentiable in (0,1) and 

4'U)=y£l = J\ota.dQt-Jloia,dQo 0 < « < 1 

Since *(<) > ^(0) and A(- ; P) ia convex, it follows that *'(<) > 0. Hence 

J logtt .dQt> J log a.dQo 0 < t < 1 (4) 

Therefore 

J log" a.dQ| < J log" a.dQo + J log* o.dQ, - / log+ a.dQo, 0 < t < I (5) 

Now Mm log* a, s log* a0 and it follows from Fatou's Lemma and from (2) and (3) 
that we can let c 1 0 in (5) to obtain 

J log" aadQi < J log- aodQo + / log+ a0dQl - J log* agdQo < oo (6) 

where we have used the bounded convergence theorem to prove that the r.h.a. of 
(5) converges to the r.h.8. of (6). It follows from (2) - (6) that Qi({oo > 0}) = I 
and rearranging terms in (6) we obtain 

J 'og oo^Qi > J log o0dQo = A(Qo; P) (7) 

Therefore ^ i = ai and 

ifQi 
logJÔ^ = logot - logoo £ t ' fQi ) 

Hence A(Qi;Qo) is finite and 

MQi;Qo) = y logoK/Q, - /logaodQi < A(Q,iP)-A(Q0;/>) (8) 

using (7). To prove uniqueness of the solution, suppose that Qo.Qi € Sc. Then 
using item (1) and inequality (8) we get 

0 < ft(Qi ; Qo) < MQi : P) - *(Qo; /») = 0 

It follows from Proposition I that Qo = Qi, completing the proof of the theo-
rem. • 

Having settled the question of uniqueness, we are ready to study the general 
form of the aolution. 
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Theorem 2. Suppose HC) < oo and Ca is closed for aila > 0. Also suppose that 
Lisa closed linear aubspace of LX{Q) (Se = {Q)) such (hat 1 6 L and such lhat 
for alike i^CQ) satisfying fkudQ = 0, for all u e L, we bam Q, 6 C, when 

whenever |(| < irffc- Under these conditiona, l og^ € L. 
Proof. Suppose that k 6 t"(Q) is given and that / tudQ = 0, for all u 6 L. 
Suppose also that |c| < s|pf|̂ - Then we see that 

l < : r f Q i < 3 
2 - dQ - 2 

Therefore Q. € Coo and i>{f) = MQ»; P) » differentiable at 0 and 

0 = tl>'(Q) = fk\oi%ldQ + JkdQ = jkloi12dQ 
since 1 g L and ^(t) > ^(0). |(| < 5 ^ . Thus for qvery k £ l.~(Q) such that 

I kudQ = 0, for all u S L, we have 

y t l o g g d Q = 0 (9) 

Since L is a closed subspace of L'CQ), it follows from (9) and the Hahn-Banach 
Theorem that log $ € L. completing the proof. Q 

3. SOME APPLICATIONS 

Throughout thia section, / is a continuous function from X to B' satisfying one 
of the following assumptions: 

(AI) fe<*J>dP < 00, for all A e R1"; 
(A2) there exists 4 > 0 such that / e'"ldP < 00. for all 0 < 9 < 6. 

We see that if f satisfies ( A2) and $ £ (0, é), then using ( 1) we obtain 

sup 8 [ \J\dQ < o + log ( / «""dP + P(|/| > M) j 
«ef. Juiiu V/l/IS*» / 

Letting Af f 00 we get 

sup / |/|dQ < 5 + J l0« ( / e"/l'",) O<0<S (10) 

Moreover, if f satisfies (AI), then replacing |/| by | / |1( | / |>M) in (10), we obtain 

sup / |/|dQ = 0 
UK. Jm>M 

lim ...r , 
HToQeK.JufrM 

file:///J/dQ
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proving the continuity of the mapping Q >-> / fdQ restricted te Ka. 
The first category of convex sets we will consider are convex aets appearing in 

large deviations. These sets are defined as follows: 

C o | Q 6 Af (X); / £ i 'W) and j fdQ ta e j 

Corollary 1. Suppose that f satisfies (Al) and /(C) < oo. Then Sc » (Q) and 
(bere exists XeH'andAeB such (hat Q(A) o 1 anil 

- 2 a « ! ^ onA (ID 
dP Zx 

for some positive constant 2». Ut satisfies (A3; and Q € C is «uch tbat $ satisfies 
(II) and Q ~ P, (hen Sc = (Q). 
Proof. Suppose first that f satisfies (AI) and /(C) < oo. Then it is easy to see that 
C. is closed for any a > 0. It follows from Theorem 1 that Sc = (Q). Next aet 
L = (a+ < A,/ >:a € R and A £ R'}. Then one can see eaaily that L satisfies all 
requirements on Theorem 2. Therefore log|^ € L proving the first part. Suppose 
now that g = ££1 and that Q ~ P. Then A(Q;P) = -logZ». Moreover if 
R £ C». then 

0 < h{R; Q) = J log ( l l ) «^ = M«; P) - MQ; P) 

proving that h(Ri P) > MQ; P) "•"» equality iff R = Q. Hence Se = (Q). O 
Remark. In Donsker and Varadhan (1976), it is proven that iff satisfies (Al), then 

/(C) = sup < A. 6 > - log (J e<»'>dp) 

For our second example, we take a product apace of Polish spaces, i.e. 

X = Xi x A'j x • • • x XB 

and P = Pi ® Pj® • •• ® Pn- Let *< be the canonical projection of X onto Xi, 1 < 
i < n . 

We will consider convex sets ofthe form: 

C = { Q 6 M(X);f € LX{Q), JfdQ = 0 and Qo w,"1 = ft, 1 < i < n j 
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Corollary 2. Suppose that f satisfies (Ai; and /(C) < oo. Then Se = (Q) and if 
(bere exis(s Qi £ C» such that Qi ~ P, then there exist gt £ L'fft). t = 1 n 
aad A £ R' sucb (bat 

Nr-) e<x./> p almoBt 81Jfd!y ( i a j 

Moreover iff satisfies (A2) and Q £ C is sucb tbat $} satisfies (12), (ben Se = (Q). 
Proof. Repeating the argumenta in Corollary 1, we see that Ca is closed for any 
a > 0, proving that Sc = IQ) if /(C) < oo. Now suppose tbat Qi £ Coo and 
Qi ~ P. It follows ftom Theorem 1 that MQiiQ) < oo, so Q ~ P. Set AT = 
{ÎI"aifl«0,r';9< G/.'(Pi), 1 < « < n ) . Using the same arguments asin Lemma 3.3 
in Donsker and Varadhan (1975), we obtain that N is a closed subspace of L,(Q) 
since Q ~ P. Also let P = (< A,/ >;A £ R'}. Then F is a finite dimensional 
subspace of Ll{Q), and it follows from Theorem 1.42 in Rudin (1973) that L = 
N + F iaa closed subspace. Moreover L satisfies the requirements of Theorem 2 so 
we conclude that log $ £ iV + P. Finally if f satisfies (A2) and Q £ C is such that 
3$ satisfies (12), then for any A € Ce», 

o < M«; Q) = / log ( f t ) « = *(*: P) - MQ; P) 

proving that h(R; P) > h{Q, P) with equality iff fl = Q. Hence Se = {Q}- O 

Conjecture. N = l^T 9'0 *>'• 3'£ £' (fl). 1 < i < n > is closed in Z-'CQ) for any 
QeCe.. 

If this conjecture is true, then we can restate Corollary 2 as follows: 
Corollary 3. Suppose (bat f satisfies (Al) and 1(C) < oo. Then Sc = (Q) and 
(bere exist gt € L%(Pt), i = I n and A £ R' sucb (ba( 

Hîr) e<*./> | Q almost surely 

Moreover iff satisfies (A2) and Q £ C is sucb (bat $ satisfies ( 12), (ben Sc = (Q) • 
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A Nen-Unlferm Estimate Taking Into Account Large Déviations 

in the Limit Theorem cn Non-Normal Convergence te tha Nonnal Law 

Vladimir Vinogradov 

Presented by Donald A. Dawson, F.R.S.C 

Abstract: We construct asymptotic expansions taking into account 
large deviations tn the limit theorem on non-normal convergence to 
the normal law. Some refining terras of our expansions are of 
logarithmic type. 

0. Intreductten. There Is the one particular result among those on weak convergence 
towards the normal law for the classical scheme of summation of Independent random 
variables <Xn,n a 1) with common distribution function F. It Is related to the case when 
the tails of F are regularly varying functions of index oa -2. Obviously, for this case 
In order to establish weak convergence to the normal law for properly centered and 
normalized sum Sn s- Xf ...* Xn a normalizing sequence that differs from (n-VXj)172 

should be chosen, since VX." ». For example, In a special case of power tails of Index a 
« -2 such that 

(0.1) 1 - F(x) - cx" 2 ; 

10.1') F ( -x ) -d -x" 2 

as x •* a It follows from Theorem 2.6.5 of Ibragimov and Linnik (1971) that for the 
random sequence <;n :- (Sn - n-EX^/Uc+d)-n-log n)172 the central limit theorem is valid 
(as n -» a). In other words, for this sequence non-normal convergence to the normal law 
holds. 

The corresponding result on precise asymptotics (up to equivalence) for the 
probabilities of two-sided large deviations of S from zero under fulfilment of (0.1) -

n 
(0.1') was obtained In Tkachuk (1975). In particular. Theorem 2 of Tkachuk (1975) 
implies that if EX! - 0 then for any c > 0 
(0,2) WIS | > y) - P{ max IX.I > y) - n-PdX.I > y) 

lalan * ' 
as n -» « with y a ((c • d • cl-n-log n-log log n)172. Note that the probabilistic 
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Interpretation of (0.2) consists in the fact that large deviations of IS j occur due to 
one large summand whose absolute value is comparable with IS I. 

In this work we construct an asymptotic expansion In the central limit theorem for 
the sequence C with non-uniform estimate of the remainder under fulfilment of certain 
supplementary restrictions on the asymptotics of the tails of function F (cf. Theorem 
1.2 of Section I). This result can have its own value due to the novelty of some 
refining terms of the asymptotic expansion as well as due to the fact that it yields a 
more precise represeptation (compare with Relationships (0.2) obtained In Tkachuk 
U97S)) for the probabilities of large deviations of S (cf. Corollary 1.4 in Section 
1). Thereupon, we apply Theorem 1.2 for the derivation of the asymptotic expansions for 
the right-hand side of (0.2) (cf. Theorem 2.1 In Section 2). 

Let us note that the present article Is close conceptually to the author's work 
Vinogradov (1990) where the analogous problems related to the case ef power tails with 
integer index a a -3 were considered. However, only the fact that both cases of integer 
a a -3 and o » -2 can be treated by use of the same technique may not provide enough 
reason for a simultaneous consideration of these cases. Note that the case o - -2 is 
much more complicated even when establishing the results on weak convergence. In order 
to avoid duplicating the proofs, we refer the reader to Vinogradov (1990), whenever 
possible. End of proofs is marked by a. 
1. Formulation and Proof ef Theorem 1.2. Throughout this section we set mild 
supplementary constraints on the tail behavior of the common distribution function F of 
X 's (to compare with (O.l)-(O.l'». Namely, let us assume that 

11.1) 1 - F(x) - c-x"2 • 0(x'2''c)! 

11.1') F(-x) = d x " 2 • Olx'2'*) 
as x -> a. where e := c + d > 0, and K 6 (0,1) Is fixed. Let us also assume without loss 
of generality that EX. = 0. 

The following rate of convergence in (0.2) Is easily derived from Theorem 1 of 
Vinogradov (1992), Relationship (0.2). and Theorem 3 of Petrov (1975): 

Proposition l.l. Let Conditions (1.1) - (1.1') be fulfilled, « > 0, and EXj-O. Then 
there exist positive constants K. and K, such that for any Integer n a 2 with y a 

1/2 (K.'n-log n-log log (e-n)) the following estimates hold: 

(1.2) |P{S > y) - n-c-y"2| s K.>-n-y"2-nl/3-y"2/3 • n- sup |1 - Fix) - c x - 2 ! ; 
n z xty/S 

(1.2') |P(Sn< -y> - nd-y"2 | s K . n y ^ n ^ y " 2 ^ + n- sup |F(x) - d - lx l - 2 ! . 
xa-y/3 

Now, in order to formulate the main result of this section (Theorem 1.2) we 
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Introduce the following quantities: 

E - f (et e - £ ((lz)m/ml)-d(-x"2) • f (elz - I - lz)-d(-z"2) î 
••o m«0 J 0 

E, - f (o",z - Z ((-lz)m/rol)-d(-z"2) • f (e"te - 1 • te)-d(-2'2) 
ra«0 J 0 

Set 

K , X , ! " J ! . d V • [ J l 5 5 • e ' t ^ / 2 ' , t T • ( ( , t ) 2 ' , 0 8 A " * i ( c - E . g n t * d-E-sgn t»**)» 

b :- f x2«d(F(x) - d- Ixl"2) • f x2-d F(x) • I x2-d(F(x) • c-x"2) . 
J - » J - I J i 

Note that b Is finite under the fulfilment of (l.l)-(l.l'), since all the integrals on 
the right-hand side of the last formula being convergent. Hereinafter we refer to b as 
the second pseudomoment, since It possesses some properties of the second moment (for 
example. It coincides with the coefficient under (it) /2i in the Taylor expansion of the 
characteristic function f(t) of Xl near zero (cf. (1.6) below)). Set Fn(x) «• P{Cn * x) 

1/2 
(recall that C - S /(e-n-log n) ). Then the following result is valid: 
Theerem 1.2. Let Conditions (l.i)-(l.i') be fulfilled, e > 0, EX,- 0. and r.v. X, is not 
a lattice variable. Then 
a) for any Integer n a 2 and for any real x 

I Fn(x) - «(x) - 'og 'og n t '«g e • *'* . t " ( x , . Hixl , n 2-log n log n 
(1.3) 

, d(n) 
( l« |x | ) 2 - log n ' 

where *( • ) Is the Laplace function, and d(n) -» 0 as n -» « ; 
b) function H( • ) has the following asymptotics on the tails as x -> « : 
(1.4) - H(x) - | - x"2 • 0(x'3-log x) ; 

(1.4') H(-x) - | - x " 2 • 0(x"3-log x) 

Remark 1. It Is Interesting to compare (1.3) with uniform estimates that can be derived 
from Theorems 2 and 5 of Hall (1983) (see also Theorem 4.12 of Hall (1982)). In 
particular. Theorem 4.12 of Hail (1982) implies that under the conditions of our Theorem 
1.2 the following estimate holds: 

«Sn * V * * Dn> - ««' - tg^hr •*"W " ̂ T H •"<«> - 0( l oh ) 
as n -» •> uniformly In x « R1. where Cn :- sup(a: a^-EOC^-aKIX,! * a)) a n"1) ~ ((c+d)-n 
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1/2 •log n) as n •» • . Dn :- n-EIX^xdX,! a Cn)) - n-(c-d)-log n as n •» «. #(-.-) is a 

certain uniformly bounded function from R'XM. and x(A> stands for the indicator of set 
A On the other hand, the asymptotic expansion of Theorem S of Hall (1983) contains a 
refining terra 2n-P(|Xnl > Cn)-»0«(x). where the operator 3 0 Is defined by Formula (4) in 
Wglund (1970). Note that this term Is analogous to the term H(x)/log n in (1.3). 
We emphasize that the Just mentioned results by Hall provide uniform estimates of 
remainders, whereas our Estimate (1.3) Is non-uniform. 
Proof ef Theorem 1.2. Proof of (b) Is carried out by the stationary phase method. It is 
similar to that of Theorem l.l.b of Vinogradov (1990) and therefore is omitted, a 

Now, In order to establish the assertion of Point (a) we need 

Prepesltion 1.3. U t all the conditions of Theorem L2 be fulfUled. Ihen there exists a 
positive constant K such that for any Integer n fc 2 aqd for any real x the left-hand 
side of (1,3) does not exceed 

11.5) K / l n ^ - d • log n)l+K/2) . 

Proof of Preposition 1.3 is straightforward. It relies on the Smoothing Inequality and 
the foUowing representation of fit) as t -» 0 : 

f(t) - 1 • b-(it)2/2 • e-(lt)2-log X 
(1.6) 

+ | t | 2-(c'Esgnt + d - E - S g « t , * 0 ( ' t ' 2 + , t > -
Then Point (a) of Theorem i.2 follows from the uniform Estimate (1.5), Relationships 
(1.4H1.4') of Point (b), and Inequalities (1.2)-(1.2') for the probabilities of right-
hand and left-hand large deviations of S . In fact, (1.5) yields (1.3) in the range of 
deviations Ixl a ^(nMn-log n), t /4 . where ^(n) -» 0 as n -» a. On the other hand, 
changing y to x-(« -n- log n)172 In Formulas (1.2) - (1.2') we obtain the corresponding 
bounds for I I - Fn(x) - | - x"2-(Iog n)'1 | and | Fn(-x) - | x^-dog n)"1 | for x a 

((K/e)-Iog log (e -n)) . The subsequent application of Relationships (1.4) - (1.4') 
yields the required estimates for jl - Fn(x) • H(x)/log nI In the range of deviations x 
fc ((K/e)-log log (e-n))1/2 and for IF (x) - H(x)/log n| in the range of deviations x a 
-((K/e)-Iog log (e-n)) . It only remains to combine these estimates with the 
exponential decay of the tails of A and 4 " . a 

Corollary 1.4. Let all the conditions of Theorem 1.2 be fulflUed . Then 

(1.7) 
P(Sn > y) » 1 - «(y/(e-n-log log n)172) 

log log h • log e • b/a « , . , . , . ,1/2, -2 , -2 , 
—*—p 2-log n ' * •y-'le'n-Iog n) ) • n-c-y • o(n-y ) 
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Remark 2. Note that under Conditions (l.l) -(1.1') the representation for P(S > y) 
given by (1.7) ts more precise in comparison with that given by Theorem 2 of Tkachuk 

1/2 
(1975) (cf. also (0.2)) In the range of deviations y/(n-log n) ^ eo. y a eonst-(n-log 1/2 n-log log n) . This Is on account of the right-hand side of (1.7). which provides an 
asymptotic expansion for P(S > y) in this range of deviations. 

2. Formulation of Theerem 2.1. It Is easily seen that in the range of deviations 
y/(n-log n-log log nl -» « as n -> « Corollary 1.4 provides only the asymptotics of 
P(S > y) up to equivalence (compare with (0.2)). On the other hand, we can not guarantee 
their accuracy better than up to const-n-y * (that Is not much different from 

_2 
o(n-y )) at least because that is the case even for n « 1 (cf. (1.11). Therefore, let 
us require that 

1 -«I -r 
(2.1) 1 - F(x) - £ c -x ' • o(x r ) , 

1=1 a l 
as x -» ». where 2 • ct. < a, < ... < a, a r. 
Theerem 2.1. Let Conditions (2.1) and (1.1') be fulfilled with a,- 2, ez> 0, EX,- 0. and 
r.v. X, Is not a lattice variable. Then for any Integer n fc 2 and for any real y > 0 

« -«, .4 
P(S > y) - n- £ c -y ' + 6-n-(n-l)-log ( n - l ) - c , « - y H 

n I-I aI z z 

• 9-n-(n-l)-Iog log (e-(n-l))-c2-«2-y_4 

e -4 
• 6-n-(n-l).|og log log (e -(n-UJ-Cj-e^y • r ^ y ) • r2(n,y), 

where r^-,.) Is such that for any integer n fc 2 and for any real y > 0 |r.(n.y)| * 
I -a, 

n- sup ll - F(x) - £ c -x I . and r_(',-) Is such that there exists a function 
xfcy/3 1=1 aI * 

K(-) from R+ Into R+ such that for any real e > 0, for any Integer n fc 2, and for y fc 

K(e)-n1/2*e |r2(n,y)| s K1-n2.y"4. 
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